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On “Hard Stars” in General Relativity
Grigorios Fournodavlos and Volker Schlue

Abstract. We study spherically symmetric solutions to the Einstein—Euler
equations which model an idealised relativistic neutron star surrounded
by vacuum. These are barotropic fluids with a free boundary, governed
by an equation of state which sets the speed of sound equal to the speed
of light. We demonstrate the existence of a 1-parameter family of static
solutions, or “hard stars” and describe their stability properties: First, we
show that small stars are a local minimum of the mass energy functional
under variations which preserve the total number of particles. In partic-
ular, we prove that the second variation of the mass energy functional
controls the “mass aspect function”. Second, we derive the linearisation
of the Euler—Einstein system around small stars in “comoving coordi-
nates” and prove a uniform boundedness statement for an energy, which
is exactly at the level of the variational argument. Finally, we exhibit the
existence of time-periodic solutions to the linearised system, which shows
that energy boundedness is optimal for this problem.
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1. Introduction

A description of the two-body problem in general relativity which goes beyond
approximations is challenging in part because fairly little is known about the
dynamics of extended bodies. A physically relevant example of such a body
is a neutron star.? While the question of the correct equation of state has
been subject to much debate,® we focus here on an idealised description in the
context of CHRISTODOULOU’s two-phase model [9] and are interested in the
dynamical stability of even one such body in spherical symmetry.

In this model the body is described by an irrotational barotropic fluid gov-
erned by an equation of state which sets the speed of sound equal to the speed
of light. This so-called hard phase can be thought of as the closest analogue
of a relativistic fluid to a classical incompressible fluid.* When surrounded by
vacuum these bodies have a boundary where the pressure vanishes and the
density has a discontinuity.

Presently, the local well-posedness of the resulting Einstein—-Euler free
boundary problem is an open question, at least in the absence of any symme-
tries.> However, in spherical symmetry the relevant existence and uniqueness
results have been obtained by KIND-EHLERS [24], and CHRISTODOULOU [10],
who also addressed much more difficult questions related to gravitational col-
lapse, namely the continuation and termination of the boundary in the context
of a genuine two-phase model with phase transitions [11,13].

In this note we show (in Sect. 2) that this model permits a 1-parameter
family of non-trivial time-independent solutions, which represent stars in
hydrostatic equilibrium. We conjecture that these “solitons”, when “small”,
are dynamically stable, namely that under small perturbations of the initial
data these stars neither “collapse under their own weight”, nor “disperse”; see

IMany of the existing approximation schemes in the physics literature are based on the
approximation of bodies by point masses; see, for example, [3] and references therein.
2Binary systems of neutron stars are—besides black holes—the primary objects of interest
in gravitational wave astronomy; see, for example, the recent study [28].

3Specifically for the considerations that have motivated CHRISTODOULOU’s model, see, for
example, [16,36].

4This analogue has guided the earliest investigations of this model, see [4].

5A priori estimates were recently obtained by OLIYNYK [32], and GINSBERG [17]. The cor-
responding non-relativistic problem, namely the well-posedness of an incompressible fluid
with free boundary, was solved by LINDBLAD [27].
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Conjecture 1.1 below.% In spherical symmetry this is a subtle issue, because
there is no mechanism by which internal energy can be radiated away: The exte-
rior of the star is a vacuum region, hence always isometric to a Schwarzschild
solution (with a fixed mass), and has no gravitational degrees of freedom.

Indeed, based on these considerations one could expect quite the oppo-
site: The physical boundary condition of vanishing pressure induces essentially
a reflecting boundary condition for the internal oscillations, and the system
then bares some resemblance to the situation in Anti-de Sitter (AdS) with
reflecting boundary conditions, for which M OSCHIDIS recently showed an insta-
bility, namely the formation of black holes from arbitrarily small perturbations
of AdS data (in the context of the spherically symmetric Einstein—massless
Vlasov system) [30,31]; see also the numerical studies for the Einstein-scalar
field system, initiated by B1zoN and ROSTWOROWSKI [2].

The property that supports the idea that hard stars are stable is then
the following: We show (in Sect. 3) that the equilibrium configuration of a
small star lies in a local minimum of the mass energy functional for fixed total
particle number. Both quantities, the total energy and the number of particles,
are conserved in the evolution, but the norm that is controlled by the second
variation is not strong enough to provide an immediate orbital stability result
following GRILLAKIS—SHATAH-STRAUSS [18].7 In fact, the second variation
just fails to give control on the relevant quantities in bounded variation and
thus lies below the critical norm for the existence theory for the Einstein-scalar
field system in spherical symmetry [8]. However, we prove (in Sect. 3.2) that
the second variation controls (pointwise) the so-called mass aspect function
at the centre and thus gives control precisely of the quantity relevant to a
continuation criterion for this system [8].% This gives hope that despite the
weakness of the norm a full nonlinear stability result can still be obtained by
a continuation argument.

Finally (in Sect. 4), we study the linearised system in spherical symmetry
and prove a uniform boundedness result for an energy which turns out to be
precisely at the level of norm controlled by the second variation of the static
solutions. Moreover, we exhibit the existence of time-periodic solutions, which
shows that boundedness (as opposed to decay) of the energy is indeed optimal.
We emphasise that this is achieved by a reduction of the system to a “master
equation” for a single quantity. We expect that these linear oscillations can

6 Another reason for a possible breakdown of the solution is the formation of shocks [12].
However, in this model the characteristics of the fluid coincide with the null geodesics of
the metric and are thus fized. While in spherical symmetry this prevents the characteristics
from crossing it is still plausible that they accumulate after a number of reflections at the
boundary.

7 An example of a self-gravitating soliton which was proven to be orbitally stable in spherical
symmetry, with a related approach due to CAZENAVE and LIONS, is the “galactic clusters”
in the context of the classical Vlasov—Poisson system studied in [25,26].

8We elaborate below, and in Sect. 2, on the relation to the Einstein-scalar field model.
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be integrated to “nonlinear breathers”,’ which would show that an orbital
stability (as opposed to asymptotic stability) result is in fact optimal.

1.1. Description of the Fluid Model

The matter model considered in this note is a perfect fluid whose energy
momentum tensor is given by

T=pu®@u+p(g+u®u) (1.1)

where p is the energy density, u the fluid velocity (a unit time-like vectorfield),
and p the pressure. Moreover, g is the spacetime metric, which is an unknown
coupled to the fluid variables via the Einstein equations, schematically denoted
by E(g) = 87T, where T enters on the right-hand side; see [9]. By virtue of
the Bianchi identities, the Einstein equations imply the conservation laws

V-T=0 (1.2)

which are the relativistic Euler equations. This system is not closed, unless
supplemented by a thermodynamic equation of state. For barotropic fluids the
missing equation is provided by a direct functional dependence of the pressure
on the density,

p=1(p) (1.3)
and if f is strictly increasing, one defines
P dp
F = / [ 1.4
o T+ 44

The Euler equations can then be expressed in terms of the future-directed
time-like vectorfield

V =eclu; (1.5)

see, for example, (1.13a) and (1.13c) in [9].
For an irrotational fluid V is the gradient of a function ¢,

VH = —g"8,¢ (1.6)

and the Euler equations (1.2) reduce, in general, to a nonlinear wave equation
of the form

VH(G(lldel)8ue) = 0 (1.7)

where G(o) = (p + p)/o?. Note since V is time-like, ¢ is always increasing
towards the future; hence, we can think of ¢ as a time function.

In CHRISTODOULOU’s two-phase model the fluid is in a hard phase if the
density is above a critical density pg, and in a soft phase if the density falls
below it. The former is characterised by a linear relationship of the pressure

91n a related setting, the integration of linear to “nonlinear hair” was carried out by CHODOSH
and SHLAPENTOKH-ROTHMAN [5], who showed the existence of periodic solutions to the
Einstein—Klein-Gordon equations. See also [23].
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and the density in (1.3), and in the latter the pressure vanishes identically.!”
In summary,

Two-phase model. We consider a barotropic fluid which satisfies

— >
p= {,0 Po P = Po (1.8)

0 P < po
In this note, however, all solutions have the property that p > po. (The

exterior of the star can be viewed as a trivial solution to the soft phase with
p = 0.) Moreover, by a choice of units we can take

po = 1. (1.9)

The important implication of the choice (1.8), for p > pg, is that the
nonlinear wave equation (1.7) reduces to the linear wave equation*

Uy = 0. (1.10)

In the resulting theory, which has been formulated and studied in [9-
11,13], the “hard phase” is thus similar to the massless scalar field model in
spherical symmetry (see [7,8]), except that the solution ¢ is subject to the

constraint
|do] := /=g 090, ¢ 2 1 (1.11)

and that the energy momentum tensor differs as follows:!?
1
Ty = 0u9 009 + §(||d¢H2 - 1)9#1/ (1.12)

Remark 1.1. We emphasise that only for the equation of state (1.8) the wave
equation for ¢ is “linear”, which is related to the fact that in the hard phase
the speed of sound equals the speed of light, ¢ = 1, where

2 _ dp

.= . 1.13

= (113)
Indeed, even for an equation of state which maintains linearity

p=c2(p—po), 0<cs<l, (1.14)

but introduces a second characteristic surface, corresponding to a speed of
sound which is strictly smaller than the speed of light, the corresponding wave
Eq. (1.7) is nonlinear: Using (1.4) we compute

G(ldg]) = lg] = . (1.15)

10The “soft phase” thus coincides with the so-called dust model, which by itself is an insuf-
ficient model for gravitational collapse [6]. More recently, also an “elastic” model has been
considered, which consists only of the “hard phase”, but allows the pressure to become
negative; see [14].

