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The Positive Mass Theorem for Non-spin
Manifolds with Distributional Curvature

Yuqiao Li

Abstract. We prove the positive mass theorem for manifolds with distri-
butional curvature which have been studied in Lee and LeFloch (Com-
mun Math Phys 339(1):99-120, 2015) without spin condition. In our case,
the manifold M has asymptotically flat metric g € C° ﬂWi’f , P>,
q > "52. We show that the generalized ADM mass mapa (M, g) is non-
negative as long as ¢ = n — 2, and g has nonnegative distributional scalar
curvature, bounded curvature in the Aleksandrov sense with its distribu-
tional Ricci curvature belonging to certain weighted Lebesgue space and
some extra conditions.

Mathematics Subject Classification. 53C44, 83C99.

1. Introduction

Suppose that (M, g) is an asymptotically flat n-manifold. The positive mass
theorem says that if the scalar curvature of (M, g) is integrable and nonnega-
tive, then the ADM mass of (M, g) is nonnegative. This was proved by Schoen
and Yau [11] under the condition of n < 8 and by Witten [14] for spin mani-
folds of any dimension. Bartnik [1] showed that the mass is independent of the

choice of the coordinate at infinity provided that the metric g € WE’;’, p>n,

q > 252 with R(g) € L'. Miao [9] established the positive mass theorem on
manifolds with corners along a hypersurface ¥ adding the condition which
was seen as a replacement of the nonnegativity of the scalar curvature that
the mean curvature of the hypersurface in the compact part is larger than or
equal to the mean curvature of the hypersurface in the noncompact part. He
constructed smoothings g. of g in a tubular neighborhood of ¥ and then used
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conformal change of g. to make the scalar curvature nonnegative. McFeron
and Szekelyhidi [8] proved Miao’s theorem by Ricci flow to smooth the metric.

Recently, Lee and LeFloch [6] generalized the scalar curvature and the
ADM mass to distributional sense and proved a positive mass theorem for
spin n-manifolds with g € C° ﬂWllo: They generalized Witten’s arguments
on spin manifolds and formulated the Lichnerowicz Weitzenbock identity in
the distributional sense. Their main theorem is

Theorem 1.1. Let M be a smooth spin n-manifold(n > 3) with an asymptoti-
cally flat metric g € CON Wi’q", q> %‘2, if the distributional scalar curvature
K Rg,u>> 0 for every compactly supported smooth nonnegative function u,

then its generalized ADM mass mapn (M, g) is nonnegative, that is,
mapm(M,g) >0

Moreover, mapy (M, g) = 0 if and only if (M,g) is isometric to Euclidean
space.

We consider the problem without the assumption that M is spin. Cer-
tainly, we have to add some extra conditions on the geometry of (M, g) because
the proof of Schoen and Yau for manifolds with n < 8 is hard to generalize
in weak regularity. Our approach is to construct smoothings g. of the met-
ric and use Ricci flow to ensure the positivity of the scalar curvature. Then,
we use classical positive mass theorem on the smoothings to get the mass of
ge is nonnegative. Finally, we get the mass of g. converges to that of g as €
tends to zero under some assumptions and thus obtain the mass of g is also
nonnegative. Our main theorem is the following.

Theorem 1.2. Let M be a smooth n-manifold (3 < n < 7) with an asymptoti-

cally flat metric g € C°N Wi’:, p>n,q> ”7_2 Assume that

(i) g has bounded curvature Rm(g)
C'<Rm(g) <C

in the sense of Aleksandrov, and the set Q@ = {x € M : Rm(g)(x) < 0} is
compact;
(ii) g has nonnegative scalar curvature distribution R,

K Rg,u>>0
for any smooth compactly supported nonnegative function uw on M;

(iii) the Ricci curvature distribution < Rij,u>> is in LV _,;

(iv)

1 _
limf/ V-Vidu, =0
6—00 Joci(z)<s

where 1(z) = dist(z,$2), for any smooth background metric h, - and V
are inner product and Levi-Civita connection with respect to h, V is as
in the definition of scalar curvature distribution;

(V) Ry is a finite, signed measure outside a compact set;

(vi) g=n—2.
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Then, its generalized ADM mass mapn (M, g) is nonnegative. Moreover,
mapm (M, g) =0 if and only if (M, g) is isometric to the Fuclidean space.

Briefly speaking, we will construct smoothings g. that approaches g and
these conditions guarantee that g. nearly satisfies the assumptions of the pos-
itive mass theorem. We will see in the following discussion that (i), (iii) imply
ge € WE’(f; (ii), (iv) ensure that R, is almost nonnegative; and (v), (vi) con-
nect the mass of g. to that of g.

In Sect. 2, we will state some basic definitions and properties about ADM
mass and generalized ADM mass. Then, a brief description of the Ricci flow and
mass under the Ricci flow is discussed. In Sect. 3, we construct the smoothings
ge and we can see where the extra conditions are used from the construction. In
Sect. 4, we discuss the change of scalar curvature after smoothing. In Sect. 5,
the change of mass is discussed and we get the convergence of mass. In Sect. 6,
we prove the main theorem.

2. Preliminaries

2.1. The ADM Mass

We first recall several definitions about weighted Sobolev spaces and asymp-
totically flat manifolds in [1]. Let r = |z|, 0 = (1 +72)'/2 for € R™, n > 3.

Definition 2.1. The weighted Lebesgue space LY, 1 < p < oo, with weight
d € R is the space of all functions u in L} (R™) such that the following L%
norm is finite

—5p— 1/p
g = { U o7 maa) 7 <o,
° ess supgn (0 °|ul), p = 0.

