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Classification of String Solutions for the
Self-Dual Einstein—-Maxwell-Higgs Model
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Abstract. In this paper, we are concerned with an elliptic system arising
from the Einstein—-Maxwell-Higgs model which describes electromagnetic
dynamics coupled with gravitational fields in spacetime. Reducing this
system to a single equation and setting up the radial ansatz, we classify
solutions into three cases: topological solutions, nontopological solutions
of type I, and nontopological solutions of type II. There are two impor-
tant constants: a > 0 representing the gravitational constant and N > 0
representing the total string number. When 0 < aN < 2, we give a com-
plete classification of all possible solutions and prove the uniqueness of
solutions for a given decay rate. In particular, we obtain a new class of
topological solitons, with nonstandard asymptotic value o < 0 at infinity,
when the total string number is sufficiently large such that 1 < alN < 2.
We also prove the multiple existence of solutions for a given decay rate in
the case alN > 2. Our classification improves previous results which are
known only for the case 0 < aN < 1.

Mathematics Subject Classification. 35J61, 35Q75, 81T13.

1. Introduction

The classical Ginzburg—Landau model was proposed in 1950s to provide phe-
nomenological descriptions on superconductivity at low temperature. In the
framework of special relativity, this model is called the Maxwell-Higgs model
in the sense that it illustrates a magnetically charged scalar field which inter-
acts with a U(1) gauge field and the gauge fields obey the Maxwell dynamics.
The complex-valued order parameter ¢ and the gauge fields A, are coupled
on the Minkowski space with the metric diag(—1,1,1,1). The metric is used
to raise or lower indices. Then, the Lagrangian is given by

82

A
Lo = G FwF™ + S(D8)(D"0)” + 2 (1o 7). (11)
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Here, D,, = 0, —iA, is the covariant derivative and F,, = 0,4, — 0,4,
represents the electromagnetic field with p,v = 0,1, 2,3. We denote the com-
plex conjugate of ¢ by ¢*. The constant ¢ > 0 represents the strength of
the electromagnetic interaction. The dimensionless constant A > 0 is the
Higgs coupling constant which characterizes the type of superconductivity.
If A < e 2(\ > e72, resp.), we are led to type I (type II, resp.) superconduc-
tivity such that the vortices attract (repel, resp.). The constant 7 > 0 is called
the symmetry-breaking parameter in the sense that it breaks the symmetry of
vacuum states. Indeed, the Lagrangian L, is invariant under the local gauge
transformation

¢ peX, A, - X+ Ay (1.2)

for any smooth real-valued function y, that is, £y is invariant under the local
U(1) gauge transformation. The minimum states of the potential is given by
the circle ¢ = 7e? for # € R and each point on this circle is not invariant
under the U(1) gauge transformation although the set of total vacuum states
is invariant.

Among the solutions of the static Euler—Lagrange equations, special inter-
est has been taken on the vortex solutions. Vortex solutions are realized under
the assumption that ¢ and A, are independent on 23 and Ay, A3 = 0. Such a
configuration is useful when we consider vortex lines in type II superconduc-
tors. In particular, if A = 72, then it allows static multi-vortex solutions with
the vortex location at arbitrary points of the plane. Moreover, the vortices
are in the equilibrium state without interacting each other. These solutions
give the minimum of the static energy in the Bogomol’'nyi limit and can be
obtained by solving the self-dual equations [1]:

(D1 +iD5)¢ = 0, (1.3)
eFis + 2%(\¢|2 — 74 =0. (1.4)

The solution structures of (1.3) and (1.4) are well established in [26,27]. One
may refer to [17,22] for the above contents.

If we consider the effect of gravity in the electromagnetic dynamics, we
need to treat the model in the general relativity frame. This means that the
Maxwell-Higgs model is considered on a (3 + 1)-dimensional Lorentzian man-
ifold M and the metric of M satisfies the Einstein equations. We call this
model the Einstein—-Maxwell-Higgs (EMH) model. As in the above Maxwell-
Higgs model, if we assume that M = R'! x S, namely, M is uniform in the
time direction and one space direction, then the EMH model allows vortex-like
solutions [13,21] which are called the cosmic string solutions. Cosmic strings
are understood as one-dimensional topological defects formed in symmetry-
breaking phase transitions and believed to be relevant in the theory of galaxy
formation in the early universe [14]. Cosmic strings play similar roles as vortex
lines in type II superconductors.

In this paper, we study the self-dual equations for the EMH model which
come from the Bogomol'nyi limit, i.e., the energy minimizing configuration
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of the static energy functional of the EMH model. Solutions of the self-dual
equations are characterized by the zeros of the scalar field ¢ which are called
strings. By assuming that the reduced manifold S is conformal to R?, we will
find string solutions with the string locations at one point. Utilizing the Jaffe—
Taubes argument [17], we will reduce the self-dual equations to an equivalent
elliptic equation. Then, finding string solutions with the string locations at one
point, say at the origin, leads to finding radially symmetric solutions on R?
which have singularities at the origin. We will classify all the possible radially
symmetric solutions of the reduced elliptic equation and give the physical
interpretation of them by computing some physical quantities.

In the following, we take the approach of [13,21,25] for the derivation
of the self-dual equations of the EMH model. Let M be a four-dimensional
Lorentzian manifold with a metric (g,,) for p,v = 0,1,2,3. The metric sig-
nature is given by (—,+,+,+) and the inverse matrix of (g, ) is denoted by
(g""). Let P be a U(1)-line bundle over M of positive degree N which is
determined by the first Chern class of P. The Lagrangian density of the EMH
model on M is given by

g2 1 D
L= 20" FuFop+ 50" (Dud) (Do) + (10 =77 (L5)

In the situation on the curved spacetime, we have the following interpretation
of each quantity. The Higgs field ¢ is a smooth section of P, A = A,dx* is a
unitary connection on P, F = dA = %Fﬂudx“ Adz” with F,,, = 0,A, — 0, A,
is the curvature 2-form of A, and D = d — ¢ A is the covariant derivative. The
Einstein—Hilbert action is given by

R
$=| (5o +£)vV=gda,
/ 167G g
where R is the scalar curvature of M, g = det(g,,) and G is the gravitational
constant. The Euler-Lagrange equations of the action are

1

——D, (g™ D, 2_r2 1.6
NG w(9"\/19|Dv @) = (|¢| )¢ (1.6)

52 v af _ [ v * *
a0V NlEs) = 59 19(Du0)” = 9" (Des)), (A7)
R, — %QWR =81GT,., (1.8)

where Ry, is the Ricci tensor of M and 7),, is the energy—momentum tensor
given by

T = 29" FuaFop + [( p®)(Dy@)" + (Dud)(Dyd)"] = gL

In this paper, we are interested in the static solutions of (1.6), (1.7) and
(1.8). Since the full problem is quite difficult, we make some assumptions on
the metric and the gauge fields in order to find physically meaningful solutions.
In particular, under the assumption that the spacetime metric takes a special
form, we obtain the self-dual equations as follows. We assume that the metric
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is uniform in the direction of time and the third spacial component x2. Then,
M = R?x 8 and gravity occurs from the curved structure of a two-dimensional
manifold §. That is, the line element takes the form
ds® = —(dz®)? + (dz?)? + gjpda? da*.

Here, (g;x) with j, k = 1,2 is the metric tensor of an unknown two-dimensional
Riemannian manifold S. Furthermore, we also assume that ¢ and A, are fields
on &, that is, ¢ and A, depend only on z; and x5 and Ay = A3 = 0. This is
a reasonable assumption since the curvedness structure of M comes from S.
Moreover, such a configuration produces cosmic string solutions and suggests
an explanation of galaxy formation in the early universe [14].

In the following, we denote A = (A1, A3). Now the Euler-Lagrange equa-
tions (1.6) and (1.7) are reduced to

JI? (97" \/|9| Dr¢) = \¢>|2—T) (1.9)
ng (979" /191 Fiom) = =97*[6(Dd)* — 6" (D)), (1.10)

where j, k,l,m = 1,2. Moreover, the Einstein equation (1.8) can be written
as

K, = 87GE, (1.11)

where K is the Gaussian curvature of the manifold (S, g;) and £ is the energy
density given by

g2 1 LA
&= gﬂgkijkFlm + §gjk(Dj¢)(Dk¢) + §(|<I5|2 -7 (1.12)
If A=¢e2, then we obtain

1 1 1
gl _km . P 2 2 - 2 2
£ = 100" [eFn £ 5n10 = )| [eFim £ gm0l = 77

1. . Cm X
+ 59" (Dj6 £ 7, D1)(Dié £ i7" D))
1 4 4
+ ZT%J’GFM + V;(v* ), (1.13)
where 7, is a skew-symmetric tensor with 12 = 1/|g|, V; denotes the covari-

ant derivative with respect to the metric (g;x), and Ji is the current vector
given by

T == ¢ (ko) - o(Dro))] (1.14)

Thus, if A = £72, then the minimum energy is saturated by the following
self-dual equations

(D; +iDy)¢ =0, (1.15)

1
eFy, + %%k(ld)IZ — 74 =0. (1.16)



Vol. 20 (2019) String Solutions for the Einstein—-Maxwell-Higgs Model 1703

In this paper, we will concentrate on the self-dual equations (1.15) and (1.16)
coupled to the Einstein equation (1.11). It is obvious that if (¢, A, g;x) is a
solution of (1.11)—(1.16), then it is also a solution of (1.6)—(1.8). Under some
assumptions on the manifold S, the converse turns out to be true, that is,
(1.11)—(1.16) and (1.6)—(1.8) are equivalent [29]. Hereafter, we will take the
upper signs in both (1.15) and (1.16). The analysis for the lower sign case is
parallel to that for the upper sign case [17].

By following the Jaffe-Taubes argument [17] which was originated from
Witten [28], we have the representation formula of ¢ from (1.15) as

_ d
u .
¢ = exp (§+z@), 0= g n;Arg(z — p;). (1.17)
i=1

Here, {p, }?:1 C R? denotes the set of distinct zeros of ¢ with their multiplic-
ities {n; }?:1. We define the total string number N by

N=n;+ - +nq.
It is standard to represent A in terms of @ by use of (1.15):

X9 1 il

1
Al =i —+—, Ay=-—--010+ —>. 1.18
1= 50U 2 2 g1 EE (1.18)
By plugging (1.17) and (1.18) in (1.11) and (1.16), we derive that
2 .
K, = 727TGL—2(6“ — ) Age“}, (1.19)
1 d
Ayt = —(e" — ) + 47anj5pj. (1.20)

9

Now, we further assume that the manifold S is conformal to the Euclidean
metric on R?. In other words, we assume that

gij = eﬁéij (121)
for some smooth function 7). Let a = 4rG72. Then, (1.19) and (1.20) are finally
transformed into the following elliptic system in R2:

d
-1 soa
Auzs—Qe’(e —72)+4wzlnj6(z—pj) (1.22)
Jj=
S04 a\ _ @ qoa 2
A(n—f— ¢ ) = 6—26”(6 — 7). (1.23)

By further reduction, we can draw a single elliptic equation as follows. Let

u(z) =a(x/7) —2In7, n(x)=7q(z/7). (1.24)
Then, by subtracting (1.23) from (1.22), we see that

A(u—fn—e ) —47anj ;-
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Thus,

d
1
H(zx)= — () — @ — n |z — pj|? 1.25
(0= u(e) = Zole) = ) = 3 s ke~ (1.25)
is a harmonic function. We set H(x) = 0. Then, (1.22) and (1.23) are equivalent
to the following single equation:

—a

d d
1 n; a(u—e" u
Auzg |||13—1?7j|2 ! e (e —1)+47T§ :”japj' (1.26)
j=1 J=1

This is the main equation to be dealt with in this paper. We are looking for
solutions of (1.26) for which K (x)f(u(z),a,e) € L' (R?), where

—a

d
K(z) = H |z —pj|2”f , flu,a,e) = ée“(“*eu)(l —e").
j=1
Such solutions are important in the physical literature in that they produce
finite values of several important physical quantities. We shall discuss this issue
in Sect. 5. Then, the integrability condition gives the following three kinds of
boundary conditions:

Topological condition: u(z) — o as |z| — oo,
Nontopological condition of type Lu(z) — —oco0 as |z| — oo,
Nontopological condition of type IL:u(z) — oo as |z] — oo.

Solutions for each boundary condition are called topological solutions and non-
topological solutions of type I and II, respectively. In this paper, by assuming
that py = --+ = pg = 0, we study the existence and properties of topologi-
cal solutions and nontopological solutions of type I and IT which are radially
symmetric about the origin.

Once we find a solution u of (1.29), we can recover the solution (@, 7)) of
(1.22) and (1.23) by (1.24) and (1.25). Then, we get a solution pair (¢, A, gi;) of
(1.11), (1.15) and (1.16) by the formula (1.17), (1.18) and (1.21). We say that
(¢, A, g:j) is a topological solution, a nontopological solution of type I and a
nontopological solution of type II if u is a topological solution, a nontopological
solution of type I and a nontopological solution of type II, respectively. In
the last section, we will show that the static energy and the magnetic flux
are quantized for topological solutions but not quantized for nontopological
solutions.

Before proceeding further, we make a remark on the value o for the
topological boundary condition. It turns out that o < 0 as we shall see. At the
first glance, since the nonlinear term of (1.26) contains (e*—1), one may expect
that ¢ = 0 for topological solutions. This is true for the case 0 < alN < 1.
However, if 1 < alN < 2, then 0 < 0 as we shall see. This fact is due to the
function K (x) which behaves like a potential term coupled with the nonlinear
term f(u,a,¢). In fact, in the case alN > 1, the integrability of K(z)f(u,a,¢)
in (1.26) may follow from the decay rate of K (x) although the nonlinear term
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f(u,a,e) does not vanish at infinity. The function K(z) appears from the
gravitational effect in the EMH model. Thus, the possibility of o # 0 is a
consequence of gravity in the physical model and does not appear in self-dual
gauge field models without gravity. For instance, as typical examples of self-
dual equations in gauge field theories without gravity, we may consider the
following two equations:

d

1

Au= e'(e" —1) + Ay " nid,, (1.27)
=1
and
d1 d2

1 eu(eu _ 1)

Au = g—zm + 47sz:;nj,15pj,1 - 4”;”3’,26?3327 (1.28)

where 7 is a positive constant. Equation (1.27) comes from the Abelian Chern—
Simons model [15,16] and allows the topological boundary condition and non-
topological boundary condition of type I, while (1.28) arises from the Chern—
Simons gauged O(3) sigma model [18] and has the topological boundary condi-
tion and the nontopological boundary condition of type I and II. In both (1.27)
and (1.28), if there exists a topological solution, then ¢ = 0. One can find the
construction of such solutions in [10,24]. For the existence of nontopological
solutions of (1.27) and (1.28), one may refer to [5,6,9,11,19,20]. One of the
main contributions of this paper is to show that o < 0 for topological solutions
of (1.26) when 1 < aN < 2. This is a new class of topological solitons, with
nonstandard asymptotic value o < 0 at infinity, when the total string number
is sufficiently large such that 1 < alN < 2. This also manifests the effect of the
gravity term K (z) in (1.26).

Now, we take into account the simplest case of (1.26), that is, we suppose
p1 = -~ = pg = 0. We consider the radially symmetric solution u(z) = u(|z|).
Then, we can rewrite (1.26) as

{u” + %u’ = —r~ 2N f(y,a,¢), r >0,

(1.29)
u(r) =2N1lnr+s+o(l) near r=0.

