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Necessary Criterion for Approximate
Recoverability

David Sutter and Renato Renner

Abstract. A tripartite state papc forms a Markov chain if there exists
a recovery map Rp— pc acting only on the B-part that perfectly recon-
structs papc from pap. To achieve an approximate reconstruction, it
suffices that the conditional mutual information I(A : C|B), is small, as
shown recently. Here we ask what conditions are necessary for approx-
imate state reconstruction. This is answered by a lower bound on the
relative entropy between papc and the recovered state Rp—pc(paB)-
The bound consists of the conditional mutual information and an en-
tropic correction term that quantifies the disturbance of the B-part by
the recovery map.

1. Introduction

A recovery map is a trace-preserving completely positive map that reconstructs
parts of a composite system. More precisely, for a tripartite state papc on
A® B ® C, we can consider a recovery map Rp_pgc from B to B ® C that
reconstructs the C-part from the B-part only. If such a reconstruction is per-
fectly possible, i.e., if

pac = Re—pc(paB) (1)

we call papc a (quantum) Markov chain in order A «» B « C.!
The structure of Markov chains is well understood. A state papc is a
Markov chain if and only if there exists a decomposition of the B system as

1We usually omit the identity map and the identity operator in our notation when its
use is clear from the context. For example, we write Rp_pc(pap) instead of (Z4 ®

RpB—Bc)(paB) and pppappp instead of (ida ® pp)pap (ida ® pp). We will drop the
order of the Markov chain if it is A < B < C.
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B =g (bJL ® bf’) such that

PABC = @P(j) Pavk @ Poic s (2)
J

with states papt on A® b]L, PyRC ON bf ® C, and a probability distribution
P [19]. A measure that is useful to describe Markov chains is the conditional
mutual information that is given by

I(A: C|B) =trpapc(log pasc +logpp —log pap —logppc),  (3)
whenever the trace is defined, i.e., whenever the operator papc(logpapc +
log pp —log pap —log ppc) is trace class. One often restricts to the case where
the conditional von Neumann entropy H(A|B) = —D(pagllida ® pp) is finite,
where D(p||o) := trp(log p —log o) denotes the relative entropy between p and
o. Indeed, in this case, the data processing inequality [24,40] implies that
H(A|BC) = —D(papcllida ® ppe) is also finite, and hence, the operators
papc(logpap —logpp) and papc(logpapc — log ppc) are both trace class,
implying that their difference is trace class, too. We further note that for
finite-dimensional Hilbert spaces the conditional mutual information may be
written as I(A: C|B), := H(AB), + H(BC), — H(B), — H(ABC), where
H(A), := —trpalogpa is the von Neumann entropy of the marginal state on

It has been shown that a state papc is a Markov chain if and only if
its conditional mutual information I(A : C|B), vanishes [30,31]. Furthermore,
the Petz recovery map (also known as transpose map)

1 1 1 1
Tp—pc : X ppol(pp’ Xppp” ®ide)ppe (4)
recovers such states perfectly, i.e., (1) holds with Rg_.pc = Tp—pc-
Tripartite states papc that have a small conditional mutual information
are called approximate Markov chains. The justification for this terminology
is a recent result [16] proving that for any state papc there exists a recovery
map Rp_.gc such that

I(A:C|B), > —log F(papc, Re—pc(paB)), (5)

where F(7,w) := ||ﬁ\/(;||f denotes the fidelity between 7 and w.? Inequal-
ity (5) shows that the Markov property (1) approximately holds whenever the
conditional mutual information is small. However, there exist tripartite states
with a small conditional mutual information whose distance to any Markov
chain is nevertheless large [11,20]. As a consequence, approximate quantum
Markov chains are not necessarily close to quantum Markov chains. We refer
to “Appendix A” for a more detailed explanation of this phenomenon.
Inequality (5) has been refined in a series of works [5,8,21,35-37,41].
More precisely, the initial bound from [16] has been strengthened by replacing
the right-hand side of (5) by the measured relative entropy between the original
and the recovered state (see (9) below for a definition). This result came with a

2Recall that for any two states 7 and w we have F(7,w) € [0,1] and that F(7,w) = 1 if and
only if 7 = w (see, e.g., [28]).
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novel proof based on the notion of quantum state redistribution [8]. The proof
has later been simplified by utilizing tools from semidefinite programming [5].
In [36], it was shown that there exists a universal recovery map, i.e., one that
does not depend on the A system, that satisfies (5). Another major step was
the discovery that (5), as well as generalizations thereof, can be obtained by
complex interpolation theory [41], providing further insight into the structure
of the recovery map. In [37], an intuitive proof of (5) based on the spectral
pinching method was presented. In [21], it was shown that there exists an
explicit recovery map (of the form (7)) that satisfies (5). The most recent
result [35, Theorem 4.1] shows that for any state papc we have

I(A:C|B), > Du(pasc|Ps-sc(pas)) . (6)

for the explicit recovery map

Pp_pc(:):= /_‘X’ Bo(dt) Pglsc(')

1+4it _ 1+4it 1—it

with PJ[;LBC(') =ppe (pp > Xppp ?

it

.
®ido)ope (7)

and the probability measure
Bo(dt) := g (cosh(rt) + 1) dt (8)
on R. Dy denotes the measured relative entropy, which is defined as

Du(pllo) := sup D(M(p)||M (o)) , (9)
MeM

where M is the set of all quantum-classical channels M(w) =Y (trMw)|z)x|
with { M, } a positive operator valued measure (POVM) and {|z)} an orthonor-
mal basis. A simple property of the measured relative entropy ensures that
Dy (7|lw) > —log F(,w) for all states 7, w [8], which shows that (6) implies (5).
We further note that the recovery map Pp_pc given in (7) is universal in
the sense that it only depends on ppc and it satisfies Pp_pc(pB) = pBC-
The interested reader can find additional information about the concepts and
achievements around (5) in [34].