The weighted Sobolev space W(;c P is the space of all functions u with finite
norm

k
lullyen =3 1Dullzy_
=0

Definition 2.2. A smooth n-manifold (M, g) with complete Riemannian metric
g € VVllof for some n < g < oo is said to be asymptotically flat if there is a
compact set K CC M such that there is a diffeomorphism ¢ : M\ K — R™\Bg
where Bpg is a closed ball in R™ satisfies

(®.g)ij —6ij € Wb for some decay rate 7 > 0

We may consider @ as the coordinates of M at infinity, so we will usually
write g € Wh9(M) to denote that (M, g) is asymptotically flat. Fix a metric
h on M which is the Euclidean metric outside K, and let r be the smooth
function on M such that r = |z| outside ®~1(Bs) and r = 1 on ®~1(By).

Then, we can also define the weighted Holder norm C(I;’a as
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k
_ —0+7 |77
w|| ko = E supr V7u
|| Hcaa . Mp | |

—S+kta |Vku(517) - Vku(y)|)
|z —y|*

+ sup <min(r(a:),r(y))
x,yeM
where the derivatives and norms are taken with respect to h.
If g € Chf for § > 252 and the scalar curvature R(g) € L', then the
ADM mass is defined by
1 . .
m(g) = — lim (9i5.5 — 943,1)S"

c(n) r— Jopg

T

where the derivatives are taken with respect to the Euclidean metric. Bartnik
showed that the mass is a geometric invariant under the above asymptotic
decay condition, that is, the mass is independent of the choice of the coordinate.
The idea is based on the expression of the scalar curvature of (M, g) in local
coordinates, and the scalar curvature can be written as

_1 1 1
R(g) = 19|20 <Ig|29'7 (Fj - 23j(10gg|)>)
L i il Tk
-39 [';0;(loggl) + ¢" T, I}
where I = g’“lI‘};l. For asymptotically flat metric in Ci’g‘ for § > "T_z, we have
1 i 1 11—
lgl2g"” (Fj — 505 (log |9|)> = gijg — Gizi + O 7%)
L s 1 i
comie) = [ mgav+ [ aite (v - josaosla) ) as
M\B, 9B,
1 4 i
- [ (3o rstoelal) - o rhr ) av
M\ B,

= / R(g)dV +/ (gij. — 935.:)dS" + O(r™?)
M\ B, )

B

for some A > 0. The positive mass theorem is the following.

Theorem 2.3. If M is spin orn <7, g € C’i’?, §>122 ae(0,1), Rg) >
0, R(g) € LY (M), then m(g) > 0, and equality holds only when (M, g) is
isometric to Fuclidean space.

2.2. The Generalized ADM Mass

In this paper, we are given a smooth n-manifold M with n > 3 endowed with a
fixed smooth background metric denoted by h. Let us describe the definitions
of generalized scalar curvature and the generalized ADM mass originated from
[6].

Definition 2.4. Let (M, k) be a smooth Riemannian manifold, and let & be the

smooth background metric. Given any Riemannian metric g € Ly, () Wllof on
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M with g~! € L{° | for any compactly supported smooth function u : M — R,
the scalar curvature distribution R, is defined by

= d dp
<<Rq,u>>:=/ (—V~V< “q>+F )du
) M dpn d#

1 ., _ _ _
Tl = 59" (Vigin + V90 = Vigij) = Tj(9) = T
VF = gTE — "1, = g g" (V90 — Vigis)

F=R- ?kgijffj + Wg"’“Fﬁg + g”(F’ZzFij - F?lrék)

where

and V,R are the Levi-Civita connection and scalar curvature with respect to
h, I‘fj( ) and I‘k denote the Christoffel symbols of g and h, respectively, the
dot product is taken using the metric h, and duy, and dug denote the volume
measures with i and g, respectively.

In the case of g € C?, the scalar curvature distribution R, is well-defined
in the usual way and is a continuous function; in this case, < Rg,u >=
fM Rgudpg. And < R,,u > does not depend on the choice of the background

metric h, as long as g € C° ﬂVVllof R, is said to be nonnegative when <
Ry, u >> 0 for every nonnegative test function u. In [6], they also showed that
if ge C° leoc ; then < Rg4,u > makes sense for all compactly supported
functions u € L72 with Vu € L7°7.

Now let M be a smooth n-dimensional asymptotically flat manifold such
that there is a compact set K C M and a diffeomorphism ® between M\ K
and R™\B;(0), where B;(0) denotes the unit ball in R™. Choose any smooth
background metric & on M such that h;; = 6;; in the coordinate chart M\ K =
R™\ B (0) determined by ®. We also choose a smooth positive function r on
M that is the radial coordinate on M\ K = R™\B;(0) and is less than 2 on K.

Definition 2.5. Let M, ®, A, r be as above. For any p > 1 and ¢ > 0, a L

Riemannian metric ¢ on M with L{°
ADM mass of (M, g) is defined as

loc

inverse is W"?_ then the generahzed

loc —q

1 1 _
M, g) == ———— inf liminf | — .Vrd
o (0.9 5= oy ot (G [ v )

where V is the vector field in the definition of scalar curvature distribution
and wy,_1 is the volume of the standard unit (n — 1)-sphere.

