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The Positive Mass Theorem for Non-spin
Manifolds with Distributional Curvature

Yuqiao Li

Abstract. We prove the positive mass theorem for manifolds with distri-
butional curvature which have been studied in Lee and LeFloch (Com-
mun Math Phys 339(1):99–120, 2015) without spin condition. In our case,

the manifold M has asymptotically flat metric g ∈ C0 ⋂
W 1,p

−q , p > n,

q > n−2
2

. We show that the generalized ADM mass mADM (M, g) is non-
negative as long as q = n− 2, and g has nonnegative distributional scalar
curvature, bounded curvature in the Aleksandrov sense with its distribu-
tional Ricci curvature belonging to certain weighted Lebesgue space and
some extra conditions.

Mathematics Subject Classification. 53C44, 83C99.

1. Introduction

Suppose that (M, g) is an asymptotically flat n-manifold. The positive mass
theorem says that if the scalar curvature of (M, g) is integrable and nonnega-
tive, then the ADM mass of (M, g) is nonnegative. This was proved by Schoen
and Yau [11] under the condition of n < 8 and by Witten [14] for spin mani-
folds of any dimension. Bartnik [1] showed that the mass is independent of the
choice of the coordinate at infinity provided that the metric g ∈ W 2,p

−q , p > n,
q ≥ n−2

2 with R(g) ∈ L1. Miao [9] established the positive mass theorem on
manifolds with corners along a hypersurface Σ adding the condition which
was seen as a replacement of the nonnegativity of the scalar curvature that
the mean curvature of the hypersurface in the compact part is larger than or
equal to the mean curvature of the hypersurface in the noncompact part. He
constructed smoothings gε of g in a tubular neighborhood of Σ and then used
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conformal change of gε to make the scalar curvature nonnegative. McFeron
and Szekelyhidi [8] proved Miao’s theorem by Ricci flow to smooth the metric.

Recently, Lee and LeFloch [6] generalized the scalar curvature and the
ADM mass to distributional sense and proved a positive mass theorem for
spin n-manifolds with g ∈ C0

⋂
W 1,n

loc . They generalized Witten’s arguments
on spin manifolds and formulated the Lichnerowicz Weitzenbock identity in
the distributional sense. Their main theorem is

Theorem 1.1. Let M be a smooth spin n-manifold(n ≥ 3) with an asymptoti-
cally flat metric g ∈ C0

⋂
W 1,n

−q , q > n−2
2 , if the distributional scalar curvature

� Rg, u �≥ 0 for every compactly supported smooth nonnegative function u,
then its generalized ADM mass mADM (M, g) is nonnegative, that is,

mADM (M, g) ≥ 0

Moreover, mADM (M, g) = 0 if and only if (M, g) is isometric to Euclidean
space.

We consider the problem without the assumption that M is spin. Cer-
tainly, we have to add some extra conditions on the geometry of (M, g) because
the proof of Schoen and Yau for manifolds with n < 8 is hard to generalize
in weak regularity. Our approach is to construct smoothings gε of the met-
ric and use Ricci flow to ensure the positivity of the scalar curvature. Then,
we use classical positive mass theorem on the smoothings to get the mass of
gε is nonnegative. Finally, we get the mass of gε converges to that of g as ε
tends to zero under some assumptions and thus obtain the mass of g is also
nonnegative. Our main theorem is the following.

Theorem 1.2. Let M be a smooth n-manifold (3 ≤ n ≤ 7) with an asymptoti-
cally flat metric g ∈ C0

⋂
W 1,p

−q , p > n, q > n−2
2 . Assume that

(i) g has bounded curvature Rm(g)

C ′ ≤ Rm(g) ≤ C

in the sense of Aleksandrov, and the set Ω = {x ∈ M : Rm(g)(x) ≤ 0} is
compact;

(ii) g has nonnegative scalar curvature distribution Rg

� Rg, u �≥ 0

for any smooth compactly supported nonnegative function u on M ;
(iii) the Ricci curvature distribution � Rij , u � is in Lp

−q−2;
(iv)

lim
δ→0

1
δ

∫

0<l(x)<δ

V · ∇̄ldμh = 0

where l(x) = dist(x,Ω), for any smooth background metric h, · and ∇̄
are inner product and Levi-Civita connection with respect to h, V is as
in the definition of scalar curvature distribution;

(v) Rg is a finite, signed measure outside a compact set;
(vi) q = n − 2.
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Then, its generalized ADM mass mADM (M, g) is nonnegative. Moreover,
mADM (M, g) = 0 if and only if (M, g) is isometric to the Euclidean space.

Briefly speaking, we will construct smoothings gε that approaches g and
these conditions guarantee that gε nearly satisfies the assumptions of the pos-
itive mass theorem. We will see in the following discussion that (i), (iii) imply
gε ∈ W 2,p

−q ; (ii), (iv) ensure that Rgε
is almost nonnegative; and (v), (vi) con-

nect the mass of gε to that of g.
In Sect. 2, we will state some basic definitions and properties about ADM

mass and generalized ADM mass. Then, a brief description of the Ricci flow and
mass under the Ricci flow is discussed. In Sect. 3, we construct the smoothings
gε and we can see where the extra conditions are used from the construction. In
Sect. 4, we discuss the change of scalar curvature after smoothing. In Sect. 5,
the change of mass is discussed and we get the convergence of mass. In Sect. 6,
we prove the main theorem.

2. Preliminaries

2.1. The ADM Mass

We first recall several definitions about weighted Sobolev spaces and asymp-
totically flat manifolds in [1]. Let r = |x|, σ = (1 + r2)1/2 for x ∈ R

n, n ≥ 3.

Definition 2.1. The weighted Lebesgue space Lp
δ , 1 ≤ p ≤ ∞, with weight

δ ∈ R is the space of all functions u in Lp
loc(R

n) such that the following Lp
δ

norm is finite

‖u‖Lp
δ

=

{(∫
Rn |u|pσ−δp−ndx

)1/p
, p < ∞,

ess sup
Rn(σ−δ|u|), p = ∞.

