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The Spin + 1 Teukolsky Equations
and the Maxwell System on Schwarzschild

Federico Pasqualotto

Abstract. In this note, we prove decay for the spin + 1 Teukolsky equations
on the Schwarzschild spacetime. These equations are those satisfied by the
extreme components (« and «) of the Maxwell field, when expressed with
respect to a null frame. The subject has already been addressed in the
literature, and the interest in the present approach lies in the connection
with the recent work by Dafermos, Holzegel and Rodnianski on linearized
gravity (Dafermos et al. in The linear stability of the Schwarzschild solu-
tion to gravitational perturbations, 2016. arXiv:1601.06467). In analogy
with the spin £2 case, it seems difficult to directly prove Morawetz esti-
mates for solutions to the spin £1 Teukolsky equations. By performing
a differential transformation on the extreme components o and a, we
obtain quantities which satisfy a Fackerell-Ipser Equation, which does
admit a straightforward Morawetz estimate and is the key to the decay
estimates. This approach is exactly analogous to the strategy appearing
in the aforementioned work on linearized gravity. We achieve inverse poly-
nomial decay estimates by a streamlined version of the physical space r?
method of Dafermos and Rodnianski. Furthermore, we are also able to
prove decay for all the components of the Maxwell system. The trans-
formation that we use is a physical space version of a fixed-frequency
transformation which appeared in the work of Chandrasekhar (Proc R
Soc Lond Ser A 348(1652):39-55, 1976). The present note is a version of
the author’s master thesis and also serves the “pedagogical” purpose to
be as complete as possible in the presentation.

1. Introduction

The subject of black-hole stability has received a good amount of attention
lately, as research efforts are focused on proving the full nonlinear stability of
the Kerr family of black holes. See the lecture notes [10] for a comprehensive
introduction on the topic. The interest in the aforementioned problem stems
from the fundamental question of whether the Kerr solution indeed provides
an appropriate description of physical reality.
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In an attempt to address the fully nonlinear problem, researchers have
been following a natural path: first, one studies the covariant scalar wave
equation (spin 0). Then, one studies the Maxwell equations (in which the
extreme components satisfy spin + 1 Teukolsky equations). Finally, one seeks
to study the linearized Einstein equations (in which the extreme curvature
components satisfy spin +2 Teukolsky equations). Eventually, this process
leads to a deeper understanding of the linear structure, which is a crucial step
needed to address the nonlinear stability of the Kerr family.

Hence, the subject of decay of linear waves on a black-hole background has
been recently studied, with many contributions by different research groups.
For the first step of the “linear program,” these efforts culminated in the proof
of decay of scalar waves on a Kerr background for |a| < M, by Dafermos et
al. [12].

To proceed in the outlined program, the Maxwell equations have also
been studied. Boundedness and decay for solutions to the Maxwell equations
have been first proved by Blue [4] on the Schwarzschild background. There were
advances in extending these results to the Kerr setting in the slowly rotating
case (a < M) by Andersson and Blue [2]. Furthermore, Sterbenz and Tataru
proved local energy decay for the Maxwell field on a large class of spherically
symmetric spacetimes in [17]. In addition, Metcalfe, Tataru and Tohaneanu
proved pointwise decay for the Maxwell field under the assumption of local
energy decay, for a fairly general class of asymptotically flat spacetimes, in the
paper [14]. See also [13].

Finally, Andersson, Backdahl and Blue found a new way of producing
robust energy estimates on the Schwarzschild background, exploiting a super-
energy tensor. The relevant paper is [1].

Recently, there has also been a substantial advance in the last step of this
“linear program,” i.e., the proof of linear stability of the Schwarzschild metric
under gravitational perturbations. Indeed, a recent result of Dafermos et al.
[11] shows that the Schwarzschild metric is stable under linearized gravitational
perturbations.

1.1. Maxwell: Why Another Proof?

In this paper, we return to the topic of decay of the Maxwell field on a curved
background. The aim of the note is threefold: first, we provide a simple proof
of pointwise decay of the Maxwell field on the Schwarzschild background. Sec-
ond, we adopt the further “didactic” aim to be as detailed as possible in
our exposition. The third and main motivation for this work, though, lies
in the connection with the aforementioned problem of linear stability of the
Schwarzschild metric. It has become evident that a very similar approach to
the one in [11] can be adopted to address the decay properties of the spin £ 1
Teukolsky equations and of the Maxwell system on Schwarzschild.

We briefly recall the strategy followed by the authors in [11]. Given a
solution to the equation for the extreme curvature components (i.e., the spin
+2 Teukolsky equation), the authors find a second-order differential trans-
formation that performs the following: if we apply the transformation on the
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extreme curvature component, the resulting expression satisfies a “good” equa-
tion (i.e., an equation for which Morawetz and energy estimates can be proved).
The resulting equation is called the Regge—Wheeler equation. The relevant
quantity enables us to estimate all the components of the field, just by using
transport equations.

We wish to follow the same path in the context of the Maxwell system,
which we study on the Schwarzschild background. We start from the spin £ 1
Teukolsky equations, which are satisfied by the extreme components « and a.
We exploit an elementary transformation (which can be found, in its fixed-
frequency form, in the work of Chandrasekhar [6]). The transformation takes
the spin 4+ 1 Teukolsky equations into a “good” equation, called the Fackerell-
Ipser equation. The transformed quantity has the required property of vanish-
ing on the zeroth mode and of satisfying good integrated decay estimates. We
finally use the transformed quantity to estimate, via transport equations, first
the extreme components o and a, and subsequently the remaining components
of the Maxwell field.

The approach outlined above differs from previous work ([1,4]) in two
main aspects. The first main difference is the analysis of the “good” quan-
tity arising from the Chandrasekhar transformation. Secondly, the way we
perform estimates (specifically, Morawetz estimates and decay estimates) is
closer in spirit to the works [9,11] and uses the “new physical space method”
by Dafermos and Rodnianski. We will touch upon these points in Sect. D in
“Appendix,” where we sketch a comparison with the aforementioned works
[1,4].

Let me finally note that earlier versions of the results contained in this
note were originally obtained in my master thesis at ETH Ziirich [15].

1.2. Outline of the Note

We will first motivate our analysis in Sect. 2, giving an outline of the work
[11], as well as a sketch of the argument in the present note.

We subsequently introduce some necessary notation and the null decom-
position of the Maxwell system in Sect. 3, as well as the crucial transformation
which takes the spin £ 1 Teukolsky equations into the Fackerell-Ipser equation.

We then proceed to state the main results of this note in Sect. 4:

e decay for solutions to the spin + 1 Teukolsky equations (Theorem 4.1),
e decay for solutions to the Maxwell system (Theorem 4.2).

Subsequently, we prove integrated decay estimates for solutions to the
Fackerell-Ipser equation, in Sect. 5. We follow the rP-method approach by
Dafermos-Rodnianski, as in [9].

From these integrated estimates, via a combination of Sobolev embedding
and the Gronwall inequality, we obtain decay for solutions to the spin +1
Teukolsky equations in Sect. 6.

We improve the decay for the @ component in Sect. 7.

We then extend the decay to the full Maxwell system in Sect. 8.
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We conclude the note with the appendices, in which we collect important
lemmas and calculations. In “Appendix D,” we compare our result with those
achieved in previous work by Blue [4] and Andersson, Backdahl, Blue [1].

2. Motivation and Main Idea of the Work

2.1. Introducing the Work on Linearized Gravity

It is sensible to recall here the strategy the authors follow in the paper [11].
We warn the reader that this brief subsection does not have any claim of
completeness, and we refer to the paper [11] for the full details.

In said work, the authors consider the vacuum Einstein equations:

Ric,, =0, (2.1)

with respect to the unknown metric g, which is considered to be “near” the
Schwarzschild metric. In the following, bold typeface will always denote quan-
tities associated with the metric g, whereas quantities in non-bolded typeface
will always be associated with the Schwarzschild metric g.

The authors perform a suitable linearization as follows. Let (L L, e, es)
be a normalized null frame with respect to the metric g. Also, * denotes the
Hodge dual with respect to two indices:

*Ruy,.g)\ = %é?l“,agRN)\aﬁ. (2.2)
Note that, here, * is in bold typeface, hence the Hodge dual is calculated using
the (bold) volume form &, which is the natural volume form induced by the
metric g.

In order to write the linearized Einstein equations, the authors decompose
the field into null frame. They consider the Ricci coefficients:

XAR = g(VAIA},eB)A, Xap = g(VAL,eB)A,
Na=-39(Viea, L), n,:=-39(Viea L)
@:=3g9(V;L, L), @:=13g(V;L L),
¢:=3g(VaL,L).
The authors consider the null components of the Riemann tensor as well,
i.e., the set of components

(2.3)

~

QAB = R(eAa-tver‘i’)7 Qg = R(6A7L7eB7L)7
IBA = %Rfeéa-{;aévL)v EA = R(eAA,ALa%a -P)a (24)
p=1R(L.LLL,  o:=VRLLLL).
They proceed to linearize the Einstein vacuum equations (2.1) around the
Schwarzschild metric using this null framework. In other words, they write the
unknown metric
(1)
g=9g+49,
1
where g is the Schwarzschild metric and é is the variation of the metric. They
plug this expression for g into Eq. (2.1), decompose into null components and
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eliminate the nonlinear terms in (517). They therefore obtain a suitable lineariza-
tion of the Einstein equations around Schwarzschild.

The resulting equations are coupled, meaning that in every equation we
have more than one component of the field. In the following, we adopt the nota-
tion from [11]. In particular, quantities with the superscript () correspond to
the variation of the metric, whereas quantities without subscript or superscript
correspond to their original Schwarzschild values.

Remarkably, the perturbed extreme components @ and ﬁ) were shown
by Teukolsky in [18] to satisfy decoupled equations. In the notation of [11], the

. .
equation for « is

1 5
Y.Vs @ + (trx + 2®> Y, d + (trX - w) Y, @ -4 W
o ? (2.5)

+@ (bwtry —wtry —4p + 22 4 trxtry — 40w) = 0.

On functions, we have the definition QY3 = 9,, QV, = 0,. Here, Q =
/1 —2M/r. ¥ indicates the induced connection on the spheres of constant
(u,v) Schwarzschild coordinates, and A indicates the corresponding covariant
Laplacian. Also, the definition of non-bolded Ricci coefficients and non-bolded
null components is exactly as in (2.3) and (2.4), replacing all the boldface quan-
tities by the non-bolded ones. Furthermore, es = L =019, e4 = L= 0-19,.

The core of the proof is the following: starting from Eq. (2.5), the authors

&) e
find a quantity ¥ which satisfies a “good” equation. Such quantity ¥ (and

)
analogously its companion W) can be defined in terms of the sole extreme

component o (resp. ﬁ)), which satisfies a spin &2 Teukolsky equation. Here
are some definitions

& 1 1
Y= —57”_19_2?73(7"(22 (04)),

(1) 1 . 2 (1) ) —-30-1 30
%:: 57" Q W4(TQ Q), B:: r Q W4(T Q g)'

As usual, the superscript () indicates that the quantity is the one relative

to the perturbed metric. As before, on functions, QY3 = 9, QY, = 9,. We
1 (1)
finally define the rescaled versions of (P) and P:

1

e

€
= r Q7Y (113Q 1),

(1) 5 (1) (1) 5 (1)
v:=r>p, Y:=1r>P.

e
In this setting, ¥ satisfies the Regge—Wheeler equation, where we define
w = 2M/r:

Qy;(QY, (\i/)) —(1-pA (xi} + <;l2 - i:]\f) (1—p) ﬁl): 0. (2.6)

Here, as before, = /1 — 2M/r. Also, on functions, QY5 = 0, QY4 = 0.
ey}
The same equation is satisfied by W.
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Remark 2.1. Most importantly, solutions to Eq. (2.6) satisfy an energy con-
servation inequality and a Morawetz estimate.

Remark 2.2. Equation (2.6) is a tensorial equation. This equation is typically
stated by other authors in the corresponding scalar form. See Remark 7.1 in
[11] for the form of the corresponding scalar equation.

e
Remark 2.3. We further notice that ¥ can also be defined solely in terms of
e
the middle components @ and P via angular derivation:

(1) * ok (1) (1) 3 @ @
Uag:=1" <$2¢1(— p,o)+ Zptrx(x — X)> . (2.7)

Here, the definition of the spherical operators 7,/5; and @; is as follows:

@;(/%0) = 7VAP+ ¢ABWBU7 @;f = 7%(WB§A + WAEB - (dl/V f)gAB)
(2.8)

Remark 2.4. An additional difficulty, in the linearized gravity case, is the
existence of pure gauge solutions. These are solutions of the linearized Einstein
equations arising from the diffeomorphism invariance of the Einstein equations.
For the full formulation, we refer to the paper [11], especially Sections 2.1.4 and
6.1. The Maxwell case considered here does not suffer from such difficulties,
as there is a predetermined gauge (given by our choice of L and L) in which
the field satisfies good decay properties.

Remark 2.5. There is a connection between the kernel of 5P} and solutions of
the linearized gravity equations corresponding to “infinitesimal perturbations
toward Kerr” of the Schwarzschild solution. As we shall see, this has an analogy
in the Maxwell case.

2.2. Non-radiating Modes

Let us now turn our attention to the Maxwell system on the Schwarzschild
spacetime. We remark that the Maxwell equations possess non-trivial station-
ary solutions, whose null components decay at spacelike infinity.

It is an easy computation to show that the following expression gives
stationary solutions to the Maxwell system on Schwarzschild:

2M

F=qpr?f, g +aer (1 - ) dt Adr,. (2.9)
r

Here, qr and qp are two real parameters, respectively, the “electric charge”
and the “magnetic charge.”

Excluding such “stationary modes” is a crucial element of every proof of
decay of the Maxwell field on the Schwarzschild manifold.