From the definition of the distributional ADM mass, if g € WE;’ for
p>mn,q > ”772 and its scalar curvature is integrable, then the generalized
ADM mass is equivalent to the usual definition of ADM mass. So mapys is

actually a generalization of the usual ADM mass.
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2.3. The Ricci Flow and Mass Along Ricci Flow

The Ricci flow is a family of metrics ¢g(¢) on a Riemannian manifold M satis-
fying the equation

% g = —2Ric

where Ric is the Ricci tensor of the time-dependent metric g(t). For any C'*°
metric gg on a closed manifold M™, there exists a unique solution g(t), ¢t € [0, €),
to the Ricci flow equation for some ¢ > 0, with ¢g(0) = go [2]. Because of the
diffeomorphism invariance of the Ricci tenser, the Ricci flow equation is only
weakly parabolic, so we have to use the DeTurck’s trick to get an equivalent
flow which is strictly parabolic. Given a fixed background connection I' which
is assumed to be the Levi-Civita connection of a metric g, we define the Ricci-
DeTurck flow by

2.,
ot 9
9(0) = g0

where the time-dependent 1-form W = W (t) is defined by

= —QRZ‘J‘ + leJ + VjWi

Wj = gjkgpq(rlzjq) - f‘gq

Shi [12] also showed the short existence of the Ricci flow on noncompact
manifold with bounded curvature. Given an asymptotically flat n-manifold
(M,g), g € 062, assume that g has uniformly bounded curvature, then by the
result of Shi, there is a Ricci flow ¢(¢) with ¢(0) = ¢ in a short time interval.
Dai-Ma [3] proved that along the Ricci flow, the metric remains asymptotically
flat of the same order, i.e., g(t) € C%, by the maximum principle of Ecker—
Huisken [4]. Li [7] recently also showed that the asymptotically flat condition is
preserved under Ricci flow and if the initial metric g(0) € CZ with § > 252 and
R € L', then the mass is unchanged. He also showed that the longtime exis-
tence of the Ricci flow on an asymptotically flat 3-manifold with nonnegative
scalar curvature will imply the positive mass theorem.

3. Construction of Smoothings

Let M be an asymptotically flat n-manifold (n > 3) with background metric
h. Assume that g € CYN Wi’,f, p>mn,q> "T_Q is a Riemannian metric on M,
then by the Sobolev inequality of weighted Sobolev space from [1], we have

glloc, g < Cligll1.p,~q

for some constant C' independent of ¢, so g € L>,. That is [g] = o(r™%)
as r — oo by the definition of the weighted Sobolev space. Also, from the
following inequality, for 0 < a <1 — % < 1, then

||9||CE;‘; < Cligll,p,—q
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0, . . .
so g € CZJ, that is HgHCE’;(M\BR) = 0(1) as R — oo, where Bp is a geodesic
ball of radius R in M.

Let us recall some facts about complete manifold with bounded curvature.
From [10], we know that such metrics are locally C1:.

Theorem 3.1. Let M be a space with bounded curvature. Then in a neigh-
borhood of each point, we can introduce a harmonic coordinate system. The
components g;; of the metric tensor in any harmonic coordinate system in M
are continuous functions of WP (Q) for any p > 1 where Q C R" is a domain
of harmonic coordinate.

Thus, if we assume that g € C° ﬂWi}f with bounded curvature, then
g € I/Vfocp . From [13], we have the following theorem with the assumption of

bounded curvature.

Theorem 3.2. Let g € C° be a metric with bounded curvature on a manifold
M, with curvature K(g)

C'<K(g)<C

in the sense of Aleksandrov. We may approzimate g by smooth Riemannian
metrics go, @ € N such that
1 1
C'— = <K(ga) <C+ —,
@ o
lim ‘ga - g‘cl,ﬁ(g) — 07
a— 00
lim |ga — glcoary — 0,
a—00
for open Q C M whose closure is compact. Furthermore if the curvature satis-
fies
B'g < Ricci(g) < By

then
o1 . 1
(B' — a)ga < Ricci(ga) < (B + a)ga.

Let g.;, 1 € N, ¢, — 0 as ¢ — oo be the smooth Riemannian metrics
in Theorem 3.2 that approximate g. We will omit ¢ for convenience. Then,
ge € Wi; for € small and satisfy

1
——Geij < gij < (1 i
1+Cl(€)g J g] ( +C1(6))g J

ij< ij< 1 1]
TTae% =9 < (1+C1i(e))ge
1

- < < (1 .
1+ 01(6) agezy = aglj > ( + 01(6))8.951]

1 L. L. L.
T 99 < §dY < ij
1—|—C’1(e)age < dg"” < (14 Ci(e))0ge

Similar to the definition of the scalar curvature distribution, we can also
define the Ricci curvature distribution.



2100 Y. Li Ann. Henri Poincaré

Definition 3.3. Let (M, h) be a smooth Riemannian n-manifold with smooth
background metric h. Given any metric g € L Wﬁ)f on M with g=! € Lf®

loc loc?
for any compactly supported smooth function v : M — R, the Ricci curvature

distribution R;;(g) is defined by

= d = d
L Rij(g),u>= / (*Ffj Vi (udﬂ) +T5hV; (udﬂ)) dpn + | Gudpg
M fh Hh M

where
G = Rij(h) + 5T, — TH,
E _ Tk k
Fij = Fij(g) - Fij(h)
and V,R are the Levi-Civita connection and scalar curvature with respect to
h, I‘fj (g) and I‘fj denote the Christoffel symbols of g and h, respectively, the

dot product is taken using the metric h, and dup and dpy denote the volume
measures associated with h and g, respectively.

We then define the weighted Lebesgue spaces LY in the distributional
sense.

Definition 3.4. The distributional Ricci curvature < R;;(g), u > is said to be
L% if its norm

< Rylghusgy= [ |RyWPro " udg,
M

+ [ (U Thl D 857y,
= d
# [ o (e )
M Un

, = d
# [ e (o) g @)
M dup

is finite for any compactly supported smooth function u on M.