The weighted Sobolev space W k,p
δ is the space of all functions u with finite

norm

‖u‖W k,p
δ

=
k∑

j=0

‖Dju‖Lp
δ−j

Definition 2.2. A smooth n-manifold (M, g) with complete Riemannian metric
g ∈ W 1,q

loc for some n < q < ∞ is said to be asymptotically flat if there is a
compact set K ⊂⊂ M such that there is a diffeomorphism Φ : M\K → R

n\BR

where BR is a closed ball in R
n satisfies

(Φ∗g)ij − δij ∈ W 1,q
−τ , for some decay rate τ > 0

We may consider Φ as the coordinates of M at infinity, so we will usually
write g ∈ W 1,q

−τ (M) to denote that (M, g) is asymptotically flat. Fix a metric
h on M which is the Euclidean metric outside K, and let r be the smooth
function on M such that r = |x| outside Φ−1(B2) and r = 1 on Φ−1(B1).
Then, we can also define the weighted Holder norm Ck,α

δ as
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‖u‖Ck,α
δ

=
k∑

0

sup
M

r−δ+j |∇ju|

+ sup
x,y∈M

(

min(r(x), r(y))−δ+k+α |∇ku(x) − ∇ku(y)|
|x − y|α

)

where the derivatives and norms are taken with respect to h.
If g ∈ C1,α

−δ for δ > n−2
2 and the scalar curvature R(g) ∈ L1, then the

ADM mass is defined by

m(g) =
1

c(n)
lim

r→∞

∫

∂Br

(gij,j − gjj,i)dSi

where the derivatives are taken with respect to the Euclidean metric. Bartnik
showed that the mass is a geometric invariant under the above asymptotic
decay condition, that is, the mass is independent of the choice of the coordinate.
The idea is based on the expression of the scalar curvature of (M, g) in local
coordinates, and the scalar curvature can be written as

R(g) = |g|− 1
2 ∂i

(

|g| 1
2 gij

(

Γj − 1
2
∂j(log |g|)

))

− 1
2
gijΓi∂j(log |g|) + gijΓl

ikΓk
jl

where Γi = gklΓi
kl. For asymptotically flat metric in C1,α

−δ for δ > n−2
2 , we have

|g| 12 gij

(

Γj − 1

2
∂j(log |g|)

)

= gij,j − gjj,i + O(r−1−2δ)

c(n)m(g) =

∫

M\Br

R(g)dV +

∫

∂Br

|g| 12 gij

(

Γj − 1

2
∂j(log |g|)

)

dSi

−
∫

M\Br

(
1

2
gijΓi∂j(log |g|) − gijΓl

ikΓk
jl

)

dV

=

∫

M\Br

R(g)dV +

∫

∂Br

(gij,j − gjj,i)dSi + O(r−λ)

for some λ > 0. The positive mass theorem is the following.

Theorem 2.3. If M is spin or n ≤ 7, g ∈ C1,α
−δ , δ > n−2

2 , α ∈ (0, 1), R(g) ≥
0, R(g) ∈ L1(M), then m(g) ≥ 0, and equality holds only when (M, g) is
isometric to Euclidean space.

2.2. The Generalized ADM Mass

In this paper, we are given a smooth n-manifold M with n ≥ 3 endowed with a
fixed smooth background metric denoted by h. Let us describe the definitions
of generalized scalar curvature and the generalized ADM mass originated from
[6].

Definition 2.4. Let (M,h) be a smooth Riemannian manifold, and let h be the
smooth background metric. Given any Riemannian metric g ∈ L∞

loc

⋂
W 1,2

loc on
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M with g−1 ∈ L∞
loc, for any compactly supported smooth function u : M → R,

the scalar curvature distribution Rg is defined by

� Rg, u �:=
∫

M

(

−V · ∇̄
(

u
dμg

dμh

)

+ Fu
dμg

dμh

)

dμh

where

Γk
ij =

1
2
gkl(∇̄igjl + ∇̄jgil − ∇̄lgij) = Γk

ij(g) − Γ̄k
ij

V k = gijΓk
ij − gikΓj

ji = gijgkl(∇̄jgil − ∇̄lgij)

F = R̄ − ∇̄kgijΓk
ij + ∇̄kgikΓj

ji + gij(Γk
klΓ

l
ij − Γk

jlΓ
l
ik)

and ∇̄,R̄ are the Levi-Civita connection and scalar curvature with respect to
h, Γk

ij(g) and Γ̄k
ij denote the Christoffel symbols of g and h, respectively, the

dot product is taken using the metric h, and dμh and dμg denote the volume
measures with h and g, respectively.

In the case of g ∈ C2, the scalar curvature distribution Rg is well-defined
in the usual way and is a continuous function; in this case, � Rg, u �=∫

M
Rgudμg. And � Rg, u � does not depend on the choice of the background

metric h, as long as g ∈ C0
⋂

W 1,2
loc . Rg is said to be nonnegative when �

Rg, u �≥ 0 for every nonnegative test function u. In [6], they also showed that
if g ∈ C0

⋂
W 1,n

loc , then � Rg, u � makes sense for all compactly supported
functions u ∈ L

n
n−2 with ∇̄u ∈ L

n
n−1 .

Now let M be a smooth n-dimensional asymptotically flat manifold such
that there is a compact set K ⊂ M and a diffeomorphism Φ between M\K
and R

n\B1(0), where B1(0) denotes the unit ball in R
n. Choose any smooth

background metric h on M such that hij = δij in the coordinate chart M\K ∼=
R

n\B1(0) determined by Φ. We also choose a smooth positive function r on
M that is the radial coordinate on M\K ∼= R

n\B1(0) and is less than 2 on K.

Definition 2.5. Let M,Φ, h, r be as above. For any p ≥ 1 and q > 0 , a L∞
loc

Riemannian metric g on M with L∞
loc inverse is W k,p

−q , then the generalized
ADM mass of (M, g) is defined as

mADM (M, g) :=
1

2(n − 1)wn−1
inf
ε>0

lim inf
ρ→+∞

(
1
ε

∫

ρ<r<ρ+ε

V · ∇̄rdμh

)

where V is the vector field in the definition of scalar curvature distribution
and wn−1 is the volume of the standard unit (n − 1)-sphere.