2.3. Key to the Proof for the Spin + 1 Teukolsky Equations and the Maxwell
System

We consider the Maxwell equations for the unknown two-form F' on a fixed
Schwarzschild metric as a background.
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Let us first anticipate some useful notation from Sect. 3. Let us consider
the Regge-Wheeler coordinates (t,r., 0, ), with r, :=r+2M log(r —2M) —
3M — 2M log M. We define L := 9, + 0,.,, and L := 9; — 0,.,. We then let

a(V):=F(L, V), «oV):=F(L,V),

for any vector field V' tangent to the spheres S, of constant ¢ and r coordi-
nates. We subsequently regard a and « as one-forms on the vector bundle B
composed of vectors everywhere tangent to the spheres S; ,. Since we denote
(64,605) a generic local coordinate system for the sphere S?, we will write a4
and a4 (using capitalized roman indices) to denote the one-forms obtained
by the above procedure. For the complete definitions, we refer the reader to
Sects. 3 and 3.2.

As was proved by Bardeen and Press in [3] (in its scalar, fixed-frequency
version), the extreme components (o and «) satisfy the so-called spin +1
Teukolsky equations:

WLWL(’I’OLA) + % <1 - 31\4) WL(’I’OZA) — (1= p)A(raa) + lT;MTaA =0,
(2.10)

Vu9uran) - 2 (1= 20) Foran) - (- AGan + 5 =0
(2.11)

For the YV notation, and for the definition of A, we refer to Sect. 3. Here, as
usual, p=2M/r.

Remark 2.6. Notice that these are tensorial equations, cf. Remark 2.2.

Remark 2.7. The stationary solutions considered in Sect. 2.2 have vanishing
«a and a components. In other words, the extreme components o and a do not
“see” the stationary modes. Hence, we seek to define a quantity starting from
« and a.

These equations are poorly behaved from the point of view of energy
estimates, due to the presence of bad first-order terms. We now consider the

quantities

,,,2

Pa = . MVL(?“@A),
r2
0= T Vulra).
Remark 2.8. A fixed-frequency version of this transformation appeared in its
scalar form in the work by Chandrasekhar [6], in the case of linear electromag-
netism on a fixed Kerr background. Similarly, a fixed-frequency version of the
transformation relating Eqs. (2.5) and (2.6) appeared in the work of Chan-
drasekhar [5] on the linearized gravitational perturbations of a Schwarzschild

black hole.

(2.12)
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Remark 2.9. Notice that, in view of the Maxwell equations, in the notation of
the previous subsection,

pa = TS@;(pv J)'

It can be shown by direct calculation from (2.10) and (2.11) that ¢4 and
[ both satisfy the following tensorial Fackerell-Ipser equation:

WLVLQf) —(1=p)Adp+Ve=0, (2.13)
with V = 152,

Remark 2.10. Notice that this equation is analogous to (2.6). As in the case
of linearized gravity, this equation is also usually stated in the literature as
a scalar equation. The scalar form of the Fackerell-Ipser equation for the
unknown u is the following:

(1—p) 'LLu — Au=0. (2.14)

In particular, this is the wave equation satisfied by r2p and by r20. Commuting
the equation with the angular operator 7Y leads to the appearance of the
additional zeroth order term. This is closely related to the case of linearized
gravity, see Remark 7.1 in [11], and is consistent with Remark 2.9.

Equation (2.13) is now the key to the argument: it admits robust energy
estimates, and furthermore the quantity ¢ enables us to estimate the quantities
« and .

Remark 2.11. Let us notice here that the argument contained in this note (in
particular, the proof of Theorem 4.1) does not suffer from the difficulty arising
from the “pure gauge solutions,” which are present in the linearized gravity
case [11].

3. Preliminaries and Notation

Having settled the heuristics, we proceed to the actual setup.

o Let gs2 be the standard metric on the sphere S2.
e Let S, be the following smooth Lorentzian manifold without boundary:
S. = (t,r,w) € R x (2M, ) x S?. The metric tensor g. on S, is defined

as follows:

ge = —(1 —p)dt @dt + (1 — p) " 'dr ® dr + r?gge.
Here, p := % We call S, the open exterior Schwarzschild spacetime,
or simply Schwarzschild exterior. Note that this set does not have a
boundary.

e When denoting subsets of S, determined by some property, we shorten
the notation in the following way:

{property} := {(u,v,w) € S, : property}.
Hence, for instance, the set {(u,v,w) € S¢ : u > wug} is denoted by
{'LL 2 U()}.
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Let V the Levi-Civita connection associated with g,.
Other coordinates:

- (t,74,w), with r, ;=7 +2M log(r — 2M) — 3M — 2M log M,

- (t*,r,w) with t* := ¢t + 2M log(r — 2M), r1 :=r,

- (u,v,w) with w:=1t —ry, v:i=t+r,.
We will adopt the following convention throughout the paper. If y > 2M
is a real number, which we think of as a radius r, we will define y, to be
the corresponding r, coordinate, that is

Yu :=y + 2Mlog(y — 2M) — 3M — 2M log M.

This will allow us to make sense of expression such as, for instance, (y; +
Y2)«, if Y1,y are reals, both greater than 2M.

Define a local frame field: (L, L, 9pa, 9pz) such that
L:= 8t + BT*,
L L= 6t - 81"*’

and such that Jyga and Oys are local vector fields induced by a system of
local coordinates (94, 6%) for S2.

S, embeds isometrically in M, the maximally extended Schwarzschild
spacetime. Let us call such isometric embedding i : S — M. For details
about the precise definition of M and the form of , see [10], Section 2.3.
Consider the Kruskal coordinates (T, R, 0, ) on M, as in [10], Section
2.3. We denote by U the set of vector fields on T'M:

g 0
m = {M76R;QI;QQ)Q3}7

where the {Q;} are rotation Killing fields, such that span(U) = T M.
We will adopt the following convention throughout the paper: a function
f is smooth on an open set U C S, (denoted by f € C>(U)) if there
exists an open set O C M, such that O D i(U) and there exists a smooth
function f € C>°(0) (seen as a subset of M) which restricts to f on i(U).
Let again be U C S, an open set, and let V be either TU or a derived
bundle of it (i.e., a tensor product of some copies of TU with some copies
of its dual). We say that a section V' of V is smooth if the following
holds. We push V forward via ¢ to obtain a section V' of V', a derived
bundle of TM. We then express the components of V'’ in the frame U
(or the corresponding derived frame), obtaining a collection of functions
(fi)i=1,...5 1 9(U) = R, n € N. For V' to be smooth, we require that the
fi’s all be extendible to smooth functions f; on an open set O D i(U), as
in the previous bullet. We denote by I'(V) the vectorspace of all smooth
sections of such bundle.

Remark 3.1. Notice that this definition encodes the notion of “smooth-
ness up to the event horizon,” for instance, if U = S, or if U = {t* > a},
with a > 0.
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Remark 3.2. L vanishes as r — 2M, (1 — %)_1L is a smooth vector
field on the set U := {t* > a}, with a € R, according to our definition (it
is a smooth section of TU).

Let & € N. We denote by A¥(V) the vectorspace of smooth antisym-
metric k-forms, which is the space of smooth sections of the bundle
V*® .-+ ® V", which are antisymmetric with respect to the permutation
—_——

k times
of any two arguments.

e We introduce tensor fields tangent to the spheres of constant r.

— Let S;; C S, be the set

Sipi={(t,rw) €Se,t =1,7 =7}

— Consider T'S; ; C T'S,, and let

B:= U TS;; CTS..

t€(—00,00),7€(2M,00)

Notice that B is the bundle tangent to each sphere of constant ¢, r.
Sections of B can be seen as sections of T'S., due to the fact that
B C TS.. Hence, we say that a section W of B (or a derived bundle
thereof) is smooth if the corresponding section of T'S. (or a derived
bundle thereof) is.

If B is B or a derived bundle thereof, we denote by F(g) the vector
space of all smooth sections of B. Similarly, Ak(g) is the space of
alternating k-forms on B.

Indices for tensors in T'S, and derived bundles will be indicated by
Greek letters u, v, ... Indices for tensors in B will be indicated by
uppercase Latin letters: A, B, C, .. ..

Let ¢ be the induced metric on spheres of constant r. Technically,
this is a smooth section ¢ € I'(B* ® B*). On each sphere Sy, ¢ is
the round metric.

Let ¢ ., € A*(B) be the induced volume form on the spheres S ;.
Let (-)* : TS, — B be the orthogonal projection on the spheres
S -

Let V,W € T'(B). We define a connection on B by

VW = (VyW)*. (3.1)

This connection coincides, on the spheres, with the Levi-Civita con-
nection induced by the induced metric ¢.

We define two other differential operators on I'(53) in the following
way:

VoV = (VV)E VLV = (VV)*h
The previous differential operators can be extended to derived bun-

dles from B in the usual way, asking that they satisfy the Leibnitz
rule.
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— We define the induced covariant curl and divergence in the following
way. Let w € I'(B*):

dif w = gABWAwB, eyl w = ¢ABY7AwB.

e We introduce the foliation needed in the note, and relevant Sobolev norms
on it.
— Let §2 := {Q1,Q9,Q3} be a set of angular Killing fields of S, whose
elements, at each point of S,, span all directions in B. Let §) be the
renormalized version

Q = {Ql/r, QQ/’I“, Qg/?"}.

— Let k>0, let LS; (resp. L2k> be the set of all ordered lists of length
k (resp. < k) composed of elements of ), and analogously let Lil
(resp. 12;) be the set of all ordered lists of length k (resp. < k)
composed of elements of §}. Elements in Lg and L? will be referred
to as multi-indices.

— Let n be a covariant tensor field on B. If J = (V4,..., V%) is a multi-

index, and let £ be the Lie derivative induced by the connection V.
Let X € T'(B). We let

WJU = 77V1 “'Wv,ﬂ, ¢J77 = ﬁvl "‘ﬁv,ﬂ: (Wx)kﬁ = VX T WX .
N———

k—times
(3.2)
— Let n > 0 be an integer, n € T'((B*)™). We define the angular norm
of n as
nl(t,r,w) ==Y |n(J
Jeuf
where we assumed, if J = (V3,...,V,,),

n(J) =n(Vi,...,Va).

— Given w,v € R, we define

671,17 {(U v w)ES€7u m UZ’[)},
Cas = {(u,v,w) € Se,u > v =70},
Cao = Cagp UC4 5

= {(u,v,w) € S;,u =},
={(u,v,w) € S¢,v =70}

Q A

o
— Let 4 be the inclusion of Cy, 4, into S.. Let n be a covariant section
of i*B or one of its derived bundles. We define the following fluxes

Fob n](vr,v2)

= /“2 /S2HY7L77|2 + (1= )| Y12 + Vinl] (w, v, w)dvdS? (w),
(3.3)
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Fo ) (us, ug)

= /“2 /Sz[|77y7|2 +(1- M)‘Wm? + V|77|2](u,v,w)dud82(w),

(3.4)
75[77](“17@)
= [ [0l + =l
+ Vn?)(u, v, w)dudS? (w), (3.5)
F[n)(ur,v1) := Fo, 0] (01, 00) + Fy [n] (ur, 00). (3.6)
— Let ¢,z,5 € N>g. Let n as above. We define the weighted Sobolev
norms
[/ PE—
- {1072 w0, 0
i=0 Jebgs
+/ TqWL(WT)min{i’(x_l)ﬂ£J77|2d71d82 . (3.7)
Cuyn{r>R}

3.1. The Maxwell System

Let F' be an antisymmetric 2-form on S.. Let us introduce the Maxwell Equa-
tions:
dF =0, d«F =0. (3.8)

Here, x denotes the Hodge dual operator. More explicitly, if G is a two-form,
1
(xG) oy = §gawm5. (3.9)
Equivalently, the system can be written as
V[uFﬂA] =0, VH{E,, =0.
Here, square brackets denote antisymmetrization of indices.

3.2. The Null Decomposition of the Maxwell System

Definition 3.3. Let F' € A?(S.). We define o, a € T'(B*), and p,0 € C*°(S,) by
the following relations:

a(V) = F(V, L),

(1 B 2M) - FIL.L). (3.10)

for all V e T'(B).
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Remark 3.4. « and « can also be viewed as one-forms in I'(T*S,), by requiring
that they vanish on L and L. Furthermore, in the definition of o, we consider
F as an element of A?(B), by restriction.

Remark 3.5. Note that all the previously defined quantities are smooth on S,
(up to the horizon), in the sense of our definition. This is due to the fact that
the vector field (1 — p) =1L is smooth on S., according to our definition.

Having introduced these quantities, we write the Maxwell system with
respect to them. We have the following proposition.

Proposition 3.6. Let F' € A%(S.), and let F satisfy the Mazwell system (3.8)
on S.. Then, defining the objects a, o, p, o as in (3.10) we have that

LY L(ran) + (L= (Y ap— #4570) =0, (3.11)
YLl = (1= (T ap+ £457"0) = 0, (312)
CMTZQ—QI;MU—O—VLG:O, (3.13)
Cdva+t zl%"pf V.0 =0, (3.14)
cu/rla+21;ua+Y7L0:0, (3.15)
dzm—zl%‘p—mp:o. (3.16)

Furthermore, the extreme components a and « satisfy the spin 1 Teukolsky
equations:

Tu¥utran + 2 (1= 50) Valran) - (- watran) + ras =0,
(3.17)

VuF s - 2 (1= 20) Va0 - (1= Aan) + 5 ray =0
(3.18)
Proof of Proposition 3.6. We postpone the relevant calculations to “Appen-
dix,” Sect. A. O

3.3. Derivation of the Fackerell-Ipser Equation

We now proceed to introduce the crucial quantities ¢ and ¢, and we prove
that, if we only require the spin +1 Teukolsky equations to hold for o and «,
then ¢ and ¢ satisfy the so-called Fackerell-Ipser equation.