HLOf course, given that the Einstein—Euler equations are a system for (g, ¢), equation (1.10)
is not truly linear. However, for fized g, this is a linear equation for ¢, which of course plays
an important role for the linearisation of the system.

121n particular, the additional term in the energy momentum tensor breaks the scale invari-
ance of the system which is crucially exploited in the existence theory for bounded variations
solutions in [8].
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FIGURE 1. Interior and exterior of the star separated by the
boundary B in the quotient manifold Q

As opposed to (1.10) we expect shocks to develop for solutions to (1.7), and
thus while physically more realistic, (1.14) provides a less tenable model for
the stability analysis discussed below.

We refer the reader to Section 3 of [9] for a formulation of the equations in
various coordinate systems, to Section 6 of [9] for the basic theorems regarding
the Cauchy problem, and to Section 2 of [10] for the relevant local existence
theory of the free boundary problem.

1.2. Summary

In this note we study spherically symmetric solutions (M, g, ) to the two-
phase model, namely the Einstein—Euler equations with a barotropic equation
of state (1.8). We are interested in “compactly supported” solutions with the
following properties:

(a) In the quotient @ = M/SO(3) there is a time-like curve B which sepa-
rates the “interior” from the “exterior”. The interior contains the central
geodesic I', the centre of symmetry; cf. Fig. 1.

(b) In the interior the fluid is irrotational and the velocity potential ¢ satisfies
(1.11), or equivalently p > 1.

(¢) On the boundary B the physical boundary condition p = 0 is satisfied.
The density has a discontinuity across B: Its induced value is p = 1 from
the interior, and p = 0 from the exterior.

(d) In the exterior p = 0, and g¢ is isometric to an exterior domain of the
Schwarzschild solution with a fixed mass M > 0.

We demonstrate the existence of a 1-parameter family of static solutions

with these properties:'3

Existence of “small hard stars” (Proposition 2.1). For any 0 < R < /=

there exists a static solution to the two-phase model with the proper-
ties (a—d) above, where M = O(R?).

131n this paper we call the static solutions “hard stars”. However, beyond the scope of this
paper, a solution to the Einstein-Euler equations with the properties (a—d) may be called a
“dynamical hard star”, which explains our occasional use of the term “static hard stars”.
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The proof, which is based on a well-known reduction to the TOLMAN—
OPPENHEIMER—VOLKOFF (TOV) equations, is carried out in Sect. 2, where
also a more detailed description of their qualitative properties can be found.
The earliest discussion of these solutions appears to be given by BUCHDAHL

[4].

Remark 1.2. The above star solutions are “small” in terms of both the radius
R of the boundary and the central density p|r, in the sense that 0 < p|p —1 =
O(R?). In the study of static fluid bodies, as initiated by RENDALL-SCHMIDT
[35] and MAKINO [29], the equilibria are typically parametrised by their central
density. It is expected that the existence of static stars with arbitrarily large
central density (yet finite extent R > 0, and total mass M > 0) can be
established, for example by adapting the framework of RAMMING-REIN [34],
or HEINZLE-UGGLA [21] to the equation of state (1.8). Their properties would
be of great interest with regard to the following conjecture, which is expected
to be false for stars with large central density p|p > 1.1

We expect that in the context of spherical symmetry small hard stars
are orbitally stable.!®

Conjecture 1.1 (Orbital stability of “small hard stars”). Consider initial
data—rfor the Einstein-Euler equations with (1.8)—which have the properties
(b-d) above and are e-close to a static hard star solution in a suitable norm.
Then the solution exists globally in time with the properties (a—d) above and
remains e-close to the static star.

1.3. Main Results

This paper contains a variational characterisation of small hard stars and infers
an a priori bound on the mass aspect function. Moreover, our analysis of the
linearised system shows that the linearised dynamics can be reduced to a
“master equation” which admits time-periodic solutions, and for which the
associated energy remains uniformly bounded.

1.3.1. Variational Properties. In spherical symmetry, an important role is
played by the HAWKING mass m, which is associated with each sphere ¢ € Q
of radius r(q); see Sect. 2 below, and Section 3 in [9]. It turns out that by
virtue of the boundary condition (¢) above the Hawking mass is constant on
the boundary B and represents the “total mass energy” of the star:

M =m|s (1.16)

1 An exciting recent result of HADZIC-LIN-REIN [19] confirms the scenario that with increas-
ing central density a growing mode instability appears in the linearised Euler—Einstein sys-
tem around such a star.

15A similar conjecture can of course be formulated outside spherical symmetry. In fact, in
the absence of symmetries the emission of gravitational waves may provide an additional
stability mechanism on the basis of which one might expect an asymptotic stability result.
However, not even the local existence theory for this problem is available at this stage, and
the a priori possible formation of shocks may provide another serious obstacle.
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In fact, in “comoving coordinates” (¢, y) the Hawking mass satisfies the
equations

om 5 Or
Fr 4mr pa—(b (1.17a)
om 5 Or

Recall that ¢ always satisfies (1.11) and is thus a time function whose level
sets can be viewed as a curve of “simultaneous events” relative to the observers
defined by the flow lines of the fluid; the latter are assigned constant values of
X-

Thus, at a given time ¢ we can view M as a functional of the induced
data (p,r):

M[p,r]((b):/E p 4mr?dr (1.18)

As already remarked above we have 0yM = 0 because p = 0 on B.
Another fundamental conserved quantity is the total particle number N(¢).
We show that the above static solutions can be characterised as follows:

Variational properties of “small hard stars” (Propositions 3.3 and 3.6) Small
hard stars are local minimisers of the mass energy functional M under vari-
ations of the data which preserve the total number of particles N. Moreover,
the second variation of the mass functional controls the variation of the mass
aspect function:

()] <en

More precise statements are given in Sect. 3. Variational characterisations
of “stars in hydrostatic equilibrium in general relativity” are not new and were
first given by HARRISON, THORNE, WAKANO, AND WHEELER; see Chapter 3
in [20]. The novel observation here is the stated inequality whose significance
mainly lies in its relevance to the continuation criterion proven in [8]. It is pre-
cisely in the proposed “hard phase” model that the Einstein—Euler equations
reduce in the irrotational case to a system of equations which is formally simi-
lar to the Einstein-scalar field system. For the latter CHRISTODOULOU showed
in [8] that if the mass aspect m/r is small at the centre, then C! solutions to
the Einstein-scalar field system can be extended locally; see Section 5 therein.

1.3.2. Linearised System. While the Einstein—Euler equations in spherical
symmetry form a system of equations (consisting of the Hessian equations for
r, and the conservation laws (1.2); see, for example, Sect. 2 below) we show (in
Sect. 4.1) that essentially due to the direct link between the linearised mass
and radius 7 in the neighbourhood of small stars (cf. Corollary 3.2) the system
can be reduced to a single “master equation” for r.

Decoupled linearised equations (Proposition 4.1 and Lemma 4.4). Consider
the linearisation of the Finstein—Euler equations in comoving coordinates
(¢, x) around a small star solution (ro,po), for fixred particle number N.
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Then the linearised radius 1 satisfies a decoupled wave equation with mixed
boundary conditions of the form

—05¢ = Hr, 0yr|g = f7ls,

where H is a perturbation of Hy := —82 — (2/rg)dy, + 2/r§. Moreover,
all other linearised quantities can be inferred from explicit formulas relating
them to r.

The structure of the decoupled equation allows us to derive directly a
uniform boundedness statement for the associated energy (Sect. 4.2). It turns
out that the natural energy that arises in the context of the master equation
for 7 is exactly at the same level as the norm controlled by the variational
argument discussed above. Thus, we give two independent proofs of the uni-
form boundedness statement, and in particular of the pointwise control of the
mass aspect function.