From the definition of the distributional ADM mass, if g ∈ W 2,p
−q for

p > n, q > n−2
2 and its scalar curvature is integrable, then the generalized

ADM mass is equivalent to the usual definition of ADM mass. So mADM is
actually a generalization of the usual ADM mass.
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2.3. The Ricci Flow and Mass Along Ricci Flow

The Ricci flow is a family of metrics g(t) on a Riemannian manifold M satis-
fying the equation

∂

∂t
g = −2Ric

where Ric is the Ricci tensor of the time-dependent metric g(t). For any C∞

metric g0 on a closed manifold Mn, there exists a unique solution g(t), t ∈ [0, ε),
to the Ricci flow equation for some ε > 0, with g(0) = g0 [2]. Because of the
diffeomorphism invariance of the Ricci tenser, the Ricci flow equation is only
weakly parabolic, so we have to use the DeTurck’s trick to get an equivalent
flow which is strictly parabolic. Given a fixed background connection Γ̃ which
is assumed to be the Levi-Civita connection of a metric g̃, we define the Ricci-
DeTurck flow by

∂

∂t
gij = −2Rij + ∇iWj + ∇jWi

g(0) = g0

where the time-dependent 1-form W = W (t) is defined by

Wj = gjkgpq(Γk
pq) − Γ̃k

pq.

Shi [12] also showed the short existence of the Ricci flow on noncompact
manifold with bounded curvature. Given an asymptotically flat n-manifold
(M, g), g ∈ C2

δ , assume that g has uniformly bounded curvature, then by the
result of Shi, there is a Ricci flow g(t) with g(0) = g in a short time interval.
Dai-Ma [3] proved that along the Ricci flow, the metric remains asymptotically
flat of the same order, i.e., g(t) ∈ C2

δ , by the maximum principle of Ecker–
Huisken [4]. Li [7] recently also showed that the asymptotically flat condition is
preserved under Ricci flow and if the initial metric g(0) ∈ C2

δ with δ > n−2
2 and

R ∈ L1, then the mass is unchanged. He also showed that the longtime exis-
tence of the Ricci flow on an asymptotically flat 3-manifold with nonnegative
scalar curvature will imply the positive mass theorem.

3. Construction of Smoothings

Let M be an asymptotically flat n-manifold (n ≥ 3) with background metric
h. Assume that g ∈ C0

⋂
W 1,p

−q , p > n, q > n−2
2 is a Riemannian metric on M ,

then by the Sobolev inequality of weighted Sobolev space from [1], we have

‖g‖∞,−q ≤ C‖g‖1,p,−q

for some constant C independent of q, so g ∈ L∞
−q. That is |g| = o(r−q)

as r → ∞ by the definition of the weighted Sobolev space. Also, from the
following inequality, for 0 < α ≤ 1 − n

p < 1, then

‖g‖C0,α
−q

≤ C‖g‖1,p,−q
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so g ∈ C0,α
−q , that is ‖g‖C0,α

−q (M\BR) = o(1) as R → ∞, where BR is a geodesic
ball of radius R in M .

Let us recall some facts about complete manifold with bounded curvature.
From [10], we know that such metrics are locally C1,α.

Theorem 3.1. Let M be a space with bounded curvature. Then in a neigh-
borhood of each point, we can introduce a harmonic coordinate system. The
components gij of the metric tensor in any harmonic coordinate system in M
are continuous functions of W 2,p(Ω) for any p ≥ 1 where Ω ⊂ R

n is a domain
of harmonic coordinate.

Thus, if we assume that g ∈ C0
⋂

W 1,p
−q with bounded curvature, then

g ∈ W 2,p
loc . From [13], we have the following theorem with the assumption of

bounded curvature.

Theorem 3.2. Let g ∈ C0 be a metric with bounded curvature on a manifold
M , with curvature K(g)

C ′ ≤ K(g) ≤ C

in the sense of Aleksandrov. We may approximate g by smooth Riemannian
metrics gα, α ∈ N such that

C ′ − 1
α

≤ K(gα) ≤ C +
1
α

,

lim
α→∞ |gα − g|C1,β(Ω) → 0,

lim
α→∞ |gα − g|C0(M) → 0,

for open Ω ⊂ M whose closure is compact. Furthermore if the curvature satis-
fies

B′g ≤ Ricci(g) ≤ Bg

then

(B′ − 1
α

)gα ≤ Ricci(gα) ≤ (B +
1
α

)gα.

Let gεi
, i ∈ N, εi → 0 as i → ∞ be the smooth Riemannian metrics

in Theorem 3.2 that approximate g. We will omit i for convenience. Then,
gε ∈ W 1,p

−q for ε small and satisfy

1
1 + C1(ε)

gεij ≤ gij ≤ (1 + C1(ε))gεij

1
1 + C1(ε)

gij
ε ≤ gij ≤ (1 + C1(ε))gij

ε

1
1 + C1(ε)

∂gεij ≤ ∂gij ≤ (1 + C1(ε))∂gεij

1
1 + C1(ε)

∂gij
ε ≤ ∂gij ≤ (1 + C1(ε))∂gij

ε .

Similar to the definition of the scalar curvature distribution, we can also
define the Ricci curvature distribution.
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Definition 3.3. Let (M,h) be a smooth Riemannian n-manifold with smooth
background metric h. Given any metric g ∈ L∞

loc

⋂
W 1,2

loc on M with g−1 ∈ L∞
loc,

for any compactly supported smooth function u : M → R, the Ricci curvature
distribution Rij(g) is defined by

� Rij(g), u �=

∫

M

(

−Γk
ij · ∇̄k

(

u
dμg

dμh

)

+ Γk
ik∇̄j

(

u
dμg

dμh

))

dμh +

∫

M

Gudμg

where

G = Rij(h) + Γk
ijΓ

l
kl − Γk

ilΓ
l
kj

Γk
ij = Γk

ij(g) − Γk
ij(h)

and ∇̄,R̄ are the Levi-Civita connection and scalar curvature with respect to
h, Γk

ij(g) and Γ̄k
ij denote the Christoffel symbols of g and h, respectively, the

dot product is taken using the metric h, and dμh and dμg denote the volume
measures associated with h and g, respectively.

We then define the weighted Lebesgue spaces Lp
δ in the distributional

sense.

Definition 3.4. The distributional Ricci curvature � Rij(g), u � is said to be
Lp

δ if its norm

� Rij(g), u �Lp
δ
=

∫

M

|Rij(h)|pr−δp−nudμg

+
∫

M

(|Γk
ijΓ

l
kl|

p
2 + |Γk

ilΓ
l
kj |

p
2 )r(−δ−1)p−nudμg

+
∫

M

|Γk
ij |pr(−δ−1)p−n|∇̄k

(

u
dμg

dμh

)

|dμh

+
∫

M

|Γk
ik|pr(−δ−1)p−n|∇̄j

(

u
dμg

dμh

)

|dμh (3.1)

is finite for any compactly supported smooth function u on M .