Proposition 3.7. Let « satisfy the spin +1 Teukolsky equation (3.17) and let «
satisfy the —1 Teukolsky equation (3.18) on S.. Then, we define

r2

pa = 1— MWL(TO‘A)v
,],.2

b4 =1 _MWL(TQA)'

(3.19)
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Under these hypotheses, ¢ and ¢ satisfy the Fackerell-Ipser Equation:

YLV 164 — (1— m)A(ba) + 64 =0, (3.20)

ViVi6, (- whp,) + 6, =0 (321)

r2

Remark 3.8. We remark that, if we further assume that o and « are part of a
solution (p, o, @, ) of the Maxwell equations (3.11)—(3.16) on S, the following
relations hold true:

dpa=1Yap+ ¢ABWBU)7 Pu= (=Y ap + ¢ABWBU)'

We also remark that, in this case, the tensorial Fackerell-Ipser Equation can be
obtained from the wave equation (scalar Fackerell-Ipser) satisfied by the mid-
dle components, commuting with the projected covariant angular derivative

Y a-

Proof of Proposition 3.7. It is a straightforward calculation from the Teukol-
sky equation. We restrict to ¢, the reasoning for ¢ being analogous. First of
all, we notice that the Teukolsky equation for « is equivalent to

_ ,',.2
17,2/1%( — MWL(TO‘A)> — (L= wAray) + —5Fra, =0, (322)

1
L(5) -5 2.
1—pu 1l—pr r

Multiply Eq. (3.22) by {_1 and subsequently take the YV derivative of both

sides. We obtain, since [V, r2A] = 0,

For,

Y.VL (1 TZHWL(TO&A)> — 2 AV L (ray) + Vi(ray) = 0.

This implies the claim. O

4. Statements of the Main Results

In this section, we state the main results of the present note. The first result,
Theorem 4.1, only deals with solutions to the spin +1 Teukolsky equations
on a fixed Schwazrzschild background, and provides decay rates for them. The
second result, Theorem 4.2, concerns a solution F' to the full Maxwell system on
a fixed Schwarzschild background, and derives decay estimates for the relevant
quantities using Theorem 4.1.

Theorem 4.1 (Decay of solutions to the Teukolsky equations). There exist a
positive real number R, > 0 and a positive constant C' depending only on M
and R, such that letting (ug,vo) be real numbers such that vg — ug = 2R,
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we have the following. Let o, € T'(B*) be solutions to the spin 1 Teukolsky
equations on [ug,o0) X [vg,00) X S? C S,:

3M 1

WLWL(raA) (1 — r) WL(TCYA) — (1= p)A(raa) + rzuraA =0,
2 3M
ViVi(ras) — - (1 - 7,) Vi(raa) — (1—p)hray) +
Let ¢, ¢ be the related quantities as in (3.19). Under these assumptions, ¢ and
¢ satisfy the Morawetz estimate (5.8) of Lemma 5.2, as well as the hierarchy
of integrated estimates (5.23) and (5.24).

Furthermore, let x be a smooth cutoff function such that x(r) = 1 for
r > 3M, and x(r) = 0 for r € [2M,3/2M]. Let & = (1 — p)"ta and ¥ :=
()1 - )1

Under these conditions, we have the pointwise estimates:

ZurgA =0.

| ‘<CH HCuO,UO,OOQU Cuo U01 2,1 l ( ] )
| ‘< CuOEUO,OOO . H HC“O “0” 2,1 ( . )

on {r. < R.}N{u>wup}N{v>wvp}.
Also, we have

HEHC ;05 02+ H¢||C

o 00325051
la|<C e T forqe{0,1,2}, and  (4.3)
v +
req C| 0.v0i2i0,2 H¢||Cu0 roif 2, and (4.4)
a (Jul +1)273

la < C’HQHCW'UO’O00+ ||¢| Cugvgi2:2,1 (4.5)
(6] .
o (lul + 1)r

on {r. > R.}N{u>up}N{v>wvy}. Here, we used the definition of norm in
(3.7).

Theorem 4.2 (Decay of solutions to the Maxwell system). There exist a positive
real number R, > 0 and a positive constant C' depending only on M and
R, such that, letting (ug,vo) be real numbers such that vg — ug = 2R., we
have the following. Let F € A*(TS.) be a solution to the Mazwell system on
{u>uptN{v>wv}:
dF =0, d*«F=0.
Recall the definition of the null components o, ai, p, o (3.10). We let
o N S R A T
Ps ‘= I es P Uy, Vg, W w), Og i— I es? g(Up, Vg, W w).
(4.6)
Recall the definition of ¢ and ¢ from (3.19). Let x be a smooth cutoff function
such that x(r) = 1 for r > 3M, and x(r) = 0 for r € [2M,3/2M]. Let us
furthermore set & = (1 — p)~ta, ¥ = x(r)(1 — p)~'r3a, and
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M = H\I/HCHO 00i2:0,2 + ||¢||Cu0,v0;2;2,1 J (4.7)
Myo = l8llc,, 200+ 12]lo o221 4.8)
My = ||@ch0 v0:050,0 T Hd)HCuO vi2i2,1° (4.9)
Then, we have
o, (1 - u)*1|a| < Cvfl(M + Ma), (4.10)
Ps
-5 M, (4.11)
on{r. <R} N{u>wuo}N{v> vo}.
Furthermore,
la < C(lu| + 1) 27~ (4.12)
|a\ < C(ful+ 1)~ 71Mm (4.13)
Ps 1
Ll o~ %] < et + 1, (114)
=5l e =% < clul+ 071, (4.15)

on{r. > R.}N{u>wup} N{v>wvp}.
A few remarks are in order.

Remark 4.3. We will not delve into the issue of optimal well-posedness state-
ments for the Maxwell system or for the spin +1 Teukolsky equations here.
Let us just remark that, in the smooth category, well-posedness for the charac-
teristic initial value problem follows, in both situations, from ideas contained
in the work by Rendall [16].

Remark 4.4. We notice that Theorem 4.2 gives the decay rate v—! for all
components of the field in the region {r < R}. Furthermore, for all components
of the field, we have the uniform peeling estimates, on a fixed outgoing null
cone Cz N {r > R}:

M\»—-

o S r 3 (lal +1)”
-

mb—‘

ol ol < r2(lal + (4.16)

o] S (al+ 1)~
Here, we supposed for simplicity that M, ,, M,, M, all be finite, and that
ps = 05 = 0. The bound for « is the strongest one, corresponding to inequality
(4.4).

We underline the difference between estimates (4.3) and (4.4). In the
former, we require less of the initial data to obtain a lower decay rate. In
the latter, we have a larger weight on the L-derivative of ¥, and we obtain a
uniform peeling estimate for a. Weaker requirements on initial data, though
implying weaker decay, may be useful for applications to nonlinear problems, in
view of a bootstrap argument. An example is the original proof of the nonlinear
stability of the Minkowski spacetime by Christodoulou and Klainerman [8],
in which the authors do not need optimal decay rates in order to close the
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argument. In fact, the failure of peeling to hold has a physical interpretation
[7].

Remark 4.5 (On initial data). We remark that, in order to solve the full
Maxwell system (3.11)—(3.16), it is enough to impose initial data for « and
a on the set Cy, v,. For, then, all first derivatives of a and « along C,, ., can
be recovered via the spin + 1 Teukolsky equations. Then, we can solve for «
and a in {u > up} N{v > vp}, again from the Teukolsky equations. Finally,
we can use relations (3.11) and (3.12) to recover all angular derivatives of p
and o. This defines uniquely a solution up to the stationary solutions (2.9).
The resulting quantities «, a, o, p then satisfy the full Maxwell system (3.11)—
(3.16).

Remark 4.6. For notational convenience, the norms we defined in Eq. (3.7)
are not intrinsic to the surface C,, . ,. Nevertheless, using the Fackerell-Ipser
equation for ¢ and ¢, it can be shown that

2
1911¢,, 2520

I, 2 I, 9 21! 12 S?
3 D SX(.25 e s e

+
IELS3

+ /7 (r2|V LV o] + r2|Y L ¢[?)dvdS?
CupN{r>R}

J
+/ Y7 ol(1 — p)dudS?.
C,oN{r<R} 2. 17el )

JEL;4

(4.17)

Here, L;Q (resp. t—,) is the set of all ordered lists of length < 2 composed of
elements of QU {L} (resp. QU {(1 — u)~1L}).

Estimate (4.17) implies in particular that the norm Hgb||éuO Joi2:2,0 CaN be
controlled in terms of a norm intrinsic to the surface Cy, v, - Similar expressions
hold for v and a.

Furthermore notice that estimate (4.17) “loses derivatives.” On the left-

hand side, the norm ||¢||é 9.9 depends on 3 “unweighted” derivatives

uQ,vQ 144

and on 2 “weighted” derivatives. The norm on the right-hand side of (4.17),
on the other hand, depends on 4 “unweighted” derivatives and 2 “weighted”
derivatives.

Remark 4.7 (On the propagation of decay from initial data). Let w be a non-
trivial one-form on S2. Suppose for ease of exposition that Ag:w = 2w. Let
f1(r) be a smooth function of r. Following Remark 4.5, let us set initial data
for o on Cy, .4, in the following way:

a = fl (r)w on Cuo,vo- (418)
We then use the relation (spin +1 Teukolsky equation) to induce data for ¢:

Vioa =r*Alras) —roa.
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From the latter, it follows that initial data for ¢ satisfies
ouo,0) = ( [ rluo.8)fu(r(un, 0 )+ (4.19)

Vo
where 7 is a fixed one-form on S%. Here, r(ug,?) denotes the r-coordinate of
the point (ug,?) in (u,v)-coordinates. Let us denote

f2(7_’) = /v r(uo,ﬂ)fl(r(u(],f;))d@,

whenever the r-coordinate of the point (ug,v) is 7.
Now, let s € ( %, 1), and let us suppose the following on the function f;:

L)~ e A~ 27 )~ T (4.20)

as r — 00.
It then follows that

(o) ~ 1, |fs) ~ ™ f ()~ r T ()~ T2 (420
It follows now, from (4.17) and the form of ¢ (4.19), that

19llc

Under conditions (4.20), we furthermore have that, recalling ¥ 4 = x(r)r3(1 —
)" taa, with x(r) smooth supported away from r = 2M, such that x(r) = 1
for r > 3M,

9. < 0.
ug,v03252,1

H@choyvo;o;o,z < 00.

In this case, the assumptions of estimate (4.3) are satisfied with ¢ = 2, and we
obtain the bound |a| < Cr=3 for a along any fixed outgoing cone, whereas
we supposed that | is asymptotic to 77175 on Cyq 40, with s +1 > % In this
case, we do not recover the initial decay.

On the other hand, if we require s > 1, we obtain

H@HCUO,UO ;2;0,2 < 00,

and the assumptions of estimate (4.4) are satisfied. We then have |a| < Cr—3
for some constant C', along a fixed outgoing null cone.

In particular, for s = 1, we are able to propagate the r—3 initial decay.
Similar statements hold for «, p, o.

We finally remark that, if we were to a sharper decay than r—3 for a on
the initial cone Cy, +,, generically, it would not propagate.

5. Estimates on the Fackerell-Ipser Equation

In this section, we prove integrated decay estimates for solutions to the
Fackerell-Ipser equation. The estimates and the methods to obtain them are
very similar to those in [11]. The results contained in this section are of inde-
pendent interest, and the section can be read independently from the rest of the
paper, starting from the assumption that ¢ only satisfies the Fackerell-Ipser
equation.
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We do not prove pointwise decay for ¢, as it clearly follows from the ideas
in the proof of Theorem 4.2, cf. Remark 3.8.

Let us now proceed to the setup. Let vy > v1 > vy and us > uy; > ug.
Let V = (1 — u)/r%. Recall the definition of the null fluxes and of the Sobolev
norms:

Fa [@](v1, v)
- / /S2[|WL¢|2 + (1= )|Vl + VIl (u, v, w)dvdS? (w), (5.1)
Fo 0] (u, uz)

B / / (VL6 + (1= wIYoP + VIeP](u,v.0)dudS* (W), (5.2)
FN ] (u1,u2)

/ / (1= 1) VL6 + (1= @)V + VIo[2) (1, v, w)dudS? (),

(5.3)
FoB](ur,v1) := Fop, [6](v1,00) + Fo [¢] (u1, 00),
= H¢||Cu0 v 05T (5.4)
Z Z {]:OO K ?](uo,vo)
1= OJGLi&
“f, 7“"IWL(%)min““—”*}¢"¢|2d“d82} | (5.5)
CugN{r>R}

Let R, > 0. We define the spacetime regions (Fig. 1):

D2 :={r > R,u € [ur,us]},

€2 = {r < R,v € [v1,va]}, (5.6)
s 1= D,2 U €2, such that vy —u; = 2R, and vy — ug = 2R..

5.1. Energy Conservation

Lemma 5.1. Let ¢ be a smooth solution to the Fackerell-Ipser Equation (3.20)
on {u > uo} N{v > vo}. Let va > vy > v and us > uy > wug. Defining the
fluzes as in (5.1) and (5.2), we have that

Fay[9(v1,02) + Fo [8](ur, ua) = Fy [8](ur, ua) + Fy [0)(v1,02).  (5.7)
Proof. First, we notice that the Fackerellflpser Equation implies:

Wi+ Vo) [ {mw LIV L6+ 2 S e + 2V|¢|2} as?
(V0= V2) [ AIV00f - WW} as? 0.

Integrating with respect to dudv yields the claim. O
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Zx

7

FIGURE 1. Penrose diagram depicting of the spacetime regions

5.2. Morawetz Estimate

Lemma 5.2. There exists a positive constant C' such that the following holds.
Let ¢ be a smooth solution to the Fackerell-Ipser Equation (3.20) on {u >
ug} N{v > vo}. Defining the fluzes as in (5.1), (5.2), we have that

L7 A vusr s C3EE (9o + Lo+ 920

1
—|—743|(b2} (1 — p)dudvdS?
< C(F ¢l (ur, uz) + Fif [6) (v, 02)). (5.8)
Proof of Lemma 5.2. We consider the following identities, which follow from

the Fackerell-Ipser equation. Let f : S — R be a smooth radial function. Let
(-)' denote differentiation with respect to 9, . Recall that V = 154
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VLt Y0) [ F{IT00P - 1910 a5?

+0- V) [ {7008 179 - 2viop | as?
* /S {2f'(|Y7L¢I2 +|Vpof*) — 40, (fl _QM) IrYo|?
- 48T*(fV)¢|2} ds? = o. (5.9)

We also have

(WL+ Vi) /52 (f/¢ ‘ (WLJF WL)Qb) ds?
(Vo= Y0) [ (70 (Vo= V0o + £'167) as?
v {—2f”’|¢2 A6 Vi
+4f ( Plryel? + V|¢2> } ds? = 0. (5.10)

In the previous equation, the dot - indicated that we are contracting with ¢.
Let us now add the previous Egs. (5.9) and (5.10), to get

(Yo+VY5) /Sg (f {|VL¢|2 - |VL¢|2} +f'o- (Y + VL)¢) ds?

