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Abstract. We consider an irreducible continuous-time Markov chain on
a finite state space and with time periodic jump rates and prove the
joint large deviation principle for the empirical measure and flow and the
joint large deviation principle for the empirical measure and current. By
contraction, we get the large deviation principle of three types of entropy
production flow. We derive some Gallavotti-Cohen duality relations and
discuss some applications.

1. Introduction

Periodically driven Markov processes are a common setup for several small
systems, such as artificial molecular motors. Unlike their biological counter-
parts, artificial molecular motors are non-autonomous and work under the
effect of time periodic externally modulated stimuli such as temperature, laser
light, chemical environment. Periodic forcing is fundamental also in relation to
micro-sized engines. For example, experimental heat engines driven by periodic
temperature variations have been realized in [7,49] and experimental molecular
pumps with periodic modulation of hamiltonian have been realized in [23,43].
Due to their numerous applications inside nanotechnologies, in the last years
periodically driven Markov processes have received much attention in the ther-
modynamic theory of small systems or, equivalently, stochastic thermodynam-
ics [65,66]. Several theoretical results have been obtained for what concerns
linear response and Onsager reciprocity relations [8,26,37,56,57,59,71,72], and
no-go theorems in stochastic pumping [11,37,45,58,62]. Time periodic forcing
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is also at the basis of stochastic resonance phenomena [28], i.e., of the ampli-
fication of a weak periodic signal by means of noise.

We consider here an irreducible continuous-time Markov chain on a finite
state space V with time periodic jump rates, having period Ty. We focus on
large deviations (shortly, LD) at large times of the empirical measure, flow
and current. Roughly, referring to a time window [0, T, for each y € V the
empirical measure fip(y) counts the fraction of time spent by the system in
the state y. For each pair of states y, 2 € V the empirical flow Q7 (y, z) counts
the number of jumps from y to z per unit time, while the empirical current
Jr(y, 2) is given by the difference Q7 (y, 2) — Q7 (z,y). The above objects enter
naturally in several applications. Considering, for example, the dynamics of a
molecular motor for which an ATP hydrolysis takes place simultaneously to a
transitions from state y to state z, TQr(y, z) gives the number of hydrolyzed
ATP’s in the time window [0, T]. To have explicit LD functionals, we consider
also extended versions p(™ Q™ J(™ of the above empirical measure, flow
and current, keeping record of time ¢ apart integer multiples of the period Tj.
More precisely, (™) (y,dt) is defined as the time per period spent at state y
during the n infinitesimal time intervals [t,t + dt), [t + To,t + Tp + dt),. ..,
[t+ (n—1)To,t+ (n—1)Ty +dt). Q™ (y, z,dt) equals the number, per period,
of jumps from y to z performed in the above n infinitesimal time intervals,
while J)(y, z,dt) is defined as the difference Q™ (y, z,dt) — Q™) (z,y, dt).

Although our initial objects of investigation are given by the empirical
measure, flow and current, to get control on large deviations it is crucial to
include more information and deal with their extended versions. Indeed, the
technical core of our analysis is the derivation of the LD principle for the joint
extended empirical measure and flow (u(”), Q(")) as n goes to oo (cf. Theorem
2). Roughly, we get that

for a suitable explicit rate functional I(-,-). By contraction, we obtain the
LD principle for the joint extended empirical measure and current (,u("), J ("))
(cf. Theorem 3). These LD principles correspond to level 2.5 (see below) and
remarkably admit explicit LD rate functionals. By contraction, we derive LD
principles for the empirical measure, low and current jir, Q7, Jr (cf. Theorem
1, Remark 3.2 and Remark 3.10). As an application of the above results, after
introducing several forms of entropy production, we obtain the associated LD
principles by contraction. Moreover, we derive some Gallavotti-Cohen duality
relations at the level 2.5 and show that, by projection, these relations imply
other Gallavotti—-Cohen duality relations for the entropy production rate and
some of them are new (cf. Theorem 4, Corollaries 5.2 and 5.3). In addition, we
discuss in detail the case of a 2-state model. We point out that for a time pe-
riodic symmetric protocol, Gallavotti-Cohen duality relations for the entropy
production rate have been experimentally verified in [64] and theoretically an-
alyzed in stochastic models in [69,70]. Recently, in [59] a Gallavotti-Cohen
duality relation for a not symmetric protocol has been obtained. Finally, we
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point out that [68] provides a first theoretical analysis of level 2.5 large devi-
ations in periodically driven diffusion processes.

Our results are a natural development of the analysis of level 2.5 large
deviations for time homogeneous ergodic Markov processes. To explain this is-
sue, below we recall some fundamental results. (In particular, below we refer to
time homogeneous processes.) The celebrated papers by Donsker and Varad-
han [19-22] have provided a crucial contribution to the large deviation theory
for ergodic Markov processes. One is typically interested on the long time be-
havior of the process, and three possible levels on which the large deviations
can be investigated have been identified: level 1 that concerns the fluctuations
of additive observables; level 2 that concerns the fluctuations of the empirical
measure; level 3 that concerns the fluctuations of the empirical process. These
levels have a hierarchical structure, and the large deviations on a lower level
can be deduced by projection. As the name implies, level 2.5 lies in between
level 2 and level 3 and concerns the joint fluctuations of the empirical measure
and empirical flow (or the joint fluctuations of the empirical measure and em-
pirical current). In the simple context of homogeneous continuous-time Markov
chains, the empirical flow counts the numbers of jumps between pairs of states.
We emphasize that in this case the rate functional for level 1 cannot be ex-
pressed in closed form, for level 2 this is possible only in the reversible case,
while for level 3 the rate functional is given by the specific relative entropy with
respect to the stationary process that gives an explicit but somehow abstract
formula. On the other hand, for level 2.5 there is a simple explicit formula that
covers both the reversible and non-reversible case, so level 2.5 represents the
lowest level admitting an explicit rate functional.

A relevant motivation for the analysis of large deviations at level 2.5
comes from non-equilibrium statistical physics. Indeed, in this context the
current flowing through the system is a key observable and exhibits rich and
peculiar large deviation behavior, see, e.g., [3,42]. Moreover, the statistics of
the entropy production and the Gallavotti-Cohen symmetry cannot be de-
scribed only in terms of the empirical measure but require also the current
[12,46,47]. From a purely probabilistic viewpoint, the level 2.5 has been firstly
investigated in [39] in the case of a two-state chain. For a countable state space,
the level 2.5 weak large deviation principle has been established in [24]. In the
same setting, the large deviation principle is proven in [5] (and further ana-
lyzed in [4,6]), while the analogous result for diffusion processes is obtained in
[40]. A more general setting with time-dependent empirical measure and flow
is considered in [38,61]. We also point out that recently some thermodynamic
uncertainty relation [1] and some related universal bound on current fluctua-
tions [54,55] have been derived in [29,30] by using the level 2.5 large deviation
principle. Finally, we refer to [4,13] for a further discussion about level 2.5 for
time homogeneous Markov processes.

Outline of the Paper In Sect. 2, we describe our main assumptions on the
continuous-time Markov chains with time periodic rates. In Sect. 3, we intro-
duce the empirical measure, flow, current and state our main large deviation



3200 L. Bertini et al. Ann. Henri Poincaré

principles (cf. Theorems 1, 2 and 3). In Sect. 4, we discuss three forms of
entropy production, and in Sect. 5, we state the associated Gallavotti-Cohen
duality relations (cf. Theorem 4, Corollaries 5.2 and 5.3). In Sect. 6, we ap-
ply our general results to the case of two-state continuous-time Markov chains
with time periodic rates. The rest of the paper is devoted to the proof of our
results. In particular, in Sect. 7 we collect some preliminary facts. In Sect. 8,
we prove the upper bound for the LDP stated in Theorem 2 (cf. Eq. (3.13)),
the convexity and the lower-semicontinuity of the LD rate functional of The-
orem 2, while in Sect. 9 we prove the lower bound (cf. Eq. (3.13)) and the
goodness of the same rate functional. Theorem 1 follows easily from Theorem
2 by contraction, and therefore, the proof is omitted. The proofs of Theorems
3 and Theorem 4 are given in Sects. 10 and 11, respectively.

2. Continuous-Time Markov Chains with Time Periodic Rates

We consider a continuous-time Markov chain & = (&)cr, on a finite state
space V', with time periodic jump rates. We call r(y, z;t) the jump rate from y
to z at time t and we assume that (-, -;t) = (-, ;¢ + Tp) for some Ty > 0. To
have a well-defined process, we assume that r(y, z; -) is a measurable, locally in-
tegrable nonnegative function (see below). We also convey that
r(z,x;t) = 0.

Roughly, the dynamics is defined as follows. Starting from a state z, the
Markov chain spends at x a random time 7; such that

P(r, > t) = exp{/otr(x;s)ds},

where

Knowing that m = t;, at time ¢; the Markov chain jumps to a new state x;
chosen randomly with probability r(z, x1;t1)/r(x;t1); afterward, it waits in a;
a random time 79 such that

P(ry > t) = exp {— /w r(xl;s)ds} .

t1
Knowing that 7 = to, at time t5 the Markov chain jumps to a new state g
chosen randomly with probability r(x1,ze;te)/r(x1;t2), and so on.

Above we have not used the periodicity of the jump rates, and indeed the
construction is common to all time inhomogeneous Markov chains. Formally,
a time inhomogeneous Markov chain can be seen as a piecewise-deterministic
Markov process and its precise definition follows from the general construction
n [17]. Indeed, we can introduce the continuous variable s € [0, +00) and de-
scribe the state of the system at time ¢ by (&, s;) where s; := t. Then, the evo-
lution in V' x R is described by a time homogeneous piecewise-deterministic
Markov process with formal generator L



Vol. 19 (2018) LDP’s for Periodic Markov Chains 3201

Lf(.%', S) = asf(*% S) + Zr(‘r>y; S) [f(yv S) - f(l‘, S)] (2'1)

Following [17], to have a well-defined operator one needs that the jump rates
r(z,y;-) are measurable, locally integrable nonnegative functions. Due to [17]
time inhomogeneous Markov chains enjoy the strong Markov property.

We denote by E the set of pairs (y, z) such that r(y, z;t) > 0 for all ¢ > 0,
y # z. We think of (V, E) as a directed graph. Moreover, we write St for the
set R/TyZ, i.e., for the set [0, Tp] with periodic boundary conditions (0 and Tg
have to be identified).
Assumptions Qur assumptions are the following:
(A1) Ifr(y,z;t) >0 for somet >0, then r(y,z;t) > 0 for all t > 0;
(A2) The directed graph (V, E) is strongly connected;
(A3) The jump rates are nonnegative measurable functions such that

max _ sup 7(y,z;t) < oo, (2.2)
(,2)€E 1€[0,T)]
min_ inf r(y,z;t) > 0. (2.3)

(y,2)€E te[0,To)

(A4) We assume that the set D has zero Lebesque measure, where D C St
is the set of discontinuity points of the jump rates St, 3 t — r(y, z;t) €
[0,00), as y, z vary in V.

Assumption (A2) means that, given two distinct sites y, z in V, there is
a family of vertexes xg, z1,...,z, such that g =y, x,, = z and (z;,2,41) € E
foralli=0,1,...,n—1.

We point out that assumption (A4) is used only to derive Lemma 8.2.