Here, r = || and ' denotes the derivative with respect to r. From now on, we
will write f(u, a) instead of f(u, a, ) for simplicity unless we need to emphasize
the dependence of a quantity on e. We note that the initial condition in (1.29)
means that if ¢(x, s) corresponds to the solution u(r, s) by the relation (1.17),
¢(z, s) enjoys the following behavior near the unique zero at the origin:

|p(z,5)]* = e|z|*N + o(1) (1.30)

as |x| — 0. Since the function =24 f(u, a) is uniformly bounded in both 7 > 0
and v € R, it is standard to show the global existence and the uniqueness of
solutions to (1.29). We denote by u(r, s) the unique global solution of (1.29).
We will show later that for any s € R,

B(s) = B(s;a,N) = /OO T1_2aNf(u(r, s),a)dr

0
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exists and
u(r,s) = [2N — B(s)|Inr + O(1) as r — oc. (1.31)

The value (3(s) plays an important role in classifying the radially symmetric
nontopological solutions of types I and II.

The first result for (1.29) was given by Spruck and Yang in [25] where
they showed the existence of nontopological solutions of type I for the case
0 <aN <1and s < —In(1 +a1). This result was improved in [7] such that
if 0 < alN < 1, then there exists a unique number s, € R such that we have
a unique nontopological solution of type I for each s < s, and topological
solution with o = 0 for s = s,. For the multi-vortex case (1.26), Yang proved
in [30] that if 0 < aN < 1, then there exists a topological solution with ¢ =0
for all small e > 0. Moreover, when 0 < alN < 1, Chae proved in [3] that there
exists 09 > 0 such that for any 0 < 6 < Jy (1.26) possesses nontopological
solutions ug satisfying that

ug(x) = [2N - (g —1—5)} In|z| +o(ln|z|) as |z] — oo.

Up to now, the existence and properties of solutions to (1.26) or (1.29) have
been focused on the case 0 < aN < 1 with topological and type I nontopolog-
ical boundary conditions. However, if alN > 1, then the arguments previously
used in the case 0 < alN < 1 face severe obstacles and are no longer valid.
Indeed, the sign of 1 —alV is very important in classifying solutions and verify-
ing the properties of solutions. Therefore, the case aN > 1 causes mathemat-
ical challenges. The purpose of this paper is to classify all radial solutions of
(1.29) for any a > 0 and N > 0 having topological and nontopological boundary
conditions of type I and II. We provide the complete description of all possi-
ble types of solutions with the explicit decay rates of them at infinity. Such
results may shed a light to the study of full multi-string Eq. (1.26) such as the
existence of bubbling solutions made by gluing radial solutions. We state the
main result as follows.

Theorem 1.1. Let a be a positive real number and N be a nonnegative integer.
Regarding the existence of solutions of (1.29) and its properties, we have the
following.

(i) Suppose that 0 < aN < 2 and aN # 1.

(i-a) There ezists a unique s, = s.(a,N) and o4 n € (—0,0] such that
u(r, 84) — 04N as T — co0. In other words, u(r, s.) is a topological
solution with $(s.) = 2N. If 0 < aN < 1, then o,y = 0 and
u(r,s) = O(r=®) for any o« > 0 asr — oo0. If 1 < aN < 2, then
oan <0 and u(r,s,) = gon +O(r*2%N) asr — co. If N =0,
then s. =0 and u(r, s.) = 0.

(i-b) If s < s«, u(r,s) is a nontopological solution of type I. For 0 <
aN < 1, B : (—00,84) — (4/a,00) is continuous, onto, and
strictly increasing. For 1 < aN < 2, f : (—00,8.) — (2N,4/a)
is continuous, onto, and strictly decreasing. Furthermore, u(r,s) =
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(2N — B)Inr + I, n(s) + O(r*=F) for some constant I, n(s) as
r — 00.

(i-c) If s > s, u(r,s) is a nontopological solution of type II. For 0 <
aN < 1, B : (8x,00) — (—00,0) is continuous, onto, and strictly
increasing. For 1 < aN < 2, (3 : (s4,00) — (0,2N) is continuous,
onto, and strictly decreasing. Furthermore, u(r,s) = (2N — ) Inr+
I, N(8) + O(r?=2aN=m) for some constant I, y(s) and any m >
2 —2aN asr — oo.

(ii) If aN =1 or aN > 2, (1.29) allows only nontopological solutions of type
1L

(ii-a) If aN =1, 5(s) =0 for all s € R.

(ii-b) If aN > 2, B : (—o00,00) — (0,4/a) is continuous such that

lim f(s) = lim_f(s) =0, (1.32)

In particular, if Bi(a, N) = sup,eg B(s;a, N) < 4/a, then for each
Bo € (0,084), there exist at least two solutions u(r,s) for which
B(s) = fo.
In both cases, u(r,s) = (2N — B)Inr + I, y(s) + O(r?=2¢N=m) for some
constant I, n(s) and any m > 2 — 2aN as r — 0.

Theorem 1.1 follows from Propositions 2.1, 3.1, 3.2, 3.3 and 3.4. Once we
find solutions u of (1.26), we can recover solutions (¢, A,n) of (1.11), (1.15)
and (1.16) by the formula (1.17), (1.18) and (1.25). In the last section, by
using Theorem 1.1, we will compute some physical quantities for the recovered
solutions (¢, A, n) related to the static energy functional (1.12).

In the following, we briefly explain basic ideas of the proof and the role
of the value alN. For the case 0 < aN < 1, we employ an argument of shooting
method. We classify all radial solutions of (1.29) according to the shooting
parameter s and find the range of the decreasing/increasing rate 3(s) in (1.31)
by using the Pohozaev identity. Then, using the method of [6], we obtain the
uniqueness of solutions for given [ in the range. If aN > 1, the argument for
the case 0 < alN < 1 is no longer valid. Indeed, we get the factor (2 — 2aN)
in front of several integral formulas for the proof and the sign of this value is
very important in the argument. To overcome this difficulty, by introducing the
Kelvin transform a(r) = u(r=!), we see that if 1 < aN < 2, then 4 satisfies

@+ L %N f(a,a) =0, 1 >0,
{ " (4.a) (1.33)

a(r,8) =2NInr+5+o0(1) as r—0,

where & and N are positive real numbers so that 0 < aN < 1. Since we
know the existence and properties of solutions to (1.33), we can construct
the solutions for the case 1 < aN < 2 via the reverse transformation. In
particular, by solving an auxiliary problem, we prove the uniqueness of the
topological solution. We study this auxiliary problem in the appendix. For the
case aN > 2, we show the limit (1.32) by utilizing the Pohozaev identity and
obtain the multiple existence of solutions to given increasing rate (3.
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Theorem 1.1 tells us that the value alN plays an important role in the
proof of existence of solutions and determines the solution structures. As the
following two examples show, this phenomenon seems to be a general principle
in the self-dual gauge theories coupled with the Einstein equations in account
of gravity. The first example is

ro ’ (1.34)
u(0)=s€R, u'(0)=0.

This equation appears in a massive W-boson model which is in consideration
under gravitational effect [4,23,32]. As before, the constant a > 0 represents
the scaled gravitational constant and A > 0. Poliakovsky and Tarantello [23]
classified the solutions of (1.34) according to the value a(/N +1). They showed
that for each 8 € I, (1.34) allows a solution u which behaves like u(r) =
—BInr+ O(1) as r — oo, where

aN+1) <1 = I(max{4(N+l)’j4(1\;“)}’2‘1)’(1.35)

aN+1)>1 = I= (3,max{j,4(N+1)—a}).

Here, one can see that the value a(IN + 1) gives a criterion on the asymptotic
behavior of solutions.
The second example is

o + o = i,r72aN et et -1
ro g2 (ev+1)2 ev+1)’ (1.36)

u(r)=2Nlnr+s+o(1) as r\,0.

This equation is the reduction of self-dual equations for a Maxwell gauged O(3)
sigma model coupled with the Einstein equations [31,33]. Recently, Chern and
Yang showed in [8] that if 0 < aN < 1, then (1.36) allows a unique topological
solution and one parameter family of nontopological solutions of type I and II.
Indeed, they obtained a similar result to Theorem 1.1 (i) of this paper. They
also proved that if aN > 2, then (1.36) possesses only nontopological solutions
of type II. However, the case 1 < alN < 2 has remained unsolved yet as far
as we know. It turns out that the method employed in the proof of Theorem
1.1 is still valid for (1.36) in the case 1 < alN < 2. We will report this aspect
briefly in Sect. 6.

In conclusion, previous two examples tell us the importance of the num-
ber aN, the product of the scaled gravitational constant and the total string
number N. When there are no topological solutions in a self-dual system cou-
pled with gravity, (1.34) can be a model problem and the work of [23] provides
the complete structure of solutions according to the value a(N + 1). On the
other hand, (1.29) may serve as a model problem for self-dual equations with
gravity which allow topological solutions and nontopological solutions of type
I and II. In this case, Theorem 1.1 gives us the complete understanding of all
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possible solutions according to the value a/N, and this is the main contribution
of the present paper.

Here is an outline of the rest of this paper. In Sect. 2, when 0 < aN < 1,
we establish the existence of topological solutions and nontopological solutions
of type I and II. The main tool is the shooting method with Pohozaev-type
identities and Sturm—Liouville-type comparison argument. In Sect. 3, we clas-
sify all solutions of (1.29) in the case aN > 1. The argument of shooting in
Sect. 2 may not work in the same way because of the condition aN > 1. To
avoid this obstruction, we consider the Kelvin transform (1.33) for the case
1 < aN < 2, which reduces the problem to the known result of Sect. 1. Regard-
ing the case alN > 2, we prove the multiple existence of solutions enjoying given
decay rates. In Sect. 4, we study an auxiliary problem arising from the case
1 < aN < 2in Sect. 3. In Sect. 5, returning to the original physical model, we
compute several important quantities such as energy, magnetic flux, and the
total Gaussian curvature by utilizing Theorem 1.1. In Sect. 6, we study equa-
tion (1.36) for the case aN > 1. By using the argument in previous sections,
we obtain a classification of solutions for the case alN > 1 and improve known
results.

We close this section with a remark on the solvability of the full Cauchy
problems (1.6), (1.7) and (1.8). It was reported in [2] that there exists a global
unique classical solution under the assumption of spherically symmetric space-
time. In the light of [12], such assumption implies that M is diffeomorphic to
R*, the group SO(3) acts on M as an isometry, and the group orbits are the
metric spacelike 2-spheres. See [2,12] for more details.

2. Radial Solutions for 0 < aN < 1

In this section, we prove Theorem 1.1 for the case
a>0, N>0, 0<aN<1.

Given parameters of @ > 0 and N > 0, we need to verify each statement in
Theorem 1.1 for topological solutions, nontopological solutions of type I, and
nontopological solutions of type II. It is useful to consider a slightly generalized
version of (1.29):

'+ L = 6%7"*2“]\[61’(“’6“)(6“ -1), r>0, 2.1)

u(r)=2NInr+s+o(1) near r=0. .
Here, a,b are positive real numbers and NN is a nonnegative real number such
that 0 < alN < 1. We will use the result for this generalized equation in
the construction of solutions of (1.29) for the case 1 < aN < 2. By letting
v(r) = u(r) — 2N Inr and integrating (2.1) twice, we obtain

)=s— / / 2N =2eN (7, b)drdt,

where h(r,v,b) = (V= r*Ve R Nev)/e?. Since 1+ 2bN — 2aN > —1, this
integral is well defined. Slnce h(r,ub) is uniformly bounded in both r > 0
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and v € R, it is standard to show the global existence and the uniqueness of
solutions to (2.1). We denote by u(r,s,a, N,b) the unique global solution of
(2.1). If there is no risk of confusion, we write u(r, s) or u(r) for simplicity.

The main result of this section is to provide the complete classification
of solutions for given real numbers a > 0, N > 0,b > 0 with 0 < alN < 1. We
want to do that according to the value

Ba,Np(s) = /00 120N £ (u(r, s),b)dr.

0

Here, we recall
1 u
fu,b) = 6—261’(“_6 (1 —eY).

By Lemma 2.3 below, it turns out that 8, y(s) has finite values for all s € R.
Moreover, ( is continuous except at one point s, where it has infinite one sided
limits. Let us write simply ((s) = B4, n,5(s) if there is no confusion. By (2.5)
below, we obtain

lim ru'(r,s) = 2N — 3(s). (2.2)

T™—00

Now, we state the main result of this section as follows.

Proposition 2.1. Let a, N,b be real numbers such that
a>0, b>0, N>0, 0<alN <1

Then, the following statements hold true.

(i) There exists a unique s, = si(a, N) such that 5(s.) = 2N, i.e., (2.1) has
a unique topological solution. If N > 0, then u(r, s.) = O(r—®) for any
a>0asr—o0. If N =0, then s. =0 and u(r,s.) = 0.

(il) If s < sy, u(r, s) is a nontopological solution of type I. The function (3 :
(—00,5,) — (B,00) is continuous, onto, and strictly increasing, where

- 4+4(b—a)N
5:5a,N,b:7(b ) > 0.
We have
qh/lil B(s) = oo, Jim G(s) = Ba.Nb- (2.3)

In addition, u(r,s) = (2N — B)Inr 4+ I + O(r?T2(0=aN=b8) for some
constant I = I(s) as r — oo.

(iii) If s > sy, u(r,s) is a nontopological solution of type II. The function
B (sx,00) — (—00,0) is continuous, onto, and strictly increasing. We
have

li\m B(s) = —o0, lim 5(s) = 0. (2.4)
Furthermore, u(r,s) = (2N —3) Inr+J+0(r2=2¢N=m) for some constant
J =J(s) as r — oo, where m > 2 — 2aN is any number.
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We remark that if a = b, then Proposition 2.1 establishes the statement
(i) of Theorem 1.1 for the case 0 < aN < 1. Parts of Proposition 2.1 are
established in [7], where the existence of topological solutions and nontopolog-
ical solutions of type I and the limit (2.3) were proved. So, the main points of
the proof of Proposition 2.1 are the verification of existence of nontopological
solutions of type II, properties for nontopological solutions of type II including
the limit (2.4), and the monotonicity of 5 for nontopological solutions of type
I and type II. The proof of the monotonicity of [ is nontrivial and becomes
one of the main contributions of this paper. Here, we provide the full proof of
Proposition 2.1 containing the case of topological solutions and nontopological
solutions of type I for two reasons: (i) for the sake of completeness and (ii) the
proof for 0 < aN < 1 is used for the case alN > 1. The proof of Proposition
2.1 follows from a series of lemmas and is given at the end of this section.

Integrating (2.1), we get useful formula
ru'(r,s) = 2N —/ 120N f (u(T, 5),b)dr, (2.5)
0
T 1 t
u(r,s) =2Nlnr+s— / E/ 120N £ (u(r, s), b)drdt. (2.6)
0 0

To classify radial solutions, we define

S+N,b ={s € R:u(rg,s) >0 for some ¢y > 0},
So vy ={s€R:u(r,s) <0and v (r,s) >0 for all r > 0},
S_NJ) ={seR:u(r,s) <0 forall » >0 and u'(rg,s) < 0 for some 79 > 0}.

In what follows we shall often drop the indices a, N,b in S;%}\O,Vb for simplicity.
By the continuous dependence of solutions on s, it is obvious that ST and S~
are open. Hence, S = R\ (ST US™) is closed. In the following, we assume that
N > 0. The case N = 0 will be treated at the end of this section.