9=V [ (1{ivseR + 9,08 — 2 5o - ovior)
6 (P - Y106~ f110F) as?

+ / {Qf'um = Vi) + Vol [” <1;M>/]

+ o (—4fV' 2f’”)} ds? = 0. (5.11)

We now proceed to integrate Eq. (5.11) on spacetime against the form dudwv.
By Lemma B.1, we note that for the bulk term to be positive, it suffices that
there exists a ¢ > 0 such that the following three inequalities hold true:

VAEA-—pw), "
—2 e S (5.12)
1_ li
—4f< r2M> >0, (5.13)
f'>o0. (5.14)

By choosing f(r) := (1 + %) (1 — %), let us calculate, as in [11],
2M  6M?
fr=0-p <T2+>7

r3
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2M (—48M3 + 30M?r + Mr? — 21®)
76

AM(1 — p) (144M3 — T5M3r — 2M 1?2 + 373
flll _ (1 _ M)ar(f//) — ( r7 )

O R e e O

72 r3 T
() S B

These calculations immediately show that conditions (5.13) and (5.14) are
satisfied. Plugging these calculations in condition (5.12), multiplying by r3,
and renaming x := %, we obtain that it suffices, for (5.12) to hold, that there

exists ¢ > 0 such that, for all z € [0,1/2],
—144z* + 932° + 82° — 13z +2 > c.

An analysis of the polynomial reveals that this inequality is true for all z €
[0,1/2] upon choosing, for instance, ¢ = 1/8 (in fact, the minimum is at = =
1/2, where the polynomial takes the value 1/8).

We therefore obtain the following estimate, making use of the positivity
of the angular terms:

L7 [ {zvee-vuer

+ %IWI2 + 13|¢|2} (1 — p)dudvdS?

< C(F] [8](v1,v2) + Fy [6](v1,v2)).

We can recover the missing derivative by integrating Eq. (5.9) with a mono-
tonically increasing f, which vanishes of third order at » = 3M, and get:

/ / IREL AR >(|v¢|2 H¥so+ V108

+3|¢|2} (1 — p)dudvdS?

< C(F L8] (ur, u) + Fop [9](v1,02)).

1= 0= mo(f) =

)

)

(5.15)

(5.16)
This is the claim. O
5.3. The Redshift Estimate

Lemma 5.3 (The redshift estimate). There exists a positive constant C such
that the following holds. Let ¢ be a smooth solution to the Fackerell-Ipser
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Equation (3.20) on {u > ug} N{v > vo}. Let ug > uy > ug and vy > v1 > vp.
Let x(r) be a smooth cutoff function such that x+(r) =1 forr € (2M,5/2M)
and xn+(r) = 0 for r > 3M. Defining the fluzes as in (5.1)—(5.4), we have
that

> (u2,v2) < CF>(u1,v1), (5.17)

/ N REL 2

+ % <W¢I2 + fIVm + Vm?) + 13¢|2} (1 — p)dudvdS®
/ / / Xr+ (MY (1 y-100)* (1 — p)dudodS?
< C(FN[)(ur, u2) + FLL (6] (ve,v2)). (5.18)
Proof. Let 2M < r. < 3M. Let h(r) be a smooth radial function such that

h(r) = (1 — p)~t for r € (2M,r.), h(r) = 0 for r € [3M, +0o0). The following
relation can be deduced from the Fackerell-Ipser equation:

L0 + L {1 - b)) + L] o

T e A R =t B 2
(5.19)

Here, A(u,v,w) ¢ 0 denotes equality after integration on S? against the form
ds?, ie., fSQ A(u,v,w)dS?(w) = 0. We proceed to integrate (5.19) against the
form dudv in the region {u; < u < ug} N{v; < v < vy}. The second claim
is achieved absorbing the error terms arising from h with estimate (5.8) (note
that we only require one derivative on the initial slice).

Analyzing the boundary terms arising from integration of (5.19) and
adding a multiple of (5.7), we obtain the first claim. O

5.4. The Estimates Required for the »? Method

Definition 5.4. Let x5+ be the smooth cutoff function of Lemma 5.3. We define
m[¢] to be the integrand in the left-hand side of Eq. (5.18):

r— 2
i) = 551700~ Vo + =5 (1908 4+ 19,0 + V108 )

1
+ 5161 + X (DI F 1191 (520)
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Furthermore, we let
man¢] == m[¢] + m[Vrd]. (5.21)

Remark 5.5. Let us notice that the Fackerell-Ipser Equation implies that there
exists a constant C' > 0, depending only on M, such that

/ i / ) o Man[4](1 — p)dudvdS?
>O/ / / < (IV2el* + 1V - L8l)

0P+ qus?) (1 - p)dudodS?.

This is seen by the following observation. It is evident that m,p[¢] controls in
a pointwise fashion all non-degenerate derivatives at r = 2M and at r = 3M,
with the exception of the angular derivatives at » = 3M. To bound the angular
derivatives at the photon sphere, we contract the Fackerell-Ipser equation with
g(r)¢?, where g(r) is a radial cutoff function which is 1 in a neighborhood of
r = 3M, and vanishes outside of a neighborhood of r = 3M. We then integrate
by parts (in the L direction for the term Y,V 1, and in the angular direction
for the angular term) and see that all the error terms can be bounded in terms
of may[¢]. We conclude that m,y[¢] controls all non-degenerate derivatives of
¢ everywhere on S.

Remark 5.6. From the commutation relations: [Vr,V.] = [Yr,rVi] =
[Vr,V 4] = 0, we obtain that ¥;¢ satisfies the Fackerell-Ipser equation, if
¢ does. The reasoning which led to the proof of Lemma 5.3 then yields

/ / man[d](1 — )dudvdS2
SQ

< C(F®[@)(ur, v1) + F=[Yro)(u1,v1)). (5.22)

Lemma 5.7 (p-hierarchy). There exists a positive number R, and a positive
constant C' such that the following holds. Let ¢ be a smooth solution to the
Fackerell-Ipser Equation (3.20) on {u > ug} N {v > vo}, let us > uy > wug,
vy > vy > vg. Let P(u) be (u,2R. + u). Defining fluzes as in (5.4), we have
that

/ (r2I¥ 1 6[2)dvdS?
CuyN{r>R}

" /BJug [T‘WLQSF +|Vo|* + 7’72|¢\2] (1 — p)dudvdS?

< C(F*[¢)(P(u1))) + / (r?|Y ¢|*)dvdS?. (5.23)

Cuy N{r>R}
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Also,

/ (r|V £ 6[?)dvdS?
6,,% Nn{r>R}

+ / . (VLo + Vol +r2¢°] (1 — p)dudvdS?
Dul

< C(F®[)(P(u1))) + L (r|V L¢|?)dvdS?. (5.24)

CuyN{r>R}

Proof. Let p,k € R. Let us consider the identity, which follows from the
Fackerell-Ipser Equation (3.20):

oo b+ L g iver L+ {v e

LT ek n{v T e

+[(2—pw-1<l—u>2-’f+rp<k—1><1 W~ ’“““ﬂ wol E0. (5.25)

2
Here, £ denotes equality after integration on S? with respect to the volume
form dS?. We fix R, > 0 big enough so that the following holds in the region

7 > Ry
rP 1
B 7 — 2
<(1—u)’“) =3 (520)

when p is either 1 or 2 and k is either 1 or 2.
Let us furthermore calculate

VP 9 p— p—4 —k+1
_L<(1u)’“>:(l_u) F2—p)yrPt2MrP (1 —k)(1—p) KT (5.27)

Recall the definition of ©:
D2 = {r > R,u € [u1,us]}.

By possibly choosing R bigger, we assume that R — M > 3M. Let f be a
smooth radial function such that

Fr) = 1 for r > R,
= 0forr < R-— M.

We then integrate the expression

L{( )kfIWL¢2}+L{( e 1f|W¢>|2}

‘L {V(l—u)’ffd)'Q} —L{(I_Mf} VioP —L {V(li)kf}(;;;

on the region JT(Sy, v, ), with v1 = 2R, + uy.
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We choose p = 2, k = 2, and we use the Morawetz estimate (5.8) in order
to bound the spacetime error term in the strip » € [R — M, R|. We obtain

/ (r2I¥ 1 6[)dvdS?
CuyN{r>R}

+ / o [PV Lo* + Yol + 7 3¢°] (1 — p)dudvdS?

u1l

CuyN{r>R}

< CFlgl(Pun) + | (1Y Lo[2)dvdS?. (5.20)
Choosing p = 1, kK = 1, we obtain, instead
/ (r/¥ 16]2)dvds?
CuyN{r>R}

+ / - (VL0 + Vo> +r2[)] (1 — p)dudvdS?

uy

<CRP@) + [ lTePdeds (530)

Cu,N{r>R}

This proves the lemma. O

5.5. Application of the P Method: Decay of Null Fluxes

We now apply the rP-method of Dafermos and Rodnianski to prove integrated
decay for ¢. We prove the following lemma.

Lemma 5.8. There exists a positive number R, and a positive constant C' such
that the following holds. Let ¢ be a smooth solution to the Fackerell-Ipser
Equation (3.20) on {u > uo} N{v > vo}, let u > ug. Let P(u) be (u, 2R, + u).
We have the decay of the flux:

Fol(P(w) < Cu™?[8lle, . oo (5.31)

uQ,vQ 3

Here, we used the definition of norm in (3.7).

Proof. We define the sequence u, := 2"(|ug| + M). Inequality (5.23) now

yields:

/ 2|V o> dvdS?

6unﬂ{7'2R}
< O (F*[8)(Pun)) + [ (2¥ LoP)dvdS?. (5.32)
CugM{r>R}

Also,

(U1 — ) / r|¥ 6 2duds?

Eanﬂ{TZR}

< [ rIVLoP( - pdudeds?
D,nt!

CupN{r=R}

< O (F>[8)(P(u0))) + / (21Y LoP)dudS?.  (5.33)
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This holds for some @,, € (uy, un41). All in all, we have, for this new sequence
ﬂnv

/ 1Y 162 dvds?
C

ﬁnm{TZR} (534)

< Ca F[](Puo)) + i / r2|¥, 6[2dvdS?.

CupN{r>R}
Recall the definition of the spacetime regions:
€2 = {r < R,v € [v,va]},
St = D,2 U €2, such that v; —u; = 2R, and vy — uz = 2R,.

()
Recall furthermore the definition of m[¢], as in (5.20). We employ Eq. (5.24)

and the Morawetz estimate (recall: Eq. (5.18) and Definition 5.4), to obtain
the following:

/ m[¢](1 — p)dudvdS? + / 7|V 6> dvdS?
€2 CuynN{r>R}
b [ ITL6R + 196 + r-2167] (1~ p)dududs?
Dui
<CRepP) + | FIY 16/ duds?. (5.35)
Culﬁ{rzR}

Recall now that m.y[¢] := m[¢]+m[Yr¢]. Plugging now the previous sequence
@y, into the formula (5.35), summing it with estimate (5.22) and using Fubini’s
theorem, we obtain a second sequence u,, (with u,, + 0, = 2R,) such that

T / / Man|¢]dudS?
S2 Qénﬂ{TSR}

i / ﬂ (V262 + ¥6l? +r2(¢|?] dvdS?
s2Jo, n{r>R}

<C [  ma[¢]dudvdS?
€2

+ c/@ (VLo + Vol +r2¢°] (1 — p)dudvdS?

< C(FZ[o)(P(un)) + F [Vl (P(in)))

+/C-nﬂ{r>R} 7|V L o|*dvdS

< C(FZ[O)(P(an)) + FX Vgl (P(an))) + Oty 2] (P(uo))

+a,! ﬁ 2|V L ¢|*dvdS?. (5.36)
C

uo

We commute the Fackerell-Ipser Equation (3.20) with ¥, and we see that
FEVrd)(P(u))
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decays, by the same reasoning for the decay of F*>°[¢](P(u)). We use the
monotonicity of energy given in (5.17) to eliminate the restriction to the dyadic
sequence. We finally obtain the bound

FEB)(P(w) < Cu™? Yy F*((Vr)'¢l(P(uo))

=0
+ / W )min{i’1}¢|2dvd82.
Z uoﬁ{r>R} ( ’

This is the claim. O

Corollary 5.9. Assume the hypotheses of Lemma 5.8. Consider the Lie deriv-
ative L induced from the connection Y. Recall the definition of the set §) :=
{Q1,9Q92,Q3}. The following estimate holds, for j € {1,2,3}:

Fola,dl(P@) < Cu? [8llc. . ny- (5.37)
Here, we used the definition of norm in (3.7).

Proof. Let n € T'(B*). An easy calculation implies that we have the commuta-

tion relations:
[KQNWL]H =0, [zﬂi’WL]n = 0.

Furthermore, since the €2;’s are Killing vectors for the induced metric ¢ on the
spheres, by Equation 3.25 in [8], we have that

We therefore obtain that KQ,L, ¢ also satisfies the Fackerell-Ipser equation (3.20).
The proof then proceeds as in Lemma 5.8. U

5.6. The rP-Method Revisited

We will now derive decay for a null flux, crucial for the decay of the extreme
components.

Lemma 5.10. There exists a positive number R, and a positive constant C
such that the following holds. Let ¢ be a smooth solution to the Fackerell-Ipser
Equation (3.20) on {u > uo} N{v > vo}. We define the following flux:

Iy nl (@, 0) 1:/ [l (u, 9, w)(r(u, 9))"dudS?. (5.38)
C;{r>R}n{u>a}

Let u > ug, v > vg. We have the decay estimates:

Fo [0)(wo,v) < ClIBIE,, . 200

Fy Vo) (ug,v) < C ||¢||Cu0,u0;2;0,0’ (5.39)
o EI—

Flo] (r0) s 0wt
ol (0 <« o1 e

F Vo (50) < 0ot (5.40)
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r=20 it

X

7

FIGURE 2. Penrose diagram of the spacetime regions

2
N v ||¢HCH0’UO;2;2,(]
F2[d] (Eav) <C——5—,

v

2
Nl o
v? ’

794l (5.0) < (5.41)

Proof. We choose R such that R — M > 3M. We choose a smooth radial
function f with the following requirements:

1 for r > R,
f(r):{o forr < R-— M.

