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Abstract. We consider the Laguerre partition function and derive explicit
generating functions for connected correlators with arbitrary integer pow-
ers of traces in terms of products of Hahn polynomials. It was recently
proven in Cunden et al. (Ann. Inst. Henri Poincaré D, to appear) that
correlators have a topological expansion in terms of weakly or strictly
monotone Hurwitz numbers that can be explicitly computed from our
formulae. As a second result, we identify the Laguerre partition func-
tion with only positive couplings and a special value of the parameter
a = —1/2 with the modified GUE partition function, which has recently
been introduced in Dubrovin et al. (Hodge-GUE correspondence and the
discrete KAV equation. arXiv:1612.02333) as a generating function for
Hodge integrals. This identification provides a direct and new link be-
tween monotone Hurwitz numbers and Hodge integrals.

1. Introduction and Results

1.1. Laguerre Unitary Ensemble (LUE) and Formulae for Correlators

The LUE is the statistical model on the cone HE of positive definite Hermitian
matrices of size N endowed with the probability measure

———det*X tr (—X)dX 1.1
Zn(;0) ¢ exp tr (= X)dX, (1.1)

dX being the restriction to H} of the Lebesgue measure on the space Hy ~
RN? of Hermitian matrices X = XT of size N;

dX:= J[ dXu J] dReX;dImX;;. (1.2)

1<i<N 1<i<j<N
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The normalizing constant Zx(a;0) in (1.1) is computed explicitly as

N
Zn(;0) = [ det®Xe " ¥dX =x = [[TG+a).  (13)
J=1

+
Hy

The parameter a could be taken as an arbitrary complex number satisfying
Rea > —1. Writing a« = M — N, a random matrix X distributed according
to the measure (1.1) is called complex Wishart matriz with parameter M; in
particular, when M is an integer, there is the equality in law X = %WWT,
where W is an N x M random matrix with independent identically distributed
Gaussian entries [36].

Our first main result, Theorem 1.1, concerns explicit and effective formu-
lae for correlators of the LUE

1
(tr XMt Xy = 7/ tr X tr X det® X exp tr (—X)dX
Zn(0;0) Jut
for arbitrary nonzero integers ki, ..., k, € Z\{0}. Theorem 1.1 is best formu-

lated in terms of connected correlators

(xhaxt = 3 )PP ] <H“"in>,

‘P partition of {1,...,r} IeP \iel
(1.4)

e.g.,
(ter1>c = (ter1>, (terlter2>c = <ter1ter2> — (ter1><ter2>.

The generating function for connected correlators

S

can be expanded near z; = oo and/or z; = 0, yielding the following generating
functions up to some irrelevant terms; for r = 1

Cro(z) =) x,}H (tr X%y, Coalw):=-> 2" {txX %), (16

k>1 E>1
for r =2
ool ) <terklt1er2>C
2,0(T1,T2) = Z T kgl _katl 0
e I11+ x22+
I’k2_1
Ciq(z1,29) = — Z i1+1 <ter1trX7k2>c,
ko, >1 L1

Coa(z1,22) == Z gt gha =l <trX7k1trX7k2>c, (1.7)

k1,k2>1

and, in general,

_ (tr Xtk ooty X ke
Crir (@1, say) o= (=1 Z Lokl okt X (1.8)
ki,onkp>1 1 r
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where r = r; + r_ and we introduce the signs
Cl=mon =+, Ona==o = (19)

We obtain the following explicit expression for these generating functions
for correlators.

Theorem 1.1. Introduce the matriz-valued formal series
_ (10 1 LAL(N,N+a) Be(N+1,N+a+1)
Ri(z) == <0 0> + Z PN (—N(N-:a)Bg(N,N-&-oc) Z—EAe(N,N-‘ra) ) , (110)
£>0

L0 + Z ”37[ ( (L4+1)Ag(N,N+a) —Be(N+1,N+a+1)>
00/ " £ (@ — )1 \NNFOB(NN+a) —(EHD AN N+a) ) -
(1.11)

R_(z):

where, using a standard notation (p); :=p(p+1)---(p+j— 1) for the rising
factorial,

N, (=0,
— -1 _ . . ,
AN =N LS Cop e gny, 12
j=
L . .
(N — M —
By(N, M) = S (=17 ,'JM - Pe. (1.13)
= g —=j)!
Then, the generating functions (1.8) can be expressed as
1 o
Cro@) = [ (B4, - 11,
1 T
Coq(z) = z ) (1= (R-(y))y,) dy,
_ tr (R (1) Ry (22)) — 1
Coro(z1,20) = (1 —12)? ,
_tr (Ry(2)R_(12)) — 1
Cia(z1,22) = (1 —22)? ;
tr (R_(z1)R_(z2)) — 1
Coo(xy,20) = , 1.14
0,2(71,72) (@1 —22)? (1.14)

and, in general,

t RO’- i) RO‘ i _ 57.
Cr+,r7($17...,$r):7 Z r ( ll(x ) ”(Z' T)) 2

(Tiy = @iy) o (Ti_y — @0, ) (T4, — Tiy)

3

(i1, sir) ECy

(1.15)

where v = r +1r_ > 2, the summation extends over the r—cycles (i1, ..., i)
in the group of permutations of {1,...,r}, and we use the signs o1,...,0,

defined in (1.9).
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The proof is given in Sect. 2.3. Theorem 1.1 generalizes formulae for one-
point correlators, since the formulae for the generating series C ¢ and Cp;
boil down to the following identities

o Ak(N7 N + a)
(@ = K)ak+1

which were already derived in the literature [23,44]. From Theorem 1.1, for
example, one can deduce compact expressions for correlators of the form

(tr X*tr X)_ = kAR(N,N + a),

(tr X Frx—1') = kAN, N + o) a)7
¢ ala—k)aktr

<tertr X_1>C = _ kA1 (NN A+ 04)7

(tr X*) = A(N,N + ), (tr X~ ") , k>0, (1.16)

«
(tr X MrXx) = kA (N, N+ ), (1.17)
¢ (a —k + l)gk_l k

for the derivation, see Example 2.14. For general positive moments, see also
[48].

The entries Ay(N, M), defined in (1.12), are known to satisfy a three-
term recursion [24,42]. We deduce this recursion together with a similar three-
term recursion for B;(N, M), in Lemma 2.11. It was pointed out in [23] that
the entries A¢(N, M) are hypergeometric orthogonal polynomials (in particular
suitably normalized Hahn and dual Hahn polynomials [23,50]), a fact which
provides another interpretation of the same three-term recursion; this inter-
pretation extends to the entries By(N, M), see Remark 2.12. In Lemma 3.2, we
provide an alternative expression for the entries A;(N, M), B¢(N, M), which
makes clear that they are polynomials in N, M with integer coefficients.

Formulae of the same sort as (1.15) have been considered in [30] for the
Gaussian Unitary Ensemble and already appeared in the Topological Recursion
literature, see, e.g., [5,6,20,34,35]. Our approach is not directly based on the
Matrix Resolvent method [30] or the Topological Recursion [20]; in particular,
we provide a self-contained proof to Theorem 1.1 via orthogonal polynomials
and their Riemann—Hilbert problem [46].

Insertion of negative powers of traces in the correlators and computation
of mized correlators are, to the best of our knowledge, novel aspects; as we shall
see shortly, these general correlators have expansions with integer coefficients, a
fact which generalizes results of, e.g., [22]. It would be interesting to implement
this method to other invariant ensembles of random matrices [26,36]. With the
aid of the formulae of Theorem 1.1, we have computed several LUE connected
correlators which are reported in the tables of “Appendix A.” Moreover, we can
make direct use of the formulae of Theorem 1.1 to prove (details in Sect. 3) the
following result, concerning the formal structure as large N asymptotic series
of arbitrary correlators of the LUE in the scaling

a=(c—1)N, (1.18)
corresponding to M = ¢N in terms of the Wishart parameter M.
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Proposition 1.2. Arbitrary rescaled LUE correlators admit an asymptotic ex-
pansion for N — oo which is a series in N2 with coefficients polynomial in c
and (c—1)~1 with integer coefficients. More precisely, for all ki, ..., ke € Z\{0}
we have

N mod 2= ks (g kg xR ST
>0

f](kl,...,kg) (C)

N2j ) N - OO,

(1.19)
where fj(kl""’k"‘)(c) € Zle,(c=1)71] for all j > 0; here, we also denote
[¢mod2] € {0,1} the parity of L.

From this result, we infer that when ¢ = 2 (equivalently, &« = N) the
coefficients of this large N expansion are all integers.

From the tables in “Appendix A” one easily conjectures that actually a
stronger version of this result holds true, namely that the asymptotic expansion
for Nt=2-Sios ki (tr Xk tr Xk’~’>c. (Note the different power of N) as N —
oo is a series in Z[c, (¢ — 1)71][[N 72]]. Such stronger property holds true when
all the k;’s have the same sign, see, e.g., [22,24] and the following section.

1.2. Topological Expansions and Hurwitz Numbers

It has been shown in [14,33] that for matrix models with convex potentials,
as in our case, correlators, suitably rescaled by a power of N, as in (1.19),
have a topological expansion, by which we mean an asymptotic expansion in
non-negative powers of N~2. As mentioned above, the topological expansion
of the LUE correlators in the regime (1.18) was considered in [22,24] where
the connection with Hurwitz numbers was made explicit.

Hurwitz numbers are very important combinatorial quantities, counting
factorizations in the symmetric group; they were first studied in the end of
the nineteenth century by Hurwitz and there has been a recent renewal of in-
terest in view of the connection with integrable systems and random matrices
[45,52]. The Hurwitz numbers related to this model [22] are a variant of mono-
tone Hurwitz numbers [12,13,38-40] which can be defined as follows. For pu, v
partitions of the same integer d = |u| = |v|, define the strictly (resp. weakly)
monotone double Hurwitz numbers by (u;v) (vesp. hZ (u;v)) as the number of
tuples (o, 71, ..., 7, 3) such that

(i) r =0+ s+ 2g — 2 where £ is the length of  and s is the length of v,
(ii) «, 3 are permutations of {1,...,d} of cycle type u,v, respectively, and

Ti,...,T, are transpositions such that a7 --- 7. = g3,
(iii) the subgroup generated by «a,71,...,7 acts transitively on {1,...,d},
and
(iv) writing 7; = (a;,b;) with a; < b; we have by < --- < b, (resp. by <--- <
b).
Theorem 1.3 ([22]). The following asymptotic expansions as N — oo hold true:
1—2g+|pu|—£

1
N =2 (g Xm0 ) = Z v Z HJ (p;s)c, (1.20)
s=1

920
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fore>1— L and

N

HZ (1
NEHH= (g i X =3 E 7 5+|3|+e+ (1.21)
C— s’
90 s>1

fore>1+ % Here, we denote |u| :== p1 + -+ + e, and the coefficients can
be expressed as

z z
H;(u;8)=ﬁ S hg(mw), HgZ(MS):ﬁ S hi(mw),

" v of length s v of length s

(1.22)
where zy, = [[;5, (i™*) m;!, m; being the multiplicity of i in the partition p.

From the structure of formula (1.21), it is clear that when ¢ = 2 (equiv-
alently, @« = N) the coefficients in this expansion are all positive integers.

Remark 1.4. The type of Hurwitz numbers appearing in expansions (1.20)
and (1.21) can also be expressed in terms of the (connected) multiparamet-
ric weighted Hurwitz numbers flg(u), introduced and studied in [3,10,41,45],
which depend on a single partition p and are parameterized by a positive
integer d and by a sequence g1, g2, ... of complex numbers, the latter being
encoded in the series G(z) =14 Y _,5, gi2'. To make the comparison precise,
one has to identify B

d=29—2—|pu| = () (1.23)
and then we have
1—2g+|p|—2£ N
Yoo H(ws)e = zu MU HE (), G(2) = (14 e2)(142),  (1.24)
s=1
HZ (s s) z ~ 1+ (c—1)z
g\ — Iz d _irlc—1)z
Z (C _ 1)5 - (C . 1)‘M+dHG'<M)a G(Z) = 1—2 s (1.25)

s>1

where z,, := [[,~; (™) m;!, m; being the multiplicity of ¢ in the partition ,
as above.

1.3. Laguerre and Modified GUE Partition Functions and Hodge Integrals

Our arguments in the proof of Theorem 1.1 mainly revolve around the following
generating function for correlators

Zn(osty,t / det*X exptr | —X + Zth dX, (1.26)
k40

which we call LUE partition function. Here, t; = (t1,t2,...) and t_ =
(t_1,t_o,...) are two independent infinite vectors of times and « is a complex
parameter. For precise analytic details about the definition (1.26), we refer to
the beginning of Sect. 2. Eventually, we are interested in the formal expan-
sion as t; — 0; more precisely, logarithmic derivatives of the LUE partition
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function at t; = t_ = 0 recover the connected correlators (1.4) as
0" log Zn (ot t_
ogZn(aity,t-) = (tr X* e XK (1.27)
T M

It is known that Zy(a;to,t_) is a Toda lattice tau function [2,49] sepa-
rately in the times t; and t_; this point is briefly reviewed in Sect. 2.1.2. Our
second main result is the identification (Theorem 1.5) of the LUE partition
function (1.26) restricted to t_ = 0 with another type of tau function, the mod-
ified Gaussian Unitary Ensemble (mGUE) partition function, which has been
introduced in [28] as a generating function for Hodge integrals (see below),
within the context of the Hodge-GUE correspondence [28,29,31,51,54,55].