Inequality (5) shows that there always exists a recovery map whose recov-
ery quality (measured in terms of the logarithm of the fidelity) is of the order
of the conditional mutual information. This shows that a small conditional
mutual information is a sufficient condition for a state to be approximately
recoverable. In other words, (5) gives an entropic characterization for the set
of tripartite states that can be approximately recovered.

In this work, we are interested in an opposite statement. This corresponds
to an inequality that bounds the distance between p4pc and any reconstructed
state Rp_pc(pap) from below with an entropic functional of papc and the
recovery map Rp_ gc that involves the conditional mutual information. Such
an inequality is the converse to (5) and gives a necessary condition for approx-
imate recoverability.
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1.1. Main Result

For any trace-preserving completely positive map £ on a system S we denote
by Inv(€) the set of density operators 7 on S which are left invariant under
the action of &, i.e.,

Inv(€) :={r: &) =7} (10)
We may now quantify the deviation of any state p from the set Inv(€) by

Ao () ==  inf  Dyax : 11
(rll€) ot (pllT) (11)

where Dy (w|lo) :=inf{\ € R : w < 2*¢} denotes the maz-relative entropy.
The Apax-quantity has the property that it is zero if and only if £ leaves p
invariant?, i.e.,

Amax(pl|€) =0 — E(p) = p. (12)

Main Result We prove that for any state papc on A® B® C and any recovery
map Rp_.pc from the B system to the B ® C' system we have

D(papcl|Re—pc(paB)) + Amax(pasl|Re—5) = I1(A: C|B),, (13)

where D(7]|o) := tr7log 7 —tr 7 log o if supp(7) C supp(c) and +0o otherwise
denotes the relative entropy, and Rp_p := trc o Rp_pc is the action of
the recovery map Rp_pgc on B. We refer to Theorem 3.1 for a more precise
statement.

Cases where the Amax-Term Vanishes To interpret the term Apa in (13),
note that the recovery map Rp_pc generally not only reads the content
of system B in order to generate C', but also disturbs it. Ay, quantifies
the amount of this disturbance of B, taking system A as a reference. In
particular, Apax(papl|Re—p) = 0 if Rp_pc is “read only” on B, i.e., if
pap = Rp—p(pap). Inequality (13) then simplifies to

D(papcl|Rp—pc(pas)) = I(A: C|B),. (14)

We further note that in case Rp_ p¢ is a recovery map that is “read only” on
B its output state capc := Rp_pc(pap) is a Markov chain since

H(A|B), < H(A|BC), < H(A|B), = H(A|B),, (15)

where the two inequality steps follow from the data processing inequality
[22,23] applied for Rp_.pc and tre, respectively and hence I(A : C|B), =
H(A|B), — H(A|BC), = 0.

3Note that the max-relative entropy has a definiteness property which ensures that for a
sequence (wi)ken of states such that limg_, o0 Dmax(7||wg) = 0 we have limy_, o wi, = 7.
This follows from the fact that —log F'(7,w) < Dmax(7||w) [2,3] and the definiteness property
of the fidelity [1,39], i.e., limg_, o0 F(7,wk) = 1 implies limy_, oo wg, = 7.
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1.2. Tightness of the Main Result

We next discuss several aspects concerning the tightness of (13). This will also
give a better understanding about the role of the A ..-term. We first note
that by combining (6) with (13) we obtain

Dy(pasclPs—pc(pas)) <I1(A:C|B), (16)
S 7ZiIlf {D(pABC”RB*)BC(pAB)) + Amax(pAB||RB~>B)}7 (17)
B—BC

where the recovery map Pp_.pc on the left-hand side is given by (7) and
the infimum is over all recovery maps Rp_pc that map B to B ® C. The
main difference between the lower and upper bound for the conditional mutual
information given by (16) and (17), respectively, is the Apax-term.

Classical Case Inequalities (16) and (17) hold with equality in case papc is a
classical state, i.e.,

pPABC = Z Papc(a,b,c)lafala @ |b)b|s ® [c)c|c (18)
a,b,c
for some probability distribution P4pc. To see this, we first note that if papc
is classical (in which case papc and all its marginals commute pairwise) a
straightforward calculation gives

I(A:C|B), = D(pasc|Ts—pc(pas)) (19)

for the Petz recovery map 7p_.pc defined in (4). Furthermore, if papc is
classical Tg_.pc(pap) = pgcpglpAB. We further see that tre 7 gc(pap) =
T5-B(paB) = pap and hence

Amax(paB||7—5) =0. (20)

This shows that in the classical case (17) is an equality and that the Petz
recovery map 7p_, pc minimizes the right-hand side of (17).

We further note that in the classical case the measured relative entropy
coincides with the relative entropy and the rotated Petz recovery map Pp_.gc
that satisfies (16) simplifies to the Petz recovery map 75—, pc. This together
with (19) then shows that (16) holds with equality in the classical case.

Necessity of the Amax-Term A natural question regarding (13) is whether the
Apax-term is necessary. Here we show that this is indeed the case by construct-
ing an example proving that a large conditional mutual information does not
imply that all recovery maps are bad and hence the A,,.¢-term is indispensable.