Let v1 > vg, w1 > up. We define the spacetime region (Fig. 2):
W(uy, R, Ry,v1) :={u>u }N{r>R}N{2(R1)« +u; <v < v}
To shorten notation, we let W := W(u, R, R,v1), and Wy := W(u;, R—

M, R, v1). We integrate the expression (5.28) on the region 20, against the form
dudvdS?. We obtain, using (5.25),
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/{U=U1}mm {(17“:)“'%'2 + V(lrl)kIW} dudS?
- /m {—L{M} Vool ~ L {vw} ¢|z} dudvds?

= [ {e-pra—

oM
+rP(k—1)(1 — u)’““ﬂ} |V ¢|2dudvdS?

5/ {”|WL¢|2}dvds‘2 + oG] (w4 2R,). (5.42)

{u=u1}NAW, (1 - M)k

Here, we used the Morawetz estimate (5.18) as well as the conservation of

energy (5.17) to bound the errors (both boundary and spacetime) arising from

the cutoff f (here is where we use that R > 4M not to lose derivatives).
First, recall: V = 152, Also, by possibly increasing R,

r —L{(lrl)k} > —pp~t (5.43)

on Wy, for p=0,1,2.
We now plug p = 2, k = 1 in Eq. (5.42). We obtain that there exists a
positive constant K > 0 such that the following holds:

/ {r?|Yo|* + [¢|°} dudS? +/ Kr|Y 1 ¢*dudvdS?
{v:vl}ﬂmll 2001

2

= (P 0P dudS? + P[], w4 2R.). (5.44)

{u=u1}NAW, (1 - ,LL)
In particular, this means that the flux
2
/ [PIY 61 + (62} dudS? < C 1% . aoo-
{v=v1}N20,

Furthermore, using again Eq. (5.42), with p =1, k = 1, we obtain:

/ [PV + 6} dudS?
{v=v1}N20,

< / PV 6 PdvdS? + F[g)(us, ur + 2R.).  (5.45)
{u=u1}NAW,

Using inequality (5.45) with the choice u1 = v/2, v; = v, together with (5.36),
(5.34), (5.24) and the monotonicity of F*°[¢] (5.17) to eliminate the restriction
to the dyadic sequence, we obtain

F2u[8l(w/2,0) + F [Vl (v/2,0) < Co 0l6, o0 (5.46)

Furthermore, using again Eq. (5.42), with p = 1, k = 1, together with inequal-
ity (5.36) commuted once with Y, we obtain similarly

Fu[0)(0/2,0) + Fy [V)(v/2.0) < Co~2||¢||2

g0

52;2,0 ° (547)

©0,>v0
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This finishes the proof of the lemma. O

6. Decay for Solutions to the Spin 41 Teukolsky Equations

In this section, we assume that o and « are solutions to the spin 1 Teukolsky
equations, and we prove items (4.1)—(4.3), (4.5) of Theorem 4.1. We postpone
the proof of item 4.4 to the next section, which is self-contained and in partic-
ular does not depend on the estimates for the incoming fluxes in Lemma 5.10.

Proof of estimates (4.1)-(4.3), (4.5) in Theorem 4.1. We divide the proof into
four steps.

Step 1: Estimates on «, Region of Unbounded r
We recall the definition of ¢:

pa =

7"2

L—p

Vi(raa). (6.1)
Let p € R. It follows that
Vo Paa) = —p(l — p)rPas + (1 — p)rP ¢, (6.2)
Let 2p > ¢ > 0, an application of the Cauchy—Schwarz inequality implies
VL2 af?) = 20470 (<p(1 - prPoa + (1 p)rP26.)
< —@2p =) = pr' TPl + 71— p)rP gl (6.3)

A straightforward calculation implies that [rY, ¥ ] = 0. Commuting Eq. (6.2)
twice with 7Y, we obtain

WL(T3+pWCWBO‘A) =—p(l— N)TP+QWCWBQA + (1 - N)TPWCWB¢A-
This implies:
V. (122 Y Yal?)
< —@2p =) = pr' TPV Val? +eTHL - prP PV Ye. (64)
We let © > vg, @ > ug, and 0 — @ = 2(7).. Let 7o such that o — ug = 2(r¢)«-
We now integrate Eq. (6.3) and (6.4) on Cyz N {r > 7} N {u > up}. We obtain:

/ PP (PR Y Yol (@, 9,w) + |af* (@, 9,w))dS? (w)

§2
< g2t / (r2¥ Yo (uo, 5,w) + |al? (8, 5,w))dS? (w)
S2

vert | r=3(16[2(u, 3) + [P W V[ (u, 5))dS*du.  (6.5)
Con{r>in{uzuo}

Recall the definition of the cutoff x. It is a smooth function such that x(r) =1
for r > 3M, and x(r) = 0 for r € [2M,5/2M].

Letting ¥ := x(r)(1 — p)~'3a, we trivially bound the initial boundary
term by data:

o] < Cr 3|7, (6.6)

wg,v030;0,2
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Furthermore, we bound the integrals of ¢ appearing in the RHS of (6.5) by
Lemma 5.10. We first write, using the definition of Lie derivative:

/ P73 (|0 (u, 0) + [r* YV ¢|* (u, ))dS*du
Con{r=Fin{uzuo}

<C r2p—3(|¢|2(u,5) + r2|Y7¢|2(u, ﬂ))dSzdu
Cyn{r>r}n{u>uo}
3
+C PPNV L, 6 (u,7))dS du.
Con{r>7n{u>ug} J=1 ’

From here, we consider two cases:

o If 4 < ©/2, estimate (5.39) is sufficient to conclude. Let 7 such that
7, = L(# — ). Then,

/ PPV Yal* (i, 9,w) + |af* (i@, 9,w))dS? (w)
SZ
snf/uﬁvvm%mawwww%mamm§w>
SZ
+f*/ (162, ) + 12| V6 (u, 5))dS?du
Csn{r>rin{u>ug}
3
+e! / Y [YEa, ¢l (u, 5)dS?du
Cyn{r>7in{u>uo}

i=t (6.7)

ST, oon + Fo 1610, 8) + F [V6) (o, 9)

uQ,vQ 3

3
+ Z Fy[VLq, ) (uo,v)

—2
S vle

2
uo,v0§05072 + H¢| 0110,110?2?070

3
é"oﬂ’o?zoﬁo + Z MQ¢|
=1

< ||

2 2
Clug,v030;0,2 + H(b”C :2;0,1 °

w0903
Note that, if & < ©/2, then 7, = 1(¢ — @) > %v. The Sobolev embedding

for one-forms (see Lemma C.2 in “Appendix”) then implies the bound
|Oé(U,U,UJ)| S C(HEHC 0;0,2 + ||¢HC

in the region {r > R.} N {u < v/2}.
e If & > /2, we consider again Eq. (6.5). Notice that ro > (ro). = (0 —
ug) 2 /2. We estimate

/gz PR (Y Yal (@, ,w) + o] (4, 5,w))dS* (@)

) _5
.- v o2
uQ,vQ ) “07”0’2’0’1 ’

< pp?PT25 /2 ro(|raV Y al? (ug, 0, w) + |of? (ug, ¥, w))dS?(w)
S

(@)
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3
+ Fop_sl@1(5/2,0) + Fpp 1 [YO1(5/2,0) + Y Fip 1 [V, 8](5/2,7)

(@)

+/ r2p—3|¢>|2(u71~)) +r2p—1|y7¢|2(u7’1~1>d§2du
Con{5/2>u>u0}

(i)
3
+/ r2p—1Z|Y7£97¢|2(u,6)d82du.
Cyn{o/22u>u0} J=1 '

(iv)

Now, by inequality (6.6),

] —2
(i) S H\IIHCHO,,JO;O;O;?'

Concerning (i7), we have, by Lemma 5.10, that

Fopald)(0/2,9) + Fpp 1 [YO)(5/2,8) SvP2BIT,. .o 23-2p0
3
> Fopa[VE0,0)(5/2,0) S v |[£a,6

i=1

wg,v03233—2p,1 "
Concerning (7i7), we have that the r-coordinate of the point of coordinates
(0,9/2) is such that r(0,0/2) 2 0,0/2 = ©/2. Then, if p € {3/2,1,1/2},
2p — 3 < 0, hence

(iii) S (r(9,9/2))P7° / (16]*(u, 0) + 2|V 6|* (u, 0))dS*du
C;n{v/2>u>ug}
SO 6llo, 200
Similarly,

() < ()% ||

Using the Sobolev embedding, Lemma C.2 in “Appendix,” setting ¢ =
—2p + 3, we finally have

Cug,v032;0,1

|a(u, v,w)| < C(H@HC vV 2pm3/2

ug,v030:0,2 + H¢| Cuo,110;2;q11)

in the region {r > R.,} N {u > v/2}, for ¢ € {0, 1, 2}.

Summarizing, we have the claim (4.3). This concludes Step 1.

Step 2: Estimates on o, Region of Bounded r
We let 2M < r. < R, v > vy u > ug, and we integrate Egs. (6.3) and (6.4) on

C,N{re<r <R}
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We already know by estimate (6.7) in Step 1 that there exists a constant C
depending only on R such that

[ 90 0.0) + faf? . 0,0))a5°

< Cm}”(”@HZ 0021 Hd’“c 2:2.1)-

ug,vQ uQg,v 44
Here, u and v are such that v — u = 2R,. From the estimates on the flux of ¢
(5.31), (5.37), and the Sobolev embedding C.2, we finally obtain

\a|(u,v,w) < Cv_l(HEHC :0:0,2 + ||¢HC '2;2,1)’ (68)

wg,vps u(,v0 3

where (u,v,w) € {u >ug} N{v>ve} N{r <R}

Step 3: Estimates on «, Region of Bounded r
We set
=(1-p e

It follows that

Yo((1—p)~?r?al?)

= L((1— ) 2)r?la® +2(1 — ) Pra’ Vo (ray)

o 2M _

= =201 =) —5rlaf’ + 201 - ) Prat Vi (ray). (6.9)

Recall the definition of ¢:

2

QAZ d WL(TQA)-

I—p
This implies:
Y. (r?a)?) = —aMaf? + 2r~'ate . (6.10)
From this, it follows that
YL (2a12) + AMIGI? < AMElE? + ool (6.11)
Defining now A%(u,v) := [ |al*(u,v,w)dS?*(w), we have the same equation

for AZ:

2A%) +AM A% < AMeA? / 2ds2. 12

We integrate this inequality on the interval [vg, v]. We obtain

L <exp (/ de/) r(u,v)? A(u, v)2)
< mexp </ 4M(1 ) / |6[2dS?. (6.13)

Consider u as fixed. Since we restrict to the region {r < R}, we have that the

function ( )
VAM(1 —¢€

F = — 24 .14

(u, ) / e (6.14)
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is monotonically increasing and satisfies the inequalities
AM(1 —¢)
R2
By integrating inequality (6.13), we obtain that there exists a constant Cg
such that

(v—v9) < F(u,v) < M1 —&)(v — vp). (6.15)

exp(F(v))r(u,v)? A(u, v)* — r(u, vo) A(u, vg)*

< Cpg /S2 / r(u, v exp(F(uw/))@Pdv,dSQ. (6.16)

We split the integral on the right-hand side into two:
v
/ / exp(F(u,v"))(r(u,v")) 2|p|*dv'dS?
SZ Vo -
’L)/A()
— [ [ epPu e ) 2o dvas?
S2 vo -
v
+ / / exp(F(u, o)) (r(u,v')) 2[¢2d'dS?,  (6.17)

S2 Ju/Ag -

with Ag > 1. We subsequently claim that:

v/Ag
exp(—F(u,v)) /s2 / exp(F(u,v"))(r(u,v")) ~?|¢|*dv’dS?

(6.18)
<CH¢H% w0000
and
exp(~F(u,v)) / / " exp(F(u, o)) (o)) 2|2 dS?
sz Ju/4, - (6.19)
<Cllelle  pp v

“0 1107 14

e In order to prove (6.18), we recall the inequalities (6.15), which we write
in the following way:

Av+ Az < F(u,v) < Asv + Ay, (6.20)
with Ay < Aj positive constants. Choose Ag > 0 so that
—A; + A3/Ag <O.
Note that Ay depends only on the value of R. Then,

v/Ag
exp(=Fu)) [ [ explP(u ) o) ot ) Fav'as®
< exp(—F(u,v) + F(u,v/Ap)) /S2 /N(T(UW’))fZ@(u, v')2dv’dS?

< exp((— A1 + Az ) Ao)v) /S 2 / " (e, o)) 2p(u, o )PAVAS?. (621



1298 F. Pasqualotto Ann. Henri Poincaré

We now use the fact that ¢ satisfies the Fackerell-Ipser equation: we
have the energy conservation statement (5.17). We obtain the first claim
(6.18).

e For the claim (6.19), we first estimate, given that, for fixed u, F(u,v) is
non-decreasing in v,

exp(— / / exp(F(v/))(r(u, o)) *| ¢ dv'dS?
S2 Ju/Ag

NN\ —2 2 / 2
3/82 /U/AO(T(“’”)) 6]2dvds?.

We consequently notice that, by the energy conservation statement (5.7),
the resulting flux satisfies

/ / (r(u, )| $2d0'dS? < CF>[8)(Q(v)). (6.22)
§2 Ju/Ao

where the point Q(v) = ((Ag) "'v—2R., (Ag)~'v). We now use the bound
in Lemma 5.8 in order to obtain

’ - — 2
/S,_, /W/A (r(uv) 2 lePdv'dS? < Cv? 8]l oy (6.23)

This is claim (6.19).
We now use Eq. (6.16), together with the fact that

r(u, v0)? A, v0)* < Cr|al

Cug,v030;0,0

on the region {v > vg} N {r < R}. We obtain finally that A satisfies, in the
region J T (Cyy ) N {r < R},

A<cvMlale, . 000+ 9l

We notice that Eq. (6.11) holds with & replaced by r>YYa& (this follows by
taking the rY derivative of the defining relation of ¢). Using the Sobolev
embedding (Lemma C. 2) we obtain the decay for « in the region {r < R}:

la < C(1 - p) sl a0 (620

ug.v0 uo,v0;2§270).