Linear orbital stability of small hard stars (Propositions 4.2, 4.3). Consider a
solution (7, p) to the linearised Einstein—Euler system in comoving coordi-
nates (¢, x) around a small star (ro, po). If the initial energy £(0) is finite,
then the energy

Br, p\2 I\ 2 A7\ 2
7 T 4fOr
= — e ) 14
£(@) /0 |:<’I“0) + (8(;5) +r0<8x) } X
remains uniformly bounded in time, for all ¢ > 0. Similar uniform bound-

edness statements hold for all other linearised quantities and higher-order
energies.

Finally, the linearised Einstein—Euler system admits time-periodic solu-
tions which are Cl-regular at the centre I'. This is true because the decoupled
wave equation for 7 admits time-periodic solutions which satisfy a suitable
boundary condition at the centre ry = 0. This shows that the above uniform
boundedness statement is optimal.

Existence of time-periodic solutions (Proposition 4.6). The decoupled equation

for 7 admits solutions of the form r = ei\/)‘»j‘z’h(ro) which are regular at the
centre and satisfy the vanishing pressure condition at the boundary, where
Aj — 00 1s a series of real numbers, and /A1 ~ 7‘0|gl.

The existence of nonlinear periodic solutions to the Einstein—Euler equa-

tions in a neighbourhood of small hard stars remains a difficult open problem.'®
2. Existence of Hard Stars and Their Properties
In spherical symmetry the metric takes the form

g = —Q2dudv + r?% (2.1)

16 Approximate time-periodic solutions to the Euler-Poisson system near Lane-Emden stars
have recently been constructed in [22].
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where (u,v) are double null coordinates on Q. Moreover, the HAWKING mass

is defined by:
2m 4 Or Or

1-=—-__- - 2.2
r 02 Ou Ov (2:2)
Recall from [9] that with the notation
o = | do|l (2.3)
we have the relation
2p—1=02 (2.4)

in the “hard phase”.
Moreover, in null coordinates, Eq. (1.10) can be expressed as

0%¢ 10rd¢ 10rde
900 T rouoe T rovan 0 (2:5)

and the Hessian equations for the radius function read, cf. (3.48) in [9]:

9% 209 0r o6\ >

Pr 1oror QF 5

500 7 ou gy - 5(4777« -1) (2.6b)
9r 200 0r 00\ >

For future reference we also note the mass equations, cf. (3.50) in [9],

orom | [(or\? 2m\ (9)°
duon = l(m) (-7 (au” )
or Om or\? 2m oler 2
5o aw =2 [(a) (-7 () 1 (2.10)

Remark 2.1. The above system is not identical to the Einstein-scalar field
system. Note in particular the additional term on the right-hand side of (2.6b),
which breaks the scale invariance of the system; cf. (1.4a) in [8], and Section 2
therein.

2.1. Derivation of the Hydrostatic Equations in the Hard Phase

Here we are interested in static solutions, for which the fluid velocity

VE =out = —g""0,¢ (2.8)
generates an isometry (and is orthogonal to the level sets of ¢).
Let the quotient Q be covered by null coordinates (u,v) such that u = —v

on the initial hypersurface ¢ = 0, and v = v at the centre. Then the fluid
velocity potential ¢ is a function of (u,v), and we make the ansatz

p=u+v (2.9)

2 (9 0
V= ((% + 80) (2.10)

so that
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For the solution we derive all fluid variables, including ¢ and V, are in
fact compactly supported in v — u. We will discuss the yet-to-be-determined
boundary below, and in the surrounding vacuum region the spacetime is always
isometric to Schwarzschild.

With ¢ given by (2.9) we have

4
ldol* = 3 (211)

which implies in view of (2.3) and (2.4) that

4
2-1= 5 (2.12)

Now the wave equation (2.5) implies
10 10

"2 20,00 Ver=0 (2.13)

rou o
which says that r is just a function of
T =v—u. (2.14)

(We will denote differentiation by x by ’.) Substituting into the mass equations
(2.7) further implies that
V-m=0 (2.15)
and hence also m = m(z).
The Hessian equation (2.6b) now implies

1 0,
- ;7"7"’ = E(47r7‘ -1) (2.16)
and from (2.7a) we infer
2
rm’ = 2mr? ()% + (1= =) (2.17)
r

Moreover, recall the defining equation for the mass function (2.2) which tells

us
2m 4

_ /N2
These two equations together give us the ODE for m(r):
dm m’ 9 4
=T —om 1+ @] (2.19)
or simply
d
d—:'f = 47r2p (2.20)

Next we have to derive an equation for p. Substituting in (2.12) for Q2
from (2.18), and differentiating with respect to x, we find

2 =1+ ﬁ (1 - ZTm) (2.21a)

12
2 = === [amr?(p—1) + 2] (2.21b)
rrTr T
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or simply
dp 2p—1 9 m
&P ym2(p— 1 7] 2.22
dr T_2m[7rr(p )+T ( )
The latter is a special case of the TOLMAN—OPPENHEIMER—VOLKOFF equation
[33].
Note in particular that
dp
— <0 2.23
dr — ( )
because p > 1 in the hard phase, and r > 2m in the absence of trapped
surfaces. Solutions are now obtained by solving the ODEs (2.20), and (2.22)

from the centre r = 0 to the boundary where
p=0, p=1. (2.24)
2.2. Existence of Stars

The system of ODEs for m, and p, with the boundary values m(0) = 0 and
p(R) = 1 has a continuous solution for all R > 0 sufficiently small, which
shows the existence of a family of small static stars in the two-phase model,
parametrised by the radius of the boundary R.

Proposition 2.1. For any 0 < R < Ry, Ry < \/%, there exists a continuous

solution (mp, pr) to the system of ODEs (2.20, 2.22), p monotone decreasing,
and m monotone increasing as a function of r € [0, R], with the properties that
for some C > 0, independent of R,

1< pr(r) <14+ CR* pr(R)=1
3 mpg

mpr(0) =0 l< Tﬁ“) <1+CR?

Remark 2.2. We include here for completeness the existence proof for small
stars, which is based on a simple contraction mapping and suffices for the
analysis of the linearised equations in Sect. 4. Alternatively, this could be
approached using the formulation [34], which has the advantage that their
proof likely extends to the large central density regime; see also [21] for a
dynamical systems formulation. The analysis of hard stars with large central
densities lies outside the scope of this paper, but given their drastically different
properties, their further investigation is an interesting topic; cf. [29].

We write
m = %1"3 +m (2.25a)
p=1+p (2.25b)

which is motivated by an approximation of p by its value on the boundary,
where p = 1. Then m and p satisfy

e
d—”: = dnjpr? (2.26a)
dp 1+4+2p 4dmr [ _ 3m

e e AN Y } 2.26b
a1 sz g [P s (2.26b)
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with the boundary values:
m(0)=0 p(R)=0 (2.27)

We will give a standard proof of the existence of solutions to this system
of ODEs by invoking the contraction mapping principle in the space:

CY = {[O,R] — R? continuous, r — (m, p) :

4 .
0<m < po(R)r,0 < p < polR)} (2.28)
where 16
po(R) = - R’ (2.29)
For this purpose define
Tlm, ] = (Mlp], Pm, ) (2.30)
Mlp|(r) = / 4rr?p(r)dr (2.30b)
0
R
1+2p 4drr 3m
First, we show that 7" is a bounded map on C% endowed with the norm
3
= — | 2 2.31
I, o)l = o= || 55| +2lelle (2.31)

Lemma 2.2. For all0 < R < %, / 8%, we have T : C?{ — C%.