Proposition 3.5. Let M be a smooth manifold with a smooth background metric
h. Given any Riemannian metric g ∈ C0

⋂
W 1,p

loc , then the scalar curvature dis-
tribution Rg in the sense of Definition 2.4 and the Ricci curvature distribution
Rij(g) in the sense of Definition 3.3 make sense for all compactly supported
functions u ∈ L

p
p−2 with its derivatives lie in L

p
p−1 .

Proposition 3.6. If � Rij(g), u �∈ Lp
−q−2, then Rij(gε) ∈ Lp

−q−2.

Proof. Given any ρ > 2, consider the cutoff function

vρ(x) =

⎧
⎪⎨

⎪⎩

1, r(x) ≤ ρ

2 − r
ρ , ρ < r(x) ≤ 2ρ

0, r(x) > 2ρ.

(3.2)
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Since vρ(x) is compactly supported Lipschitz continuous function, by Propo-
sition 3.5, let u = vρ

dμgε

dμg
, h = gε, δ = −q − 2 in (3.1), we have

� Rij(g), u �Lp
−q−2

=
∫

M

|Rij(gε)|pr(q+2)p−nvρdμgε

+
∫

M

(|Γk
ijΓ

l
kl|

p
2 + |Γk

ilΓ
l
kj |

p
2 )r(q+1)p−nvρdμgε

+
∫

M

|Γk
ij |pr(q+1)p−n|∇̄kvρ|dμgε

+
∫

M

|Γk
ik|pr(q+1)p−n|∇̄jvρ|dμgε

= I + II + III + IV < ∞.

Since g ∈ W 1,p
−q and gε ∈ W 1,p

−q , we have Γk
ij ∈ Lp

−q−1 and Γk
ijΓ

l
kl ∈ L

p
2
−2q−2. By

the fact that −2q − 2 < −n, then L
p
2
−2q−2 ⊂ L1

−n = L1, we have II < ∞.

III =
∫

{ρ<r<2ρ}
|Γk

ij |pr(q+1)p−n 1
ρ
|∇̄r|dμgε

=
1
ρ

∫

{ρ<r<2ρ}
|Γk

ij |pr(q+1)p−ndμgε

<
1
2
‖Γk

ij‖Lp
−q−1

< ∞
for ρ > 2. And so IV < ∞. Thus, we have Rij(gε) ∈ Lp

−q−2. �

We will need the following theorem in [1].

Theorem 3.7. Suppose (M, g,Φ) is a structure of infinity with Φ∗g − δ ∈
W 2,p

−η (Rn\BR) for some η > 0, q > 0, R ≥ 1, the Ricci tensor of (M, g)
satisfies

Ric(g) ∈ Lp
−τ−2(M)

for some nonexceptional τ > η. Then, there is a structure of infinity Θ
defined by coordinates harmonic near infinity which satisfies (Θ∗g − δ) ∈
W 2,p

−τ (Rn\BR1), for some R1 ≥ R.

Note that δ ∈ R is said to be nonexceptional if δ ∈ R/{k ∈ Z, k 
=
−1,−2, . . . , 3−n}, where the exceptional values {k ∈ Z, k 
= −1,−2, . . . , 3−n}
correspond to the orders of growth of harmonic functions in R

n\B1.

Theorem 3.8. Let (M, g) be an asymptotically flat n-manifold (3 ≤ n ≤ 7)
with g ∈ C0

⋂
W 1,p

−q , p > n, q > n−2
2 . Assume that g has bounded curvature

and its distributional Ricci curvature � Rij(g), u �∈ Lp
−q−2, then there is a

series of smoothings gε such that gε → g in C1,α
loc as ε → 0 and gε ∈ W 2,p

−q .

Proof. Let gε as above, then gε → g in W 1,p
loc as ε → 0 and thus gε ∈ W 1,p

−q as
long as ε small. From Theorem 3.2, we know gε → g in C1,α

loc as ε → 0. We
can apply Theorem 3.1 to get g ∈ W 2,p

loc , so gε ∈ W 2,p
loc . By the definition of the
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weighted Sobolev spaces, it is easy to see that Lp
δ is equivalent to the usual

Sobolev space when δ = −n
p . Therefore, gε ∈ W 2,p

− n
p
. Proposition 3.6 implies

that Rij(gε) ∈ Lp
−q−2. If n

p < q, since n
p > 0, we have gε ∈ W 2,p

−q by Theorem
3.7. If n

p > q, then ∂∂gε ∈ Lp
− n

p −2 ⊂ Lp
−q−2. Thus, we also get gε ∈ W 2,p

−q . �

4. The Change of the Scalar Curvature

We now focus on the scalar curvature. Under the hypothesis of Theorem 3.8, let
gε be the smoothings constructed in the previous section. From the definition
of the scalar curvature distribution, we assume

� Rg, u �≥ 0

for any smooth compactly supported nonnegative function u. We choose gε as
the background metric and

u = v
dμgε

dμg

where v is a smooth compactly supported nonnegative function on M . Then
according to Definition 2.4,

� Rg, u � =
∫

M

(

−
(

V · ∇̄
(

u
dμg

dμgε

))

+ Fu
dμg

dμgε

)

dμgε

=
∫

M

(
− gijgkl(∇̄jgil − ∇̄lgij)∇̄kv

+
(
Rε − ∇̄kgijΓk

ij + ∇̄kgikΓj
ji + gij

(
Γk

klΓ
l
ij − Γk

jlΓ
l
ik

))
v
)
dμgε

≥ 0
(4.1)

where Rε and ∇̄ are the scalar curvature and Levi-Civita connection of gε.
Then,

∫

M

Rεvdμgε
≥

∫

M

gijgkl(∇̄jgil − ∇̄lgij)∇̄kvdμgε

+
∫

M

(∇̄kgijΓk
ij − ∇̄kgikΓj

ji − gij(Γk
klΓ

l
ij − Γk

jlΓ
l
ik))vdμgε

.