Trivially, the discrete-time process f = (fn)n>07 with fn = &ury, 1S @
time homogeneous Markov chain. We write p(y, 2), y,2z € V, for its jump
probabilities. Since V' is finite and (V| E) is strongly connected, E admits a
unique invariant distribution mg, i.e., a unique probability measure my on V'
such that

S mo(@) pla,y) = 3 m) ply.a)  Vae V. (2.4)

yeVv yeVv

Note that the Markov chain E starting with the invariant distribution mg is
stationary, i.e., its law is invariant under time shifts (cf. Th.1.7.1 in [52]).
As a by-product of this fact, the Markov property fulfilled by £ and the Tp-
periodicity of the jump rates, one easily gets that the Markov chain £ starting
with initial distribution mg is Tp-stationary, i.e., its law is invariant under time
translations along times Ty, 27y, 370, . ... In particular, when ¢ starts with
distribution mg, the law 7 of & is a Ty-periodic function from Ry to the space
P(V) of probability measures on V. We point out that 7 is indeed the only
initial distribution for which the Markov chain £ starting at 7 is Ty-periodic;
hence, we call the associated law of { = (& )¢>0 on the space of cadlag paths
D(Ry; V) the oscillatory steady state (sometimes, as in [67], this state is called
non-equilibrium oscillatory state, shortly NOS).



3202 L. Bertini et al. Ann. Henri Poincaré

In what follows, we set 7 := mdt. 7 is a nonnegative measure on V x St
with total mass Ty (shortly, 7 € My 1, (V xSt )). Given a probability measure
v on V, we write P, for the law of the Markov chain (&);>¢ with initial
distribution v, and we simply write P, if v = d,,. The associated expectations
are denoted by E, and E,, respectively.

2.1. Graphical Construction

We conclude by providing a graphical construction of the continuous-time
Markov chain (&;):er, , which will be useful in what follows.
To each (y,z) € E we associate a Poisson process of rate A(y,z) =
SUPye[0,7p)] r(y, z;t). We write
z—{t(l <t§22 }
for the jump times of the above Poisson process. Let us write
7, :{tél) <t§2) <}
for the superposition U,7, .. It is known that 7, is a Poisson point process
n (0,00) with rate A(y) := >, Ay, 2) (i.e., 7, is the set of jump times of a
Poisson process with rate A(y)). Note that A(y) < oo due to (2.2). For each
(y,z) € E consider also a sequence of i.i.d. random variables U, , = (Uy({fz))kzl
uniformly distributed on [0,1]. The random objects given by U, ., 7, . with
(y, z) varying in E must be all independent.

Then, the graphical construction is the following. Suppose that ¢ = 0 or
that the chain has been updated at time ¢ and its state at time ¢ is y. Let s be
the minimum of the set 7, N (¢,+00) and let &, z be such that s = t?(,k; (they
are well defined a.s.). Then, s = t?(/kg is an update time and the update is the
following: if U < T(@(’ %3) then we let £, := z; otherwise, we let &, := y. After
the update, the algorlthm starts afresh.

3. Large Deviation Principles

3.1. Joint LDP for the Empirical Measure and Flow

Definition 3.1. Given T > 0, to each path X € D(Ry;V) we associate the
empirical measure fip(X) € P(V) and the empirical flow Q7 (X) € RY defined
as

1 /T _ 1
pr(X) = f/o dx, dt, Qr(X)(y,2) = T te[XO:T]- L(( X, Xy) = (y,2)).
Xi_£X;

Let ®: Ry x Ry — [0, +00] be the function defined by

q .
qlog];—(q—p) if ¢,p € (0,400),
+00 if p=0and ¢ € (0, +00).
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For p > 0, ®(-,p) is a nonnegative strictly convex function and is zero only
at ¢ = p. Indeed, since ®(q,p) = sup,cp {gs — p(e®* — 1)}, ®(-,p) is the rate
functional for the LDP of the sequence Ny /T as T'— 400, (N;)ier, being a
Poisson process with parameter p.

Given t € [0,Tp), let I;: P(V) x R¥ — [0, +00] be the functional defined
by

L(,Q) = Y (Qy,2), iy)r(y. 1)) (3-2)

(y,2)EE

Theorem 1. For each x € V', by taking T of the form T = nTy with n integer, as
T — +o0 the family of probability measures {P o (jir, Qr)~'} on P(V) x R¥
satisfies a large deviation principle with speed T and good and convex rate
functional I defined as

To

9 1
I(f, inf — jA i, 23
(‘u Q) ()u'tht)tgsTo TO t (:u’t Qt) ( )

where the infimum is taken among all measurable functions S, 3 t — (pt, Q)
€ P(V) x R¥ such that

O¢pz + div @y = 0,
= Jy medt = i (3.4)
1 Qudt = Q.

Theorem 1 follows easily by contraction from Theorem 2 below; hence,
we omit the proof.

We give some comments on the notation used in Theorem 1. First, we
recall that the infimum of the empty set equals 400 by definition. We also
recall that given A € RE , the divergence div A : V — R is defined as

div A(y Z Ay, 2) Z A(z,y). (3.5)

z:(y,2)eE z:(z,y)€E

Below we will often use the convention that given a function B : E — R,
we set B(y,z) := 0 if (y,2z) ¢ E. For example, due to this convention, we
can rewrite (3.5) as divA(y) = >, A(y,2) — >, A(z,y). Finally, the above
continuity equation Oy +div @y = 01in (3.4) is thought of in weak sense, i.e.,
using the time Ty-periodicity

/ S 0.0 ds—/ S Qs (39

for any C' function f : V x S;, — R. Here and in what follows, the C'-
regularity refers to time.

We finally observe that if divQ # 0 then I(fi,Q) = +oco. Indeed by
taking time average of the continuity equation in (3.4) and using that ¢ —
is defined on St, (and therefore can be thought of as a Ty-periodic function),
we deduce div@Q = 0.
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Remark 3.2. By contraction, one derives from Theorem 1 both a LDP for the
empirical measure fir and a LDP for the empirical flow Qr (cf. [4] for the
corresponding contraction in the time homogeneous case).

Remark 3.3. By the goodness of the rate function I in Theorem 2, the infimum
n (3.3) is achieved whenever (3.4) admits a solution. In particular, by the
goodness of I, we have that I(fi, Q) = 0 if and only if there exists a pair y =
uedt, Q@ = Q:dt solving (3.4) and such that I(p, Q) = 0. As a by-product with

Remark 3.6 below, we conclude that I(ji, Q) = 0 if and only if i = TLU fOTO e dt
and Q(y, z) = T%) fOTO i (y)r(y, z; ) dt for each (y, 2) € E.
3.2. Joint LDP for the Extended Empirical Measure and Flow

We introduce the space M 1, (V x Srp)) as the family of nonnegative measures
on V x S, with total mass equal to Ty, and the space M (E x St,) as the
family of nonnegative measures on E x St with finite total mass. Both spaces
are endowed with the weak topology, i.e., v, — v if and only if v, (f) — v(f)
for any bounded continuous function f (by compactness, continuous functions
on V x 8t, and on E x Sg, are automatically bounded). We will often use
the trivial identifications M (V x Sz,) ~ M4 (St,)V and M, (E x Sp,) ~
M (81,)E, as in the following definition:

Definition 3.4. Given a positive integer n, to each path X € D(Ry; V) we
associate the extended empirical measure p™ € My 7, (V x Sr,) and the
extended empirical flow Q) € M (E x Sp,) defined by

p™ (@, dt) = p (x)dt - where  p{™ () Z Xpory (@ (3.7)

Q" (y,z B) Z > (X, Xh) = (1, 2)), (3.8)
k 0 teB+kTy:
X, #X;
where B is a generic Borel subset B C (0,Ty]. (In the above formulas, we have
used the natural parametrization of St, by (0,Tp).)

We can identify functions f : V xSp, — R with functions f : VxR — R
which are Ty-periodic in the time variable. In what follows, when we say that
f:V xR,y — R is Ty-periodic or C*¥ we always mean in the time variable.
Similar considerations hold for functions f : £ x S, — R. By means of this
identification, we can rewrite (3.7) and (3.8) as

1 [me
= ﬁ/ f(Xe, t)dt, f:VxS8Sp —R, (3.9)
0
1
Q™ (g) = I Z 9(Xi—, Xi, 1), g:E xS =R, (3.10)
te[0,nTp]:
X, #X

where f,g are bounded and measurable.
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To simplify the notation from now on we set
M* = M-&-,Tg (V X STU) X M+(E X STO)- (311)

Definition 3.5. We introduce the subset A C M, given by the pairs (u, Q) €
M., such that:
(i) p = pedt with p (V') =1 for almost every t € St ;
(i) @ = Qudt;
(iii) Oy + div Q = 0 weakly;
(iv) for almost every t € Srp, it holds: w(y) = 0 = Qu(y,z) = 0 for all
(y,2) € E.

Theorem 2. Given x € V the family {Pz o (;L(”),Q(”))’l}n>1 of probability
measures on M, satisfies a large deviation principle with speed n and good
and convez rate functional I defined as

Q) = { Jo* I, Qo)dt - if (1,Q) € A,

) (3.12)
+00 otherwise.

The proof of the above theorem is given in Sects. 8 and 9.
We recall that the above LDP means that, for any C C M, closed and
any G C M, open, it holds

1

Im —logP, (1™, Q™) eC)<— inf I(uQ), 3.13

Jm S logPy (w1, Q™) €C) < — inf (. Q) (3.13)
1

lim —logP,((u™, Q™) e G)>— inf I(u Q). 3.14

Jim —log ('™, Q™) e g) > ot (1, Q) (3.14)

Remark 3.6. We point out that I(u,Q) = 0 if and only if p = m; dt and
Q = Q:dt with Q4(y, z) = m(y)r(y, z;t), (y,2) € E. Indeed, by the properties
of the function ® stated after (3.1), I;(u¢, @) = 0 if and only if Q(y,z) =
e (y)r(y, z; t) for any (y, z) € E. By Proposition 7.5 and the continuity equa-
tion, this last property is satisfied for almost all ¢ only when p = 7, dt and

Q = Qtdt with Qt(y7 Z) = Wt(y)r(ya Z;t) for any (ya Z) €FE.

Since ,L_LTLTO(') = %ou(n)('aSTo) and QnTo(') = %OQ(”)(.?STO)7 Theorem 1
with T of the form nTj follows from Theorem 2 by applying the contraction
principle.

3.3. LDP for Currents

Recalling that E denotes the set of ordered edges of V' with strictly positive
jump rates, we let Fs := {(y,2) € VXV : (y,2) € Eor (z,y) € E} be the
symmetrization of £ in V x V. We denote by RE: the family of functions
J : Ey — R which are antisymmetric, i.e., J(y,z) = —J(2,9) V(y, 2) € E,.
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Definition 3.7. Given T' > 0, to each path X € D(R4;V) we associate the
empirical current Jr(X) € RE: defined as

P =7 3 [ X) = 0.2) ~1((Xee X)) = (29)]

te[0,T7:
Xe—#Xy

(3.15)
for any (y,z2) € Es.

To introduce the extended empirical current, we denote by M, (Es x St,)
the space of signed measures J on Es; X St, which are antisymmetric in E,
(ie., J(y, 2, A) = —J(z,y, A) for any A C S, measurable) and have finite total
variation (i.e., J can be written as difference of two measures in M (EsxSr,)).
M, (Es x St;,) is endowed with the usual weak topology, i.e., v, — v if and
only if v, (f) — v(f) for any continuous function on E;s x St,.

Definition 3.8. Given T > 0, to each path X € D(R4;V) we associate the
extended empirical current J™ (X) € M, (E,s x Sg,) defined as

J " (y, z,B)

= %i ) [1((XtﬂXt) = (y,2)) = L((Xe—, Xi) = (Z,y))} (3.16)
k=0 t§?7+7lz};(i:

for any B C [0,Ty) measurable.