Proposition 3.5. Let M be a smooth manifold with a smooth background metric
h. Given any Riemannian metric g € C°N VVllocp, then the scalar curvature dis-
tribution Ry in the sense of Definition 2.4 and the Ricci curvature distribution

R;;(g) in the sense of Definition 3.3 make sense for all compactly supported
functions u € L7 with its derivatives lie in Lv-T.

Proposition 3.6. If < R;;(g),u>¢€ L” _,, then Rij(g.) € L” _,.

Proof. Given any p > 2, consider the cutoff function
1, r(z) <p
vp(x) =92-7, p<r(@)<2p (3.2)
0, r(z) > 2p.
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Since v,(z) is compactly supported Lipschitz continuous function, by Propo-

dl"!]e
dpg ?

<Ry, = [ RGP,

sition 3.5, let u = v,

h=g¢g.,d=—q—2in (3.1), we have

+ [ PTLIE + AT )0,
+ [P,
+ /M T3 Priat P 0, [ dpg,

=14+I11+IIT+1V < co.

P
Since g € Wi’,f and g. € WE’;’, we have I}, € L, and T§,T, € L?, ,. By

the fact that —2¢ — 2 < —n, then L%QQ*Q C LY, = L', we have I] < oc.

1
[][:/ |1"£_€j|z>7,(q-~-1)p—n7|VT|duge
{p<r<2p} P

= 1/ \Ff-|pr(q+1)p_"dﬂg
P Jip<r<zoy
1

<5l , < oo

for p> 2. And so IV < co. Thus, we have R;;(g.) € L” _,.

We will need the following theorem in [1].

Theorem 3.7. Suppose (M,g,®) is a structure of infinity with ®.g — § €
WE;?(R”\BR) for some n > 0, ¢ > 0, R > 1, the Ricci tensor of (M,g)
satisfies

Ric(g) € L” . _,(M)

for some nonexceptional T > mn. Then, there is a structure of infinity ©
defined by coordinates harmonic near infinity which satisfies (©.g — ) €
W?*P(R™\Bg,), for some Ry, > R.

Note that § € R is said to be nonexceptional if 6 € R/{k € Z,k #
—1,-2,...,3—n}, where the exceptional values {k € Z, k # —1,-2,...,3—n}
correspond to the orders of growth of harmonic functions in R™\ B;.
Theorem 3.8. Let (M, g) be an asymptotically flat n-manifold (3 < n < 7)
with g € C° ﬂWi’;, p>n,q> %*2 Assume that g has bounded curvature
and its distributional Ricci curvature < Rij(g),u >€ L” _,, then there is a

series of smoothings g. such that g — g in Cllo’f‘ as € — 0 and g, € sz.

Proof. Let g. as above, then g¢ — ¢ in VVllof as € — 0 and thus g, € WEZ’ as
long as € small. From Theorem 3.2, we know g. — ¢ in C’llo’g as € — 0. We
can apply Theorem 3.1 to get g € Wl2’p SO ge € I/Vlzof . By the definition of the

oc’
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weighted Sobolev spaces, it is easy to see that L{ is equivalent to the usual

Sobolev space when § = —%. Therefore, g. € W2E. Proposition 3.6 implies
P
that Ri;(ge) € LY, _o. If 7 < g, since 3 > 0, we have g € W2P by Theorem

3.7.If % > ¢, then 09g. € L” . _, C L’iq_Q. Thus, we also get g, € WEg’. O
P

4. The Change of the Scalar Curvature

We now focus on the scalar curvature. Under the hypothesis of Theorem 3.8, let
ge be the smoothings constructed in the previous section. From the definition
of the scalar curvature distribution, we assume

< Rg,u>>0

for any smooth compactly supported nonnegative function u. We choose g, as
the background metric and

d
v Hg.
dpig

where v is a smooth compactly supported nonnegative function on M. Then
according to Definition 2.4,

= du du
<<R7u>>:/ (<V~V<u 9>>+Fu 9)d .
! M dpg, dptg, o

= / ( — g9g*" (Vg — Vigij)Viv
M

+ (Re - ?kgijrfj + ngkfﬁi + gij (Fﬁlrég‘ - F?lrék))v) dpg,
>0

u =

(4.1)
where R. and V are the scalar curvature and Levi-Civita connection of g..
Then,

/ Rovdpyg, Z/ g7 g* (Vigi — Vigi;)Viodu,,
M M

+ [ (FugTly = Vg — g (T T
(4.2)

Let g € CoﬂWi’g, p>n,q> "T*Q, so g € C'OﬂWllo’f,forp > n, then by
Proposition 3.5, the distributional curvature < R4, u > makes sense for all
compactly supported functions u € L7°2 whose derivatives lie in L#7-7.

Now we assume g has bounded curvature in the sense of Aleksandrov
and the set {x € M : Rm(g)(z) < 0} is compact, where Rm(g)(x) is the
curvature of g. Theorem 3.2 implies that the set {x € M : Rm(g.)(z) < 0} is
also compact and so is {x € M : R.(z) < 0}. Let U = {o € M : R.(x) < 0},
Us ={x € M : dist(z,U) < 6}, | = dist(z,U),
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1, in U,
v=41-"9 " i U\U
0, outside of Us.

