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Abstract. In this paper, the spectral and scattering properties of a family
of self-adjoint Dirac operators in L?(£2;C*), where Q@ C R? is either a
bounded or an unbounded domain with a compact C*-smooth boundary,
are studied in a systematic way. These operators can be viewed as the nat-
ural relativistic counterpart of Laplacians with boundary conditions as of
Robin type. Our approach is based on abstract boundary triple techniques
from extension theory of symmetric operators and a thorough study of
certain classes of (boundary) integral operators, that appear in a Krein-
type resolvent formula. The analysis of the perturbation term in this
formula leads to a description of the spectrum and a Birman—Schwinger
principle, a qualitative understanding of the scattering properties in the
case that €2 is an exterior domain, and corresponding trace formulas.

Mathematics Subject Classification. Primary 81Q10; Secondary 35Q40.

1. Introduction

In recent years, the mathematical study of Dirac operators acting on domains
Q c R? with special boundary conditions that make them self-adjoint gained
a lot of attention. The motivation for this arises from several aspects: From
the physical point of view, they are used in relativistic quantum mechanics to
describe particles that are confined to a predefined area or box. One important
model in 3D (dimension three) is the MIT bag model suggested in the 1970s by
physicists in [30-32,34,43] to study confinement of quarks. In the 2D (dimen-
sion two) case, Dirac operators with special boundary conditions similar to the
MIT bag model are used in the description of graphene; cf. [1,25,29,58]. From
the mathematical point of view, Dirac operators with special boundary condi-
tions can be seen as the relativistic counterpart of Laplacians with boundary
conditions as, e.g., of Robin type. Moreover, Dirac operators with boundary
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conditions are also closely related to Dirac operators with singular d—shell in-
teractions supported on surfaces for special choices of the interaction strengths
in the so-called confinement case, i.e., when the J-potential is impenetrable for
the particle; cf. [5,12,16,37].

To set the stage, let QO C R3 be either a bounded or unbounded domain
with a compact C?-smooth boundary and let v be the unit normal vector
field at 99 which points outwards of €. Choose units such that the Planck
constant A and the speed of light are both equal to one. Moreover, assume
that ¥ : 90 — R is a Holder continuous function of order a > %, denoted by
¥ € Lip,(99), and consider in L?(2; C*) the operator

3
Ayf=—ia-Vf+mpBf = —iZaj -0 f +mpf,
j=1
dom Ay = {f € HY (Q;CY) - I(Iy +iB(a-v)) floo = (Is +iB(a - V))ﬂf|3(gz},)
1.1

where o = (a1, ag, a3) and 3 are the C*** Dirac matrices defined in (1.6) and
a-x = a1x + asxre + azxs for x = ($1,$27$3)T € R3. The time-dependent
equation with the Hamiltonian given by Ay models the propagation of a rela-
tivistic particle subject to the boundary conditions in dom Ay with mass m > 0
contained in (2.

The existing mathematical literature on such types of Dirac operators
contains different approaches. In differential geometry, there are several ar-
ticles dealing with self-adjoint Dirac operators on smooth manifolds, see, for
instance, [7,8,59]. The class of boundary conditions treated in [8] contains also
the physically particularly interesting MIT bag boundary conditions, which
will be rigorously defined below and which yield a vanishing normal flux at
the boundary of Q C R3. It was already shown in [61] that the 2D Dirac
operator with so-called zigzag boundary conditions (in the massless case) is
self-adjoint and that zero is an eigenvalue of infinite multiplicity, see also [39].
The zigzag boundary conditions arise from the termination of a lattice in a
graphene quantum dot, when the direction of the boundary is perpendicular
to the bonds [41]. Very recent related publications in the 2D case are [22,23],
where the self-adjointness of Dirac operators in bounded C?-domains Q C R?
for a wide class of boundary conditions describing quantum dots was shown.
Many considerations in [22,23,61] are based on complex analysis techniques,
which are not available in the 3D situation. We also refer to [28,47,48,57] for
self-adjointness and spectral problems of 2D Dirac operators on different types
of domains with special boundary conditions. In contrast to the 2D setting,
Ay was not directly investigated for general boundary parameters in 3D, as far
as we know only the particular MIT bag operator is well studied. We empha-
size the recent papers [2,56] for the analysis of general properties of the MIT
bag operator and [3,9,24,54,62], where it is shown that the MIT bag boundary
conditions and their 2D analogues can be interpreted as infinite mass boundary
conditions (i.e., € is surrounded by a medium with infinite mass). The strategy
developed in [56] employing Calderdn projections can also be used to study the
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self-adjointness of Dirac operators of the form (1.1). However, this approach
does not allow directly a systematic spectral analysis of these operators. Fi-
nally, we mention that in recent years the self-adjointness and the spectral
and scattering properties of the closely related Dirac operators with singular
d—shell interactions were studied comprehensively in [4-6,10,12,15,16,42,49-
51,55,56].

The main objective of this paper is to develop a systematic approach to
the spectral analysis and scattering theory for self-adjoint Dirac operators in
the 3D case. Here, we are particularly interested in boundary conditions as in
(1.1), since these are the 3D analogue of the 2D boundary conditions in [22]
used to describe graphene quantum dots (cf. Remark 5.2). Furthermore, Dirac
operators with boundary conditions as in (1.1) can be viewed as relativistic
counterparts of Schrodinger operators with Robin-type (and possibly other)
boundary conditions, as it is argued for the MIT bag model in [2]. This could be
made rigorous by computing the non-relativistic limit [63, Chapter 6]. Another
important goal in the present paper is to allow variable parameters in the
boundary conditions. To the best of our knowledge, this is a novelty in the
3D case and it requires substantial technical effort. We believe that many of
our results in this regard are also of interest for studying similar problems for
Dirac operators with singular d—shell interactions with varying strength.

Our mathematical treatment of the operators Ay in (1.1) is based on
the application of a suitable so-called quasi boundary triple. Quasi boundary
triples and their Weyl functions are an abstract concept from extension and
spectral theory for symmetric and self-adjoint operators which were originally
introduced to investigate boundary value problems for elliptic partial differen-
tial operators in [17], but proved to be useful in many other situations, see, e.g.,
[11,19,20]. Quasi boundary triples were also applied more recently in [10,15]
to Dirac operators with singular potentials. Once a quasi boundary triple and
Weyl function in the present situation are available, they allow to deduce in
an efficient way the spectral properties of Ay from the properties of certain
(boundary) integral operators which are induced by the Green’s function of
the free Dirac operator in R3. These operators also appeared in [4,5,10,15,56]
in the study of Dirac operators with d—shell potentials, and many of their prop-
erties were derived there; see also [26,33,52] for earlier results related to this
framework. In the present paper, in particular to handle non-constant bound-
ary parameters 1, additional mapping properties of these integral operators are
required and, in fact, this analysis covers a great part of this paper. We would
like to point out that this approach is independent of the space dimension.

One of the key features in the quasi boundary triple approach is a Krein-
type resolvent formula that relates the resolvent of Ay via a perturbation term
to the resolvent of a reference operator, which in our model is the MIT bag
operator Tyrr. More precisely, making use of the quasi boundary triple in The-
orem 4.1 and the properties of the corresponding v-field v and Weyl function
M in Proposition 4.2 we conclude the self-adjointness of Ay in L?(2;C*) and
the relation
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(Ag =N = (Turr = A) 7N (9 = M(N) (V) (1.2)
for all A € p(Ay) N p(Tarr), where ¥ € Lip,(0€2) is any real-valued Hélder
continuous function with a > %; cf. Theorem 5.3. Our arguments here also
rely on the self-adjointness of the reference operator Tyt proved in [8,56] for
C? -boundaries; cf. Proposition 3.3. Based on (1.2), we show several spectral
and scattering properties of Ay, which are, of course, different for bounded
and for unbounded domains €. It turns out in Theorem 5.4 that in the case of
an unbounded domain 2 with a compact C2-boundary the essential spectrum
of Ay is given by (—oo,—m] U [m,00), and there are at most finitely many
discrete eigenvalues in the gap (—m, m) that can be characterized by a Birman—
Schwinger principle implied by (1.2), which states that A € o,(Ag) N (—m, m)
if and only if 0 € o,(¢9 — M(X)). Furthermore, in Theorem 5.7 we provide
Schatten—von Neumann estimates on the differences of resolvent powers of Ay
and Tyt and, in particular, conclude in Corollary 5.8 that the resolvent power
difference (Ay —\) =2 — (Tt — \) ~3 is a trace class operator for any A € C\R,
which leads to a trace formula and also implies the existence and completeness
of the wave operators for the scattering pair {Ay, Tvrr}. If © is a bounded
C?-domain, then the spectrum of Ay is purely discrete and all eigenvalues of
Ay can be characterized by a modified Birman—Schwinger principle formulated
in Proposition 5.5, which again can be viewed as a consequence of the abstract
quasi boundary triple approach.

The above-mentioned results are proved for any real-valued ¥ € Lip, (92)
with a > 1 under the additional assumption 9(z)? # 1 for all z € 92, which we
refer to as the non-critical case. We expect that in the critical case 9(x)? = 1
for some x € 0f) the spectral properties of Ay may significantly differ from the
non-critical case, e.g., essential spectrum may arise also for bounded domains
or in the gap (—m, m). Similar difficulties and effects were observed in the 2D
situation in [22,61] and also in the analysis of Dirac operators with singular
interactions in [4,10,15,16,56].

For some models, it is more convenient to consider Dirac operators A,
in L2(Q; C*) with boundary conditions of the form

(Is +iB(a - v)) floo = w(ls + iB(a - v)) Bf o, (1.3)

where again w € Lip,(99) is any real-valued Holder continuous function with
a > % Comparing with the boundary conditions in (1.1), one formally has
w = ¥, Note that the particularly interesting MIT bag model corresponds
to w = 0. Using the abstract quasi boundary triple approach, the spectral and
scattering properties of Aj,; can be studied in the same way as those of Ay,
and similar results as sketched above for Ay follow; cf. Sect. 5.2.

In the last part of this paper, we briefly explain the connection of the
Dirac operators Ay and Ap,) on domains with Dirac operators with J-shell
interactions. More precisely, operators and boundary conditions of the form
(1.1) and (1.3) appear in the treatment of Dirac operators

B, = —ia-V +mpB+ (nly + 76)ds (1.4)
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in R? with singular §-shell potentials supported on ¥ = 9Q4 in the confine-
ment (or decoupling) case, where Q is a bounded C%-domain and Q_ =
R3\Q is an exterior domain. Note that so far such operators B, , were
only studied for constant interaction strengths n,7 € R. It is known that
for n> — 72 = —4 the operator B, ; can be written as the orthogonal sum
of operators acting in L?(€24;C*) and L?(Q_;C%), respectively, and it turns
out that these operators are exactly of the form (1.1) with a certain constant
¥ € R. In Sect. 5.3, we allow variable real-valued coefficients ¥, n, 7 € Lip, (9Q2)
with a > %, and we specify in Proposition 5.14 relations between the functions
¥, n, 7 such that

By, = Ayt @ A (1.5)

holds, where Ag* denote the self-adjoint Dirac operators defined in (1.1) acting
in L2(Q4;C*). With the help of such identities, one can then translate results
for Dirac operators Agi to Dirac operators with d-interactions with variable
interaction strengths n, 7, and vice versa; cf. Lemma 5.16 and Theorem 5.17
for a simple illustration of this idea. With the same approach, we also study
the relationship between Aﬁj and B, -, and the results are also described in
detail in Sect. 5.3. From a physical point of view, the orthogonal decoupling in
(1.5) means that Agi and A&T can be used to describe a relativistic particle

actually living in R?, but which is confined to Q4 or Q_ for all time, see [5,
Section 5].

Structure of the Paper

In Sect. 2, we review the definitions of quasi boundary triples and their associ-
ated Weyl functions. Then, in Sect. 3 we recall some knowledge on a minimal
and a maximal realization of the Dirac operator in {2, the MIT bag model,
and the properties of several families of integral operators associated with the
resolvent of the free Dirac operator. Next, in Sect. 4 we introduce and study
a quasi boundary triple which is suitable to investigate Dirac operators in {2
with boundary conditions. Section 5 contains the main results of the present
paper. In Sect. 5.1, we first define Ay with the help of the quasi boundary triple
from Sect. 4 and then conclude its self-adjointness and the resolvent formula in
Theorem 5.3. This allows to prove various spectral properties in Theorem 5.4,
Proposition 5.5, Theorem 5.7, and Corollary 5.8. Section 5.2 is then devoted
to the study of the operator A, with the boundary conditions (1.3), while in
Sect. 5.3 we discuss the above-mentioned connection of Ay and Ay, to the op-
erator By, » formally given in (1.4). Finally, in “Appendix A” we collect some
material on integral operators and their mapping properties in Sobolev spaces
on the boundary 02, which is applied in the proofs of the main results of this

paper.
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Notations

Throughout this paper, m is always a positive constant that stands for the
mass of a particle. The Dirac matrices o, ao, as, 3 € C*** are defined by

o = <£] UOJ> and (:= (IO2 _012), (1.6)

where I,, is the n x n-identity matrix and o, j € {1,2,3}, are the Pauli spin
matrices

S TR (O P (R T

The Dirac matrices satisfy the anti-commutation relations

ajap + ooy = 20551y, and o8+ fay =0, j,ke{1,2,3}. (1.8)
For vectors =z = (a:l,xg,xg)T € R3, we shall often use the notation a - z :=

3
D=1 Oy

The upper/lower complex half plane is denoted by Cy. The square root

/- is fixed by ITmv/A > 0 for A € C\[0,00) and v/A > 0 for A > 0. The open
ball of radius 7 > 0 centered at z € R is denoted by B(z,r). For a C*-
domain Q C R3, we write 99 for its boundary and o is the two-dimensional
Hausdorff measure on 9€2. We shall mostly work with the L2-spaces L?(; C™)
and L%(9Q;C™) of C"-valued square integrable functions, the corresponding
inner products being denoted by (-,-)q and (-,-)aq, respectively. We write

C§°(9Q; C™) for the space of C"-valued smooth functions with compact support
in Q2 and we set

C®(@;C") == {f 1 Q: [ € CF(R%CM)}.

We write H*(R?;C") for the usual L2(R3;C")-based Sobolev space of k-
times weakly differentiable functions, and similarly H”(£;C"). In addition,
H}(Q;C™) denotes the closure of C§°(2;C") in H'(2;C™). Sobolev spaces on
C'-surfaces 09, | € N, are denoted by H*(9Q;C"), s € (0,1), and the symbol
H=5(0%;C™) is used for their duals. The corresponding norm for s € (0,1) is

2.— o\T |2 g o\T
112= [ trPast+ [ [ O a0, )

The trace of a function f € H'(£2; C"), which belongs by the trace theorem to
H'/2(09Q;C"), is denoted by f|aq. Eventually, given 0 < a < 1 we denote the
Holder continuous functions on 90X of order a by

Lip,(09) :={f: 09 — C: |f(z) — f(y)| < Clo —y|* for all z, y € IQ}.