More precisely, in Sect. 4.1 we construct a generic example showing that
for any constant k < oo there exists a classical state papc (i.e., a state of the
form (18)) such that

NDmax(pABC||RB~>BC(pAB)) < I(A : C|B)pa (21)

for some recovery map Rp_. pc that satisfies Rp_sc(ps) = ppc. A similar
construction (also given in Sect. 4.1) shows that there exists another classical
state papc such that

ﬁDmax(RBHBC(pAB)”pABC) < I(A : C|B)pa (22)



3012 D. Sutter, R. Renner Ann. Henri Poincaré

for some recovery map Rp_, pc that satisfies Rp_gc(pB) = pBC-

These constructions therefore show that an additional term like
Amax(paB||Re—B), which measures the deviation from a “read only” map
on B, is necessary to obtain a lower bound on the relative entropy between
a state and its reconstructed version. The example has an even stronger im-
plication. It shows that the A -term is necessary even if one tries to bound
the max-relative entropy between a state and its reconstructed version, i.e.,
Dax(pascl|Re—Bc(paB)), which cannot be smaller than
D(papcllRe—pc(pan)), from below.* The two strict inequalities (21) and
(22) show that the Apax-term is also necessary if one would allow for swap-
ping the two arguments of the relative (or even max-relative) entropy. Further-
more, restricting the set of recovery maps such that they satisfy Rp_gc(p5)
= ppc still requires the A ac-term.

Since for classical states (19) holds, these examples also show that for the
task of minimizing the relative entropy between pspc and its reconstructed
state Rp_.pc(pap) the Petz recovery map can be far from being optimal—
even in the classical case. The examples further show that considering recovery
maps that leave the B system invariant (i.e., they only “read” the B-part) is
a considerable restriction. We refer to Sect. 4.1 for more information about
these examples.

Optimality of the Apax-Term Even in the case where p 4 p¢ is not classical, (13)
is still close to optimal. We present two arguments why this is the case. First,
we show that the A,.¢-term cannot be replaced by a relative entropy measure
that is smaller than the max-relative entropy. More precisely, (13) is violated
if the max-relative entropy in the definition of Apax(panl/Re—p5) is replaced
with any a-Rényi relative entropy for any « € [%, 00). We refer to Sect. 4.2 for
more information.

The Amax-term in (13) quantifies the (max-relative entropy) distance be-
tween p4p and its closest state that is invariant under Rp_, g. A natural ques-
tion is if (13) remains valid if the Ay .x-term is replaced by the max-relative
entropy distance between pap and Rp_p(pan), i-6., Dmax(pas||Re—5(pas)).
This however is ruled out. To see this we recall that by the example mentioned
above in (21) there exists a tripartite state papc and a recovery map Rp_ gc
such that

2Dmax(pABC||RB—>BC(pAB)) < I(A : C|B)p . (23)

The data processing inequality for the max-relative entropy [14,38] and the
fact that the max-relative entropy cannot be smaller than the relative entropy
then imply

D(pascl|Re—pc(pap)) < I(A:C|B), — Dunax(pasl|Re—p(pan)). (24)

which shows that (13) is no longer valid for the modified Ap,ax-term described
above.

4The max-relative entropy and its properties are discussed in more detail in Sect. 2. It is
the largest sensible relative entropy measure.



Vol. 19 (2018) Necessary Criterion for Approximate Recoverability 3013

1.3. Related Results

Using the continuity of the conditional entropy, it is possible to derive an upper
bound for the conditional mutual information of a state papc in terms of its
distance to any reconstructed state capc := Rp—pc(pap), where Rp_.pgc
denotes an arbitrary recovery map [4,16]. This leads to a lower bound on the
relative entropy between papc and R, pc(pap) that however depends on the
dimension of the A system. To see this, let [0,1] 5 x +— h(z) := —zlogz—(1—
x)log(1—z) denote the binary entropy function and let A(T,w) = 1 || — wl|;
be the trace distance between T and w. The data processing inequality [22,23]
implies that

I(A:C|B),=H(A|B), — H(A|BC), < H(A|BC), — H(A|BC),. (25)
By the improved Alicki-Fannes inequality [43, Lemma 2] we find
I(A: C|B), < 2A(p,0)log(dim A) + (1 + A(p, 0)%(%) (26)
< 2y/A(p, o) (log(dim A) + 1), (27)
where we used that (1+x)h(1f;) < 2y/x for all z € [0,1] and A(p, o) € [0,1].
Together with Pinsker’s inequality [13,32] this gives

2
In2

A(pABc, RB—»BC(PAB))2

I(A:C|B)?
"~ 8In2(log(dim A) + 1)*

The fact that this bound explicitly depends on the dimension of the system
A is unsatisfactory. Furthermore, the example discussed above in (21) shows
that such a dependence on the dimension is unavoidable.

A different approach to derive an upper bound for the conditional mutual
information of a state papc in terms of its distance to a reconstructed state
Rp_pc(pap) was taken in [15, Theorem 11 and Remark 12] (see also [35,
Proposition F.1]). It was shown that for any state papc

[ " o(dt) Da(pascl P poloan) > I(A: CIB), . (29)

D(pasclRe—pc(pas)) =

(28)

where By and PELBC are given in (8) and (7), respectively and Do (7||w) :=
log tr 72w™! denotes Petz’ Rényi relative entropy of order 2 [29]. The examples
discussed above imply that the left-hand side of (29) can be much larger than
the relative entropy between papc and Rp_.pc(pap) for the optimal recovery
map Rp_pc. In other words, rotated Petz recovery maps are generally far
from optimal recovery maps.