Proof. Suppose (m, p) € C%, then M[p] > 0, and
47

M[P]S?POT3~
Moreover,
8 2m 8 1
1——r?-"—>1- — R)+1)R*> =
2 2 1= S (po(R) + DR 2

and therefore P[m, p] > 0 is decreasing in r, and

R
4 4
Plm, p] < 2(1+ 2po) / 5 (14 4po)dr < <2 (1 -+ 4po(R))* (R — r?)
167
< 0
-3
because with the assumed bound on R, and choice of po(R), po <

R2

N[

Second, we show the contraction property:

Lemma 2.3. For 0 < R < %,/% sufficiently small, T is a contraction on

3
I T[ma, p1] = Tma, p2]|| < 1||(m1 —ma, p1 — p2)||
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Proof. For short, let M; = M|[p;], i = 1,2, and P; = P[m;, p;], i = 1,2. Then

" A7
M) = M) = [ w1 = pa)ir < o — pallor®
0

hence,
3 || My — M,
R | B < — .
e =l S o1 = p2lloo
Moreover,
R
4mr 8 2m;\ 1
Pi(r) = Py(r) = / Tngﬂ(l - grz - T)
s 3
X {(1 — ?rz) (5(p1 —p2) + gy (m1 —ma) +6(p7 — p3)
mq my mao
+6(p1 p2)47rr3 +6p2 (47rr3 471'7“3))
2 — 2 2 —
_ (mzr mi) M2 (99 172p2)+M2p2
2mo 3my 2ma 3my
oy (3p1+4 r3)+ (32+4 r3)
2m 3m 2 3m
— —2p1 (3/)1 + ) + ﬂ2p2 (31)2 + ) ;
Ay 473
hence,

3 I mi — Mo I ]
4 73 e
for some numerical constant C' > 0, where we used that

2Py = Palloe < CR2[2lp1 = palloe +

2[pilloo + 7|| 3 Hloo < 4po(R) < 2
Since for R sufficiently small, CR? < 1 7, the statement follows. O

This yields by the Banach fixed point theorem the existence of (1, p) €

C%, for any R > 0 sufficiently small, such that
M) = Pl 7l =5 (2.32)
namely a family of solutions (mg, pr) to (2.26), satisfying the boundary con-

ditions (2.27) parametrised by 0 < R < \/%. This completes the proof of
Proposition 2.1.

2.3. Discussion of the Solutions

While the properties of hard stars given in the existence proof in Sect. 2.2
are sufficient to proceed with the variational characterisation in Sect. 3, it is
nonetheless interesting to point out a number of qualitative features of these
solutions.
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2.3.1. Remarks on the Size of the Stars. In this section we include the natural
constants G, and ¢, and recall that [G//c?] = length/mass.

Remark 2.3. A “regular” hard star is no larger than

¢z 31
o i= | =——. 2.
R<R ”GSpr (2.33)

Indeed, on the one hand, since p > pg, we have

47 3

m > 5 por (2.34)

On the other hand, if we require that none of the spherical shells is trapped—
this is what we mean by “regular”—then
2Gm
c2r
and we obtain the above upper bound on the size of the star.
For typical nuclear densities of say pg ~ 2.3 x 107 kg/m? we find

Ry ~ 26 km. (2.36)
Remark 2.4. Finally, “small” stars have no photon sphere. Indeed, it follows
from the bound on m in Proposition 2.1 that the surface radius satisfies
3 1 1
R> ——— —
“iri+CcrR2 R
for R sufficiently small.
2.3.2. Qualitative Behaviour of the Density Profile. We remark that a qual-
itative picture of the density profile can be inferred from an approximate

ODE derived below, which formally yields an expansion for small stars near
the boundary of the form

<1, (2.35)

(R) > 3m(R) (2.37)

2

p=lt = (R* —1?) (2.38)

as depicted in Fig. 2.

In Sect. 2.2 we have seen p = 1 and m = (47/3)r3 are good approxima-
tions of the static solutions in the sense that all deviations are O(R?). Now
observe that inserting this approximation for m in the equation for p, p = 1+p,
the ODE becomes explicitly integrable. Indeed, setting m = 0 in (2.26b), the
approximate ODE for p reads

dp 1+2p

o1
g T 8%724777“ {p—i— g} (2.39)

which separates into

p dp /R 8mr
— Ty = —a——d 2.40
T e

where we have taken into account the boundary condition p(R) = 0. Thus,

R
8T o

3

6log’ (2.41)
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p(r)
1+ 2R |

FIGURE 2. Density distribution of an approximate solution
to the ODE system for hard stars

or .
3p1+1 _ 1-— 8%7‘2 4 (2 42)
- 8w :
2p1 + 1 1 — ?RQ

Since p = O(R?) an expansion on both sides is justified for small R < Ry,
which gives:

_ 2m
p(r) ~ ?(R2 —1?) (2.43)
Moreover, from (2.12) we also obtain
4 A o o
@ﬁl—ﬁ-?(R —7“) (2.44)
and from (2.18) it now follows that, for small R < R,:
02 2m 4r
"2 2., .2
:—1——):1—— 2.4
0= (1-= 5 (B2 +17) (2.45)
or )
Mol — ?W (R2 n 7’2) (2.46)

In particular, % <r' <lforall0<r<R.

Remark 2.5. As we have seen above the static solutions constructed here have
finite extent, and the density has a jump at the boundary (Fig. 2). We point out
that this is not the case for all static solutions to the Einstein—Euler equations,
but this behaviour depends on the equation of state. See, for instance, [1] for
solutions with drastically different asymptotic behaviours.

3. Variational Properties of Hard Stars

In this section we will characterise the above family of static solutions as local
minimisers of the general relativistic mass energy functional. It is known—
as already described in the book of HARRISON, THORNE, WAKANO, AND
WHEELER [20]—that among all “momentarily static and spherically symmetric
configurations which contain a specified number of baryons that configuration



Vol. 20 (2019) On “Hard Stars” in General Relativity 2151

which extremises the mass satisfies the TOLMAN—OPPENHEIMER—VOLKOFF
equation of hydrostatic equilibrium”. The latter is identical to (2.22) in the
present setting. We follow their approach for the calculation of the first varia-
tion and then proceed to show that the second variation is positive for small
hard stars.

As discussed in Introduction, a suitable coordinate system for the vari-
ational treatment is the “comoving coordinates” (¢, x) relative to which the
metric takes the form

g = —e*de? + > dx? + r23, (3.1)

see also Section 3 in [9]. In these coordinates the wave equation (1.10) reduces
to the conservation law:

dg(r’e ve”) =0, (3.2)
where
eV = ¢l = o (3-3)
By (2.4) we also have the relation
20— 1=e"?Y. (3.4)

3.1. First Variation

In short, the idea is to consider variations of the total mass energy

M:/p4ﬂ"l“2d’/‘ (3.5)

while keeping the total number of particles fixed:

N = / ndy (3.6)

A priori M is a functional of 7, and p, which can be expressed with respect
to any coordinate x € [0, BJ:

B T
Mlp,r] = /0 p(x) 47””2()()%01)( (3.7)

However, in view of the equation of state, the density is a function of the
particle density: In fact, recall that in the hard phase [9, 1.23a]

1
yielding the relation!”
1
p= §(n2 +1) (3.9)

I"Here we have set the constant mo = 1 ; cf. [9, 1.10b] where m(s) is introduced as a function
of the entropy only, which is constant in the present setting.
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Moreover, in specific coordinates we can find a formula for n in terms of r,
and m: We choose x to label the spherical shells in such a way that precisely
X particles are contained in the sphere of radius r(x), namely:

/Oxndu(x) =X (3.10)

where
dp = 4nriedy (3.11)
is the proper volume element. Then we obtain the formula
1
=——e“ 12
" et (3.12)
where w can be determined from the mass equation
2m or\” ar\?
- = | — 2w [ 3.13
o () v (5 1)

which for static solutions reads:

2m 5, (Or 2

In this case it follows that M = M]r| is in fact only a functional of r. Note
also that in these coordinates B = V.

Remark 3.1. The coordinate x defined initially via (3.10) is extended by the

condition [0y, dy] = 0. However, it is important to note that formula (3.10)
remains valid for all positive ¢. Indeed, from (3.9), (3.3) it follows that
n=e" (3.15)

Hence, the wave equation (3.2) implies

X
Op(ndp) =0 = 3¢/ ndp =0, (3.16)
0

which shows that the number of particles enclosed by the sphere of radius
r(x, ¢) is the same for all ¢.

Proposition 3.1. Let r(x), p[r(x)] be an initial configuration on {¢ = 0} x[0, B],
with g—; = 0, for a “hard star” with N particles and non-negative pressure
which vanishes only at the boundary p =0, x = B. Then r is a critical point
of the mass functional

B
M[T]:/O p(X) 47rr2§—;dx (3.17)

under variations which preserve the total number of particles N, if and only
if the associated density p solves the equation

dpo 2p—1/m 9
- = T_Qm(r+47rr (p 1)). (3.18)
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We remark that by assumption p = 1+4+p > 1, x € [0, B) and r > 2m.!8
Hence, we observe that the density of critical points to the mass functional
satisfying (3.18) is manifestly decreasing,.

By wvariation of r(x) above we mean a 1-parameter family 7y, px, 0 &2 of
initial configurations, with A € [—1,1], ro = r(x),po = p[r(x)], such that
%—2‘3 = 0. Denote by

. d
M = aM[TA”)\:O (319)

the first variation of the total mass and similarly for all other quantities, such
as p; in particular, we set

d

a?‘)\( )|)\:0. (3.20)

=.

Note that x and A are independent, i.e. [%, %] = 0. Also, this construction
implies that all functions are defined on the fixed interval [0, N] and it is here
where the constraint on the total particle number is crucially used. We suppress
the subscript A below for convenience.