For two Hilbert spaces G and H, the space B(G,H) is the set of all
bounded and everywhere defined operators from G to H. If G = H, then
we simply write B(H). We write &, (G, H) for the weak Schatten—von Neu-
mann ideal of order p > 0; this is the set of all compact operators K : G — H
for which there exists a constant s such that the singular values si(K) of K
satisfy s, (K) < kk~1/? for all k € N, see [40] or [19, Section 2.1]. Again we
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use 6, o (G) if G = H and sometimes we suppress the spaces and just write
Sp,oo-

For a linear operator T' : G — H, we denote the domain, range, and
kernel by dom 7', ran T, and ker T', respectively. If T is a self-adjoint operator
in H, then its resolvent set, spectrum, essential spectrum, discrete, and point
spectrum are denoted by p(T'), 0(T'), Oess(T), 0disc(T), and o, (T'), respectively.
Next, for a Banach space X we use the notation (-,-)x/xx for the duality
product in X’ x X which is linear in the first and anti-linear in the second
entry. Moreover, for T € B(X,Y) we denote by 7" € B(Y’, X’) the anti-dual
operator, which is uniquely determined by the relation

(y7 Tx)Y’XY = (T/y7 x)X’XX
forallz € X and y € Y.

Finally, we call a closed symmetric operator S in a Hilbert space H simple,
if for any orthogonal decomposition H = H; & Hs such that H; and Ho are
invariant under S and S; := S | H; is self-adjoint in H; it follows H; = {0}.
It was observed in [46] that a closed symmetric operator S is simple, if and
only if

span{ ker(S* —A) : A € C\R} = H. (1.10)

2. quasi boundary Triples and Their Weyl Functions

This section is devoted to a short introduction to quasi boundary triples and
their Weyl functions; the presentation is chosen such that the results can be
applied directly in the main part of this paper. For a more detailed exposition
and proofs in a general scenario we refer to [17,18]. Throughout this abstract
section, H is always a complex Hilbert space with inner product (-,-)s; if no
confusion arises, we skip the index in the inner product.

Definition 2.1. Let S be a densely defined, closed, symmetric operator in H
and assume that 7T is a linear operator in H such that T = S*. Moreover, let
G be a complex Hilbert space and let I'g,I'; : domT — G be linear mappings.
Then, {G,Tg,T'1} is called a quasi boundary triple for T C S* if the following
conditions are fulfilled:

(i) For all f,g € domT the abstract Green’s identity

(Tfa g)?‘( - (f7 Tg)H = (Flfv Fog)g - (Fofvrlg)g

holds.
(i) (['g,T1)" : domT — G x G has dense range.
(iii) The operator Ay := T [ ker 'y is self-adjoint in H.

The concept of quasi boundary triples is a generalization of ordinary and
generalized boundary triples; cf. [14,27,35,36]. We note that the operator T in
the above definition is not unique if the dimension of G is infinite. Moreover,
we remark that a quasi boundary triple exists if and only if dimker(S* — i) =
dim ker(S* +4), that is, if and only if S admits self-adjoint extensions in H.
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Next, we introduce the y-field and the Weyl function associated with a
given quasi boundary triple. Let {G,Tg,T'1} be a quasi boundary triple for
T C S* and let Ay := T | kerI'y. The definition of the 7-field and the Weyl
function is based on the direct sum decomposition

domT = dom Ag+ker(T — \) = ker g+ ker(T — \), X € p(4g), (2.1)

and is formally the same as in the case of ordinary boundary triples, see [14,35].
Note that (2.1) implies, in particular, that Ty [ ker(7' — \) is injective for
A € p(Ao).

Definition 2.2. Let S be a densely defined, closed, symmetric operator in H,
let T be a linear operator such that T' = S*, and let {G,T'y,I'1} be a quasi
boundary triple for T' C S*.

(i) The v-field associated with {G,Ty,T'1} is the mapping
p(Ag) 3 A y(A) := (To | ker(T — )",
(ii) The Weyl function associated with {G,Tg,T'1} is the mapping
p(Ag) 3 A= M(A) := Ty (Tg [ ker(T — \)) " = T1y(A).

Let us now assume that {G,T'g,'1} is a quasi boundary triple for T' C S*
and set Ag := T | ker I'y. In the following, we collect several useful properties of
the associated 7-field v and Weyl function M for the proofs, see, for instance,
[17, Proposition 2.6] and [18, Propositions 6.13 and 6.14]. First, for any A\ €
p(Ap) the mapping () is densely defined and bounded from G into H with
dom () = ranT. Using the abstract Green’s identity, it is not difficult to see
that the adjoint y(A\)* : H — G is given by v(\)* = I'; (49— A) . This implies,
in particular, v(A\)* € B(H,G). In a similar manner, we have for any A € p(4y)
that the mapping M () is densely defined in G with dom M (\) = ranTy and
ran M (A\) C ranT';. By definition, we have M (A\)Tofy = T'1fy for X € p(Ag)
and fy € ker(T — \). Next, for any A\, u € p(4p) and ¢ € ranT the identity

Mg = M) e+ (A =my(p)* y(Ne

holds. In particular, the operator M (\) is closable, M (\) C M(\)*, and M (X)
is symmetric for A € p(4p) NR.

In the main part of this paper, we will use quasi boundary triples to
introduce special extensions of a symmetric operator S. Let {G,Tg,T'1} be a
quasi boundary triple for T C S* and let © be a symmetric operator in G.
Then, we define the operator Ag acting in H by

A@ =T r ker(F1 - @Fo) (22)

In other words, a vector f € dom T belongs to dom Ag if I'g f € dom © and if it
satisfies the abstract boundary condition I'y f = ©T'g f. It follows immediately
from the abstract Green’s identity that Ag is symmetric. Of course, one is
typically interested in the self-adjointness of Ag. However, in general, for quasi
boundary triples the self-adjointness of © in G does not necessarily imply that
Ag is self-adjoint in H. Nevertheless, the next theorem provides an explicit
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Krein-type resolvent formula which allows to deduce several properties of Ag
from ©; for a proof of this result see, for instance, [17, Theorem 2.8].

Theorem 2.3. Let S be a densely defined, closed, symmetric operator in H, let
{G,To,T'1} be a quasi boundary triple for T C S*, set Ag :=T | kerT'y, and let
v and M be the associated ~y-field and Weyl function, respectively. Moreover,
let © be a symmetric operator in G and let the associated operator Ag be
defined by (2.2). Then, the following statements hold for X € p(Ap):

(i) X € op(Ae) if and only if 0 € 0,(© — M(N)). Furthermore, one has
ker(Ag — A) = {7(A\)¢ : ¢ € ker(© — M (X)) }.

(i) If A ¢ op(Ae) and y(N)* f € ran(© — M (X)), then f € ran(Ag — A).
(iii) If A ¢ op(Ae), then

(Ao = N7 = (Ao = N7 + (N (O = M(\) Ty (N f
for all f € ran(Ae — ).

We point out that assertion (ii) in Theorem 2.3 gives an efficient tool to
check the self-adjointness of Ag. Since Ag is symmetric by Green’s identity,
it suffices to show that ran(Ae — Ay+) = H for some AL € C1. According to
Theorem 2.3 (ii) this is true if rany(A+)* C ran(© — M()\+)). Furthermore,
if A € p(Ae) # 0, then the resolvent formula in Theorem 2.3 (iii) holds for all
f € H, that is, for A € p(Ae) N p(Ap) we have

(Ao = A) 7" = (Ao = A) 7 +9(N)(© = M(N) "Iy (N)*

Note that if {G,Ty,T'1} is a quasi boundary triple for T C S*, then The-
orem 2.3 shows how the eigenvalues of self-adjoint extensions of S, which are
contained in p(Ap), can be characterized by the Weyl function M. If the sym-
metric operator S is simple, then all eigenvalues can be characterized with the
help of M, in particular, also those that are embedded in o(Ag), compare [20,
Corollary 3.4]. Note that there are also similar characterizations for the other
types of the spectrum available in [20], but in our applications we restrict
ourselves to find the eigenvalues.

Proposition 2.4. Let S be a densely defined, closed, symmetric operator in H,
let {G,T,T1} be a quasi boundary triple for T C S*, and let M be the associ-
ated Weyl function. Moreover, let © be a bounded and self-adjoint operator in
G and assume that the associated operator Ao defined by (2.2) is self-adjoint.
Assume, in addition, that S is simple. Then, ran(M(X) — ©) is independent
of A € C\R, and A € R is an eigenvalue of Ag if and only if there exists
v € ran(M (A +ie) — ©) such that

1{%@(1\4@ +ie) —©) o £0.

Proof. Define the boundary mappings I'S, 'Y : dom T — G by
I§f:=I1f—0OIyf and T9f=-TIof, fecdomT.

We claim that {G,T§, TP} is a quasi boundary triple for 7 C S* with the
additional property T' | kerI'§ = Ag. In fact, using that © is bounded and
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self-adjoint we deduce from the abstract Green’s identity for {G,T'¢,T'1} and
for f,g € domT that

(Tf,9)n — (f,T9)n
= (' f,Tog)g — (Tof,T19)g — (OT0f,Tog)g + (L'of, OL'0g)g
=(=Tof, (I — @Fo)g)g — ((Ty —ery)f, *Fog)g
= (IT1,T59); — (F6 £,TT9) 6

and hence, the abstract Green’s identity holds also for the triple {G,T'9,T9}.
Next, the definition of T'§, T’ can be written equivalently as

()-5(w) ==(3 o)

Since O is bounded, it follows that B is boundedly invertible with

(0 -1
B _<1 _@>.

Since ran(I'y,T';) is dense in G x G, also ran(T'$, I'P) is dense. Finally, the re-
striction T' | ker(T'S) = T' | ker(I'y — OT'y) = Ag is self-adjoint by assumption.
Therefore, {G,T'§,T¥} is a quasi boundary triple for S*.

Next, we compute on C\R the Weyl function Mg corresponding to the
triple {G,T'9,T9}. For a fixed A € C\R, this is the mapping which is deter-
mined uniquely by the relation Mg (AT f = I[P fy for fr € ker(T — \). For
such an fy, we compute

I5fr = (F1—OLg)fa = (M(X) = ©)Tofr = —(M(N) — O)IT fa.

Note that M (\) — © is invertible by Theorem 2.3, as otherwise the self-adjoint
operator Ag would have the non-real eigenvalue A. Thus, we conclude

Me(N) = —(M(XN) —©)~".

In particular, this implies that dom Mg(\) = ran(M(\) — ©) = ranT§ is

independent of A € p(4e).
After all these preparations, the claim of the proposition follows from [20,
Corollary 3.4] applied to the quasi boundary triple {G,T'9, TP}, as S is simple.
O

Let {G,Ty,T1} be a quasi boundary triple for T C S* and let B be
a symmetric operator in G. In some applications, it is more convenient to
consider

Agp) =T | ker(BT'; —T) (2.3)

instead of (2.2). Similarly as above, a symmetric operator B leads to a sym-
metric extension A[p) of S, but B being self-adjoint does not imply that also
Aipy is self-adjoint. But we have the following counterpart of Theorem 2.3,
which gives in item (ii) similarly as above an efficient tool to check the self-
adjointness of Apy; cf. [19, Theorem 2.6].
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Theorem 2.5. Let S be a densely defined, closed, symmetric operator in H, let
{G,T9,T1} be a quasi boundary triple for T C S*, set Ag ;=T | ker 'y, and let
v and M be the associated y-field and Weyl function, respectively. Moreover,
let B be a symmelric operator in G and let the associated operator Aip) be
defined by (2.3). Then, the following statements hold for X € p(Ag):

(i) A€ op(Aip) if and only if 1 € o, (BM(N)). Furthermore, one has
ker(Ajg) — A) = {7(\)¢ : ¢ € ker(I — BM(X))}.

(ii) If A & op(Arp)) and By(A\)*f € ran(l — BM())), then f € ran(A[p — A).
(iii) If A ¢ Up(A[B]); then

(Aip = N7 = (Ao = N7 + v = BM(N) ™' By(A)*f
for all f € ran(Arp — A).

Note that for A € p(Arp))Np(Ao) the resolvent formula in Theorem 2.5 (iii)
reads as

(A = A" = (Ao = M)+ (NI = BMXN) ™' By(A)".

Finally, we state the counterpart of Proposition 2.4 for extensions A(p
given by (2.3) to detect all eigenvalues of Ap.

Proposition 2.6. Let S be a densely defined, closed, symmetric operator in 'H,
let {G,To,T1} be a quasi boundary triple for T C S*, and let M be the associ-
ated Weyl function. Moreover, let B be a bounded and self-adjoint operator in
G and assume that the associated operator Ap) defined by (2.3) is self-adjoint.
Assume, in addition, that S is simple. Then, ran(I — BM (X)) is independent
of A\ € C\R, and X\ € R is an eigenvalue of Aip) if and only if there exists
p €ran(l — BM (X +ic)) such that

lim i=M (A +2) (1 = BM(A+i2)) "' #0.

Proof. The proof is very similar as the one of Proposition 2.4, so we only sketch

the main differences here. Define the mappings FEB], 1"[13} :domT — G by

Py =Tof — BT f and TPlf=T,f fedomT.

Then, one verifies with the same arguments as in the proof of Proposition 2.4
that {G, FEB] , F[lB]} is a quasi boundary triple for T" C S* with T | FgB] = Aip.

If we are able to compute the Weyl function M|gj()) corresponding to the
triple {3, FBB], F[lB]} for A € C\R, then we can apply again [20, Corollary 3.4]
to characterize all eigenvalues of Ajp). Let A € C\R and fy\ € ker(T — \)
be fixed. Note that M (A) is invertible, as otherwise the symmetric operator

T | kerT'; would have the non-real eigenvalue A, cf. Theorem 2.3 (i). Hence,
M(MNTofy =y fy implies Do fx = M (A\) 7! £y, which yields

F([)B}fx =To—BI')fa=U - BM(A))M()‘)_lr[lB]f)\.
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Note that I — BM () is invertible by Theorem 2.5, as otherwise the self-adjoint
operator A;p) would have the non-real eigenvalue A. Thus, we conclude

Mig)(N) = M(N)(I = BM(X)~".

This implies, in particular, that dom M{gj(\) = ran(/ — BM())) = ran FEB} is
independent of X\ € p(A;pg)).

After all these preparations, the claim of the proposition follows from
[20, Corollary 3.4] applied to the quasi boundary triple {G, F([)B], F[IB]}, as S is
simple. O

3. The Minimal, the Maximal, the MIT Bag, and Some
Associated Integral Operators

In this section, we provide some facts on Dirac operators and associated inte-
gral operators. First, we collect some properties of the minimal and the maxi-
mal realization of the Dirac operator on a domain 2 C R®. Then, we introduce
and discuss the MIT bag operator, which is a distinguished self-adjoint realiza-
tion of the Dirac operator in €2, and which serves as a reference operator later.
Finally, we introduce several families of integral operators which will play a
crucial role in Sects. 4 and 5 in the proofs of the main results of this paper.
Throughout this section, let © be a C2-domain in R3 with compact boundary,
that is, 2 is either a bounded C?-domain or the complement of the closure of
such a set. The unit normal vector field at 9 pointing outwards €2 is denoted
by v.

3.1. The Minimal and the Maximal Dirac Operator

We are going to study the following two operators acting in L?(2;C*): The
maximal Dirac operator

Tmax.f = —io- vf + mﬂfa
dom Tax = {f € L*(%CY) 1 a- Vf € L*(;CY }, (3.1)
where the derivatives are understood in the distributional sense, and the mini-
mal Dirac operator Tyin = Tmax | Ha (€; C*), which is given in a more explicit
form by
Twinf = —ic-Vf+mpBf, dom T, = H(Q;R?). (3.2)
Some basic and well-known properties of Ty, and Thax are collected in the

following lemma; cf. [15, Proposition 3.1], [22, Lemma 2.1], and [56, Proposi-
tions 2.10 and 2.12].

