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On the Asymptotic Behavior of Static Perfect
Fluids

Lars Andersson and Annegret Y. Burtscher

Abstract. Static spherically symmetric solutions to the Einstein—FEuler
equations with prescribed central densities are known to exist, be unique
and smooth for reasonable equations of state. Some criteria are also avail-
able to decide whether solutions have finite extent (stars with a vac-
uum exterior) or infinite extent. In the latter case, the matter extends
globally with the density approaching zero at infinity. The asymptotic
behavior largely depends on the equation of state of the fluid and is still
poorly understood. While a few such unbounded solutions are known
to be asymptotically flat with finite ADM mass, the vast majority are
not. We provide a full geometric description of the asymptotic behavior
of static spherically symmetric perfect fluid solutions with linear equa-
tions of state and polytropic-type equations of state with index n > 5. In
order to capture the asymptotic behavior, we introduce a notion of scaled
quasi-asymptotic flatness, which encompasses the notion of asymptotic
conicality. In particular, these spacetimes are asymptotically simple.

1. Introduction

Perfect fluids in general relativity are described by the Einstein—Euler equa-
tions, i.e.,

Gop = 81Tns, VoI =0, (1.1)

where Gog = Rag — 3 Rgap is the Einstein tensor and T,g is the energy-
momentum tensor of the fluid. The latter is given by

Top = (p+P)uatp + P gas,

where p denotes the proper energy density, p the pressure and u® the velocity
vector normalized to u®u, = —1. The gravitational constant and the speed
of light are normalized, i.e., G = ¢ = 1. The system (1.1) is underdetermined
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unless we prescribe a so-called equation of state, p = p(p), relating the pressure
and proper energy density.

1.1. Spherical Symmetry and Staticity

In the present context, we are primarily interested in static solutions of (1.1).
Such solutions can be viewed as idealized models of stars when they have
compact support. In this case, the interior region is described by a perfect fluid
and the exterior region is given by an asymptotically flat vacuum spacetime. A
fundamental result, previously known as the “fluid ball conjecture”, states that
static asymptotically flat spacetimes with perfect fluid sources are spherically
symmetric. This conjecture was verified for solutions with positive density
p > 0 satisfying % > 0 by Masood-ul-Alam [55], building upon work of
Lindblom and Masood-ul-Alam [46,47,53,54] and Beig and Simon [10,11]. It is
therefore natural to restrict our attention to not only static but also spherically
symmetric solutions of (1.1). We do, however, not limit our analysis to the
standard asymptotically flat situation because it turns out to be a very rigid
assumption when dealing with perfect fluids in general relativity. Instead, we
also allow solutions with a slower falloff rate and a conical angle at radial
infinity.

Let us recall the setup of (1.1) in the case of spherical symmetry and
staticity. The static and spherically symmetric situation amounts to looking
at metrics in polar coordinates (¢,r, 0, ¢) of the form

g =—e?Mat? + 20 dr? 4 12(dh? 4 sin? 0dp?),

with unknown metric functions v, A. From the system (1.1), one obtains that
energy momentum conservation is described by the equation

v _ dp
dr ~ dr

On the other hand, integrating the field equations (1.1) gives e 72" =1 — 277”,
where m = m(r) denotes the mass m = m(r) up to the radius r, i.e.,

m(r) =4r /OT s2p(s) ds. (1.3)

The Einstein—Euler system (1.1) in spherical symmetry therefore reduces to
two coupled nonlinear ordinary differential equations for the mass function
m = m(r) and pressure p = p(p(r)) of the form

d
d—T = 4mr?p, (1.4a)

3 —1
dp _ _pm (P (AT (o 2m) (1.4b)
dr r2 p m T

The second equation (1.4b) has been studied extensively and is referred to as
the Tolman—Oppenheimer—Volkoff equation. Note that (1.4b) is highly nonlin-
ear and singular at the center r = 0, which largely complicates the analysis of
the static system (1.4). Hardly any solutions in closed form are known, even for

(p+p) " (1.2)
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the simplest equations of state. Known analytic solutions with linear equation
of state are the flat dust solution, the singular Klein—Tolman solutions [83] rele-
vant for neutron stars, the Whittaker solution [87], a stiff solution by Buchdahl
and Land [16], and de Sitter space and the Einstein static universe as solutions
with a cosmological constant (see Ivanov [44] for a full overview and a new
exact solution). The problem of finding explicit solutions is related to the inte-
grability of Abel differential equations of the second kind [43]. Global existence
and uniqueness of smooth solutions as functions of r to (1.4) for reasonable
equations of state and given central density pg > 0, on the other hand, were
already established in 1991 by Rendall and Schmidt [71]. Related results in
the relativistic and nonrelativistic case have been obtained in [8,17,50,69,74].