The mGUE partition function Zy (s) is defined in [28] starting from the
even GUE partition function

ZY"(s) = / exp tr —lX2 + Z s X2k | dx, s = (s1,82,...),
Hy 2 k>1

(1.28)
which is the classical GUE partition function with couplings to odd powers
set to zero. It is well known [46] that (1.28) is a tau function of the discrete
KdV (also known as Volterra lattice) hierarchy, which is a reduction of the
Toda lattice hierarchy (see Sect. 2.1.2 for a brief discussion of the Toda lattice
hierarchy). As far as only formal dependence on N and on the times s is
concerned (see Sect. 4.2 for more details), it is then argued in [28] that the
identity

Zeven s - . ﬂ_w
(277)%\/5)1()N) =Zn-1(8)Zn13(s),  Vol(N):= RS (1.29)

uniquely defines a function Zy (s), termed mGUE partition function; in (1.29)
and throughout this paper, G(z) is the Barnes G-function, with the particular
evaluation

G(N +1) =112+ (N — 1)! (1.30)
for any integer N > 0. With respect to the normalizations in [28], we are
setting € = 1 for simplicity; the dependence on € can be restored by the scaling
N = ze. In [29], a new type of tau function for the discrete KAV hierarchy
is introduced and the mGUE partition function is identified with a particular
tau function of this kind.

We have the following interpretation for the mGUE partition function.

Theorem 1.5. The modified GUE partition function Zx(s) in (1.29) is identi-
fied with the Laguerre partition function Zn (a;ty,t_) in (1.26) by the relation

~ 1
Z2N_%(S) = CNZN (Oé = —§;t+,t_ = 0) 5 (131)

where t4,s are related by
ty = 2Fs), (1.32)
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and Cy is an explicit constant depending on N only:
2
2% 4% G(Y)

C =
N G(N + 1)

(1.33)

The proof is given in Sect. 4.3. Identity (1.31) can be recast as the fol-
lowing explicit relation:

9-N*+N—§ 5 G(%) dx

GIN+ ) /zm eei + é w0 Verx

(1.34)
which is obtained from (1.31) by a change of variable X +— 3 in the LUE
partition function.

Theorem 1.5 provides a direct and new link (Corollary 1.6) between the
monotone Hurwitz numbers in expansion (1.20) and special cubic Hodge inte-
grals. To state this result, let us denote M, the Deligne-Mumford moduli
space of stable nodal Riemann surfaces, 11, ..., ¥, € H? (ﬂg,vu(@) and
k; € H* (M ( 07”7(@) (j = 1,2,...) the Mumford-Morita—Miller classes, and
A(§) =14+ XME+ -+ A&7 the Chern polynomial of the Hodge bundle,
\i € H* (ﬂgyn, Q). For the definition of these objects, we refer to the litera-
ture, see, e.g., [56] and references therein.

Zzzvfg (s) =

Corollary 1.6. For any partition p = (p1, ..., ue) of length £, we have
1—2v+|p|—¢

Z 62972%’H — ot Z (25)27*2 Z <>\ n §>2—27+W\—€—s ()\ 3 §>s H7>(M§ 9,

g9>0 v=>0 s=1

(1.35)

where

- . Vi a2ua
= R O B T

m>0 a>1 a—1
0g,00¢,1 ( 751 ) 241 09,0002 Mift2 (201 (242

+ ) s \— + 2 2 . 136

2 p1+1 < ) 2 M1+M2( )(Mz) ( )

The proof is given in Sect. 4.4. Note that /¢ ,, in (1.36) is a well-defined
formal power series in C[[A —1]], as for dimensional reasons each coefficient of
(A—=1)™ in (1.36) is a finite sum of intersection numbers of Mumford-Morita—
Miller and Hodge classes on the moduli spaces of curves.

Matching coefficients in (1.35), we obtain the following partial monotone
ELSV-like formulae valid for all partitions p = (p1, ..., ue¢) of length ¢:

4 2%)

1 Ua(ta
S i) = g [, o (-2 T

s>1 d>1 a=1

1 2 2 2
+ s ( M1> + 600 N2V ( M1>< MQ) (1.37)
w1+ 1\ p1+ o \ 1 U2
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in genus zero (see also Example 4.6) and

S an Y S (PTG, ) e

Y=0 521 |p=0 29=27—p

239+17Z/ A2( 1)A <1) ex Z Kd ﬁ Ma(QlfL:) (1 38)
Hg‘l/, 2 P d>1 d a=1 1- ﬂawa

in higher genus g > 1. Note that the left sides of (1.37) and (1.38) are finite
sums.

The connection between Hurwitz numbers and Hodge integrals, the so-
called ELSV formula, was introduced in [32], by T. Ekedahl, S. Lando, M.
Shapiro and A. Vainshtein. Insertion of k classes in ELSV-type formulae for
monotone Hurwitz numbers has already been considered in the literature, e.g.,
in [4] for single monotone Hurwitz numbers and in [13] for orbifold monotone
Hurwitz numbers.

The relation between Hodge integrals and Hurwitz numbers expressed by
Corollary 1.6 is obtained from Theorem 1.5 by re-expanding the topological
expansion (1.20). Indeed, fixing o = —% implies that the parameter ¢ in (1.20)
is no longer independent of N (soft-edge limit) but actually scales as ¢ = 1— ﬁ
(hard-edge limit). This explains why we cannot derive from the Hodge-GUE
correspondence an expression in terms of Hodge integrals for each Hurwitz
number in (1.20), but only an expression for a combination of Hurwitz numbers
in different genera.

In particular, to obtain the formulae of Corollary 1.6 one has to re-expand
the topological expansion (1.20) in N after the substitution ¢ = 1— ﬁ; that the
result of this re-expansion, namely the right side of (1.35), involves only even
powers of € is a consequence of the invariance of positive LUE correlators under
the involution (N, &) — (N+a, —a); this symmetry is described in Lemma 4.2.
More concretely, this symmetry implies the symmetry of the positive LUE
correlators under the involution (N, ¢) — (N¢,c™!) which in view of (1.20) is
equivalent to the identity

H (p5s) = Hy (152 = 29 + || — £(n) — 5). (1.39)
The above identity implies that the small € expansion on the right-hand side of

(1.35) contains only even powers of €. It is also possible to check the symmetry
(1.39) by purely combinatorial arguments, see Remark 4.3.

Remark 1.7. Tt is known that special cubic Hodge integrals are related to a g-
deformation of the representation theory of the symmetric group [53]; it would
be interesting to directly provide a link to the monotone Hurwitz numbers
under consideration here.

Organization of the Paper

In Sect. 2, we prove Theorem 1.1; a summary of the proof is given in the
beginning of that section. In Sect. 3, we analyze the formulae of Theorem 1.1
to prove Proposition 1.2. In Sect. 4, we prove the identification of the mGUE
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and LUE partition functions, namely Theorem 1.5; then, we recall the Hodge-
GUE correspondence [28] and we deduce Corollary 1.6. Finally, in the tables of
“Appendix A” we collect several connected correlators and weighted monotone
double Hurwitz numbers, computed applying the formulae of Theorem 1.1.

2. Proof of Theorem 1.1

In this section, we prove our first main result, Theorem 1.1. The proof com-
bines two main ingredients: on the one side the interpretation of the matrix
integral (1.26) as an isomonodromic tau function [9] and on the other side
some algebraic manipulations of residue formulae introduced in [7]. More in
detail, we first introduce the relevant family of monic orthogonal polynomials
and derive a compatible system of (monodromy-preserving) ODEs in the pa-
rameters t (Proposition 2.1); throughout this section, in the interest of lighter
notations, we set

t.= (t+,t_):(...,t_g,t_l,tl,tg,...). (21)

Such orthogonal polynomials reduce to monic Laguerre polynomials for t = 0.
With the aid of this system of deformations, we then compute arbitrary deriva-
tives of the LUE partition function (1.26) in terms of formal residues of expres-
sions that do not contain any derivative in t (Propositions 2.4, 2.6 and 2.7).
Finally, the formulae of Theorem 1.1 are found by evaluation of these residues
at t = 0; the latter task is then to compute the asymptotic expansions of
Cauchy transforms of Laguerre polynomials at zero and infinity (Proposi-
tions 2.9 and 2.13). It is worth stressing at this point that the two formal
series Ry of (1.10)—(1.11) in Theorem 1.1 are actually asymptotic expansions
of the same analytic function at two different points.

As a preliminary to the proof, let us comment on definition (1.26) of the
LUE partition function. Even though a formal approach is sufficient to make
sense of the LUE partition function as a generating function, we shall also
regard it as genuine analytic function of the times t. In this respect, let us
point out that to make strict non-formal sense of (1.26) one can assume that
the vector of times is finite, namely that

th #0 — K_<k< Ky, (2.2)

and then, to ensure convergence of the matrix integral, that Retx_ < 0 for
K_ <0and Retg, <dg, 1 for K >0.

Though we have to assume in our computations that we have chosen such
an arbitrary truncation of the times, this is inconsequential in establishing the
formulae of Theorem 1.1. More precisely, such truncation implies that (1.27)
holds true only as long as K, K_ are large enough, and the formal generating
functions C,., ,_ (as it follows from our arguments, see Sect. 2.3) are manifestly
independent of K1 and are therefore obtained by a well-defined inductive limit
Ky — o0, K_ — —o0.

Moreover, in (1.26) the parameter « has to satisfy Rea > —1; even worse,
in (1.27) we have to assume that Rea > — Y| k; — 1 to enforce convergence
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of the matrix integral at X = 0. This restriction can be lifted, if a is not an
integer, by taking a suitable deformation of the contour of integration. This
caveat is crucial to us, as we shall need the formal expansion of the matrix R(z)
at all orders near x = 0, see (1.11); the coefficients of this expansion are in
general ill-defined for integer o (although truncated expansions are well defined
if v is confined to suitable right half-planes). It is clear how to overcome these
issues by the aforementioned analytic continuation; hence, we do not dwell
further on this point.

2.1. Orthogonal Polynomials and Deformation Equations

2.1.1. Orthogonal Polynomials. Let Wéa) (z;t) = 2°+--- (£ > 0) be the family
of monic orthogonal polynomials, uniquely defined by the property

+o00o
/ 7 (2 6)ml (w6)e V@ da = G pho(t), €0 >0, (2.3)
0
where
Va(z;t) := 2 — alog(z) — Ztka:k, x> 0. (2.4)
k£0

For t = 0, they essentially reduce to the generalized Laguerre polynomials
L&a)(x); more precisely, denoting TI'éa)(IE) = Téa)(fﬂ; t = 0) we have the identity

DI )G+ 1+ ey

ﬂéa)(x) = (_1)641L§a)(x) = Z i 21, (2.5)
j=0 ’
for all £ > 0. Using Rodrigues formula
7Té )(m) = (—1)fz % ((W (e " +2)> (2.6)

and integration by parts, we obtain

+oo too s gt
/ kaéa)(x)e_mx"dx = / (/azk> e Txotdy
0 0 dzt

k
_J0 <Y, 2.7)
AT (a+L+1), k=L

Hence, the orthogonality property (2.3) for t = 0 reads as
+oo
/ Wéa) (x)ﬂ'éfl)(x)xo‘e_mdx = hedgp, he=0T(a+{+1), (2.8)
0

where hy = hy(t = 0). For general t instead, the monic orthogonal polynomials

’iT(()a)(t), Wga)(t), cee w(Loi)l(t) exist whenever the moment matrix
L—-1 T Ve
(Mitj)ij—r M= / wle” Vet dg, (2.9)
0

is non-degenerate. In the present case, their existence is ensured for real t by
the fact that the moment matrix (miﬂ-)iLj;lo is positive definite.



3296 M. Gisonni et al. Ann. Henri Poincaré

By standard computations, we have the following identity
NG N1

Zn(ast) = GV ED) g ha(t), (2.10)

where hy(t) are defined by (2.3).

2.1.2. Connection with Toda Lattice Hierarchy. It is well known that the
monic orthogonal polynomials Wéa)(x;t) satisfy a three-term recurrence re-
lation

mwéa)(x; t) = Téi)l (z;t) + U?(t)ﬂ'éa) (x;t) + w?(t)ﬂéf)l(:c; t). (2.11)
That is, the orthogonal polynomials are eigenvectors of the second order dif-
ference operator

(L), = ey1 +vive +wie_y. (2.12)

The corresponding half-infinite tri-diagonal matrix, also denoted L = (L;;),
i,7 > 0, takes the form

v 1 0 0 -
w¥ oy 1 0 ---
L= 0 wgwvy 1 - f (2.13)

[e% «
0 O w3’U3~--

It is a standard fact that L and therefore the coefficients v (t) and w?(t)

evolve with respect to positive times t; = (t1,t2,...), for any fixed t_ =
(t—1,t—2,...), according to the Toda lattice hierarchy [2,19,27,30,49]
oL
B [(rr ,L] 2.14
Oty [( )+ ’ ( )
where for any matrix P, P, denotes the lower triangular part of P, i.e., the
matrix with entries
P, ifi>j
P = - 2.15
(Po)s {0 i (2.15)
where P;; are the entries of P. Setting t_ = 0, we can also write the initial

data of the Toda hierarchy as
vt =t_=0)=2l+14a, wi(ty=t_=0)=L{+a) (2.16)

that are the recurrence coefficients for the monic generalized Laguerre poly-
nomials (2.5). Moreover, it is well known, see loc. cit., that Zy(a;t4,t- = 0)
is the Toda lattice tau function corresponding to this solution.