From (4.2), we have

Revdpg, > / (vkgijrfj - Wg““F?i - g”(FﬁzFij - F?lrék))vd:uge

Us Us

+/ V- Vodug =1+ 11 (4.3)
Us\U

and

/ Redpg. <0
{R:<0}

By direct calculation, we get
|F§€j| = |Ffj(9) - Ffj(ge)‘
= %gkl(gu,j + gjii — 9ij1) — %gfl(geil,j + ejti — Geigi)|
= |%gkl(9u,j — Geitj) + l(gkl — 98" geirj + 1gkl(gjz,i ~ Jejt.i)

2 2
1 kl Kl L 1 kl Kl . 1 kl .
+ 2(9 Ye )96]1,1 + 2(95 g )gezj,l + 29 (gEl]J gm,l)|

< C1(€)|ge * Oge|
and
0], (905 | < C1(0)Q(g" . Dge)
where @ is a quadratic form of g and dg.. Thus,
Vg TH| = 1(9rg"” —Thalg)g” — Thi(90)g™ T
|(Brg" — 2T (9)9” )T
< Ci()Q(g: ", 9ge),

and
|Fll§lrij| < C1(e)*Qu1(9.t,99¢)

where (07 is another quadratic form of g ! and 9g..

Under the conditions of Theorem 3.8, g. € WE’;’, then

Ii(ge) = O(r— 071,
gl =1+ 0079,
Geija = O(r™ 771,
Q=0(r—217%),

Q1 = O(r—202),
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Returning to the scalar curvature, we get

1< [ (©0Q+ Ci(0PQuudn,
vs (4.4)
=) [ @+ Ci0Q1) g

Observe that the integrand of the above inequality is O(r~2¢72), and since
—2q — 2 < —n and by our assumption that the set {x € M : R. < 0} is
compact, then the integral is finite and

1 Z —01(6)

and

— 1 _
Il = / V- Vudp,, = —/ =V -Vidu,,. (4.5)
Us\U 0<i<s d

Therefore, we can finally prove the following theorem.

Theorem 4.1. Under the conditions of Theorem 3.8, we further assume that
< Rg,u>>0
and the set Q@ = {x € M : Rm(x) < 0} is compact and satisfies
1 _
limf/ V- Vidup =0
6—00 Joci(a)<s

where [(z) = dist(x,Q), for any smooth background metric h, - and ¥V are inner
product and Levi-Civita connection with respect to h, V' is as in the definition of
scalar curvature distribution. Then, there is a series of smoothings g. € WE’;’,
such that
1
1 + Ol (6)

with lime_,o C1(¢) = 0 and

/ R.dpg, > —C(e)
{R.<0}

9<9ge < (1+Ci(e))g

where lim._,o C(e) = 0.

Proof. From Theorem 3.8, we get g. € Wsz. On Us\U, we have R, > 0, so
R.v < R, since v < 1. Thus,

Revdpg, </ Redpg,

U§ U(S
then
lim Revdpg, < lim Redpg, :/ Redpg,
6—0 Jy, 6—0 Jy; U i
Let § — 0 in (4.3), and from (4.4), (4.5), we get

1 _
/ Redpg. > —C(e) — lim — V- Vidpy,
{R.<0} =00 Jus\u
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Let Qs = {z € M : dist(z,Q) < §}, from our assumption, we have

1 _
lim = V. Vidp,, =0
5—0 QJ\Q
From Theorem 3.2, there exists Ca(€) such that for every 4,

Vol(Us\U)\(925\Q2)) < Ca(€)d

with lim._,g Ca(e) = 0. Since g € W , we have V ¢ LP Cg-1: 850V € Lloc
Therefore,
li L V.- Vid
§1~>I% ) Us\U Hge
.1 1 _
< lim — V- Vidu,, + lim < V- Vidug,
=09 Jos\0 6=0 0 Jwaun@s\)
< Ca(e)
Then, we get the result. O

5. The Change of Mass

Now we consider the change of mass after smoothing. Let M be a smooth
asymptotically flat n-manifold such that there is a diffeomorphism ® between
M\K and R™\B;(0), for some compact set K € M, B1(0) denotes the unit
closed ball in R™. Choose h to be the smooth background metric such that
h;; = d;; through ®. Let r be the radial coordinate outside K and less than 2
in K. Let g cCO ﬂW be an asymptotically flat metric on M with p > n
and ¢ > 5=, From Theorem 3, there is a series of smoothings g. € C*° such
that g, — g in Wloc as € — 0. And From [6], we have

Theorem 5.1. Let g be a ng’ asymptotically flat metric with p > n and
q > ”772, and assume that the scalar curvature of g is integrable. Then, the
generalized ADM mass coincides with the standard ADM mass.

Theorem 5.2. Let M be a smooth n-manifold with asymptotically flat metric
geC’ ﬂW g P >mn, g > 2. Assume that g has bounded curvature C' <

Rm(g) < C, in the sense of Aleksandrov and the Ricci curvature distribution
< Rij,u >¢ qu72. If the distributional scalar curvature < Rg,u > is a
finite, signed measure outside some compact set and ¢ = n — 2, then, we have

a series of smoothings g. € W;g, such that

ligljglfmADM(M, ge) =mapm(M,g)

Proof. From Theorem 3.8, we have g, € Wz’qp. And by Theorem 3.2, we have
ge € L' because we assumed that R, is a finite signed measure outside a
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compact set. Then, Theorem 5.1 implies that the distributional ADM mass of
ge is equal to the usual ADM mass.

mapy (M, g) —mapu (M, ge)

1 1 _
-~ infliminf (= V(g) - Vrd
2(” - 1)wn—1 (%I>10 /}g"'l'rolo <5 /;;<r<p+5 (g> vr ,uh)

1 .
By pginw p:r(geij,i — Geisj)v;dop
L 'fl"fl/ (V(g) = V(g.)) - Vrd
= ———— inf liminf | = — o)) - .
2(77’ - 1)wn—1 6>0 p—+oo \ § p<r<p+8 g g Tl