2. One-Shot Relative Entropies

The goal of this section is to derive a triangle-like inequality for the relative
entropy (see Lemma 2.1) which will be used in the proof of our main result, i.e.,
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Theorem 3.1. To understand Lemma 2.1, we need to review a few properties
of one-shot relative entropy measures.

2.1. Preliminaries

Let S(A) and P(A) denote the set of density and nonnegative operators on
A, respectively. For any linear operator L on A, the trace norm is given by
|L||, := tr|L| with |L| := VLTL. For p,o € P(A) we write p < o if the support
of p is contained in the support of o. Within this document our Hilbert spaces
are assumed to be separable. We define the min-relative entropy [33] as

2
Diin(p|lo) := —log H\/ﬁﬁHl = —log F(p,o) (30)

and the maz-relative entropy [14,33] as
Diax(pllo) :=inf{A e R : p < 2%¢}. (31)

As the names suggest, the min-relative entropy cannot be larger than the
max-relative entropy, or more precisely we have

Duin(pllo) < D(pllo) < Dmax(pllo) (32)

with strict inequalities in the generic case [27,38]. The max-relative entropy
turns out to be the largest relative entropy measure that satisfies the data
processing inequality and is additive under tensor products [38, Section 4.2.4].
We also note that it follows immediately from the definition that the max-
relative entropy cannot increase if the same positive map is applied to both
arguments (see also [26, Theorem 2] for a more general statement).

The min- and max-relative entropies can be seen as the extreme points of
a family of relative entropies called minimal quantum Rényi relative entropy

(also known as sandwiched Rényi relative entropy) [27,42]. For a € [$,1) U
(1,00) and p,o € P(A), this family is defined as
—L_1lo itr(alﬁx U%)a fp<Kovacx<l
N o~ (33)
00 otherwise .
It can be shown [27] that
Dy(pllo) = Dumin(pllo),  lim Da(pllo) = D(pllo),
and lim D4(pllo) = Dmax(pllo) . (34)

Furthermore the minimal quantum Rényi relative entropy is monotone in « €
[1,00) [27, Theorem 7], i.e.,

Da(pllo) < Dar(pllo) for a<a’. (35)

2.2. Triangle-Like Inequality for Relative Entropy

It is well known that the relative entropy does not satisfy the triangle inequal-
ity. For the three (classical) qubit states p = $|0)0| + $id, o = 1[1)(1| + tido,
and w = 2ids, we have D(p|lo) > D(p|lw) + D(wl||o). The following lemma
proves a triangle-like inequality for the minimal quantum Rényi relative en-
tropy.



Vol. 19 (2018) Necessary Criterion for Approximate Recoverability 3015

Lemma 2.1. Let A be a separable Hilbert space, let p € S(A), o,w € P(A) and
let a € [5,1]. Then

Da(pllo) < Da(pllw) + Dimax(wllo) - (36)
Proof. For « € [%, 1), the function t — et s operator monotone on [0, 00)
[6, Theorem V.1.9]. Furthermore, the function X — trX® is monotone on the
set of Hermitian operators on a separable Hilbert space, since the function

X — X is operator monotone [6]. By definition of the max-relative entropy,
we find

Da(pHU) =

for a < 1. The case a = 1 then follows by continuity. O

1

“logtr(pio = pt ) < Dalpllw) + Dmax(wllo).  (37)

Remark 2.2. We note that if A is a finite-dimensional Hilbert space then (36)
is valid for all € [%,00). This follows from the fact that ¢ — t"=" is operator
anti-monotone [38] for & > 1 and that the function X — trX® is monotone
on the set of Hermitian operators [9, Theorem 2.10].

Very recently, a similar triangle-like inequality for Rényi relative entropies
that additionally involves trace-preserving completely positive maps has been
established in [10]. The following remarks show that Lemma 2.1 is optimal
and that there is not much flexibility to prove triangle-like inequalities for the
relative entropy different than (36).

Remark 2.3. Lemma 2.1 is optimal in the sense that (36) is no longer valid
if Dinax is replaced with D, for any « € [4,1]. To see this, let p € (0,1) and
consider three classical distributions on {0,1} x {0,1} defined by

P otherwise

ife=y=0
PXY(:an) = {p Y
3

_Jp fzx=y=1
@xy (@) := { 1%” otherwise ’
1
Sxv(w,y) = 1 (38)
A simple calculation shows that
dp —1 3p
D(P = log ——
(PIQ) = = 1og - (39)
4(1 —
D(P|S) = plogdp -+ (1 — p)log "7 (40)
1 3¢ 1
Da(S1Q) = 108 (oo + gt ) - (D)
Choosing p =1 — 27 reveals that
D(P|Q) > D(P||S) + Do(S||Q) for all «a € [3,00). (42)

In the limit o — oo, the strict inequality (42) becomes an equality.
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Remark 2.4. The statement of Lemma 2.1 is no longer true if the max-relative
entropy and the relative entropy on the right-hand side of (36) are exchanged.
To see this consider the three classical binary probability distributions

_J1-pifz=0
Plr) = {p otherwise’

l—cife=0
Q) = {5 otherwise’
1-2ifz=0
- 2
S(x): { g otherwise ’ (43)
with p,e € (0,1). This gives
1-p p
D(PIQ) = (1~ p)log -2 + plog? (44)
2—-p 2—-p p p
D = ——1 =1 4
(S1Q) 5 log 5 + S log o (45)
2(1 —
D (P||S) = max {log %, log 2} —1. (46)

For p=I and ¢ = { we find that
D(P|Q) > Dumax(P||S) + D(S(|Q) - (47)

This shows that it is crucial which term in Lemma 2.1 carries a max-relative
entropy.