We introduce the continuous map
J: M(E xS8p,) — My(Es x St,) (3.17)
defined as

j(Q)(ya 2 A) = Q(ya 2, A) - Q(Za Y, A)v
for any (y,z) € E; and A C S, measurable, with the convention that
Qy',2',A) :=01if (v, 2") € E. Trivially, the following relation holds between
the extended empirical flow and current:

J(Q™) = g™, (3.18)

As a consequence, from the contraction principle and the joint LDP for (u("),
Q™) given in Theorem 2, we get that a joint LDP holds for (u(™), .J(™)) with

speed n and good and convex rate functional I (u, J) given by

~

Hud)yi= inf  1(1.Q) (3.19)

It turns out that the above variational problem expressing the new rate func-

tional I can be exactly solved, thus leading to Theorem 3 below. In order to
state this theorem, we need a preliminary definition:

Definition 3.9. The set A, is given by the pairs (u,J) € My 1, (V X Sp,) X
M, (Es x St,) such that
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(i) p = pedt with p (V') =1 for almost every t € St ;
(i) J = Jydt;
(iil) Oppy + div Jy = 0 where div Ji(y) = Z(y,z)GES Je(y, 2);
(iv) for almost every t € Sg, it holds: u(y) = 0 = Ji(y,z) < 0 for all
(v, 2) € Es;
(v) Jt(y,2) > 04f (y,2) € E and (z,y) € E, while Jy(y,2) <0 if (y,2) € E
and (z,y) € E

We recall that the continuity equation in Item (iii) has to be thought in
its weak form. To state the joint LDP for (u(™,J(™) we introduce also the
function ¥ : R x R x Ry + [0, +00] given by!

U [arcsinh L — arcsinh %}
U (u, i;a) = - [Va®+u? —Va? +@?] ifa>0, (3.20)
O (|ul, |ul) if a =0.

We recall that arcsinh (x) = log[z + V22 + 1].
Finally, for the theorem below, we recall that r(y, z;t) := 0 if (y,2) &€ E.

Theorem 3. Given © € V the family {]P’:,: o (M(”),J("))’l}n>1 of probability
measures on B

M1, (V X S1,) x Mo(Es x S13,)

satisfies a large deviation principle with speed n and good and convex rate
functional I given by

To J,p .
~ 1, Ag,
Flu J) = { Jo T, @Iyt if (n, ) € (321)
400 otherwise,
where
2 . .
‘t]v#(y’ Z) — Jt(yv Z) + \/Jt (y7 Z) + 4Mt<y)ut(z)r(y’ Z? t)T(Z, y7 t) . (322)

2
Moreover, given (u,J) € A4, the rate functional f(u, J) can be rewritten as
To
T 1 H K
I(,LL, J) = 5 Z \Ij(Jt(yaZ)v‘]t (y7z);at (yvz)) dtv (323)
0
(y,z)EE;
where
Iy, ) = pe(y)r (y,Z't) — me(2)r(z,y3t),
af'(y, 2) == 28/ (W) (2)r(y, 2 0)r (2, y; 1).

The proof of Theorem 3 is given in Sect. 10.

I This formula corresponds to [6, Eq. (6.3)], apart the correction of a typo there in the case
a=0.
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Remark 3.10. By contraction, Theorem 3 implies a joint LDP for the empirical
measure and current. The corresponding convex rate functional T : P(V) x
RE: — [0, +00] is given by

— ~

1
i, J) = inf —1I(u,J), 3.24
(1, J) nf (1, J) (3.24)

~H

where the infimum is taken among all pairs (u,J) in A, such that
2 [ dt = fiand & [0 Jdt = J, where p = pydt and J = Jydt.

4. Stochastic Entropy Flow

In this section, we assume that (y, z) € E if and only if (z,y) € E, i.e., E = E.
One usually defines the fluctuating entropy flow on the time interval
[0,nTp] as the Radon—Nikodym derivative

dP
ony [X] = log ] ((Xs)sefo,nTo]) » (4.1)

(]PB o RnTg) (0,7 T0]

where P 7, is the law on D ([0,nTy]; V) of the continuous-time Markov

chain with rates r(-,;t) and some initial distribution py and PB|[o,nTo} is the
law on D ([0,nTp]; V) of another continuous-time Markov chain with rates
rB(-,+;t), and some initial distribution (. Then, the measure P? o R, 7, is the
pushforward measure of the law P? in the time window [0, nTy] by R, R,
being the pathways time reversal in the time window [0, nTg]. Of course, defini-
tion (4.1) restricts to the case when the Radon—Nikodym derivative is well de-
fined. We further restrict to the case of Ty-periodic rates (-, -;t) and rZ(-, - t).
Below we will consider only three peculiar choices of rates 72(-, -;t): the naive
reversal (cf. Sect. 4.1), the reversed protocol first used in [15] (cf. Sect. 4.2) and
the dual reversed protocol first considered for time inhomogeneous processes
n [15] (cf. Sect. 4.3). The fact that by playing with different choices of the
backward process (i.e., the rates 7 here) we find different physical quantities
(excess heat, housekeeping heat, total heat, phase-space contraction,...) has
been pointed out in [10,14] for diffusion processes and in [32] for pure jump
Markov processes. We recall that the excess heat and the housekeeping heat
were first introduced by Oono and Paniconi [53]: the excess heat measures
the non-stationarity of the process, while the housekeeping heat measures the
distance of the process from the “instantaneous” reversibility. These two quan-
tities permit to obtain a refinement of the second law of thermodynamics (see
[10,14,32]). The total heat is then the sum of the excess heat and the house-
keeping heat. On the other hand, the phase-space contraction is a quantity
characterizing the irreversibility of a deterministic dynamical system [27,63].
For diffusion processes, see [14] for the fluctuation relation associated with
the phase-space contraction and to its generalization to obtain the fluctuation
relation of the finite time Lyapunov exponents.
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We point out that (4.1) implies directly the finite time fluctuation rela-
tion

P(ont, [X] € [0,0 + do))exp (—0) = PB ( Tty [X] € [-0,—0+ do)) , (4.2)
with the backward entropy flow o2 T, [X] defined by

dpB
UT?TO [X] = log d(

_— (X9)sciomtit)- (4.3)
]P)ORTLT()) [()’nTO] ( G[O, To])

By using Eq. (7.1) in Sect. 7.1 and the periodicity of the rates, we get

to (Xo) r(Xs-, Xy 8)
L s o D DLy oo gury

Xo_#X, (4.4)

_/O" 0ds [r(Xs;s)—rP (X To — )] .

ro(Xo)
XnTy
will not play any role in the large deviation limit. We now provide three ex-

amples of entropy flows relevant in statistical physics and show that—apart
negligible boundary terms—they can be expressed by contraction from the
empirical extended measure and/or flow.

We point out that since V' is finite, the boundary term b.t. = log

4.1. Entropy Flow From Naive Reversal

We take the identity reversal r2(y,z;t) := r(y,z;t), and we write
aﬁ‘%io"e for the associated entropy flow. We define the functional Syaive(, @)
on the space M, introduced in (3.11) as follows:

Snaive(11, Q) 1= Y [ Qly,,ds) log —"¥:%5)

STh —
(y,2)€EE r(z,y;To = s) (4.5)
=3 [l ds)irs) = r(w T - )
y
Then, the entropy flow fulfills the identity
1 naive b.t. n n
EanTO = T +Sna1ve( ( )7Q( )) (46)

4.2. Total Entropy Flow from Reversed Protocol

As rates r® (denoted here by rR), we choose the reversed protocol, i.e., we take
the rates

iy, z5t) == r(y, 2 To — 1) (4.7)

The resulting entropy flow, usually called total entropy flow, will be denoted
by am“ Defining the functional Si.; as

Stot (Q Z /Q Yy, z,ds) log Ey’ +5) (4.8)

woE 2,15 )



3210 L. Bertini et al. Ann. Henri Poincaré

for @ € M (E x Sr,), we get

1 b.t. n

E":ﬂt}) =~ 5 Q™). (4.9)
The above entropy production has been investigated in [57,59] for time periodic
processes.

4.3. Entropy Flow in Excess

Given t we write w; for the accompanying distribution (cf. [33]), which is
defined as the unique invariant distribution of the time homogeneous (and
continuous time) Markov chain with frozen jump rates r(-,-;t). Due to our
assumptions (Al) and (A2), the distribution w; is well defined, and moreover
it is strictly positive on each state of V.

As rates rB (denoted here by rPR) we then choose the dual reversed
protocol:

PRy, 2:1) = w;ol_t(y)r(z, y; To — t)wry—t(2). (4.10)
The resulting entropy flow, denoted by 077, and called excess entropy flow, is

related to the excess heat discussed in [34,53]. By the invariance of wy, from
(4.4) one easily gets the simplified expression

S XS
o [X] =bt+ Y log s Xs) (4.11)
s€(0,nTp] Ws (Xsi)
’ 0
" £X,
At the cost of a boundary term (irrelevant in the LD limit) we find
’ILTU
o [ X] =bt) - / ds [0s (log ws)] (Xs), (4.12)
0

which is the quantity considered in the time periodic setup by Schuller et al.
in [64]. By defining the functional

Sex(p) ==Y / 1(y, ds)0s log (ws(y)) (4.13)

for p € My 1, (V x Sp,)), we can write
1 bt

ex
—0 —
n TLTO n

+ Sex (™). (4.14)

5. Gallavotti-Cohen Duality Relations

As in Sect. 4 we assume that (y,2) € F if and only if (z,y) € E, i.e., E = FEj.

We recall that, given (u, Q) € M., it holds I(p, Q) = +o0 if (i, Q) € A
(see (3.11) and (3.12)). Hence, for the analysis of Gallavotti-Cohen duality
relations, we restrict to (i, Q) € A.

Definition 5.1. Given (u, Q) € A, with u = pdt and Q = Q. dt, we define the
transformed element (Ou,0Q) € A as Ou = (Opy)dt, 0Q = (0Q)dt where

el’l‘t = UTo—ts th(:% Z) = QTo—t(Za y) (51)
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It is simple to check that (Ou, 0Q) is indeed an element of A.

In what follows, we write I(u,@;r) for the joint LD rate functional of
Theorem 2 referred to the Markov chain with jump rates r(y, z;t). Similarly,
we add the reference to the jump rates in the entropy production functions by
writing Snaive (14, @;7), Stot (Q; 1) and Sex(p;7) (recall the notation introduced
in Sects. 4.1, 4.2 and 4.3). By means of the contraction principle, one derives
from Theorem 2 the LDP for the entropy production functions Spaive(t, Q;7),
Stot (Q; 1) and Sex(u; ) with LD functionals given, respectively, by

Inaive(s; T) = lnf{I(Mv Q; 7’) : Snaive(ﬂ'v Qv T) = 8}7
Itot(s;r) = lnf{I(M,Qar) : Stot(Q;r) = 8}7
Zex(s;r) = nf{I(p, Q;7) + Sex(psr) = s}.

Theorem 4. For any (u,Q) € A, we have the following level 2.5 Gallavotti—
Cohen duality relations:

I(Q/L,GQ;T’) = I(,L"vQ;T) + Snaive(ﬂ»Q;T)a (52)
I(0p,0Q; ™) = I(1, Q;7) + Seor (Q;7), (5.3)
I(0p,0Q;7P%) = I(1, Q5 7) + Sex(p: 7). (5.4)

Moreover, for any real s we have by contraction the following Gallavotti—Cohen
duality relations:

Z.nauivc(_s; T) - Inaivc(s; T) + s, (55)
Tiot(—s; TR) =Tiot(5;7) + 5, (5.6)
Tox(—s; ’I‘DR) = Tox(s;7) + 5. (5.7)

The above duality relations are new with exception of (5.6) which appears
also in [59,69]. The proof of Theorem 4 is given in Sect. 11.