Lemma 2.2. Let 0 < aN < 1. Then, we have the following.

(i) If s € S;N’b, then w'(r,s) > 0 for u < 0. Moreover, there is a unique
point y(s) = y(s,a, N,b) such that u(y(s),s) = 0.
(il) If s € SY np, then lim, o u(r, s) = 0.
(iii) If s € S, nyp» then (ru') < 0, u(r,s) < 0 and lim, oo u(r,s) = —ooc.
Moreover, u has a unique mazximum point z(s) = z(s,a, N,b) such that
u'(r,s) >0 for 0 <r <z and v (r,s) <0 for z <r < oco.

Proof. (i) Let s € ST and y(s) = inf{r : u(r,s) > 0} so that u'(y,s) > 0.
Since (ru’)’ < 0 for u < 0, ru’(r) is decreasing for u < 0. Hence, ru/(r) >
yu'(y) > 0 for r < y. Since (ru’)’ > 0 for r >y, u(r) > 0 for all r > y.

(ii) Let s € SY. Since u(r) < 0 and «/(r) > 0, there exists lim, ., u(r) = c €
(—00,0]. If ¢ # 0 and u(rg) = ¢ — 1, then (2.5) implies that
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lim ru'(r) = 2N —/ 129N £ (u, b)dr
0

r—00
o0
< 2N—M/ r1=2eNqr = — o0,
T0

which is a contradiction. Here, M = inf{f(u,b) :c—1<u <c} > 0.

(iii) For s € S, u(r) < 0 for all » > 0 by the strong maximum principle. Then
(ru’)’ < 0 for all » > 0, which implies that v has a unique maximum point
z(s). Since /() < 0 for r > z, there exists lim, .o u(r) = ¢ € [— 00,0).
If ¢ # — oo, then there exists R > z such that

(ru) < —cort 722N (2.7)

for all * > R and v/(R) < 0. Here, ¢ = inf{f(u,b) : ¢ <u < u(z(s),s)} >
0. Integrating (2.7) twice, we obtain that
2—2aN __ RQ—QaN)

coR?~2aN r o co(r
R (R (R 7) > ,
ulr) <ulR) + (Ru(R) + 5= 5 ) In g (2 - 2aN)2
which implies that u(r) — — oo as r — 00, a contradiction. So ¢ = — 0.
It is obvious that /() > 0 for 0 < r < z and «/(r) < 0 for z < r < 0.
0

Lemma 2.3. Let 0 < aN < 1. The function 3(s) is finite for s € R and
continuous on S, n, U Sj,N,b' Moreover, 3(s) = 2N for s € Sy y,, B(s) >
[2+2(b—a)N|/b>0 forse SNy and B(s) <2N for s € SZN’b.

Proof. By Lemma 2.2, the limit ¢, := lim, o ru/(r, s) exists for all s € R. It
is easy to see that if ¢, = +o0, then f(u(r,s)) € L*(R) so that (3(s) is finite,
which in turn implies that ¢, is finite, a contradiction. Hence, 8(s) = 2N —
lim, o 7/ (7, s) is finite. Since (B(s) is finite, from the integrability condition
f(u(r,s)) € L*(R), it is easy to check that 3(s) > [2+2(b—a)N|/bfor s € S~
and ((s) < 2N for s € S*. Since ¢ = 0 for s € S°, we have 3(s) = 2N for
s € SO

For continuity on S~ US™T, let sg € S~ and choose a number A such that
B(so) > X > [2+ 2(b — a)N]/b. Then, there exists R such that ru'(r,sp) <
—A+ 2N for r > R. By the continuous dependence of solutions on s, there
exists § > 0 so that Ru/(R,s) < —A+ 2N for all |s — 59| < 4. Since (ru') < 0,
it follows that ru'(r,s) < =X+ 2N for all r > R and |s — sg| < 0. Then,

rl_QaNf(u(r, s),b) < OptH2=a)N=bX " . > R [s — so| < 6.

Now, the continuity of 3(s) at s comes from the Lebesgue convergence theo-
rem. The proof for the case sg € ST follows similarly. O

Lemma 2.4. Let 0 <aN < 1. If s € S;NbUS;rNb, then

4 —4 >
alN FL=2aN b
be? 0

5(5 _ B) _ %/ 7,,172aNeb(ufe“)eudr, (29)
0

B(3 —4N) = u=e")dpr, (2.8)
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where 8 = BaNp = [4+4(b7a)N] /b > 0. Furthermore, 3(s) > 3 for s € SaNb
and B(s) <0 for s € S:’N’b.
Proof. Multiplying (2.1) by ru’, we obtain the following Pohozaev-type iden-
tity:
1
E(r,s,a,N,b) := §|ru/(r, 8)|? —2N? + r? 2N F(u(r, s),b)

r (2.10)
= (2 —2aN) /0 172N B (u(r, 5),b)dr.

Here, F(u,b) = e*“=¢")/(2b). Letting r — oo in (2.10), we obtain (2.8).
Moreover, (2.8) can be rewritten as

ﬁ(ﬁ _ 4N> _ ﬁ(4 B 4aN) + 4 —4aN / Tl—QaNeb(u—e“)eud,r,
b be? 0
which leads us to (2.9). We deduce from (2.8) and (2.9) that 3(s) >
max{3,4N} = for s € S~ and B(s) <0 for s € ST. O

Set o(r,s) = %u(n s). Then ¢ satisfies the linearized equation

1 —2a
¢4 = N f (),
0(0,5) =1, ¢'(0,s) =0.
Here, f'(u,b) := 0f/0u = e’ {p(1 — e*)? — e*}/e2. For the Sturm-
Liouville-type comparison argument, we set wq(r,s) = ru/(r, s) + ¢. Then w,
satisfies that
1
w! + —wl, = — 172N F (u, b)we — (2 — 2aN)r 2N f(u,b)
r
4 C,],,—Zu,Nf/(u7 b), (211)
we(0,8) =2N +¢, wL(0,s) =0.
Here, w!, = Ow,/0r. For simplicity, let
2, (r,s) = (2 —2aN)(1 — ) — c[b(1 — e*)? — "] (2.12)
so that
(rwl) = —r' 72N f(u, byw, — 172N P (1 5).

In what follows we shall often write (r) instead of o(r,s), and so on. The
following lemma deals with the monotonicity of the solution with respect to
the parameter s.

Lemma 2.5. Let 0 < aN < 1. If u(r,s) < 0 and v'(r,s) > 0 on (0,R) for
some R > 0, then o(r,s) > 0 for all r € (0, R). Moreover, if s € Sg’N’b, then
o(r,s) — 0o as r — oo.

Proof. Let s € R be fixed. Suppose that ¢(r,s) has the first zero at rqg < R.
Then, ro < y(s) for s € ST and ry < z(s) for s € S~. Hence, f(u(r,s)) >0
on (0,79). Comparing ¢ and wy, we obtain
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0> ro¢ (1o, s)uwo(ro, s) = (2 — 2aN) / P20 £ B)p(r)dr > 0,
0

a contradiction. Thus, ¢(r,s) > 0 for all » € (0, R) if s € R.
Now, let s € S°. Then ¢(r,s) > 0 for all r € (0, 0). Since

r¢’ (1, s)wo(r, s) — rwj(r, s)e(r,s) = (2 — 2aN)/ 729N £ (u, b)p(t)dt > 0,

0
@' (rys) > 0 for all large r > 0. Moreover, since u(r,s) — 0 as r — oo, there
exists Rg such that (r¢’)’ > 0 for all » > Ry. Integrating this inequality twice,
we deduce that for all » > Ry

o(r,s) > p(Ro, s) + Roy' (Ro, s) In RL
0
Therefore, lim, o, ¢(r, s) = oc. O

Lemma 2.6. Let 0 <aN <1,s€ S, v, and
m(s) =m(s,a,N,b) =u(z(s),s,a, N,b) = sup{u(r,s,a, N,b)|r > 0}.
Then m(s) is increasing and limg_, _ o, m(s) = — oc.

Proof. For s € S™, u/(2(s),s) = 0 and (ru)'(2(s),s) < 0. Then the implicit
function theorem tells us that z(s) is continuously differentiable with respect
to s. We note from Lemma 2.5 that

d du

gm(s) =u'(2(s),5)2'(s) + E(Z(S)’ s) = ¢(2(s),s) > 0. (2.13)

Hence, m(s) is increasing in s.

Let s, be any decreasing sequence such that s, € S~ and s, — — occ.
Assume that ¢ = inf, m(s,) > —oo. For simplicity, let m,, = m(s,) and
zn = 2(8p). It comes from (2.6) that £ < m, < 2NInz, + s,, which implies
zn, — 00. Let 7, < z, be the unique number such that u(r,,s,) = m, — 1.
Since ru'(r, s,) < 2N for all » > 0, it follows that 1 < 2N In(z, /r,,). We infer
from (2.13) that £ — 1 < u(r, sp,) < my for r,, < r < z,. Then, we are led to a
contradiction:

2N :/ /rl_QaNf(u(r, Sn), b)dr > co/ pl2aN gy
0 T

n

2—2aN

> 90 (1 *2‘2213N)

—_— (1 - —

= 2-2aN ‘ o

where ¢g = inf{f(u,b) | £ —1<u<my}. O

Now, we are in a position to classify the solutions of (2.1) according to
the shooting parameter s.

Lemma 2.7. If 0 < aN < 1, then there exists s. = s.(a, N,b) € R such that
S:,N,b = (84, 00), S;,N,b = (—00,5x), and SS,N,b = {s.}.
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Proof. First, we claim that
s€ 8™ forall s< —1 and s € ST for all s > 1. (2.14)

If s € STUSY, then we can take rq < 73 such that u(ry,s) = —2 and u(rq, 5) =
—1. Since ru’ < 2N for u < 0, we have 1 < 2N In(ro/r1). By (2.6), it holds
that —1 < 2N Inry + s. Thus, 7o — 00 as s — — 0o0. Then, as s — — o0,

0 < rou/ (1) = ru’(ry) — /7’2 rldeNf(u(r, s),b)dr

T1

2—2aN
CQ?“Q

<2N — —=
- 2 —2aN

which yields a contradiction and the first part of (2.14) follows. Here, Cy =
inf{f(u,b): =2 <u < —1}.

For the second part of (2.14), let v(r,s) = u(r,s) — 2N lnr. Then for all
large s, it holds that

1 t
1
v(Ls):s—/ z/ T1+2bN_2aNh(’U(T7S)7T7b)d7'dt
0 0

bl
- 4(14+bN —aN)

S >0,

where h(v,r,b) = eb(”’erev)(l —r?Nev) /e? such that |[h(-, -, b)|| peo(r2) < 0.
Hence, s € ST for all s > 1.
Next, we also claim that

if (s1,82) CS™, then sy € §7;
{ (81, 2) ' (2.15)

if (s1,82) C ST, then sy € ST.

We recall from (2.13) that m(s) is increasing for s € S~. Given (s1,s2) C
Sy np fix any so € (s1,2). Then m(s) < m(sg) < 0 for all s € (s1,s0). Now,
the continuous dependence of solutions on s implies that sup,-qu(r,s;) <
m(s1) < 0, and hence s1 € S™.

On the other hand, if s € (s1,s2) C ST, then u/(r,s) > 0 and p(r,s) >0
on (0,y(s)]. The implicit function theorem implies that y(s) is continuously
differentiable with respect to s. Since

_d L / du
0= uly(s),s) = u(y(s) s)y'(s) + - (y(s),9),
it holds that y'(s) = —@(y(s),s)/u'(y(s),s) < 0, which implies that there

exists lim, ~s, y($) = yo. Since 0 = 2N Iny(s) + s + O(1) for s € (s1,s2) by
(2.6), we have yo > 0. Then, from continuous dependence of solutions on s we
deduce that u(yo, s2) = 0. Thus s € ST and the claim (2.15) is proved.

Now, by (2.14) and (2.15), there exist two numbers s.(a, N) < s*(a, N)
such that ST = (s*,0), S~ = (— o0, 5.), and S° = [s., s*]. It remains to show
that s, = s*. If s, < s*, then we infer from Lemma 2.5 that
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0= lim (u(r,s*) —u(r,s.)) = lim agu(r, s)ds
r—oo r—oo o S
= lim o(r,s)ds > / lim inf p(r, s)ds = oo,
which is a contradiction. O

Remark 2.8. If a = b, then for any @ > 0 and N > 0 it follows that s € SIN,(L
for all s > 1. One can easily check this fact from the proof of Lemma 2.7.

Lemma 2.9. Let 0 < alN < 1.
(i) Banp @ (—00,84) — (ﬁ_%NJ77 00) is onto such that B np(s) — oo as
s /" S, and Ba N p(8) = Banp a5 5 — —00.
(ii) Ba,np : (84,00) = (—00,0) is onto such that Ba, N p(s) — — 00 as s\ Sy,
and Ba np(s) — 0 as s — 0.

Proof. By Lemma 2.4, we know that (8(s) > 3 for s < s, and B(s) < 0 for
s > s.. Using (2.9), we observe by Fatou’s lemma that

S—S4 S—84

_ 4 —4aN [ w(rs
liminf B(8 — B) :liminsza / pL=2aN b(u(r,s)—e ) u(rs) q,.
0

> 4 —4aN /oo T1—2aN6b<u(r,s*)—e“(“s*))eu(r,s*)dr = 00.
be? 0

Hence, 8(s) — co as s /" s, and B(s) — — o0 as s \, s.. We also derive from

(2.9) that for s € S~

_ m(s)(4 — 4aN) [ "
53— p) < U [T e teeng,
0

< &™) (B — AN).

Since m(s) — — oo as s — — o0, it holds that 3(s) — 3 as s — — co. Since 3
is a continuous function of s, 3 : (— 00, s,) — (3, 00) is onto.

On the other hand, if s € ST, then u(1,s) = s + O(1) — oo as s — 0.
We define the number ¢, < 1 such that u(ts,s) = Fu(l,s). Since 2N Int, =
-5+ 0(1) by (2.6), ts — 0 as s — oo. Then, as s — oo,

4 —4aN [ w
8(5 - aN) = T [ g
be? 0

=5/2(4 —4aN) [ "
ce a
< o(l 1-2aN _b(u—e") u
— O( ) + bEQ /ts T € € d'r'
<o(1) +o(1) - B(8 - B).
Since ((s) < 0 for s > s,, this implies that 5(s) — 0 as s — occ. O

In the remaining part of this section, we pay attention to the proof of
monotonicity of 3 following the idea of [6,10]. Indeed, we will show that 5'(s) #
0 for s € ST. Tt is easy to see by the Lebesgue convergence theorem that
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B'(s) = /000 7’172"Nf’(u(7“, 3))(,0(7“,s)dr = — lim r¢'(r, s). (2.16)

T™—00

Thus, the monotonicity of 8(s) is closely related to the behavior of ¢(r, s) at
infinity. For comparison arguments, we recall w.(r) defined by (2.11).

Lemma 2.10. If 0 < aN < 1 and s € S(;"Nb, then o(r,s) has exactly one
zero and lim, .o (1, 8) = —o0. Moreover, 3, y,(s) > 0 such that B, np(s)
18 strictly increasing.