1.2. (In)finite Extent and the Role of the Equation of State

The global existence and uniqueness result of Rendall and Schmidt [71, Theo-
rem 2] holds for equation of state p = p(p) which are nonnegative and contin-
uous for p > 0, and furthermore smooth and satisfy 3—5 > 0 for p > 0. If the
matter has finite extent, then the fluid ball is joined to a (unique) Schwarzschild
exterior; hence, the solution is in particular asymptotically flat. If the matter
extends to infinity, then p tends to zero at infinity. In some borderline cases,
the ADM mass of the solution can still be finite (see Remark 1.7), but in gen-
eral it is not. In [71, Section 4] some criteria for (in)finite radii are discussed.
For example, the finiteness of the integral

Po dp

< 00, Po =p(7“=0),
/o p*(p)

implies that the stellar model has finite extent, a condition that depends on

the low-pressure regime only. A similar criterion has been derived by Makino

in [48, Theorem 1]. There, a finite radius is tied to the condition

p dp r—1 4

——=T+4+0(p ), asp—0+, I'e(%,2).

pdp ( »?)
On the other hand, a star with finite radius must satisfy

Po dp
/0 7p(p) T < 0. (1.5)

These criteria, however, do not cover all equations of state, and further analysis
are often necessary (see, for example, [40,78]). In the following, we discuss some
important special cases. Whenever the pressure only depends on the density
but does not depend on the entropy, the fluid is called barotropic. In order to
be able to directly replace the pressure p in (1.4) by the energy density p, we
therefore focus on barotropic equations of state.

Linear Equation of State. We are particularly interested in the linear equation
of state, with sound speed v K normalized to be in [0, 1], so that

p=Kp, 0<p<pp. (1.6)
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P d K [Frd
[t "5~
o Pp)+p 1+KJy p

the (in)finiteness criterion (1.5) shows that linear equations of state with K €
(0, 1] lead to solutions with infinitely extending fluid. The above criteria cannot
be applied to piecewise linear equations of state with a hard and a soft phase,
i.e., equations of state of the form

0 lfp < po,
p(p) = .
K(p—po) if p> po,

where the qualitative behavior changes at a critical density pg > 0. The dynam-
ics of the two-phase model with sound speed v/K = 1 in spherical symmetry,
which describes hard stars with a vacuum exterior, has been studied in the
work of Christodoulou [21-23] and recently by Fournodavlos and Schlue [33].

Since

Polytropic Equations of State. In Newtonian theory, polytropes are given by
a power-law equation of state of the form
ntl

p=Kpy
where py is the Newtonian mass density. For special values of n, these poly-
tropes are also adiabates. In the limit n — oo we recover the linear equation
of state. In general relativity, however, these power-law equations of state are
unphysical because the speed of sound could exceed the speed of light (see [79,
p. 31f] for a brief discussion on physical equations of state). The corresponding
adiabates in general relativity are represented by an equation of state of the
form

p=Kn',
where 7 is the rest-mass density and 1 < I' < 2 is the (constant) polytropic
exponent. The energy density p is then of the form
1 1 1
— = (OpT + — . 1.7
p=n+ P =0p" + 5P (L.7)
For C = K_%, and n = ﬁ the corresponding polytropic index, (1.7) is the
polytropic equation of state
,0:[(%])#1 + np. (1.8)
For C' = 0 we recover the linear “gamma-law” equation of state, i.e., p =
Kn' = (I' = 1)p. The polytropic equation of state (1.8) was already considered
by Tooper [85], who numerically observed instability for I' > 4 (n > 3).
From an asymptotic point of view, solutions to (1.4) with (1.8) and power-law
polytropic-type equations of state of the form
n+41
essentially behave in the same way because the low-pressure regime dominates
(compare, for example, [84,85]). Solutions of (1.4) with polytropic-type equa-
tion of state (1.9) with small central densities pg > 0 and 0 < n < 5 also have
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finite radii and finite masses as observed in [59,71,78]. However, for 3 <n <5
solutions with infinite extent do occur for larger central densities (compare to
the Newtonian case, where finiteness is guaranteed for n < 5). For n > 5 the
fluid is always unbounded with infinite mass.