If we have a time symmetric protocol, i.e., r (y,2;To —t) = r(y, 2;t),
then the naive entropy flow and the total entropy flow are identical and the
duality relations (5.5) and (5.6) become identical. If the accompanying distri-
bution satisfies the instantaneous detailed balance such that the relation (4.10)
becomes rPf (y,z;t) = r(y,2;To —t), then the excess entropy flow and the
total entropy flow are identical. In particular, the duality relations (5.6) and
(5.7) become identical. Finally, we point out that in [64] the Gallavotti-Cohen
relation has been experimentally checked in a context where the two previous
situations both take place; hence, in that context the three duality relations
(5.5), (5.6) and (5.7) are identical.

By the contraction principle, the duality relations in Theorem 4 imply
some analogous relations for the extended current. To this aim, we define
0J,(y,z) = Jry—i(z,y) = —Jn,_+(y,2) and write I(4,J;r) for the LD rate
functional f(u, J) of (u(™ | 7)) with jump rates (-, -;-) (see (3.19) and (3.23)).
In particular, one derives the following corollary:
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Corollary 5.2. For any (u,J) € A, it holds

To
10, 0;7%) — I(p, J;r) = Z/ Ji(y, 2 logE tid (5.8)
(y,Z)EE
IO, 0.7;7°%) = T, i) = Sex(ps 7). (5.9)

Proof. Recall the map J defined in (3.17) and note that
J(Q)=J= TJ0Q)=20J. (5.10)
Observe also that, if (u, Q) € A is such that 7(Q) = J, then

To
Sior (Q57) = Z / Ji(y, 2) log (y’”;d (5.11)

yz)GE (

The duality relation (5.8) then follows from (3.19) by taking the infimum in
both sides of (5.3) among all @ with (i, Q) € A and J(Q) = J, and by using
(5.10) and (5.11). The duality relation (5.9) follows by the same procedure
applied to (5.4). O

We remark that as the naive entropy flow (4.5) cannot be expressed
(up to boundary terms) as contraction of the extended empirical measure
and current, there is no version of Corollary 5.2 (i.e., with extended current)
for the duality relation (5.2). Finally, by applying once again the contraction
principle to Corollary 5.2 we get other duality relations (we omit the proof
since simple):

Corollary 5.3. It holds

I.(0J;r%) — 1, Z /TOJt (y, 2 log( )dt, (5.12)

(y z)eEE ( t)
Ly (03 7PR) — L (1577) = Sexc (5 1), (5.13)

where I. and I,, denote the LD rate functionals of the extended empirical
current and the extended empirical measure, respectively.

The first relation is the Gallavotti—-Cohen relation for the LD rate func-
tional of the extended empirical current only, and the second relation is a level
2-duality relation for the LD rate functional of the extended empirical density
only. We are not aware of previously derived relation of the type of (5.13) even
in time homogeneous setup.

Finally, we point out that the LD rate functional I(i, Q) (cf. (3.3)) and

T(fi,J) (cf. (3.24)) do not satisfy duality relations resulting from a naive
contraction of the relations in Theorem 4. Indeed, the three entropy flows
cannot be expressed as contraction of the empirical measure and empirical
flow/current (recall Definitions 3.1 and 3.7).
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6. Two-State Systems

We consider the simplest possible system, that is, a two-state (V = {0,1})
chain. In this case, the model is completely determined by the two periodic
functions 7(0,1) and r;(1,0) that fix the jump rates. (For simplicity of no-
tation, sometimes the time variable ¢ will appear as subindex in the rates.)
Even if elementary, this framework has, however, interesting and non-trivial
physical applications.

We list some relevant examples:

e In [57] we have a quantum dot with one single active energy level peri-
odically modulated that corresponds to a two-state Markov chain with

rates
_ r
Tt(o, 1) T 1+exp(zy)? (6 1)
_ Texp(zy) ’
Tt(l’()) T 14exp(xy)’

where x; is time periodic and related to the energy of the quantum dot,
the chemical potential and the temperature of the bath.

e In [64] we have a single defect center in natural ITa-type diamond excited
by a red and a green laser with time periodic intensity. The corresponding

rates are
r+(0,1) :ao(l—&—’ysin(%t)), 6.2)
r+(1,0) = bo.

e In [50], we have a two-state model of stochastic resonance given by
r4(0,1) = exp(fk COSQ(%t)), 6.3)
r¢(1,0) = exp(k COS(T—’;L‘)).

e In [70], it is discussed a piecewise constant and symmetric protocol

0,1) = —h ho — if 0 <t < al
(0, =exp(~he), L T A ()
r4(1,0) = exp(hy), ho+a if aTy <t < Ty,

for some « € (0,1).

Let us now discuss some results concerning the general situation. In all
this section we restrict to elements u, @, J with (1, Q) € A and (u, J) € Ag,
without further mention. For convenience, we call u; := 114(0), Q: := Q+(0,1)
and J; := J;(0,1) (note that this is different from the usual notation); accord-
ingly, the jump rates are here denoted by 7(0,1) and 7(1,0). The continuity
equation is simply Oypuy + J; = 0. Note that, by the above continuity equation,
the knowledge of p; and @, allows to recover

pe(1) =1 — pg(0), Q:(1,0) = gy + Qs Jy = =04 pug. (6.5)

On the other hand, given real functions p; and ; defined for ¢ € St, and
setting (6.5), we have that (u, Q) € A if and only if y; € [0,1], @ > 0 and
Orpr + Qr > 0.
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Moreover (recall that we restrict to (u, Q) € A), the LD rate functional
of Theorem 2 becomes
Q1

To
10.Q) = [ [@itos 2t
b (0,1) 4+ (1 — p)re(1,0) — 2Qt] dt.

(Oppe + Q)

+ Gune+ Qo)log 77— 50 (6.6)

In this case, one can compute explicitly the LD rate functional T, () =
infg I'(u, Q) associated with the extended empirical measure ™. We have
that I,,(u) coincides in this case with the joint LD functional for measure
and current, i.e., I, (i) = I(p, J). This is because the current is completely
determined by the density using d;py = —J;. (This fact is indeed true for more
general Markov chains, and indeed it is enough that the undirected graph
obtained from the transition graph by disregarding the orientation and iden-
tifying multiple edges is a tree.) The rate functional I,,, (1) is therefore obtained
as

Lo (p) = I(p, Q(p, Oppt)), (6.7)
where (cf. (3.22))

— O Oy t2 L — 2)r0(0. Do (L,
Qi (p, Oppa) = “+\/( ) +4l;(1 po)re(0, Dre(1,0)

We point out that, in general, given (u, Q) € A the level 2.5 rate func-
tional I(u, Q) is the time integration of I;(u:, Q¢) and the latter is related to
the level 2.5 rate functional (for the non-extended empirical measure and flow)
with frozen jump rates r(-,-;¢). One could wonder if the same property holds
for the level 2 rate functional I,,,(11). In particular, for 2-state Markov chains,
one could wonder if I,,,(u) equals

/ " o ) at = / N (Va0 - VA 50) de (69)

Formula (6.9) follows by the explicit form of the level 2 rate functional for a 2-
state chain, which is always reversible [19-22]. This property (i.e., the identity
between I,,, (1) and (6.9)) does not hold in general. Indeed, since by (6.8)

Qt(ﬂa 0) = \/Mt(l - Mt)rt(oa 1>Tt(1a 0) (6-10)

(6.8)

it holds

IO (g) = Ty (e, Qu(p,0)), (6.11)

where I;(-,-) denotes the integrand in the r.h.s. of (6.6). The above identities
(6.11) and (6.7) imply that I,(u) equals (6.9) when p is constant in time
(even with time-dependent rates), and imply that the zeroth-order term of the
formal expansion in Oyu of I, (p) = I(p, Q(p, O¢pt)) coincides with (6.9).

In [70] the LD rate functional of the excess entropy flow (called there
“cumulated work”) for a two-state model with a time symmetric piecewise
constant protocol is computed explicitly (cf. Equation (20) there). This explicit
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level 1 LD rate functional could be obtained by the contraction from our
previous formulas.

The 2-state case is simple enough to allow also an explicit computation
of the non-equilibrium oscillatory state 7. By a direct computation, we have

e Tt t To
m(0) = T /0 r5(1,0)ers ds 4 e F'7o / rs(1,0)e ds| |
t

1—e

e Tt t To
m(1) = PR /0 74(0,1)els ds + e 7o / r5(0,1)e ds| |
t

1—e

where I'; :== fg [rs(0,1) 4+ 75(1,0)] ds. Indeed, it is simple to verify that m,(0) >
0, m(1) > 0, m(0) + m(1) = 1 and that the continuity equation, which re-
duces to 9y (0) + m¢(0)r(0,1) — 7(1)r1(1,0) = 0, is fulfilled. Note that [25,
Prop. 3.13] provides an alternative formula for 7. Recall that I(u, Q) is zero
when i (y) = m(y) and Qi(y, z) = m(y)re(y, 2).

From now on we restrict to the special case ry := 7:(0,1) = r;(1,0). In this
case, it is possible to obtain an explicit expression for the rate functional Iy (Q)
of the empirical flow Q7 when T — 400 (see Remark 3.2). By the graphical
construction, since the jump rates are the same, we have that Qr coincides up
to negligible terms with % where A is a non-homogeneous Poisson process
with periodic intensity given by r;. When T = nTp, we can write Np =
2?21 Y;, where the Y; are i.i.d Poisson random variables of parameter fOTO rydt.
The variable Y; represents the number of points in the interval ((i — 1)Tp, i7p]-
Using the classic Cramér’s theorem, we deduce that

2Q

r

To

~ 1
} —2Q+7F,  Fi=— [ rdt (6.12)
TO 0

17(Q) = 2108 |
The above result can be also obtained variationally by showing that the min-
imizer in
- 1
I (Q) = — inf I(1,Q), (6.13)
To {(1.@): 45 J3° @udi=a)

is given by py = % and Q; = r;Q /7. We omit the computations.

Comparison with an Effective Time Homogenous Chain

Always in the case of equal jump rates, i.e., ry := rt_(O, 1) = r(1,0), we here
obtain an upper bound for the rate functional I(f, Q) (see (3.3)) in terms of
the level 2.5 rate functional of a time homogenous Markov chain with suitable
rates (in the same spirit of homogenization theory).

Let us call I” the LD rate functional for the empirical measure and flow
of a 2-state Markov chain having time independent rates equal to r(0,1) =
r(1,0) = 7. According to [5,6], we have

32

I"(,Q) = Qlog [ } —2Q +7, (6.14)
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where, by the divergence-free condition, Q = Q(0,1) = Q(1,0). (Also below,
we restrict to divergence-free flows Q; otherwise, we have I"(j1,Q) = co.) By
minimizing (6.14) among fi and comparing with (6.12), we get that

inf I7(1,Q) = 1;(Q) = inf T(1.Q).
In addition, we can show the inequality
I(1,Q) < I' (1, Q), (6.15)
which in general is strict. Inequality (6.15) can be derived simply by inserting
in (3.3) the special pair (u, Q) given by
(4:2)Qy, 2)

(o) =), Qily.2) = "

Considering more general Markov chains, one cannot expect inequality (6.15)
to be true. Indeed, such an inequality would imply that the rate functionals
have the same global minima, which in general is not valid; see Remark 3.3.