Lemma 3.1. Let Q C R? be a C?-domain with compact boundary and let Ty
and Tmin be defined by (3.1) and (3.2), respectively. Then, Twin is a densely

defined, closed, symmetric operator in L*($;C*) and we have
T;:lin = ﬂnax and ﬂllin =T

max"*

Moreover, C*(£2; C*) is dense in dom Tyay with respect to the graph norm.
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Observe that for f,g € H'(£;C*), the integration by parts formula
(O[ . vf’ g)Q + (fva . VQ)Q = ((O( : V)f|6ﬂvg|6ﬂ)ag
implies the identity
((-ZO{ -V + mﬁ)f7 g)Q - (f’ (—’LO[ -V + mﬁ)g)ﬂ = ( - Z(a : V)f'aﬂmglaﬂ)aﬂ-
(3.3)

In the next proposition, we verify that Ty, is a simple symmetric opera-
tor, that is, there exists no non-trivial invariant subspace for Ty, in L?(; C*)
on which Ty, reduces to a self-adjoint operator. The simplicity of Ty, is es-
sential in Propositions 5.5 and 5.11 for the characterization of eigenvalues of

self-adjoint extensions of Ti,i, which are embedded in the spectrum of the MIT
bag operator.

Proposition 3.2. The operator Tun in (3.2) is simple.

Proof. Assume that Ty = 11 @ 1o, where T acts in an invariant subspace
H; C L*(;C*) for Tonin, j € {1,2}, and that T} = T7. We prove that H; =
{0}. For that, note (Twin)? = Tf & T35 and T7 = (T?)* in H; by the spectral
theorem. Since T2 is closed, we have (Thm)?2 = T2 & T2. Let us show that
(Tinin)? is simple. We define the operator

AR f = (—ia-V+mp)*f = (~A+m?)f, domA? = H?*(Q;CY),

and we claim that A C ((Tinin)?)*. In fact, consider arbitrary f € dom A
and let ¢ € dom (Tinin)?. Then, g,(—ia - V +mB)g € HL(Q;C*) and the
identity (3.3) shows

(Af,9)q

( —ia -V +mB)?f, )

((—ia- V+mp)f, (—ie-V +mf)g).,
= (

=

Iy (—ia - V+mﬁ) )
f m]n )

which implies A? C ((Tinin)?)*. Now we use that

L?(Q;C*) = span{ ker(A? — ) : A € C\R};
if 2 is bounded, this is essentially a consequence of unique continuation (for
details see [14, Section 8.3]) and if € is unbounded this fact can be found in
[21, Proposition 2.2]. As A% C ((Tmin)?)* and ((Twin)?)* = ((Thin)?)*, we
have
ker(A? — \) C ker(((Twmin)2)" — 1)), A €C\R,

and we conclude

L?(Q;,C*) = span{ ker (( (Trnin)? )* —A): A e C\R}.

This implies that (Tinin)? is simple (see (1.10)). Therefore, H; = {0} and hence
Thnin is simple. O
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3.2. The MIT Bag Operator

In this subsection, we discuss the MIT bag Dirac operator in © which will
often play the role of a self-adjoint reference operator in this paper. The MIT
bag operator is the partial differential operator in L?(Q; C*) defined by

Tt f = (—ia -V +mp)f,
dom Tyt = {f € Hl(Q;(C4) : f‘ag = 71'6(04 : I/)f|ag} (34)

In the following proposition, we summarize the basic properties of Tyr. For
some further results on Ty, as, e.g., symmetry relations of the spectrum or
asymptotics of eigenvalues for large masses m we refer to [2]. Moreover, we
note that the orthogonal sum of the MIT bag operator in € and R3\Q) is a
Dirac operator with a Lorentz scalar §—shell interaction, see Proposition 5.15.
Using this, one can show even some further properties of Tyirr; cf. (5.33).

Proposition 3.3. The operator Tyt defined by (3.4) is self-adjoint in L*(£2; C*)
and the following statements hold:

(1) (—m,m) C P(TMIT)

(i) If Q is bounded, then o(Tair) = daisc(Tvir) = op(TMiT)-

(iil) If Q is unbounded, then o(Tyit) = Oess(TarT) = (—00, —m] U [m, 00).

Proof. First, the self-adjointness of Tyt is shown in [56, Theorem 3.2]. The
proof of assertion (i) follows similar considerations in [2, Theorem 1.5] for C3-
domains, but the arguments are basically independent of the smoothness of
0f). Indeed, one can show for f € dom Ty with the help of (3.3) and (1.8)
that

ITvrr 113, = ((—ioc- V +mp) f, (—ic- V +mB)f),
= [la- V& +m?|If1IE + (—ia - Vf,mBf)a + (mBf,—ia - Vf)a
= lloc- VI +m?|[ flI& +m(—iB(e-v) flaa, floa) oo
= lla- V£ +m?|I £1E + mll flaal3a

holds, where the boundary condition for f € dom Tyt was used in the last
step. Hence, we have | Tt fllo > m||f]lq for all f € dom Ty, which shows
that U(TMIT) N (—m,m) = (Z)

To verify item (ii), we note that domTyyr C H'(Q;C*) is compactly
embedded in L?(Q;C*), as Q is a bounded C?-domain. Hence, o(Tyir) is
purely discrete.

It remains to show point (iii). By (i), we have o(Tyur) C (—00, —m] U
[m,00). To prove the other inclusion, fix some A € (—oo,—m] U [m,0),
a number R > 0 such that R3\B(0,R) C Q, a vector ¢ € C* such that
(VA2 —m2aq +mfB + Aly) ¢ # 0, a cutoff-function x € C5°(R) with x(r) =1
for r < % and x(r) = 0 for > 1 and set z,, := (R+n?,0,0)", n € N. Then,
we define the function 1, by

1 /1 R——
Un (@) = 572X (n|$$n|> VA ! (\/)\2 —m?a +m5+)\f4) C.
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Then, one verifies in the same way as in [15, Theorem 5.7] that 1 € dom Ty,
that ;) converge weakly to zero, that

|92l = const. >0 and (Tyhp — N — 0, asn — oc.
Thus, (1;)), is a singular sequence for Tyt and A, which shows A € Gegs(TharT)-
This finishes the proof of this proposition. O

In a similar fashion as for the MIT bag model, we also state some basic
properties of another distinguished self-adjoint realization of the Dirac oper-
ator on 2. This operator has similar boundary conditions as Ty, but with
opposite sign, and is given by

T—MITf = (—iOl -V + mﬁ)f,
domT,MIT == {f € Hl(Q; (C4) : f|ag = Z,@(Oz . l/)f|ag} (3.5)
The next proposition is the counterpart of Proposition 3.3 for T_yyr. How-

ever, in contrast to Proposition 3.3 (i) the interval (—m,m) may also contain
spectrum; cf. Theorem 5.4 and Proposition 5.5.

Proposition 3.4. The operator T_ynr defined by (3.5) is self-adjoint in
L2(Q;C*), and the following statements hold:

(1) IfQ 18 bounded, then O’(T,MIT) = Udisc(TfMIT) = O'p(T,MIT).

(i) If Q is unbounded, then (—oo, —m] U [m, 00) C Gess(T—MIT)-
Remark 3.5. We will show later in Theorem 5.4 (i) that the inclusion in
item (ii) of the above proposition is in fact an equality, i.e.,

Oess(T—viT) = (—00, —m] U [m, 00).

This holds, as the operator T_ it corresponds to T' | ker I'y defined as in (5.2)

with the parameter ¢ = 0. But for our next considerations, the above inclusion
is sufficient.

Proof of Proposition 3.4. Define the auxiliary operator
Tf=(—ia-V—mp)f, domT ={fe H(QCY: flag =iB(a-v)flaa},

and consider the unitary and self-adjoint matrix
(0 I
V5 = I E

Tarr = 515 (3.6)
To see this, we note that v53 = — 375 and (a - x)y5 = v5(a - x) for all z € R3.
This implies

(—ia- V+mpB)f = ys5(—ia-V —mpB)ysf, feH (QC).
Furthermore, we have f € dom Tyt if and only if y5f € H*(£;C*) and

We claim that

iB(a-v)vsflag = —v5i0(a - v) flaa = 75.flaq,

so that f € dom Ty if and only if v5 f € dom T. Hence, we have shown (3.6).
In particular, this implies together with Proposition 3.3 that T is self-adjoint.
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Since multiplication by m3 is a bounded and self-adjoint operator in L?(£2; C*),
we conclude that also T_ygT = T + 2m( is self-adjoint.

Eventually, assertions (i) and (ii) can be shown in exactly the same way
as Proposition 3.3 (ii) and (iii); in particular, for the proof of item (ii) the
same singular sequence as in Proposition 3.3 (iii) can be used. O

3.3. Integral Operators

In this section, we introduce several families of integral operators that will
play an important role in the analysis of Dirac operators on domains. We also
summarize some of their well-known properties. Define for A € C\((—o0, —m]U
[m, c0)) the function

Gafe) = (st mis (1= VAT mPlal) o)) - S
(3.7)

Recall that G is the integral kernel of the resolvent of the free Dirac operator
in R3, see [63, Section 1.E]. We introduce the families of integral operators
@y 0 L2(09Q;C*) — L2(Q;CY),

Byl / Cr(z — Pe)doly), =€ pe L2O%CY, (3.8

and Cy : L2(9Q; CY) — L2(9Q; CY),

Crp(x) = lim Ga(z —y)p(y)do(y), =€, pe L*(99;C*).
eNo OO\ B(z,e)
(3.9)
It is well known that @, and C, are bounded and everywhere defined and that
Cy=Cx (3.10)

holds; cf. [4, Lemmas 2.1 and 3.3] or [10, Proposition 3.4]. Furthermore, the
adjoint of @, is given by ®% : L*(Q;C*) — L2(9Q;C*),

D) f(x / Gx(z —y)f(y)dy, = €09Q, fe L*(Q;C), (3.11)

and this operator is also bounded when viewed as an operator from L?(Q; C*)
to H'/2(0Q;C*); cf. [12, equation (2.12) and the discussion below]. Hence, we
can define the anti-dual of ®3 by

Dy 10 = (0F) : HV2(00;C*) — L?(Q;CY). (3.12)
Since we have for ¢ € L?(9Q; C*) and f € L*(Q;C*)
(®r,—1/20, Fla = (0, X S) 172 (00501) x 1172 (90:01)
= ((pa q)if)aﬂ = (ngpa f)Qa

®) _1/2 is an extension of ®y. Some further properties of ®) are summarized
in the following proposition.

Proposition 3.6. Let A € C\((—oo, —m] U [m, ) and let ®y be the operator
n (3.8). Then, the following statements hold:
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(i) For any s € [—2 55 2] the opemtor dy\ gives rise to a bounded and every-
where defined operator ®y o : H*(9Q; C*) — H*+1/2(Q; C*).
(ii) ran®y _1/0 = ker(Tiax — A)-
Remark 3.7. For s € (757 5] the map @) ; is the restriction of ®y _;/, onto
H#(0Q;CY), ie., ®ysp is for ¢ € HS(('?Q C*) the uniquely determined L>-
function @y /2.

Proof of Proposition 3.6. The claim of statement (i) for s = —3 follovvs from
the definition of ®5 _;/5 in (3.12), and it is contained for s = 1 and Q =
R3\X for a C%-surface ¥ in [15, Proposition 4.2] (see also Remark 3.7); for
that, one has to note that the map (X) in [15] coincides with ®y /5. The
1)

claim for  follows from this by restriction and for intermediate s € (-3,
[15
5]

by an interpolation argument. Assertion (ii) follows immediately from
Propositions 4.4 and 2.6] by noting that ®5 _; /o coincides with y(\) in [1

In the next proposition we collect some additional properties of Cy that
will be useful in the sequel.

Proposition 3.8. Let A € C\((—o0, —m] U [m,0)) and let Cy be the operator

n (3.9). Then, the following statements hold:

(i) For any s € [—%, %] the operator Cy gives rise to a bounded and ev-
erywhere defined operator Cy s : H*(0Q;C*) — H?®(9;C*) and for the
anti-dual of Cy s one has C;\ s =Cx s

(i) If A € (—m,m) and s € [-3, 3], then the operator Cy s is invertible and
—4(Cx (- V)) =—4((a- I/)C)\vs) = I. (3.13)

Proof. First, by [15, Proposition 4.2] the restriction Cy 12 := Cx | H'/2(0Q;C*)
is bounded in H2(9Q;C*). Moreover, by [15, Proposition 4.4] the map-
ping Cy 1/2 can be extended by continuity to a bounded operator Cy _i/o in
H=1/2(99Q;C*) and it is also shown there that

(Cx1/20, V) 172 (0000 x H-1/2 (90s04) = (93 Cx 1 /2%) 172 (000508) x H-1/2 (99:C4)
holds for all ¢ € HY2(0Q;C*) and v € H~/2(0Q;C*); for this, one just
has to note that the operators M(A) and M(A) in [15] coincide with Cx1/2
and Cy _1/2, respectively. Hence, assertion (i) holds for s = :t%. Now the
continuity claim in item (i) for the restriction Cy s := Cx _1/2 | H*(98; C*) for
intermediate s € (—3, 3) follows via interpolation. Moreover, for s € (—3,0)

the map Cy s is the anti-dual of Cx _,. To see the last claim, we note that for

€ L?(09;C*) and ¢ € H~*(09Q;C*), one has
(Cx.s0, V) He (act) x H—2 (905c%) = (Caw, ¥)aa = (v, Cx¥)an
= (0, Cx _ V) Hs (00,C4) x H—*(9,C4) s

where (3.10) was used. By density, this can be extended for all ¢ € H*(9%2; C*),
which implies that indeed C ; = Cx _,
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Identity (3.13) in (ii) is shown for A = s = 0 in [4, Lemma 3.3] and can
be shown for A # 0 and s = 0 in a similar way. Clearly, this also implies
the invertibility of Cy. For s € (0, 1], the claim follows from Cy s = Cy |

)
H?*(9€; C*). This and C} , = Cx _, imply (3.13) also for s € [-3,0). O

For ¢ € HY?(9;C*), the trace of ®),1/2¢ and the function C ;/o¢
are closely related. The formula in the next lemma will be useful in the next
sections.

Lemma 3.9. Let A € C\((—o0, —m]U [m,00)) and let @y 1,5 and Cy /o be the
operators in Proposition 3.6 and Proposition 3.8, respectively. Then, one has

i
(@A,1/2<P)|BQ = C/\,1/2§0 - i(a V), (“AS H1/2(39§C4)~

Proof. The formula is shown for A = 0 in [4, Lemma 3.3] in terms of the non-
tangential limit of @) 1,090 € H'(;C*). Since the non-tangential limit and
the trace coincide (see, e.g., [13, Lemma 3.1]), the claim follows for A = 0; the
claim for general A can be deduced in the same way. 0

In the following proposition, we show that the commutator of the sin-
gular integral operator C) and a Hoélder continuous function of order a > 0
is bounded from L?(9€;C*) to H*(09Q;C*), s € [0,a), and hence compact in
H*(9Q;C*) for a > s > 0. This has important consequences for the analysis
of self-adjoint Dirac operators on domains and will be used in the proofs of
many of the main results in this paper. The proof of the next result relies on
the properties of integral operators established in Appendix A.

Proposition 3.10. Let A € C\((—o0,—m] U [m,0)), let Cy be the operator
in (3.9), and assume that 9 € Lip,(09Q) for some a € (0,1]. Then, the com-
mutator

@ = Cr(Jp) —ICryp

is bounded from L?(0Q;C*) to H*(0Q;C*) for any s € [0,a). In particular,
the restriction Cy s — 9 Cy s is compact in H®(0S2; C*) for every s € [0, a).