Despite the frequent use of the linear and polytropic-type equations of
state in astrophysics (see, for example, [20,30-32,77,80]) and evolutionary
problems (see, for example, [17,37,45] for the linear and [14,50,63,70] for the
polytropic case), the very basic fact that a large class of static solutions and
likewise many other solutions are not asymptotically flat has received little
attention. In particular, we are not aware of a geometric description that cap-
tures the asymptotic behavior of perfect fluids with infinite extent. The main
motivation of this paper is to provide such a general geometric framework. We
will focus on the linear equation of state (1.6) and the polytropic-type equa-
tion of state (1.9) with index n > 5. Although unphysical, the focus on (1.9)
is natural because it is known to lead to solutions with a similar asymptotic
behavior as (1.8) but is easier to handle analytically.

1.3. The Asymptotic Behavior

It was already observed by Chandrasekhar [19] in 1972 that spherically sym-
metric static solutions to (1.4) with a linear equation of state (1.6) exhibit an
interesting limiting behavior as they approach a singular solution with den-
sity function pso(r) = constant - =2 as r — co. Chandrasekhar computed the
asymptotic behavior for K =  (and K = 1) using a reformulation in terms of
Milne variables and observed a spiraling behavior to the singular solution in
these coordinates.

In the late 1990s, Makino reformulated (1.4) with linear equation of state
(1.6) as an autonomous system and used plane dynamical systems theory,
more precisely the Poincaré—Bendixson theorem, to obtain that for K = % the
singular solution is the only element in the w-limit set and hence all regular
solutions converge to it [48, Appendix]. Thus, asymptotically the solutions
behave like p(r) ~ =r=2 and m(r) ~ r as r — oo. He also studied the
spiral structure for more general equations of state in [49], and specifically
linear equations of state in [49, Section 2].

Around the same time Heinzle, Nilsson, Rohr and Uggla [41,42,58,59]
developed a different dynamical systems approach to study Newtonian as well
as relativistic stellar models. Nilsson and Uggla [59] numerically investigated
the asymptotic behavior of solutions with power-law equations of state of the
form (1.9) and revealed that static solutions with finite extent are the only ones
that occur for n < 3.339, but never occur if n > 5. The more general approach
of Heinzle, Rohr and Uggla in [42] applies to barotropic equations of state that
are asymptotically polytropic and linear at the low- and high-pressure regime,
respectively. They reformulate the spherically symmetric, static Einstein—Euler
system (1.4) by introducing certain dimensionless variables to obtain a regu-
lar dynamical system on a cube. This reformulation is very well suited for
numerical computations and visualization.
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While all of the above reformulations as dynamical systems lead to very
clear convergence results in the reformulated variables, they cannot be used to
derive a convergence rate in the original formulation. Lower-order terms are
crucial to understand the resulting geometric structures and determine their
asymptotic behavior. A big drawback is the fact that the radial parameter r is
removed in the system (1.4) by implicitly replacing it with a new parameter,
for example, in the work of Makino by

" d
)= | T m()) -

whose growth rate with respect to r cannot be controlled well enough a priori.
Such implicit reformulations prevent us from interpreting the results obtained
in the dynamical systems picture in the original variables, i.e., m, p,p, and
r. Nevertheless, the reformulation of (1.4) as a dynamical system is also the
major analytic tool employed in this paper.

1.4. A Geometric Interpretation: Our Results

In what follows, we provide a geometric description of the asymptotic behav-
ior of solutions to (1.4) with linear equation of state (1.6) and power-law
polytropic equation of state (1.9) with index n > 5. We show that spherically
symmetric static perfect fluids with linear equation of state are so-called quasi-
asymptotically flat, a concept developed by Nucamendi and Sudarsky [60]
which generalizes (and includes) the notion of asymptotic flatness and at the
same time admits conformal compactifications. The spatial Riemannian part
of the metrics is asymptotically conical.