Step 4: Estimates on «, Region of Unbounded r
Setting p = 0 in Eq. (6.9), we obtain, using Cauchy—Schwarz on the right:

2
Tl (6.25)

We integrate this equation on cones of constant u coordinate, starting from
{r = R}. We use the Sobolev embedding C.2 and the estimates (5.31). We
finally obtain:

a<7
lof < (lu] + D)r

on the region {r > R}NJ T (ug, vo). This concludes the proof of the proposition.
O

Y. (r?A%) +4M|af® < 4Mela)* +

(]l A=l 00 (6.26)

ug,vgi252,1 uQ,vQ
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7. Improved Decay for o

In this section, we prove estimate (4.4) of Theorem 4.1. We state again the
result, as it is of independent interest. It is essentially an application of the r?
method to the spin +1 Teukolsky equation.

Proposition 7.1. There exists R, > 0 and a constant C > 0 such that the
following holds. Let « satisfy the spin +1 Teukolsky equation on {u > ug} N
{v > v}, with vy — ug = 2R.. Let x be a smooth cutoff function such that
x(r) =1 forr>3M, and x(r) =0 forr € [2M,3/2M].

We let W := x(r)(1—p)~tr3a. In these conditions, we have the following
bound, valid in the region {r > R}:

|O[| S C(|U‘ + 1)7%7/‘73(H@||C 12:0,2 + ||¢HC '2;2,2)'

uQg,vp 14 up,vQ

In order to prove the proposition, we make use of the following lemma.
The lemma gives decay estimates on the boundary terms at {r = R}.

Lemma 7.2. Under the assumptions of Proposition 7.1, we have the following
inequality, valid for uy > ug:

/ (r2|a\2 + 7"2|7“Y7a\2)dvd82
6,“ Nn{r>R}

+/ (|Wa\2+\a|2)d7+/ (|rYal* + |a|?)dudvdS?
{r=R}n{u>u1} D

Ul

2
< (Lt )2 Y FE(Yr) $l(P(uo))

=0

2
+(1+ |u1|)722/7 7,2|Y7L(Y7T)min{i,l}¢|2dvdg2
i=0 "¢

uq m{TZR}

(7“4|0z|2 + 7°4|7°Y704|2)dvd82.

CuoN{r>R}

H ) ? [

(7.1)
Here, as usual, AT is the induced volume form on the hypersurface {r = R}.

Recall now the definition of angular multi-indices and repeated Lie deriv-
ative of (3.2). Letting I € L%z, the estimate (7.1) holds as well when all the

occurrences of the symbol o in (7.1) are replaced with ﬁla, and all the occur-
rences of the symbol ¢ in (7.1) are replaced with Klqb.

Proof of Lemma 7.2. Let us notice that the quantity ¢ satisfies the following
equation, upon substitution in the Teukolsky equation for « (3.17):

Vida —r2A(raa) +ras = 0. (7.2)
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Let f(r) be a smooth radial function. We now multiply Eq. (7.2) by (1 —
w)f(r)¢?, and we obtain the identity, valid upon integration on S?:

L= OISR}~ SL - W) ol
+ SL{fIP Y’} — SL(F()r?) 1Tl (73)

1 1 ,
+ iL{f(T)’"ZVO‘F} — 3L (f(r)r?) [ral? = 0.

—~

N | =

Let us then integrate with respect to the form dudv in the spacetime region
{r > R} nD%2 N {v < Umax}. We obtain, taking vmax — 00, and averaging in
@,

/ f(r)rg(|ro<|2 + |7“2Y7oz|2)dvdS2
CuyN{r>R}
- / f(r)7'2(|r04|2 + |7“2Y704|2)dvd82
Cy,N{r>R}

4 / f(R)RX(|R*Yaf + |Raf?)dT
{r=R}N{ui<u<us} (74)
—/ L2 (1) ([P af? + |raf?)dudvdS?
D2

uy

<C(f.R) / (16 + ¥ 6[?)dudvdS?

{R<r<R+M}n{u>ui}

+/u L((1 = p)f(r))|¢|*dudvdS?.
D 2

u2
Here, we supposed f to be positive and smooth. d7 is, as before, the induced
volume form on the hypersurface {r = R}.

We choose now f(r) = (1 — p)~! in inequality (7.4), and we obtain

/ (7“4|04|2 + 7“4\7“Y7a|2)dvd82
CuyN{r>R}

+ / (I¥al? + |af2)dT
{r=R}{u1 <u<us}

+ / r(|r?Val? + |ral?)dudvdS?
u
uy
<C (r*|a? + rrYal?)dvdS? + CF>[¢](P(u1)). (7.5)
CuyN{r>R}
Recall that, here, P(u) = (u,u + 2R,). This implies that, along a dyadic
sequence u,,, we have

/ r(|ral? + |[r?Yal?)dvdS?

Cu,, {r>R} (7 6)

< st / (r1]af? + Y al2)dedS? + us F2](Plug)).
Cuyn{r>R}
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We choose now f(r) = r~1(1 — )71 in inequality (7.4), and we obtain, dis-
carding the last term in (7.4) (indeed, L((1 — p)f) < 0):

/ (r3|al? + r3rYal?)dvdS?
CuyN{r>R}

+ / (I¥al? + |a2)dT
{r=R}N{ui<u<us}

+/’u2(\7’2?704|2 + |ral?)dudvdS? (7.7)

41

<C (r3af? + r¥|rYal?)dvdS?
Cy,N{r>R}

+ C/ (16> + |V ¢|*)dudvdS®
{R<r<R+M3}n{u>u,}

From inequality (5.36), we now have, along a dyadic sequence ., that

Un F2[P](P(iin))

<c (fm (1P (un)) + 7 (V16 (Pluo)) + | |WL¢2rdvdS2> -

CugM{r>R}

=W[g](P(uo))
By the Morawetz estimate for ¢, then, we have (without loss of generality, we

can assume r > 3M):

/ (16 + |V L¢|*)dudvdS?
{R<r<R+M}n{u>u} (7.8)

< (1 Jua )T W (P(uo)).-

We therefore have the inequality, valid for ug > u.,:

/ (7’3|oz|2 + 7‘3\7'Woz|2)dvd§2
CuyN{r>R}

+ (Yol + la )T
{r=R}n{un<u<us}

—|—/ (|r*Va|* + |ral?)dudvdS?
9“2

Un,

< uy 'WIg)(P(ug)) + Cuy L (r*]af? + r|rYal?)dvdS?.  (7.9)
Cuoﬂ{rZR}

From the last display, in particular, it follows that, for u; > ug,
/ (r3|a)? + r¥lrYal?)dvdS? + / (Yl + |a?)dT
aulﬂ{TZR}

{r=R}N{u>u1}

< C’ul_1W[¢](P(u0)) + C'ul_l / (7"4|a\2 +r*rYal?)dvdS?
6uoﬁ{r2R}
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From (7.9), it furthermore follows, along a dyadic sequence y,,

/ (jraf? + [r2¥ a/?)dvdS?

Ca, {r>R} (7 10)

< / (r1]af? + 1 |rYal?)dvdS? + a=2W (6] (P(uo)).
CuoN{r>R}

We choose now f(r) =r~2(1 — u)~! in inequality (7.4), and we obtain finally

/ (r?|a)? + r?|rYal?)dvdS?
6u2ﬂ{r2R}

+ (Yol + la )T
{r=R}N{ui<u<us}

+ / (rYa|* + |af*)dudvdS? (7.11)
D42
< / (r?|a® + r?|rYal|?)dvdS?
Cy, {r>R}

+/ (161> + |V L6[*)dudvdS?.
{R<r<R+M}n{u>u1}

We now use the Morawetz estimate for ¢, as well as the flux decay in
Lemma 5.8, to obtain

/ (|Y7oz|2 + |a|2)dT + / (|rY7a|2 + |oz\2)dudvdS2
r=R}N{u>uy,} 2%,

2
< ;2 Y FR((Vr) 6l (Pluo))
i=0 (7.12)

2
+igt Y ﬂ P Y L (V)™ g dvds?
i—0 Y CugN{r>R}

—l—ﬂ;Q/ (7“4\04|2 +r4|rY7a|2)dvd82.
CuyN{r>R}

It is trivial to remove the restriction to the dyadic sequence, due to the mono-
tonicity of the fluxes considered on the left-hand side of (7.12).

Similarly, it is straightforward to deduce the decay estimate, valid for all
Ul Z Uup-

/ (7‘2\a|2 + 1"2|1"Y704|2)d11d82
éul N{r>R}

< (L4 )72 Y FX((Vr) d)(P(un))

=0



Vol. 20 (2019) The Spin £ 1 Teukolsky Equations 1303

2
+(1+ |U1D7223/6 7,2|WL(Y7T)min{i,1}¢|2dvdS2
=0

woM{r>R}

+(1+ |u1\)_2/ (r*|a® + r*rYal?)dvdS?. (7.13)
CugN{r>R}

The lemma is thus proved by combining the Kl—commuted versions of displays
(7.12) and (7.13). O

Proof of Proposition 7.1 and of (4.4). Let us consider the Teukolsky equation
for o (3.17), and write it in the following way:

Vo (1 Valran) ) - r#AGan) +ras =0

O L S (T

—r2A(ras) +rasy =0

= WLWL<1 umA) ~ Ve (17"_2%(170—2#) lr—zumA)
—r?A(ras) +ras =0.

(7.14)

r2

Letting W4 := (1 — )~ !'73a 4, we have the following equation for W 4:

YViVr¥a—Vy (1 _QML( T—ZM> ‘I’A) — (1= ) AV, + !

U
U, —
T 1 a=0

r2

(7.15)

which implies

YiVir¥a—L <1T_2ML(17;2M>) Ya- (1;%(17"_2“)) Yita (7.16)

1_
— (1= p)AV4 + TQN‘I’A = 0.

Let f = f(u,v) be a smooth function. Multiply the last display through
by f(u,v)Y¥;¥“. We obtain

f(uv'U)WL\IJAWLWL\IIA =

L(f(w 0)l VL 91) ~ S 0)| P 0P,

N[ =

2

— f(u,0) ¥ UL <1 “L( . )) Uy

I—p
1 1-— 2
— —fu,v)sL (L (——) ) Ljwp
2 72 1—p
n

_ ;L{f(u,v)L (1742 L(lr_:)) I\I/|2}
n ;L{f(u,v)L (1;“L(1T_2M)>} 2,
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1—p r? A
- f(u7 U) 2 L WL\IJAWLW
r 1—p

—  f(u0) (1;%(17’_2“)) VL,
-

- (1 - M)f(u7 U)A\I’AWL‘I]A = —f(u,v) TQMT2A\I/AWL\I’A

2 (o) YL (Y 5T (Y P TA)

r

— L= TP} - 3 (0 2 ) e,

1-— 1 1-—
f(u,v) T2M\IJAVL\IIA:§f(u,U) TQILLL‘\I/F

= 5 (P SR ) < S (w5 ) ol

r2

We now proceed to integrate the resulting identity on the region D32 N
{v < Umax}. We notice the following, from the Poincaré inequality for one-
forms (Lemma B.1):

st L () b + s

r2 r2

+ f(u,0)(1 = )| VPP

zf(u,v){—L{lrzuL(17;2M>}+2173u}|‘ﬁ|2

= 12M7r 73 f(u,v)(1 — p)| T[> > 0.

Hence, if f is a positive function, we can discard the corresponding incoming
null flux on vy ax-

We now choose f(u,v) = (1—pu)~1v?. It is easy to verify that there exists
a value u;, such that the following holds, for v > uj, and u + v > 2R,:

U2 1)2
()20 ()20

We now use the previous display, along with the Poincaré estimate for one-
forms (Lemma B.1) to obtain positivity of the bulk terms in ¥, for u > ujy:

1 17” r2 2 1 ’U2 2
2L{f(u,v)L( 5 L(l_u>)}|\1f| QL(M) |
1 U2 1 U2 17# 7,2
2L<r2> V¢|222L{273+f(u,v)L( 2 L(l_u>>}|\11|2

1 v2
=-L<—-12M— ; > 0.
2 { 7“3}_0
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We therefore obtain the following estimate, valid for u, us > uin:

/ IV Pdds? - [ o?|¥ W duds?
6,u2ﬂ{r2R} 6u1 "{r>R} (7 17)

<c (W2 + V)T,
{r=R}N{ur<u<us}

Similarly, we have the commuted version of the previous bound:

S 02|V £ T 2dudS?

I€L§§22 C“'ZO{TZR}
2 T2 2
- V|V L L ¥PdudS
e, /Culm{rzR} (7.18)

<cy | (L0 + V£ w?)aT.

r=R}N{u; <u<u
re.2, {r=Rr}n{u1<ususz}

We now choose f(u,v) = (1 —pu)~tr% We notice that the only spacetime term
remaining in either |¥|? or |Y¥|? is

/@Z%L{f(u,v)L(l;uL(fu»}\1/|2dudvd52. (7.19)

With our choice of f, we have

1—p r? 1—1p
(O CET 7 ) PNV
Hence, we obtain the following estimate, possibly restricting to R large enough,
/ r2|Y ¥ 2dvdS? — / 2|V ¥ 2dvdS?
CuyN{r>R} Cu,N{r>R}
—l—/ 7|V . ¥|?dudvdS? —l—/ 2| U2 dudvdS? (7.21)
ol D2

< OR/ (|2 + |Y¥[*)dT.
{r=R}N{ui<u<us}

Similarly, we obtain the commuted estimate

3 / 2|V £ | 2dvudS?
IELS<22 6uzm{T2R}

- /7 2|V £ 0| 2dudS?