Remark 2.5. The relative entropy satisfies a triangle-like inequality differ-
ent from Lemma 2.1. For the log-Euclidean a-Rényi divergence D?,(w||o) :=
L logtrevlogrtI-a)loga it s known [25] that
a
D(pllo) < 2 Dipl) + Di(wllo) for ae(loc).  (49)
We also note that D’ (w||o) < Dmax(w|lo) which shows that in the limit
o — oo we obtain Lemma 2.1 for the case a = 1.

3. Main Result and Proof

Theorem 3.1. Let A, B, and C be separable Hilbert spaces, let papc € S(A®
B®C(C), and let Rp—.pc be a trace-preserving completely positive map from B
to B® C. Then

D(pasc|Re—Bc(paB)) + Amax(pas|Re—5) > I(A: C|B),. (49)

The quantity Amax(pasl|Re—p) is defined in (11) and Rp_.p := trc o
R _.gc. To prove the assertion of Theorem 3.1, we make use of a known lemma,
stating that the conditional mutual information of a tripartite density operator
is bounded from above by the smallest relative entropy distance to Markov
chains. Let MC(A ® B ® C) denote the set of Markov chains on A ® B® C,
i.e., tripartite density operators papc € S(A® B ® C) that satisfy (1).
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Lemma 3.2 ([20, Theorem 4]). Let papc € S(A® B® C). Then
I(A:C|B), < inf D(papcllpasc)- (50)
pneMC
Proof. The proof we provide here follows the lines of a proof by Jencova (see
the short note after the acknowledgements in [20]), but extends it to general
separable spaces.
Let papc € MC and assume without loss of generality that the relative
entropy D(papc|lpapc) is finite. (If there is no such state then the infimum

in (50) equals infinity and the statement is trivial.) Due to the data processing
inequality [24,40] we have

0 < D(prlpr) < D(pasllras) < D(pasclliasc) (51)
and
0 < D(ppllup) < D(ppcllpse) < D(pascllpasc) - (52)

In particular, the relative entropies D(pagp|uas), D(pscl|usc), and
D(pp||pp) are finite. We thus have

D(pasclrase) + D(psllns) — D(pasllnas) — D(psclrse)
=tr (PABC (log papc —log papc +log pp —log up — log pap +10g pap

—log ppc + log MBC)) :

Using the Markov chain property (2) for papc, i.e.,

HABC = @P(j)MAbJL ® e for B = Do b, (53)
j J

it is straightforward to verify that
log papc +log up —log pap —log upc = 0. (54)
The above can thus be simplified to
D(papclltasc) + D(psllus) — D(paslpas) — D(pscluse)
= tr (pABC (log papc +log pp — log pap — log PBC)) =1I1(A:C|B).
It follows from (51) and (52) that
D(papcllpasc) =2 I(A: C|B) , (55)
which concludes the proof. O

In order to prove Theorem 3.1, we need one more lemma that relates the
distance to Markov chains and the A ax-quantity defined in (11).

Lemma 3.3. Let pap € P(A®B) and Rp—.pc be a trace-preserving completely
positive map. Then

Hielhfc Duax(Rp—Bc(paB)|apc) < Amax(pasl|Re—5) - (56)
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Proof. For the proof, we first assume that the system A has a finite dimen-
sion, so that conditional entropies of the form H(A|B) are finite. The data
processing inequality for the max-relative entropy [14,17,38] implies that

inf {Dmax(RBHBC(pAB)”/J’ABC) P MABC € MC}

HABC

< igi{Dmax (Re—pc(par)|Rp—pc(Tan))

T

:RB—>BC(TAB) € MC, Tap GS(A@B)} (57)
< }_Bg{Dmax(pABHTAB) : RBﬁBc(TAB) € MC, 4B € S(A ® B)} (58)

Furthermore, because the data processing inequality for the conditional en-
tropy [22,23] implies that H(A|BC) > H(A|B).,,, for any 745 €
S(A ® B), we also have

Rp-Bc(TaB)

TaB € Inv(Rp—B) = H(A|BC), > H(A|B), for papc = Re—pBc(TaB).
(59)

Note that the inequality on the right-hand side of the implication must, again
by the data processing inequality, be an equality, which means that I(A4 :
C|B),, = 0 and, hence, that © € MC. This proves the general implication

TAB € InV('R,BqB) - RB—»BC(TAB) e MC. (60)
We now use it to obtain

Amax(pAB||RB~>B)
— Ti12£{Dmax(pAB||TAB) : 7ap € Inv(Rp_pB)} (61)

> Tiilg{Dmax(pAB”TAB) : Rp—Bc(Tap) € MC,74p € S(A® B)}.
(62)

Combining this with (58) completes the proof for the case where the system
A is finite-dimensional.

To extend the claim to general separable Hilbert spaces, consider a se-
quence of finite-rank projectors (IT%)xen on A with 1% < TT5™ for any k € N
that, for k — oo, converges to the identity in the weak, and hence also in
the strong, operator topology [18]. It follows from the monotonicity of the
max-relative entropy under positive maps and (56) for finite-dimensional A
that

nf Dinax (T4 R e (pa) A [ anclly)

< inf Duex(WiR i po(pan)Wallianc) (63)

S AmaX(ngABHZ”RB—rB) . (64)
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The right-hand side can be bounded for any k € N by

Amax(HZpABHZ ||RB—>B)
= inf ) Dmax(HZpABHIEHTAB) (65)