(4.2)
Let g ∈ C0

⋂
W 1,p

−q , p > n, q > n−2
2 , so g ∈ C0

⋂
W 1,p

loc ,for p > n, then by
Proposition 3.5, the distributional curvature � Rg, u � makes sense for all
compactly supported functions u ∈ L

p
p−2 whose derivatives lie in L

p
p−1 .

Now we assume g has bounded curvature in the sense of Aleksandrov
and the set {x ∈ M : Rm(g)(x) ≤ 0} is compact, where Rm(g)(x) is the
curvature of g. Theorem 3.2 implies that the set {x ∈ M : Rm(gε)(x) ≤ 0} is
also compact and so is {x ∈ M : Rε(x) ≤ 0}. Let U = {x ∈ M : Rε(x) ≤ 0},
Uδ = {x ∈ M : dist(x,U) ≤ δ}, l = dist(x,U),
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v =

⎧
⎪⎨

⎪⎩

1, in U,

1 − l(x)
δ , in Uδ\U

0, outside of Uδ.

From (4.2), we have
∫

Uδ

Rεvdμgε
≥

∫

Uδ

(∇̄kgijΓk
ij − ∇̄kgikΓj

ji − gij(Γk
klΓ

l
ij − Γk

jlΓ
l
ik))vdμgε

+
∫

Uδ\U

V · ∇̄vdμgε
= I + II (4.3)

and
∫

{Rε<0}
Rεdμgε

< 0

By direct calculation, we get

|Γk
ij | = |Γk

ij(g) − Γk
ij(gε)|

= |1
2
gkl(gil,j + gjl,i − gij,l) − 1

2
gkl

ε (gεil,j + gεjl,i − gεij,l)|

= |1
2
gkl(gil,j − gεil,j) +

1
2
(gkl − gkl

ε )gεil,j +
1
2
gkl(gjl,i − gεjl,i)

+
1
2
(gkl − gkl

ε )gεjl,i +
1
2
(gkl

ε − gkl)gεij,l +
1
2
gkl(gεij,l − gij,l)|

≤ C1(ε)|gε ∗ ∂gε|
and

|Γj
kl(gε)Γk

ij | ≤ C1(ε)Q(g−1
ε , ∂gε)

where Q is a quadratic form of g−1
ε and ∂gε. Thus,

|∇̄kgijΓk
ij | = |(∂kgij − Γi

kl(gε)glj − Γj
kl(gε)gil)Γk

ij |
= |(∂kgij − 2Γi

kl(gε)gjl)Γk
ij |

≤ C1(ε)Q(g−1
ε , ∂gε),

and

|Γk
klΓ

l
ij | ≤ C1(ε)2Q1(g−1

ε , ∂gε)

where Q1 is another quadratic form of g−1
ε and ∂gε.

Under the conditions of Theorem 3.8, gε ∈ W 2,p
−q , then

Γk
ij(gε) = O(r−q−1),

gkl
ε = 1 + O(r−q),

gεij,l = O(r−q−1),

Q = O(r−2q−2),
Q1 = O(r−2q−2).
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Returning to the scalar curvature, we get

I ≤
∫

Uδ

(C1(ε)Q + C1(ε)2Q1)vdμgε

= C1(ε)
∫

Uδ

(Q + C1(ε)Q1)vdμgε
.

(4.4)

Observe that the integrand of the above inequality is O(r−2q−2), and since
−2q − 2 < −n and by our assumption that the set {x ∈ M : Rε < 0} is
compact, then the integral is finite and

I ≥ −C1(ε)

and

II =
∫

Uδ\U

V · ∇̄vdμgε
= −

∫

0<l<δ

1
δ
V · ∇̄ldμgε

. (4.5)

Therefore, we can finally prove the following theorem.

Theorem 4.1. Under the conditions of Theorem 3.8, we further assume that

� Rg, u �≥ 0

and the set Ω = {x ∈ M : Rm(x) ≤ 0} is compact and satisfies

lim
δ→0

1
δ

∫

0<l(x)<δ

V · ∇̄ldμh = 0

where l(x) = dist(x,Ω), for any smooth background metric h, · and ∇̄ are inner
product and Levi-Civita connection with respect to h, V is as in the definition of
scalar curvature distribution. Then, there is a series of smoothings gε ∈ W 2,p

−q ,
such that

1
1 + C1(ε)

g ≤ gε ≤ (1 + C1(ε))g

with limε→0 C1(ε) = 0 and
∫

{Rε<0}
Rεdμgε

≥ −C(ε)

where limε→0 C(ε) = 0.

Proof. From Theorem 3.8, we get gε ∈ W 2,p
−q . On Uδ\U , we have Rε > 0, so

Rεv < Rε since v < 1. Thus,
∫

Uδ

Rεvdμgε
<

∫

Uδ

Rεdμgε

then

lim
δ→0

∫

Uδ

Rεvdμgε
≤ lim

δ→0

∫

Uδ

Rεdμgε
=

∫

U

Rεdμgε

Let δ → 0 in (4.3), and from (4.4), (4.5), we get
∫

{Rε≤0}
Rεdμgε

≥ −C(ε) − lim
δ→0

1
δ

∫

Uδ\U

V · ∇̄ldμgε
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Let Ωδ = {x ∈ M : dist(x,Ω) ≤ δ}, from our assumption, we have

lim
δ→0

1
δ

∫

Ωδ\Ω

V · ∇̄ldμgε
= 0

From Theorem 3.2, there exists C2(ε) such that for every δ,

V ol((Uδ\U)\(Ωδ\Ω)) < C2(ε)δ

with limε→0 C2(ε) = 0. Since g ∈ W 1,p
−q , we have V ∈ Lp

−q−1, so V ∈ L1
loc.

Therefore,

lim
δ→0

1
δ

∫

Uδ\U

V · ∇̄ldμgε

≤ lim
δ→0

1
δ

∫

Ωδ\Ω

V · ∇̄ldμgε
+ lim

δ→0

1
δ

∫

(Uδ\U)\(Ωδ\Ω)

V · ∇̄ldμgε

≤ C2(ε)

Then, we get the result. �

5. The Change of Mass

Now we consider the change of mass after smoothing. Let M be a smooth
asymptotically flat n-manifold such that there is a diffeomorphism Φ between
M\K and R

n\B1(0), for some compact set K ∈ M , B1(0) denotes the unit
closed ball in R

n. Choose h to be the smooth background metric such that
hij = δij through Φ. Let r be the radial coordinate outside K and less than 2
in K. Let g ∈ C0

⋂
W 1,p

−q be an asymptotically flat metric on M with p > n

and q ≥ n−2
2 . From Theorem 3, there is a series of smoothings gε ∈ C∞ such

that gε → g in W 1,p
loc as ε → 0. And From [6], we have

Theorem 5.1. Let g be a W 2,p
−q asymptotically flat metric with p > n and

q ≥ n−2
2 , and assume that the scalar curvature of g is integrable. Then, the

generalized ADM mass coincides with the standard ADM mass.