It can be observed that the evolution with respect to the negative times
t_ = (t_1,t_o,...) is also described by a Toda lattice hierarchy and a simple
shift in . More precisely, we claim that Zn(a—2N,ty = 0,t_) is also a Toda
lattice tau function, with a different initial datum; namely, it is associated
with the tri-diagonal matrix L satisfying the Toda hierarchy

8236 - [(E’“L ,Z] (2.17)
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constructed as above from the three-term recurrence of monic orthogonal poly-
nomials, this time with respect to the measure

1 g\ do

exp (m + Zt_kx ) oy (2.18)
k>0

on (0,400). To see it, let us rewrite

ZN(O[;t+ = O,t,) :/

+
HN

= det X exp tr (—5(_1 + Z t_k)N(k> d ()}_1) ,

HY E>0
(2.19)

det®X exp tr (—X +) th’€> dx
k<0

where we perform the change of variable X=X —1, which is a diffeomorphism
of HY;. The Lebesgue measure (1.2) can be rewritten (on the full-measure set
of semisimple matrices) as

dX =dU H(le — a:j)2da:1 codxy, (2.20)
i<j
where dU is a suitably normalized Haar measure on U(N)/(U(1))" and 21, ..., zy

are the eigenvalues of X. Therefore, the measure transforms as

-l o(2) ()

1<j
e .C.Ha{N)2N E(l’l —a;)da - day = %’ (2.21)
yielding
dX = %. (2.22)
Summarizing, we have
exp tr (—)?_1 + 2 k0 t—k)?k> ~
Zn(asty =0,t_) = /H; deto 2N ¥ dX (2.23)

and the standard arguments of loc. cit. now apply to the matrix integral
Zn(a—2N;ty = 0,t_) to show that it is indeed the Toda lattice tau function
associated with the solution L.

For our purposes, we need to describe the simultaneous dependence on t
and t_; this is achieved by the zero-curvature condition (2.34) of the system
of compatible ODEs (2.30) which we now turn our attention to.



3298 M. Gisonni et al. Ann. Henri Poincaré

2.1.3. Cauchy Transform and Deformation Equations. Let us denote by
1t

ﬂ_éoz) (& t)e_v‘*(&t)% (2.24)

the Cauchy transforms of the orthogonal polynomials Wéa)(l’;t). Then, for
fixed N introduce the following 2 x 2 matrix

(@) o).
Y(a:t) ;< v (@3t) Ty (@) ) (2.25)

— TN (1 6) — 2 AN (@5 t)
where, for the interest of clarity, we drop the dependence on N, a. The matrix
Y (z;t) was introduced in the seminal paper [46] to study the general con-
nection between orthogonal polynomials and random matrix models. The rest
of this section follows from [46]. Matrix (2.25) solves the following Riemann—
Hilbert problem for orthogonal polynomials; it is analytic for € C\[0, co) and
continuous up to the boundary (0, 00) where it satisfies the jump condition

1 e—Va(w;t)
Y+<x;t>Y_<x;t>(O 1 ) re(000).  (226)

where Y3 (2;t) = lime o, Y (x £ie;t). Moreover, at the endpoints x = 00,0
we have

Y(z;t)~ (1+0(@™ )2V, 2 — oo, (2.27)
Y(z;t) ~Go(t) 1 +O(z)), z—0, (2.28)

within the sector 0 < argz < 27; the matrix Go(t) in (2.28) is independent of
x and it is invertible. (Actually, it has unit determinant, as we now explain.)

The jump matrix in (2.26) has unit determinant; hence, detY (x;t) is
analytic for all complex  but possibly for isolated singularities at = 0, co;
however, det Y (z;t) ~ 1 when z — oo, see (2.27), and is bounded as  — 0,
see (2.28); therefore, we conclude by the Liouville theorem that det Y (z;t) = 1
identically.

Introduce the 2 x 2 matrix

U(2;t) == Y (2;t) exp (—Va(x; t)%) . (2.29)

Here, we choose the branch of the logarithm appearing in V, (z;t), see (2.4),
analytic for x € C\[0,00) satisfying lim. .o, log(z + ie) € R; to be con-
sistent with (2.4), we shall identify V,,(z;t), without further mention, with
Vot (25t) = lime_o, V(2 + ie; t) whenever z > 0.

Accordingly, ¥(x;t) is analytic for x € C\[0, c0).

Proposition 2.1. The matriz ¥ in (2.29) satisfies a compatible system of linear
2 x 2 matrix ODEs with rational coefficients:

0V (z;t) 0V (z;t)

9 A(x; )W (25 t), o1,

= Qp(z;t)T(2;t), k#0. (2.30)
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In particular, for k > 0, the matrices Q(x;t) are polynomials in x of degree
k, whilst for k < 0 they are polynomials in x~* of degree |k| without constant
term; more precisely, they admit the representations

u(et) =res (Y0 Tr (60 (231)

ghde
x—&)
where resg denotes resg—o, when k > 0 and res¢—q when k < 0. On the other
hand, A(x;t) is a Laurent polynomial in x, provided times are truncated ac-

cording to (2.2).

Proof. We note that (2.26) implies the following jump condition for the matrix
¥, with a constant jump matrix:

—iTa —ira

vy =0 ()0 ) aco e

e
Here, V4 (x;t) = lim._o, ¥(z £ i€ t); to prove this relation, we observe that
the branch of the logarithm we are using satisfies log, (z) = log_(z) — 27i
for x € (0,00) and so V, 4(x;t) = Vi, —(2;t) + 2ima, with a similar notation
for the £-boundary values along (0, 00). Hence, all derivatives of W satisfy the
same jump condition, with the same jump matrix. It follows that the ratios
A= %—'i’\ll_l and Q= 37‘12\11_1 (for all k # 0) are regular along the positive
real axis; however, they may have isolated singularities at x = 0 and at = = oc.
Let us start from €, for k£ > 0. In such case, it follows from (2.27) and (2.28)
that 0 has a polynomial growth at = oo and it is regular at x = 0:

Q= LY(x; t)Yfl(a:;t) + Y (x; t)@Yfl(x;t)xk
Oty 2
03 ..k k—1
WEE +O(w ), T — 00 (2.33)
0(1), x — 0.

From the Liouville theorem, we conclude that Qj for £ > 0 is a polynomial,
which therefore equals the polynomial part of its expansion at = oo, which
is computed as in (2.31), since at = co the term gTYkY_l = O(x~1) does not
contribute to the polynomial part of the expansion. The statement for €2 for
k < 0 follows along similar lines. Likewise, A(xz;t) in (2.30) has a polynomial
growth at = 0o and a pole at = 0 and therefore it is a Laurent polynomial.

O

The compatibility of (2.30) is ensured by the existence of the solution
U(z;t). In particular, this implies the zero curvature equations

o4 _on,

Oty ox

Remark 2.2. Since the determinants of Y (x;t) and ¥(z;t) are identically equal
to 1, it follows that Q(z;t) and A(z;t), introduced in (2.30), are traceless.

We end this paragraph by considering the restriction t = 0. The matrix
U(z) := U(x;t = 0) is obtained from the Laguerre polynomials (2.5). The



3300 M. Gisonni et al. Ann. Henri Poincaré

matrix A(z) = %\I'(x)_l takes the form

1 N+2 _—hx
A({L‘) = A({L‘,t = O) = ——03+ — ( 27ri 2 27\'1& ) (235)
2 hAn_1 2
which has a Fuchsian singularity at x = 0 and an irregular singularity of
Poincaré rank 1 at x = oo.

Remark 2.3. The Frobenius indices of (2.35) at = 0 are &, and so the
Fuchsian singularity = = 0 is non-resonant if and only if « is not an integer. It
is worth pointing out that the monodromy matrix o3 at = 0 is preserved
under the t-deformation (2.30).

2.2. Residue Formulae for Correlators

2.2.1. One-Point Correlators. The general type of formulae of Proposition 2.4
first appeared in [9], where the authors consider a very general case. Such for-
mulae identify the LUE partition function with the isomonodromic tau func-
tion [47] of the monodromy-preserving deformation system (2.30). The starting
point for the following considerations is the representation (2.10) for the LUE
partition function (1.26).

Proposition 2.4. Logarithmic derivatives of the LUE partition function admit
the following expression in terms of formal residues:

dlog Zn(azt) “1 Y (@st) o3\
oL, = —restr Y~ (x;t) e 2 2dx, (2.36)

where the symbol res, denotes res;—., when k > 0 and res,—g when k < 0.

Proof. For the proof, we follow the lines of [21]. Omitting the dependence on
x,t for the sake of brevity, we first differentiate the orthogonality relation (2.3)

oh oo a2
e :/ (wé )) e Vedy (2.37)
0

Oty
and recall the confluent Christoffel-Darboux formula for orthogonal polyno-

mials
2
N-1 (gl o
(=) _ b (w omomN
hy hn_1 N=L 9g Ox N

1 Y
 2mi (Y ax)21’ (2.38)

where in the last step one uses det Y (z;t) = 1. It can be checked that the
jump relation (2.26) implies

1Y o3 1 0Y_ o3\ (107 v,
tr (Y+ B 2) <Y e 2) (Y 9 21e . (2.39)

Therefore, starting from (2.10), we compute

0log Zn(a;t) P Ohy v,
Ot ;} he Oty, Z / Yo tnde
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1 +°¢ Y_ Y.
= 5 ), [(Y 1837 —YQ%Q) "23] aFdz.  (2.40)

Such an integral of a jump can be performed by a residue computation. First
of all, note that although z*tr (Y‘l%%) is not analytic at x = oo, it has a
large = asymptotic expansion given by

zFtr (Y_l?;?> Z cjrl + O ( ) (2.41)

j=—1
for any k € N, where —c_; is, by definition, the formal residue at infinity of

xFtr (Y 1 ‘?91; ‘723) Then, recalling our choice for the branch of the logarithm

and using contour deformation, we can express (2.40) as

OlogZy(ast) _ o (y19Y 08 kgy s o (v 2Y % g,
oty TR oxr 2 r=00 Oz 2
(2.42)

the residues being intended in the formal sense explained above. Finally, the
proof is complete by noting that for & > 0 (resp. k < 0) the formal residue at
2 =0 (resp. © = 00) vanishes. O

For later convenience, let us slightly rewrite the result of the above propo-

sition. To this end, introduce the matrix

R(x;t) := Y (2;t)E1 Y (s t), (2.43)

denoting Ei; := <(1) 8) from now on.

Corollary 2.5. We have
Olog Zn(ait) = —res | tr (A(z;t)R(z;t)) + lgVoé(ac;t) 2Fdz,  (2.44)

where R(x;t) is introduced in (2.43) and again res, denotes res,—.. when
k >0 and res,—o when k < 0.

Proof. We have from (2.29) and (2.30)

) o
7Y = AY+Y2 5. Ve (2.45)

(omitting again the dependence on x,t for the sake of clarity) so that

Y o o 10 10
1Y 05 _ ~1 4y 73
tr (Y ) ~ tr (Y AY 2) 55y Ve = tr (AR) + 5 - Vo, (2:46)

where in the last step we have used that
tr (Y‘lAY%) —tr (Y TAYVEy) = tr (AR), (2.47)

where the first equality follows from tr.4 = 0 and the second one from the
cyclic property of the trace and definition (2.43). O
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2.2.2. Multipoint Connected Correlators. We first consider two-point con-
nected correlators.

Proposition 2.6. For every nonzero integers ki, ks, we have

921oc Z -t tr (R 6 R ;t)) —1
PABINOGY) _ oo TR OR@H) 1 kg gy (248)

Ot, Oty 1 T2 (x1 — x2)
where the symbol res,, denotes res,,—oo (resp. res,,—o) if ki >0 (resp. k; <0).

Proof. From (2.44), we have

Olog Zn(ast) _ —res <tr (A(z1:t)R(z15t)) + 16V&(x15t)> zydas.

Otg, x1 2 0x
(2.49)
Let us take one more time derivative
0?log Zn (a;t)
Oty Oty,
it it 1
= —res | tr MR(ml;t) + %A(m;t) — Zhox ) M day,
x1 Oty Otg, 2
(2.50)

and note that using (2.34) and 0y, R(x;t) = [Qg(z;t), R(x;t)]
T <8A(m1;t) R(z1;t) + OR(w15t) .A(.Z‘l;t)> =tr (8Qk2 (xl;t)R(ajl;t)> .

Otg, Otr, 0x1
(2.51)
Now let us write €y, from (2.31) as
k2
Qp, (z13t) = 1es | V(ao;t) =Y (zg;t) —2 dxo
T2 Ty — T2
52d 1 52d
= res R(za;t) 2202 2 e 12 C12 (2.52)
To Tr1 — T2 2 1 — T2
yielding
O, (x1;t) 52 dxsy 1 x52drs
— s R(zo:t 4 res —2 =2 2.53
0t rjgs (223 )(961 )2 + PR A p—— ( )
Finally, the identity
ke
— kot = res 2 dxzo (2.54)

T2 (!El - {EQ)Q
holds true irrespectively of the sign of ks, and the proof is completed by in-
serting (2.51), (2.53) and (2.54) in (2.50), along with tr R(x;t) = 1. O

To compute higher-order logarithmic derivatives of the LUE partition
function, let us introduce the functions

o tr (R(xiy;t) -+ R(xi;t)) — 0r2
Srl@s, s @it 1= . 2 (Tiy — Tiy) o (i, — @, ) (T4, — 24)

(2.55)

?
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where, as explained in the statement of Theorem 1.1, the sum extends over

cyclic permutations of {1,...,r}. Due to the cyclic invariance of the trace and
of the polynomial (z1 — x32)--- (2, — x1), it follows that Sy(x1,...,2.;t) is
symmetric in z1,...,Z.

The following proof is reported for the sake of completeness; it has ap-
peared in the literature several times, e.g., see [7,8,11,30]. The only slight
difference here is that we consider two different set of times and correspond-
ingly the residues are taken at two different points.

Proposition 2.7. For every r > 2, we have

0" log Zn (st
Og—N(a’) — (_1)7" res---res ST(zl’ . 7xr;t)zlf1 .- niE];Td.Tl - day,
atkr e atkl T T, ( )
2.56

where, as above, the symbol res,, denotes resy,—oo (resp. resy,—o) if ki > 0
(resp. k; <0).