Tap€EInv(Rp_pB

HlC TABHk
< inf D (Hk 1 Aif‘) 66
T tap€lnv(Rp_p) APAB A” tr HI;XTABH];X ( )
— o m(fR ) {Dmax(HIXPABH,}ZHH’,ZTABHIX) + log tr HIXTABHZ}
TAB nv B—B
(67)
< wenith,  Dunax(WapalTa [raplly), (68)
TAB nv B—B

where the first inequality uses that IT574pIlK /tr IT57apITE € Inv(Rp_p).
The final step follows because 74 p is a density operator and hence tr H’IZ’TA B <
1 for any projector I1% on A. Using once again the monotonicity of the max-
relative entropy under positive maps we find with the above

Amax(Hlj‘,OABHZHRB—)B) < inf Dmax(pABHTAB) (69)
TABEINV(RB_B)
= Anax(paB||RB—B). (70)

To conclude the proof, it thus suffices to establish that

Mielgc Dmax(Re—pc(pas)|lpasc)

< \:= limsup irﬁcDmax(H’j‘RBHBC(pAB)H’j‘||H§,MABCH’;’1). (71)

k—oo ME

Because the max-relative entropy cannot increase if the same positive
map is applied to both arguments, the max-relative entropy is non-decreasing
for increasing k, and the lim sup may therefore be replaced by a lim. Hence,
there exists a sequence (u*)ren of density operators in MC such that

A= lm Diax (AR p—pc(pap) 5| 5 peIlh) | (72)

and we can assume without loss of generality that IT% % 5 115 = uk 5. From
here we proceed analogously to the proof of Lemma 11 in [18]. In particular, we
use that the space, T(H), of trace-class operators on H = A® B® C (equipped
with the trace norm) is isometrically isomorphic to the dual of the space K(H)
of compact operators on H (equipped with the operator norm), with the iso-
morphism 7 — v, given by ¥, (k) = tr k7, and that, by the Banach-Alaoglu
theorem, the closed unit ball on T'(H) is therefore compact with respect to the
weak* topology. This implies that there exists a subsequence (u*)percn that
converges in the weak* topology to an element p € T(H), i.e.,

klim trep® = trep (kel) (73)
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for al kK € K(H). Because, for any k € N, p* is a density operator, u is also a
density operator. The convergence (73) also implies

klin;c tr /@H’;(ZAMZBC - RBeBC(pAB))HZ
=tr(2*uapc — Re—pc(pap)) (k€T) (74)

for any x € K(H). By the definition of the max-relative entropy, the sequence
on the left-hand side must converge to a nonnegative real for any « > 0. This
implies (71). O

Proof of Theorem 3.1. Let papc be a Markov chain. Combining Lemma 3.2
with Lemma 2.1 applied for « = 1, p = papc, 0 = papc and w = Rp_pc
(paB) gives

I(A:C|B), < D(pascl|Re—Bc(pas)) +Hi€111\/§c Diax(Re—5c(pas)|pasc) . (75)

Lemma 3.3 then proves the assertion of Theorem 3.1.° O

4. On the Tightness of the Main Result

In this section, we construct examples that show two things. First, there exist
classical tripartite states with a large conditional mutual information that,
however, can be recovered well. This shows the necessity of the Ay .x-term in
the main bound (49)—even if the relative entropy was replaced by the largest
possible relative entropy measure, i.e., the max-relative entropy. Furthermore,
the violation of such a bound without the A .c-term can be made arbitrarily
large. Second, our example shows that (49) is no longer valid if the max-relative
entropy in the definition of Apnax(pas||Re—5) is replaced with any a-Rényi
relative entropy for any o € [%, 00).

Both examples will be classical, i.e., we consider tripartite states of the
form (18). Such states are special as the corresponding density operators of
the states and all its marginals are simultaneously diagonalizable. As a result,
we can use the classical notion of a distribution to describe such states.

4.1. A Large Conditional Mutual Information Does Not Imply Bad Recovery
Let X = {1,2,...,2"} for n € N, p,¢ € [0,1] such that p + ¢ < 1, and
consider two independent random variables Ez and Ey on {0, 1} and {0, 1, 2},
respectively, such that P(Ez = 0) = p+q, P(Ey =0) =p,and P(Ey = 1) =q.
Let X ~ U(X), where U(X) denotes the uniform distribution on X and define
two random variables by

, B X if By =0
Z = {‘;J( fthf;vzvis_eo and Y:={Z if Ey=1 (76)
z Uy otherwise,

5We note that (75) is stronger than (49) and therefore may be of independent interest.
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where Uy ~ U(X) and Uz ~ U(X) are independent. This defines a tripartite
distribution Pxyz. A simple calculation reveals that

H(X|YEyEz)
=pH(X|XEz)+qH(X|ZEz)+ (1 —p—q)H(X|UyEz) (77)
=q((p+HX|X)+ (1 -p-qHX|Uz)) + (1 —p—@H(X) (78)
=n(l-p-q)(1+4q). (79)

Similarly we find

H(X|YZEyEz)=q(1-p—-qH(X|Uz)+ (1 —-p—q)(1—-p—q)H(X|Uy)

(80)
=n(l—-p—q)(1-p). (81)

We thus obtain
I(X: Z]Y)p = HX|Y) — HX|YZ) (82)
> H(X|YEyEy) — H(X|YZEyEyz) —I(X : EyE4|YZ) (83)
>n(l—p—q)(p+q) —log6. (84)

We next define a recovery map Ry _.y/z that creates a tuple of random
variables (Y’, Z’) out of Y. Let the recovery map be such that

Y Z): =@ +q+p)(Y.Y) + %(1 —p*—q—pq)(Y,U)