= (7.22)

+/ r|Y7L£I\I/|2dudvdSQ+/ r2£’qf|2dudud82}
DZQ ug

1 ul

SCRZ

Q
IGLS2

/ ("0 + V£ 02T
{r=R}N{ui<u<us}
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By an analogous reasoning, we obtain the following estimate, choosing f(r) =
(1= p)~tr:

/ 7|V ¥ 2dvdS? — / 7|V ¥ [2dvdS?
CuyN{r>R} Cu,N{r>R}

+ / |V . P> dudvdS? + / 7| W 2dudvdS? (7.23)
D2 D2

ul ul

< Cr / (10[2 + |V w[2)dT
{r=R}N{ui<u<us}

We also obtain the corresponding commuted estimate:

3 / |V £ 02 dudsS?
IEL Cuy{r>R}
- Z/ r|V £ W 2dvdS?
IEL CuyN{r>R}
+ > / IV . £" 02 dudvds? (7.24)
IE Q
+ > / r 314" 0|2 dudvds?
IELQ
<oy [ (€9 + 172 W)
{r=R}n{u1<u<uz}

Ie.2,

We now choose f(u,v) = (1 — p)~t. We look again at the resulting
combination of spacetime terms in either |¥|? or |[Y¥|? and use the Poincaré
inequality for one-forms:

i s a(5) e
() e

We now notice:

o () -+

— - {-2rr-o (S ()} - a-w
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Hence, we obtain the following estimate:

/ IV, ¥ 2dvdS? — / IV, 0 PdudS?
CuyN{r>R} Cyu,N{r>R}
+ / Y LU PdudodS? + / U2 dudvdS? (7.25)
U2 U2

ul uyl

< CR/ (| + |Y¥*)dT.
{r=R}n{u1 <u<us}

Also, we obtain the following commuted version of the previous estimate:

3 / IV £ W2 dvdS? — / V£ | 2dvdS?
CuyN{r>R} Cu,N{r>R}

Q
ITel2,

+ / r Y £ 0 2 dudodS? + / r4|/:1\1/2dudvd§2} (7.26)
U2 u2

uy uy

SCRZ

Q
IGLSQ

/ ("0 + [v£ upP)ar.
{r=R}N{ui<u<us}

Notice that, in particular, from Lemma 7.2, we have the following estimate:

/ (V£ a? + £ a|?)dvdS?
{u>up}N{r=R}

Q
IELS2

<y [ (LD 42 YL D) duds? (7.27)
CugN{r>R}

IEL%2

+ 7 FRUL ) (P(uo)).

Q
IEL§2

Now, using inequalities (7.18), (7.22) and (7.27), we have the following uniform
bound for the flux in 72|V ¥|:

2 2
C 0,2 + ||¢HC ;0;0,2)'

uo,vo§2 uQ,vQ

)

3 / V|V LW Pdeds? < C(||T)
Jem, JCun{r=R}

(7.28)
Here, we used the definition ¥ := y(r)¥, where y is a smooth cutoff function as
in the statement of the proposition, i.e., such that x(r) = 0 for r € [2M,5/2M],
and x(r) =1 for r € [3M, 00).
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Now, from (7.22) it follows that there exists a dyadic sequence u,, such
that

3 ﬁ (17 £ w2 + 212" ] dvas?
Cu,N{r>R}

Q
IEL52

< Cuy,t Z / (r*4|£1\11|2 + TﬁQ\WKI\I/\2)dvdS2
CugN{r>R}

Q
I€L§2

Ly / PIY 0 RPdeds? + S FRIL9)(Puo))

N{r>R Q
153, Jwntzn 53,

(7.29)
Recall that, from inequality (7.5), the following bound holds for all u > wug:

I+ 2 21 p 12 2
S [ TEE e s

E Q «N{r>R}

<ctrh)™ Y (Wiedrta) (7.:30)

Ie,
o 4l I 1
+/7 (r 2L P+ VL U+ 2|V L \I/|2)dvd82> .
CugN{r>R}
We plug the sequence {u,} in estimate (7.24) and use (7.30) to bound

the terms on the right-hand side, and we obtain that there exists a second
dyadic sequence {@,} such that there holds

> (17w + 7212 0]?) duds?

re, Can, ﬂ{T>R}

Cllanl +1)72¢ 3 /C (r LT + Y £ 0P dvds?

e 2, ﬂ{r>R}

S / PIY L U PdedS? + S FRIL9)(Puo))

Cus{r>R
IEL 0 { } IEL22

+ 3 WL G)(P(ug)) ¢ - (7.31)

Q
I€L§2

We now wish to remove the restriction to the dyadic sequence on the integral

/ (17£" 02+ =91 wP) dvds?,
Ca,N{r=R}
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Concerning the term in ¥ ¥, we have that, from inequality (7.31), (7.25) and
(7.1), the following bound holds for all u > wy:

/ |V, ¥|2dvdS?
C,n{r>R}

< (L )™ 7 () 6] (Pl

1+ fu) 22 / ¥ L (V)61 g2 duds?

uoﬂ{r>R}
C’(1+|u|)72/ (r 2|02 + |V O|? + r?| Y, U|?)dodS?.
CuyN{r>R}

(7.32)
Similarly, considering the corresponding commuted estimates, if I € ng, we
have, for u > ug,

/ V£ | 2dvdS?
C,n{r>R}

_ 2 2
< Clul + )26, . 202+ 1lle,

wQ,vQ 1

(7.33)

0,70 ;2;2,2)'

Now, from the commuted version of (7.1), we obtain, if T € L22 and u > ug:
/ L TR £ 2V L 0P dvdS?
C Nn{r>R}

< O(lul +1)72(| 212,

(7.34)
20,2 T H‘b“?)

We now have, using Lemma C.5 in “Appendix,” letting (u,v,w) a point
in (u,v)-coordinates:

U (u,v,w)> < Clul + D) THNZ, | 000+ 6l
if v —u > 2R,. This implies the claim. O

ug,vQ s uo,v0;2§272)'

uQ,vQ uQ, v01212 2)

8. Decay Estimates for o and p

In this section, we suppose that F' € A%(S,) is a solution to the full Maxwell
system, and we prove Theorem 4.2.

Proof of Theorem 4.2. Let F € A?(S,) satisfy the Maxwell Equations (3.11) to
(3.16). Then, the extreme components « and « satisfy the spin + 1 Teukolsky
Equations [(3.17) and (3.18)], and hence we have the required decay rates for
« and « from Theorem 4.1.

Hence, the proof reduces to proving decay for the middle components o
and p. As noticed in Remark 3.8, we have

o4 =13V ap+ip¥ o),
P, = (=Y ap + ¢ABWB‘7)'
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Hence, it is clear that estimates (5.31) and (5.37) still hold with ¢ replaced by
either T?’Wp or rYo.
Let us now define p,(u,v) and o4(u,v):
R2

ps(u,v) = E/ . p(u, v, w)dS*(w),
wes?

2
os(u,v) := %/ . o(u,v,w)dS?(w).
wes?

We notice that, by integrating each of the Maxwell Equations (3.13)—(3.16) on
S?, we have, for all (u,v) € {u > ug} N {v > vo},

(8.1)

os(u,v) = os(ug,v9), ps(u,v) = ps(ug,vg). (8.2)

Let us restrict our attention to the estimates for p. The estimates for o can be
obtained in a very analogous manner.

Step 1: Region of Bounded r

We first consider the region {r < R}NJ T (Cy, v, ). Estimates (5.31) and (5.37)
imply:

3
FEYol(P(u)) + Zfoo (VLo pl(P(u) < Cu™(M,0)*.  (8:3)
Here, M, , is as in Eq. (4.8).

Let 2M < r. < R. We now use the Sobolev lemma in “Appendix C.4” to
obtain, if v > vy,

sup lp(u, 0,w) — (r(u,9)) " ?ps(u, 0)|?
(u,0,w)eC;N{rc.<r<R}
<C (IVVpl* + (1 = ) 'YL YYI*) (1 — p)dS*du. (8.4)
Cyn{re<r<R}

By writing the expression of the Lie derivative, we obtain that there exist
positive constants Cy, C, Cy such that, in the region {r < R},

3

S =) 'Y ha, Vol = (1= ) VLY Vol — CilYpl* — Co| VY pI* (8.5)
i=1
This implies that, possibly renaming C7 and Cs, the following inequality
holds (recall: [£q,, Y] = 0):

/ (1= (VTP + (1 — 1) ¥ LY Y pl?)dS?du
Csn{r.<r<R}

3
< CLF®[Yp)(P(@)) + Cs Z F2YLao,plP(a),

with 0 — @ = 2R,. (4.11) now easily follows from the previous display, along
with (8.3), in the region {u > ug} N {v > vp}.
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Step 2: Region of Unbounded »

Let v > vy > vg and u = u; > ug, and let v1 —u; = 2R, and v — u = 2r,. We
begin by noticing, by Lemma C.1 and the definition of ¢:

|p—r_2ps|2§/ r4|Y7Y7p|2dS2:/ r_2|Y7¢|2dS2. (8.6)
2 s2

Now, the definition of Lie derivative yields:
Loda=Ya,da+ (Val).

This implies the pointwise bound:

2=V, Va,04YLYa,0"

= V(a4 = S(VaQ))V 1 (£o,6" — 6(V ) S

(8.7)
Furthermore, we have

3
ABLEIWIAMEEILR (53)

We now use the Cauchy—Schwarz inequality, as well as the computation in
Eq. (8.7) to obtain the following chain of estimates.

r / IV 12, 0, 0)dS2(w)
SQ
</ V012, 5, )dS2ds
Cun{r>R}

F [ ) (V6T (5w
C,n{r>R}

(8. 8) 3
< LS (VellVaTa e as e

N{r>R} i=1

+ / |V 6|2dS?(w)dd
Cun n{r>R}

Nl

(Mpa (lu +1)72
3 3
/ > p[2dS?do
Cun{r>R} ;3

+ ( / Vo2 dSde>
C,n{r>R}

+ ( / IYoPds?d ) ( / WmFdSzdf))
C.n{r>R} Cun{r>R}

o) (Jul +1)7

Remark 8.1. Notice that the flux 7> allows us to estimate not only the V¢
term, but also the V¢ term.
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This implies finally that
o, v,w) = 172y (ug, vo)| < Cr™2 (Ju] + 1) 7 M, 5. (8.9)

Similarly, we compute

[ V6t s [ Zg (Va6 Yoo, ) (1,0, w)dS? ()
< [ Y612 (4, 5, w)d5dS? (w) (8.10)
Cu,N{r>R}

3
T ~ Q2
+ /6 oy V28 (V0,6 ¥0,0)0:0,) 00087 ).

i=1

The first term in the right-hand side of the last display is estimated by (5.31).
We again use Eq. (8.7) to obtain, for the second term in (8.10), the following
chain of estimates.

3

~ 2
/5 A(r>E) YO g (Va,6, Va,6))dodS*(w)

i=1

< Z ( /C I O <w>dﬂ>
8 </Cuﬂ{r>R}r WLWQM)' dods (W)>
3

=Y ( / N (w)df))

Foon™
Cu.N{r>R}

< (Jul + )7 (M, 0)*.

N

1
2

N

1
2

X

2)45dS> (w))

The last inequality follows by the decay estimates (5.37), (5.31), and the
uniform boundedness estimate (5.23) applied to the flux containing the L-
derivative.

This implies the decay rate for p:

Ip(u, v,w) — 2 pg(ug,vo)| < C(|u| + 1)_%7"_2Mp70. (8.11)

This concludes the proof of the theorem. O
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Appendix A. Derivation of the Null Decomposition of the
Maxwell System and of the Spin 4 1 Teukolsky
Equations

Proof of Proposition 3.6. The proof is by calculation in the null frame and
Hodge dualization.

Step 1: The Full Maxwell System

Recall: L := 0y, + 0y = Oy, L := 0; — Oy, = 0,. In the following calculations,
when an uppercase letter appears, it signifies contraction with one of the basis
elements dpa, Ogr, where 84 and 67 are local coordinates for S2.

Now, set eq := Jpa and ep := Jyr. Let us now calculate

1
veAeB = WeAeB - 5(1 - :u)il (g(veAeB7L)L + g(veAeB7L)L)

1
- WeAeB + 5(1 - :u)il (g(er veAL)L + g(eB7 VCAL)L)

1 1-— 1-—
=Y76A63+§(1—u)’1 (g(eB,— TueA)L+g(€B, TueA)L>

1
= WeAeB + ?(L_ L)gAB.

(A1)
We begin by calculating;:
VAFBL = GAF(GB,L) — F(VeASB,L) — F(EB, VEAL)
=eusF(ep,L) — F(WeAeB, L)
1 L—p A2
— 5 F(L=D)g 5 L) = Flep, —Fen) (A4-2)
1—p 1—pn
:WAO‘Bfir pgAB+7T of A
Furthermore, we have:
VAFBL = eAF(eB7L) - F(VEA6B7L) - F(eB7VeAL)
=eaF(ep,L)— F(Y. e, L)
1 L—p (A.3)
_ﬂF((L—L)gAB,L)—F(e&— ea)
1—u 1-—
=Vaap— TPQAB - TU¢AB'

By the null decomposition of the Hodge dual of F', it follows that

1—pn 1—p
* C
Va FBL:¢CBWAO‘ I OFup ~ ” PEap

N 1—pn 1—pn
Va*Fpr = —¢c5Vaa" - TogAB T Pt ap:
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We also have:

1 1 1 1
oVaFrr = JVa(F(L, L)) = 5 F(VaL, L) = 5 F(L,Val)

11—p
=Yap+ 57(@,4 +aa).
Again, by taking the Hodge dual,

1 11—
§VA*FLL =Vap+ 57”(

Now, use Egs. (A.1) and (A.4) to get:
VLFLA + VAFLL + VLFAL = _VLFAL + VAFLL + VLFAL
= —Yias+Viaa—2(1 = p)Vap— F(VaL,L) — F(L,V4L)

1-— 1-—
=—Vias+Yroaa—2(1—pu)¥ap— " uOéA - K

_¢CAQC + ¢CAO‘C)~

QY

1 1
= —;VL(TQA) + ;VL(“XA) —2(1 = p)Vap=0.
By taking the dual of the last equation, we obtain
VL*FLA + VA*FLL + VL*FAL

1 1
= ;WL(T¢BA@B) + ;WL(T¢BAO‘B) —2(1-=p)Va0=0
The last display is equivalent to:
1 1
_;WL(TQA) - ;VL(T(XA) +2(1 - u)¢ABY7Ba =0.