Theorem 5.2. Let M be a smooth n-manifold with asymptotically flat metric
g ∈ C0

⋂
W 1,p

−q , p > n, q > n−2
2 . Assume that g has bounded curvature C ′ ≤

Rm(g) ≤ C, in the sense of Aleksandrov and the Ricci curvature distribution
� Rij , u �∈ Lp

−q−2. If the distributional scalar curvature � Rg, u � is a
finite, signed measure outside some compact set and q = n − 2, then, we have
a series of smoothings gε ∈ W 2,p

−q , such that

lim inf
ε→0

mADM (M, gε) = mADM (M, g)

Proof. From Theorem 3.8, we have gε ∈ W 2,p
−q . And by Theorem 3.2, we have

gε ∈ L1 because we assumed that Rg is a finite signed measure outside a
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compact set. Then, Theorem 5.1 implies that the distributional ADM mass of
gε is equal to the usual ADM mass.

mADM (M, g) − mADM (M, gε)

=
1

2(n − 1)ωn−1
inf
δ>0

lim inf
ρ→+∞

(
1
δ

∫

ρ<r<ρ+δ

V (g) · ∇̄rdμh

)

− 1
2(n − 1)ωn−1

lim
ρ→+∞

∫

ρ=r

(gεij,i − gεii,j)υjdσh

=
1

2(n − 1)ωn−1
inf
δ>0

lim inf
ρ→+∞

(
1
δ

∫

ρ<r<ρ+δ

(V (g) − V (gε)) · ∇̄rdμh

)

.

Now since
|V k(g) − V k(gε)|

= |gijgkl(gil,j − gij,l) − gij
ε gkl

ε (gεil,j − gεij,l)|
≤ |gijgklgil,j − gij

ε gkl
ε gεil,j | + |gijgklgij,l − gij

ε gkl
ε gεij,l|

≤ |((1 + C1(ε))3 − 1)gij
ε gkl

ε gεil,j | + |((1 + C1(ε))3 − 1)gij
ε gkl

ε gεij,l|
≤ 4C1(ε)(|gij

ε gkl
ε gεil,j | + |gij

ε gkl
ε gεij,l|)

we have
|mADM (M, g) − mADM (M, gε)|

≤ 1

2(n − 1)ωn−1
inf
δ>0

lim inf
ρ→+∞

(
1

δ

∫

ρ<r<ρ+δ

|V (g) − V (gε)|dμh

)

≤ 1

2(n − 1)ωn−1
inf
δ>0

lim inf
ρ→+∞

(
1

δ

∫

ρ<r<ρ+δ

4C1(ε)(|gij
ε gkl

ε gεil,j | + |gij
ε gkl

ε gεij,l|)dμh

)

=
4C1(ε)

2(n − 1)ωn−1
lim

ρ→+∞

∫

r=ρ

(|gij
ε gkl

ε gεil,j | + |gij
ε gkl

ε gεij,l|)dμh

The last equality follows from the fact that gε ∈ W 2,p
−q , then ∂gε ∈ C0,α

−q , which
consequences that the integrand of the last equality is Holder continuous. For
q = n − 2, ∂gε = O(r−q−1) = O(r−n+1) implies that the last limit is finite.
Thus,

|mADM (M, g) − mADM (M, gε)| ≤ C(n)C1(ε)

where C(n) is a constant depending on n. Then, we obtain the result. �

6. Proof of the Main Theorem

From the above discussion, we have shown that

Theorem 6.1. Let M be a smooth n-manifold (3 ≤ n ≤ 7) with an asymptoti-
cally flat metric g ∈ C0

⋂
W 1,p

−q , p > n, q > n−2
2 . Assume that

(1) g has bounded curvature Rm(g)

C ′ ≤ Rm(g) ≤ C

in the sense of Aleksandrov;
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(2) the Ricci curvature distribution � Rij , u �∈ Lp
−q−2;

(3) g has nonnegative scalar curvature distribution Rg

� Rg, u �≥ 0

for any smooth compactly supported nonnegative function u on M ;
(4) the set Ω = {x ∈ M : Rm(g)(x) ≤ 0} is compact;
(5)

lim
δ→0

1
δ

∫

0<l(x)<δ

V · ∇̄ldμh = 0

where l(x) = dist(x,Ω), for any smooth background metric h, · and ∇̄
are inner product and Levi-Civita connection with respect to h, V is as
in the definition of scalar curvature distribution;

(6) Rg is a finite, signed measure outside a compact set.

Then, we have a series of smoothings gε ∈ W 2,p
−q that satisfying

(1) 1
1+C1(ε)

g ≤ gε ≤ (1 + C1(ε))g, with limε→0 C1(ε) = 0;
(2) R(gε) ≥ B, with fixed B < 0;
(3)

∫
{R(gε)<0} |R(gε)|dμgε

< C(ε), with limε→0 C(ε) = 0 ;
(4) R(gε) ∈ L1;
(5) if q = n − 2, then lim infε→0 mADM (M, gε) = mADM (M, g).

We then follow the approach of [8] to prove the positive mass theorem in
our case. First, we state the existence of Ricci flow with initial data g ∈ C0

due to Simon [13].

Definition 6.2. Given a constant 1 ≤ δ < ∞, a metric h is δ-fair to g if h is
C∞ and there exists a constant k0 with

sup
x∈M

|Rm(h)(x)|h = k0 < ∞

and
1
δ
h(p) ≤ g(p) ≤ δh(p)

for all p ∈ M .