Now since
VE(g) = VF(ge)]
= |9ij9kl(9u,j — gij1) — gijgfl(geil,j — Geijit)|
<19 9"gu; — 97 98 geir i + 197 9" gij0 — 97 9" geiul
< (X +C1(0)* = 1)g g gein | + (1 + Cr(€))® = 1)g 2" geis
< 4C1(€)(197 gF geir 5| + 197 9F geija])

we have
|mapn (M, g) — mapn (M, ge)|

1 1
< ———  infliminf ( = V(g) — V(ge)ld
S S~ Dy inf lim inf (6 /p<r<p+6| (9) = V(ge)l uh>

1 3 By
————— infliminf | - 4C1(e)(197 ¥ geir i + 197 g geijal)d
< sy it (5 [ 400100 gl + 1908 s D

4C1(e) / ij kL ij Kl
= g geins| + 197 9 geijal)d
2(n—1)wn,1p~+oow:p(|g 9 eir,il + 198 9 geigal)dpun

The last equality follows from the fact that g. € Wf’qp, then dg. € 097;* , which

consequences that the integrand of the last equality is Holder continuous. For
q=mn-—2,0g. = O(r~971) = O(r~"*!) implies that the last limit is finite.
Thus,

Imapy(M,g) —mapn(M,ge)| < C(n)Ci(e)

where C'(n) is a constant depending on n. Then, we obtain the result. O

6. Proof of the Main Theorem
From the above discussion, we have shown that

Theorem 6.1. Let M be a smooth n-manifold (3 < n < 7) with an asymptoti-
cally flat metric g € CON Wi’,f, p>n, q> ”772 Assume that
(1) g has bounded curvature Rm(g)
C' < Rm(g) < C

in the sense of Aleksandrov;
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(2) the Ricci curvature distribution < Rjj,u>€ L” _o;
(3) g has nonnegative scalar curvature distribution R,

K Rg,u>>0
for any smooth compactly supported nonnegative function u on M;

(4) the set Q@ ={x € M : Rm(g)(z) < 0} is compact;
()

lim — V- Vidu, =0
§—00 /<l (x)<5

where I(x) = dist(x,Q), for any smooth background metric h, - and V
are inner product and Levi-Civita connection with respect to h, V is as
in the definition of scalar curvature distribution;

(6) Ry is a finite, signed measure outside a compact set.

Then, we have a series of smoothings g. € Wz’; that satisfying

1) 1+C’1( )g < g€ = ( + 01(6))97 with limeHO Cl(e) = 0;'

Rlg.) € LY;

(

(2) -

(3) f{R )<0} |R g€)|d:uge < C( )7 with hme—>0 0(6) =0 5

(4)

(5) if g = n72, then liminfe_omapn (M, g.) = mapnm (M, g).

We then follow the approach of [8] to prove the positive mass theorem in
our case. First, we state the existence of Ricci flow with initial data g € C°
due to Simon [13].

Definition 6.2. Given a constant 1 < § < oo, a metric h is d-fair to g if h is
(C*° and there exists a constant kg with

sup [Rm(h)(z)|n = ko < o0
zeM

and

<h(p) < g(p) < Jh(p)
for all p e M.

Theorem 6.3. Let h be a metric which is 1 + e(n)-fair to g, then
e 3T = T(n, ko) > 0 and a family of metrics g(t),t € (0,T] in C°(M x
(0,T) which solves the h-flow on (0,T];
o N is 1+ 2e(n)-fair to g(t) fort € (0,T);
e g(t) — g ast — 0 uniformly on compact sets.
where the h-flow is the Hamilton-DeTurck flow with metric h,
d
dt
— pq (Tk rk
Wj = gikg" (Tpg = Tpq)

—gij = —2R;; + V;W; + V,;W;

where T are the Christoffel symbols with respect to h.
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This flow is equivalent to the Ricci flow under a diffeomorphism and this
flow is parabolic, but the Ricci flow is not. The way to construct the solution
g(t) is as follows.

(i) take a sequence of smoothings g. converges to g;
(ii) for every e, solve the h-flow in a short time with initial data g. to obtain

ge(t);
(iii) there exists a T' > 0 independent of ¢ such that

VR ge(8)] < it 6.1)

for any t € (0,77, here V is the Levi-Civita connection with respect to h

and C}, is independent of ¢;

(iv) extract a subsequence of g.(t) as € — 0 such that g.(t) — g(t) in C* for
any k on compact set.

By Theorem 6.1, we know g, is (1+C (€)) fair to g and because the curva-
ture of ¢ is uniformly bounded, and thus, the curvature of g, is also uniformly
bounded by Theorem 3.2. Let ¢(¢) be the g.-flow on (0, T for sufficiently small
€ constructed in Theorem 6.3. In fact, we can modify g. to be equal to the
Euclidean metric outside a compact set, and it will also be 1+ C(e)-fair to g.
Let g.(t) be the g.-flow with initial data g. in a short time.

Now g, € sz C Ci’; forp >n, g > ”T_Q By Lemma 16 of [8], there is a

T > 0 independent of €, such that for any to € (0, 7], we have g.(t) € Ci’(.;—a)
for t € [to,T] and € > 0. By taking ¢ — 0, we conclude that ¢(t) € Ci’éﬁa)
for t € [to, T). If ¢ > “52 and « is sufficiently small, then g(t) € Ci’gi with
¢ =q—a > 252 Therefore, g(t) is asymptotically flat in Ci’:; with ¢ > 252,

Next, we will check that g(t) satisfies the assumptions of positive mass
theorem. The following theorem in [8] will be used.