Proof. We have

O piit) = : ] = e B 1), R t)]
a—th(x,t) = [Q(z;t), R(x;t)] = res x—gfkdf7 (2.57)

where we have used (2.31) and rese denotes the formal residue at £ = oo if
k > 0 or the formal residue at £ = 0 if k& < 0. Hence, we compute

0Sr(z1,..., 2 t)
Oty

S SR Ll LCAUEHL U R R CAD) Y

(i1 ,0enyin ) EC, =1 (i — x”) (@i, — @) (@ = )

(2.58)

Expanding [R({;t), R(w;;t)] = R(§t) R(wy;;t) — R(wy,;t) R(&;t), we note that

each term involving the expression
tr (R(zi,5t) - R(EG ) R(wi;5t) - R(x,5 1)) (2.59)

appears twice, but with different denominators; collecting these terms gives

tr R(zi;t) - R(Et)R(5t) - R(wy,5t)
— rgS Z Z 3311 ] )

(i1,00in ) ECy j=1 xlz)" (w4, — xiy)

1 1 .
(o m )
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— res " tr (Rl t) - R(E 6 R, t) - R(xi, 1))
e Z (ﬂfil _331‘2)...(:1;‘1'].71 —f)(ﬁ—mlj)(xh _xil)

(i1y0ensir ) EC, j=1

= - rgs ST+1(5L'17 sy Ty f)gkd£7 (260)

¢hde

where the index j in the internal summation is taken mod r, namely ig := 7,
Summarizing, we have shown that for all r > 2

0Sr(z1, ...,z t)

8tk = 71‘?8 Sr—‘—l(xl"'- 5ZT7£)§kd£ (261)
and the proof now follows by induction on r > 2, the base r = 2 being
established in Proposition 2.6. U
Remark 2.8. The functions S, (x1,...,x,) are regular along the diagonals z; =

2;. In the case r = 2, this can be seen from the fact that
tr (R%(x;t)) = 1, (2.62)

and hence, the function tr (R(x1;t)R(x2;t)) —1 is symmetric in 21 and 25 and
vanishes for 1 = x5. Therefore, the zero on the diagonal x1 = x5 is of order
at least 2 and so So(x1,x2) is regular at 1y = xo. For r > 3, instead we can
reason as follows: since S, is symmetric, we can focus on the case xz,_1 = z,,
and the only addends in S, which are singular at x,._1 = x, are those coming
from the r-cycles (iy,...,4.—o,7 — 1,7) and (41,...,%,—2,7,7 — 1), namely the
terms

tr (R(z,5t) - R(xi,_,;6)R(zr—1;t) R(2y;t)
3 ( )

i mpetmy @i = Tia) = (@i, — 1) (@1 — @) (2 — 23,

N Z tr (R(wi;t) - R(wi,_,; t)R(z; t) R(zp—1;8))
oo gy @i = @) o (@i = @0) (@ = @roa) (@1 = 23y)
(2.63)

and this expression is manifestly regular at z,_1 = x,.
In particular, the order in which residues are carried out in (2.56) is
immaterial.

Finally, we remark that it would be interesting to extend the above for-
mulation to other matrix ensembles like the GOE, see, e.g., [26].

2.3. Asymptotic Expansions and Proof of Theorem 1.1

To compute LUE correlators, we have to set t = 0 in the residue formulae of
Corollary 2.5 and of Propositions 2.6 and 2.7. To this end, we now consider

R(z) := R(x;t = 0), (2.64)

where R(z;t) is introduced in (2.43) and compute explicitly series expansions
as ¢ — 00,0. We start with the expansion as z — oco.
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Proposition 2.9. The matriz R(x) admits the asymptotic expansion
TR(x)T™ ' ~ Ry(x), T — 00, (2.65)

uniformly within the sector 0 < argx < 2mw. Here, Ry is the formal series
introduced in the beginning of this paper, see (1.10), and T is defined as

1 0
Tz(o hy

2mi?

> (2.66)
where hy = NIT'(N + a+ 1) as in (2.8).

Remark 2.10. The matrix T is independent of x and is introduced for con-
venience as it simplifies the coefficients in the expansions. This simplification
does not affect the residue formulae of the previous paragraph, as it involves
a constant conjugation of R(x).

Proof. First off, we recall that

(a) ~(o)
TN (%) Ty ()
Y(.’E) = Y(l’;t = 0) = _ 27riN () _ 27riNA(a) 5 (267)
e TN-1(@) v TN -1()

where the polynomials ﬂé )( ) and their Cauchy transforms 71'( )( ) have been

given in (2.5) and (2.24), respectively, while hy is in (2.8). We can expand %éa)

as r — OO as

2@ () = [T e gy gaee 4
(r) = 2m/0 MO

~ T om Z ;(;J+1 i (§)getetdg

2mi
1 1 Foo () atj+el, —
Z—QZW/ e (§)gTH et dg
7>0 0
1 1 ARV AL PSS
——zmj;xjHH/O (-1) (d£g< 3 >)5 de

_ 1 1 +£ at+l, —¢&
T o Z pi e / (dggfj ) £ em5dE
>0

Lz(j—Fl)eF(j-l-f-l-l—Fa)

2mi pltit+l ’
>0

(2.68)

where we have used the orthogonality property to shift the sum in the first
place, then Rodrigues formula (2.6) and integration by parts. The expansion
(2.68) is formal; however, it has an analytic meaning of asymptotic expansion
as ¢ — 00. Indeed, for any J > 0 the difference between the Cauchy transform
and its truncated formal expansion is



3306 M. Gisonni et al. Ann. Henri Poincaré

a+j . —&
Z 2W12x3+1 §)¢ Jemtde

1 + (a) +Ia—€_ 95 dg 1
= o = 2,
i | At o (gn). o)
where the last step holds as © — oo, uniformly in C\[0,4+00). Hence, using
(2.5) and (2.68),

L[ () (V—jt1ta),(N=j+1);  —"F5E (N4+a) a1 (V)41 - Nog
Y@~ 2 iz ( P2 (-1 (N—jha);(N=j);  (N+a);(V); v

Jj=0
(2.70)
as x — oo within the sector 0 < argz < 27. Since det Y (x) = 1, we have
TR(z)T™' =TY (2)Ep Y H(2)T*

_ (1+Ym< )Yiz(z) =32 Y (o )m(:c))

; 271'1Y21( )5/22(1‘) —Yzl( )Y12(33) ’
from which the expansion at = oo can be computed as follows. For the
(1,1)—entry we have

(2.71)

¢ ) .
TN+ )e—jr1(N)e—j1(N — j +a);(N —j);
Yor(2)Yiz(x) ~ ) xe+2 Z ’ '!(éij)! ; g
>0 j=0
(2.72)
and noting a trivial simplification of rising factorials
(N+a)rji1(N—=j+a); = (N—j+a)mr, (N)e—jr1(N—=35); = (N —7)es1,
(2.73)
it follows that as  — oo
_ 1
(TR@)T )i~ 1+ —z L+ DA (NN + )
£>0
1
= 1+ZF£AZ(N,N+04) = (Ry)11(x), (2.74)
£>0

with Ay(N, M) as in (1.12). In a similar way, we compute the (1, 2)-entry

2mi 1
- myn( Mel)~ e
(N—=j4+1+a);(N—7+1);(N+a)—jr1(N)—j1
x Z xf+1 ](6 7])
>0
—j+1+a)g(N—j+1)g
I ROTGELAS Y 279
= 3= j)!

where in the second relation we use a similar version of (2.73), and therefore,
from the above relation and (2 71) we conclude that

(TR(@)T )12 ~ Y HlBg(NJrl N+1+a)=(R)azx),  (2.76)
£>0
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with By(N, M) as in (1.13). Finally, the (2,1)—entry of the expansion of
TR(z)T~! is computed in a similar way as
2mi
TYQl($)Y22(x)
N

1

N_N(N+Q)ZIZ+1 (N —j+a);(N—j)j(N+a)y_;j(N)e;
>0

'€= 3)!
1

(N—=7+a)(N—3j
41 j—o(_l)]( ]j!(g _)z;)! 2

By(N,N +a), (2.77)

(-1)

.
~ M&
o

=—-N(N+a)

~

Vv

o
S

1
s

™

=—N(N+a)

~
%
o

and the proof is complete. O

Let us note a recurrence property of the coefficients Ay(N, M) and
By(N, M).

Lemma 2.11. The entries A¢(N, M) and B¢(N,M) (¢ > 0), defined in (1.12)
and (1.13), satisfy the following three-term recursions

(L +2)Aps1 (N, M) = (20 + 1) (N + M)A (N, M)
+ (€ —=1)(* — (M — N)*)Ap_1(N, M),
L+ 1)Bey1 (N, M) = (20 +1)(N+ M —1)By(N, M)
+0(0% — (M — N)*)By_1(N, M), (2.78)
for £ > 1, with initial data given as
Ao(N,M) =N, A;(N,M)=NM, Bo(N,M)=1, Biy(N,M)=N+M—1.
(2.79)

Proof. Introduce the matrices

N R R T

and write
1
TR(x)T ' = Sl+msos+rioy+ro-, (2.81)

where we use that tr R = 1; hereafter, we omit the dependence on x for brevity.
Recalling the first equation in (2.30), we infer that

2R(x) = [A(z), R(z)] = % (TR(x)T™") = [TA(x)T~*, TR(z)T™ "],

ox
(2.82)
and writing

> = agoztarort+a_o_ (2.83)
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using (2.35), we deduce from (2.82) the system of linear ODEs

O3 = ayr_ —a_ry, O+ = 2(asry —aqrs), Oxr— = 2(a_rs—azr_),

(2.84)
which in turn implies the following decoupled third-order equations for 9,73,
ry,and r_,

32N +a — 2)0,r3 + (4 — a® + 22N + a)x — 22)9%r3 + 5xd>rs

+220rs = 0, (2.85)
2N+ a+l—2)rs +(1—a® +202N +a+ 1)z —2%)0,rs
+320%ry + 2202y = 0. (2.86)

Finally, using the Wishart parameter M = N + «, we substitute the expansion
at x = oo given by (1.10) into the ODEs (2.85) and (2.86) to obtain the claimed
recursion relations. O

Remark 2.12. Let us remark that the recursion for A,(N, M) in Lemma 2.11
is also deduced, by different means, in [42]. In [23], it is pointed out that such
three term recursion is a manifestation of the fact that A,(N, M) is expressible
in terms of hypergeometric orthogonal polynomials; this property extends to the
entries By(N, M), as we now show. Introducing the generalized hypergeometric
function 3Fy

P1, P2, P3
3F2<
q1, 42

C) -y (P1); (P2);(ps); ¢ (2.87)

= (a)i(e2); gV
we can rewrite the coefficients A;(N, M) and B;(N, M) in the form

N) (M), 1-N,1-M,1—¢
Az(N,M) = ();')?)F2(1N€ 1-M_¢ 1), (288)

By(N, M) := W3F2< 1-N,1-M, —¢ 1). (2.89)

14 1-N—-0,1—-M—1¢
Alternatively, introducing the Hahn and dual Hahn polynomials [23,50)

_$7j+/~t+l/+1a _j
(e — 1 .
Qj (@ p, v, k) gFQ( kot ) (2.90)
Ro(M(2):7, 0, k) = 5FF —j,x+v+0+1, —x 1
J 375 0y — 342 —k,’7+1 )
Mz)=z(x+vy+5+1) (2.91)
the coefficients Ay(N, M) and By(NN, M) can be rewritten in the form
1l
AN, M) =Qp1(N—-1;,—-M -0, 1, N+/{—1
(N)Z(M)Z 2( ) Qﬁ 1( )
=Ry 1({—1;-M —¢,1,N+(-1), (2.92)
¢!
————By(N, M) = N-1,-M—-¢0,N+/{—-1
(N).(3); o ) = Qe( )

=Rn_1(6;—M —£,0,N + ¢ —1). (2.93)
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Let us note that the first differential equation in (2.84) implies, at the
level of the coefficients of the power series r3,7_, 7, the following relation

L+ 1)Ap(N,M)=NM (By(N+1,M+ 1) — Be(N,M)), (2.94)
which is used in Example 2.14 to prove formulae (1.17).
Let us now consider the asymptotic expansion as z — 0.
Proposition 2.13. The matriz R(x) admils the asymptotic expansion
TR(z)T™' ~ R_(2), r—0, (2.95)

uniformly in C\[0,4+00). Here, R_ is the formal series introduced in the be-
ginning of this paper, see (1.11), and T is defined in (2.66).