Proof. To prove the claimed mapping properties we show that each component
kji, 3,1 € {1,...,4}, of the matrix-valued integral kernel

K(z,y) == Ga(z —y)(I(y) — I(2))

of )9 — UC, satisfies the estimates in (A.4). As a > s the claim of this
proposition follows from Theorem A.3 applied to the scalar integral oper-
ators with integral kernels kj;, j,I € {1,...,4}. Since the embedding ¢, :
H#(0Q;C*) — L*(09;C*) is compact for s € (0,a), this implies then also
the compactness of Cy 0 — 9ICy s in H*(9Q;C*). Indeed, for s > 0 it fol-
lows that Cy s — ICy s = (Cx — ICy)es is compact in H*(99;C*), and for
s = 0, one can choose r € (0,a) and sees with the result of this propo-
sition that Cy — 9Cy : L2(0;C*) — H7(9Q;C*) is bounded, and hence
Ca¥ — ICy = 1,(Cx¥ — UCy) is compact in L?(982; C*).
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In the sequel, we use the matrix norm

|M]| =  max M, M = (my)j =, € CP

Throughout the proof of this proposition, C' is a generic constant with different
values on different places. First, due to the Holder continuity of 9 we conclude
immediately from the definition of G in (3.7) that

ly — x| c
K(z,y)| =|Gx(x—y)| - |Hy) —Hz)| < C =
Ke.)] = [Ga(e = )| 19(6) = 9] < O = = oy
holds for all z,y € 99, = # y. Hence, the first estimate in (A.4) is satisfied.
To show the second one, we take z,y,z € 0Q with |z — y| < 1|z — 2|, write

K(z, 2) = K(y, 2)

= Gi(z = 2)((y) — 9(2)) + (Ga(w — 2) = Galy — 2)) (9(2) — I(y)),
(3.14)
and show that each of the two terms on the right-hand side of (3.14) fulfills this

growth condition. Clearly, using the Holder continuity of 9 and the definition
of G from (3.7) we find first that

Ga(a - 2)(0(y) - 9(a))| < L= (3.15)

=z

To get an estimate for the second term in (3.14), we note first that the Holder
continuity of ¥, the triangle inequality, and |z — y| < 1|z — 2| yield

[0(2) =9(y)| < Cly —2* < C(lz =yl + |z —=2])" < Cla — 2| (3.16)
In the next calculation, we use for &, ¢ € R*\{0} the notation

VGA(E) - €= 01GA(§) - Gt + D2GA(§) - G2 + O3GA(§) - C5-

Then, we deduce with the main theorem of calculus applied to each entry of
the matrix G(x — 2z) — Ga(y — 2)

[Galz = 2) = Galy — 2)] = \/ Lente—y) +yz>dt]

< [ |VGA(t(z —y) +y—2) - (x —y)|dt. (3.17)

Using (3.7), we find

8jG,\(a:)
_ [ (m +mpB+ (1 — /22— m2|x|) i(f;'f)> (z‘\/v —m? — |z1|) 0;|
1 20 -
+ (1 — VA2 — m2|x|) B (ozj - |x(9]|x|>

a-x ei\//\27m2|a:|
A2 —m? — 0j|z|| ————
+ |JI|2 J| ] 47T|$| )
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which implies |9;G(x)| < Clxz|~3. Substituting this in (3.17) yields

1

Grla=2) =Gty <C [ ey +y—sPat oyl (319

0
Since |z — y| < 1|z — z|, we can estimate for ¢ € [0, 1]
1
te—y)ty—zl2ly—z—tle—y[ 2 |o—z[ - (A + )|z —y[ = Sz - 2|
and
o —yl =z —y|* o —y["7* < Clo—y|* |z — 27"

Using these two observations in (3.18), we conclude

lz —y|* |z — 2! |z — y|®

[Ga(z —2) = GAly—2)| < C —C

Together with (3.16), this leads to

[(Ga(z — 2) — Galy — 2)) (0(2) = 9(y))| < C

It follows now easily from (3.14), the triangle inequality, (3.15), and the last
estimate that the components of K also satisfy the second condition in (A.4).
This completes the proof of this proposition. O

We now provide some useful anti-commutator properties of Cy and the
Dirac matrices. These facts are also important ingredients to prove the self-
adjointness of Dirac operators on domains later.

Proposition 3.11. Let A € C\((—o0, —m] U [m,o0)) and let Cy be the operator
in (3.9). Then, the following statements hold:
(i) The mapping Ay :=C3 — %14 can be extended to a bounded operator
Ay : H-V2(09;C*) — HY?(60; CH).
(ii) The anti-commutator By := C\3 + BCx can be extended to a bounded
operator
By : H'2(8Q; CY) — HY?(90; CH).

In particular, the restrictions
1
A2 = C§,1/2 - 114 and  Bx1/2 =Cx 120+ BCx1/2
onto HY/2(09Q;C*) are both compact operators in H'/?(9€; C*).

Proof. The proof of item (i) can be found in [15, Proposition 4.4] and [56,
Proposition 2.8]. It remains to show statement (ii). Using the anti-commutation

relation (1.8), we see that B, is an integral operator with kernel
ei\/)\27m2|137y|
br(zr —y) =2(A Iy) —————

e ) =208 4 ml)

and thus By = Q(Aﬂ + mI4)SL)\2_m2, where SL, denotes the single-layer
boundary integral operator for —A — i, see, e.g., [53, equation (9.15)]. Tt is well
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known that SLy2_,,2 gives rise to a bounded operator from H~'/2(9€; C) to
H'/?(99; C), see, for instance, [53, Theorem 6.11]. This yields assertion (ii).
O

Next, we state a result on the invertibility of i%ﬁ + Cy,s which will
be used in the construction of the ~-field and the Weyl function associated
with a quasi boundary triple for a Dirac operator. To formulate the result,
we recall the definitions of Ty and T—yr from (3.4) and (3.5), respectively,
and denote by T and T ;1 the Dirac operator in L?(R3\Q; C*) with the
same boundary conditions on 92 as Tyt and T_ T, respectively.

Proposition 3.12. Let s € [—%7%] and let Cx s be the operator in Proposi-
tion 3.8. Then, the following statements hold:
(i) For all X & (—o0, —m]U[m, o0), the operator 33+ Cy s admits a bounded
and everywhere defined inverse in H®(9€); C*).
(i) For all X ¢ (—o0,—m] U [m,00) U op(T-zir) U op(Thyyr), the oper-
ator ,%5 + Cx,s admits a bounded and everywhere defined inverse in
H*(09Q;C*).
Proof. (i) We prove the claim for s = 1 and A € C\((—o0, —m] U [m, 00)). For
this it suffices to verify that %B+C>\71/2 is bijective in H'/2(9Q;C*). Then, the
claim for s = f% follows by duality, as CX,—1/2 = C;\,l/Q, and for s € (f%, %)
by interpolation.

Let us verify that %6 + Cx,1/2 1s injective. Indeed, assume that we have

(%B +C>\,1/2)90 =0 for some ¢ € H'/2(9Q;C*), ¢ # 0. We claim that then X

is an eigenvalue of the MIT bag operator in €2 or in Q¢, which is not possible
by Proposition 3.3 (i). Define the functions

fala) = By ao(x) = /a G —nedoly), e (319)
and
for () = /a G —u)e)ay). 7RG (3.20)

We claim first that fo € dom Ty and fo- € dom TﬁiT. This is shown for fo,
the proof for fqe is similar using that the unit normal vector field for Q€ is —v.
First, since ¢ € H'/2(05; C*), one has fo € H'(Q;C*) by Proposition 3.6 (i).
Moreover, according to Lemma 3.9 the trace of fq is

7
faloa = _§(a V) +Cx 120,

and, because of (« - v)? = I (which follows from (1.8)), it satisfies

(I + iB(a - v)) faloa = (I + iB(a - v)) (—;m v)e +wa>

1 1
= <2/3 + C/\,1/2) o +if(a-v) (25 + C,\,1/2> ®
0,
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i.e., fo € domTyr. Since the unit normal vector field of Q¢ is —v, one con-
cludes from Proposition 3.6 (iv) that the trace of fqe is

7
facloa = 5(04 V) +Cx 1720,

and hence,
faloa — faclon = —i(a-v)p #0,

which shows that at least one of the functions fo and fqge is not trivial. From
Proposition 3.6 (ii), we get (Tyvr—A) fo = 0 and in the same way one concludes
(Tihr — N fae =0, ie. A € C\((—o0, —m] U [m,0)) is an eigenvalue of Ty
or Tﬂ;T, which leads to a contradiction. Therefore, %5 +Cx,1/2 is injective.

It remains to prove that %6 +Cy,1/2 is surjective. For that, we note first
that

ran (%ﬁ + C,\,1/2) D ran (%5 + C,\,1/2)2,

and from Proposition 3.11, we obtain

1 S| 1 1
(25 + C/\,1/2> = 514 + 5(6,\,1/25 + BCx1/2) + (Cr1y2)® — 114
1

1
- I,+-B
5 4+ 5 A2+ Axe,

where %BAJ/Q + Aj,1/2 is a compact operator in H'/2(0Q; C*). Therefore,

as the operator (%ﬁ + C;Hl/z)z is injective (since %ﬁ + Cy,1/2 is injective),
Fredholm’s alternative shows that (%ﬂ —|—C,\)1/2)2, and hence also %ﬂ +Cx1/25
is surjective. This finishes the proof of item (i).

The proof of item (ii) follows the lines of assertion (i); one just has to note
that for ¢ € ker ( — 564 Cy 1/2), the functions fqo and fo- defined by (3.19)
and (3.20) belong to dom T_ypr and dom T 1, respectively. O

We now discuss that the derivatives of the integral operators ®, and Cy
belong to certain (weak) Schatten—von Neumann ideals. For that, we use the
following result on operators with range in the Sobolev space H*(9;C). Its
proof follows word-by-word the one of [11, Proposition 2.4]; hence, we omit it
here.

Proposition 3.13. Let | € N, let 90 C R® be the boundary of a compact C'-
smooth domain, and let k € {1,...,2l — 1}. Let H be a separable Hilbert
space and assume that A : H — L?(0Q;C*) is continuous with ran A C
H*/2(09;C*). Then, A € Gy, 00 (H, L2 (09 CY)).

With the help of Proposition 3.13, one can show in exactly the same way
as in [10, Lemma 4.5] the following result; note that the operators () and
M () in [10] coincide with @y and Cy, respectively.

Lemma 3.14. Let | € N with I > 2 and let 092 C R? be the boundary of a
compact C'-smooth domain. Moreover, let A € C\((—o00, —m]U[m, 00)) and let
Dy and Cy be the operators in (3.8) and (3.9), respectively. Then, the following
statements hold:
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(i) The operator-valued functions A\ — Py and X — <I>§ are holomorphic and,
for any k € {0,1,...,1—1},

dk:
N(I)’\ € Guy2h+1),00 (L7 (0 CH), L (2;CY))

and
k

d *

W@y € Guy2h+1),00 (L (2 CY), L*(02; CY)).
In particular, @5 and ®% are compact.

(ii) The mapping X — Cy is holomorphic, dlz\C,\ = 0P and, for any integer
ke{l,... 1},

&

WC)\ € 62/}6,00 (L2(807 (C4)> .

4. A Quasi Boundary Triple for Dirac Operators on Domains

In this section, we introduce a quasi boundary triple which is useful to define
self-adjoint Dirac operators on domains via suitable boundary conditions on
09Q. Throughout this section, let 2 be a bounded or unbounded domain in R3
with a compact C%-smooth boundary. As before, we denote the normal vector
field at 092 pointing outwards of Q by v. In the following, the operators

Py : L?(09Q;C*) — L?(09;CY), ¢+ %(14 Tif(a-v))e, (4.1)

will play an important role. The relation P_ = I — P, is clear. Furthermore,
using the anti-commutation relation (1.8) it is easy to see that P? = Py and
P.P_=P_P, =0, that is, Py are orthogonal projections in L?(9€); C*). We
also note that (1.8) implies

P.3=pP_. (4.2)

We shall make use of the spaces
G4 == Py (H®(09;CY),  se|0,3]. (4.3)

For convenience of notation, we simply write Go := G§. As Py is an orthogonal

projection in L?(99; C*) the space Gq is a Hilbert space. Moreover, since 95

is C?-smooth, the normal vector field v is Lipschitz continuous and hence it

follows from Lemma A.2 that G§ C H*(9¢%; C?) for s € [0, 3]. Furthermore, it

is not difficult to check that G§) is a closed subspace of H*(9€; C*) for s € [0, 3].

In the sequel the spaces G§, are always equipped with the norm of H*(9Q; C*).
Next, we define the operator T in L?(£2; C*) by

Tf=(—ia-V+mp)f, domT = H'(;C"), (4.4)
and the mappings I'g,I'; : domT — Gq acting as
Tof =Pyfloa and T1f = P Bfloq, [ € domT. (4.5)
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In the following theorem, we show that {Gq,T'o,I"1} is a quasi boundary triple
and that T coincides with the maximal Dirac operator Ty.x from (3.1). More-
over, it turns out that the reference operator T' | ker I'y is the MIT bag operator
studied in Sect. 3.2.

Theorem 4.1. Let Ty, be the closed symmetric operator from (3.2), let Go be
given by (4.3), and let T, I'o, and I't be as in (4.4) and (4.5), respectively.

Then, T =T, = Tmax and {Ga,T0,T'1} is a quasi boundary triple for T C
Trax such that

TMIT =T [ker Fo and TfMIT =T [ker Fl. (46)
Moreover,

ran(To [ ker'y) = ran(Ty [ kerT'y) = ggﬂ, (4.7)
and hence, in particular, ran(Ty,T1) T = Qé/z X ggz/z.

Proof. First, we have T}, = Tiax by Lemma 3.1. Furthermore, Lemma 3.1
also implies that the closure of T' coincides with Tpax , as C°(€Q; C*) C dom T
is dense in dom Ty, equipped with the graph norm.

Now we verify that the abstract Green’s identity is valid. For this, con-
sider f,g € domT = H'(2;C*). Then, (3.3) and the self-adjointness of a - v
yield

(Tf,9)0 - (f,T9)a = ((—ia-V +mpB)f,g), — (f, (=i V +mp)g),

= (—ila-v) flaa, gloa)

%( —i(a-v)flag, gloe) 5o — %(f\aﬂv —i(a-v)glon) o

Using that (3 is unitary and self-adjoint, we see that the last expression is equal
to

(—iB(a-v)flaa, Bgloa) 5o — %(5f|aﬂ, —if(a - v)gloa) o,

DN | =

= %(5f\8979|39 +if(a - v)gloq) 5o — %(f\fm +if(a-v) flag, Bgloa) o,
= (ﬂf|89ap+g|aﬂ)8£2 - (P+f|ag,ﬂg|ag)39.

Since P, is an orthogonal projection in L2?(9€; C*), we conclude

(Tf,9)a — (f,Tg9)a = (PyBflsa, Pygloa)oa — (P flag, Py Bgloa)sa
= (T1f,Tog)aa — (Tof,T19)aq,

which is the abstract Green’s identity.