Proof. For simplicity, we write u(r) = u(r,s), o(r) = o(r,s), f(u) = f(u,b)
and so on. We recall from Lemma 2.2 that y = y(s) is the unique point such
that u(y(s),s) = 0. Suppose ¢(r) > 0 for all r > 0. Then, (r¢’)’ < 0 for all
large 7 so that ¢'(r) > 0 as r — co. Comparing wy with ¢, we obtain that

™ —00

(2 —2aN) /OOO 12N () (r)dr = lim ¢’ (r)wo(r) > 0. (2.17)

Now, we note that
vy (Q*QQN)/T 1-2aN
— = — e t)dt. 2.1
(o) =" | flu)e(t) (2.18)
Since the map
7 (2 —2aN) / 729N £ () (t)dt (2.19)
0
is increasing on (0,y) and decreasing on (y,00), we deduce from (2.17) and
(2.18) that (¢/wo)'(r) > 0 for all » > 0. Set ¢co = (¢/wp)(y) > 0. Then
(p—cowp)(r) < 0on (0,y) and (¢ —cowp)(r) > 0 on (y, c0) such that f(u)(p—
cowp)(r) < 0 for all r # y. Hence, we obtain that

0<(2-2aN) /ODO r' 72N f(u)p(r)dr

< co(2 —2aN) /OO 729N £ () wo (r)dr
0

_ 2 oo .

_ C0(2 2GN) / ,’,,172(1Neb(ufe )d’f' < 0,
bEQ 0

which is a contradiction. As a consequence, ¢(r) must have the first zero at

r1 =711(s) > 0 such that y < r; by Lemma 2.5.

If o(r) has the second zero at rg, then ¢(r) < 0 on (r1,7r2). Since
(¢/wp) (r) > 0 for r <y by (2.18) and (¢/wp)(r1) = 0, there exists 1 € (y,r1)
such that

0\ ro'wy — rwhe
0= (*) = — . 2.20
2) ) = ST ) (220)

In particular, ¢'(n1) > 0 since u(n1) > 0 such that w((n1) > 0. Let

inf{ (o /wo)(r)|r € (r1,72)} = (¢/wo)(72).

Then, (¢/wg) (n2) = 0 and hence ¢'(n2) < 0 by a similar computation as
(2.20). As a consequence,
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N2
/ r1=2aN £ () (r)dr = mig! (m) — 12’ (n2) > 0.
mni

Moreover, it follows from (2.18) that

/m 2N f(w)p(r)dr = 0.
m
A simple calculation gives
I / _u b 1 o 2 1
<J;((§))) = {(g _ ei)g i < 0. (2.21)

Then, one can check that [f'(u(r)) — cif(u(r))]e(r) < 0 for r € (n1,m2),
where ¢1 = f'(u(r1))/f (u(r1)). This leads us to a contradiction:

0< /"2 r1=2eN () o (r)dr = /m r 2N (u) = e1 f(u)]p(r)dr < 0.

m

Therefore, ¢(r) has exactly one zero.
Now, r is the unique zero of ¢(r) with y < r1. Since

0 < (2—2aN) /y rlfzaNf(u)go(r)dr =y’ (y)wo(y),

0
it holds that ¢'(y) > 0. Since ¢'(r1) < 0 and ¢’(r) < 0 near r = 0, we deduce
that ¢’(r) has at least two zeros in (0,71). In particular, (r¢’)’ has at least two
zeros in (0,71). Meanwhile, f’(u(r)) has exactly two zeros t; < t5 in (0,00)
such that f’(u(r)) <0 on (t1,t2) and f'(u(r)) > 0 on (0,t1) U (t2,00). Thus,
(r¢')" has exactly three zeros t1 < to < 71 in (0,00), and ¢'(r) has two zeros
R < Ry such that

R1<y<R2<r1 and t; < Ry <ty < Ry <ry.
Since ¢(r) < 0 on (r1,00) and (r¢’) (r) > 0 for r > r1, r¢’(r) is increasing on
(r1,00) and there exists lim,_, o r¢'(r, s) = 65 < 0.

We claim that d; # 0. To see this, let ¢; = f/'(u(r1))/f(u(r1)) < 0 as
before. Then f’(u) — ¢1f(u) is negative on (Ra,71) and positive on (r1,00).
Hence [f/(u) —c1 f(u)]o(r) < 0on (Rg,r1)U(r1, 00). Since ¢(Rg) > 0, if §; = 0,
then

0= — lim r¢'(r) 2/ 129N #7 () o (r) dr

T™—00
2

< /RDO rl_QaNf(u)ap(T)dr

= —CQaN i [ (o (r) = ru(r)e(r)]
- 2 2 N[Rw (Ra)wo(Rz) — Rowp(Ro)p(R)]
= 5 _ 924 NRQU.)O(RQ) (RQ) < Oa

which is a contradiction. Consequently, r¢’(r) < d5 < 0 for all large r and thus
lim, o0 (1) = — 00. Hence, (3(s) is strictly increasing by (2.16). O
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Lemma 2.11. If 0 < aN < 1 and s € S, . then ¢(r,s) has exactly one
zero and lim, .o (1, 8) = —o0. Moreover, 3, y(s) > 0 such that B, np(s)
18 strictly increasing.

Proof. For simplicity, we write u(r) = u(r,s), o(r) = ¢(r,s), f(u) = f(u,b)
and so on. We write ®.(r) = G.(e“("), where

2G.(t) = g(t) — ch(t), g(t)=(2—2aN)(1—1t), h(t)=>b1—1t)>—t.
(2.22)

We note that h(t) has two zeros Ty, Ty with 77 < 1 < Ty. Moreover, G.(t) > 0
for all ¢ € (0,1) if and only if ¢ < ¢; := (2 — 2aN)/b.

We recall that z(s) is the unique point such that u'(z(s)) = 0. Suppose
p(r) > 0 for all » > 0 so that ¢'(r) > 0 as r — oo. Then

0 < (2-2aN) /00 12N () (r)dr = lim 7o/ (r)wo(r) <0,
O ™00

which yields a contradiction. As a consequence, ¢(r) must have the first zero
at r; > 0 such that z(s) < r; by Lemma 2.5.

Assume that ¢(r) changes its signs more than twice. Let 79 be the second
zero of ¢(r). If rs is the third zero, then there exist R; and Ro with Ry <
ro < Rs < r3 such that ¢(r) has a local minimum and a local maximum at
r = Ry, Ry respectively. Set oy = e®(1) ¢ = ¢%("2) and gy = “(F2) Then,
09 < & < o1 < 1. Since

1 "
0< (TQDI)/(R1) _ [_ ?T1—2aNeb(u—e )h(eu)w (Rl),

it follows that h(oy) > 0 which says that o7 < Tj. Hence, we can choose
¢p > ¢1 such that g(§) = coh(&), namely, @, (r2) = 0. See Fig. 1. In particular,
D (r) > 0for Ry <7 <rgand @, (r) <0 for rg <r < Ry. As a consequence,
D, (r)p(r) <0 on (Ry,r2) U (re, Ry). Therefore, we obtain that

Ra
0> / 7“1_2“Neb(“_eu)¢>00 (r)p(r)dr
Ry

= —Row,, (R2)¢(R2) + Riw,, (R1)¢(R1) > 0,

which is a contradiction. In the sequel, ¢(r) has at most two zeros. Therefore,
either (r) has only one zero or ¢(r) has exactly two zeros.

If p(r) has two zeros at r1 < 73, then ¢(r) > 0 on (rg,00). Since u(r) is
decreasing for r > 73 and @, (r2) = 0, we see that ®.,(r) < 0 for r > ro. Since
(r¢') < 0 for all large r, there exists pus = lim, oo r¢'(r,s) > 0. If ps = 0,
then

0> / rledNeb(“feu)éco (r)p(r)dr = —ra¢’ (r9)we, (r2).
T2
Hence, w,, (r2) > 0 which also implies that w,,(r1) > 0. Therefore,
T2
0> / rl_Q“Neb(“_eu)(I)cO (r)p(r)dr

= 729" (r2)we, (r2) — 1’ (r1)we, (r1) > 0,
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bey

N\

2 —2aN

coh(t)

2 —2aN

e — — - —

g(t) g(t)

(@) c=c1=(2—2aN)/b. (b) c=co > c1.

FIGURE 1. Graph of g(t) and ch(t)

a contradiction. Thus, s > 0. In particular, 3(s) is decreasing by (2.16).
However, this is impossible by Lemma 2.9. So, we conclude that ¢(r) has only
one zero at rq.

We note that ¢(r) < 0 on (r1,00) and thus (r¢')’ > 0 for all large r.
Hence, there exists lim, o, r¢’(r,s) = §5 < 0. If 65 < 0, then lim, o (7, ) =
— 0o and the proof is complete by (2.16). On the contrary, let us suppose that
ds = 0. Note that if ¢; = (2 — 2aN)/b as before, then ®., (r) > 0 for all r > 0.
If we, (r) > 0 on (0,r1), then

1
0< / pl—2aN gb(u—e ')<I>cl (r)p(r)dr = ri¢'(r1)we, (r1) <0,
0

a contradiction. Hence, we, (1) has a zero before r. In particular, 0 > w,, (r1) =
riu’(r1) 4+ ¢1. So, if we set o = —rqu/(r1) > ¢y, then we,(r1) =0 and {r > 0:
D, (r) < 0} # 0. We note that there exists Ty € (0,1) such that G, (¢) < 0 for
0 <t<Tyand G, (t) >0 for Ty < t < 1. Refer to Fig. 1 by replacing ¢y and
& by c2 and Ty, respectively. There are two possibilities. First, if ®.,(r;) <0,
then e*(") < T,. Since u(r) is decreasing for 7 > 71, it holds that ®.,(r) < 0
on (ry,00). Hence,

U< / PI2N Mg, () (r)dr = lim (1w, — rwl,9) =0,
™ T—00

a contradiction. Here, we used the fact that §; = 0.
Next, we assume that ®.,(r1) > 0. Then, there exist two numbers 7y, 12
such that

m <z<ry<nz,

Dy (1) = Dy (m2) =0, e, (M) =eulm) =T
D, (r) <0 on (0,m71)U(n2,00),

b, (r) >0 on (n,m2).
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We note that

[r(whe = ¢'wo)]" = =2 = 2aN)r1_2“Nf(u)<ﬂ(r){ SN

>0 for r>rq,
and by 6, =0

lim r(whe — ¢'we) = lim r(wje — @'wy) = 0.

r—0 r—00

So, it follows that for all r € (0,r1) U (11, 00)

wo\’  _ r(wpp — ¢'wo)
(@)(T)——np? <0.
Set
w w,
A = 70(771) > 0, Ay 1= 70(172) > 0.
¥ ¥

Then, we have

<0 for 0<7 <,

(/\pro)(r){ >0 for m <r<zg, (2.23)
and

N >0 for r <r<mn, 594

Oap w2 o 1 (221)

We note that for z < r < rq,

d . _pu

@ [rewes —rul, @] = 1N, (M)p(r) > 0.
Hence,

/Z pi=2aN =G (1) p(r)dr = [r¢'we, — rwl, @] (2)
i < [r¢'we, —rwl, @] (r1) = 0. (2.25)
Since @, (r)(r?>=2eN —5?72%N) > (0 on (0, 2), (2.23) and (2.25) imply that
0>\ /OZ =ed, (r)p(r)rtT2 N dr
> /OZ =S, (1) (r)r2 2N dr
> 2N /OZ =D, (r)u (r)dr

u(2) .
e [ (e = N H (u().

Here,
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Similarly, since @, (r)(r2=2¢N — 272Ny < 0 on (ry,00) and 6, = 0, (2.24)
yields that

0= )\2/ eb("_eu)q)c,z (r)p(r)yri=2aN dr
007’1 N
>/ =N e, (r)u (r)r> 22N dr
T1

> a2 [ ) (r)ar

1
_ ,’73 2aN /( ) 6b(tfe )GC2 (et)dt _ _n§72aNHC2 (U(Tl))
T1

In the sequel, since
d
dr

we arrive at a contradiction:

0> H.,(u(z)) > He, (u(ry)) > 0.
This finishes the proof. 0

H., (u(r)) = =S, (! (r) <0 for e (z,m),

Lemma 2.12. Let 0 < aN < 1.
(i) If s € S, Ny then u(r,s) = (2N = B)Inr + I + O(r?+2(b=a)N=b8) fo

some constant I = I(s) as r — 0.

(i) If s € S;"N’b, then u(r,s) = (2N — B)Inr + J + O(r2=2eN=m) for some
constant J = J(s) as r — oo, where m > 2 — 2aN is any number.

(it) If s € Sy yy» then u(r,s) = O(r~®) for any a > 0.

Proof. (i) Let s € S~ and set u(r,s) = (2N — B)Inr + v(r,s). Then, v
satisfies

(rv’)’ _ 6%7,1—2aN+2bN—bﬁeb(v—r2N’ﬁe”)(T2N—Bev —1). (2.26)
By (2.2), v(r,s) = o(lnr) as r — oo. Given any small 0 < § < 3 — 3/2,
let us fix a large number Ry > 0 such that for all r > Ry,

lo(r,s)| < olnr. (2.27)
Hence, f(u(r,s),b) < cor?®V =P+t for all r > Ry. Integrating (2.26)

twice, we obtain that for r > Ry,

v(r,s) —v(Ro, ) /R / 120N £ (u(r, 5), b)drdt.

Since 2 — 2aN + 2bN — b3 + b = b(3/2 — 3+ 6) < 0,
coR22eN+2N—bA-+03
Co

> 1 >~ 1—2aN
— <
/Ro t /t T S (ulr, ), b)drdt < (2—2aN + 20N — b3+ bo)2 =~ >
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Consequently, v(r,s) = O(1) as r — 0.
Now, replacing (2.27) by v(r,s) = O(1) and employing the same argu-
ment again, we conclude that as r — oo,

u(r,s) = (2N — B)Inr + I(s) + O(r? 20N 20N =05),

Indeed, since v(r, s) = O(1) as r — oo, there exist Ry > 0 and ¢; > 0 such
that f(u(r,s),b) < c1r?@¥=F) for all r > Ry. Integrating (2.1) twice, we
obtain that for r > R

u(r,s) = (2N — B)Inr 4 I(s / / 712N £ (u(r, s), b)drdt

= (2N — B)Inr + I(s) + O(r2F2-a)N=b5)

where

I(s) =u(Ry,s) — (2N — B)In Ry + /ROO % /00 TlfQ‘INf(u(T, s),b)drdt

o q 0o L2aN Clr2+2(b7a)N7bﬁ
— < .
/T , /t T f(u(T,s),b)det_ G520 aN — 05

Since 2 + 2(b — a)N — bB < —b3/2 < 0, the last integral is well defined.
This establishes the assertion (i).