Theorem 6.4. Suppose that g. — g locally uniformly in C? and g. € C’i’;l for
q > “52. In addition we assume that R(g.) € L' for all e > 0 and the scalar
curvature of g. satisfies

/ |R(ge)|dV < e (6.2)
{R(ge)<0}

Then, the scalar curvature R(g) of g is nonnegative and integrable, and
m(g) < liminfm(ge)
€E—
assuming that the limit is finite.

Thus, we only have to check that g.(t) satisfies the assumptions of The-
orem 6.4. There is some slight difference between our condition and theirs in
[8].
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Theorem 6.5. Let M be an asymptotically flat n-manifold with smooth metric
g. Suppose g € W2p g D>n,q> " 2 the scalar curvature R(g) is integrable,
and g has bounded curvature. Let g( ) be the Ricci flow for t € [0,T] starting

with g(0) = g. If
| vy <o)
M\B,

with lim,_ o, n(r) = 0. Then, there exists 7(r) depending not on t, such that
fort € [0,T] we have

/M\B R(g(t)dV < i(r)

and lim, _.o, 7(r) = 0. In particular, R(g(t)) € L' fort € [0,T).

Proof. The proof of the theorem is similar to the one in [8]. The difference is
that we only assume g € W_(f , while they supposed that g € C’Eq. Thus, we
do not have the decay of Ricci curvature, i.e., |Ric|? < C|z|7297% < C|z|7"72,

which consequences

/ |Ric|?dV < C P2V < Ot (6.3)
M\B,, M\ B,

This is used in the proof of [8]. We will show that (6.3) is also right in our
situation with a bit difference and then the theorem is proved. For g € WZ’
the Ricci curvature Ric of g is in L? _,. Since p > n > 3, then £ 5 > 1 and by
Holder inequality, we have

/ | Ric|*dx
M\ By,
p—2

< / (‘Ric|27’2(q+2)_27n> : dz / (T—Q(q+2)+%) v dz ’
-\, M\B,,

p—2

= / | Ric|Prlat2P=ndy / p(-2aD+ 555 4y '
M\ B, M\B,,
2

pP—2

P
_ - 112 . a
= RiclLr, , </M\B de)
r1

where a = (—2(q¢+2)+ 2”)pr Since ¢ > 252, p > n, then we have 2(q+2) >
n + 2. Therefore,

3
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D -2
2n
2)(14+ —— —
(¢+ )( + 2) P
(a+2)+ ———(n—2(q+2)
(n+2)+ (n—(n+2))
=—(n+2)-—<-n-2
As a result,
p=2
/ |Ric|*dz < C / r" 2 dy = Crl_Q
M\B,, M\B,,
and —2%72 = -2+ % < -2+ % < 0. This is enough for proving the
theorem. 0

Apply Theorem 6.5 to g., we obtain R(g.(t)) € L for t € [0,T] and for
every € > 0. To check the condition (6.2), we need the next theorem.

Theorem 6.6. Let M be an asymptotically flat n-manifold with smooth metric
g. Suppose g € W2p g P>, q> "—2 the scalar curvature R(g) is integrable,
and g has bounded curvature. Let g( ) be the Ricci flow for t € [0,T] starting
with g(0) = g. For any t > 0 we have along the Ricci flow

lim IVR|dS =0

r—00 9B,
Moreover, if tg > 0 then this convergence is uniform for t € [to,T).

Proof. We know the evolution equation of the scalar curvature R(g(t))(z)
under the Ricci flow is

OR

o = AR + 2|Ric|?
In addition, we will work outside the compact set B where the asymptotic
coordinates are defined. As long as ¢t € [%’,T], the metrics along the flow
are uniformly equivalent to the Euclidean metric outside B and also their

derivatives are controlled. Thus, the evolution equation is uniformly parabolic.
Let 7 € [to,T], p € M\B, and choose r with 0 < r < /7 — % Define the
parabolic cylinder

Qry={(z,t): |z —p|<r7—r<t<T}

By the local maximum principle for parabolic equations (Theorem 8.1 in
LSU[5]), we get

sup IR| < C(r) (IRl 20wy + (| Ricl®)]l Ls oy )
2
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with s > %. By the derivative estimate (Theorem 11.1 in LSU[5]), we obtain
sup [VR| < C'(r) | sup |R|+ [[(|Ric*)| s z))
Q(7) Q(3)

Thus,

sup IVR| < C(r) (IRl z2 ey + (| Ricl*) | s (@)
1

Now we cover the sphere B, with balls B; of radius 7. Each point can be

covered by at most ¢(n) of balls 4B;, where ¢(n) depends on the dimension.
Then, we apply the last inequality and integrate to get

/3 VRIS <€) (1Rl atary + NORIP 1o aar))  (64)

where A(a,r) = {(z,t) : d(x,0B,) <r,7 —r? <t <t}

Since g € WP then Re L” _, C L” _, C Lz_% = L?. Since

1
Ls(A(a,r)) = </ 2/3 \B |Ric|25dxdt>
T atr\Ba—r

by p>mn, ¢ > ”7*2, we can choose n < 2s < p, then

(| Ric]*)]

; P
and Ric € L” _,,

/ |Ric|**dx
Batr\Ba—r

< / (1Ricl?pl+2r=m%) ¥
Batr\Ba_»r

p—2s

/ (p(n—(q+2)p)%>ﬁ dx '
Ba+r\Ba77‘

p—2s

P
<umti ([, o)
a+r a—r

2s
P
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where z = (n — (¢ + 2)p)2?5 + 535 Since