Next, we check the range property (4.7). Clearly, by the definition of Ty
and I'y, domIly = domT; = H'(Q;C*), and by standard properties of the
trace map and Lemma A.2 one has ranl'g C 931/2 and ranI'; C Q;Z/Q
hence also

ran(T'o [ kerI'y) C ggf and ran(I'y [ kerTy) C Qép. (4.8)

, and
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To prove Qéﬂ Cran(Ty [ kerT'y), let ¢ € lez/Q and choose f € H'(Q;C*) such
that f|aq = ¢. Since ¢ € Gq, we have P,y = ¢ and P_p = 0. Hence,

Lof = Py floa = Pro = o,
and using (4.2), we obtain

' f = PyBflog = PyfBy = BP_p =0,

that is, ¢ € ran(Iy | kerI'y). To prove ggf C ran(T'; [ kerTy), let ¢ € g;{Q
and choose g € H'(Q;C*) such that g|spo = B¢. Since ¥ € Ggo, we have
P, =1 and P_v = 0. Hence, using (4.2) we obtain

Log = Pygloa = Py = P2 =0
and
T'1g = Py Bglaa = Py %) =1,
that is, ¢ € ran(I'y [ ker T'g). Together with (4.8), we conclude (4.7).
Finally, observe that

kerTg = {f € H(;C*) : floa = —iB(a-v)flaa} = dom Ty,

kerT'y = {f € HY(;CY) : floa = iB(a-v)floa} = dom Ty
Therefore, T' [ ker 'y coincides with the MIT bag Dirac operator Tyyr and
T | kerT'y coincides with Ty, which shows (4.6). Note that both operators

are self-adjoint; cf. Propositions 3.3 and 3.4. Thus, {Gn,[o,T'1} is a quasi
boundary triple for T' C Tiyax- O

Now we compute the «-field and the Weyl function associated with the
quasi boundary triple in Theorem 4.1. It turns out that these operators are
closely related to the integral operators ®, and C, defined in Sect. 3.3. For
the next proposition, recall that %ﬂ + Cy,1/2 admits a bounded and every-

where defined inverse in H'/2(9; C*) for A € C\((—o0, —m] U [m, 0)), see
Proposition 3.12.

Proposition 4.2. Let {Gq,To,T'1} be the quasi boundary triple from Theorem 4.1,
let X € C\((—o0,—m| U [m,00)) C p(Tarr), and let @y /5 and Cy 12 be the
operators in Propositions 3.6 and 3.8, respectively. Then, the following state-
ments hold:

(i) The value of the v-field corresponding to {Ga,To,T'1} is given by

1 -1
’Y()\) = (I)A,I/Z (2/6 + CA,1/2> s dOHl’y(/\) = 9512/2 (49)

Each v()\) is a densely defined bounded operator from Gq to L?(2;C*),

and a bounded and everywhere defined operator from lez/z to H'(Q;C*).
(ii) The adjoint v(\)* of the vy-field corresponding to {Gqa,To,T'1} is given by

* 1 - *
’Y(A) :P+ (26+C)\’1/2> q)/\.

Each y(\)* is bounded from L*(;C*) to g;f", and, in particular, com-
pact from L*($;C*) to Gqo.
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(iii) The value of the Weyl function corresponding to {Ga,To,T'1} is given by

-1
M(X) =-P; (;5 +C,\,1/2) Py, domM()) =G>, (4.10)

Each M()\) is a densely defined and bounded operator in Gq, and a

bounded and everywhere defined operator in g;z/?

Proof. In the following, let A € C\((—o0, —m] U [m, 00)) be fixed. From (4.7)
and the definition of the y-field and Weyl function, it follows that

domy(3) = dom M(A) = ranTy = G/*

For the proof of item (i), consider ¢ € ranTy = g&/ * and recall that
~v(A)y is the unique solution of the boundary value problem

(T—XN)f=0 and Tof =e. (4.11)
We set

“1
1
=Py 12 (25 +CA,1/2> ®.

Then, due to the mapping properties of @y ; /o and (%ﬂ‘FC)\’l/g)il, see Propo-
sitions 3.6 and 3.12, we have f\ € H'(Q;C*) = dom T'. For (4.9), it suffices to
check that f) solves the boundary value problem (4.11). In fact, by Proposi-
tion 3.6 (i) we have (T'— A) fy = 0 and using Lemma 3.9 we get

1

1 —1
Lofa = Py faloa = Py ( 2(04 2 +CA71/2> <25 +C/\>1/2) 4

; 11 1 -t
=P, (—;(a V) — 55 + 55 + C,\,1/2) (2/3 +C>\,1/2> v

: ~1
=P, (—;(Oé V) — ;Ll) B <;ﬁ +C>\,1/2> ©+ Pro.

Using that ¢ € Gg, (1.8), and Py P_ = 0, we obtain then

—1
Tofa=— P+%(I4 —if(a-v))s (;5 +CA,1/2> Y+

-1
1
=—-P,Pf <25+C>\,1/2) pt+p=¢

Hence, fy is the unique solution of the boundary value problem (4.11). This
implies v(A\)p = f) and leads to representation (4.9).

It remains to check the mapping properties of v(\) in (i). From the defi-
nition of the v-field, it is clear that v()\) is a densely defined bounded operator
from G to L?(Q; C*). Moreover, from Propositions 3.6 (i) and 3.12 (i) it also
follows that v(\) is a bounded and everywhere defined operator from g;{ % to
HY(Q;CY).
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Next we prove item (ii). Let f € L?(;C*) and ¢ € gg/Q = dom~(\) be
fixed. Then, using (3.10) we find that

(‘pv’Y(A)*f)gg = (V(A)wvf)g = <q>)\,1/2 <;ﬂ+c/\,1/2>_ Wv.f)
Q

1 —1 1 1
:<(26+C>\> <p,<1>§f> :<%<2ﬁ+c>\> q’if)

Since this holds for all ¢ € G&/* and ®% : L2(Q; C*) — H/2(9; C4) by (3.11),
we find the claimed representation for (\)*. Moreover, since (13 + CX,1/2)_1
is bounded in H'/2(9%; C*) by Proposition 3.12, we get that y(\)* is bounded
from L2(2;C*) to g;/z and compact from L?(Q;C*) to Gg, since g;{z
= P, (H'/?(05;C*)) is compactly embedded in Go = P, (L?(09;CY)).
Finally, we show assertion (iii). For this, we use (4.9), Lemma 3.9, and

o0 o0

compute for ¢ € g;/ 2

“1
MN\)p =T1y(N)p = P8 (‘I’,\,l/z (;ﬂ + C)\,1/2> 90)

[219]

. —1
=P (~5la ) - 50+ 50+ Cuags) (504 Cas) o

. 1 -1
=P, <—;6(a V) — ;L;) (26 —|—C>\71/2> o+ P By

1 1
= —P.42_ (25"‘0,\,1/2) @+ P Byp.

Since P} = P, and PS¢ = BP_¢p =0 (see (4.2)) for ¢ € 9512/2, the represen-
tation (4.10) for the Weyl function follows.

It is a consequence of mapping properties of ( % B+Cxa /2)_1 from Propo-
sition 3.12 (i) that each M (M) is a densely defined and bounded operator in
Ga, and a bounded and everywhere defined operator in lel/ 2, O

In the next proposition, we derive a useful formula for the inverse of M (\).
Let Tyt be given by (3.5) and let T be the Dirac operator acting in
L?(R3\Q; C*) with the same boundary conditions as T_yr. Recall that by
Proposition 3.4, we have

(p(Tnarr) N p(Typrr)) € C\((—00, =m] U [m, 00)),

that the latter set is contained in p(Thgr) N p(Tyir), and that by Proposi-
tion 3.12 (ii) the operator —33+Cy 1,2 is boundedly invertible in H'/2(9€; C*)
for any number A € p(T_yrr) N p(T%pr)-

Proposition 4.3. Let M be the Weyl function corresponding to the quasi
boundary triple {Ga,To,T1}, assume that X\ € p(T_nrr) N p(TEz;,HT), and let
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Cx,1/2 be the operator from Proposition 3.8. Then, M(\) admits a bounded and

everywhere defined inverse in gé/z which is given by
_ 1 !
M) =Pyf (‘25 + C,\,1/2> BP;. (4.12)

Proof. Observe first that {gg,fo,fl}, where
fo = Fl and fl = —Fo, (413)

is a quasi boundary triple for T' C Ti,ax such that T' | ker fo =T 7. In fact,
using that {Gq,Tg, 1} is quasi boundary triple it follows that the abstract
Green identity is satisfied by the boundary mappings in (4.13) and that the
range of (fo,fl)T is dense. Moreover, T_yqr = T | ker Ty is a self-adjoint
operator by Proposition 3.4. Note that Weyl function M corresponding to the
quasi boundary triple {gg,fo,fl} is given for our choice of A € p(T_yr) N
p(T ) C p(Tharr) N p(Tikir) by

M(X) =T (To [ker(T = X)) = —(M(A) ™",

Thus, it remains to compute the value of the Weyl function M (A). We
first show the explicit formula

R 1 - _
F(A) = P12 <25+Cx,1/2> 8, domA(N) = G¢/>, (4.14)

for the ~-field corresponding to the quasi boundary triple {Qg,fo,fl} using
a similar argument as in the proof of Proposition 4.2. In fact, it is clear that

dom7(\) = ranTy = gé{z. Next, consider ¢ € dom7(\) and recall that 7(\)p
is the unique solution of the boundary value problem

(T—=XA) =0 and Tof\ = .
We set
1 -1
In=®x 12 <—25 +C>\,1/2) Bep.
Then, we have (T'— X\)fy = 0, and using Py P = 0 and ¢ € G, we obtain in

a similar way as in the proof of Proposition 4.2 that

1
Tofr=T1fr = Pif (‘I’,\,uz (-;ﬂ + C/\,1/2> ﬂ@)

o0

. —1
=P (~5la )+ 50- 304G ) (-39 +Cua) B

1 —1
=P P <—2ﬂ + C,\,1/2) Be + Py B2

=
which leads to (4.14).
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Let us now compute the Weyl function M. Using (4.14) and Lemma 3.9,

we find
M\ =T13(\g = -To7(\)e

1 1
=—-P; <‘I’A,1/2 <—25 +C,\,1/2> 5@)

1

-1
=—-P; (—(a V) + %ﬁ - %5 +CA,1/2> (—;5 +CA,1/2> Be

[5}9]

2

1 —1
=—- P pP- (-25 + C,\,1/2) B — Py Pe.

Thanks to (4.2), P? = P, and that ¢ € Gg, we finally obtain
_ 1 -1
M\ =—P.p (25 + CA,1/2) BPyo —pBP_¢

1 ~1
=-P.f3 (_2/8+C>\,1/2> BPip,
which gives (4.12). O

Finally, we state a lemma on the invertibility of ¥ — M (\) for a Holder
continuous function v}. This result will be needed in the proofs of several results
of this paper. Recall that the closure M (\) of the Weyl function corresponding
to the triple {Gq,To,I'1} is bounded in Gg, see Proposition 4.2.

Lemma 4.4. Let M be the Weyl function corresponding to the quasi boundary
triple {Ga,To,T'1} and let 9 € Lip,(09) for some a € (3,1] be a real-valued
function such that |9(z)| # 1 for all x € OQ. Then, the following statements
hold:

(i) For all X € C\R, the operator 9 — M(X) has a bounded and everywhere
. 12
defined inverse in G ~.
(ii) For all A € C\R, the operator ¥ — M(\) has a bounded and everywhere
defined inverse in Gq.

Proof. To prove (i) and (ii), some preparations are needed. First, due to the
explicit form of the operators M()\) and M (A\)~! from Propositions 4.2 and
4.3 it is easy to see with the help of Proposition 3.12 that M (X\) and M (\) !
have bounded extensions onto Gq given by

-1

and
_ 1 ! 1 !
M) = P (2ﬁ n cA> 6P, = P, (Qﬂ " ﬂm) P,,
respectively. We claim that the operator

Ky =0MN)"T =MW : Go — G (4.15)
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is bounded. In particular, since g;f = P (H'Y?(09Q;C*)) is compactly em-
bedded in Go = P, (L?(052;C*)), this implies that Ky is a compact operator
in Go and that Ky 10 = Ky | lef is a compact operator in 9512/2.
To verify the boundedness of Ky in (4.15), we note first that
— 1 ! 1 !
-1

-1
- P, (;ﬁ+cm/2) (€0 — 9Cy) (;ﬁwA) P, (4.16)

which, by Propositions 3.10 and 3.12, is a bounded operator from Gq to g;f.
Next, we have

_ 1 ! 1 !
MO - M) = P (25 n cA) P - P, (—Qﬁ i ﬂcw) P,

—1 -1
=P, (—;ﬁ + ﬁcm/zﬁ) (CAB+BCN) B (;ﬁ + C>\> Py, (4.17)

which, by Propositions 3.11 and 3.12, is also a bounded operator from Gq
to Qslz/Q, as L%(99;C*) is continuously embedded in H~/2(9%2; C*). Combin-
ing (4.16) with (4.17) and Lemma A.2, we conclude that the operator

Ky =9MA)~1 = M) =9(MA)~1 = M(\) +9IMA) — M(N)Y

in (4.15) is bounded.

For what follows, it is important to note that the assumptions |9(z)| # 1
for all z € 9Q and a > § ensure that the functions (9% — 1), (92 — 1)7! €
Lip, (09) give rise to bounded and boundedly invertible multiplication opera-

tors in G and ggf, see Lemma A.2.

Let us now prove (i), i.e., that 9 — M(\) has a bounded inverse in Qém.
Since ¥ — M(A) is bounded in g;{Q by Lemma A.2 and Proposition 4.2, it
suffices to show that this operator is bijective in gé{ % Note that the operator
T | ker(T'y — 9Ty) is symmetric since ¥ is a real-valued function. (This is an
immediate consequence of the abstract Green’s identity.) Hence, ¥ — M () is
injective as otherwise the symmetric operator T' | ker(I'; — 9T'g) would have
the non-real eigenvalue A by Theorem 2.3. Moreover, we have

ran(¥ — M (X)) Dran [(9 — M(N) (9 + M(\) )]
=ran [0° — 1+ 9M(N\) " — M(A)J]. (4.18)
The operators ¥ — M(\) and 9 + M(\)~! = (I4 + 9M(\))M(A)~! are both
injective as otherwise one of the symmetric operators T | ker(T';y — 9T) and

T | ker(T'g + 9T'1) would have the non-real eigenvalue A by Theorems 2.3 and
2.5, respectively. Therefore,

(=MW +MAN)) =w*-1) |1+ ﬁ/@w (4.19)
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is injective, and since Ky 12 = Kx | ggf is a compact operator in gé/z, we
conclude from Fredholm’s alternative and the bijectivity of ¥2 — 1 in gé{ 2
that the operator (4.19) is bijective in gglz/Q. From (4.18), we conclude g;{r"
ran( — M (X)) and hence we have shown that ¢ — M () is bijective in lez/z

Let us now focus on (ii). The proof that © — M () has a bounded inverse
in Gq follows the same lines as above. The only difference is in the argument
that ¥ — M(\) and 9 4+ M(X\)~1 are injective. To see this for, e.g., ¥ — M()),
assume that ¢ € Ggq is such that (9 — M(X\))e = 0. Then,

= 0+ V)0 - W) = (7 - 1) [14 57|
with
K := MO)-10 — 9] (V) = (MO)-T — M(N)0 + MO0 — 93N

From the second equality in the last line, we conclude in the same way as in
the proof of (4.15) from (4.16) and (4.17) that ) maps Gq into gg{z. Using
this and the bijectivity of 92 — 1 in gé/g, we get

1 = 1/2
@Z*ﬁ’CMOGgQ/,

that is, ¢ € ker(¥—M(N)). By the above considerations this implies ¢ = 0, i.e.,
9 —M(A) is injective. Similarly, one shows that also ¥+ M (\)~1! is injective. To
show that ¥ — M (X) is surjective, one can use a similar argument as in (4.18)
with M(A\) and M(A)~! replaced by M()\) and M(\)~1, respectively. The
details are left to the reader. 0

5. Dirac Operators on Domains

This section contains the main results of this paper. First, in Sect. 5.1 we
introduce Dirac operators Ay on €2 with boundary conditions of the form

Py floa = PyBfloq (5.1)

for a real-valued Holder continuous function 9 : 9 — R of order a > § and Py
given by (4.1). Using the quasi boundary triple {Gq, T'o,I";1} from Theorem 4.1
we show that Ay is self-adjoint if [¥(x)| # 1 for all z € 9Q. We also obtain a
Krein-type resolvent formula and some qualitative spectral properties of Ay.
In Sect. 5.2, we sketch how Dirac operators A, with boundary conditions of
the form

Py floa = wPy B f|aq

for a real-valued Holder continuous function w : 9 — R of order a > % can be
handled with similar arguments. Finally, in Sect. 5.3 we relate the operators
Ay to Dirac operators B, ; with singular é—shell potentials of the form (1.4).
This relation allows to translate results for B, » to Ay, and vice versa.
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Throughout this section, let 2 be a bounded or unbounded domain in R3
with a compact C2-smooth boundary, and denote by v the normal vector field
at 0§ pointing outwards of €.