Proof. First, we observe that by arguments which are entirely analogous to
those employed in the proof of Proposition 2.9, the matrices Y'(x) and (conse-
quently) R(x) possess asymptotic expansions in integer powers of x as © — 0,
which are uniform in C\[0, +00). The first coefficients of these expansions at
x = 0 can be computed from

i = (=) (a4 1)e — a+ 21z + O (7)), (2.96)
A0 (277) (0T (a) + (€ + 1)'T(a — 1)z + O (22)) , (2.97)

where the former is found directly from (2.5) and the latter by a computation
analogous to (2.68); hence, recalling the definition (2.25) we have

(a+ 1)]\/' N!F(.O()
Y(z)~ ()N [ o N-AJi
h?\171 (a+1)n_1 ( hjlv),l(a)
N M (a—
T P Gt A N ) PRRLE
_hNﬂ_ll(N—l)(a—f—Q)N,g (a—1)

(2.98)

as x — 0 within 0 < argx < 2m; this implies that in the same regime we have

o ()2 (s )

2N(N + «) —2N —a—1 x
+ (N(N+a)(2N+a —1) 2N(N+a)> (a—1a(a+1)
+0(a?). (2.99)

Therefore, our goal is just to show that the coefficients of the latter expansion

are related to those of the expansion at x = oo as stated in the formulae (1.10)
and (1.11). To this end let us write, in terms of the decomposition (2.81),

1 ~ zt
r3(x) ~ - + L+ 1)Ae(N,N + a) ————,
(o)~ 5+ T+ DA N o)
~ ¢
re(e) ~ Y B (NN +a)
£>0

[CEY) (2.100)
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for some, yet undetermined coefficients Ay (N, M), Ezt (N, M). From (2.99), we
read the first coefficients A¢(N, M), BF (N, M) in (2.100) as

Ag(N, M) = N = Ag(N, M),

Bf (N,M)=—1=—By(N +1,M +1),

By (N,M)=NM = NMBy(N, M)
A{(N,M)=NM = A{(N, M),

Bf (N,M)=—-N—-M—1=—-B;(N+1,M+1),

By (N,M)=NM(N + M — 1) = NMB, (N, M). (2.101)

Finally, it can be checked that substituting (2.100) in (2.85) and (2.86), we
obtain, again using M = N + «, the recursions

(0 +2)Agy1 (N, M) = (20 4+ 1)(N + M)Ay(N, M)
+(£—=1)( = (M = N)*)A, (N, M),
(6 +1)BE (N, M) = (20+1)(N + M+ 1)Bi(N, M)
+ 02 — (M — N)})BFE (N, M), (2.102)

for £ > 1. In view of Lemma 2.11, the linear recursions (2.102) with initial
data (2.101) are uniquely solved as

Ag(N, M) = Ay(N, M),
Bf (N,M)=—By(N +1,M +1), By (N,M)=NMBy(N,M). (2.103)
Therefore, from (2.81), (2.100) and the above relation we obtain

TR(z)T ' ~ < >+Z a1

£>0
(0 +1)A¢(N,N +a) —B¢(N+1,N+1+a) (2.104)
N(N + a)B¢(N,N +«a) —({+1)A;(N,N + «), :
with « = M — N and Ay(N, M) and B;(N,M) as in (1.12) and (1.13). The
proof is complete 0

22+1

We are finally ready to prove Theorem 1.1.

Proof of Theorem 1.1. Let us first consider the one-point generating functions
Cio(z) and Cy1(x). It is convenient to introduce the scalar function

Si(x) :=tr (A(x)R(x)). (2.105)
Indeed, from (2.44) we see that for all k£ # 0 we have
0Zn(a;t) B & a 1Y\ 4
oL, o res tr (A(x)R(x))z"dx + res{ 5 —5 )¢ dx

1
= —res(xS) (z))z*1da — 55;6,_1
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(xS (2)) 2k 1
B P A LS
B O(xSi(z)) 1\ 2
We now claim that
0 1
5 (@51(@)) = 5 — Ru(2). (2.107)
Indeed, we have
0:51(x) = tr ((0,A(x))R(x)) + tr (A(z) (0. R(x))), (2.108)
and noting the following identities
0. A(x) = —% (.A(x) + ;O’g) , 0. R(z) = [A(x), R(z)], (2.109)

we can rewrite (2.108) as
0,51 (z) = —%tr (A(z)R(z)) — %tr (03R(x)) + tr (A()[A(), R()]) (2.110)
anj (2.107) follows noting tr (A(z)[A(x), R(z)]) = tr ([A(x), A(z)R(x)]) = 0
%tr (03R()) = tr (B1y R(z)) — %trR(m) — Ru(z) - % (2.111)

as tr R(z) = 1. Hence, substituting (2.107) into (2.106) we obtain, irrespec-
tively of the sign of &,

. ; 1
(tr X*) (.20 é?Z;:{;f(j,t) = - res (Ryy(z) — 1) z¥da. (2.112)

t=0

At the level of generating functions, for Cy ¢(z) we have

k X*
0, (2Cr () "2 =3 % DS s (Ru€) - 1) €k
k>1 E>1
— (R (o) + L. (2.113)

which, after integration, is the formula in the statement of Theorem 1.1; in
the last step of the last chain of equalities, we have to observe that (R )11 =
140 (z72) as & — oo, see (2.71).

Similarly, for Cp1(z) we have

Oe(#Co(x) = =3 kat T (r XY

k>1

=D res (R () — 1) €7Mg = —(R- (@) + 1.

k>1

(2.112)

(2.114)

which, after integration, is the formula in the statement of Theorem 1.1. Here,
we have noted that (R(z))11 = (TR(x)T~1)1; since T is diagonal, see (2.66).
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The formulae for r > 2 are proven instead by the following computation;
Cryp_(x1,...,2,)

(1.8) = o1k ok,
- Z $U1k1+1.”xﬂ'rkr+1 <tI‘X etr X >c
ki,ookr>1 1 r

(1.27) Z (=) 0" log Zn (a;t)
xllflkl-l—l . I,g'rkr+1 atallcl - 6ta'r'k1' 0

ki, kr>1
(=1)"+res---res Sp(Ey, ..., &t = 0)ETF L garhade L. de,

(2.56) 2 : &1 &r
l,<171k1+1 L x?rkr-i‘l

(2.55),(2.65),(2.95) 5 tr (Ro,, (i)~ Ro, (xi,)) — 0ra
(Tiy — @iy) - (T4, — @4y)

. (2.115)

where we have noted that the transformation R +— TRT ! leaves the ex-
pression S, invariant, and therefore, we are free to use the expansions Ry of
Propositions 2.9 and 2.13; the signs o; are those defined in (1.9). The proof is
complete. O

Ezxample 2.14. As an application of Theorem 1.1, let us show how to prove
formulae (1.17). Combining (1.7) and (1.14) gives
tr (R (20) Ry (22) — 1,

(tr X" tr X) = Jles  res (1 — )2 xyxe dridry.  (2.116)

Let us write the matrix Ry (z) as

B R} o (A(N.M) By(N+1,M+1)
R+(1’)—E11+§W7 Ré - (-NMB@(N,M) _éAZ(NvM)
= (2.117)

and expand the denominator in 1/(z1 — x2)? as a geometric series (the order
we carry out the expansions in 1, 25 is irrelevant, as explained in Remark 2.8)
to rewrite the right side of (2.116) as

LR I i o TUA N A G ir (R RY,)
IE2 Z $hl+h2 Z x21+1 + Z x52+1 + Z mzl+1££2+1
2 h1,ha>0 2 £1>0 1 0,>0 2 01,020 L1 2
(2.118)

Finally, the residues extract the coefficient in front of xfkﬂ%* 2 yielding
(tr X*tr X)_ = tr (Ey1 Ry) = kAR(N, M). (2.119)
In a similar way, from the relation

t _ - -1
(tr X Ftr X~') = res res r(R-(z)R-(r2)) zy*ry tdaydzy (2.120)
¢ 21=022=0 (.’L‘1 — 112)2

and
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1 -
(NM N>+Z (=t 213+1Ré?

R <(£+ 1)Ag(N, M) —=B¢(N +1,M + 1)>
¢ T\ NMBy(N,M) —({+1)A,(N, M),

R_(x)

(2.121)

we obtain

<trX_ktrX_1>

C

(4 )

_ (k +2)(N + M)A 41 (N, M) = NM (Bpy1 (N + 1, M + 1) + Byy1 (N, M))
Ot(Ot — k- 1)2k+3

kAR(N, M)

= o E (2.122)

The last equality follows from the recursion relations (2.78) and formula (2.94).
The computations of <tr XFtr X1 >c and <tr X Ftr X1 >C follow in a similar
way.

3. Proof of Proposition 1.2

In this section, we prove Proposition 1.2 by means of the explicit formulae for
the matrices Ry (x) of Theorem 1.1. The proof follows from two main lemmas;
the first one explains how rescaled correlators can be written as series in even
powers of N only. We recall that we are working in the regime o = (¢ — 1) N,
i.e., M = ¢N, with ¢ independent of N. From (1.8), we can write generating
functions for the rescaled correlators appearing in (1.19) as

N~ Zizioiki(_1)r-
> T (d k)ﬂ (tr X7F e XY = N"Cry o (Na1,..., Nay),
Zl ...l’r'r T

(3.1)
where we use the signs in (1.9).

Let us preliminarily observe two properties of formula (1.15), which are
crucial to our proof of Proposition 1.2. First, such formula is invariant un-
der replacing the matrices Ry (z) with GRy(z)G~! for some constant non-
degenerate matrix G, and second, it is invariant (up to a simple modification
for the two-point function) under replacing Ry (x) with Ry(x) + 1 for any
constant v € C. While the first property is trivial, the second one requires few
lines of explanation. When r = 2, one can exploit the fact that tr Ry (z) = 1
to write

tr (Re(wn)Re(w)) =1 _ tr (Re(21) +91)(Ree(w2) +91)) = (1L +27 +29%)

(z1 — x2)? (z1 — x2)?
(3.2)
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When r > 3, instead we reason as follows. Let us write every r-cycle (i1,...,1,)
with 4, = r, namely

Z tr (Ril R“)
(T4, — @iy) - (@4, — 24,)
tr (Ri, - Ri_,R,)

(xil - miz) T (xir—l - {ET)(.%',« - xi1)’

(3.3)

(14.esip—1,7)ECy
where for the purpose of this explanation we adopt a short notation R; :=
R (iy(x;); we point out that the role of the “fixed” matrix R, is completely ar-
bitrary, as function (1.15) is symmetric. Let us now show that this expression
is invariant under the transformation R, — R, +~1; indeed the difference be-
tween the two expressions is computed from the last formula to be proportional
to

tr Ri1 e Rir—l
> ( )

(415--yir—1,7)ECr (J;il B xiz) o (.131‘7‘71 B xT)(JjT B xil)
peeesin—1,

- Z tr (Ri, -+ R, _,) ( 1 1 > 0
(iryersiy_1,m)EC ('r’il —xi2)”'($ir—1 _Iil) Lip_qy — Lp Lijy — Ty '
(3.4)

It follows that in (1.15) one may inductively substitute all R;’s by R; +~1 (in
principle, even with different +’s for each R;, but we do not need such freedom)
without affecting formula (1.15).

Lemma 3.1. C,., ,_ (Nx1,...,Nx,) is an even function of N for every ri,r_.

Proof. Using formula (1.15) in Theorem 1.1, we have
tr (Rgi1 (Nziy)--- Rs, (N.Z’“)) — 0r,2
(@i, —@iy) - (@i, — @4, ) (@i, — @4y)
(3.5)
After the considerations exposed just before this lemma, it is clear that we
are done if we find a matrix G such that the matrices GR4(Nz)G~! — 31 are
both odd in N. We claim that the matrix

G—< Ve Nl) (3.6)

C?q_,r_(Nﬂ?l,...,NxT):_L Z

_JeN 1

serves this purpose. Indeed, we have
_ 1 Nt
GRy(Nz)G™* =3 < 1 >
41
2

N
Dy(c, N N=2(¢Ei(¢, N) + Fy(c, N
; e+1 <KE/; o(c, N) (CEe(c, N) + Fy( )))’

N) — Fy(¢,N) —Dy(e, N)
(3.7)

where

Dy(e,N) := g(BZ(NH,cNH) — By(N,cN)), (3.8)
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Ei(e,N) := —%A@(N, ¢N), (3.9)
Fy(c,N) := % (By(N +1,¢N 4 1) + By(N,¢N)). (3.10)

Therefore, our claim is equivalent to the statement that Dy, E,, Fy are odd
functions of N. This is easily seen from the linear recursions of Lemma 2.11.
For the coefficients Fy, the initial datum of the recursion is

Ey(¢, N) = —2N, Eqi(¢, N) = —2¢N, (3.11)
and the recursion reads
N2(0+2)Epi1(c, N) = N?(20 + 1)(c + 1) Ey(c, N)
+ (€ —1)(% — (c— 1)’ NHE;_1(c,N) (3.12)

and the claim follows by induction, as the initial datum is odd and the recursion
is even in N. Similarly, for the coefficients Dy, Fy, the initial datum of the
recursion is odd in N

Do(e¢, N) =0, Di(¢,N) = 27\/6, Fy(e,N) =2\/cN, Fi(c,N)=2N/c(c+1),

(3.13)
and the recursion is even in N

N2(0+1)Dyi1(c, N) = N*(c+1)(2¢ 4+ 1)Dy(c, N)
+ (204 1)F, +£(0? = N*(c — 1)®)Dy_1(c, N), (3.14)
N2(l4+1)Fry1(c, N) = N*(c +1)(20 + 1) Fy(c, N)

+ N2(20 +1)Dy + (6> — N*(c — 1)*)F,_1 (¢, N).
(3.15)

The same claim for R_(Nz) is proven exactly in the same way, as we have

GR-(N2)G™' = & ( 1 Nl) 1y~ N2Hg!
B 2 —N 1 2 >0 (O[ — 6)2g+1
—Dy(c,N) N72((4+1)E¢(¢,N)—Fy(c,N))
X ((£+1)Eg(c,£N)+Fg(c,N) Di(eN) ) (3.16)

and, since a = (¢ — 1)N,

N2€+1 N2

4 £ 1
(@=02er1 (c—1) JI;II N2(c—1) —j?

(3.17)

which is even in . 0
The second lemma regards integrality of the coeflicients.