2s p

Z=(n—(q+2)p);-p72s

- (22 (142

2 2 -2
=—2s(g+2) + — (”5 —2s(q+2)+”(p‘°'))
p—=2s \p p
<—s(n+2)+ p_SQS(”* s(n+2))
n(n+2) 2s n(n +2)
< 2 p— 2 <” 2
2
< - @ < —(n+2)
thus,
p=2s p—2s
P P
/ pedx < / p " 2dx
Ba+7'\BafT' Ba+r\Ba—7-
a+r p_p%
< C(n) (/ p‘gdp)
p—2s
=C(n) ((a )2 —(a+ r)_z) r
p—2s
dar P
-0 (@27
Let a — oo in (6.4), we then get the result. O

Remark In [8], they prove Theorem 6.6 by using the L norm of |Ric|? for
the reason that |Ric|? has decay rate less than —n — 2. However, we assumed
Ric e L” ,_,, which is not sufficient if we still use L> norm of |Ric|?. That is
why we have to use the L* norm of |Ric|* with s > .

Because of Theorem 6.6, Lemma 13 of [8] is valid in our situation,
which implies (6.2) for g.(t). Now by Simon’s result (6.1) and Theorem 6.4,
we obtain R(g(t)) is nonnegative and integrable for ¢ > 0 and m(g(t)) <
liminf._om(ge(t)). So Theorem 2.3 implies m(g(¢)) > 0. Similarly, the ADM
mass is still preserved under the Ricci flow in our case. This is easy to be
proved by the way of [8] as long as we have the following

/ r~ 7| Ric|dS
oB,
p=1

([, ) ([, )
9B, 0B,

p—1

= HRZC||L€Q72(BBQ) . (/ T‘ZdS>
9B,
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where z = (”le —2¢-3);55 <-n-1
Finally, we can prove the positive mass theorem in our condition.

Theorem 6.7. Under the assumptions of Theorem 6.1, if ¢ = n — 2, we have
mapn(g) > 0. Moreover, mapp(g) = 0 if and only if g is diffeomorphic to
the Euclidean metric.

Proof. We have shown
0 <m(g(t)) < liminfm(ge(t)) = lim infm(gc)
and from Theorem 6.1,
liminf m(ge) = mapn(g)
then we get

mapm(g) = 0.
Now we suppose mapn(g) = 0, then m(g(t)) = 0 for ¢ > 0. By theorem

2.3, (M, g(t)) = (R™,6). Then, the rigidity part of the theorem follows from
Theorem 18 of [8]. O

Acknowledgements

I would like to express my gratitude to my advisor Professor Jiayu Li. He gave
me so much useful suggestions and inspired me to complete this work.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.

References

[1] Bartnik, R.: The mass of an asymptotically flat manifold. Commun. Pure Appl.
Math. 39(5), 661-693 (1986)

[2] Bennett Chow, L.N., Lu, P.: Hamilton’s Ricci Flow. Science Press, Beijing (2006)

[3] Dai, X., Ma, L.: Mass under the ricci flow. Commun. Math. Phys. 274(1), 65-80
(2007)

[4] Ecker, K., Huisken, G.: Interior estimates for hypersurfaces moving by mean
curvature. Invent. Math. 105(3), 547-569 (1991)

[5] Ladyzenskaja, O., Solonnikov, V., Ural’ceva, N.: Linear and Quasi-linear Equa-
tions of Parabolic Type. American Mathematical Society, Providence (1968)

[6] Lee, D.A., LeFloch, P.G.: The positive mass theorem for manifolds with distri-
butional curvature. Commun. Math. Phys. 339(1), 99-120 (2015)

[7] Li, Y.: Ricci flow on asymptotically euclidean manifolds. Geom. Topol. 22(3),
1837-1891 (2018)

[8] McFeron, D., Székelyhidi, G.: On the positive mass theorem for manifolds with
corners. Commun. Math. Phys. 313(2), 425-443 (2012)

[9] Miao, P.: Positive mass theorem on manifolds admitting corners along a hyper-
surface. Adv. Theoret. Math. Phys. 6(6), 1163-1182 (2002)



2114 Y. Li Ann. Henri Poincaré

[10] Nikolaev, I.G.: Smoothness of the metric of spaces with two-sided bounded alek-
sandrov curvature. Sib. Math. J. 24(2), 247-263 (1983)

[11] Schoen, R., Yau, S.T.: On the proof of the positive mass conjecture in general
relativity. Commun. Math. Phys. 65(1), 45-76 (1979)

[12] Shi, W.-X.: Deforming the metric on complete riemannian manifolds. J. Differ.
Geom. 30(1), 223-301 (1989)

[13] Simon, M.: Deformation of ¢® riemannian metrics in the direction of their ricci
curvature. Commun. Anal. Geom. 10(5), 1033-1074 (2002)

[14] Witten, E.: A new proof of the positive energy theorem. Commun. Math. Phys.
80(3), 381-402 (1981)

Yugiao Li

University of Science and Technology of China
No. 96, JinZhai Road Baohe District

Hefei 230026 Anhui

People’s Republic of China

e-mail: 1yq112@mail.ustc.edu.cn

Communicated by Mihalis Dafermos.
Received: April 14, 2020.
Accepted: April 24, 2020.



	The Positive Mass Theorem for Non-spin Manifolds with Distributional Curvature
	Abstract
	1. Introduction
	2. Preliminaries
	2.1. The ADM Mass
	2.2. The Generalized ADM Mass
	2.3. The Ricci Flow and Mass Along Ricci Flow

	3. Construction of Smoothings
	4. The Change of the Scalar Curvature
	5. The Change of Mass
	6. Proof of the Main Theorem
	Acknowledgements
	References