We therefore obtain Eqgs. (3.11) and (3.12):

Y+ (1= 0)(Vap — £4,¥0) =0,

Y Llran) — (1= (P ap + £4p¥70) =00

Now, let us calculate, with the aid of (A.3), the following expression:
VaFpr +ViFap+VpeFra
— 1—p
PgAB - r U¢AB+
1—pu 1—u
—Vpa,+ TpgAB - TU¢AB +¢4pVLo=0.

= VAQB -

(A.5)

(A.9)

Contracting the last display with ;fAB, we obtain the following equation:

1—
cuil o — 2 TMO'—FWLO':O.

By taking the dual of the last equation, we obtain furthermore

1_
—~div a+2-—Fp -V p=0.

(A.10)

(A.11)
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We finally compute, with the aid of (A.2), the following expression:
VaFpr +ViFap+VpFrLa

1—pn 1—p
=Yaap — ——pf 5+ TU¢AB+

1—p 1—p
*WBQB+TP¢AB+TU¢AB+VLU
I—p

r

=cytl a+2 c+V,0=0.

We obtain:

1—
curl o+ 2 MU-l—VLO':O.
r

Taking the dual of the last expression yields

. 1-
d1/VOz—27rup—WLp:O.
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(A.12)

(A.13)

This concludes the derivation of the null decomposition of the Maxwell system.

Step 2: Spin £ 1 Teukolsky Equations

We now turn to the derivation of the spin 4+ 1 Teukolsky equations. Recall the

following facts, which can be checked by explicit calculation:
Vitap =0, Yifap=0 y7Lg,43 =0, WLgAB =0,
[TWAa WL] = [TV/M WL] =0.

Operate now on Eq. (3.11) with L, in order to obtain
B
ViVi(ras) + L —w)r(Yap —¢45Y 0)
B
+ (A= p@)r(YaVep—¢45Y Vo) =0.
(%)
Using the expression for Lp (3.14) and Lo (3.13), we obtain
1—pu 1—p B
() = (1 —pr (QTWAP - 2T¢ABY7 U)

+ (1= p)r (=Y adiv a+ ?lABWBCuﬂ Q).

=—(ANG)

Hence,
ViVi(ran) — (L= 1) 2 r(Vap— 45¥70)
+2(1 - M)z(WAP - ¢ABVBU) + (1 —p)r-ANG =0.

This implies, upon substitution using (3.11) again,

V.Y (ra) — ( el

r

1- T) Yi(ra,) — (1 —p)r- ANG = 0.
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Using now Lemma A.1, we obtain the claim for «. The reasoning for « is
analogous. O

Lemma A.1. Let S? be endowed with the standard metric gs2 and denote by D
the Levi-Civita connection associated with such metric on S%. Let e4p be the
standard volume form. Let w be a smooth one-form on S?, let div and curl the
associated covariant divergence and curl:

divw = gABDAwB curlw := 5ABDAwB.
Let A := gé‘;BDADB be the covariant Laplacian. Then, we have:
Dadivw —eapDPcurlw = Awa — way. (A.14)

Proof. Let p € S2. Let us fix a vector V € T,S?, and let us set up coordinates
(0, ¢) such that the coordinates of p are (7/2,0), 0|, = V, and finally the
metric in these local coordinates is represented by the two-form df ®df +
sin? Ody @dyp. Let
Ta := Dydivw — eapDPeurlw. (A.15)

Then, since the left-hand side of (A.14) is a tensor, we have
T(9p)|p = T(V) = Dy,divw — ggpDPcurlw.

_—

&) @)

B 0y 0y 9y
(1) = 9y (aew(ae) — w(Da, o) + <sme> o (D sm@))
0

= (3959w(59) + 0o (sif&w (Si§9)> - w(ae)) o)
@ = -5 (Do) (355) - Do) @)

O, 0y cos 0
- sind (89w <sin9> * sin20w(8¢>>

Upon summation,

(m/2,0)

(m/2,0)
d, O
iiw(ae)

(7/2,0) sin 6 sin 6

(m/2,0)

0, 0,

sin 6 sin 6

T(99)lp = (0909w (0p) — w(9))| /2,0y + w(9p)

(7/2,0)
A calculation of the covariant Laplacian in coordinates (6, ) at (7/2,0) yields
the claim. O

Appendix B. A Poincaré Lemma

Let us first set some notation for this section.
o Consider the sphere S?, with the standard metric gs» and the standard
volume form e¢.
e Denote by D the Levi-Civita connection on the sphere S? related to the
standard metric gg2.
e Denote by A the covariant Laplacian associated with D, A := gg‘}BDADB.
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e Denote by Ay the Hodge-de-Rham Laplacian:
Ap :=dd+ dd,

where § := — *dx is the codifferential. Here, if w is a one-form, the Hodge
dual (*w) is still a one-form, defined to satisfy

(*w)4 = eapw?.
e Let our convention on the Riemann tensor be
R(X,Y)Z := (DxDy — Dy Dx — Dix y))Z,
where XY, Z are smooth vector fields. Consequently, we denote
Rmapcp := gs2 (R(ga, Ogr)0gc, Ogp ).

Here, (01,60?) is a local coordinate system on S?, and the previous equa-
tion defines uniquely the 4-covariant tensor Rm.
o We define the Ricci tensor so that Ricap = RmACCB.
e Under these conventions, if wy is a one-form, the commutation relation
holds:
DaDpwc — DpDawe = —RmygPwp.
The main purpose of this section is to give a proof of the following elementary
inequality.

Lemma B.1 (Poincaré inequality for one-forms on S?). Let w be a smooth one-
form on S%. We have the inequality

/|Dw\2d822/ |w|2dS?. (B.1)
S2 S2

We first need a classical result.

Lemma B.2 (Hodge). Let w be a smooth one-form on S%, then there ewist
smooth functions f and g € C*°(S?) such that

w = df 4+ xdg.
We deduce a simple case of the Bochner—Weitzenbock identity.

Lemma B.3. For any one-form w on the sphere S%, we have
/ | Duw[2dS? = / (Apw) awhds? — / lw2dS2. (B.2)
s2 §2 §2

Proof. We compute
g"?DaDpDof = g"" DaDcDpf = g"" DeDaDpf — 9" PRy 0" Dif.
Now, on functions, Ay = —A, and Rm ACAE = —RicCE . Therefore, we have,
considering Ric as a map from one-forms to one-forms:
A(df) = —An(df) + Ric(df),
for f € C>(S?). Since Daepc = 0, the same holds for the dual:
A(xdg) = —Ap(xdg) + Ric(xdg),
for g € C*°(S?).
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Consider now a one-form w, by the Hodge decomposition (Lemma B.2),
we then have

(Aw) s = —(Agw)a + Ric,Puwp. (B.3)
Now, Ric = gs2. We now contract the previous display with w?. We integrate
by parts on S? in order to obtain the claim. O

We then characterize the spectrum of Ay on one-forms.

Lemma B.4. The smooth one-form w is an eigenvector for Ay if and only if
it is of the form w = df +xdg, with f and g smooth eigenfunctions of Ay with
the same eigenvalue.

Proof. If Agf=MAf and Agg = Ag, then
Ay (df) = dodf +0 = \df,

also
Ap(xdg) = déd(xdg) + 0 = X x dg.

On the other hand, if w is a one-form on the sphere, we have, by the Hodge
theorem, that there exist f and g such that w = df +*dg. Then, imposing the
eigenvalue condition, we have

Ap(df +xdg) = ANdf +xdg) = d(Apf—\f) =*d(Apg—Ag). (B4)

This implies, since the only harmonic functions on the sphere are the constant
functions, Ay f — A\f = ¢1, Agg— Ag = co. By considering f1 := f+¢1 /) and
g1 := g+ ¢/, we obtain two functions f; and gy in the conditions. O

We are now ready to prove Lemma B.1.

Proof of Lemma B.1. By Lemma B.4, the spectrum of Ay on S? on one-forms
is the same as the spectrum on functions.

Let us now take the Hodge decomposition of w, w = df + xdg, and write
f, g in the spherical harmonic decomposition. We obtain sequences fy, g such
that

L%(S?) L%(S?)
— —

fr fy 9k g-

Since f, g are smooth, and hence in particular belong to H?(S?), the approx-
imation by spherical harmonics is in H?(S?):

H2(S?) H2(S?)
o = f o — g

Letting now wxc) := df + *dgx, we have, from Eq. (B.2), and from the fact
that the smallest eigenvalue of Ay is 2,

/ |Dw(k)|2dS22/ (2|w(k)|2—|w(k)|2)d82:/ |lw®)|2ds2.
S2 S2 S2?

Taking the limit £ — oo, and using the continuity of the norm, we obtain the
claim. g
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Appendix C. Sobolev Lemmas

These Sobolev lemmas are used throughout the note. The proofs being stan-
dard, we do not provide them.

Lemma C.1 (Sobolev estimate for scalar functions on the sphere). Consider
(S?, gs2), the two-sphere with the standard metric, let D be the associated Levi-
Civita connection, and let f be a smooth function f : S* — R. Let f :=
ﬁ sz fdS? be the spherical average of f. There exists a universal constant C
such that

sup |f — fI2 < c/ DD f|2dS2, (1)
g2 S2

Lemma C.2. There is a universal constant C' such that, for any one-form n on
S2, the following inequality holds:

supli* <C [ (DDl +[nf?)as” (€2)

Lemma C.3 (1-d Sobolev embedding). Let (a,b) C R, with —o0o < a < b < 0.
Let f: (a,b) = R, f € WhHY(R). Then, there holds:

<o - (C.3)
Le=(R)

b
Hf(w) —(b—a) / )y

A straightforward application of Lemma C.3 yields the following lemma.

Lemma C.4 (Sobolev inequality involving only certain derivatives). Let R >
2M. Let f:S. — R be a smooth function. Let vg > 0. Let f be the mean of f
over the spheres:

1

_4’/T s2

Flu,v): fu,v,w)dS?(w). (C4)

Then, there exists a constant C' = C(R) such that, for any © > vy,

sup |f(ua{}aw)7f_(u7ﬁ)|2
(u,0,w)eC;N{2M <r<R}
(C.5)
<C (VY2 + 11 =) ' VLYV )~ p)dSPdu
C;n{2M <r<R}

Finally, we state the following lemma, which we need in the proof of
Proposition 7.1.

Lemma C.5. For any R > 0, there exists a constant C' > 0 such that the
following holds. Let W € A'(B) be a one-form tangent to the spheres of constant
r-coordinate. Then, we have
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P (a,0,w) <C Y L £ W2dvds?
C

for aN{R<r<2R}

+ / £ W 2dvdS? + / ¥ £ W [2dudS?
Can{R<r<2R} Can{r>R}

Ie.l2,

x / V2|Y £ W2 dudS?
Can{r>R}

Here, 4 and v are such that

b — 1> 2R, = 2(R+ 2Mlog(R — 2M) — 3M — 2M log(M)).

N

INQ

[N

(C.6)

Sketch of proof. The lemma is a straightforward consequence of the Sobolev
inequality on spheres (Lemma C.2), the Cauchy—Schwarz inequality, as well as
the one-dimensional Hardy inequality:

2

/Ooo 72 (F(z))%dx < C/OOo (Zﬁ) da. (C.7)

Here, f is any smooth real-valued function on R, and F is its primitive (in x)
which vanishes at 0. O

Appendix D. Comparison with Previous Work

In this section, we compare our approach with the work of Blue [4] and with
the work of Andersson, Backdahl and Blue [1].

We briefly recall the main strategy in [4]. There, the author considers the
multiplier estimate arising from the “K-vector field”:

K := 4?8, + v%0,,

on the full Maxwell system (here, as usual, u = ¢t — r,, and v = t + r,). The
ensuing estimate displays a negative bulk term close to the photon sphere
at r = 3M, comprised solely of angular derivatives of the p,c components. In
order to estimate these bad bulk terms, he then considers the scalar Fackerell-
Ipser equation [Eq. (2.14)] satisfied by the middle components p and o, and
proves a Morawetz estimate. The aforementioned K-multiplier estimate, along
with Sobolev embeddings, finally implies pointwise decay.

Let us note here that the Morawetz estimate in [4] is obtained directly
on the scalar Fackerell-Ipser equation, which displays static solutions. There,
the Morawetz bulk is controlled by the initial conformal Morawetz energy (the
energy arising from the K-multiplier), which is infinite for static solutions.
In our case, since we have effectively “commuted with an angular derivative,”
we are able to prove a Morawetz estimate (5.8) which is controlled by initial
data terms at the level of energy with no r-weights, and which furthermore
vanish on static solutions. This allows us to include the case of static solutions
in a natural way.
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The main two differences between our approach and that of [4] are the
following. Firstly, we consider the quantities ¢4 and ¢ " which do not appear
in [4]. Furthermore, the methods to prove decay are different: in our result,
we rely on the new physical space method of Dafermos—Rodnianski [9] (which
is also in the spirit of the work on linearized gravity [11]), whereas in [4] the
author makes essential use of the K-multiplier.

The initial assumptions differ between the two approaches: our technique
allows us to work separating the Teukolsky equations from the rest of the
system. Finally, the decay rates we obtain are analogous to those in [4], with
minor differences.

To conclude this section, we compare our findings with those of [1]. In
this work, whose sole purpose is to prove integrated local energy decay, the
authors obtain the following estimate:

—3M)2
/ = 3M) 15 12 4 180 P)
Jt({t=ty) T

M(r—2M) (r —3M)*(r — 2M)
3

7o

M
+ M \ﬂZ‘|2+

S E(ft=t})

187[2dVol

Here,
B = (1= 1)~ 2Va,(rp+iro),
X = Va,(p+io),
By = cscOVo, (p +io),
1 )
By = 0, (p+ i),
and

B({t=t}) = [ (8¢l +185I% + 18,17 + 18;[7)r%dr sin6aods,

{t=t1}

In this case, a first-order Morawetz estimate is achieved which does not
“see” the stationary Coulomb solutions (indeed, the quantity § vanishes for
stationary solutions of Maxwell on Schwarzschild).

If we compare the estimate proved in [1] [Eq. (D.1)] with our Morawetz
estimate [Eq. (5.8)], it is evident that our estimate lies at the level of two
derivatives of the field F, whereas estimate (D.1) contains only one derivative
of the field on both sides. Hence, in our approach, we require control on more
derivatives in the initial data, to obtain a Morawetz estimate which in turn
controls more derivatives of the solution.
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