Lemma 3.2. The functions A¢(N, M) and B¢(N, M) in (1.12) and (1.13) ad-
mit the alternative expressions

E!E—l!N—aalM—b i
AN, M) = azb;O (a(+1)!(3)i1)!a!z))!(+z£1_a)i+b)!’ tz1, (318)

a+b<l—1
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B O — DN — a)o(M — by
BN, M) = P 0>0. (3.19)
a,b>0
a+b</t

Proof. Using the identity

ok _
(B = BB+ 1) (B4 —1) = 5 (8:20)
r=1
we rewrite (1.12), for ¢ > 1, as
w}j (") = Rar -
aé aé N M(xy_ 1)271
= , 3.21
~ ozt oy’ 14 o1 y=1 (3:21)

and then, we rewrite this expression, by a change of variable 1+£ = z, 141 = y,
as
9" A+ ONA+MEn+E+n)!
¢l ont 0! £=0.7=0
00 —DYN —a)ar1(M —b)psa

= . .22
G;O @+ Db+ Dlalbl(l— 1 —a—b)! (3:22)
a+éé271
Similarly, for all £ > 0 we have
By(N, M) = ﬂzj (5o = mor - o
B 67[87[ N 1yM 1(1‘y—1)£
Ozt oyt 1l p=1y=1
_ 000 1+ A+t En+E+ )
ot ont 0 £=0,7=0
. 00— VYN — a)a(M — 1),
B Z a'2bl2(f — a — b)! ’ (3:23)
a,b>0
a+b<l—1
and the proof is complete. O

Expression (3.18) is also derived, in a different way, in [42].
It can be checked that the coefficients (a+1)!(b+f!)(!fz;7}()é—1—a—b)! in (3.18)
are integers within the range of summation a,b > 0, a + b < ¢ — 1; indeed, if

a+b<{—2, one can write such coefficient as

e ()3 s
(3.24)
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which is manifestly integer, while if a+b = £— 1 the same coefficient is written

N o -1 IRYAY
(a+ D0+ Dab!(l —1—a—b)! g(a> <a+1>7 (3.25)

which is also manifestly integer since a < ¢ — 1. Similarly, the coefficients

% in (3.19) are integers within the range of summation a,b > 0,

a+b<l/d.

Proof of Proposition 1.2. Lemma 3.2 implies that A¢(N,cN) and By(N,cN)
are polynomials in N and ¢ with integer coefficients. Then, the dependence on
N? follows from Lemma 3.1 and the expansion of (3.17) as series in N and
(¢ — 1) with integer coeflicients as

¢ 1 12k192k2 ... .. (2ke
M- Ume—tr—7 ~ Gem e, 2 e e
(3.26)

provided ¢ < N(c—1).

Finally, we note, e.g., from the recursions, that Dy ~ O(N~1), Ey, Fy =
O(N), as N — oo; hence, from (3.7) and (3.16) we see that GRy(Nx)G~! =
diag(1, N)O(1)diag(1, N~1), where O(1) refers to the behavior as N — co. We
conclude that (3.1) is O(1) as N — oo, and has the same parity in N — —N
as r (Lemma 3.1), completing the proof. O

Ezxample 3.3. Here, we obtain the formulae of Theorem 1.1 in genus zero for
one- and two-point correlators. In these cases, equivalent formulae have already
appeared in the literature [25,37,54]. In the regime o = N(c¢—1) with N — oo,

we have
-1
. Ag N CN 1 b+1
N@;W 7 <b+ ><> ) (3.27)
¢

lim 2eVeN) > <£)ch. (3.28)

N—oo N[

b=0
The above relations follow from Lemma 3.2 and the trivial estimate ( k) ~ , .
In particular, due to (1.16), in the regime N — oo with o = N(c¢—1) we have
tr X f
Nlinoo N“l ZM s¢ (3.29)

where

10\ ¢
— = > =1,... )
N €<S> (S_ 1), 0>1, s=1,....¢ (3.30)

are the Narayana numbers. Formula (3.29) agrees with Wigner’s computation
of positive moments of the Laguerre equilibrium measure

Vs D@ —a)

2mex

p(l’) = 1x€(w7,x+)a (3'31)
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where x4 := (1 £ 1/c)?, see [36]. From the one-point function, we obtain the
weighted strictly monotone and weakly monotone double Hurwitz numbers of
genus zero with partition u = (k) and v of length s as

. 1 N 1/ k k
H o((k);s) = = Of%;gth Shgzo((k);l/) = Ni,s = % (s _ 1) <3>7
(3.32)

oo = oy 3 o) = (37 1) S ey

v of length s
Similarly, for all two-point generating functions, we obtain the planar limit
g=0as
lim N20270(N$1, Nl‘g) = lim NZCQQ(NJ}l, NJ?Q)
N—oco N—oo

(1, m2) — \/D(w1, 21) (22, T2)

= 3.34
2v/0(x1, 1) P2, 22) (21 — 12)? (834
. 2 _ olar,me) + /o(xr, 1) o (w2, w2)
Am N Cr1(Nay, Nag) = 2/¢(x1, 1) (2, 2) (11 — 72)? (3:35)
where
P(w1,12) = c? — (2 + 21 + x9) + (21 — 1) (22 — 1). (3.36)

The two-point planar limit is strictly related [35] to the so-called canonical
symmetric bi-differential (called also Bergman kernel) associated with the spec-
tral curve 22y? = (v —xy)(z —2_) = ® = 2c(z + 1) + (v — 1)2.

4. Hodge-LUE Correspondence

4.1. Factorization of Matrix Models with Even Potential

For the purposes of the present section, let us introduce two sequences of monic

orthogonal polynomials: p&®"(z) = 2™ + - - - satisfying
+oo
[ @ e e = 155, (1)

and, for Rea > —1, pSf“) (x) =a™ 4 - - - satistying

+oo
[ i @p @ae s = 15, 4.2)
0

where V() is an arbitrary potential for which the polynomials are well defined.
The following lemma is elementary and the proof can be found in [21].

Lemma 4.1. For alln > 0, we have

1

1
@) =S V@), (@) = apld (2?) (4.3)
and ) )
e =i, g, =), (1.9
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Next, we recall the relation between matrix integrals and the norming
constants of the above orthogonal polynomials

1
_ X2 dX = hevenpeven. .. peven 4.
Vol(N) /HN exp tr (—V(X7)) o N—1> (4.5)
L[ et Xexptr (—V(X))dX = h@R@ ... p@ (4.6)
VOI(N) HE 0 L N-1

where Vol(N) is defined in (1.29).

Using the above relations and (4.4) in the case V(z) = £ =3, ., spa”, we
obtain the following identity between the GUE partition functioniZze‘ﬁ” (s) in
(1.28) and the Laguerre partition function Zy (+3;t4) in (1.26) with t_ =0

Z5"(s) _ Zn (—3:t4) Zn (5it4)
Z5%"(0)  Zn (-5:0) Zn (3:0)
where Z§/*"(0) is given in (4.10) and Zy (£3;0) in (1.3). There is a similar,

slightly more involved, factorization for the matrix model Z5¥" ;, but we do
not need its formulation for our present purposes.

.t = 2Ry, (4.7)

4.2. Formal Matrix Models and mGUE Partition Function

In this section, we review the definition of mGUE partition function. First, the
logarithm of the even GUE partition function can be considered as a formal
Taylor expansion for small s, as

even

log Z{"(s) :=log Z7°"(0) + Z Z Sklr% (tr Xk ---terT>c ,

(4.8)
where the connected even GUE correlators are introduced as in (1.27)
ven 67" 1 Zeven
<ter1 .- -terT>e . Z %8I8 18 (s) (4.9)
c 38k1 "‘38kr s—0

and the normalizing constant Z§*"(0) is
780 (0) = V2N V2, (4.10)

The infinite sum in (4.8) can be given a rigorous formal meaning in the al-
gebra C[N, o][[s]]; introducing the grading deg sy := k, the latter algebra is
obtained taking the inductive limit K' — oo from the algebras of polynomials
in s of degree < K, with coefficients in C[N, ]. Equivalently, this grading can
be encoded, up to an inessential shift, by a (small) variable e via the trans-
formation s; — €*~lsj, which is the same as considering the matrix model
fHNexp [—% (XTZ — Zk21 stQk)} dX. For simplicity, we have preferred to
avoid the explicit ¢ dependence, even though we shall restore it for the state-
ment of the Hodge-GUE/LUE correspondence (Theorem 4.4, Corollary 4.5).

It must be stressed that (4.8) makes sense for any complex N, and not
just for positive integers as it would be required by the genuine matrix integral
interpretation; indeed, the correlators are polynomials in N.
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For the purposes of this section, it is convenient to apply the same argu-
ments to the Laguerre partition function (with t_ = 0) and similarly identify
the latter with the formal series

log Zn(a;t4) = log Zn(a;0) +Z Z tkl}%tkr@er%--terﬁc

(4.11)
where Zn(o;0) is given in (1.3) and the correlators are as in (1.27); using
the last expression provided in (1.3) and the fact that the correlators are
polynomials in N, a, expression (4.11) makes sense also for N complex. This
remark is crucial for a correct understanding of formulae (4.14) and (4.15).

Let us finally recall from the introduction and [28] that the mGUE par-
tition function is introduced by (1.29), the left side of which being interpreted
formally as in (4.8). Of course in the identification of Theorem 1.5, the right
side must be interpreted formally as in (4.11).

4.3. Proof of Theorem 1.5

The proof of Theorem 1.5 relies on two main ingredients: on the one side the
factorization property (4.7) and a symmetry property of the formal positive
LUE partition function (4.11), which we now describe.

Lemma 4.2. The LUE connected correlator (tv X* ---tr X*r) with ky, ...,
k. > 0 is a polynomial in N,«, and it is invariant under the involution
(N,a) = (N + o, —a).

Proof. 1t follows directly from Theorem 1.1, as the coefficients of R, defined
n (1.10), are polynomials in N, « which are manifestly symmetric under the
aforementioned transformation. Indeed, from (1.12) and (1.13) we see that all
the coefficients Ay(N, M), B¢(N, M) are symmetric in N, M but Ag(N, M) =
N; however, R, only contains the combination ¢A,(N, M), which is always
symmetric in N, M. O

Remark 4.3. As already pointed out in “Introduction,” the symmetry of the
above lemma is equivalent, by (1.20), to the symmetry property (1.39) of Hur-
witz numbers. An alternative, purely combinatorial derivation of the symmetry
in the latter formulation can be given as follows. In the group algebra of the
group of permutations of {1, ..., d} (consisting of formal C-linear combinations
of permutations of {1,...,d}), we consider the distinguished elements

e () for any partition A of d, which is the sum of all permutations of cycle
type A, and
o Jm = (1,m)+- -+ (m—1,m) (Jucys—Murphy elements) form =2, ..., d.

Such elements commute among themselves and are related by

(1+&R)---(1+&Ja) = Y €7 e,. (4.12)

|v|=d
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From this relation, we deduce that for every partition p of d of length ¢ we
have

Cu Yy C(12Ta) - (142da) = Cu Y 2 N (1) -+ (14yTa)Ca.
lv|=d [A=d
(4.13)
From the definition of Hurwitz numbers, recalled in Sect. 1.2, the coefficient in
front of Cyayy? 22972+ on the left side of (4.13) is H; (y; s) (up to the nor-
malization factor %‘!‘); the coefficient of the same element C[ld]yd*5229’2”+5
on the right side of (4.13) is H (#;2 — 29 +d — £ — s) (up to the same nor-
malization factor ), yielding (1.39).
Let us restate Lemma 4.2, in view of the formal expansion (4.11), as the

following identity
Zy(asty)  Znyal—asty)

= . 4.14
Zn@:0)  Znral-ai0) -
The following special case (o = §) of (4.14)
1 TEFTG(N +1) 1
Z ——ity | = ——F——5—"2N | 53t 4.15
val) =Ty wlae) o

plays a key role in the proof of Theorem 1.5, which we are now ready to give.

Proof of Theorem 1.5. We use the uniqueness of the decomposition (1.29) which
defines the mGUE partition function; rewriting it under the substitution N —
2N we have
Z3N"(s) > >
(27)2NVol(2N) ZZN—%(S)ZQN—&-%(S)' (4.16)

On the other hand, from (4.7) we have
even 1 1
ZZN (S) = DNZN —§;t+ ZN §;t+ s (417)
where here and below we are identifying ¢, = 2*sj,. The proportionality con-
stant Dy is explicitly evaluated from (1.3) and (4.10) as
755" (0) VANV HIG(3)?

S (LoyZy(L0) Ganihowtn Y

Dy

It is then enough to show that two factorizations (4.16) and (4.17) are con-
sistent once we identify Z2N7%(S) = CnZn (—3;t4) with Cy a constant
depending on N only. Such consistency follows from the chain of equalities

ZSVen s _ _
WV\REI()QM - 75(S)Z2N+%(S)
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1 1
=CnZN (-2;t+) Cny1Znys (_2?t+>

34N
stz G(N +1) 1 1
=CnCy1r——F————~—7ZNn | —=;t | Zn | =5t
N N+3 G(N+%) N( 27 +> N<2a +)7
(4.19)

where we have used symmetry property (4.15). This shows that two factoriza-
tions (4.16) and (4.17) are consistent, provided we also identify the propor-
tionality constants (4.18) and (4.19)

7'r8+2G(N+1) 9N N? +N+2g(l)
CnCyyr——————————=D 2 4.20
NNt TG (N +3) MTGIN+ DHa(N + 3y (4.20)

and this uniquely fixes
2¥ -t a(l)

Cy = 22 4.21
YT UG+ D) (4.21)
as stated in (1.31). O

We conclude this section with a couple of remarks.