Theorem 6.3. Let h be a metric which is 1 + ε(n)-fair to g, then
• ∃T = T (n, k0) > 0 and a family of metrics g(t),t ∈ (0, T ] in C∞(M ×

(0, T ]) which solves the h-flow on (0, T ];
• h is 1 + 2ε(n)-fair to g(t) for t ∈ (0, T ];
• g(t) → g as t → 0 uniformly on compact sets.

where the h-flow is the Hamilton-DeTurck flow with metric h,

d
dt

gij = −2Rij + ∇iWj + ∇jWi

Wj = gjkgpq(Γk
pq − Γ̄k

pq)

where Γ̄ are the Christoffel symbols with respect to h.
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This flow is equivalent to the Ricci flow under a diffeomorphism and this
flow is parabolic, but the Ricci flow is not. The way to construct the solution
g(t) is as follows.

(i) take a sequence of smoothings gε converges to g;
(ii) for every ε, solve the h-flow in a short time with initial data gε to obtain

gε(t);
(iii) there exists a T > 0 independent of ε such that

|∇̄kgε(t)| ≤ Ckt−
k
2 (6.1)

for any t ∈ (0, T ], here ∇̄ is the Levi-Civita connection with respect to h
and Ck is independent of ε;

(iv) extract a subsequence of gε(t) as ε → 0 such that gε(t) → g(t) in Ck for
any k on compact set.
By Theorem 6.1, we know gε is (1+C1(ε)) fair to g and because the curva-

ture of g is uniformly bounded, and thus, the curvature of gε is also uniformly
bounded by Theorem 3.2. Let g(t) be the gε-flow on (0, T ] for sufficiently small
ε constructed in Theorem 6.3. In fact, we can modify gε to be equal to the
Euclidean metric outside a compact set, and it will also be 1 + C(ε)-fair to g.
Let gε(t) be the gε-flow with initial data gε in a short time.

Now gε ∈ W 2,p
−q ⊂ C1,α

−q for p > n, q > n−2
2 . By Lemma 16 of [8], there is a

T > 0 independent of ε, such that for any t0 ∈ (0, T ], we have gε(t) ∈ C1,α
−(q−α)

for t ∈ [t0, T ] and ε > 0. By taking ε → 0, we conclude that g(t) ∈ C1,α
−(q−α)

for t ∈ [t0, T ]. If q > n−2
2 and α is sufficiently small, then g(t) ∈ C1,α

−q′ with
q′ = q − α > n−2

2 . Therefore, g(t) is asymptotically flat in C1,α
−q with q > n−2

2 .
Next, we will check that g(t) satisfies the assumptions of positive mass

theorem. The following theorem in [8] will be used.

Theorem 6.4. Suppose that gε → g locally uniformly in C2 and gε ∈ C1,α
−q for

q > n−2
2 . In addition we assume that R(gε) ∈ L1 for all ε > 0 and the scalar

curvature of gε satisfies
∫

{R(gε)<0}
|R(gε)|dV < ε (6.2)

Then, the scalar curvature R(g) of g is nonnegative and integrable, and

m(g) ≤ lim inf
ε→0

m(gε)

assuming that the limit is finite.

Thus, we only have to check that gε(t) satisfies the assumptions of The-
orem 6.4. There is some slight difference between our condition and theirs in
[8].
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Theorem 6.5. Let M be an asymptotically flat n-manifold with smooth metric
g. Suppose g ∈ W 2,p

−q , p > n, q > n−2
2 , the scalar curvature R(g) is integrable,

and g has bounded curvature. Let g(t) be the Ricci flow for t ∈ [0, T ] starting
with g(0) = g. If

∫

M\Br

|R(g)|dV < η(r)

with limr→∞ η(r) = 0. Then, there exists η̃(r) depending not on t, such that
for t ∈ [0, T ] we have

∫

M\Br

|R(g(t))|dV < η̃(r)

and limr→∞ η̃(r) = 0. In particular, R(g(t)) ∈ L1 for t ∈ [0, T ].

Proof. The proof of the theorem is similar to the one in [8]. The difference is
that we only assume g ∈ W 2,p

−q , while they supposed that g ∈ C2
−q. Thus, we

do not have the decay of Ricci curvature, i.e., |Ric|2 < C|x|−2q−4 < C|x|−n−2,
which consequences

∫

M\Br1

|Ric|2dV < C

∫

M\Br1

r−n−2dV ≤ Cr−2
1 (6.3)

This is used in the proof of [8]. We will show that (6.3) is also right in our
situation with a bit difference and then the theorem is proved. For g ∈ W 2,p

−q ,
the Ricci curvature Ric of g is in Lp

−q−2. Since p > n ≥ 3, then p
2 > 1 and by

Holder inequality, we have
∫

M\Br1

|Ric|2dx

≤
(∫

M\Br1

(
|Ric|2r2(q+2)− 2n

p

) p
2

dx

) 2
p

(∫

M\Br1

(
r−2(q+2)+ 2n

p

) p
p−2

dx

) p−2
p

=

(∫

M\Br1

|Ric|pr(q+2)p−ndx

) 2
p

(∫

M\Br1

r(−2(q+2)+ 2n
p ) p

p−2 dx

) p−2
p

= ‖Ric‖2
Lp

−q−2
·
(∫

M\Br1

radx

) p−2
p

where a = (−2(q+2)+ 2n
p ) p

p−2 . Since q > n−2
2 , p > n, then we have 2(q+2) >

n + 2. Therefore,
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a =
(

−2(q + 2) +
2n

p

)
p

p − 2

= − 2(q + 2)
(

1 +
2

p − 2

)

+
2n

p − 2

= − 2(q + 2) +
2

p − 2
(n − 2(q + 2))

< − (n + 2) +
2

p − 2
(n − (n + 2))

= − (n + 2) − 4
p − 2

< −n − 2

As a result,
∫

M\Br1

|Ric|2dx < C

(∫

M\Br1

r−n−2dx

) p−2
p

= Cr
−2 p−2

p

1

and −2p−2
2 = −2 + 4

p ≤ −2 + 4
3 < 0. This is enough for proving the

theorem. �

Apply Theorem 6.5 to gε, we obtain R(gε(t)) ∈ L1 for t ∈ [0, T ] and for
every ε > 0. To check the condition (6.2), we need the next theorem.