(i) Let s € ST and m € (2 — 2aN, c0) be given. Since 2N — 3 > 0, by (2.2)
there exists a positive number by such that f(u(r,s),b) = O(e‘bo’"wfﬂ)
for all large r. Hence, there exist constants co = ¢3(s) > 0 and Ry =
Ry(s) > 0 such that f(u(r,s),b) < cor™™ for all 7 > Ry. We note that
co and Ry are independent of m. Integrating (2.1) twice, we obtain that
for r > Ry

u(r,s) —u(Ra,s) = (2N — ) ln——I—/ / 1= 2aNf u(t, s), )det
Rz t
Since m > 2 — 2aN, we see that for any r > Ro
/ool/ - 2aNf ) )d dt< 2 2aN—m _
u(T, s T ( 2aN m)? 0.
Hence, for all r > Ro
*1

u(r,s) = (2N — B)Inr + J(s / / 1=2aN £ (u(r, s), b)drdt

= (2N = B)Inr 4 J(s) + O(r?2eN=m),

where
J(s) = u(Ra,8) — (2N — ) In Ry +/R %/ 120N f (u(T, 5), b)drdt.
. tJe

(iii) Suppose that s € S°. Choose R; > 1 such that f(u(r,s),b) > —cou for
some cg > 0 and for all r > R;. Thus, Au < cor—2*Ny for all » > R;.
Given a > 0, choose Ry such that a?r— 212N < ¢y for all r > Ry. In
particular, a?Ry 272N < ¢). Set R = max{R;, Ry} and define h(r) =
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c1r~% where ¢; is a constant chosen such that ¢; > —R%u(R,s) > 0.

Then, for any r > R
Ah = o?r 20N p=282aN (1) < cgr= 29N p(r)
such that
Au+h) < cor 2N (u + h).

Then, it comes from the maximum principle that v + A~ > 0 and the
statement (iii) follows as desired.
[l

Proof of Proposition 2.1. First, let N > 0. By Lemma 2.7, there exists s.
such that u(r, s.) is a unique topological solution, u(r, s) is a nontopological
solution of type I for s < s,, and u(r, s) is a nontopological solution of type II
for s > s,. Since lim, o ru/(7, $x) = 0, B3(sx) = 2N. By Lemmas 2.3 and 2.9,
the function §(s) is continuous and onto. By Lemmas 2.10 and 2.11, §’(s) > 0
and so ((s) is strictly increasing. The asymptotic behaviors are consequences
of Lemma 2.12.

Next, let us suppose that N = 0. Since u(r) = s + o(1) near r = 0, we
easily obtain that S* = (0,00), S° = {0}, and S~ = (- 00,0). It is obvious
that if s € ST, then u/(r,s) > 0 and lim, . u(r,s) = co. If s € S~, then
uw'(r,s) < 0 and lim, oo u(r,s) = —oo. It follows from the Pohozaev-type

identities
4 & u
2 _ b(u—e™)
8 = he2 A re dr

5(6-3) =53 | " e g

that 8(s) > 4/bfor s € S~ and 3(s) < 0 for s € S*. Moreover, proceeding as in
the proof of Lemma 2.9, one can show that 3 : (— 00, 0) — (4/b, 00) is onto such
that lims_,_ o B(s) = 4/b and lim, ~o B(s) = oo. Also, §: (0,00) — (—0,0)
is onto such that lims_,o, G(s) = 0 and limg\ o B(s) = — o0.

Now, we shall prove that 3'(s) # 0 for s € S*. As before, we write
u(r) = u(r,s), p(r) = p(r,s), f(u) = f(u,b) and so on. First, consider the
case s < 0. By using the same argument of the proof of Lemma 2.11, we
can show that ¢(r) has exactly one zero at 1. In addition, if ¢; = 2/b, then
We, (r) has a zero before r1 and we,(r1) = 0 where ¢ := —riu/(r1) > ¢;. If
®,(r1) > 0, then ®.,(r) > 0 on (0,71) such that

T
0< / re? =D, (1)p(r)dr = 0,
0

a contradiction. Thus ®.,(r1) < 0 such that ®.,(r) < 0 on (r1,00). Since
©(r) <0 on (ry,o0) such that (r¢’) (r) > 0 for large r, there exists
¢'(

lim r
r7r—00

rys) =ds <0.
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If 05 = 0, then

0< / re? =D, (1)p(r)dr = 0,
ry

a contradiction. Therefore, §; < 0 and thus 3(s) is strictly increasing by (2.16).
Similarly, for s > 0, ¢(r) must have zeros. In fact, if p(r) > 0 for all r,
then r¢’(r) > 0 for all large r > 0 such that

0> /000 2r f(u)p(r)dr = lim 7¢'(r)we(r) > 0.

T™—00

Suppose that r; and ry are the first and the second zeros of ¢(r). Let R €
(r1,72) be the unique minimum point of (¢/wg)(r). From

0= (%)’(R) _ (e wow—g&))w)(l%),

it follows that ¢’(R) < 0. Moreover, by the formula

(w%)'(r)zé T2tf(u)ap(t)dt, (2.28)
0J0

we obtain
R
/ 2r f (w)e(r)dr = 0.
0

Since f(u) < 0, we deduce from (2.21) that [f'(u) — p1f(u)]e(r) < 0 for
r € (0,R) where p; = f'(u(r1))/f(u(r1)). Gathering these information, we
get a contradiction:

R R
0> / P (w) — e f(w)]ep(r)dr = / rf' (u)p(r)dr = —Ry!(R) > 0.

As a consequence, ¢(r) has exactly one zero at r; and there exists
lm, o 7’ (1, 8) = d5 < 0.

We note that wg(r) is a positive increasing function. Hence, we can choose
c1 < 0 such that we, (r1) = 0. Since u(r) is strictly increasing and e*(") > 1 for
allr > 0,if ®., (r;) <0, then ®., (r) < 0on (0,71). This yields a contradiction:

0> / re? = e, (1)p(r)dr = 0.
0

Thus, ®.,(r1) > 0. Again, thanks to the monotonicity of u, it holds that
O, (r) > 0on (r,00). If 65 =0, then

0> / re? @&, (1)p(r)dr = 0,

a contradiction. Consequently, 65 < 0 such that §(s) is strictly increasing by
(2.16). This finishes the proof of Proposition 2.1. O
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3. Radial Solutions for alN > 1

This section deals with the case alN > 1. For the set of shooting parameter
s, we use the same notation ngjj\[,,b as in the previous section. We divide the
proof into three cases: 1 < aN < 2, aN =1 and alN > 2. For the proof for the
case 1 < aN < 2, we need to study two auxiliary problems (see Step 2 and
Step 4 of the proof of Proposition 3.1). In the next section, we set up these
problems and establish basic results for these problems which are used in the
proof of Proposition 3.1. The first main result of this section is the following:

Proposition 3.1. Let a and N be positive real numbers such that 1 < alN < 2.
(i) There exists a unique s, = s«(a, N) such that 3(s.) = 2N, i.e., (1.29)
has a unique topological solution. If s < s«, u(r,s) is a nontopological
solution of type I. If s > s., u(r,s) is a nontopological solution of type
II. Furthermore,
lim wu(r,s.) = oq,n < 0.

(ii) The function B(s) is continuous and onto such that 8 : (—00,8.) —
(2N,4/a) and 3 : (s«,00) — (0,2N). Moreover, 3(s) is strictly decreasing
on R\{s.}.

(iii) We have

lim §(s) = 2N, lm_B(s)= 1, Jim f(s) = 0. (3.1)

Proof. Let 1 < aN < 2 and u(r, s) be a solution of (1.29). We will show that
there exists s, = s«(a, N) € R such that S;Nﬂ = (84,00), S, N0 = (—00,84),
and 527N7a = {s4}. By Remark 2.8, s € S;N,a for all large s. Then, proceeding
as in the proof of Lemma 2.7, we can see that S;Nﬂ = (54,00) for some
Sy € [—00,00). We divide the proof into several steps.

Step 1 There exists a sequence s, — — oo such that s, € S;N,a and
m(sp) — — 00 as s, — — 00, where m(s) = sup{u(r,s)|r > 0}.

Given a, N > 0 with 1 < aN < 2, we put Ny = (2 — aN)/a such that
0 < aNy < 1. Let us take any N > 0 with 0 < N < Ny and set & = (2—aN)/N.
We note that

a 2—aN 2—aN
- = = > == 1
a alN alNy
Consider the following initial value problem:
1 -
W'+ =i = —r 2N f(4,a), r>0,
r fl@.a) (3.2)

W(r,8) =2NInr+5+o0(1) as r— 0.

Since 0 < aN < 1, there exists §, such that Sa_N W= (— 00, 84) by Proposition
2.1. Moreover, it follows from Lemmas 2.4 and 2.12 that for each § < 3.,

a(r,s) = [2]\7 - B(é)] Inr+1+o(1) as r— oo,
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where

A(3) :/ P28 £ (41 ), a)dr
0
_ 4 4
> B xa= E(l +aN —aN) = a(aN—&—aN— 1).
It follows from the choice of N that

L 2 . 2
2N +2N =B, 3, = -2~ aN —aN)>>(2~aNg—aN) =0. (3.3)

Thus, by Proposition 2.1 and Lemma 2.12, there exists o = §o(V) € S{:N Y
such that 3(39) = 2N + 2N and
a(r,80) = —2NInr + I +o0(1) as r — oo,

1

for some Iy = Iy(N). Now, we set u(r, Io) = @(r~", 39). Then, we obtain

u” + tu' = — 72N f(y, q), r >0,
u(r,Ip) = 2NInr + I+ o(1) as r— 0,
u(r,Ip) = —2NInr + 38 +o(1) as r — oo,

which implies that I € S;N)a. Thus, S;N,a is a nonempty open set.

We claim that 1 = m(N) = max,~q i(r, ) = max,~ou(r, ly) — — oo
as N " Ny. To see this, let 2 = 2(N) be the unique maximum point of .
Suppose that lim ianHNO m > —& for some £ > 0. We note that 2 is bounded

below as N /" Np. Indeed, if Z — 0, then we have a contradiction: as N /" Ny,

1110227228
2 —2aN
LeAt r1 be the unique point such that 1 < 2 and 4(rq) = ﬁ:t — 1. Since ro’ <
2N < 2Ny, 1 <2NyIn(2/r1). We note from (3.3) that 0 < 3(30) — 3, ., — 0

as N /' Np. Hence, by the Pohozaev identity (2.9), as N — N,

2N :/ rlfQ&Nf(ﬁ, a)dr < 0.
0

3(50) (B(5 3 4—4aN [ —2aN a(i—e™) a
o(1) = B(650)(B(50) ~ Biga) = ——5— /O =208 ga(i—e®) g,

. ~ N Z P . a R
> 4 42aN / r1—2aNea(u—e )eud,r
ae .
> %émz\riz(l _ 6(272aN)/2N0) ) ( inf [ea(ﬁ,eﬂ)eaD > 050,
ae —£-1<a<0

which yields a contradiction.

Now, choose a sequence N,, /' Np and let s, = fO(Nn) € S, n.q such
that m(s,) = sup,~qu(r,sp) — —oc. If s, — s’ € R, then either s’ € Sy ,
ors’ € 527N7a. In each case, limg, .o m(s,) = m(s’) > — oo, a contradiction.
Hence, either s,, — oo or s,, — —oo. Since s € S:N’a for all large s, we
conclude that s,, — — co.
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Step 2 S, N, = (—00,5:) and S(?,Nﬂ = {s.}. Furthermore, lim,
u(r, $x) = ogn < 0.

Since Sa N and S,y . are nonempty open sets, So N, i a nonempty
closed set. To see that Sa N, has only one element, suppose that s € Sa N.a
and lim, o u(r,s) = I(s ) < 0. If I(s) = 0, then we can choose R > 0 such
that —1 < u(r,s) <0 for all » > R and

MR272aN

— <1
2_2aN)? =

where M = sup{e®*~¢")e¥/e? . —1 < u < 0}. Since u(r) is increasing, by the
mean value theorem, we obtain that for r > R

1 1 [ w(r,s
u(r, S) — 572/ 7/ 7_1—2aNea(u(7—,s)—e ( ))(eu('r,s) _ 1)det

1 /1 u(r,s
= 7_1 2aN ll(u(Tb) e(T:2)) C(Té) (7_ S)det

=) i)
>Mu(7",s/ / r1=2aN qrdt
N

Mr 2—2a R2 2aN
ke A— > v
o _aavz"?) 2 Gy
where u(r,s) < ¢(r,s) < 0. Hence, I(s) <0 for s € S .
Let us take a positive number a > (2aN — 2) /N and define a positive
number N = (2—aN)/a. Then, 0 < aN < 1. If we set a(r, I) = u(r—!, s) with
I = I(s), then @ satisfies that

1 1 Ja a_ay, o
o + ;’&/ _ gr—ZaNea(u—e )(eu _ 1), r>0,

@(0,1) = I(s), @'(0,1)=0,
lim 7a'(r,I) = —2N.

T—00

u(r,s) > wu(r,s),

Thus, @ is a solution of (4.1) in the next section. By the choice of @ and N, it
follows that 2N > 7, ¢ ,, Where 7, 5 _ is defined in Proposition 4.2. Precisely,

4—4aN _ 4aN —4
a a

:)/&,]\Af,a =

Since the function v, 5, is a bijective map by Proposition 4.2, I(s) =
-1

W&,](La

Since Sy , = (8x,00) for some s, € [~ 00,00), we conclude that S  , = {s.}

(2N) for each s € SS,N,(L' Thus, 527N7a consists of exactly one element.

and s, € (—o00,00). In particular, S,y , = (=00, sx).

Step 8 For s € S_ ., 2N < B(s) < 4/a. Moreover, 3(s) is continuous
and one-to-one on S, y .

The continuity of ﬂ follows from the Lebesgue convergence theorem. See
Lemma 2.3. By the Pohozaev identities (2.8) and (2.9) with a = b, we see
that 0 < 8 < min{4N,4/a} = 4/a. Since u enjoys the asymptotic behavior
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(1.31) and u is a nontopological solution of type I, it follows that 2N — 8 < 0.
Consequently, 2N < 8 < 4/a.

Next, we show that (3 is one-to-one on S;N’a. Let 51,8 € S;N,a such
that B(s1) = B(s2) = Bo. If ug(r) = u(r, si), then u; satisfies

uj + qug, = —r 72N fuy, a), r >0,
up(r) = 2NInr + s, +o(1) near r=0, (3.4)
ug(r) = (2N — o) Inr + I, + o(1) near r — oo,

where the behavior at infinity comes from Proposition 3.2 below. Let N =
(Bo —2N)/2 and @ = (2 — aN)/N. Then, i (r) = ux(r—1) satisfies

) + i, = —r=2aN £ (i a), r>0,
Gr(r) =2N1Inr+ I +o(1) as r—0,
g(r) = —=2NInr+ s, +0o(l) as r— oo.

Moreover, if we put

b= = | =28 (G (1), a) dr,

0
then Bl = Bg = B. We note that 0 < aN < 1 and I, € S&j]\?,a’ Since B is
one-to-one on Sa_,N,a by Proposition 2.1, we conclude that I; = I5. So, 41 = s
and hence s1 = s».