7. Preliminary Results

In this section, we collect some technical results. Since some of them will
be applied also to a tilted continuous-time Markov chain with less regular
jump rates; here, we only assume that the jump rates satisfy the periodicity
assumption (i.e., 7(-,-;t) = r(-,-;t + Tp) for some Ty > 0), assumptions (Al)
and (A2) and that r(y,z;:) is a measurable, locally integrable nonnegative
function. As mentioned in Sect. 2, the last assumption guarantees that the
associated continuous-time Markov chain is well defined [17].

Definition 7.1. Given u € My 1, (V x Sp,) we define Q" € My (E x Sp,)
as Q"(y,z,dt) = u(y, d)r(y,z;t). If p = pedt, then we set Q4 (y,z) =
we(y)r(y, z;t) (thus implying that Q" = QY dt).

7.1. Radon—Nikodym Derivative

Calling N; the number of jumps of the trajectory X up to time ¢, and 7, <
Ty < -+ < 7, the jump times, then it holds for 0 < ¢; <t < --- < t, <t
and z1,22,...,2, €V

P Nt:n,ne[ti,ti+dti) foralli:I,Q,...,n,
r & =ua; for all t € [t;,t;41),Vi=0,1,...,n
(7.1)

n—

n tit1 1
=exp { - Z/ r(xg; s)ds} H r(zi, Xiqp1;tipr)dt dts . .. dty,,
i=0 /i

i=0
where zg := x, to := 0 and t,,41 := t. We recall that r(z;s) := >, r(x, 2;s).
We consider another Markov chain on V' with Ty-periodic rates 7(y, z; t)
(given by nonnegative locally integrable functions) and such that

7(y,z;t) >0 = r(y, z;t) > 0.
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Then, its law Pm|[0,t] on the space D([0,t];V) of cadlag paths is absolutely
continuous with respect to P,[jp, and the Radon-Nikodym derivative on
D([0,t]; V) is given by

dP,
dp,

((XS)SG[O,t])
:exp{/o [r(Xs;8) — (Xs,s)}d} 11 M (7.2)

s€(0,t]:
Xs—#Xs

(0,¢]

Let us suppose that r(y, z;t) = 0 if and only if 7(y, z;¢t) = 0. Then, we
can write

Ty, z;t)

r(y, z;t)

(above we used the convention log(0/0) = 0). Note that F' is Ty—periodic. Since
r(y;-) and r(y, z; -) are Tp-periodic functions, we can restate (7.2) as follows:

dPE
dP,,
7.2. Some Identities
Take Q@ € M (E x St,). Denoting by B the Borel sets of Sg,, for each y € V

B3A—)Y QyzA4) =Y Q(z,y,4) = divQ(y, A) € R

m(y, zt) =1y, 2 t)eF(y’Z;t)7 F(y,z;t) ;== log

= exp {n,u(") (r —7) + nQ™ (F)}, PE .= P,. (7.3)

[O,RT()]

is a signed measure on Sz,,. In what follows, we denote by div Q(f) the integral
of f w.r.t. the above measure div Q:

To
divQ(f) = Z/o div Q(y,ds) f(y, s), f:V xSy —R. (74)
y

Lemma 7.2. Let f:V x Sy, — R be C'. Then,

PO (@) — divQ(F) = L (f(Xu,,0) — F(Xo,0)). (7.5)

Proof. Let s1 < s9 < -++ < 8y, be the jump times of the path X in the time
interval (kTp, (k 4+ 1)Tp). We set sg := kTp and Spq1 := (k + 1)Tp. We can
write

FXpsnymys (k+1)To) = f(Xkry, KTo) = f(Xs,,., (k+ 1)To) = f(Xs, -, kTo)

Z[f(XSjvsj+1) - f(X5j7sj)] + Z[f(X5j7sj) - f(Xija Sj)]
X =1

<
I
o

-

<
Il
=]

Sj+1
/ 0sf(Xs, s dS"rZ 8]7‘9] (ijf“sj)]

5j

(k+1)To
/ 05 f(Xs, s ds—i—z Xs;,85) = f(Xs, -, 55)].
k

To
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Averaging the above identities among &k = 0,...,n — 1 and using the Tj-
periodicity of f we get

R 10070 = 10X00) = s PN+ T [ @ 3z ds)(J(e16) = 10:)

— 1™ (B, f) — ZZ/ Q" (y, z,ds) f(y, s +ZZ/O QM (2,y.ds)f(y, s)

,To)

@ﬁ—m@WU»

7.3. The Oscillatory Steady State

We collect in the following proposition some asymptotic properties of the os-
cillatory steady state. Recall the definition of 7 given in Sect. 2 and Definition
7.1.

Proposition 7.3. The following holds:

(i) Fized t € [0,Tp], under P, the law of X¢inz, weakly converges to m; as
n goes to 0o;

(i) Py-a.s. p™ weakly converges to m = mydt in My 1,(V x St,). More
generally, given a measurable function f : V x Spy — R with || flee < 00,
it holds

nlLrI;o pw () =7 (f) P,-a.s. and in L*(P,). (7.6)

(iii) Py-a.s., fir weakly converges to T%) fOTO medt in P(V);

(iv) Py-a.s. QM (y, z; dt) weakly converges to QF (y,z)dt in M4 (E x St,).
More generally, given a measurable function g : ExSt, — R with ||g]lco <
00, it holds

nlingo Q™ (g9) = Q™ (9) P,-a.s. and in L' (P,). (7.7)
Proof. (i) Due to Assumptions (A1) and (A2), the discrete-time Markov chain
(Xt4nT,)n>0 is irreducible. Since V' is finite, we get that this discrete-time
Markov chain has a unique invariant distribution to which it converges (what-
ever the initial distribution). As a consequence, the invariant distribution must
be given by the distribution 7; introduced in Sect. 2. This concludes the proof
of Item (i). Item (iii) follows directly from Item (ii). The proof of Items (ii)
and (iv) can be derived from [35, Thm. 2.1] adapted to processes with cadlag
paths. We comment this step. We associate with the continuous-time Markov
chain £ = (&)ier, the random sequence X = (X, )r>0 of paths in D([0, Tp]; V)
with X, 1= (kry+s)o<s<71,- By the arguments presented to derive Theorem
2.1 in [35], we get that X is a Markov chain, ergodic and stationary when &,
is sampled with distribution 7. Hence, Pr,|jo,1,] is the marginal distribution
of X in the stationary state. Given measurable functions f : V' x Sy, — R and
g: E xSt — R with || f]leo, |g]lcc < 00, we can write (see (3.9) and (3.10))

n—1

B =SSR, FQ = [ fGon (78)

=0 0
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[

n—

Y GEX)+00/n), GO = D, 9(G-CGt), (7.9)
§=0 +€[0,To):

Ce—7#Ce
where ¢ denotes a generic element of D([0,Tp]; V). We observe that F,G are
integrable w.r.t. Pr|0,7,)- This is trivial for F' since bounded. The integra-
bility of G follows from the boundedness of g and the fact that the total
number of jumps in [0,75) under Pr, [0 7, is stochastically dominated by a
suitable Poisson random variable due to Assumption (A3); hence G € L' (P,,).
From Birkhoff’s ergodic theorem, we derive the u(™(f) converges to E,,[F]
and Q™ (g) converges to E,,[G] both P, —a.s. and in L'(Py,). Since P, =
> mo(x)P, and mo(x) > 0 for any x, we derive the convergence also P,—a.s.
and in L'(P,) for any z € V. O

3\>~

Lemma 7.4. It holds Oymy + div QT = 0 weakly.

Proof. Due to Definition 7.1, we only need to prove that w(9sf)—div@Q™(f) =0
for any C! function f : V x Sr, — R. This identity can be obtained by taking
the limit n — oo in Lemma 7.2 and using Proposition 7.3. U

We conclude this section with an alternative characterization of m = m;dt.

Proposition 7.5. The only weak solution p € My 1,(V % St,), with p = udt,
of the equation

Ogpie + div@l =0 (7.10)
s given by 7.

Proof. We first show that yp € My 1, (V xSr,), with p = p,dt, solving (7.10) is
an invariant measure of the piecewise-deterministic Markov process (W, Y;)>0
on V x Sp, with extended generator [17] given by (2.1) (we are making some
slight abuse of notation, since (z,s) in (2.1) has to be thought of as element
of V' x Sr, via the canonical projection for times). By [17, Thm. (26.14)],
the domain of the extended generator is given by the functions f(x,s) which
are absolutely continuous in s (we shortly write f € AC). Hence, due to [17,
Prop. (34.7)], i is an invariant measure for the PDMP if and only in pu(Lf) =0
for any f € AC. By density, it is enough that u(Lf) = 0 for any C! function
f, which (by integration by parts) is equivalent to the fact that p is a weak
solution of (7.10).

We set ps s1¢(x,y) := P(&+s = y|&s = x) for the probability transition
of the Markov chain. Since p is an invariant measure for the PDMP, given a
C* function f on V x Sr,, it holds

Z/S ps(x) f(, 5) ds—Z/ ps(2)E[f(Wr,, Y1,)|[Wo = 2, Y = s]ds
= ZZ-/S Ns(x)p575+TO (x,y)f(y,s +T0)d5
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= ZZ/S ,U'S(y)ps,s+To (y,x)f(x,s)ds (711)

Note that, in the last identity, we have used the Ty—periodicity of f. By the
To—periodicity of the map s — us and by the arbitrariness of f in (7.11), we
conclude that jis471,(¥) = ps(x) = 32, 115(Y)Ps,s+15 (¥, ¥). This is the equation
characterizing 7, apart a multiplicative factor. As a consequence, we get that
1 = cm for some factor ¢. Since both p and 7 have total mass Ty, we conclude
that ;1 = m. On the other hand, it is simple to check (by the arguments
presented above) that p := 7 solves (7.10). O

8. Proof of Theorem 2: upper bound (3.13), convexity and
lower-semicontinuity of I

We start by showing exponential tightness:

Lemma 8.1. The family {Pw o (u("),Q(”))_l}n>1 of probability measures on
M., is exponentially tight. B

Proof. Given ¢ > 0 we set KCp = {(1,Q) € M, : Q(1) < £}. Above, Q(1)
denotes the averaged value w.r.t. to the measure ) of the function constantly
equal to 1, equivalently Q(1) is the total mass of the measure Q). Then, K, is
a compact subset of M, [2]. To prove the exponential tightness, it is enough
to show that there exists C' > 0 such that

— 1
lim —logP,( (1™, Q") ¢ Ky) < —Ct (8.1)

n—oo n,
for large /.

We prove (8.1). The event {(u(™, Q™) & Ks} is simply the event that
the measure Q™ has total mass larger than £. Due to (3.10), the total mass
of Q™ equals 1/n times the number of jumps in the time interval [0, nTp)].
On the other hand, by the graphical construction presented in Sect. 2.1 the
number of jumps in the time interval [0,nTp] is stochastically dominated by
a Poisson variable Z of parameter AnTo where A =37, ) supcjo 7, (¥, 23 t).-
Since E[e7?] = exp{\nTy(e” — 1)}, by applying Chebyshev’s inequality, we

get
P ((u™,Q™) &Ko) =Po(QU(1) > ¢) < P(Z > nl) 52)
< e " E[e?] = exp{—nl + AnTy(e — 1)}. .