Proof. Let n be the number density of the given configuration. Choose the
coordinate x along ¢ = 0 according to (3.10). Formulas (3.4), (3.12), (3.13)

then give
2
\/1— 2m 4 (2p—1) (%)

n(x) = , 3.21
() Py (3.21)

where by assumptlon > 0. Since the background configuration is static, the
first variation of n reads

m o m \/1 2m \/1 _ 2m
L oottt )V T2 (3.22)
/1 _2m Amrr?gc 47rr3 Y 4ﬁr2(%) ox

To avoid confusion we note that all the “undotted” functions in first variation
formulas are evaluated at A = 0. We compute 7 by taking the variation of the
equation:

’f‘LZ

om or
—— = dmr?p— 2
o r pax (3.23a)
om 0 or or
—_— = — +Anr?p— + dnr?p— 2
o 87T7‘7’(X)Pa + 4drr an + 4mr pax (3.23b)
From (3.9) we also have
p=mnn (3.24)

18This is equivalent to the assumption that there are no trapped shells.
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Combining the above we obtain the following ODE for the variation of 7i:

om 1 m S 8r+—2+5mr+4r( n)ar
_ —  — =87 R [ T
x 47rr2g—; r Pox " “anr 3‘% P o

37‘ -2+ 5m aor

(3.25)

which we can solve for 7 using integrating factors and integrating by parts
the g—; term:

g exps [
m(x) exp p
0 47T7”3§7
x _dr 2457 dr X' dy ,
-, F“Trpdx‘*t47séxgr"4“r 0)_])dx]emj{[; 4ww3m"}dx
x dr  —2+4571 »dp -1 X' dy
— 8rr(2p — 1) — 4 —— 1 a2l P : / dx’
/O{wr(P )dx peE T v }rexp{o 47TT3dr} X

di dx
x d
—47r?(p — 1) exp X
o Aqrr34r
dx

(3.26)

X

A remark is in order here for the integrability of the exponent of the integrating
factor. Since n = 2p—2 > 1, r > 2M, from (3.21) it follows that inf 7"4(3—;)2 >
0. Hence, the exponentiated integral is finite and in fact of order r2, so the
previous derivation is legitimate.

Evaluating both sides of (3.26) at x = B, the boundary term vanishes
by virtue of the boundary condition:

p—1=p, p=0 :on the boundary. (3.27)

Since m(B) = M is the total mass, we see that the given distribution is a
critical point of the mass functional, M = 0 for all r, if and only if

dr —2452 dp -1
0=8mr(2p— 1) 4 —— 0 4 ygp2 L P 3.28
7T(p )dX 4 337- dX Td; ( )
dp 2 2 2457 2, 2 P—1 :
2p—1 -2
P <2T m—2—|—5m—|—47r7“2(p—1)> (n?=2p—-1)
r—2m T T
2p—1 /m 9
_— My 71)
r—Qm(r+ o (p )
as asserted. Note that
. . om
N =1i(B) = (¢ = B)lmo (3.29)

is only true in the chosen coordinates under the particle constraint, because
then y = B = N is indeed the boundary of the family of solutions. O
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Returning to (3.26) and using (3.28) we see that for any critical point of
the mass functional the following variational formula for 1 holds pointwise.

Corollary 3.2. Let {(r,p)} be a family of solutions to the hard phase equations
with constant particle number N, and assume that (r = ro, p = po) is a critical
point of the mass functional. Then

m(x) = —4mrg(po — Dr(x), X € [0, N] (3.30)
where x is defined as in (3.10).

3.2. Second Variation

We will show that hard static stars with sufficiently small radius R lie in a
local minimum of the mass energy functional.

Proposition 3.3. The static critical points of the mass functional (3.7) are
local minima, i.e. M[r] > 0, for R = r(B) > 0 sufficiently small. Moreover,
MIr] =0 if and only if ¥ = 0y7 = 0.

Proof. Unlike the derivations for the first variation in the prev1ous subsection,

we have take into account the contribution of 22 in M. Since 2~ enters as

P 9¢
a square in (3.21) and g—; is zero for the static background, from the terms

containing derivatives in 0, only a kinetic term containing (%)2 will survive
in the second variation.
‘We compute

T 2 2 ’
Z—T; = 87r(7")2p§—; + 8m~fpg—; + Tﬂm + 1671'7’7",02—;
\/17 4 1 2
+ Tarh+47rr2par + urn+ \/]__7mn
5% ox ox 1_ 2m T

T

(3.31)
and
. 1 —%4-%7“ \/177‘. \/17787’
n= 7 —
2m
U N4 ER L, e Dt VIR o

—6 EE—
2 3 or r 2
(1—22)34mr2 50 ﬁmdgf; 43 (22)
drr(p—1) + Jggf —?“<m>2
6T 3
\/172m4 2 (3x) aX dmrd g 4’7‘(’7‘2 (%)

L1 21 <a¢>2 (3.32)

1 _ 2m 47r7"26T 0¢
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By (3.22) we also have

2m 2m
4 )4z === L=== o7
_ A T EE e GV e VT 0T g
/ 2m 2 Or 47T7”5& A7rr2 or 2 aX
1-— T47TT a Ix T (a)
Hence, the equation for ’; reads:
o or —mymp ] 2m ) Rl
= 8nrt = = — L7 — A7 —1)—
ox pax 47rr23—; 473 g; o )8X
or . 2 g . 2 471'7‘([)—1)-1—% .\ 2
2m m . 2m .\ 2
- 4r 1 0 11— 0
2 (- T DR O ()
dmr 2% 472 (%;) X g2 (g—;) X
20—1 (07>
+ ———= 3.34
42 5o 8T <5¢> ( )

Note that the double-dotted terms in (3.34) are exactly analogous to the ones
in the first variation equation (by (3.9)) of %—7;. Using integrating factors as
in (3.26) and integrating by parts, the resulting expression containing double-
dotted terms vanishes identically due to the fact that p satisfies (3.18). Thus,
we arrive at the equation:

B
M exp / oYy
0 mr o

B or .. or drr(p— 1)+ &% 1— @
—_ T 1 O —7‘2 -\ 2 ) -\ 2
/0 l&rpax (7)* + 167rpr o 6 (") + ()

3 0r 4 87"
4rr x 4rr ox

R ek I 1- 2m (61*)2+ 2 —1 (87’*)2
- —27‘87 T N3\ oy 20r \ 94
or X or aX 4rr2 £t 8¢>
472 (@) 4mr? (@) ax
X dy
- exp {/ éfar]dx (3.35)
0 4y v
X

Now we make use of the smallness condition for the stars by appealing to the
behaviour at the centre as given in Proposition 2.1: For 0 < r < R < 1 we
have the asymptotics m = O(r®), 1 — 22 ~ 1, 4mr(p — 1) + % ~ r. Observe
that as r — 0 the dominant zeroth-order dot term in the last integral is

1_2ﬂ -2

.2 r
T ~ —
4mrd g; () r2

2
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and has a positive sign. We use the latter to absorb the negative ()2 terms,

and we handle the mixed dotted term r’g—; by applying Cauchy’s inequality
drr(p— 1)+ 2 5 e
471'7' ﬂ X 7,,2 (%) X €

2

Notice that the term containing (g—;) is manifestly positive, since p > 1. This

term represents the “kinetic energy” of deviations from equilibrium to second
order. We conclude that M([r] > 0, for static hard stars with small radius.
Finally, the case M[r] = 0 holds if and only if 7 = 0 = 047 O
3.3. Quantities Controlled by the Second Variation

Notation: We denote all the variables of the static solution to the hard phase
by a pg, o, mg, etc. Relations of the form a ~ b below mean that there exist
constants ¢, C' > 0 such that ¢b < a < Cb.

Proposition 3.4. The second variation of the mass functional M[r] of small
hard stars is equivalent to the following energy:

B .2 N .\ 2
. T or or
Mlrol~ | —+75 | = — ] d 3.37
i~ [t () +(3) o 337
The proof makes reference to the leading order behaviour of the back-

ground solution at the centre, which we summarise in the following lemma:

Lemma 3.5. For hard stars of small radius Ry,

_4773

ng,po = 1+ O(Rg - r%), mo = gro 1+ O(R% - 7‘8)] (3.38a)
1 2 1
O L OUB) o), x~rd, (3.35h)

Dx 4rrd

3 +O(RG —13)

e = 4mrd[1 + O(RE —r3)], Oypo = —2 +O(ro),

(3.38¢)

To

where the remainders are analytic functions in ro and their derivatives satisfy
analogous bounds.