Step 4 For s € S:_,N,a’ 0 < B(s) < 2N. Furthermore, 3(s) is continuous
and one-to-one on S;,N,a'

The continuity and the range of § follow from a similar argument as in
Step 3. Suppose that s;,s2 € S;N’a and ((s1) = B(s2) = Po. Then, ui(r) =
u(r, sy) satisfies (3.4) and g (r) = ug(r—1) satisfies

ay + L, = Tr_Qde(ak,a), r >0,
p(r) =—2NInr+ Iy +0o(1) as r—0,
Gg(r) = —=2NInr+ s, +o(l) as r— oo,

where N = (2N —(y)/2, @ = (2—aN)/N and 0 < aN < 1. Thus, 4 is a solution
of (4.7) in the next section such that I € A o - where the set A~ . s
defined by (4.9). We note that A\(I1) = A(I2) = BO where ) is defined b§; (48)
Moreover, it comes from Proposition 4.3 that A : (— 00, s.) — (max{\,0}, o0)

is continuous, onto, and strictly increasing, where
. 4—4(a+a)N 4
A:)‘aNa:—ZQ%*g-

24V, a

If 0 < By < 2/a, then A < 0. If 2/a < By < 2N < 4/a, then \ > 0 and

< 4
ﬂo—/\zg—ﬁo>0~
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Thus, in both cases, we conclude that 8y > max{\, 0}. Consequently, I; = I»
by the monotonicity of A and hence s; = ss.
Step 5 lims_00 B(s) =0, lims—,_ » B(s) = 4/a, and lims_,,, 5(s) = 2N.
The first limit can be proved exactly in the same way for the case 0 <
aN < 1 which is done in the proof of Lemma 2.9. By Step 1, there exists
Sy, — — oo such that m(s,) — —oco. It follows from (2.8) and (2.9) that

4 4 —4aN [ u
0> ﬁ(sn)(ﬁ(sn) — ;) — 4%; /O pl=2aN ga(u—e) u g,

> GM(sn)(4 2_ 4a’N) /00 7,1—2(1Nea(u—e")dr
ag 0

=0(1) - B(sn)(B(sn) — 4N).

Hence, ((s,) — 4/a. The monotonicity of 8 implies that §(s) — 4/a as
s — — 00. Meanwhile, applying Fatou’s Lemma to (2.8), we are led to

4—4aN [ .
lim sup 3(s)(3(s) — 4N) = lim sup Tg / =20 ja(u—e") .
0

S— Sy S—> Sy

< 4 —4aN /OO T172aNea(u(r,s*)fe“(T’s*))dr _ _4]\727

where the last equality comes from (2.10). Hence, lim,_, 5, 5(s) = 2N. O

Proposition 3.2. Suppose that 1 < alN < 2.

(i) If s € S, N> thenu(r,s) = (2N =) Inr+I+0(r*~ aBY for some constant
I=1(s).
(ii) If s € S;N,a, then u(r,s) = (2N — B)Inr + J + O(r?=22N=m) for some
constant J = J(s), where m > 2 — 2aN is any large number.
(iil) If s € SgN,a, then u(r,s) = oq N + O(r?729N) where o, N is given by
Proposition 3.1.
Proof. (i) Let s € S™. By (2.2), letting u(r, s) = (2N — 3) Inr +v(r, s) yields
that v(r,s) = o(lnr) as r — co. Given any small 0 < § < § — 2N, let us
fix a large number R > 0 such that for all r > R,
lv(r,s)| < dlnr. (3.5)
Then
1 - v
(’I"’U/)/ — grl—aﬁea(v—rw\] Be )(’I"QN_’BGU _ 1)

and for all r > R, f(u(r, ), a) < cor?eN=—af+ad Inptegrating above equa-
tion for v twice, we obtain that for r > R,

v(r,s) —v(R,s) = /RT % /too 172N f (u(r, s), a)drdt.

Since 2 — af + ad < 2aN — af + ad < 0, for any r > R

1 2 afB+ad
/ / 120N £ (u(r,s),a )det<co(27 AT ad) < o0.
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Consequently, we obtain that for r > R,
v(r,s) = I(s) + O(r*~*7+a0),

where

I(s) =v(R,s) +/R %/t Tl_zaNf(u(T, s),a)drdt.

Therefore, v(r,s) = O(1) as r — oo.
Now, replacing (3.5) by v(r) = O(1) and following the above argument
again, we conclude that as r — oo,

u(r,s) = (2N — B)Inr 4 I(s) + O(r*~%).
Indeed, for a fixed a large number R > 0 such that f(u(r,s),a) =
O(e®™3)) for all » > R, there exists a constant ¢y > 0 such that

f(u(r, 5),a) < cor®@N=F) for all + > R. Integrating (1.29) twice, we
obtain that for r > R

u(r,s) ~ u(R,5) = N ~ ) In = + / / F12N £ (47, ), a)drdt.

Since aff > 2aN > 2, we see that for any r > R
1T N cor® =0
/T ;/t 12N f(u(r, 8),a)drdt < (af =272 < 00.

Hence, for all » > R

u(r,s) = (2N — B)Inr 4 I(s / / 2N £ (u(r, s), a)drdt
= (2N — B)Inr + I(s) + O(r*~P),

where

I(s) =u(R,s) — (2N — 3)In R + /ROO % /t°° 2N f (u(r, 5), a)drdt.

This establishes the assertion (i).

(i) If s € ST, following the same way as in the proof of Lemma 2.12 , we
obtain the desired decay rate for any m > 2 — 2alN.

(iii) If s € SY, then there exists a constant ¢; > 0 such that f(u(r,s),a) < ¢
for all » > 0. Choosing any R > 0 and integrating (1.29) twice, we obtain
that for r > R

u(r,s) = u(R,s) + /RT % /too 720N £ (u(r, 5), a)drdt.

We note that for any » > R

/001/ 12(LNf ) )ddt< 22aN
7—5 T (272(1]\[) < 0.

Thus, for any r > R

oo 1 [ee)
u(r,s) = oa,n — / n / 172N f(u(r,8),a)drdt = o4 n + O(r? V).
T t
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Here, by Proposition 3.1

o0 1 o0
oan = u(R,s) —|—/ ;/ Tl_QaNf(u(T, s),a)drdt.
R t

This completes the proof.
O

Proposition 3.3. If aN =1, (1.29) allows only nontopological solutions of type
IT such that B(s) = 0 for all s € R. Moreover, u(r,s) = (2N — )Inr + J +
O(r?=2aN=m) for some constant J = J(s), where m > 2—2aN is any number.

Proof. By multiplying (1.29) by ru’ and integrating it, we have

2 2N .
(ru')? = 4N? — ~F(u) = 4N? — 5—26@*6 VN,

If there exists s € S°, then as r — oo,
1
0= 2N(2N - —26_1/N),
€

which implies that € should satisfy e2 = €2 := (2Ne'/V)~1. In the sequel, for
€ # gp, S° is an empty set which in turn implies S~ = ().

Now, we consider the case ¢ = ¢y and suppose that (1.29) possesses a
topological solutionug for € = 4. From the finiteness condition of 3, it follows
that o = 0, namely, ug(z) — 0 as |x| — oo. If we choose any &1 € (0,&q), then

—Aug = %7’726“(“(’76“0)(1 —e') < %r72e“(“076u0)(1 —e"0)
€0 €1
in the sense of distribution. This implies that ug is a subsolution of (1.29)
for € = e;. Meanwhile, it is easy to check that for any ¢ > 0, u = 0 is
a supersolution of (1.29). Then the super-/subsolution method leads us to
obtain a topological solution of (1.29) with aN = 1 and € = &1, which is a
contradiction. In the sequel, we conclude that S° = S~ = () for € = &q.

We have seen that ST = R if aN = 1. The Pohozaev identity (2.8) yields
that 8(8 — 4N) = 0 and so either 3 = 0 or § = 4N. Since 2N — 3 > 0 by
the integrability condition for f(u,a), it holds that §(s) = 0 for all s € R.
The proof of the asymptotic behavior of solutions is exactly the same as in the
proof of Lemma 2.12. O

Proposition 3.4. Let aN > 2. Then, (1.29) allows only nontopological solutions
of type II. The function 3 : (—0o,00) — (0,4/a) is continuous. Moreover,

Jim B(s) = tim_B(s) = 0. (36)

In particular, if B, = sup,eg B(s), then for each By € (0, B.) there exist at least
two solutions u(r,s) for which B(s) = Bo. Moreover, u(r,s) = (2N — ) Inr +
J + O(r?=2aN=m) for some constant J = J(s), where m > 2 — 2aN is any
number.
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Proof. By Remark 2.8, ST # (). Proceeding as in the proof of Lemma 2.3, one
can show that 3(s) is finite for all s € S*. For s € S*, we also obtain the
Pohozaev identities as in Lemma 2.4:

4—4aN [* "
B(3 —4N) = TQQ / pi=2aN galu=e®) gy (3.7)
4\ 4—4aN [* "
ﬁ(ﬁ — 5) = 7@65 / pl—2aN galu—e) gu gy (3.8)
0

These identities imply that
4
0<B(s) < . <2N for se€S*. (3.9)

However, if s € S7, it is necessary that 3(s) > 2N. So, S~ = (). Meanwhile, if
sx € SY. then we can choose a sequence s, € ST such that s, — s,. Then it
comes from (3.7) and Fatou’s Lemma that

B o w(r,sx
lim sup [ﬁ(sn)(ﬁ(sn) — 4N)} M/ pl=2aN ga(u(r,s.)—e" 7)) 4.

Sn—Sx

IN

= —4N?,

where the last equality comes from (2.10) by letting r — oo. Thus, 8(s,) — 2N
which is impossible for aN > 2 by (3.9). As a consequence, if aN > 2, then
S%=f0and ST =R

Next, let aN = 2. If s € SY then u(r,s) — I, < 0 as r — oo and
lim, oo u/(r, 8) = 0. If we set a(r, Iy) = u(r—!,s), then 4 satisfies

@+ 1 = LermeN (et — 1), 1 >0,
a(r,I) =1Is+o0(1) as r — 0,
a(r,I)=—-2NIlnr+O(1) as r — oo.

This equation is the same as (1.29) with N = 0. Thus, Proposition 2.1 implies
that 2N > 4/a, which is a contradiction. Therefore, ST = R

Now, we show (3.6). Let t, < 1 be such that u(t,, s) = $u(l,s) = $+0(1)
as s — 00. Then, 2N Int, = —35 + O(1) so that t; — 0 as s — co. We obtain

that
o0 w ts o0 w
/ 7,,1—2aNea(u—e )dT — (/ +/ ) 7,,1—2aNea(u—e )dT
0 0 ts

< 0(1) + 6675/2/ ,r,172aN6a(ufe“)eud,’,

= o1) +0(1) - 4(5— ) = o(1),

as s — oo. Hence, by (3.7) 0 > 5(f —4N) = o(1) as s — oo. Consequently, we
deduce from (3.9) that 3(s) — 0 as s — oo.
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Let s — — oo be a sequence and let ry be such that u(rs,s) = s/2. By
(2.6), it is easy to see that rs — co. Then, by (3.7)

4 — 4N u
ﬂ(ﬁ—4N)= a (/ / /)12“Ne“(“_e )dr
iy
as

We note that

1
Cle®s
I S C/ T172aNe2aNlnr+asdr _ Z — 0(1),
0
as [T e% (1 — 7“2*2‘”\')
II < o7 1—2(1Nd < S — 1
=¢ /1 " "= 2aN -2 oll),

00 2 2aN
I < (ilelg ea(ue“)) . /T5 T172aNdT _ <i1€1£ ea(ue“)> 2aN — 0(1)7

as s — —00. So, 0 > B(s)(B(s) —4N) = o(1) such that 3(s) — 0 as s — — oco.
The asymptotic behavior of u(r,s) as r — oo follows from the same
argument of the proof of Lemma 2.12. O

Remark 3.5. Suppose 1 < aN < 2 and let m(s) = sup,-qu(r,s). Then,
m(s) < (1 —0)s for any small 0 < 6 < 1 as s — — oco. Otherwise, there exist
$p, — — oo and r, — oo such that u(ry, s,) = (1—26)s, and s, < z(s,). Then,
as in the proof of Proposition 3.4, we can show that ﬁ(sn)(ﬁ(sn) - 4N) — 0,
namely, either 3(s,) — 0 or ((s,) — 4N. This contradicts to Proposition 3.1
since 0 < 2N < ((s,) < 4/a < 4N.

4. Auxiliary Problems

In this section, we consider two auxiliary problems for Eq. (2.1) which are used
in Proposition 3.1. In fact, Propositions 4.1 and 4.3 are used in Step 2 and
Step 3 of Proposition 3.1, respectively. Throughout this section, let a, N,b > 0
such that 0 < aN < 1. First, we consider the following equation: for s < 0,

u’ + %u' = E—zr’%Neb(“*e“)(e“ —1) = —r=2aNf(u,b), r>0, (4.1)

u(0) = s, W(0)=0.
We note that (4.1) is different from (2.1) with N = 0. Let us denote the
solution of (4.1) by u(r, s, a, N,b), or simply u(r,s). We define

v(8) = Yanp(s) = /000 24N f (u(r, s), b)dr > 0.

Then, v(s) = — lim, o 7u/(r, ). It is not difficult to see that u(r) is strictly
decreasing in r > 0, lim, o u(r,s) = —oo, and v(s) € (0,00). Then, the
integrability condition for f(u,b) implies that
2 —2aN
~(s) > —
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Regarding the properties of solutions of (4.1), we establish Proposition 4.2
below. We start with the following lemma.

Lemma 4.1. Let a, N,b be positive real numbers such that 0 < aN < 1. Then,
for any R >0, u(r,s) — 0 uniformly on [0,R] as s /0.

Proof. Set ¢y = sup{eb(“_eu)/e2 :—1 <w <0} and let R > 0 be given. Given
a small € (0,1), let us choose § € (0,7/2) such that

COR272aN s
@ —2aNE " 2

Let 75 = 75(d) be the number such that u(rs, s) = —d. We claim that ry — oo
as s /0. To see this, for |s| < d, let 7, = 71(s,0) be the number such that
u(rg, s) = ks for k =1,2,...,ngs where ny = ny(d) is the greatest integer less
than —d/s. It is obvious that 1 =0, r,, < rs and ng — o0 as s /0. Since u
is strictly decreasing, we see that for 0 < 7 <r < ry,,

_1)>_

1 u(r
(TU/(T))/ _ 727_1—2aNeb(u(7')—e ( >)<eu(‘r) _ 1)
9

_ iTl_ZaNeb(u(T)_eu(T))GC(T)U(T) > CoT1_2aNU,(’I“),

2
€
where u(7) < ((7) < s. Integrating this inequality on (0, r), we obtain that for
0<r<rmry,,
1-2aN
’ CoT
> .
W) 2 55y v
Integrating the latter inequality on (rg,rg+1), we get
p2-2aN _ 2-2aN - o (2 - 2aN)?
k+1 k ~k+1 Co ’

which implies that as s /0,

ns—1 2 ns—1

2—2aN 2-2aN 2-2aN (2 —2aN) 1

a2 :Z(rkﬂa —ry )2 ; T — 0.
k=1 0 k=1

Thus, the claim follows.
Now, for all |s| < d, we have R < rg such that u(R,s) > —d. Then, for
each r € [0, R],

1 ("1 [t u
0> u(r,s) =s+ —2/ 7/ rl—2aN b(u—e )(e“ —1)drdt
€

> 5+CO / / 1— 2aNdet

R2 2aN
7(6
(2 —2aN)?
Therefore, u(r, s) — 0 uniformly on [0, R] as s / 0. O

=0+ -1) > —n.
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Proposition 4.2. Let a, N, b be positive real numbers such that 0 < alN < 1. The
function v : (—00,0) — (7,00) is continuous, onto, and strictly increasing,
where 7 = Yo np = (4 — 4aN)/b.