The above bound trivially implies (8.1). O

Recall that r(y;t) = >, r(y,2:t). Given a continuous function F' : E x
St, — R, we set

Py, zt) =r(y, )" @50 and (gt =Dy, 20).
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Moreover, we consider ¢ : V x Sr, — R of class C! and we define the mappings
Ijp: M, — Ry and Iy p : M, — [0,400] as follows:

Ty p (1, Q) = —p(0p9) + div Q(9) + Q(F) — p(r™ ), (8.3)
Ty r (s, if = ppdt, (V) =1 as.
e e e C

Lemma 8.2. The function Iy r is conver and lower semicontinuous.

Proof. Let us call A the set of pairs (u, Q) € M, such that p = pdt, (V) =1
for almost all ¢ € Syy,. It is simple to check that A is convex and closed in M.,.
Since A is convex and I, g is convex, it is simple to derive that I g (1, Q) is
convex.

Let us now prove that Iy p is continuous on 4. To this aim, given
(™, Q*)) — (v,Q) in A, we need to show that fqg’F(l/(k), QW) — f¢,,p(1/, Q).
Due to the definition of weak convergence of measures and since 9;¢, ¢ and F'
are continuous, the only non-trivial step is to show that v*)(h) — v(h) where
hi=7rT —r. Since h(y;t) = >, r(y, z;t)[eF @Y — 1], and F is continuous in
time, for each y the function h(y;-) is continuous on Sz, \ D (recall Assump-
tion (A4)). On the other hand, since v = 14dt, we have ) v(y,D) = 0. As a
by-product of the last observation and the Portmanteau theorem as stated in
[51, Thm. 12.6], we get that v*)(h) — v(h).

This concludes the proof that I4 r is continuous on the set 4. Since I
is continuous on the closed set A and it equals 400 on M, \ A, we conclude
that Iy r is lower semicontinuous. O

Let us define

M= exp{ — ™ — 1)+ nQ™ (F)} (8.5)
We recall that by (7.3)
R
dP, [0,nT] "

where PZ" is the law of the new Markov chain with jump rates 7 (y, z;t).
Due to (7.5), we can write

—nly (™, QM) = ¢( X1, 0) — ¢(Xo,0) — log ML (8.6)

In the above identity, we have used also that pu(™ (z, dt) = ,ui") (z)dt where 0 <
1w (z) <1 (cf. (3.7)), thus implying that Iy p(u™, QM) = I, p (™, Q).
Lemma 8.3. Fiz x € V. For each ¢, F as above and each measurable B C M,
1t holds

— 1
lim —logP, ((u(”)7Q(")) € B) <— inf Iy p(p Q). (8.7)

n—oon (n,Q)eB
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Proof. Due to (8.6), we can write
P, ((4",Q") € B)

=E, (exp{—nls r(u™, Q") — [¢(Xn1,, 0) — ¢(Xo,0)] JMF 1 (u™, Q™))

< [ sup e—nlqs,p(u,Q)]e2|\¢|\ocEm(Mf) :[ sup e—n1¢,F(N,Q)}ez|\¢|\m7
(n,Q)EB (n,Q)eB

thus implying the thesis. O

Due to the exponential tightness (see Lemma 8.1), it is enough to prove
the upper bound (3.13) for compact subsets K C M., instead of generic closed
subsets C C M.,. Due to Lemma 8.3, for any open subset O C M, we have

— 1
lim —1lo ]P’z< ™ QM) e ) <—sup inf I ,Q).
Jin o (17, Q") €0) < —sup int To.r(1.Q)
As a by-product of the above bound and the minmax lemma (cf.
[41, Lemma 3.3, App. 2]), we conclude that

— 1
lim —1lo ]P’z( ) GIC)g— inf supl ,Q).
e g (", Q) (LK ME 6,7 (1, Q)
Hence, to conclude the proof of the upper bound (3.13) it is enough to apply
the following lemma:

Lemma 8.4. For each (u, Q) € M., it holds
I(/’% Q) = Squ I¢,F</’L7 Q)? (88)

where the supremum is taken among all C* functions ¢ : V x Sr, — R and
continuous functions F : E x S, — R.

Remark 8.5. Note that, by the convexity and the lower-semicontinuity of I, r,
the above lemma implies the convexity and the lower-semicontinuity of I.

Proof. In what follows, we write ¢(-) for the Lebesgue measure on Sr,.

e Case (p, Q) ¢ A. We claim that (8.8) reduces to +o00 = 400 if (i, Q) ¢
A.

From the definition of I(y, Q) and Iy p(p, Q) (see (3.12) and (8.4)) ,
one trivially gets that both sides of (8.8) are +oo if (u, Q) & A, where A is
defined as in the proof of Lemma 8.2. It is also trivial to verify that both
sides of (8.8) are +oc if, for some C! function ¢ : V x Sy, — R, it holds
—u(0pp)+div Q(¢) # 0. Hence, in what follows we restrict to the case u = p.dt,
u: (V) = 1 for almost all t € Sp,,, and Orp + div@ = 0 (in the weak sense).
Since in this case Iy p(1, Q) does not depend on ¢, we write simply Ip(u, Q).

Suppose now that @ is not of the form Q);dt¢. Hence, there exists a subset
B of Sr, with zero Lebesgue measure such that Q(yo,z0,B) > 0 for some
(Y0, 20) € E. Since both £(-) and Q(yo, 20, ) are measures of finite mass, they
are regular. Hence, by [2, Thm. 1.1], for any ¢ > 0 there exist a closed set
D, and an open set G. such that D. C B C G., Q(yo,20,G: \ D:) < ¢ and
(G. \ D.) < e. In what follows, we take ¢ < Q(vo, 20, B)/2, thus implying



Vol. 19 (2018) LDP’s for Periodic Markov Chains 3223

that Q(yo, 20, De) > Q(yo, 20, B)/2. On the other hand, since ¢(B) = 0, we
get that ¢(G.) < e. By Urysohn’s lemma we can find a continuous function
©e : Sty — [0, 1] such that ¢. = 1 on D, and ¢. = 0 on GE. We then introduce
the continuous test function Fy(y, z,t) = ¥(€)dy,y, 02,2, ¥e (t) where the positive
parameter y(g) will be fixed at the end. Then, we have

Ir (1, Q)
To To
=3 [ Qs dnn0 -3 [ im0 - )
) 0 y 0

(y,2
To

To
= Q(y07207dt)F€(y07207t) - / Mt(yo)r(y07ZOvt)(eFE(yO7ZO7t) - ]-)dt
0 0

To
> V(E)Q(y(% 20, DE) - e’Y(E) / ut(yo)r(y()a 205 t)]l(t € GE)dt
0

> ~(£)Q(yo, 20, D) — €7 EU(G.) max r(y, z,t)

Y.zt

> 7(5)62(1/07 20, B)/2 - €V(€)5ma¥r(ya 2, t) (89)
Y,z

Taking y(e) := log(1/¢), we get that lim. o Ir. (1, Q) = +o00. Hence, it holds
supp Ir(p, Q) = +oo, while trivially I(u, Q) = 400 since (u, Q) € A.

We now focus on property (iv) in Definition 3.5 of A. Let us suppose that
there exist B C S, and an edge (yo, 29) such that £(B) > 0, u:(yo) = 0 for all
t € B and Q+(yo,20) > 0 for all t € B. We need to prove that supp Ir(u, Q) =
00. As above for any € > 0 we fix a closed set D, and an open set G such that
D. C B C G. and ¢/(G:\D.) < . Without loss of generality, we take D. C D,
if € > ¢’. Since £(B) > 0, we have {(D.,) > £(B)/2 > 0 for g9 := ¢(B)/2. In
particular, st Q+(yo, 20)dt > sto Q+(y0, z0)dt > 0 for any € < gy. Hence,
similarly to (8.9), we get

Y.zt

Ir (1, Q) > ~(e) /D Q+(yo, z0)dt — eW(E)E(GE \ B) maxr(y, z,t).

Using that ¢(G: \ D.) < ¢ and taking v(¢) := log(1/¢), we conclude that
lim. o I, (14, Q) = +00, thus proving that supp Ir(p, Q) = co.
This concludes the proof of our initial claim.

e Case (11, Q) € A. We now assume that (i, Q) € A. Since dp¢p+div @Q = 0,
we have Iy p(p, Q) = o, p(p, Q) =: Ir(p, Q). Hence, we only need to show
that

I(p, Q) = sup Ir(p, Q), (8.10)
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where the supremum is taken among the continuous functions ' : ExSr, — R
and

1@ = 32 [T QP sttt =3 [ )6 00 = o)
. To (8.11)
= Z/ dt Qt Y, 2)Fy, 2,t) — pe(y)r(y, 2 ) (7050 — 1)}.

(y,2)

Since (cf. (3.1)) (g, p) = sup,er{qv — p(e” — 1)} for any (¢,p) € Ry x Ry,
we can bound from above the integrand in the r.h.s. of (8.11) by

(I)(Qt (yv Z)v Ht (y)r(yv 23 t))v thus lmplylng that

To
(@) < Y / O(Quly: 2). pe(y)r(y. =) dt = I(n, Q). (8.12)

It remains to prove that I(u, Q) < supp Ir(p, @), F varying among the con-
tinuous functions. Since (i, @) € A we have

To
Z / D(Qe(y, 2), me(y)r(y, z: 1)) dt.

(y,z)€E
Given (y, z) € E and given € > 0 we define
Ay, z) = {t € S1, : Qu(y,2) =0},
B(y,z) :={t € Sr, : ut(y) =0 and Q+(y,z) > 0},
Cy,2) :=8n, \ (A(y,2) UB(y,2)) = {t € Sz, : Qu(y,2) >0 and pu(y) > 0},

Ce(y, 2) := {t €S 1 e <Quy,2) < % and ¢ < e (y) < %}

Since (1, Q) € A, we have ¢(B(y,z)) = 0. In particular, by definition of & (cf.
(3.1)),

To
/0 B(Qu(y. ), )y, z; 1))t

(8.13)
=/ ut(y)r(y,z;t)dﬂr/ ®(Qu(y, 2), wu(y)r(y, z; 1)) dt.
(y,2) C(y,z)
Since @ (Q:(y, 2), e (y)r(y, 2;t)) € Ry on C(y, z) we have
/ (Qe(y, 2), pe(y)r(y, z:t))dt
C(y,2)
=lim ®(Qe(y, 2), e (y)r(y, z;t))dt.  (8.14)
el0 Je, (v,2)

We now note that

3 /C O(Quly. 2) pe(w)r(y, = 0)dt = I (1,Q), (8.15)

(y,2)€E (y2)
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where
Qi (y,2) ifte Cs(y’ Z)’

log —CY:2)__
F.(y,z,t) = e (y)r(y,z;t)
w : {O otherwise.

Given M > 0 we now define

-M if te A(y,z),
FM,E(yazvt) = IOg% if te C’E(y,z),
0 otherwise.

Note that Fj/ . is a bounded measurable function. Since fA(y 2) we(y)r(y, z; t)dt
= limp/1oo fA(y (1= e MYy (y)r(y, z; t)dt, from (8.13), (8.14) and (8.15) we
conclude that

To
o) = Y / ®(Quly: 2 () (v 2 1)t = limn I, (1, Q).