5.1. Self-Adjointness and Spectral Properties of Ay

We start with the rigorous mathematical definition of the Dirac operator
Ay with boundary conditions (5.1). We shall use the quasi boundary triple
{Ga,T0,T1} from Theorem 4.1 in the next definition.

Definition 5.1. Let a € (1,1] and let ¥ € Lip,(99) be real-valued. We define
Ay =T | ker(I'y — 9Ty), which in a more explicit form is given by
Agf = (—ia- V+mp)f,
dom Ay = {f € H (€ C*) : UP; floq = Py Bfloa}. (5.2)
Remark 5.2. The boundary conditions in (5.1) are the 3D analogue of the

boundary conditions used in [22]. In fact, let 2 C R? be a bounded C?-domain.
In [22], the boundary conditions

[I5 +io3(0 - v) cosn — sinnos|ulsq = 0 (5.3)
for C'-functions 7 : 9Q — R with cos[n(z)] & {0,1} for all x € IQ are treated.
Here, 0 = (01, 02) and o3 are the Pauli spin matrices in (1.7), v = (v, v2) is the
normal vector field at 92, and o-v = o111 +0215. To see that (5.3) is equivalent

to the boundary conditions in [22], one has to note that o -t = —io3(o - v),
where t = (=19, 1) is the tangential vector at 9Q. We use the splitting

1 .
ulon = Q1uloa + Q—ulsq, Q+ = 5(-’2 +ioz(o-v)),

and remark that Qi is the 2D-analogue of Py from (4.1). Hence, we can
rewrite (5.3) as

[12 +ios(o-v) cosn—sin 7703] Qiulpg = — [12 +ios(o-v) cosn—sin 7703} Q_ulsq.

With the help of the relations ioz(o - v)Q+ = +Q4 and Q- = 03Q 103, we
find that (5.3) is equivalent to

[I2 + cosnlz — sinnos| Qi uloq = [I2 +ios(o - v) cosn — sinnos| Q4 uloo
= — [I; +io3(0 - v) cosn — sinnos| Q_ulsq
= — [Ig —cosnly — sinnog]Q_u\ag
= — [(1 = cosn)os — sinnlz] Q1 o3ulsn.

By multiplying this equation with
1
~ 2cos n(1 — cosn)

—[(1 = cosn)og — sinnls] ! [(1 = cosn)os + sinnly],
which exists since cos[n(x)] ¢ {0, 1} is assumed, we see that (5.3) is equivalent
to
sin(2n)
2cosn(l — cosn

)Q+u|aQ = Q+03u|sq,
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which is the 2D analogue of the boundary conditions in (5.2) for the parameter

_ sin(2n)
~ 2cosn(l—cosn)”

It follows immediately from the abstract Green’s identity that Ay is sym-
metric for any real-valued function ¢. In order to prove self-adjointness, we
shall use Theorem 2.3, which also leads to a resolvent formula in terms of the
resolvent of the MIT bag operator Tyt in (3.4) and the -field and Weyl
function. We note that in (5.33) an explicit formula for (Tygr —A) ™! is shown.

Theorem 5.3. Let a € (1,1] and let 9 € Lip,(09) be a real-valued function
such that |9(z)| # 1 for all x € 00. Moreover, let v and M be as in Proposi-
tion 4.2. Then, the operator Ay in (5.2) is self-adjoint in L?(Q;C*) and the
resolvent formula
_ -1 _
(Ag =N "= (e — A) + (W) (9 — M(N))

holds for all A € p(Ay) N p(Tar).-

1

Y(A)*

Proof. As mentioned above, it follows from the abstract Green’s identity that
the operator Ay is symmetric. Thus, for the self-adjointness it suffices to check
that ran(Ay — \) = L?(Q; C*) holds for some, and hence for all A € C.

Let f € L?(;C*) and A € C\R. According to Theorem 2.3 (ii), we

would have f € ran(Ay — A) if we can show that y(A\)*f € ran(d — M (X))
holds. In fact, from v(A)* = Ty (Tar — A) ™ and dom Ty C HY(9;CY) we
obtain y(\)*f € ggﬁ Furthermore, by Lemma 4.4 (i) the operator 9 — M () is
bijective in ggf and hence y(A)* f € ran(d — M())), that is, f € ran(Ay — \).
As f was arbitrary we get ran(Ay — \) = L?(Q; C*) for A € C\R, so that Ay
is self-adjoint in L?(£2; C*). Finally, the formula for the resolvent of Ay follows
from Theorem 2.3 and (4.6). O

Next, we discuss the basic spectral properties of the operator Ay. Since
these are of a very different nature whether 2 is bounded or unbounded, the
two cases are treated separately. Assume first that Q is an unbounded C?-
domain with compact boundary. The proof of (ii) is based on the same argu-
ment as the proof of [16, Proposition 3.8].

Theorem 5.4. Let  be the complement of a bounded C?-domain, let a € (%, 1],
let ¥ € Lip,(09) be a real-valued function such that |9(x)| # 1 for all x € 09,
and let Ay be defined by (5.2). Then, the following statements hold:

(1) Oess(Ay) = (—o00, —m] U [m, 00).

(ii) The number of discrete eigenvalues of Ay is finite.

(iil) A € op(Ay) N (—m,m) if and only if 0 € op(V — M(N)).

Proof. We first deal with (i). Let v and M be the y-field and the Weyl function
corresponding to the quasi boundary triple {Gqo,T'9,I'1}, respectively, from
Proposition 4.2, and let v(\) € B(Gq, L?(2;C*)) and M(\) € B(Gq) be the
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closures of y(A\) and M (A), A € p(Tvrr). For A € p(Ay)Np(Taar) the resolvent
formula in Theorem 5.3 can be written in the form

(Ag =N = (Tarr = A) =70 (9 = M)~ v(V)*. (5.4)

By Proposition 4.2 (i), the operator v(A)* is compact from L?(Q; C*) to Gq.
Furthermore, by Lemma 4.4 the inverse (¢ — M (X)) ™! is bounded in Gq. Since
¥(A) : Go — L?(2;C*) is bounded, we deduce that the right-hand side in (5.4)
is compact in L?(2;C*) and hence the same holds for the left-hand side. To-
gether with Proposition 3.3 (iii) this implies

Oess(Ay) = Oess(TaiT) = (—00, —m] U [m, 00).
To verify assertion (ii), consider the quadratic form
alf] = |Av fl&, doma = dom Ay.

Since Ay is a self-adjoint operator, it follows that a is a closed, nonnegative
form and by [44, Theorem VI 2.1] the unique self-adjoint operator representing
this form is A%. Note that the number of eigenvalues (counted with multiplici-
ties) of Ay in the gap of the essential spectrum (—m,m) is equal to the number
of eigenvalues of A% below m? (counted with multiplicities).

To estimate the number of eigenvalues of A% with the help of the qua-
dratic form a, let 0 < 7 < R such that 02 C B(0,r) and choose real-valued
functions g1, g2 € C*°(2; C) with the properties
Ogglag2§1a glF(B(Oﬂ")mQ)El, 92[B(OaR)051a and 9%"’935 .
Note that the properties of g1 and go imply that the mapping
U:L*Q;C") — L*(QN B(0, R); C*) & L*(R*\B(0,7); C*), Uf=g1f®gaf,
is an isometry. Our next goal is to rewrite the form a as a sesquilinear form in
L*(QNB(0, R); C*) @ L?(R*\ B(0, r); C*). For that, we will often identify func-
tions defined in 2 with their restrictions onto Q N B(0, R) or onto R*\ B(0,r)
and we also identify functions on Q N B(0, R) or R3\B(0,7) with their ex-
tensions by zero onto 2. In both cases, we will use the same letters for the
restrictions and the extended functions.

Let f € doma = dom Ay be fixed. Then, also g1 f,g>f € doma. Using
the relation

Aﬁ(gjf):ngﬂffi(a'v‘gj)fa j:1323
we find that

alg; f1 = (g A0 f —ile- V) f, g5 A0 f —i(a-Vg)f),
= (gFAuf. Ao f) g+ ||(a- ng)f”é +Re (A f, (—ia- V(97))f) g
Note that (1.8) implies (- Vg;)? = |Vg;|> L4, which gives
2
||(Oé ' v.g])fHQ = ((Oé ' v.gj)2fa f)Q = (|v.g]‘2f7 f)Q
Moreover, since g7 + g2 = 1, we have

(Ao f, (a-V(GNf) o+ (Aot (- V(@) f) g = (Aaf, (- V(9T +95))f), =0
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We set V = |Vgi|? + |Vga|? and conclude
alf] = ((g7 + 93)Avf, Avf)g,
=alg1 f] — (|V91| f )
—Re (Agf, (a-V(gi +93)f)q
= alg1f] = (V9§ + 63)f. f) g, + alg2f]
[ ] (Vglf7 glf) g2f (Vg2f» 92f)Q
: b1[g1f] + b2[g2f], (5.5)
where by and by are the semibounded sesquilinear forms in L?(QNB(0, R); C*)
and L?(R3\B(0,r); C*) given by
b1[h] = a[h] — (V'h,h)

+afgaf] — (|V92\2f»f)9

QNB(0,R)’ domb; = {h € dom Ay : supph C B(0,R)},

and

bo[h] = a[h] — (V'h, h) dom by = H}(R*\B(0,7); C*),

R3\B(0,r)’
respectively.

In the following, let us have a closer look at b; and bs. First, we note
that with the aid of (3.3) and (1.8) one has for h € C§°(R3*\B(0,r); C*) that

ba[h] = ||(—ia- V + mﬂ)hﬂfga\m = (Vh, hgs\ 5oy
= ((~ia- V+mB)*h, h) s 5oy — (Vhs W)ga\ B
= ((=A +m?)h, h)Rs\W = (Vh h)gs\ 5o
= [IVhllga\ 5575 +m° IRl 5577 — (VR hes\ B+

By density, this extends to
ba[h] = [[Vhlgs\ 5oy + mthHf@\W = (Vh, Mgs\ 5w

for all h € HE(R*\B(0,7); C*) = dombg, i.e., by is the closed semibounded
form associated with the self-adjoint operator By := —AP +m? — V, where
—AD is the self-adjoint Dirichlet Laplacian in R3\B(0,7) and V = |Vg;|? +
|Vg2|? is compactly supported in B(0, R)\B(0,r) due to the construction of
g1 and go. Thus, By has only finitely many eigenvalues below m?; for a proof
see, e.g., [16, Proof of Proposition 3.8].

Next, we claim that by is closed. In fact, let (h,,) be a sequence in dom by
and let h € L2(2N B(0, R)) such that

b1[hp — hm] — 0 and |[|h, — hllonBo,R) — 0, as m,n — oo.
By the definition of by, this implies that a[h,, — hy,] — 0 and ||k, — h|jq — 0,
as m,n — 00. As a is closed we have h € doma = dom Ay and a[h — h,] — 0
as n — 0o. Moreover, it follows from ||h, — h|lq@ — 0 that supph C B(0, R).
Hence, h € domb; and by[h — h,] — 0 as n — oo; thus, by is closed. The
semibounded self-adjoint operator By associated with b; defined on dom By C
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dom by C HY(QN B(0, R); C*) has a compact resolvent in L?(Q2N B(0, R); C*),
which implies that the spectrum of B is purely discrete and accumulates only
to oo.

By combining the above considerations, we are now prepared to show the
claim of assertion (ii). First, we have by (5.5) for f € doma

alf] (b1 @ bo)[U f]

2 2
”fHQ HUfHL2(QOB(O,R);C4)€BL2(R3\W;C4)

i

where it was used that U is an isometry, and U(doma) C dom (b; @ by).
Hence, it follows from the min—max principle that the number of eigenvalues
of A% below m? is less or equal to the number of eigenvalues of the operator
B @ B, associated with by @ by below m?. As we have seen above, the number
of eigenvalues of B; and By below m? is finite. Hence, also the number of
eigenvalues of By © By below m? is finite. This shows that the number of
eigenvalues of A% below m? is finite, which yields the claimed result.

Finally, item (iii) is an immediate consequence of Theorem 2.3 (i). g

If Q is a bounded C2-domain, then dom Ay C H'(Q;C*) is compactly
embedded in L?(Q;C*) and hence the spectrum of Ay is purely discrete. It
is clear that the Birman—Schwinger principle from Theorem 2.3 can be used
to detect discrete eigenvalues of Ay that belong to p(Tyrr). The next result,
which is a direct consequence of Propositions 2.4 and 3.2, goes beyond the
standard Birman—Schwinger principle in two ways: First, it allows to detect
eigenvalues of Ay that may be eigenvalues of Ty at the same time, and
second, it enables to use the explicit expression for the values M(\) of the
Weyl function in Proposition 4.2 in terms of integral operators (which we have
available only for A € C\((—o0, —m] U [m, 0))).

Proposition 5.5. Let Q be a bounded C*-smooth domain, let a € (3,1], let
¥ € Lip,(09Q) be a real-valued function such that |9(x)| # 1 for all x € 09,
and let Ay be defined by (5.2). Then, o(Ay) = oaisc(Ay) and X is an eigenvalue

of Ay if and only if there exists ¢ € g;{Q such that
. , -1
gli%zg(M()\—i—zs)—ﬁ) » #£0,

where M is the Weyl function corresponding to the quasi boundary triple
{Ga,To,T1} from Proposition 4.2.

Remark 5.6. In Theorem 5.4 we discuss the spectral properties of Ay for un-
bounded domains €2, but we do not address the question of eigenvalues which
are embedded in gess(Ay) = (—00, —m] U [m, 00). In fact, if the domain  is
connected, then it is not difficult to show that Ay has no embedded eigenvalues
in R\[—m, m]; this can be done in the same way as in [5, Theorem 3.7], see also
the discussion of this result. If €2 is not connected, then there exist a bounded
set €27 and an unbounded connected domain 25 such that Q = Qq U Qy. This
implies that also Ay decomposes as Ay = Ay 1 @ Ay, where Ay ; is a self-
adjoint operator of the form (5.2) in L?(2;;C*), j € {1,2}. By the same
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reasoning as above Ay 2 has no eigenvalues in R\[—m, m|. Therefore, the em-
bedded eigenvalues of Ay are those of Ay 1, which can be found with the help
of Proposition 5.5.