Proof. First, analogous to Lemma 2.4, we obtain the Pohozaev type identities:

4 —4aN [ u

2 1—2aN b(u—e
v = TA T (& ( )dT, (42)

4 —4aN [ u
Yy —7) = 7[)52(1 /o pl2aN blu—e®) guyy. (4.3)

Thus, v(s) > 7. Moreover, we obtain
lim ~(s) =% and lim v(s) = oo. (4.4)
S— — 00 s,0

Indeed, it follows from (4.3) that
_ s 4—4aN [ | .. w et s
Py(ﬂy-fy)geT\/ 7,1 2N€b( )d'f'ze’)/27
0

which implies the first part of (4.4). Meanwhile, by Lemma 4.1, u(r,s) — 0
locally uniformly as s , 0. Thus, (4.2) yields the second part of (4.4). As a
consequence, since y(s) is continuous by the same argument as in Lemma 2.3,
v :(—00,0) = (7,00) is a surjective continuous function.

It remains to show that ~y(s) is increasing. To this end, let ¢(r,s) =
D u(r, s) which satisfies

@+ Lol = — 72N f(ub)p, >0, (4.5)
p(0,s) =1, ¢'(0,5) = 0. '
If ¢(r) > 0 for all r > 0, then (r¢")(r) < 0 for all large r, which implies that
¢’ (r) > 0 for all large 7. Thus, if we set w(r) = ru’(r), then
o0
0< / (2 — 2aN)r' 72N f(u, b)p(r)dr = lim ¢’ (r)w(r) <0,
0

T—00
a contradiction. Hence, p(r) has a zero and we denote by r; the first zero of

(r)-
Let we(r, s) = ru/(r, s) + ¢. Then w, satisfies that

1 u
wl + ;w’c = —r 29N f(y, b)w, — p2aN gblu—e )@C(r, s), (4.6)

we(0,8) =¢, w.(0,s) =0,
where ®.(r, s) is defined by (2.12). Let ¢ = (2—2aN)/b > 0. Since @, (1) > 0

for all » > 0, we,(r) has a zero before r1. Indeed, otherwise, we,(r) > 0 on
(0,71) such that

r1
0< /0 pl—2aN gb(u—e )<I>CO (r)p(r)dr = ri¢’ (r1)we, (r1) <0,

a contradiction. In particular, ru’(r1) + co = we, (r1) < 0.

Suppose that ¢(r) has the second zero at ro. Let ¢; = —r;u/(r;) > ¢o for
i = 1,2 such that w,, (r;) = 0. Since (ru’)’(r) < 0 for all » > 0, ¢; < c2. Let
& € (0,1) be the unique point such that G, (&) = 0, where G, is defined by
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(2.22). We also set t; to be the unique point such that et(t) = ¢, Tt is obvious
that & < & and to < 1. If to > 7, then @, (r) > 0 for r € (0,71) such that

1
0< / pIm2aN b= (1) p(r)dr = 11 (71 )we, (r1) < 0,
0

a contradiction. Hence, to < r1 such that ®.,(r) < 0 for all » > r1. If ¢(r) has
the third zero at r3, then we obtain a contradiction:

T3
0> / pi=2aNbw=eg (1) (r)dr = r3p’ (r3)we, (r3) > 0.

ro
Since ¢(r) > 0 for all > 7o, (r¢’) (r) < 0 for all large r. Hence, there exists
lim, o 7¢’ (7, 8) = 05 > 0 such that 7/(s) = —J, by the Lebesgue convergence
theorem. If §; = 0, then

0> / rl_zaNeb("_eu)<1>C2 (r)e(r)dr =0,
72

a contradiction. As a consequence, v'(s) < 0 which violates (4.4). So, we have
proved that ¢(r) has exactly one zero at 7.

Now, we claim that ¢; < 7. Otherwise, ®., (r) > 0 for r € (0,71) and
hence

T1
0< / pl—2aN b(u—e )<I>Cl (r)p(r)dr =0,
0

a contradiction. Due to the fact that t; < rq, it holds that ®., (r) < 0 for all
r > 7r1. Since ¢(r) < 0 on (r1,00) and (r¢’)' (r) > 0 for all large r, there exists
lim, 00 7' (1, 8) = ps < 0 and 7/(s) = —ps. If ps = 0, then

0< / rl_zaNeb("_eu)fbcl (r)e(r)dr =0,
T1

a contradiction. Hence, v/(s) > 0. This completes the proof. O
The second equation to be considered is
1 1 u
"o =0~ .—2aN b(u—e")/ u _ _ _ ,.—2aN
u’ 4 Ju= T e (e"=1)=—r f(u,b), r>0, @7

u(0) = —2N1Inr + s+ o(1).
The difference between (2.1) and (4.7) is the behavior of u(r, s) near r = 0. Let
us denote the solution of (4.7) by wu(r,s,a, N,b), or simply u(r, s). We define

A(S) = Aanp(8) = / TleQNf(u(r, s),b)dr. (4.8)
0
Then, 2N + A(s) = — lim, o 7u/(r, s). The shooting method shows that (4.7)
has three kinds of solutions which are classified into the following sets:
Ay Ny = {8 € R:u(ro,s) <0 for some 19 > 0},
A27N7b ={seR:u(r,s) >0and v (r,s) <0 for all r > 0}, (4.9)
Aryp=1{s€R:u(r,s) >0 forall 7 >0 and u'(ro,s) > 0 .

for some rog > 0}.
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By proceeding as in Lemmas 2.2-2.7, one can see that there exists s, such that
AIN,b = (84,00), A27N7b = {s.}, and A;Nﬁ = (— 00, s4). Regarding (4.7), we
are only interested in the solutions whose shooting parameters are in A_ y ,.

Proposition 4.3. Let a, N,b be positive real numbers such that 0 < aN < 1.
The function A : (— 00, s,) — (max{X,0},00) is continuous, onto, and strictly
increasing, where

- 4 —4(a+b)N

A=Ay = L HeTON

b

Proof. For simplicity, we omit the subscript by writing A~ = Ay, A =
Aa,np and so on. Let s € A, It is not difficult to see that w'(r) < 0 for all

r > 0. Thus, there exists a unique zero y = y(s) of u(r, s). It is obvious that
A(s) is finite and the integrability condition yields that

A(s) > M

The Pohozaev-type identities are as follows:
4 —4aN [
be? 0

5 4 - 4 N o u
AA=N) = T;/o pim2aN blu=e®) gugy.

A\ +4N) = pim2aN gblu=e®) qp.

Then we obtain that A(s) > max{\, 0}. Moreover, by a similar argument as in
Lemma 2.9, we obtain

lim A(s) = max{\,0} and li/m A(s) = o0. (4.10)

§—— 00

It remains to show that A(s) is strictly increasing. To this end, we recall
that ¢(r) = %u(r, s) and we(r) = ru’(r) + ¢ satisfy

SR = o, 150
(u, b) (4.11)
o(0,5) = 1, ?(0.5) =0,
and
1 u
u)/cl i ;wé _ r_Q‘LNf’(u, b)wc _ T—QaNeb(u—e )(I)C(T, S), (4 12)

we(0,8) = —=2N +¢, w.(0,s) =0,

where ®.(r,s) is defined by (2.12). Then, by proceeding as in Lemma 2.10,
we can show that ¢(r) has the first zero at 1 = r1(s) > 0 such that y < ry.
Moreover, by the same argument as in Lemma 2.11, one can see that 7 is the
unique zero of ¢(r).

We note that ¢(r) < 0 on (r1,00) and thus (r¢’)" > 0 for all large r.
Hence, there exists lim,_, o, r¢'(r, s) = ds < 0. If §; < 0, the proof is complete.
On the contrary, let us assume that §; = 0. Since wy(y) < 0 and

0> (2 — 2aN) /O ’ r1 72N f(u)p(r)dr = yo' (y)wo(y),
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we get ¢’ (y) > 0. For ¢ = (2—2aN)/b > 0, @, (r) > 0 on (y, 00). Since v/ (r) <
0 for all r > 0, we can choose ¢; > ¢g such that ®., (r;) = 0. Then ®., (r) >0
on (y,r1) and ®.,(r) < 0 on (ry,00) which implies that ®., (r)eo(r) > 0 on
(y,00). Hence,

0= / P1m2N =D (1) o(r)dr = —yi (y)we, (y) < 0,
Yy

a contradiction. Here, the last inequality holds only when A > 0. In fact, if
A >0, then 0 < \/2 = —2N + (2 —2aN)/b < —2N + ¢; = w,, (0) < we, ().

Suppose that A < 0 such that 2N > (2 — 2aN)/b. Let ¢; = 2N. Then
we, (0) = 0, lim, oo w,, (r) = 0, and lim, o we, (1) = =X < 0. We note that
wh(r) > 0 on (0,y) and w,(r) < 0 on (y,00) for any c. So, w,, (r) has a zero
R after y, i.e., we, (R) = 0 and R > y. We have two choices: either r; < R
or r;1 > R. First, we suppose that r; < R. Then we can choose ca € (0,¢1)
such that we,(r1) = 0. If ¢ < (2 — 2aN)/b, then ®.,(r) > 0 on (y,c0), which
implies that

0> / rlf?GNeb("feu)q)Cz (r)p(r)dr =0,
r1

a contradiction. Hence, ¢; > ¢3 > (2 — 2aN)/b such that ®.,(r) has a unique
zero on (y,00) at t. Let Ty = e, If ¢*(") > Ty, then ®,,(r) > 0 on (y,71)
and so

0< [N (r)pr)dr = i (g () < .
y
Hence, (") < Ty such that ®.,(r) < 0 on (1, 00). Thus,
0< / rl_QaNeb("_eu)fl>02 (r)e(r)dr = 0,
r1

which is a contradiction. Therefore, §; # 0 if r; < R.
Next, we assume that ;1 > R. Then we can choose ¢y > ¢ such that

We, (r1) = 0. As above, we denote by t the unique zero of ®.,(r) on (y,o0)
such that e*®) = Ty. If ¢*(") > Ty, then ®,,(r) > 0 on (y, 1) and so

r1
0< / 20N b= (r)p(r)dr = — o' (y)we, (y) < 0,
Yy

which yields that ¢“(") < T,. In particular, ®.,(r) < 0 on (71, 00) and we have
a contradiction:

0</ ,’,172aNeb(ufe")(I>Cz(T)Sp(r)dr:0.

T1

Thus, ds # 0 and the proof is complete. O
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5. Calculation of Physical Quantities

In this section, we return to the original self-dual equations (1.15) and
(1.16) coupled to the Einstein equation (1.11). If w is the solution of (1.29)
obtained by Theorem 1.1, then we can recover the solution (@,7) of (1.22)
and (1.23) by (1.24) and (1.25). Then, we get a solution pair (¢, A, g;;) of
(1.11), (1.15) and (1.16) by the formulae (1.17), (1.18) and (1.21). Regarding
this solution (¢, A, g;;), we will compute several important quantities such as
energy, magnetic flux and the total Gaussian curvature. We also compute the
decay/blowup rate of the energy density. The main result of this section is
summarized in Theorem 5.1 at the end of this section.

Let u(r) be the solution of (1.29) obtained by Theorem 1.1. We recall
that u(x) is a radially symmetric solution of (1.26) under the condition

pr=-=pi=0,
which will be always assumed throughout this section. We define
n(z) = a[u(m) —¢“®) — Nln |x\2],
and set
w(z) = u(rz) +In7?,  7(x) = n(r).

Then, (@,7) becomes a solution of (1.19) and (1.20) with p; = --- = pg = 0.
Since u and n are radially symmetric functions, as long as there is no confusion,
we will use both expressions u(z) and wu(r) in this section where r = |z| for
x € R2,

In the following, using the properties proved in Theorem 1.1, we will
compute the following physical quantities for the solution pair (¢, A, 7):

The static energy F = Eelld,
R2

The magnetic flux ® = Fiode, (5.1)
R2

The total Gaussian curvature x = K,elda.

R2

To this end, we represent ¢, e, Fia, |D;¢|?, €, K, in terms of u. We note that

()2 = ¥ = r2eu(re)

@) = |7z| 720N . exp (a [u(rz) — e“(m)]),

Fio = 256" (72 — 6(@)?) = T (1 - D), (5o
2e 2e

DL + Dag? = Se |Vl = Srtet ™) [Tu(ra) P,

1 -0
Kg:—ie TAR.

We divide the calculation into two parts: for topological solutions and non-
topological solutions of type I in Sect. 5.1, and for nontopological solutions of
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type II in Sect. 5.2. We recall that u enjoys the following asymptotic behavior
u(r) = [2N = B(s)|Inr + O(1) as r — oo,

where

_ ~ 1—2aN
ﬁ—/o r f(u(r),a)dr

By Theorem 1.1, 8 belongs to certain domains in R according to the values
aN. We also recall that a = 47G72, where G is the gravitational constant.

5.1. Topological Solutions and Nontopological Solutions of Type I

We assume that 0 < aN < 2 and aN # 1 and let u be a topological solution
or a nontopological type I solution of (1.29). The proof is split into two parts:
the decay estimates and the calculation of (5.1).

(i) Decay Estimates

We compute the decay estimates of each term in the energy density (1.12), the
conformal factor e, and the Gaussian curvature K. From the decay rates of
u given by Theorem 1.1, we deduce that for topological solutions, as r = |z| —
0,

72(14+ O(r=®)) for any a if 0 < aN < 1,

26"(1 + O(r2*2“N)) if 1 <alN <2,
and hence

O(r—®) for any o if 0 < aN < 1,
|¢|2 _ 7_2 _

2(e” — 1)+ O(r?=22N) if 1 <aN < 2.
If N = 0, then the topological solution is a constant solution (4, A,7) =
(In72,0,—a) and hence g;; is just a dilation of the standard metric on R?. In
the following, we will not consider the trivial topological solution for the case
aN = 0. However, the nontopological solution is still of interest for the case
aN = 0. For a nontopological solution of type I, we obtain

]2 = et =0@*NP) as r— .
On the other hand, we note from (5.2) that as r — oo,
_ O(r=2*N)  for a topological solution,
F12 = O(e") =
O(r—9) for a nontopological solution of type I.

By the standard potential theory, we derive from (1.22) that

/ ?e" y) W) _ 7'2)(ln|ac—y|)dy—|—2N1n|x|+co
R2

for some constant ¢g. Thus,

1 T—y T
Vi(z) = (W) (e®(y) _ 22 . dy + 2N —,
oa) = [ e ) o by N
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or equivalently,

Vu(rz) = 512 /R2 1) (eu(my) 7). J:;P dy + igﬁ (5.3)
We note that if u is a topological solution, then
0, if aN =0,
el(e? —7%) = O(r=2eN=e)  forany o >0, if 0 <aN <1, (5.4)
O(r—2aN), if 1 <aN <2.

On the other hand, if v is a nontopological solution of type I, then
el(e™ — %) = 0(r—"). (5.5)

Thus, the integral in (5.3) is finite for 0 < aN < 2 with aN # 1 which implies
that

|Vu(rr)| =0~ as r— occ.
As a consequence, we see that

O(r‘2) if u is a topological solution,
|D1¢|2+|D2¢|2:{ ( 2N —B— 2)

if u is a nontopological solution of type I.

Meanwhile, it follows from (1.22) and (1.23) that
a

A= — ﬁe“|Vﬁ|2 - ﬁe”Au + —e"( —7?)
- %ealval2 - 7'2a{52 eﬁ-i-ﬁ(eﬁ - 7-2) + %eﬁ<eﬂ - 7-2)'
Hence,
Lo iae O aiios2 @ aga 2 a a2
K, = —5¢ TAR = 7.2¢ "NVal® + 372.2¢ (e —7%) — @(e —7)(5.6)
If u is a topological solution, then as r — oo,
O(r2eN=2) for 0 < aN <1,
T O(r?eN=2) 4 ‘%j(e" —1)2 forl<aN <2.
If u is a nontopological solution of type I, then
2N —fB+aB—2 2N-8 2 2N —fB+aB—2 ar?
=0 @ (@) — =0 TpTap= —
(r )+ 00N )+ 25 = Ol )t oz

as r — OQ.