(y,2)EE

Above, we have used the same notation as in (8.11), which remains mean-
ingful for bounded measurable functions. To have (8.10) it is now enough to
approximate Ir, . (1, Q) by Ir(p, Q) with I continuous, for any fixed £ > 0.
To this aim, we recall that by construction Fi,. . is a bounded measurable
function. Let v, be a sequence of continuous mollifiers. Then, G, . defined
as the convolution of Iy . . with v, is a continuous function with |G, c|loc <
| F'1 /e lloo and such that Gy, . — F /. . Lebesgue almost everywhere. By (8.11)
and dominated convergence, we then conclude that lim, .. Iq, . (14, Q)

IFl/s,s(M?Q)' D

9. Proof of Theorem 2: Lower Bound (3.14) and Goodness of I

The goodness of the rate functional follows from the exponential tightness in
Lemma 8.1 and Lemma 4.1.23 in [18]. Our strategy to prove the lower bound
is based on a relative entropy calculation according to the following general
result, where Ent(+|-) denotes the relative entropy of probability distributions.

Lemma 9.1. Let {P,} be a sequence of probability measures on a Polish space
X. Assume that for each x € X there exists a sequence of probability measures
{P*} weakly convergent to &, and such that

1 ~

lim — Ent (P}|P,) < J(z) (9.1)

n—oo N

for some J: X — [0,4+00|. Then, the sequence {P,} satisfies the large devia-
tion lower bound with rate functional given by sc™J, the lower semicontinuous
envelope of J, i.e.,

(sc™J) (x) := sup inf J(y)
UeN, veEU

where N, denotes the collection of the open neighborhoods of x.
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This lemma has been originally proven in [36, Prop. 4.1]; see also [48,
Prop. 1.2.4].

We first prove the inequality (9.1) for the functional J defined as follows.
Let Ag € A be the collection of elements (i, Q) € A such that there exists
e > 0 for which py(z) > e and e > Q4(y,2) > e for all t € Sr,, € V and
(y,2) € E. We define

J(1,Q) = {I(“vQ) if (11,Q) € Ao,

+00 otherwise.

Then, we finish the proof of the lower bound showing that (sc~J) = I.

Given (4, Q) € Ag, we consider a Markov chain P having jump rates
defined by

r(y,z;t) = M (9.2)
1t (y)
We observe that ¢ < 7(y,z;t) < e~2 and that p; satisfies the continuity

equation
Aype + div Q' = 0. (9.3)

The symbol Q" in (9.3) is defined like in Definition 7.1 by @f(% z) = ue(y)r
(y, z; t). Trivially, @“ = @ and therefore (9.3) follows from the definition of Ag.
Due to Proposition 7.5, we conclude that (p):>0 are the marginal distributions
of the oscillatory steady state of the time inhomogeneous Markov chain with
To-periodic jump rates (9.2).

We apply Lemma 9.1 considering the sequence P, := P, o (u(™), Q)1
and PH9 =P, 0 (™, Q)1 The convergence P () follows by
Lemma 7.3 and the above observation that p; is the marginal of the oscillatory
steady state of P.

We now observe that

1~ 1 /=
H Ent (Prgu’Q) ’Pn) S g Ent (cho,nTo]

IEDgc|[0,nTO])- (9.4)

This is a special case of a general result that says that relative entropy is
decreasing under push forward. This follows directly by the variational rep-
resentation of the relative entropy (see, e.g., [41, Sec. 8, Appendix 1]). By a
direct computation, using (7.3), we have that the right hand side of (9.4) is
given by

E, {MW (r—7)+Q™ <log i)} . (9.5)

Due to the definition of Ag and by Assumption (A3), the functions r — 7 and
log(7/r) are bounded in modulus. Hence, by the L!(PP,)-convergence in (7.6)
and (7.7) in Proposition 7.3, we get that, in the limit n — +o00, (9.5) converges
to

To
| @t = 10.Q) = 7(0.Q)

This completes the proof of (9.1).
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It remains to prove that (sc”J) = I. Since I is lower semicontinuous
and I < J, by definition we have (sc™J) > I. We need to prove the converse
inequality. Consider (i, Q) € A. We construct a sequence (fi,,,Qn) € Ag such
that (pn, Qn) — (1, Q) and moreover limy, oo J(fin, @n) < I(p, Q). This
implies (sc™J)(p, Q) < I(p, Q) and allows to conclude the proof.

We construct the above sequence by a diagonal procedure. To this aim,
we let Ay C A be the collection of elements (u, Q) € A such that there exists
e > 0 for which p¢(z) > ¢ and Qi(y,2) > e for all t € Sy, x € V and
(y,z) € E. Below we prove the following claim:

Claim 9.2. The following holds:

(i) For any (u, Q) € A, there exists a sequence (pn,Qn) € A1 such that

(s @) — (@) and morcover T oo I, @) < 1(1, Q).
(ii) For any (u, Q) € Ay, there exists a sequence (tn,Qn) € Ao such that
(ki Qn) = (1, Q) and moreover Timy, 4 oo I(fin, Qn) < I(11,Q).

The above claim allows to conclude as follows. Let us write d(-,-) for
a metric on M, leading to the weak topology on M., (see (3.11)). Fixed
(1, Q) € A, by Ttem (i) of the above claim, we can find (u,,@,) in Ay with
d((ptn; Qn), (1, Q) < 1/n and I(pin, Qn) < I(n, Q) +n~'. By Item (ii) we
can find (4, @4) in Ag with d (i, Q5. (m Q) < 1/n and I(u, Qh) <
T(jin, @u) + 1 Then (15, Q2) — (1, Q) and Tny 4 o0 T(15, Q3) < (1, Q).
Using that I(u),Qr) = J(u),QF) by definition of J, we conclude that

mn—w{-oo J(:uju Q:L) < I(M, Q)
The rest of this section is devoted to the proof of Claim 9.2.

9.1. Proof of Item (i) in Claim 9.2
Let (i, Q) € A. The sequence (py,, Q) is defined as

(e @)= (@) + (12 1) (1)

We point out that m;(y) can be estimated from below by the probability that
& = y and that the Markov chain does not jump in the time interval [0,¢].
Hence,

1
n

m(y) > mo(y) exp {— /Otr(y;s)ds} )

Due to Assumption (A3) (cf. (2.3)) and since 7 is a positive measure, we con-
clude that min, inf,cpo, 1) 7¢(y) > 0. As a by-product of this bound and again
(2.3), we also conclude that Q7 (y,z) = m(y)r(y, z;t) is bounded from below
by a positive constant uniformly in (y,z) € E and ¢ € [0,Tp]. These obser-
vations imply that (7, Q™) € Ay and therefore that (p,, @n) € A;. Trivially,
(Hns @n) = (1, Q) in M.

Since I is convex (cf. Remark 8.5) and I(m, Q™) = 0, we have

Q) < (12 2) 1. @)

which implies that lim,, oo 1 (ptn, @n) < (1, Q).
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9.2. Proof of Item (ii) in Claim 9.2

Let (1, Q) € Ay and let € > 0 be such that p(z) > € and Qi (y,z) > €
for all t € Sp,, « € V and (y,2) € E. To build (un,Qr) we fix a sequence
of nonnegative C>°-mollifiers ¢,, with [ ¢,(s)ds = 1 and with support in
[—1/n,1/n] (see [9]). We write (pn,@,) for the element in M, (cf. (3.11))
such that p, = [u,]idt, Q, = [Qn]:dt and

anle(y) = / (1)t — 5)ds, (9.6)
/Qs (y, 2)pn(t — s)ds. (9.7)

Since the maps t — p(y) and t — Qq(y,2) are in L1(dt) := LY(Sr,,dt), we
have that the mollified maps ¢ — [u,]:(y) and t — [Qn]:(y, z) are C* and
moreover converge in L(dt), as n — oo, to t — u(y) and t — Q¢(y,2),
respectively (see, e.g., [9, Chp. 4]).

Let us first prove that (un, @n) € Ag. It is simple to check that (g, @n)
€ Ay since (u, Q) € Ay. Note in particular that they solve the continuity equa-
tion and that [u,]¢(y) > € and [@Qn]:(y, z) > €. On the other hand, as already
observed, [un]: and [@Q,]; depend smoothly on ¢; hence, they are bounded from
above. This conclude the proof that (p,, @) € Ag.

It remains to prove that lim,, o I(n, Qn) < I(p1, Q). Since (1, Q) € A4
and due to Assumption (A3), we have that the following ¢ functions

Qt(y, 2), Qt(y, z) log e (y), Qt(y,2)logre(y, 2), pe(y)r(y, z;t)
(9.8)

belong to L!(dt). Hence, I(i, Q) can be written as the sum among (y,z) € E

of the following (y, z) parameterized expressions (which are meaningful since
all terms below, with exception of at most one, are finite):

Q+(y, 2) log Q¢ (y, z)dt — Q+(y, z) log i (y)dt
5o 570 (9.9)
- Qt(yvz) 1Og7"(y7z;t)dt - Qt(yaz)dt+ / ;U't(y)r(yazvt)dt
STO ST[) STO

Since the map (0, +00) 3 u — ulogu € R is convex and since the mollification
is an average, we have

(Quli (. 2) 10g[Qulu(v. 2) < /R on(8)Q1—s(y, 2) 10g Qr—s(y, 2)ds.

Hence,

/ (Qule(y, 2) loglQule(y, )dt < / dt / on(8)Qu—s(y, 2)10g Qs—a(y, 2)ds
St Sr, IR

= Q+(y, z) log Q+(y, z)dt. (9.10)

Sty
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On the other hand, due to Assumption (A3) and the properties of mollifiers
stated after (9.7), we have the following limits in L!(d¢):

[@nle(y, 2) = Qi(y, 2)| — 0, (9.11)
[@nle(y, 2) — Qi(y, 2)[| logr(y, ;t)| — O, (9.12)
[1n]t(y) = pe(y)r(y, 23t) — 0. (9.13)

Finally, we estimate

|[Qule(y, 2) loglunle(y) — Qe(y, ) log e (y)]
< |[@nle(y, 2) — Qu(y, 2)| - | logluale(v)|
+Qu(y, 2)| log e (y) — log[pne (y)]
<|logel - |[ nle(y, 2) — Qu(y, 2 |+Qt Y, 2 }logut y) — log[un]t(y)|.

We already know that the first term in the r.h.s. goes to zero in L(dt) (cf
(9.11)). On the other hand, we can bound

|Qe(y. 2)| log pue(y) — loglunle(y)| < 2Q:(y, 2)|loge| € Ly (dt)  (9.15)

Since t — [pn]i(y) converges to t +— pu(y) in L(dt), at cost to extract a
subsequence we can suppose that the convergence is also Lebesgue almost ev-
erywhere. As a by-product with (9.15), by dominated convergence, we conclude
that also the second term in the r.h.s. of (9.14) goes to zero in Lj(dt), thus
implying the limit

[[Qn]e(y, 2) log[un]i(y) — Qi(y, z)log pe(y)| — 0 in Ly(dt). (9.16)
To conclude, we write I(Q, pir,) as the sum among (y, z) € E of

[ 1@uletw 2 08(@ulelu, )t — [ [@uls(y:2) oglunls ()
St ST,
0 o (9.17)
- [ i ogrtyzsnde— [ Qulitw e+ [ unlilo)r(y, zs ),
Sty St

Sty

(9.14)

Note that all the above integrals are finite since (un,@n) € Ag and due to
Assumption (A3). By (9.10) the limsup of the first addendum in (9.17) is
bounded from above by the first addendum in (9.9), while by using, respec-
tively, (9.16), (9.12), (9.11), (9.13), we get that the limits of the other addenda
in (9.17) are given by the similar addenda in (9.9). This concludes the proof

that limy, oo I(tn, Qn) < (1, Q).