Next, we compare the differences of powers of the resolvents of Ay and
Tyt and show that these operators belong to certain weak Schatten—von
Neumann ideals. In the proof of this result, we will make several times use of

1 1 1

ST € 67‘,00 for Se 6;0700, T e Gq,(xn and ; = ]; + 6 (56)
Moreover, for holomorphic operator functions A(-), B(-), C(:) the formula
am m! df d? d"
— (AN BW\)C(N)) = —— —A(N)—B(\ A .
Do (AWBACW) = > e G AN BW 7700 (5.7)

p+q+r=m

(see, e.g., [19, equation (2.7)]) will be employed several times. Furthermore, if
the operator function A(:) is holomorphic and invertible with bounded every-
where defined inverses, then also A(-)~! is holomorphic and one has

AN = a0 (A0 ) A 6.9

cf. [19, equation (2.8)]. The proof of the following theorem is based on the result
of Lemma 3.14 and on the same strategy as in [19] or in [10, Theorem 4.6].
Hence, we have to assume some additional smoothness of 0.

Theorem 5.7. Let Q be a C?-domain with compact boundary, let Tar be the
MIT bag operator in (3.4), let a € (3,1], let ¥ € Lip,(0Q) be a real-valued
function such that |9(z)| # 1 for all x € O, and let Ay be defined by (5.2).
Moreover, let | € N and, if | > 2, assume that Q has a C'-smooth boundary.
Then,

(Ap =N = (Twrr = N) ™" € G100 (L2(2;,CY))
holds for all A € C\R.

Proof. Let A € C\R be fixed. By Proposition 4.2, we have

1 1
Y(A) =Py 12 (25 + C)\71/2> :

Hence, using Propositions 3.6 and 3.12 we find

Y(A) = @y (;5+6A>_1. (5.9)

In a similar way, one gets

M(\) = —P, <;[3 +cA) P.. (5.10)
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With the resolvent formula from Theorem 5.3 and (5.7), we obtain

(Ao - N~ B - = L4y N (T -2
9 MIT G 9 MIT
-1
- e D0 - 3T) )
= Y s W (0 - T) (Y
ptq+r=1—1

(5.11)

We are going to study now all the terms on the right-hand side of (5.11)
and show that they belong to certain Schatten—von Neumann ideals. For this
purpose, we claim that

d* /1 -

for k € {1,...,1 — 1}. This will be shown by induction. First, for k = 1 we
have by (5.8)

d ! 1 ! 1 !
EDY ( ﬁ‘f’C)\) = — <2ﬁ+0)\> JC)\ (254-6)\) .

Hence, the statement for £ = 1 holds by Lemma 3.14 and Proposition 3.12.
Let us assume now that the statement holds for k = 1,...,¢ with ¢ < — 1.
With the aid of (5.7), we get

a9+t 1 RS U | -t
EpVas] <25+C*> BESYAR < 5+C*)

¢ [ /1 14 1 -t

Y l(#*“) o (ﬂ*c*) 1

B q' dk 1 -1 d7rL+1 qn 1 -1
== 2 k!m!n!d)\k<2ﬁ+c’\) DO g (270

k4+m+n=q

Now Lemma 3.14, the induction hypothesis, and (5.6) show that the operator
datt

T
(%6 + C)\)_l belongs to G/ (g11),00, and (5.12) is proved.
Thanks to (5.10), it is now easy to see that (5.12) implies

k
d\R
Similarly, using (5.9), (5.7), Lemma 3.14, and (5.6) we obtain

aF —— Eas db /1 -t
AL S (e
e = }t;k S v AN (Zﬂ +CA>

M(A) € Ga/k,00(G0). (5.13)
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and hence .
DETW) € S.4/(2k+1),00 (G, L7 (09; CY)). (5.14)
By taking adjoints, this implies that also
k
wv()\)* € 64/(2k+1),00 (L?(09;CY), Gq). (5.15)
Note that (5.13) yields
dk —\ -1
W(ﬁ —M(\) € Gyk00(Ga); (5.16)

this can be shown in the same way as (5.12). Thus, using (5.11), (5.14), (5.15),
(5.16), and (5.6), we finally get that

(Ag = N7 = (Tvrr — N)7F € By)100 (L7 (04,CY)),
which is the claimed result. O

In the following corollary, we discuss the special case [ = 3 in Theo-
rem 5.7. Then, the difference of the third powers of the resolvents of Ay and
Twir belongs to the trace class ideal. By [64, Chapter 0, Theorem 8.2] or
[60, Problem 25], this implies that the wave operators for the scattering pair
{Ay, Ty} exist and are complete, and hence the absolutely continuous parts
of Ay and Tyr are unitarily equivalent. Moreover, we state an explicit formula
for the trace of (Ay — A)~3 — (Tavrr — A) 2 in terms of the Weyl function M;
this formula can be shown in exactly the same way as in [10, Theorem 4.6].

Corollary 5.8. Assume that Q has a C3-smooth boundary, let a € (%, 1], and
let ¥ € Lip,(99) be a real-valued function such that |9(x)| # 1 for all x € 0.
Let Ay be defined by (5.2) and let Tavar be the MIT bag operator in (3.4).
Then, the operator (Ay — X\) ™2 — (Tagr — A) ~3 belongs to the trace class ideal
and

tr[(Ap — N7 — (Tvar — M) %] = %tr [j; <(19 - M(A))_li“))]

holds for all X € C\R. Moreover, the wave operators for the scattering system

{Ay, T\t } exist and are complete, and the absolutely continuous parts of Ay
and Tyt are unitarily equivalent.

5.2. Self-Adjointness and Spectral Properties of A[,

To complement the class of boundary conditions (5.1) discussed in the previous
section, now boundary conditions of the form

P, floa = wPi B floo (5.17)

will be treated; here w : 92 — R is Holder continuous of order a > %, as before.
In particular, (5.17) for w = 0 leads to the MIT bag operator Tyt introduced
n (3.4). Of course, if w is invertible, then (5.1) and (5.17) are equivalent by
setting ¥ = w™!, but if w = 0 on some parts of O, then this correspondence
is only formal.
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More precisely, let {Go,Tp,T'1} be the quasi boundary triple from The-

orem 4.1 and let w : 92 — R be Holder continuous of order a > % Then,
the Dirac operator A}, acting in L?(Q;C*) with boundary conditions (5.17)

is defined by
A[w]f = (—iOé -V + mﬁ)f,
dom Ay, == {f € H'(Q;C*) : o f = wI'1 f}, (5.18)

i.e., (5.17) corresponds to the abstract boundary conditions I'gf — wI';1 f = 0,
see also (2.3). Employing Theorem 2.5 instead of Theorem 2.3 one can show in
a similar manner as in Theorem 5.3 the following result on the self-adjointness
of A[w]:

Theorem 5.9. Let a € (1,1] and let w € Lip,(09) be a real-valued function
such that |w(x)| # 1 for all x € Q. Moreover, let v and M be as in Proposi-
tion 4.2. Then, the operator Ay, in (5.18) is self-adjoint in L2(Q;C*) and the
resolvent formula

(A = N1 = (Tairr = A) 47N (Is — wM(N) oy (V)*
holds for all A € p(Ay) N p(Taar)-

Similarly to Sect. 5.1, one can prove now several results about the spec-
tral properties of Ap,). The following assertions follow from Theorem 2.5 and
the Krein-type resolvent formula from Theorem 5.9 in the same way as in
Theorem 5.4.

Theorem 5.10. Let Q be the complement of a bounded C*-domain, let a €
(3,1], let w € Lip,(09) be a real-valued function such that |w(z)| # 1 for all
x € 082, and let Ay, be defined by (5.18). Then, the following statements hold:
(1) aess(AM) = (=00, —m] U [m, 00).
(ii) The number of discrete eigenvalues of Ay, is finite.
(iii) A € op(A)) N (=m,m) if and only if 1 € op(WM(N)).

Furthermore, like in Proposition 5.5, one can use the Weyl function M
also to detect all eigenvalues of Ay, in the case that € is a bounded domain.
Here one has to use Proposition 2.6 instead of Proposition 2.4 to obtain the
following result:

Proposition 5.11. Let © be a bounded C?-smooth domain, let a € (%, 1], let
w € Lip,(992) be real-valued such that |w(x)| # 1 for all x € 0K, and let A,
be defined by (5.18). Then o(A)) = 0disc(ALw)) and A is an eigenvalue of Ay,

if and only if there exists p € QSI)/Z such that
lim e M (A + ig) (I, — wM (A +i2)) " o # 0.
eN\.0
Finally, also the proof of Theorem 5.7 can be adapted in a straightforward

way to obtain a similar result for Ap,. A summary of the counterpart of
Theorem 5.7 and Corollary 5.8 reads as follows:
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Theorem 5.12. Let Q be a C?-domain with compact boundary, let Tyt be the
MIT bag operator in (3.4), let a € (3,1], let w € Lip,(9Q) be a real-valued
function such that |w(x)| # 1 for all x € 09, and let Ay, be defined by (5.18).
Moreover, let | € N and, if | > 2, assume that Q has a C'-smooth boundary.
Then

(A = N7 = (Twir — A) 7 € Gy 0 (L2(,CY)) (5.19)
holds for all A € C\R. In particular, for | = 3 the operator in (5.19) belongs
to the trace class ideal and

1 [ & d
-3 -31 _
holds for all X\ € C\R. Moreover, the wave operators for the scattering system
{Aw), Tvrr} exist and are complete, and the absolutely continuous parts of
A[w} and Tyt are unitarily equivalent.

-1

5.3. On the Connection of Ay, A[,}, and Dirac Operators with §—Shell In-
teractions

In this section we assume that Q, C R3 is a bounded C2-domain, we set
Q= R3\Q,, and ¥ := 99Q4. By v, we denote the unit normal vector
field pointing outwards of Q4 and for functions f € L?(R3;C*) we will use
the notation fi := f | Q4. Assume that a € (3,1], let 7,7 € Lip,(X) be
real-valued functions on ¥, and consider the formal differential expression

—ia -V +mp+ (nly + 76)0s,

where Jy; stands for the J-distribution supported on the interface X. In analogy
to the case of constant interaction strengths in [12, Section 3], we introduce
the associated Dirac operator in L?(R?%;C?) as

By f = (—ia-V+mp)fr ® (—ia-V +mp) [,

dom B, , := {f = fi®f e HY(Q;CHa H(Q_;CY:

il v)(fels — fols) = —%(7714 +78)(f+ls + f—|2)}-
(5.20)

Note that so far singularly perturbed Dirac operators of this form with elec-
trostatic and Lorentz scalar é—shell interactions have been studied only for
constant coefficients 7,7 € R, see, e.g., [4-6,10,12,15,16,42,49-51,55,56]. In
particular, it is known that for constant 1,7 € R such that n> — 72 = —4 the
operator B, , decouples into two self-adjoint operators acting in L?(Q4;C*)
with certain boundary conditions; cf. [12, Lemma 3.1 (ii)] and [37, Section V],
[5, Section 5]. This phenomenon is referred to as confinement, since a parti-
cle which is located in Q4 will stay in (4 for all times; in other words, the
d-potential is impenetrable.

Define the projections

Pjg+ = %(14 +if(a-vy)) and Pf’ =Ly £if(a-vo)).

1
2



2722 J. Behrndt et al. Ann. Henri Poincaré

Moreover, for a € (4, 1] and real-valued ¥ € Lip,(X) denote by Agi the self-
adjoint operators defined in (5.2) acting in L?*(Q4;C*). Our aim is to show
that

B,. =AY @ Ay~ (5.21)
for suitable ¥, n, 7 € Lip,(X). With the help of this identity, one can translate
(under the appropriate assumptions on the interaction strengths 9, n, 7) results
for Dirac operators with J-interactions to the operators Agi studied in this
paper, and vice versa; cf. Lemma 5.16 and Theorem 5.17 for an illustration.
The following preparatory lemma will be useful.

Lemma 5.13. Let n and 7 be real-valued functions on X3, assume that the iden-
tity n*(z) — 72(x) = —4 holds for all x € %, and let f+ € H'(Qx;C*). Then,
the jump condition

1
e v)(fels = f-Is) = —5 (s + 76)(Fe]z + f-]x) (5.22)

18 equivalent to the boundary conditions
(2+7)8— 77]4)Pfifi|z =—(2-71)L+ Wﬁ)Pfiﬁfﬂz- (5.23)

Proof. Observe first that separating terms with fi in (5.22) leads to
. 1 , 1
(it v+ Jati+79)) i = (a0 = 5ami470)) £-1s. 620
We multiply (5.24) by +i(a-vy)+ 5(nls—73) and use 8% = Iy, n? — 72 = —4,
(1.8), which implies
i(a- vy )(nly +70) = (nls — 7B)ia - vy),
and v_ = —v4, and arrive at the following equivalent form of (5.22):
(214 — (nly — 7B)i(e - v)) fo|s = 0. (5.25)

From 3% = I and (4.2), we see that I, = Pfi + PP = Pfi + ﬁPfiﬂ, and
thus (5.25) is equivalent to

(21, — (NI —7B)i(a-vs) ) P{* fils = — (2L — (nly— mB)i(a-vs)) BPY* Bf1|s.

Multiplying both sides by 3 and using i3(a- Vi)Pili = Pfi, we conclude that
the jump condition (5.22) is equivalent to the boundary condition (5.23). O

The next proposition provides conditions on ¥, 7,7 € Lip,(X) such that
(5.21) holds.

Proposition 5.14. Let a € (%, 1] and let n, 7,9 be real-valued functions on X.
Then, the following statements hold:
(i) Assume that n,7 € Lip, (%), n(z)? — 7(x)? = —4, and 7(x) # 2 for all
x € X, and define

o
V=g (5.26)

Then, ¥ € Lip, (%), |9(x)| # 1 for all z € £, and (5.21) holds.
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(ii) Assume that 9 € Lip,(X), [9(z)| # 1 for all x € ¥, and define

499 2(1+9?)
Then n, 7 € Lip,(X), n?(z) —7%(z) = —4 for allz € 2, and (5.21) holds.
In particular, in both situations (i) and (ii) the operator By, in (5.20) is
self-adjoint in L?(R3; C*).

n

Proof. Assertion (5.21) in (i) and (ii) follows from Lemma 5.13; the remaining
assertions on 7, 7,9 in (i) and (ii) are easy to check. In fact, to verify (5.21) in
item (i) we multiply (5.23) by the matrix ((2 — 7)I4 — n3), which is invertible
by our assumptions on the functions 1 and 7. Using > — 72 = —4, we obtain

for the left-hand side of (5.23)

(=7 s—nB)(2+7)3— 7714)Pfifi|z = —477Pfif¢|z
and for the right-hand side of (5.23)

—(2 =)= 1B) (2 = T)Is + nB) PL* Bfsls = —(8 — 47)PY* Bfi]s.

Therefore, if {Gq i,l"g £, F?i} denote the quasi boundary triples from Theo-
rem 4.1, then (5.23) is equivalent to

ST fe = T f (5.28)
With o in (5.26), we now conclude from Lemma 5.13 that f = f; & f_ €
dom B, ; if and only if f+ € dom Agi7 that is, the identity (5.21) is valid.

To show (5.21) in item (ii), note first that (5.27) yields ¢ = 5. The
above observation that (5.28) is equivalent to (5.23), and hence equivalent to
(5.22) by Lemma 5.13, implies that fi € dom Agi ifandonly if f = fL ®f_ €
dom B, -. Hence, (5.21) holds.

Finally, note that under the assumptions on 7,7, in (i) and (ii), the
operators Agi are both self-adjoint in L?(Q4; C*) by Theorem 5.3. Hence, it
follows from (5.21) that the operator B, in (5.20) is self-adjoint in L?(R3; C*).