(ii) Calculation of (5.1)
From (1.13), (1.14) and (1.22), the energy density is written as

£ = o[ 1 Fyy + V(74 0] = S [P0~ 19P) + A l6P]
2 1 N
|:_ L(T‘ﬂ/)/ _|_ *(T(@u)/) :|7

Ll 252 _a i
_ = _ ol AU}:
4[7’6(7’ )+ Ae . .

1
4
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which leads us to
%) 700 2
E = [_ T%a’} +Z [rﬂ’e“} = [ﬂ + lim (ru’e")|. (5.7)

r=0 2 r=0 2 r—00

Thus, we conclude that for 0 < aN < 2 with aN # 1,

Nn7r2,  if uis a topological solution,
E= ) (5.8)
=B, if u is a nontopological solution of type I.
Meanwhile, it follows from (1.22) and (1.23) that
1 - 1 . o _
Ky=—-e"Afj=—=¢e" [gen(e" -7 - iAe“]
: 2 2 52 ’7'2 (59)

. 1 _
= e - A+ 5 Aet].
Thus, the total Gaussian curvature « is reduced to
0o 1 ~
K= ﬂ'a/ [— (ra") + —2(7"(6“)'),} dr = maf + ma lim (ru’)e*,  (5.10)
0 T r—00

and we have

| 27Na  for a topological solution,
| a3 for a nontopological solution of type I.

Finally, the total magnetic flux is given by

d = / ieﬁ(7—2 _ eﬁ)dx = —7r/ (ra") dr = 3. (5.11)
R2 262 0

So,

27N, if u is a topological solution,
o= e . .
w03, if u is a nontopological solution of type I,

where 8 > 4/a for 0 <aN <1 and 2N < 8 <4/a for 1 <aN < 2.
5.2. Nontopological Solutions of Type II
Let u be a nontopological solution of type IT of (1.29). By Theorem 1.1,
9|2 = e =0@*NP) as r— .
Hence, e — oo as r — co. We also see that as r — oo,
i O(Tfaﬁe’“(”)‘m_ﬁ) for aN # 1,
c {O(e‘“(”’)w) for aN = 1.
Hence, it comes from (5.2) that
O(TQN_(““)Be_“(”)ZNfﬁ) for aN # 1,
e = {O(rZNe“(”)QN) for aN = 1.

By the blowup rate of e and the decay rate of €7, it is easy to see from (5.3)
that

|Vu(rr)| =0~ as r— occ.
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So, by (5.3)
O(r*N=5=2)  for aN #1,

D1¢|? + |Dag|* =
D1l D2l {O(T2N2) for aN = 1.

On the other hand, by (5.6)

Kg — O(T2N7ﬁ+a572ea(rr)“”5) + O(T4N72ﬁ) + ﬁ

Hence,

O(T2N+(a71)672€a(”)w_ﬁ) for aN #1,
K, =

O(TQN’QG‘I(”)ZN) for aN =1,

which implies that K, — co as r — oo.
Finally, we compute E, ®, and x. We deduce from (5.7), (5.10) and (5.11)
that £ = 0o, ® = 70 and k = co.

Now, gathering all the above results, we have the following theorem. It
deserves attention that the uniqueness in the theorem means the uniqueness
up to the gauge transformation (1.2) since Egs. (1.11), (1.15) and (1.16) are
gauge invariant.

Theorem 5.1. Consider the self-dual equations (1.11), (1.15) and (1.16) of
the EMH model coupled to the FEinstein equations on the Lorentz space M =
RY x S, The metric g;; on the two-dimensional surface S is assumed to be
conformal to the standard metric on R? with the conformal factor e, that
is, Gij = eﬁél-j. Then, given a monnegative integer N, there exist disjoint sets
F]*\,,FSJV,F} C R such that for each f € I'y U Yy u F} we have a unique
radially symmetric solution (qﬁﬁ,Aﬁ,giﬁj) and ¢° has a unique zero of order
N at the origin. Moreover, (¢°, Aﬁ,gfj) is a topological(nontopological of type
I, nontopological of type II, resp.) solution if and only if 3 € T% (B € 'y,
6 e I‘;, resp. ). Conversely, any radially symmetric solution coincides with one
of (¢°, Aﬂ,gfj) for some B. If we set a = 4n72G, then we have the following
properties according to the value N.
(i) Suppose that 0 < N < 2a~' with N # a~*.
(i-a) We have a unique topological solution such that TS = {2N}. If
N =0, then (¢°, A%, ") = (1,0,e™%) and thus giﬂj is just a dilation
of the standard metric of R%. If N > 0, then as r = |z| — oo, we
have

9|2 =727 +o(1), |g|=¢€"=0@"2N), Fip=0@r"2"),
|Dj¢|2 = O(T_2)» K, = m_z/(2€2) + O(T2aN—2).

So, the energy density € decays to 0 at infinity and the Gaussian
curvature is asymptotically constant at infinity. If 0 < N < a~ !,
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then 0 = 0. If a=' < N < 2a~!, then o < 0. The static energy E,
magnetic flux ®, and total Gaussian curvature Kk are given by

E = 77N, ® =27N, Kk = 2maN.

In particular, a topological solution has a quantized static energy
and a magnetic flux.

(i-b) If 0 < N < a7, then Ty = (4a71,00). If a™* < N < 2a7!, then
I'y = (2N,4a™'). Asr = |z| — oo, we have

67 =0u™NP), gl =1 =00, Fiz = 0(—),
|DJ¢|2 — O(’I"QN_B_Q), Kg _ GTQ/(282> + O(?"QN_BJFQB_Q).

So, the energy density decays to 0 at infinity and the Gaussian cur-
vature is asymptotically constant at infinity. We also have

2

%ﬁ, b =7ng, Kk = maf.

(i-c) If 0 < N < a™ !, then '}, = (—00,0). If a=t < N < 2a™!, then
'l = (0,2N). Asr = |z| — oo, we have

|¢‘2 = O(TQN_B)’ |g| — el — O(T—aﬂe—a(ﬂn)zz\riﬁ)7
=, (5.12)
D02 = O(r2N=F2), K, = O(r?Nt(a=)i=2ea(rr)* 70

So, the energy density and the Gaussian curvature blow up at infin-
ity. Moreover, E =k =00 and ® = 7[3.

(ii) Suppose that N =a~'. Then, I'y, =T% =0 and 'y, = {0}. By Theorem
1.1, we have one parameter family of nontopological solutions of type IT
characterized by the behavior of ¢ in (1.30). That is, given any s € R,
there is a solution pair (¢(x,s), A(z,s), gij(z,s)) such that |¢(x,s)|* =
e®|z|?N +o(1) as |x| — 0. For any s € R, as r = |z| — oo, we have

62 =00, gl =" =0(e ™), Fy = 0@ Ne o),
|Dj¢|2 _ O(T’QN_Q), Kg _ O(,,,2N—26a(7'r) )

So, the energy density and the Gaussian curvature blow up at infinity.
Moreover, E =k =00 and ® = 0.

(iii) Suppose that N > 2a~*. Then, I'y = 'Y = 0 and T}, = (0,8.] for
some B, < 4/a. For each § € (0,0s), there exist at least two different
nontopological solutions of type II satisfying (5.12). For these solutions,
we also have E = k = 00 and ® = 0.

FE =

F12 — O(TZNf(aJrl)ﬁefa('rr

)2N

6. Gravitational Maxwell Gauged O(3) Sigma Model

In this section, we study Eq. (1.36) for the case aN > 1. As reported in
Introduction, the existence and uniqueness of solutions have been unsolved
yet. By applying the idea of this paper, we will provide the answers to this
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problem. Since the idea and proof are almost parallel, we will exhibit an outline
of them. We rewrite (1.36) as

1
u// + ;ul _ —T72aNg(u,a),

u(r) =2NInr+s+o(1) as r\,0,

(6.1)

where

eu

glu.a) = ?12[(1+eu)2]a(;zz)'

We denote the unique solution of (6.1) by u(r, s). We also write

ﬁ@%:mw@):/mrk%NﬂMnﬁﬂﬂr

0

such that u(r, s) enjoys the asymptotic behavior
u(r,s) = [2N — B(s)|Inr + O(1) as r — oc. (6.2)
The known result for (6.1) is summarized as follows.

Theorem A ([8]). Let a be a positive real number and N be a nonnegative
integer.

(i) If aN < 1, the followings hold.
(i-a) There exists a unique s, = s«(a, N) such that u(r, s.) is a topological
solution with B(s.) = 2N and o = 0.
(i-b) For s < s., u(r, s) is a nontopological solution of type 1. The func-
tion B : (—o00,8.) — (4/a,00) is continuous, onto, and strictly
increasing. We have

. . 4
I Bl =ce, T f(s) = (63)
(i-c) For s > s, u(r,s) is a nontopological solution of type II. The func-
tion 8 : (s,00) — (— 00,8(aN —1)/a) is continuous, onto, and
strictly increasing. We have
8(aN —1
lim f3(s) = —o0, lim 5(s) = M. (6.4)
SN\ Sx S—00 a
(ii) If aN =1, then B(s) € {0,2N,4N}.
(iil) If aN > 2, then (6.1) has only nontopological solutions of type II. Fur-
thermore,

4
0<pB(s) < -

This theorem provides a complete classification of radial solutions of (6.1)
when 0 < aN < 1. However, it gives us no answer for 1 < aN < 2 and
incomplete answers for alN = 1 or alN > 2. To have a complete classification
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of radial solutions, we consider a generalized version of (6.1) : for a,b, N > 0
with 0 < aN < 1,

1
u// + 7ul _ 7T72aNg(U, b),
r
uw(r)=2NInr+s+o(l) as r\,0.

Since 1+2bN —2aN > —1, one can check easily the global existence of solutions
of (6.1). If we also denote the unique solution of (6.5) by u(r, s), we have the
following result.

(6.5)

Theorem 6.1. If a, N,b are positive real numbers such that 0 < aN < 1, then
there exists a unique s, = s.(a, N,b) such that the following statements hold
true.
(i) u(r,s«) is the unique topological solution of (6.5) such that B(s.) = 2N
and u(r, sy) = O(r=%) for any a >0 as r — 0.
(ii) For s < s., u(r, s) is a nontopological solution of type I. The function (3 :
(—00,54) — (B,00) is continuous, onto, and strictly increasing, where

. _4+4(b—a)N

B = ﬁa,N,b b > 0.

In addition,
u(r,s) = (2N — ) Inr + I + O(r2H2b-a)N=b5) (6.6)

for some constant I = I1(s,a, N,b) as r — oo.
(iii) For s > sy, u(r,s) is a nontopological solution of type II. The function

B (8x,00) — (— oo,%)

is continuous, onto, and strictly increasing. Furthermore,
u(rys) = (2N — ) Inr + I + O(r?~2(a+tbIN+5) (6.7)
for some constant I = I1(s,a, N,b) as r — oo.

The proof of Theorem 6.1 is parallel to the proof of Theorem A and we
omit it. One can also apply the same argument in Sect. 2. Furthermore, the
asymptotic behaviors (6.6) and (6.7) can be proved as in Lemma 2.12. Now,
the main result of this section is the following.

Theorem 6.2. Let 1 < aN < 2 and u(r, s) be the unique solution of (6.1).
(i) There exists a unique s, = si(a,N) such that u(r,s.) is a topological
solution with B3(s.) = 2N and o < 0. Moreover, u(r, s,) = o+ O(r?~2a)
asr — oo.
(ii) For s < s, u(r, s) is a nontopological solution of type I. The function
B (—o00,8:) — (2N,4/a) is continuous, onto, and strictly decreasing.
We have
. . 4
Jim Als)=2N,  lim f(s) = —.
Moreover, u(r,s) = (2N — B)Inr + I + O(r?=9%) for some constant I =
I(s) as r — 0.

(6.8)
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(iii) For s > s., u(r,s) is a nontopological solution of type II. The function
B : (sx,00) = (0,2N) is continuous, onto, and strictly decreasing. We
have

li\m B(s) = 2N, Slirgo B(s) =0. (6.9)

Moreover, u(r,s) = (2N — B)Inr + J + O(r?>=4aN+a8) for some constant
J=J(s) as r — 0.

Theorem 6.3. If aN =1 or alN > 2, (6.1) possesses only nontopological solu-

tions of type II. Moreover, we have the following.

(i) B(s) =0 for all s € R provided aN = 1.

(ii) The function 8 : (—o00,00) — (0,4/a) is continuous provided aN > 2.
In addition, we have the limit (1.32), which implies that there exist at
least two solutions u(r,s) such that 5(s) = By € (0,0s), where B, =

SUPseRr B(s)-
Theorem 6.4. Let N =0 in (6.1). Then,
s=0 = u(r,0)=0 is the unique topological solution,
s<0 = u(rs) is a nontopological solution of type I, (6.10)
s>0 = wu(rs) is a nontopological solution of type II.
Moreover, the functions f : (—o00,0) — (4/a,00) and f : (0,00) —
(=00, —4/a) are continuous, onto, and strictly increasing.
The proof of Theorem 6.2 is parallel to the argument of Sect. 3. One can

just follow each step line by line and we skip the proof of Theorem 6.2. In the
following, we give brief proofs of Theorems 6.3 and 6.4.

Proof of Theorem 6.3. The proof of part (ii) is almost the same as the proof
of Propositions 3.1 and 3.2, and we omit the detail. For the proof of the part
(i), we apply the same argument in the proof of Proposition 3.3 to Eq. (6.1)
with aN = 1. It follows that
1 e x
N2
=2V (2N - S [——ms] 7 )
o =2 (o = 3] )

If S # 0, ¢ must satisfy e2 = (2N4~)~'. In other words, if &2 #
(2N4~)~1, S = () and hence S~ = (). The remaining part comes from the

super/subsolution argument as in Proposition 3.3. Consequently, ST = R and
B(s) = 0. O

Proof of Theorem 6.4. It is easy to see (6.10). We observe that if N = 0,
then u(r, s) is a nontopological solution of type I if and only if —u(r, —s) is a
nontopological solution of type II. Thus, it is enough to show the properties
of 3(s) for only s < 0. We have the following Pohozaev-type identities:

3(s) = gil/omr[(lf;yrd“

5@(5(5) N %) - 5;%/0 r[(l fzuy]al?iud’"
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Then, one can check that G(s) > 4/a for s < 0. We want to show that [ :
(—00,0) — (4/a,00) is bijective. First, we note that

nggws)(m)—g) ~ liminf - /OOO’"[( - )JL -

-
s—0 &£2a 1+ev 1+ ev
oo u

4 L e a 2e%
> - rllmmf([ } )drzoo7
e2a Jgo 50 (I+e%)2] 1+ev

which implies that lim, ~ 8(s) = co. We also derive that for s < 0,

56) (360 - 1) = [ r[r] e
< % e’ /Ooor[(ljl;uprdr < 2e* - B%(s).

Thus, B(s) — 4/a as s — — oo. Therefore, (3 is onto. It remains to show that
G'(s) # 0 for s # 0. The proof of this part is exactly the same as in the proof
of Proposition 2.1 and we skip it. This completes the proof. O
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