First, the identification of the mGUE and LUE partition functions is
manifest also from the Virasoro constraints of the two models. Indeed, Virasoro
constraints for the modified GUE partition function have been derived in [28],
directly from those of the GUE partition function, and they assume the form

L.Zx(s) =0, (4.22)
for n > 0, where £, = L, (N, s) and
1 fé) N? 1 B
Ln(N,s) = Zk>1 (sk t §5k,1)3f%+7—1ﬁ7 n=0,
Zk 1 m + Zk21 k (sk - 55]“11) 6sk+ + NBS , n>1
(4.23)

On the other hand, it is well known [1,43] that the LUE partition function
with only positive couplings t satisfies the Virasoro constraints

L8 Zn (st ) =0, (4.24)
for n > 0, where ,c;a) = E%a>(N,t+) and
k(t ) + N (N + s =0,
LN, by) o= § k21 B0 0k, 1) 55 + N (N +a) . oo
Dy 3tk8t —+ st k(b — 519,1)78,5“" +(@2N+a)z;-, n>1
(4.25)

The Virasoro constraints £, (N, s) in (4.23) and ﬁ,(f‘)(N,‘w) in (4.25) satisty
~ 1 _1
oL, <2N -5 s> — 0D vy (4.26)

under the identification t; = 2"sy., in agreement with Theorem 1.5.

Second, in [29] formulae of similar nature as those of Theorem 1.1 are
derived for the modified GUE partition function. It can be checked that such
formulae match with those of Theorem 1.1 restricted to a = f% under the
identifications of times made explicit in the statement of Theorem 1.5.
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4.4. Proof of Corollary 1.6

From Theorem 1.5 and the Hodge-GUE correspondence of [28], which we now
recall, we are able to deduce a Hodge-LUFE correspondence; to state this result
(Corollary 4.5), let us introduce the generating function

Hpie) =) @72y Z pi’“”,'p’“"/ A2(~1)A <1>f[wfa
9>0 >0 k1, n. Mg,n 2/

(4.27)
for special cubic Hodge integrals (with the standard notations recalled before
the statement of Corollary 1.6); here, p = (po, p1,-- . )-

Theorem 4.4. (Hodge-GUE correspondence [28]) Introduce the formal series

1 Jiuj2 (271) (2]2> ( J ) (2j)
A\ s) = - ’ 1Sjs + = ’ )
(s) 442 g1+ Jo gy ) 5915 Z i1\ ;)%

J1,J221 ]>1
(4.28)
and a transformation of an infinite vector of times s = (s1,82,...) — p =
(po,p1,--.) depending on a parameter \ as
Z]k"'l( )s] + 01+ Mko—1, k>0, (4.29)
j>1

Then, we have

H( (A, 8); \[e) +e 2A(\s) =log Za ((s1,€s02,€%s3,...)) + B(\€), (4.30)
where B(\, €) is a constant depending on A and € only and Zx is the mGUE
partition function in (1.29).

Corollary 4.5. (Hodge-LUE correspondence) Let H (p (\s); \/56) as above in
(4.30) and Zn (—5;t) the Laguerre partition function (1.26) with parameter
o= —% and times t+ and t_ = 0. We have

H (p(/\7 S); \/56) +e2A(\s) =log Zy (—;;t+> + C(N,e), (4.31)
where we identify
A=¢ <2N = ;) .t =2y, (4.32)
and A(\,s) is defined in (4.28), p(\,s) is defined in (4.29), and C(N,€) is a
constant depending on N and € only.

Proof. Tt follows from (4.30) upon the substitution A — € (2N — %) and ap-
plying Theorem 1.5 for the set of times €~ 1sy, k > 1. 0

It would be interesting to construct the Double Ramification hierarchy
(see [15,16]) for cubic Hodge integrals and then check in this case the conjecture
formulated in [17] by which the logarithm of the corresponding tau function
should coincide with the LUE partition function, after the change of variables
described in [18].
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Finally, Corollary 1.6 is obtained matching the coefficients in (4.30) using
(1.20).

Proof of Corollary 1.6. We apply ﬁ o’ for ¢ > 0, on both sides of
41 l |ls=

(4.30). On the right side, we get, in view of Theorem 1.5
aé

68#1 U asltz

log N ((sl, €59, €283, ... ))
s=0

— [ —£o ] 22 He
€ 2 (tr X tr X >C|N=2%+i,a=—%

1—=2v+|p|—£ A+ £ 2=2y =l sy NS
_ lul—tolul 2 2 > (3
= elul=falul Y 7y ( % ) <A+§) H (s ),

v>0 s=1

(4.33)

where in the last step we have used (1.20); we also note that the substitutions

2N—§ %,a——f from Theorem 1.5, yleldN—A;r:,c:)\Jr%.

other side, we get
6[

88#1 T asw

aé
H(p(\,s); V2€) + €

s=0 68#1 T (‘:)SM

AN, s).  (4.34)
s=0
The contributions from the last term are directly evaluated from (4.28) and
give the second line of (1.36). For the first term, we recall the affine change of
variable (4.29) and compute

82
Doy, Dy ¢ (p(A’ s); ﬂe)

62
= > H %H(?:)MH (p(%S);\/ie)

i1,mrig >0 b=1
- (f;)'gﬂ > [ acan(3) [ . (st

ganO ' kl: 7kn>0 g ntt a=1
21, 7Zz>0

wa“( ) o (4.35)

Evaluation at s = 0 corresponds to pi = 5,1 + Adg,0 — 1; thus, in the previous
expression, we set n = m + r, where m is the number of k,’s equal to zero,
and the remaining k1, ..., k,.’s are all > 2 (we are evaluating at p; = 0), and
so the evaluation of the (4.35) at py = g1 + Ak, — 1 reads

3 (\/§e>29_2 3 A=1)m (="

mlr!
g,m,r>0 ki, kr>2
i1y0esie>0

20p\
X w’“ “’H( )Wé .
/Mg L+mtr ( ) H Hb Hrtb
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T () g eeer

g,m,r>0 di,...,dr>1
o G
N A?( pda L] ——— 22 4.36
/Mg,1€+m+r ( ) H “ H 1- Mbwm+r+b ( )

where in the last step we rename k, =d, + 1, d, > 1.

We can trade the 11,...,, classes in (4.36) for a suitable combination
of Mumford & classes, following ideas from [13]. Let 7 : M%Hmﬂ — Mg7f+m
be the map forgetting the first » marked points (and contracting the result-
ing unstable components); then, we have the following iterated version of the
dilaton equation

T ((TI'*X) ﬁ wg“H) =X Z H EY e da> dey...,dr > 1,

a=1 c€6,. yeCycles(o)

- (4.37)
for any X € H® (Mg,£+m, Q) Here and below, &,. is the group of permutations
of {1,...,r} and Cycles(o) is the set of disjoint cycles in the permutation o,
o= Hvecydes(a) v. In our case, it is convenient to set

¢ 2up 0 2py

1 oy 1 o™,
e (T2 e v (2 2

2) 5 L= pptmes 2) 5 L= mrtn

(4.38)
so that the sum over r > 0 and dy,...,d, > 1 in (4.36) can be expressed as
3 (=1)" 3 / (7°X) ﬁ pdat
7! i T @
r>0 0 dy,..do>1Y Moetmer a=1
N D"
YL Y [wY I e
r>0 di,...,dr>1 g.t+m €&, yeCycles(o)
Let us now recall that for any set of variables Fi, Fy,..., we have the

identity of symmetric functions

g §| v|
exp Z => 2Fy By, (4.40)

r>1 v

where the sum on the right side extends over the set of all partitions v =
(V15 vewy), Yl = w1+ - F vy, and 2, =[5 (1) m;!, m; being the
multiplicity of 4 in the partition v, as above. Applying this relation to

d—1
Fr = Z Ry ioida = Z (T _ 1>fm, £=—1, (4.41)
di,...,dr>1 d>r

since for any partition v of r the quantity r!/z, is the cardinality of the con-
jugacy class labeled by v in &,., we deduce that
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> B0
r>0 7! dy,...,d,>1 My otim
Kd
- X (7 —), 4.42
/Mg,Hm P Zdﬁ d (4.42)

—1)" (d71

T r—1

KR
ceS, H’yECycles(o’) Loy da

) = —é. The proof is complete.
O

where we also use the identity > -, (

Example 4.6. Comparing the coefficients of ¢=2 on both sides of (1.35), we
obtain the following relation in genus zero
[p|+1—¢
Ao =2 2AMTEEN T HE (s 5) (4.43)
s=1
valid for any partition p of length £. One can check that (4.43) is consistent with
the computations of Hurwitz numbers in genus zero performed in Example 3.3.

For example, for ¢ = 1, namely p = (1) we compute the first terms in
the (A — 1)-expansion of the left side of (4.43), directly from (1.35),

1T 2y (A1) 2 (A - 1)2 2H1 3

(4.44)
On the other hand, the right side of (4.43) is computed as
)\#1+1 H> pn1+1 Ha
; ((n1);s >\ Z . 1
— )\.ul-l-l( 2/11 )
2,[1,1 M1 — 1
1+1
1 2;/4) A (ul + 1) .

- A—1)b, (4.45
2(u1+1)(u1 bz:(:) p )AL (449)

where we use (3.33) and the identity

— [ P can H1 211
= = 4.46
2 () -2 ()0 ) -(m) e
which follows from the Chu—Vandermonde identity Z]S:é (%) (k_l{_s) = (ZJ_FZ{)
for a = b=k = py. Expressions (4.44) and (4.45) match.
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Appendix A: Numerical Tables

A.1. Tables of Some Weighted Strictly Monotone Double Hurwitz Numbers
We recall that Hy (138) = 47 32, of lengeh s g (43 7), where hg (u;v) is the
strictly monotone double Hurwitz number with partitions p and v, see (1.22).

p=(3,1)]g=0g=1] |p=(3,2)]g=0]g=1| |p=(3,3)]g=0]g=1]g=2

s=1 | 3 | 3 s=1 ] 6 | 18 s=1 | 9 | 75 | 36
s=2 | 9 | 0 s=2 | 30 | 18 s=2 | 72 [198] 0
s=3 | 3 | 0 s=3 | 30| 0 s=3 | 1387 | 0
s=4 6 0 s=4 72 0 0

s=5 ] 9 | 0] 0

p=(4,4)g=0g=1]g=2]g=3| |p=(6,3)]g=0{g=1]g=2]|g=3
s = 16 | 616 | 3304|1104 s=1 | 18 |1428 [16002[22872
s=2 | 264 (4636|8132 0 s=2 | 414 [15120|70938[22872
s=23 |1200|8496|3304| 0 s=3 |259843680[70938] 0
s=4 [1940(4636] 0 | 0 s=4 |6210[43680[16002] 0
s=5 [1200(616| 0 | O s=5 |6210[15120] 0 | 0
s=6 [264] 0 | 0 | O s=6 |2508[1428] 0 | 0
s=7 | 16 | 0 | 0 | O s=7 |44 0 | 0 | 0
s = 18] 0] 0 | 0
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w=(2,1,1)|g=0| [p=(2,2,1)]g=0lg=1| |p=1(2,2,2)|]g=0|g=1
s=1 [§ s=1 16 8 s=1 40 80
=2 6 s = 40 0 s=2 176 | 80
s=3 16 0 s=3 176 0
s=4 40 0
w=(4,4,4)] g=01] g=1 g=2 g=3 g=4
s=1 704 89760 | 2631552 |18161440(19033344
s=2 21312 | 1568640 |24587904|75241920(19033344
s=3 204480 | 8507520 (66562944 (75241920 0
s=4 843648 [18934080|66562944|18161440 0
s=5 1673856 (18934080(24587904 0 0
s = 1673856 | 8507520 | 2631552 0 0
s = 843648 | 1568640 0 0 0
s=28 204480 | 89760 0 0 0
s=9 21312 0 0 0 0
s =10 704 0 0 0 0
w=(4,3,2,1)g=0|g=1]g=2[g=3| |p=1(2,2,2,2)[g=0[g=1|g=2
s=1 1728 | 54432 |235872|70848 s = 672 | 3360 | 1008
s=2 26136 [379512|570672| 0 s=2 4464 18016 | 0
s=3 111024|680832|235872| 0 s=3 7872|3360 0
s=4 175824(379512| 0 0 s=4 4464| 0 0
§=25 111024 54432 0 0 s=25 672 0 0
s=06 26136 0 0 0
s = 1728 0 0 0
w=(5,4,4,2)] g=0 g=1 g=2 g=3 g=4 g=>5
s=1 29120 7047040 444924480 | 8434666240 | 42317475200 [35974149120
s = 1212800 | 180513600 | 6829912320 | 71893480000 |168041817600(35974149120
s=3 16616960 | 1529449920 |33913376640|186374568640|168041817600 0
s=4 103248000 5796138240 |72317482560|186374568640| 42317475200 0
s=5 331189440{11030467200|72317482560| 71893480000 0 0
s=6 584935680(11030467200/33913376640| 8434666240 0 0
s=7 584935680| 5796138240 | 6829912320 0 0 0
s=28 331189440 1529449920 | 444924480 0 0 0
s=9 103248000| 180513600 0 0 0 0
s =10 16616960 | 7047040 0 0 0 0
s=11 1212800 0 0 0 0 0
s=12 29120 0 0 0 0 0
w=1(2,2,2,1,1)[g=0{g =1| |[u=(3,3,2,2,2)] g=0 g=1 g=2 g=3
s=1 1680 | 3360 s=1 71280 | 2661120 |18461520|18722880
s=2 7392 | 3360 s=2 1206144 |23973840(75182256|18722880
s=3 7392 0 s=3 6314976 |63697968|75182256 0
s=4 1680 O s=4 13791600(63697968|18461520 0
s=5 13791600/23973840 0 0
s=6 6314976 | 2661120 0 0
s=7 1206144 0 0 0
s=8 71280 0 0 0
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A.2. Tables of Some Weighted Weakly Monotone Double Hurwitz Numbers

>

We recall that ng (38) = lit

i hz (u;v), where hZ (u; v) is the weakly

v of length s
monotone double Hurwitz number with partitions p and v, see (1.22).