0

For a € (3,1] and real-valued w € Lip,(3) denote by Agﬁ the self-adjoint
operators defined in (5.18) acting in L?(Q4;C*). Now we verify

By = Ayt @ Ay (5.29)
for suitable w,n, T € Lip,(X), which is the counterpart of the identity (5.21).
As above, one may use (5.29) to translate results for Dirac operators with
d-interactions to the operators ASZ)*, and vice versa. The next proposition
provides the necessary relations between the functions w, 7, 7. The proof follows
the same strategy as the proof of Proposition 5.14.

Proposition 5.15. Let a € (%, 1] and let n,7,w be real-valued functions on X.
Then, the following statements hold:
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(i) Assume that n,7 € Lip,(2), n(z)? — 7(z)? = —4, and 7(x) # —2 for all
x € %, and define
n
=— . 5.30
“ 24T ( )
Then, w € Lip,(2), |w(z)| # 1 for all x € &, and (5.29) holds.
(ii) Assume that w € Lip, (%), |w(x)| # 1 for all x € ¥, and define
4w 2(1 + w?)
1 and T L2 (5.31)
Then 0,7 € Lip, (), n*(z) —7%(x) = —4 for allx € 3, and (5.29) holds.

In particular, in both situations (i) and (ii) the operator By, in (5.20) is
self-adjoint in L?(R3;C*).

77:

Proof. Assertion (5.29) in (i) and (ii) follows from Lemma 5.13; the remaining
assertions on 7, 7,w in (i) and (ii) are easy to check. In fact, to verify (5.29) in
item (i) we shall multiply the identity (5.23) by

1 1

2 —nly) = —-—((2 L
((2+7)8 —nls) 4(2+T)(( +7)8 +nly),
where n? — 72 = —4 was used. It follows that (5.23) is equivalent to
1
Pfifﬂ:\z = - m(@ +7)8 + 77-74) (( — 7)1y + 775) iﬁfﬂz
n Qp
— P
R Bftls.

Using the quasi boundary triples {Gq. , F(?i , F?i} from Theorem 4.1, we find
that (5.23) is equivalent to

Lo* fo= 5 =T /.
With w in (5.30), we now conclude from Lemma 5.13 that f = f, @ f_ €
dom B, ; if and only if fi € domA?Z}T, that is, the identity (5.29) is valid.
To show (5.29) in (ii), one argues in the same way as in the proof of Proposi-

tion 5.14. The details are left to the reader. O
A particularly interesting case in Proposition 5.15 (ii) corresponds to the
choice w = 0. Since AQi = Tt by (5.18), identity (5.29) reduces to

By = TﬁfT ® Tl\?[fT?
and hence identifies the orthogonal sum of the MIT bag operators with a Dirac
operator with a purely Lorentz scalar é—shell potential; cf. [42, Remark 2.1].
Now we return to identities (5.21) and (5.29), and illustrate how one can
translate known results for Dirac operators with J-potentials to self-adjoint
Dirac operators on domains studied in this paper. Some preparation is nec-
essary to formulate Theorem 5.17. For a C%-domain Q C R?® with compact
boundary, we introduce the orthogonal projection

Pq : L*(R3;,CY) — L*(;CY), Pof=f19
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and the corresponding embedding

g in Q,

L T7200. 4 2(m3. (4 _
Lo L7(Q;C*) — L*(R>;C*), ng{o o Qe

Moreover, for A € C\((—o0, —m] U [m, o0)) we consider the integral operator
Ry : L?(;C*) — L2(Q; CY),

Ryf(z / Gr(z —y)f(y)dy, x€Q, feL*(Q;Ch), (5.32)

with G defined by (3.7). Note that R) is the compression of the resolvent of
the free Dirac operator A in R3, that is,

Ry = PQ(A — )\)71

cf. [63, Section 1.E]. The resolvent formulas in the next preparatory lemma are
now an immediate consequence of [12, Theorem 3.4], Proposition 5.14 (ii), and
Proposition 5.15 (ii). We emphasize that in contrast to the previous discussion,
the coefficients are first assumed to be real constants since Dirac operators with
electrostatic and Lorentz scalar d—shell interactions have been studied in this
case only. To avoid confusion, we use a subindex here.

Lemma 5.16. Let Q C R? be a C?-domain with compact boundary and let Ry,
D, and Cy, A € C\R, be the operators in (5.32), (3.8), and (3.9), respectively.
Then, the following statements hold:

(i) Assume that ¥, € R\{£1} and let

_ A _2(1492)
T e T T

Then, the resolvent formula

(Ag, = A) ' =Ry — @ (I + (0l + T*ﬁ)cx)_l(mh + 7.8) %

holds for all A € C\R.
(ii) Assume that w, € R\{£1} and let

4w, 2(1 + w?)

w2—1 and 7. = 1—w?
Then, the resolvent formula

(A[w*] - )‘)_1 =R\ — @/\(14 + (77*-[4 + T*ﬁ)c)\)_l(n*-[zl + T*/B)(I)§
holds for all A € C\R.

N =

For the special choice w, = 0, the resolvent formula in Lemma 5.16 (ii)
has the form

(Tairr — A) ™1 = Ry — &y (I + 26C,) "' 2605, A e C\R. (5.33)
Using (5.33), we now obtain a more explicit description of the resolvents of the
self-adjoint operators Ay and Ay, for general real-valued ¥, w € Lip,(952) in

terms of the compressed resolvent of the free Dirac operator and the operators
®, and Cy in (3.8) and (3.9), respectively. The next theorem is an immediate
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consequence of the resolvent formulas in Theorem 5.3 and Theorem 5.9 and
of (5.33).

Theorem 5.17. Let Q C R? be a C*-domain with compact boundary, let Ry,
Dy, and Cx, A € C\R, be the operators in (5.32), (3.8), and (3.9), respectively,
and let v and M be as in Proposition 4.2. Then the following assertions hold:

(i) If a € (3,1] and ¥ € Lip,(09) is a real-valued function which satisfies
[9(x)| # 1 for all x € 09, then the resolvent of the self-adjoint operator
Ay in (5.2) admits the representation

(Ag =)' = Ra = ®a (I +2602) 2605 +7(N) (9 = M)~ 7()*

for all X € C\R.
(i) If a € (1,1] and w € Lip,(0) is a real-valued function which satisfies
w(x or all x € , then the resolvent of the self-adjoint operator
1 for all 0RY, then th l f the self-ad
Ay in (5.18) admits the representation

(A[w} — )\)_1 = Ry — ®, <I4 + QﬁC,\)_126<I>§+ ’y()\) ([4 — wM()\))_lwv(X)*
for all X € C\R.

Finally, we remark that the resolvent formulas above also hold for certain
A € R which belong to the resolvent sets of the involved Dirac operators.
This straightforward, but slightly more technical, generalization is not pursued
further here.
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Appendix A. Mapping Properties of Integral Operators
Between Sobolev Spaces

Throughout this appendix, let Q be a C?-domain in R? with compact bound-
ary 0f). The aim of this section is to provide results on integral operators
acting between Sobolev spaces on the boundary 92 which are applied in the
main part of the paper to prove Proposition 3.10. Recall that the norm in
H?*(0Q;C) for s € (0,1) is given by

ol o= [ fot@Panta)+ [ [ O 4o)a0(0

for ¢ € H*(0; C); cf. (1.9). To prove the main results of this appendix, we
need some preliminary considerations. First, we recall a standard result on the
growth of the integral of |z — y|~2 with respect to the surface measure o. A
proof can be found, e.g., in [45, Lemma 3.2 (b)].

Lemma A.1. Given b > 0, there exists C > 0 such that
/ o~y do(y) < Cp°
le—y|<p

for all x € 9Q and p > 0. In particular, [, |z — y|°*~2do(y) < C uniformly in
x € 0N.

Next, we show that the multiplication operator with a Holder continuous
function ¥ € Lip,(992) is bounded in H*(99;C) for any 0 < s < a.

Lemma A.2. Let 0 < s < a <1 and ¥ € Lip,(092). Then, the operator given
by the multiplication with ¥ is bounded in H*(08;C).

Proof. Throughout the proof, let C' be a generic constant, which changes its
value several times, and let ¢ € H*(92; C) be fixed. In order to get the desired
result, we estimate in

el = [ jopw it + [ [ D=0 4o a0

(A1)
both terms on the right-hand side separately. First, since ¢ € Lip,(9€2) and
0% is bounded, we have ||| L () < co. Therefore,

/69 (V) () *do(z) < [[0] 2= o0) /aQ |o()Pdo (@) < [9]7 o0yl ll3-
(A.2)
To find an upper bound for the second term in (A.1l), we note first that by
¥ € Lip, (09)
[W(@)p(x) — I(y)e(y)| < [()lle(x) —ey)] + [9(z) — I y)lle(y)
< [Pl o le(@) — ()| + Cla —y[*[e(y)]-



2728 J. Behrndt et al. Ann. Henri Poincaré

This, Fubini’s theorem, and Lemma A.1 applied with b = 2(a — s) > 0 imply

— 9
/{m /BQ y|2+2s do(y)do(x)

o)P
<C/m/8Q |x—y|2+25 T do(y)do(x)
2 T — 2(a—s)—2 o(x)do
+C/BQ|</>(y)| /m\ yl do(x)do(y)

< Cligllz. (A-3)
Using (A.2) and (A.3) in (A.1), we conclude that ||[9¢||s < C|l¢ls for s < a.

Given now 0 < a < 1 and an integral kernel k : 922 x 02 — C such that

|k(l'7y)| < m for all x # y,
|z —y|® 1
— < _ - o .
|k(z, z) — k(y, 2)| < C|x—z|2 for all | — y| < 1 |z — 2], (A.4)
define
To(z) := /8 i@ y)ely)doly) forz € 0. (A.5)

It is well known that if the integral kernel satisfies (A.4), then T is bounded in
L?(0€); C) and, in particular, the integral on the right-hand side of (A.5) exists
a.e. on J9, see, e.g., [38, Proposition 3.10]. In the following theorem, which
is the main result of this appendix, we show that 7" has even better mapping
properties between Sobolev spaces on 9€:

Theorem A.3. Let 0 < s < a < 1. Then, T defined by (A.5) gives rise to a
bounded operator
T : L*(09;C) — H*(98;C).

Proof. Throughout the proof, let C' be a generic constant, which changes its
value several times, and let ¢ € L2(9€;C) be fixed. Let us estimate the two
terms in

2 _ 2 o |Tp(x (y)|2 o oz
el = [ metfae@+ [ [ |$_ Tl - doy)do(s) (A6)

separately. To control the first one, we use (A.4), the Cauchy—Schwarz inequal-
ity, Lemma A.1, and Fubini’s theorem and get

/m T(z)Pdo(z) < C ., </m |x(p(5)2|ada(y))2da(gg)

o) (U, T )

<c /6 lelw)Pdo(). (A7)

IN
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Let us now focus on the second term in (A.6). We set

Ay ={(z,y,2) € A x 0N x 0N : 4|z —y| < |z — 2|},
Ay :={(x,y,2) €I x N x IN: 4|z —y| < |y — 2|},
Az = {(z,y,2) € 00 x 02 x 0N : 4|z —y| > max(|x — z|, |y — z|)},

and
k(z,2) — k(y, 2)

Kj(x,y,z) = |1'—y|1+8

Xa,(@,y.2) for j=1,2,3.

Then,

/89 /aQ T<p|as - |2+2(5y)|2 do(y)do(x)
/an /asz /ag |x - yli(i’ & p(2)do(z)

gc; / /d ( / K (2,9, %) <z>|da<z>)2do<y>da<x>. (A8)

The three terms in the sum in the right-hand side of (A.8) are also estimated
separately. In order to deal with the first one, let ¢ € (0,a — s) be fixed. By
(A.4), the Cauchy—Schwarz inequality, and Lemma A.1, we get first

/39 /69(/39 K1(x,y,z)<p(z)|da(z)) 2dg(y)dg(x)
= C/asz /asz (/a@ Ifol,z(r;]if)hﬁi)|a da(z)>2d0(y)d0($)

Sc/aa/zm(/aa |$—Z|(2)1 E)

_ (/d Xa, (2,9, 2)|p(2)? _ )da(z>>d0(y)da(x)

50 |.’E _Z‘Z(lJre ‘.’E _y|2 2(a—s

xa, (9, 2)|p(2)”
= C/zm /89 /asz |z — 2[20F)|z — y[2=2(as) dJ(Z)dU(y)dJ(x()'A 9)

2
do(y)do(z)

Using now twice Lemma A.1, first for the integral with respect to y with
b=2(a—s)>0and p= 1|z — z| and then for the integral with respect to z
with b = 2(a — s — €) > 0, we conclude that

XA, (2,Y,2)
do(y)d
/fm/{m = AP =y (g)do()

1
- L _do(y)do(x)
/ |z — Z|2(1+6) ~/|z—y<|x—z|/4 |z — y[2~2(a=s)

<C [ |z—zH5 9 2d0(2) < C.
o0
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Combining this with (A.9) and Fubini’s theorem, we finally obtain

[ ([ w2000 dswiste) < [ 1eePant)

(A.10)
Regarding the term in (A.8) containing K5, we simply note the symmetry
relation Ks(x,y, 2) = —K1(y,x, z) and thus, Fubini’s theorem and (A.10) give

[ ([ ot et astyiote) < [ 1eeaste)

(A.11)
Let us finally estimate the term in (A.8) containing K3. For this purpose,

set
Ao ={(z,y,2) € A x O x 0N : 4|z —y| > |z — 2|}
and
k(x, z)
KO(mv Y, Z) = W X Ao (mv Y, Z)
Then, because of Az C Ay we easily see that
|K3(l‘,y,Z)| < |K0(177y,2’)|+ \Ko(y,z,z)|. (A12)

Clearly, (A.12), the triangle inequality, and Fubini’s theorem imply that

/asz /aQ (/m K3($,y72)<p(z)do(z)>2dg(y)da(x)

<c /3 ) /8 ) ( /6 ) |Ko<x,y,z)w(zﬂda(z))2da<y>do<x>. (A.13)

To estimate the right-hand side of (A.13), we perform similar estimates as
n (A.9). Choose € € (0,a — s). Then, it follows from (A.4) and the Cauchy—
Schwarz inequality that

/| ( | iate, z>¢<z>|da<z>)2da<y>do(x>
2
- C/m /89 </as2 |z — y|2lfs(95) z|2(1=€) d0(2)>
< c/aQ /{99 /m — b a(+2|2x22(1 Sdo()da(y)do(x), (A.14)

where Lemma A.1 with b = 2(a —€) > 0 and p = 4|z — y| was applied in the
last step. Applying now two more times Lemma A.1, first for the integral with
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respect to y with b = 2(a — s — €) > 0 and then for the integral with respect
to x with b = 2¢, we find that

/69 /aQ |z —y |2<1+s a+e>|x_z|z(1 Fdo(y)d o(x)

<C 7d
oo o= g 7D =€

holds independently of z. Using this in (A.14), we conclude

2
[/ ( / Ko<x,y,z>so<z>|do<z>) do(ydo(z) < C [ |p(z)do(2).
o0 J o o0 o0 (A15)

Hence, it follows from (A.13) and (A.15) that

[ ([ st pte000)) asinte) < [ 1eepaste)

(A.16)
Finally, a combination of (A.8), (A.10), (A.11), and (A.16) shows that

ITo(x) — To(y)? / )2
do(y)d )< C d
/BQ /an |17 - y|2+2S ()da 2)ffdo(z)

which, together with (A.7), implies [|T¢|ls < Cll¢|lq- O
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