Proof. The first estimate follows from (2.43) and (3.9). Plugging it subse-
quently into (1.17b) and (3.21) we deduce the behaviours for mg and 9, ro,
respectively. The rate of Oyr¢ also yields the relation between x and rg.
The function e~ is given by (3.12) in terms of ng,ro, and the asymptotic
behaviour of d, pg is computed from the TOV equation (2.22) using the esti-
mates for myg, po, Oy 0. O

Proof of Proposition 3.4. Going back to (3.35) and replacing the background
variables with their leading orders according to the previous lemma, we see
from (3.36) that M[ro] controls the RHS of (3.37). The fact that M[ro] is also
bounded by the aforementioned energy is evident. O
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Note that the energy space (3.37) is quite weak in that it does not even
control the L.°° norm of 7, as 7o — 0. This is not surprising as energies coming
from conserved quantities in the context of the Einstein equations in spher-
ical symmetry are generally fairly weak. An example of such an energy can
be written down for the AdS scalar field model, where the H' energy of the
scalar field is conserved in the evolution. However, the latter does not pro-
vide adequate control of the solution. Indeed, it is compatible with black hole
formation,'? see [2] and the recent [31].

On the other hand, in the present context of small hard stars, we may
use (3.37) together with the first variation (3.2) of m to obtain a satisfactory
control of “* to first order. This crucially relies on the fact that we are lin-
earising around a static hard star, and it highlights the particularly “stable
structure” that these equilibria enjoy.2°

Proposition 3.6. Let my(x), ra(x) be, respectively, the mass and radius of a
variation through a static hard star (A = 0), defined on x € [0, B]. Then the
following estimate holds true:

—€ 1
‘( 1+s> ‘_CTO M), 0<e< s, (3.39)
in the whole domain [0, B].
Proof. Employing (3.30) we compute
m . mo . ..
(m) —dmry~(po — )7 — (1 +¢) 2+6r ~ T (3.40)

which by (3.37) implies that

/oB [r5*2 (rﬁf)r dx < CM]po, ro]. (3.41)

Differentiating in x and commuting with the dots we also have

0 m . Jrg . 1-¢9p0 .
{ (rl‘*‘f)] =—dn(l —e)ri— o (po — 1)7 — 4mrg ar

5%
8T 8 mo
(g — ) — (14 ¢ 0
ox rng
mo 67‘0 mo or
— (1 2 1 —_- 3.42
(L+C+ 05 o~ (o migs  (342)
Using the behaviour at the centre mgy ~ 1"0,8 mg ~ 1 and 8”) ~ 7“52 we

conclude that

/oB <ré+6 [aax (rlni)] '>2 dx S Mlpo, o] (3.43)

19In this case the mass aspect function ™  becoming larger than 2 3
20Indeed, it was shown by Christodoulou [8] that the quantity “* serves as a continuation

criterion for the Einstein-massless scalar field equations in spherlcal symmetry, and it can be
expected that owing to the similarity of the equations—cf. (1.12)—the analogous criterion
will be instrumental for the study of the hard phase model.
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Finally, we combine (3.41), (3.43) and apply the fundamental theorem of cal-
culus to derive the pointwise bound:

[T - (T
[ (D) e () 2 )] o
< CM]po, o) (by Cauchy—Schwarz)
(3.44)

as long as € — % —2>2(14¢€)—6ore< % Note that for € < %, it is immediate

_1
from (3.41) that there exists a sequence x,, — 0 such that rq 2 [( % )]2

N
Xv

0; hence, the preceding calculation can be made rigorous by passing to the

limit. 0

4. Linear Theory

The comoving coordinates (3.1) that have already been introduced in Sect. 3
are particularly useful for the study of the dynamics of hard stars. In coor-
dinates (¢,x), where ¢ is the time function introduced in (1.6), and x
parametrises the flow lines of the fluid in @, the Hessian equations take the
form (see (3.33) in [9]):

o’r O or oy or m
—2¢ - T ) — _2‘*}77:—*—4 41
(6¢2 3 6¢) e By 5 —Amrp (4.1a)
0%r Ow Or O Or
777777 = 4.1
950x 060X  Ox0p (110
0%r  Ow Or Ow Or m
2w (Y PP —21/177:7_4 4.1
e (3)(2 By 3X) e ag = 2 AT (4.1c)

Recall also the conservation law (3.2), and relations (3.4), (3.9). In comoving
coordinates the Hawking mass m is given by (3.13) and satisfies the differential
equations (1.17a), (1.17b).

Remark 4.1. Tt is not obvious that this system is locally well-posed, with the
free boundary condition p = 0 on x = xp. However, the early work of KIND—
EHLERS [24] can be adapted to derive a symmetric first-order hyperbolic system
for the unknowns

X = — N, y = &I LI (4.2)

O\ r

coupled to ODEs in time for the rest of the variables, see [24, §3.1]. Here we
are interested only in the linearisation of the system, and thus in this paper
we do not pursue the well-posedness of the nonlinear system further in this
formulation.?!

21Recall that local existence for the free boundary problem of the two-phase model was
shown in null coordinates in [9,10].
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In what follows, we will linearise the Einstein—Euler equations in comov-
ing coordinates, in form (4.1). Alternatively, one could linearise the system in
double null coordinates, given in form (2.6), which at first sight seems more
natural because it will involve the study of the linear wave equation (2.5)
for ¢ on a fixed background. In comoving coordinates ¢ is eliminated as an
unknown; however, these coordinates have the decisive advantage of allowing
us to identify the boundaries of a family of solutions.

4.1. Linearised Equations

We linearise the spherically symmetric equations (4.1) around a static hard
star, while keeping the total number of particles IV fixed. We denote all vari-
ables of the background with a 0-subscript, i.e. rg, ¢g, etc. In particular, we
set:

Y=o+, r=ro+711, p=po+p1 (4.3)
m=mo+my, w=wy+w;, Nn=ng+n. '
The above definitions make sense after identifying the domain of the two sets
of variables {r,p, ...}, {ro, po, ...} via the diffeomorphism:

X0

X
(¢,X) - (¢Oa XO)a X = / ndﬂqb:consta X0 = / nOd;U’d)ozconsta (44)
0 0

where 7(0) = ro(0) = 0.

Recall that by keeping the total number of particles fixed, N = Ny, the
spatial variables x, xo are a priori defined on the same interval [0, B], where
X = Xo = B corresponds to the identified boundary, i.e.

r(B) =R, ro(B) = Ry, p(B)=po(B)=1 = pi(B)=0. (4.5)
Also, observe that the conservation law (3.2) is equivalent to

a¢(ndﬂ¢:cons‘c‘) =0, (4.6)

which implies that the formulas for x, xo are valid for all ¢ = ¢¢. We will use
this observation to show that the linearised Einstein—Euler equations around
a hard star in spherical symmetry reduce to one master equation for the area
radius function r, from which all the other linearised variables may be com-
puted.

Proposition 4.1. Given a fized hard star solution to the FEinstein—Fuler system
and spherically symmetric perturbations of form (4.3), which preserve the total
number of particles N, the linearised equations forry, p1, 1, n1, my, wy reduce
to the following form:
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(a) The linearised variable r1 satisfies the decoupled, homogeneous wave equa-

tion
[ amin 1] 50 (32)
_ [ axlfg [mo + 4mro(po — 1)}
+2§ +dmro(2p0 — 1) (7'20 _ (Zifsﬂ .
+ [TZQ)O + d7ro(po — 1)} (951,[1()8’( [(7‘20 B %ﬁs) 7"1}
# (amnm = 2 ) 5 (47)
with mized boundary conditions
ri=0: atxy=0, Oyr1 = <%;:/j§ —Z)) ri: at y = B. (4.8)

(b) The linearised variables py, Y1, n1, mi, wy are explicit functions of rq
and can be computed directly from the formulas:

pP1r=— ’Ll}l(Qp() — 1) = n1\/2p0 — 1, (49&)

_ O x@/’O
w1 = axro P 7“0 (49b)
_ (2 Oyt Oxr1
Y1 = (ro 0 ro) 1+ Oy o (4.9¢)
my = — drrd(po — 1)1y (4.9d)

Proof. Linearising (3.4) and (3.9) we obtain:

pP1 = —¢1(2p0 - 1) = n1\/2p0 -1 (410)

Note that by (4.6) and our choice of spatial coordinate x it follows that

1
Ze Ve = — 4.11
r‘e Ve g (4.11)
Therefore, the linearised equation reads:
2
—ry — ql)l +wp = 0 (412)
To
Likewise, linearising the first equation in (4.1a) we obtain
0 ¢1 8 1
2p0 — 1)03 2wy — = — 4 -1
(2p0 — 1)0gr1 + < w1 Do Dyt 2 — + mro(po — 1)
=L om0 amry (po — 1) — drropy (4.13)

To 0
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On the other hand, linearising the mass equation (3.13) gives

2 2 Oy
_m e (1%) o1+ <1mo> 1 (4.14)
ro U T 0 To

which we may use to replace wy from (4.12), (4.13) above in favour of
mi.