+%(1—p2—q—pq)(U’,Y)a (85)

where U, U’ are independent uniformly distributed on X. Let
Qxy'z = Ry_y'z/(Pxy) (86)

denote the distribution that is generated when applying the recovery map
(described above) to Pxy . In the following, we will assume that n is sufficiently
large. It can be verified easily that Qy'z = Py z. Since Pxyz and Qxy z: are

classical distributions we have Dmax(Pxy z||Qxy’z/) = maxy y, - log &{Zim.
- XY'Z 1

We note that P(X =Y) = p + pq + ¢* according to the distribution Pxy and
hence

Driax(Pxyvz||Qxvyrz7)

:max{log (p+q)? 0 (1-p—q)
P(X =Y)p*+q+pq) “PX#Y)P?+q+pg)
o (p+q)(1-p—gq)
P(X =Y)5(1—p*—q—pg)’
(1—p—qp (1-p—q)?
logMX:Y);(l—p?—q—pq>’1°gP<X¢Y><1—p2—q—pq>} 87
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and
Drax(Q@xvy'z || Pxy z)
::mw{bgmxzﬂﬁ@2+q+p@I%PﬂY#Yﬂf+ﬂ+p@
(p + q)2 ’ (I—p—a)g
bgmxeﬂqal—ﬁ—q—pw
(p+a)(1-p—q)

P(X =Y)5(1-p*—q—pg) , P(X#Y)(1—p*—q—pg)

log (1-p—q)p log (1-p—q)? }' (%)

We are now ready to state the conclusion of this example. For k£ < oo,
p= %, g = 0, and n sufficiently large we find by combining (84) with (87)

n
KDmax<PXYZ||RY—>YZ(PXY)) =R < Z — 10g6 < I(X : Z‘Y)p (89)
For k <oo,p=¢q= %, and n sufficiently large (84) and (88) imply

15 n
HDmax(RYHYZ(PXY)HPXYZ) = H10g§ < Z — 10g6 < I(X : Z|Y)P (90)

This shows that there exist classical tripartite distributions Pyy 7 with a large
conditional mutual information I(X : Y|Z)p and a recovery map Ry _,y z such
that Ry vy z(Pxy) is close to Pxyz and Ry _y z(Py) = Pyz. The closeness
is measured with respect to the max-relative entropy.

4.2. Tightness of the A ax-Term

In this section, we construct a classical example showing that our main re-
sult, i.e., (49) is essentially tight in the sense that it is no longer valid if the
max-relative entropy in the definition of Apax(papl|Re—5), given in (11), is
replaced with an a-Rényi relative entropy for any o < co. More precisely, for
a € [1,00] we define

Aa(pll€) == _inf _ Du(pll). (91)

T€Inv(E)

For a = 00 we have Ax(p||€) = Amax(p||€). In this section, we show that for
all @ < oo there exits a (classical) tripartite state papc and a recovery map
Rp-pc that satisfies Rp_,pc(pp) = ppe such that

D(pABC|‘RB—>BC(pAB)) <I(A:C|B), — Aa(paBl|Re—B) - (92)

To see this, consider the following classical example (where we switch
to the classical notation). Let S = {0,...,2"™ — 1} and consider a tripartite
distribution Q) xy z defined via the random variables X ~ U (S) and X =Y =
Z. Let Q'xy 5 be the distribution defined via the random variables X ~ U(S),
Y ~ U(S) where X and Y are independent and Z = (X +Y) mod 2". For
p € [0,1], we define a binary random variable E such that P(E = 0) = p.
Consider the distribution

if =0
Pyxyy = {QXYZ 1

Quyy fE=1. (93)
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We next define two recovery maps ﬁy_,y/ 7 and Ry _yz that create the
tuples (Y’, Z") out of Y such that

(Y',Z") = (Y,Y) and Y, 7" = (U, (Y — U) mod 2”) , (94)
where U ~ U(S), respectively. We then define another recovery map as
Ry vz :==pRy—yiz + (1 = p)Ry_yiz . (95)

We note that the recovery map satisfies Ry .y 7z (Py) = Pyz. A simple cal-
culation shows that

H(X|YE)p =pH(X[Y)q+ (1 -p)H(X|Y)g =(1—-p)n (96)

and
HX|YZE)p =pH(X|YZ)g+ (1 —-p)H(X|YZ)g =0. (97)
We thus find
I(X:Z|Y)p=H(X|Y) - H(X|YZ) (98)
> H(X|YE)— HX|YZE) - I(X : E|Y Z) (99)
> (1=p)n—h(p). (100)

The distribution Ry _,y 2 (Pxy) generated by applying the recovery map to
Pxy can be decomposed as
Ry v z/(Pxy)
= p (pSxvz+(1=p)Sxvz) + (1= p) (pSky 7 + (1 p)Sky ) (101)

v&zhere gxyz = ﬁyTylzl(QX}:), SXYZ = 772Y—>Y'Z'(QXY)a SS(YZ =
Ry -y z(Qy), and Sy, = Ry_y'z(Qxy). The joint convexity of the
relative entropy [12, Theorem 2.7.2] then implies
D(PXYZHRY—>Y’Z’ (PXY))

<pD(Qxvz|lpSxyz + (1 —p)Sxyz) + (1 — p)D(Q%yz|[pSxyz + (1 — p)Skv z)

(102)
A simple calculation shows that
D(Qxvz|lpSxyz + (1 —p)Sxvz)
QXYZ (ZL’, Y, Z)
= QXYZ(xay,Z) 10g = =
FZU:Z pSxyz(x,y,2) + (L —p)Sxvz(z,y,2)
2—"n 1
< =log — 103
p2—m p (103)
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and