Theorem 6.6. Let M be an asymptotically flat n-manifold with smooth metric
g. Suppose g ∈ W 2,p

−q , p > n, q > n−2
2 , the scalar curvature R(g) is integrable,

and g has bounded curvature. Let g(t) be the Ricci flow for t ∈ [0, T ] starting
with g(0) = g. For any t > 0 we have along the Ricci flow

lim
r→∞

∫

∂Br

|∇R|dS = 0

Moreover, if t0 > 0 then this convergence is uniform for t ∈ [t0, T ].

Proof. We know the evolution equation of the scalar curvature R(g(t))(x)
under the Ricci flow is

∂R

∂t
= ΔR + 2|Ric|2

In addition, we will work outside the compact set B where the asymptotic
coordinates are defined. As long as t ∈ [ t0

2 , T ], the metrics along the flow
are uniformly equivalent to the Euclidean metric outside B and also their
derivatives are controlled. Thus, the evolution equation is uniformly parabolic.

Let τ ∈ [t0, T ], p ∈ M\B, and choose r with 0 < r ≤
√

τ − t0
2 . Define the

parabolic cylinder

Q(r) = {(x, t) : |x − p| < r, τ − r2 < t < τ}
By the local maximum principle for parabolic equations (Theorem 8.1 in
LSU[5]), we get

sup
Q( r

2 )

|R| ≤ C(r)
(‖R‖L2(Q(r)) + ‖(|Ric|2)‖Ls(Q(r))

)
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with s > n
2 . By the derivative estimate (Theorem 11.1 in LSU[5]), we obtain

sup
Q( r

4 )

|∇R| ≤ C ′(r)

(

sup
Q( r

2 )

|R| + ‖(|Ric|2)‖Ls(Q( r
2 ))

)

Thus,

sup
Q( r

4 )

|∇R| ≤ C(r)
(‖R‖L2(Q(r)) + ‖(|Ric|2)‖Ls(Q(r))

)

Now we cover the sphere ∂Ba with balls Bi of radius r
4 . Each point can be

covered by at most c(n) of balls 4Bi, where c(n) depends on the dimension.
Then, we apply the last inequality and integrate to get

∫

∂Ba

|∇R|dS ≤ C(n, r)
(‖R‖L2(A(a,r)) + ‖(|Ric|2)‖Ls(A(a,r))

)
(6.4)

where A(a, r) = {(x, t) : d(x, ∂Ba) < r, τ − r2 < t < τ}.

Since g ∈ W 2,p
−q , then R ∈ Lp

−q−2 ⊂ Lp
−q−1 ⊂ L2

− n
2

= L2. Since

‖(|Ric|2)‖Ls(A(a,r)) =

(∫ τ

τ−r2

∫

Ba+r\Ba−r

|Ric|2sdxdt

) 1
s

and Ric ∈ Lp
−q−2, by p > n, q > n−2

2 , we can choose n < 2s < p, then

∫

Ba+r\Ba−r

|Ric|2sdx

≤
(∫

Ba+r\Ba−r

(
|Ric|2sρ((q+2)p−n) 2s

p

) p
2s

dx

) 2s
p

(∫

Ba+r\Ba−r

(
ρ(n−(q+2)p) 2s

p

) p
p−2s

dx

) p−2s
p

≤ ‖Ric‖2s
Lp

−q−2
·
(∫

Ba+r\Ba−r

ρzdx

) p−2s
p
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where z = (n − (q + 2)p) 2s
p · p

p−2s . Since

z =(n − (q + 2)p)
2s

p
· p

p − 2s

=
(

2ns

p
− 2s(q + 2)

) (

1 +
2s

p − 2s

)

= − 2s(q + 2) +
2s

p − 2s

(
2ns

p
− 2s(q + 2) +

n(p − 2s)
p

)

< − s(n + 2) +
2s

p − 2s
(n − s(n + 2))

< − n(n + 2)
2

+
2s

p − 2s

(

n − n(n + 2)
2

)

< − n(n + 2)
2

< −(n + 2)

thus,
(∫

Ba+r\Ba−r

ρzdx

) p−2s
p

≤
(∫

Ba+r\Ba−r

ρ−n−2dx

) p−2s
p

≤ C(n)
(∫ a+r

a−r

ρ−3dρ

) p−2s
p

= C(n)
(
(a − r)−2 − (a + r)−2

) p−2s
p

= C(n)
(

4ar

(a2 − r2)2

) p−2s
p

.

Let a → ∞ in (6.4), we then get the result. �

Remark In [8], they prove Theorem 6.6 by using the L∞ norm of |Ric|2 for
the reason that |Ric|2 has decay rate less than −n − 2. However, we assumed
Ric ∈ Lp

−q−2, which is not sufficient if we still use L∞ norm of |Ric|2. That is
why we have to use the Ls norm of |Ric|2 with s > n

2 .
Because of Theorem 6.6, Lemma 13 of [8] is valid in our situation,

which implies (6.2) for gε(t). Now by Simon’s result (6.1) and Theorem 6.4,
we obtain R(g(t)) is nonnegative and integrable for t > 0 and m(g(t)) ≤
lim infε→0 m(gε(t)). So Theorem 2.3 implies m(g(t)) ≥ 0. Similarly, the ADM
mass is still preserved under the Ricci flow in our case. This is easy to be
proved by the way of [8] as long as we have the following

∫

∂Ba

r−q−1|Ric|dS

≤
(∫

∂Ba

|Ric|pr(q+2− n−1
p )pdS

) 1
p

(∫

∂Ba

rzdS

) p−1
p

= ‖Ric‖Lp
−q−2(∂Ba) ·

(∫

∂Ba

rzdS

) p−1
p
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where z = (n−1
p − 2q − 3) p

p−1 < −n − 1.
Finally, we can prove the positive mass theorem in our condition.

Theorem 6.7. Under the assumptions of Theorem 6.1, if q = n − 2, we have
mADM (g) ≥ 0. Moreover, mADM (g) = 0 if and only if g is diffeomorphic to
the Euclidean metric.

Proof. We have shown

0 ≤ m(g(t)) ≤ lim inf
ε→0

m(gε(t)) = lim inf
ε→0

m(gε)

and from Theorem 6.1,

lim inf
ε→0

m(gε) = mADM (g)

then we get

mADM (g) ≥ 0.

Now we suppose mADM (g) = 0, then m(g(t)) = 0 for t > 0. By theorem
2.3, (M, g(t)) ∼= (Rn, δ). Then, the rigidity part of the theorem follows from
Theorem 18 of [8]. �
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