10. Proof of Theorem 3

Recall the continuous map J : My (E x Sp,) — My (Es x Sr,) defined as
JQ)(y,z,A) = Qy,z,4) — Q(z,y,A), with the convention that
Qy',2/,A) = 0 if (v,2') ¢ E. Due to the discussion preceding Definition
3.9, it only remains to show that the function
I(p,J):= inf I(u,
n0)i=  int 10.Q)
is convex and equals the r.h.s. of (3.21), and to derive (3.23).
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Convexity follows from the convexity of I and the affinity of J. Let
us prove that I(u,.J) equals the r.hus. of (3.21). Trivially, if J = J(Q) with
(1, Q) € A, then (p, J) € Ay. On the other hand, if (i, J) € A, then J = J(Q)
where Q:(y, z) := max{J:(y, 2),0}, in particular (4, Q) € A. Since I = +o0
on A°, we conclude that I(y,J) = +00 if (11,J) € A, in agreement with the
r.h.s. of (3.21). Hence, from now on we restrict to (p, J) € A,.

Given a current J € M, (Es xS, ), we can write it uniquely in its Jordan
decomposition J = J* — J~. We recall that J* are nonnegative measures in
M (Es x St,) with disjoint supports. The antisymmetry of J implies that

Iy, 2,A) = J (2,y, A) VA C Sy, measurable.
Since we restrict to (u, J) € Ay, we have J* = Jtdt and J~ = J; dt, where

J (y,2) == max{J; (y,2),0} and J; (y,2) := —min{J;" (y,2),0}. Note that
by property (v) in Definition 3.9 of A,, J* and J~ have support included in
E x STO'

All the flows Q € M4 (E xS, ) such that J(Q) = J can be characterized
by the decomposition Q = JT+.5, where S is an arbitrary element of M (F x
St,) such that

S(y,z,A) = S(z,y,A) if (y,2) € E and (2,y) € E,
S(y,z,A) =0 if (y,2z)€ F and (z,y) ¢ E.

Definition 10.1. We denote by S = S(p) the space of measures S € My (E x
St,) such that S = Sydt, Sy € Rf,

Si(y, z) = Si(z,9) ’Lf (y,z) € E and (z,y) € E,
Si(y,z) =0 f (y,2) € E and (z,y) € E,

and, given (y,z) € E, if u(y) =0 then S¢(y,z) =0 for a.e. t € St

Recall that we restrict to (u,J) € A,. By the previous observations,
the flows @ such that (u,Q) € A and J(Q) = J are characterized by the
decomposition Q = J* + S, where S € S.

Due to the previous observations, we have

I(u, J) = inf I(u, J* +5)

SES
(y,2)EE

To
—if Y / (5 2) + Sily, 2) u()ra(y, 2))dt, - (10.1)

where the infimum is among the symmetric elements S as above. Note that
we have set r4(y, z) := r(y, z;t). To solve the variational problem (10.1), it is
enough to minimize for each ¢ and for each (y, z) € E the contribution in the
r.h.s. of (10.1) of the terms associated with (y, z) and to (z,y) (if (z,y) € E;
otherwise, one restricts only to the term associated with (y, z)).

To this aim, given (v, w) € E we set

o) o D00) VTR0 T T (1
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Case 1. For (y,z) € E with (z,y) € E we know that S;(y,z) = 0 and
J(y,2) = Ji(y,2) (see Definition 3.9-(v)). Therefore, for all t € [0,Tp], we
have

(I)(J;r(:% Z) + St(?/, Z)a /J/t(y)'f‘t<y, Z)) = (I)(Qt‘LM(y? Z)7 ,U/t(y)rt(yv Z)) .

Case 2. Let us now take (y,z) € F such that (z,y) € E. It is enough to
minimize, for each ¢ € [0, Tp], the contribution

(" (y,2) + Se(y, 2), e (y)re(y, 2))
+(I)(Jt+(zay) + St(zvy)aﬂt(z)rt(zay))v (103)
when varying the parameter Si(y, z) = Si(z,y) in R;. We define

st = Si(y,2) = Si(z,y), i = w.2), J o= (y,2) =Tt (z,y).

Subcase 2.a. Supposing u:(y) > 0 and p¢(z) > 0, by definition of ® we
have to minimize (cf. (10.3))

.+ —
inf -+ 1 (jt + st) — 1 (Jt + st)
Stlgﬂh { (jt - St) o8 e (y)re(y, 2) * (jt * St) o8 we(2)re(2, )

)y, 2) + )z, y) = 3 =i =2} (104)

By simple computations, one gets that the minimizer is given by

G I O30 ey, 2z y)

2

We point out that s; > 0 since min(j;",j; ) = 0. It then follows that the
infimum in (10.4) equals

(I)( ‘t],#(yaz)7ut(y)’rt(yaz))+(I)( %]’#(Z7y),ﬂt(z)rt(z,y))- (105)

Subcase 2.b. If y;(y) = 0 and ps(z) > 0, then by Property (iv) in Defi-
nition 3.9 and by Definition 10.1 of S for a.e. t we have j,” = 0 = s;. In this
case, for a.e. t the contribution (10.3) equals

i o
m + pe(2)re(z,y) — 4y (10.6)

which again equals (10.5).

Subcases 2.c, 2.d. If p:(y) > 0 and pe(2) = 0, or p(y) = 0 and ue(z) =0,
one gets that s; = 0 and the contribution (10.3) equals (10.5) by the same
arguments used in Subcase 2.b.

Collecting all the above cases from Case 1 to Case 2.d, we get that

Ji log

To
I(p, J):/o Ii(pe, Q") dt (10.7)

for any (i, J) € A,. This concludes the proof of (3.21).

Finally, the derivation of (3.23) from the above formula can be done as
in [6] (cf. Theorem 6.1 there) by adapting the conclusion there. Let us give
more comments. Take (u, J) € A,. As for [6, Eq. (6.6)] we have



3232 L. Bertini et al. Ann. Henri Poincaré

\4 (Jt(yv Z)7 J#(y, Z)v a?(yv Z)) =
@ (@, 2) (v, 2:8) ) + @ (@ (2w eIz 3:1))

if both (y, z) and (z,y) belong to E. Hence, in this case we have

1{‘11 (Je(y, 2), I (y, 2); 4y (y, 2)) + O (Je(2,9), Jf (2,9); ai (2,9)) }

2
=0 (QM (. 2). m(wr(y. 1)) + @ (R (2. ). m(Ir(z 1)) . (10.8)

Let us now suppose that (y,z) € E and (z,y) ¢ E. Then, it must be
Ty, 2) = Q)" (y.2) = 0 and Jf'(y,2) = p(y)ri(y,2) > 0. Since af'(y, z) = 0,
we have

W (Jily, 2), I (. 2)iaf (9,2)) = & (@ (. 2), )y, 5:8) )
On the other hand, we have a}(z,y) = 0, Ji(z,y) = —Ji(y,2) < 0 and
JH(z,y) = —Jl'(y,2) < 0. Hence, by definition of ¥, we have

U (Je(z, ), JE (z,9)i 0 (2,9)) = ¥ (Je(y, 2), I (y, 2); 0 (y, 2)) -

Since moreover @(Q;}’”(z, Y), ue(2)r(z,y;t)) = ®(0,0) = 0, also in this case we
have (10.8). By symmetry we conclude that (10.8) holds for any (y,z) € FE.
As a by-product of the above observation, (3.2) and (10.7), we get (3.23).

We conclude by discussing goodness and convexity of 1. Goodness follows
from the goodness of I by application of the contraction principle. On the other
hand, by (3.19), T (14, Q) equals the infimum of the convex rate functional I on
a suitable affine subspace, thus implying that T itself is convex.

11. Proof of Theorem 4

In what follows, as done before, we use the convention 0log0 := 0.

11.1. Proof of (5.2)
Since both (u, Q) and (Ou, 0Q) belong to A, we can write

1(9/1'7 9@7 T) - I(/J,7 Q; T)
To—s\2Y

To
-> [ s
gz 70 +QT073(Z,y) log 11— (D) (Y,239)

Tt
! 2. Qs(y,2) — ps(y)r(y; s)
+ZJ:/0 as [Zz Qry-s(2,9) +HTo—s(y)r(y;5):|

~Qs(y,2)log -Gtk 1

Qu0 o8 L

+Qs(2,y) log Qs(2,y)

To
= Z/ ds

" >, Qs(y, 2) — ps(y)r(ys s)
* %:/o as [— >, Qs(2,y) + ps(y)r(y; To — S)} '
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Therefore, we have
1(9% GQ, ) - I(Nv Q; )

ps (y)r(y, 3 s) . :
= /O ds[z Qs(y, z) log m + gﬂs(y) (=r(y;s) +r(y; To — s)) ]
(11.1)

On the other hand, we have

To
[ e )

To
:/O ds > log (s (1) D (Qa(2) — Qu(2,1)).

z

Using now the continuity equation Oss(y) + >, [Qs(y, 2) — Qs(z,y)] = 0, we
obtain

To
/0 dsZst, log“s Z/ s log (114 (1)) Dupis (y) = 0. (11.2)

As a by—product of (11.1) and (11.2) one gets (5.2).

11.2. Proof of (5.3)
Since (1, Q) € A, we can write

Qu(w.2)
—Qs(y: 2) log 05tz }

To
I(Op, 0Q; ™) — (1, Qs 7) / ds Qs (29)
Z +Q1y—s(2,y) log (ot =

2 >, Qs(y, 2) — ps(y)r(y; s)
+Z/ ds { _Zz Qry—s(2,Y) + pre—s(y)r(y; To — s) :| ’

By a local change of variable Ty — s +— s the last expression in the r.h.s. is
zero, while the first expression can be simplified. This leads to

o zZ S
0. 00:r™) = 1.Qir) = 32 [ 5. (3. 2) g Lo TEEL

By (11.2) we can write the above r.hs. as }° fOTU ds Qs(y, ) log :Ei’; 9; =
Stot (@3 7).

11.3. Proof of (5.4)
Since (u, Q) € A, we can write

1(6/1‘7 eQa TDR) - I(:“’? Qv T)

-5 [ ~Qu(v:2) o8 75
_ s i
+QT0 s(Z y) 1og Qry—s(2,y)

—sWwp (W) (z,y:To—s)wr, —s(2)

> Qs(yw — ps(y)r(y; s)
* zy:/o as [— >, Qry—s(2,y) + pry—s(W)r(y; To — )
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+ 4 Qs (2.y) log s =l2)

To
:;/0 ¢ ws(y)ws = (y)r(z,y58)ws
o) R R e

) +
_ T"S Nog M@0 ()
- 2, @ )low "0

= s ) ws(2)
7/0 dZst, log 2221

We point out that the second identity follows from a local chance of
variable s — Ty — s, while the forth identity follows from (11.2).

By using the continuity equation dspus(2z) = Zy [Qs(y, z) — Qs(z,y)] and
integrating by parts, we conclude the proof of (5.4) by observing that

/ °dsZQs<y,z>1og b / °dszlog(ws<z>)Z<Qs<y,z)—Qs<z,y>>

w
0 Sy y

_Z/ Udslog ws 8 s (z 2/ dsps(2)0s log(ws( )) = Sex(p;7).

Qs (v, ) log it 1
®)

11.4. Proof of (5.5), (5.6) and (5.7)

These last three identities follow by minimizing (5.2), (5.3), (5.4), respectively.
One needs to observe that the map (u, Q) — (0u,0Q) is a bijection on A
and to use the identities Shaive (O, 0Q;7) = —Snaive(it, Q;7), Siot(0Q;7R) =
— S0t (@Q;7), Sex(Op;7PR) = —Se (u;7). For the last identity, we observe that
the accompanying measure w?R associated with the rates rDR(~, -;8) equals
Wty —s-
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