D(QIXYZHPSS(YZ +(1—p)Sxyz)

Qyz(z,y,2
- Z Q'xyz(x,y,2)log — xyz( 2/
@y,z=etymod 27 pSyv 7 (2, y,2) + (1 = p)Shy 4 (2, v, 2)
(104)
2—2n 1
%y 105
= p2—2n 0g P (105)
We thus have
1
D(Pxyz||Ry—yz (Pxy)) <log . (106)

We note that the recovery map Ry .y’ = trz o Ry _y/z: leaves the uniform
distribution Q' invariant, i.e., Ry_y/ (Q%y) = Q%y- As a result we find

Ao(Pxy||Ry —y) < Do(Pxy[|Qxy)

= i Tlog (27 (1 =p)* (2" =)+ 27" (1= p+p2")%),  (107)

where the final step follows by definition of the a-Rényi relative entropy and
a straightforward calculation.

Recall that we need to prove (92), which in the classical notation reads
as

D(Pxyz|Ry -y z/(Pxy)) + Aa(Pxy Ry ~y/) <I(X : Z|Y)p,  (108)

for all @ < oo. As mentioned in (35), the a-Rényi relative entropy is monotone
in o which shows that it suffices to prove (108) for all @ € (g, 00), where
ap > 0 can be arbitrarily large.

Combining (106) and (107) shows that for any « € (ag, 00) where ay is
sufficiently large, p = a2, and n = «

D(Pxyz||Ry -y z/(Pxy)) + Aa(Pxy||Ry —y')
T log (1+27*(1+a 229, (109)

1
<2loga+
o —

where we used that (1 —a~2)*(2% — 1) < 2 for a > 1. Using the simple
inequality log(1 + z) <logx + 2 for z > 1 gives

D<PXYZ||RY~>Y’Z’ (PXY)) + Ao (Pxy Ry —y7)
<2loga — —— +

L 2 20\ ¢

<21 —+ 01 + 5 ) o (111)
og o o1 og pe) ,
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where the final step is valid since « is assumed to be sufficiently large. Using
once more log(1 + z) <logz + % for x > 1 gives

D(Pxyz|Ry—-viz (Pxy)) + Aa(Pxy | Ry—v")

2 2
SQloga—l—ial (a—Qloga—l—l—; )+2_0‘ (112)
a— @

=a-— log o + 27 “poly(«), (113)

a—1
where poly(«) denotes an arbitrary polynomial in «. As a result, we obtain
for a sufficiently large «

2
D(Pxyz||Ry—y 'z (Pxy)) + Aa(Pxy|Ry—y/) < o — S (114)
<a—-al—h(a?) (115)
<IX:ZY)p.  (116)

The two steps (114) and (115) are both valid because « is sufficiently large.
The final step uses (100).

This example shows that (49) is no longer valid if the A .x-term is re-
placed with a A,-term for any o € [%, 00).% Note also that this example implies
Remark 2.3 on the tightness of the triangle-like inequality for the relative en-

tropy.

5. Open Questions

In this article, we introduced a new entropic quantity Amax(papl|Re—p5) that
measures how much the map Rp_, g disturbs the B system, taking system A as
a reference. It would be interesting to better understand this quantity and its
properties. For example in case ppc is a state whose marginals are all flat”, is
it possible to bound Apax(pap||Re—p5) in terms of D(papc||Re—Bc(pas))
from above? This would considerably simplify our main result (49) for this
special case, which is of interest, e.g., in applications to condensed matter
physics.
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Appendix A. Approximate Markov Chains Can be far from
Markov Chains

As mentioned in the introduction, it is known [11,20] that there exist tripartite
states with a small conditional mutual information whose distance to any
Markov chain is nevertheless large. For example, consider a state pg,...s, =
[¥)XYls,,..5, 0n S1 @+ ®Sg with dim Sy, =d > 1forall k=1,...,d, where

5,50 = ﬁ S sign(mlr(1) @ - @ |m(d)) (117)
TESy
is the Slater determinant, Sy denotes the group of permutations of d objects,
and sign(r) := (—1)%, where L is the number of transpositions in a decompo-
sition of the permutation 7. The chain rule and the trivial upper bound for
the mutual information show that we have

d
I(Sy:8y...54), = Z[(s1 : SklS2 ... Sk1), < 2logd. (118)
k=2
Because the mutual information is nonnegative, there exists k € {2,...,d}
such that
I(Sl :Sk|SQ...Sk_1)pS d_llogd, (119)

which can be arbitrarily small (as d gets large). By definition, the reduced
state pg, s, is the antisymmetric state on S1 ® Sy, that is far from separable
[7, p. 53]. More precisely, for any separable state og,5, on S; ® S we have
A(ps, 8, 08,5,) = 3, where A(T,w) := 1 ||7 — w||; denotes the trace distance
between 7 and w. For any state g, s, on S ®---® Si that forms a Markov
chain in order Sy < Ss...Sk_1 < Sk, it follows by (2) that its reduced state
s, s, on S ® Sy is separable. Using the monotonicity of the trace distance
under trace-preserving completely positive maps [28, Theorem 9.2] we thus
find

1
A(ps,...Sp> 181...8,) = A(ps, sy 4818, ) = 3 (120)

showing that the state pg, .. s, despite having a conditional mutual information
that is arbitrarily small (see (119)) is far from any Markov chain.

As discussed in the introduction, states with a small conditional mutual
information are called approximate Markov chains (which is justified by (5)).
The example in this appendix shows that approximate quantum Markov chains
are not necessarily close to quantum Markov chains.
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