Recall that the variational properties of the static hard stars imply that
the following formula is valid pointwise:

my = —4mra(po — 1)1y, (4.15)
which gives us in turn an expression for w; in terms of r; by (4.14):

0 4 47rg(po — 1)
oy = ( po= OO, )

2m0
axro 1 - 7 aXTQ a TO

where in the last equality we used (2.22) expressed in terms of g, 1o =
~ L log(2p0 — 1):

200 — 1 |m
Oypo = — 1p0 o [7“20 + dmro(po — 1)} Oy To (4.17a)
— 2o | 43
1 m
= Oxtho = 1_ 2mg [TQO +47mro(po — 1)} Oxro (4.17b)
- 0

T0

Note that 0y p9 < 0, Oytpo > 0, as long as rq > 2mg, po > 1.
Thus, substituting (4.15), (4.16) into (4.12), (4.13) we obtain:

2 8)(1?[)0 8Xr1
== - 4.18
wl (T‘() 8X7"0 )rl * aXT() ( )
and
OyT1 o 1
2pg — 1)0? X - _9 O O 4 —1
(2p0 — 1)05r1 + (3X7’0 Do T - D00 —3 + 4mro(po — 1)
S rl —dmr(po — 1) — dmropr
7'0 0

[47T(Po -1+ 2% —4m(po — 1)} 71+ 4mro(2p0 — 1)1
’ (by (4.10), (4.15))

mo 2 8X’Qb0 6Xr1
= [2—4 +4 200— 1) — — 4 200 — 1
[ 7“8’ + 471 (2p0 )<7’o D70 r1 4+ 4mro(2po )3x7‘0

(by (4.18))
(4.19)

Using (4.18) to also eliminate ; from the left-hand side of (by (4.10),
(4.15)) we arrive at the homogeneous wave equation (4.7) for r;. O
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4.2. Linear Stability of Hard Stars

In this subsection we exploit the hierarchical form of the linearised equations
exhibited by Proposition 4.1 to derive energy estimates for the linearised vari-
ables. More precisely, we observe that in the small-radius regime, the wave
equation (4.7) for r1 possesses a favourable leading order potential term, which
along with a careful estimate of the coefficient of the first-order term in the
RHS of (4.7) enables us to obtain uniform global-in-time energy estimates for
r1. Thus, appealing also to (4.9), we show that the linearised system has a
uniformly bounded H!-type energy.

Proposition 4.2. Let r1 be a solution to (4.7) satisfying the boundary conditions
(4.29). Then the following energy estimates hold:

B 2
e = [ [+ @nprien?|a<cso e
0 0
and
B
| ot mt et 4 tax < e, (@.21)
0

for all ¢ > 0, where C > 0 is a constant only depending on the background
hard star solution.

Remark 4.2. Energy estimates (4.20), (4.21) are exactly at the level of the
energy controlled by the second variation of M, cf. Proposition 3.4. In par-
ticular, we may use (4.9d) and (4.20) to derive the same pointwise and H*
bounds for m; as derived for 72 in Proposition 3.6.

Proof. We rewrite (by (4.10), (4.15)) by expressing the second term in the
LHS as a pure 0, derivative and using (4.17a):

2
1- :ZO 8XT1]

8X To (’)X To

o 8)('@[10 mo _ mo _ 3 B 8X1/)0
= |:2 8X’ro |:7‘(2) +47T7"0(p0 1):| +2 ’l“g +4’/TTO(2p0 ].) <TO 8Xr0 71

(-5
8Xr0 To 6XTO
2m0
mo 8XT1 BXTI 1- “ro
4 -2 -1y 0
+ ( 00 2 ) Do Oyro X Bero

= [26"% [m; + 4mro(po — 1)} + 2% + 47r0(2p0 — 1) (2 - 8Xw°>

(2p0 - 1)8357"1 -

OyTo | 7§ o ro  OyTo
1-2me 9 9
+7T0 8}( —_— — quo T1
8X7“0 To 8Xr0

+

2m0 2 0 1,[)0 mo 1- 2mo 0 1
1 - == = XX 4 I 8 0 X
< 0 > <T‘O Dy To +4mrop ré X\ Oyro Dy o

(4.22)
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Next, we compute the coefficient of the last term by using (1.17b), (4.1c):

20, mo 2
2 (1_ 2;20> o S TR
- = ro +

8X7“0 (8Xr0)2 6X7“0
— 2mo m om
2w 0 2w 0
= (@J‘SQ <8Xw08Xr0 +e OE —e 047rr0p0> + 8mropo — To
— 2mo m 2m
T 0 0
= @ngﬁxw()@xro + ﬁ — 4dwropo + 8mrope — ?
2m0
= P OxTo | Oyro + 4mrop - (by (4.11))
(3X7”0) Oxtho = OXO X0 0o 3 :
2m 0 2 m
— ( 0) ( xbo _ ) + 4dmropo — —20 (4.23)
o OyTo  To 6
Hence, the wave equation (4.22) becomes
2m0
0 xT'1
2p0 — 1)02r — 0
(200 ) ¢ X 5'X7"0 axTO]
[, 9x%o [mo mo (2 89(1/’0)
- T4y ) 2% 4200 — (= —
2550 [ 22 4 mralon — 1) + 25+ dmroCzn 1) (2 - G
1— 2o 2 O 2mg\ Oyr
09, X0 8 ——0 ! 4.24
B dero <To 3X7“0> 1+ ( T L0 ) 3,70 ( )

We wish to eliminate the last term in the RHS by making a transfor-
mation ;1 — fri. The correct function f is found via integrating factors. It
is important, however, that f is integrable in [0, B]; otherwise, this procedure
might introduce undesirable weights in the energy estimate below. We have

2mg
' / : A= OxT
JX FAX" (250 — 1)92r1 — O [Juxfdxiro Xl}
e (2p0 — 1)0gm1 x |© dero Dxro
X 7] 2 0
= elot fax’ [ ﬂ(— + 47ro(po — 1)) + 2 —|—47rro(2po —-1) ( ﬂ)
Oyro \ 18 70 OxT0
1 — 2me 9 "
T 9 Oxto , 4.25
* Oxro (7‘0 OxTo )} " ( )

1
for f = (8mwropo — 2%) (1 — 2m°) Oy To.

o
From Lemma 3.5 for the leading order behaviour of small stars we see
that f ~ ry Lo X’%, which makes elo /9" ~ 1. Moreover, we notice that the
dominant coefficient of r; on the RHS of (4.25) is

1— 2mo 2 2
0 roo aX( ) T (4:26)
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Indeed, this follows by noticing that

Oyo (4.17a) 1 [mo (3.38a) Oy Yo 9
& o 4y —1 ] e, o (222 <
7o 1— 2mo |42 +4mro(po — 1) To X\ Oy )| ™ To

To

(4.27)
Thus, multiplying (4.25) with J,ri, integrating in [0, B] and integrating by
parts we obtain the energy identity:

1, /B efoxlf(gp ~1)(d r1)2+efoxlfﬂ(a r1)?|dy
Ay g /B[ 2+0(1)] Dordy  (4.28)
—e 10471 = -5 T104T10AX .
aXTO)2 X ¢ x=B 0 ’)"% ¢
Relation (4.18) evaluated at y = B gives
0 2
O\ = <8X:/j§ - 7”0) ri, atx=DB. (4.29)
X
Moreover, we have %;%g - % ~ —%. Therefore, the boundary term in (4.28)
satisfies
fB f _ ng
—elo 0\ r1 047 ~ R} 0y(r?), 4.30
o2 x10em| _ ~ B 5(71) (4.30)

provided Ry is sufficiently small. Hence, all terms in (4.28) have a favourable
sign, yielding the energy estimate:

B,2
/0 [7‘% + ((9¢r1)2 + ré(&‘xrlf] dy + Rgrf}X:B

B 2
< C{/ % + (8¢r1)2 + ré(@xr1)2dx + RST%|>¢—B:| (4.31)
o 7o

$=0

By the fundamental theorem of calculus we find that the boundary term
R3r? =B is in fact controlled by the energy £(¢), yielding (4.20). More pre-
cisely, it holds 75 'r7 < E£(¢) for all x € [0, B]. Finally, the energy estimate
(4.21) for the rest of the linearised variables follows from (4.9) and (4.20). O

We may use (4.20), along with the fact that the coefficients in (4.25) are
independent of ¢, to obtain higher-order estimates for the linearised variables
to any order.