In general, ng(u;s) # 0 for every s < |u| and g > 0; therefore, we
calculate Hg (11; s) for the first few values of g.

—~

n 3

)

g =

g =2

=

—~

3,3) g=1

g=2

45 | 483

u:_(372)

3402

g=0
9 | 462

16443

255 | 2688

29058

117 | 5742

197559

420 [4410

156

82212

516

24660

833472

@ |wlwln|]

W] OO D[ =

210 [2205

94260

1008
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A.3. Tables of Some Positive LUE Correlators

We write the correlators in terms of N and the parameter & = N(c — 1).

(tr Xtr X). = N(a+ N),

(tr X?tr X). = 2N(a + N)(a + 2N),

(tr X?tr X?)c = 20 (14 20°) N + 2 (1 4 110°) N? + 36aN® + 18N*,

(tr X*tr X')e = 3N (a 4+ N) (1 + o® + 5aN + 5N?)

(tr X3tr X?)c = 6N (v + N) (e + 2N) (3 + o + 6aN + 6N?)

(tr X3tr X?)e = 3N (a + N) (12 + 2502 + 3a* + 4a (29 + 90°) N
+4 (29 + 340°) N? + 200aN? + 100N*)

(tr X tr Xtr X). =2N(a+ N),
(tr X?tr X tr X). = 6N (a + N)(a + 2N),
(tr X?tr X?tr X)e = 8a (14 20°) N + 8 (1 4 11a°) N + 144aN? + 72N*,
(tr X?tr X?tr X?). = 400° (2 + o®) N + 48 (5o + 7a®) N2
+16 (10 + 59a) N® + 1080aN* + 432N°?,
(tr X*r XPtr X?). = 24 (328 4 10920° + 2520 + 8a°) N
+ 24 (328 + 10920 4 252a* + 8a°
+o (48260 + 27650 + 169a.°)) N2+
+ 24 (48260 + 27650 + 1690
+a (4826 4 99350 + 1239a*)) N*
+ 24 (4826 + 993502 + 12390+
+a (14340a + 42400°)) N*
+ 24 (14340a + 42400° + o (7170 + 73700°)) N°
+ 24 (7170 + 13670a°) N° + 201600aN” + 50400N®,
(trXtr Xtr X trX). =6N(a+ N),
(tr X?tr X tr X tr X), = 24N (a + N)(a + 2N),
(tr X?tr X?tr X tr X). = 40a (1 + 20*) N + 40 (1 4 11a®) N?
+ 720aN?® + 360N*,
(tr X2tr X?tr X?tr X). = 2400* (2 4+ o®) N + 288 (5a + 7o) N?
+ 96 (10 + 59a%) N® + 6480aN* + 2592N°,
(trXQtrX2tr X2%tr X2>c = 48« (21 + 14a? (5 + a2)) N
+ 48 (21 + 3770 + 163a*) N?
+ 96 (307cr + 338a°) N°+
+ 48 (307 + 1283a*) N* + 54432aN° + 18144N°,
(tr X tr X tr X tr X tr X). = 24N (a + N),
(tr X2tr X tr X tr X tr X). = 120N (a + N)(a + 2N),
(tr X2tr X2tr X tr X tr X). = 240c (1 + 2a?) N + 240 (1 + 11a®) N? + 4320aN® + 2160N*,
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(tr X3tr X2 tr X?tr X2tr X). = 6048a? (11 + o®) (3 +2a%) N
+ 432 (42a (11 4+ o?) (3 + 20°)
+3a” (611 4 121a%)) N?+
+432 (28 (11 + o?) (3 4 20%) + 390 (47 + 37a?)
+902 (611 + 121a?)) N® + 432 (21600°+
+117a (47 + 370°) + 60 (611 + 121a%)) N*
+ 2592 (611 + 1741a*) N° + 3265920 N°
+ 933120N7,

A.4. Tables of Some Negative LUE Correlators

In the following formulee we denote a; := (o — j)2j41, &« = N(c — 1).

1
(tr X Hr X1, = N(a+ N),

ajagp

1
(tr X 2tr X 1), = ——2N(a + N)(a + 2N),
a2a0

(tr X " 2tr X 72), 2N(a+ N) (2a* + 90’ N + o® (ON? — 5)

aszal
—21aN — 21N? +3),
1

azao

(tr X 3tr X 1), 3N(a+ N) (o +5aN +5N? + 1),

1
(tr X 3tr X %), = 6N (a4 N) (a + 2N)
asa

(24 a* = 26aN + 60’ N — 26N>
+a? (-3 +6N?)),
1

(tr X 3tr X %), = 3N (a+ N) (320 — 4440” + 147a*
asa

— 2605 + 3a® + 4o (—200 + 4110 — 100a* 4 9a°) N
+4 (=200 + 1731a? — 4250 4 34a°) N*?
+ 40a (264 — 6507 4 50*) N?
+20 (264 — 650° + 5a*) N*) |
1

(tr X Mr X Mr X !)e = —54N(a + N)(a + 2N),
azag
1
(trX2tr X Mr X h, = 2N(a + N) (5a* 4 24a* N
aszalaop

+a® (24N? —5) — 36N — 36N?),

(tr X 2tr X 2r X 1), = 24N (a4 N)(a+ 2N) (a4—|—6a3N

asqal1aop

+a® (6N? — 3) — 26N — 26N? +2) ,
1

asa?

+36 (6a" — 71a® + 125) N*

(tr X 2tr X 2tr X %), = 8N(a+ N) (7a2 (0 =17) (o — 1)2
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+ 72a (6a” — T1a® 4 125) N*?
+9(a — Dv(a + 1) (9a* — 89a” + 100) N
49 (33a® — 3820 + 689a* — 100) N?) ,

(tr X 3tr X 2tr X 2), =

24N(a + N)(a + 2N) (2a2 (a® —1)
aga2ail

(20" — 250° + 68)

+60 (3a® — 7T1la’ + 48802 — 840) N*+

+ 120c (3a® — 7T1a* + 4880° — 840) N*?

+ (o — Do+ 1) (57’ — 1105a* + 61480 — 7200) N+
+ (237a® — 5422a° + 36533a* — 63748a7 + 7200) N?)

(tr X Mr X Mr X Mr X1, =

S6N(a+ N) (5a* + 240’ N + o® (24N? — 5)
asalag

—36aN — 36N?),

1
(tr X 2tr X Mr X " Mr X1, = 12N(a + N)(a + 2N)
aq

alag
(7a® + 440°N + o (44N? - 7)
—144aN — 144N?)

1
trX2tr X 2tr X "tr X1, = ———8N(a+N)
asa2a1agp

(1402 (a2 = 1)* (20" — 1302 + 20)

+ 12 (78a° — 1055a* + 4237a” — 3800) N*+

+ 24 (78a° — 10550 + 42372 — 3800) N*?
+3(a—1a(a+1)

(113a° — 12050 + 36320 — 800) N+

+3 (4250 — 553805 + 217850 — 196320 + 800) N?) ,

A.5. Tables of Some Mixed LUE Correlators
In the following formulee we denote a; := (o — j)2j+1, « = N(c — 1).
(tr X er Xh, = —iN,
ao
(tr X 2tr X1, = —iQN(a + N),
ay
—1 2 1
(tr X " tr X*) = ——2N(a + N),
ap
(tr X ?tr X?), = fi(a +2N) (o +2aN +2N? — 1),
ay

1
(tr X 3tr XN, = ——3N (a+ N) (e + 2N),,
az

1
(tr X ?tr X?). = ——6N (a + N) (=24 o® + 2aN +2N?),
az
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(tr X ~2tr X3),
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1
——3N(a+ N) (a+2N),
ao

1
——6N (a+ N) (-1 + o® 4+ 2aN +2N?),
ai

(tr X341 X3>c = —i?) (2a (4 —5a% + a4) + (4 —11a2% + 3a4) N
as

+60 (=3 4 20°) N? + 4 (=3 + 7a?) N? + 30aN* + 12N°) ,

(tr X 1er Xtr X1, =0,

1
(tr X Yr X Mr X!, = ———2N(a + N),
apal

1
(tr X %tr X Mr X!). = ———6N(a + N)(a + 2N),
a2a0

1
(tr X ~tr X%tr X1, = ——2N(a + N),
ag

(tr X ~2tr X 'tr X1),
(tr X ~1tr X 1tr X?),

(tr X ~Ltr X2tr X2),
(tr X ~2tr X2tr X1),

(tr X ~2tr X "2tr X1),

(tr X ~2tr X ~tr X2),
(tr X ~1tr X 1tr X3),

(tr X ~Ltr X ttr X3),
(tr X 3tr X~ Hr X1,

(tr X 3tr Xtr X1,

1
—2N(a+ N),
ai
1
——2N(a+ N)(a+2N),
apai

1
——8N(a+ N)(a+2N),
ao
07
1
———8N(a+ N) (2a* + 90N + o? (9N? — 5)
azal
—2laN — 21N? +3),

1
———8N(a+ N)(—1+ a? 4+ 3aN + 3N?),
azag0

12N?%(a + N)?,

ajao

1
——6N(a+ N)(a+2N),
ap

12N(a+ N) (o 4+ 5aN + 5N + 1),
asagp

1
—6N(a+ N)(a+2N),
az

1
(tr X 2tr X %tr X'). = ———30N(a + N)(a + 2N) (a* + 62’ N + o? (6N? — 3)
aqal

—26aN — 26N? +2),

1
(br X 2tr X %tr X?). = ———24N(a + N) (2a° — 17a* 4 10 (3a® — 13) N*
aqal

+20 (30” — 13) aN? + 23a°+
+2 (230 — 120a” + 57) N? 4 2 (8a* — 550 4 57) aN — 8) ,

(r X tr X Xtr Xt =0,

(tr X Mr X Mr X'er X, =

2N(a+ N),
ajag
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1
(r X Mr X Mr X Mr X' e = ——— 12N (o + N)(a + 2N),
a2ag

(tr X~ %tr Xtr X e X)), = 0,
1
(ErX"2tr X " 2tr X'r XM, = ——24N(a + N) (2* + 9a°N + a? (ON? - 5)
aszai
—2laN — 21N? +3),

(tr X~ 2tr X 2tr X " Mr X1, = — 120N (a + N)(a + 2N) (a* + 6N

a4qai1ao
+a? (6N? — 3) — 26N — 26N? +2) ,

1
(tr X = 2tr X ~Hr X " Mr X2), = — 24N (a + N)(=1+ a+ 2N)(a + 2N)

azailag

(14 a+2N)(2a% - 3),
1

(tr X ~2tr X ~Hr X2tr X1, = ——8N(a+ N)(—1+ a? + 3aN + 3N?),
a2a0
(tr X~ %tr X2tr X Mr X1). = 0,

1
(tr X~ 1tr X2tr X%tr X1), = ——24N(a + N)(a + 2N),
ag

1
(tr X ~1er X~ Mr X2 tr X2), = — 24N?(a + N)?,
a1ao
1
(ErX Ber X e X Mr X2 = — 24N (a + N) (100 (@® — 2) N* +200c (a® — 2) N3+
asqai1ao

+2 (73a* — 165a% + 52) N? + 2a (23a* — 6507 + 52) N
+5a? (a4 —3a?% + 2)) .

A.6. Topological Expansion of Some Mixed Correlators

We compute the first terms in the large IV expansion for some of the above
mixed correlators, see with Proposition 1.2.

12 24 18
tr X 2tr X3), = —N 6)
{br X7 X5)e ((6—1)3+(C—1)2+c—1+

_i( 12 " 24 n 12 >+
N\(c—1)5 " (c—1)4 " (c—1)3

1 12 24 12
v (e e )

- % ((c i21)9 e 341)8 e 121)7) o (%) ’

400 1400 1968 1420
tr X Hr XY, = —
o Xer X5) ((c— e P em1p e
n 560 " 120 " 16 n 2) "
(c—=1)2  (¢—1)2 -1
1 5600 19600 26920 18300
- = + + +
N \(e=19 " =1 (=17 " (c=1)
6320 " 980 n 40 ) n
c—1f P e—i T emp
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L ( 58800 205800 | 280448 186620
N\ (c—DT T =10 " (c—1)° " (c—1)8

" 61560 " 8620 n 232 )—FO(L)
(c—1)7 " (c—1)6 ' (c—1) N6 )’

16
(tr X ~Hr X2tr X?). = —N? (—1 +24+8(c— 1)) ,
c_

g s 1 72 144 88 16
(r X X Xe = =13 ((e— 05 T e—n7 T em s T em 1)5) *
1 912 1824 1112 200
TN ((a—l)w oy T T <c—1>7)
1 9144 18288 11160 2016
5 (o0 * ot e o)

1
+ O (W) s
1 720 2160 2544 1488
N3 <(671)10 + (c—1)9 + (c—1)8 + (c—1)7
432 48 1 19200 57600
HCE <c—1>5> N ((c— DRI
66864 37728 10344 1080
T Tem T T (c—1)7>
i( 377040 + 1131120 n 1304688 n 724176
N \(c=D" " (c—1)1B " (c—112 " (c— 1!

193056 19488 ) o(i)
(c— 110 " (c—1) No )’

(tr X 3tr X ~2tr X2tr X?), =

(X5t X X X2) 1 2400 7200 8304 4608
I r I r = ——
TN\ (e—DIT T (e—DO T (c—1)9 " (c—1)8
1224 120 )
_|_
c—17 " (-1

1 [ 69600 208800 239904
N7 ((c—1)13 (c—12 " (c—1)n
131808 34464 3360
ot fem Ty o)
1 (1430400 ~ 4291200 4923408 2694816
N9 ((c—1)15 (c—DH " (c—1)1B " (c—1)12

700248 68040 o 1
+(c_1)11 +(C_1)10+ + N1 J°
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