Proposition 4.3. The following higher-order energies of the solution (r1, p1,
P1, wi, my) to the linearised equations (4.7)—(4.9) are bounded:

B
£W(g) := / ST R0 08 )dx < CiE(0) (4.32)
0 jitja<i
and
B
/O S [0 02 0)? + (00020 )?] dx < CiE(D) (4.33)

Jitj2<i
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for all > 0,i > 1, where C; > 0 is increasing in i.

Proof. We will only derive (4.32). The second estimate follows easily by apply-
ing the first one to (4.9).

Moreover, the case jo < 1 follows immediately from the previous propo-
sition by commuting equation (4.25) with 625, since the coefficients of the wave
equation are independent of ¢. On the other hand, solving for (‘33(7“1 in (4.25)
and using (4.26) and (4.27) we obtain:

83(7"1 = O(T64)5§,7“1 + O(rg *)0yr1 + O(ry O)ry, (4.34)

where the functions O(rf) are analytic and satisfy 0,0(rk) = O(dyrf) =
O(rk=toyre) = O(rf™%), 9,0(rf) = 0, see also Lemma 3.5. Thus, we can
derive the higher-order energy estimate (4.32) for each summand inductively in
j2 > 2. Indeed, assume the corresponding estimate holds true for all summands
up to a fixed number j; of 9, derivatives (and all j;). Commuting (4.34) with
8;62_1 we have

Jj2—1

0Py =" [O( 7T
k=0
+O(rg ¥ )08 Fry + O(rg )00 1y (4.35)

Hence, we obtain

B J2—1
j j 3(je—1—k)+1 o —1—
/0 Tg]2+4(8§<2+17"1)2d)(§ o Z {ro(h )+ a;ag(z 1 le”Li([O,B])
k=0

jo—k)— i —
+ ||T(?;(J2 ) 18;2 kTIHLZ([O’B]X)

+||r§<j2‘1"“>‘1853lknnm([o,B]X)] < C,E() (4.36)

Note that only the second term is at the level of (4.32), whereas the first
and third terms have smaller weights in ¢ than they could afford. Finally,
commuting (4.35) with 3?; and repeating the above argument, we complete
the finite induction proof of (4.32). O

In the following section we exhibit the existence of time-periodic solutions
to the linearised system. This confirms that the above energy boundedness is
indeed the best estimate for the linearised system that one can hope for in this
setting.

4.3. Periodic Solutions

In order to construct periodic solutions to the linearised equations (4.7,4.9), it
suffices to examine the wave equation satisfied by 71, which as we shown above
can be reduced to (4.25). We rewrite the latter using the spatial derivative dy,
instead of 0y :
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fairl =Hnr (4.37a)
— X X’ : ;1 — 2o
Hry=-2 " . 3;@"0i el f' Z—Tro On1
2p0 — 1 aro aXTO Jrg
1 Oxtbo (Mo mo
- 9% (— 4 1 ) ™o
2pp —1 [ dyro \ 75 FAmroleo = 1))+ o
2 o)  1-ER (2 9
Amrg(2p0 — 1) [ — — =X 09— — =
+ ﬂ-TO( Po ) (T’o BXT'()) + 6‘Xr0 X To 8Xr0 "
(4.37b)

We first observe that in the small star regime, H is a perturbation of
1 2 2

2
— 2 _ 92

HO = —maﬁ) (47T7"08r0) + % = —3TO - %aro + % (438)

Lemma 4.4. For small stars, we can decompose
HT1 :Ho’l"l +H1T17 (439&)

where Hy is given by (4.38), and
O(R?
Hy = O(R})J? + (r 0)&0 +0(1). (4.39b)
0

Proof. This follows by substituting the values from Lemma 3.5 in (4.37b), see
also (4.26)—(4.27). O

Remark 4.3. Note that for small stars, the leading order potential term is
included in Hy, and the sign of the corresponding term in H; is irrelevant
here. The former arises from (4.37b) as —(9,70) 10y (2/r¢) = 2/78.

We begin by making the ansatz r; = ¢?V*h(rg). Then (4.37) yields the
eigenvalue problem:

Hh = Mh (4.40)
In the following we restrict ourselves to regular solutions satisfying
h(0) =0, O,,h(0)=1. (4.41)

Remark 4.4. This is justified by the requirement that r(rg) = 1o +r1(ro) gives
rise to a spherically symmetric metric (3.1) which is C! regular at the centre,
which implies 7(0) = 0, and 9,,7(0) = 1.

Next we observe that H is a positive operator, which tells us that all
eigenvalues are positive and real. We omit here a formal definition of H between
appropriate Sobolev spaces, but the boundary conditions (4.29) are of course
essential here.

Lemma 4.5. Let h be a solution to (4.40) satisfying the boundary conditions
(4.41) and (4.43). Then X € (0,+00).
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Proof. We show that H given by (4.37b) is a positive operator. First, integrat-
ing hHyh by parts on [0, Ry], where Hy is given by (4.38), we find

R[) RO
/ hHoh 4nridry = 47 / [ = Oy (130r,h) + 2h°]dro
0 0
Ro R
= 47r/ [15(0roh)* + 2h%]drg — Am(r§hoy,h) o
0

=4r / " [15(0roh)? + 2h%]drg + AT RG [87 Ry + O(R3)| h*(Ro) > 0
’ (by (4.41), (4.43))

(4.42)
and this positivity property remains true when we add the perturbation H;.
Thus, for small Ry, f Ah? > 0 and the conclusion follows. O

The possible values of A are then fixed by the boundary condition (4.29)
which reduces to

Bryh =

1 (Oby 2

——|h t ro = Rp. 4.43
3X7‘0 <3X7“0 o , atTo 0 ( )
First, we study the leading order part of (4.40).

Proposition 4.6. The regular solutions to Hyh = Ah are of the form:
3
hj = W‘]l(\/ )\j?”o), h(O) = 0, aroh(()) = ]., (444)
J

where j1(VArg) denotes the spherical Bessel function (4.45), and {\;}5°,
Aj — +o00, is an increasing sequence of positive real numbers determined by
the boundary condition (4.43). Moreover, the smallest frequency is of the order
VA1~ Ry', as Ry — 0.

Proof. Observe that the function

. B sin(v/ro) B cos(vVArg)
71 (VArg) = (Vro)? o

satisfies the ODE Hyj; = Aji and j1(0) = 0, 8T0j1(\ﬂro)’m:0 = g Hence,
the solution h that we seek equals:
h(ro) 3 <sin(\f)\ro) cos(xﬂr@)
0) = —F= -
\/X (\/X’I’())2 \/X’r‘o

According to the leading order expressions (3.38b), (4.27), the boundary con-
dition (4.43) yields the following equation for A:
cos(VARy)  sin(vARp) sin(vVARy)
T U
It is evident that for large values of A € (0,400), holding Ry fixed, the first

two terms in (4.47) become negligible compared to the last one. Thus, there
exists a discrete set of zeros {\;}§° of (4.47) tending to infinity. Also, for small

(4.45)

(4.46)

2 - 87Rj + O(Ry)] [ =0 (4.47)
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values of A > 0, Ry being fixed and small, equation (4.47) to leading order
reads:

(2 - 87R3 + O(R})] (,é\a + O(A%Rg)) +VA+O0MR) =0  (4.48)

or simply VA/3 + O(VARZ) = 0, which cannot be satisfied for Ry sufficiently
small.

The last part of the proposition is a question of computing the first term
in the expansion of A; := A1(Rp). We search for the leading order exponent
a of /A1Rg ~ R%, as Ry — 0. For a = 0, all terms in (4.47) are of the same
order and hence a solution A with that leading order exists. In order to show
that it corresponds to A1, it suffices to argue that a lower order with a > 0 is
not possible. Indeed, this is the case, since for a > 0 (4.48) is still valid and it
yields:

VAL

=5+ O(Ry ') + O(Ry™) + O(Ry™*) = 0, (4.49)
which also does not admit a solution of the form Ay ~ Rj Ha g >0, as
RO — 0. O

The existence of periodic solutions to the original wave equation (4.37)
for 71 now follows by perturbation theory; see, for example, §13 in [15], and
recall also Lemma 4.5.

Corollary 4.7. There exist periodic solutions to (4.37), r1; = e"‘/:\?w}j (ro), for
a discrete set {\;}§° C (0,+00), and h; satisfying h;(0) =0, 0y, h;(0) =1, and
(4.43). Moreover, \; = \; + O(R2), where the \;’s are given by Proposition
4.6.

Remark 4.5. In view of (4.47), the eigenvalues :\j are simple for large j € N,

and the eigenfunctions izj of the operator H are O(R2) perturbations of the
hj’s given by (4.44).
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