Definition 1.1 (Quasi-asymptotically flat metrics (AF«a) [60]). A spacetime
(M, g) with topology R x (R?\ Bgr(0)), where Br(0) is a ball of radius R
around 0, is called quasi-asymptotically flat (AF«) if there exist @ € (0,1) and
coordinates (7,&, 0, ¢) so that

9=9"+g, (1.10)

where g% is the so-called standard quasi-asymptotically flat metric (or SAFa
metric), given by

g% = —dr? +d€? + (1 — @)€2(d6? + sin? 0dp?), (1.11)
and g is of the form
Gudrtds” = a,;,d7? + aged€® + 2a¢,dédr
+ E%[apgdf* 4 agy sin® Odd® 4 2ags sin HdOd ]
+ 2¢[arodTdl + aggd&dl] + 2€[ary sin OdTde + agy sin OdEdg),
with a,, = o(672) as &£ — oo.

Note that the SAFa metrics g play the same role as the Minkowski
metric does for asymptotically flat spacetimes.
Our result is formulated in this framework of quasi-asymptotic flatness.
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Theorem 1.2 (Linear equation of state). The unique global smooth solution
to the initial value problem of the static Einstein—Euler equations (1.4) in
spherical symmetric with linear equation of state p = Kp, for fired K € (0,1),
and central density po > 0, is quasi-asymptotically flat.

More precisely, in coordinates (T = rlirikt,f = \/{—7’97¢)7 the solution
converges to the standard quasi-asymptotically flat metric

g% = —dr? +d&% + (1 — )&%(d? + sin? 0dp?),

with a = ﬁ with rate o(€72) as & — oo.

+4K

The asymptotic behavior is different for solutions to (1.4) with power-
law polytropic-type equation of state (1.9). If n < 3 only solutions with finite
extent occur, if n > 5 only solutions with infinite extent occur [59]. Although
the latter solutions represent metrics that converge to the flat spacetime, they
are neither asymptotically nor quasi-asymptotically flat in the strict sense due
to a slower convergence rate than o(r~2) and an infinite ADM mass. This
deviation from the standard (quasi-)asymptotically flat situation is captured
in our notion of scaled quasi-asymptotic flatness.

Definition 1.3 (Scaled quasi-asymptotically flat metrics (AFa/3)). A spacetime
(M, g) with topology R x (R3\ Bg(0)), where Br(0) is a ball of radius R around
0, is called scaled quasi-asymptotically flat (AFag3), if there exist a € [0,1),
B > 0 and coordinates (7,&, 0, ¢) so that

9=9""" +3g, (1.12)

where ¢(®P) is the so-called standard scaled quasi-asymptotically flat metric
(or SAFa/3 metric), given by

g = —dr? 4+ 27 (A€ + (1 — @)&(d6? + sin® 0de?)) | (1.13)
and ¢ is of the form
Gupdztda? = a,;,d7? + age€?Pde? + 26Pag, dédr
+ 2049 [a99d6? + agg sin® 0de? + 2ag, sin HdOd ]
+ 26"P(a,d7df 4 a,4 sin OdTdg)]
+ 26120 [a0dEd0 + aggy sin 0dEd ),

with a,, = 0(€72) as € — oo.

Remark 1.4 (Relation to asymptotic flatness). If o« = § = 0, then g(®#) =
g® = ¢° is the flat Minkowski metric. In fact, we can write the Minkowski
metric as ¢(*? for any choice of > 0 and fixed 1 — o = ﬁ if we choose

a new radial coordinate ¢ = **{/(1 + 3)r, since then dr = ¢°d¢. Thus, while
AFaf metrics with 1 —a = W are asymptotic to the flat spacetime, their

convergence rate is generally too slow to fall into the standard asymptotically

flat regime (the ADM mass is infinite). If, on the other hand, 1 — a < ﬁ
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the corresponding AFaf metrics converge (slowly) to a spacetime metric g¢
with a true conical angle.

Alternatively, we could have defined the SAFa 3 metrics in (1.13) to be
of the form

9\ = —dr® + (14 B)¢*7 (d¢* + (1 — a)¢*(d6* 4 sin® 0d¢?)) ,

to emphasize the transformation of the Minkowski metric via ¢ = '*¢/\/T+ Br
for any > 0 and fixed @ = 0 (independent of ). For o > 0 we would obtain
the SAFa metrics in (1.11) with a true conical angle.

We formulate our result in this scaled quasi-asymptotically flat setting of
Definition 1.3.

Theorem 1.5 (Polytropic equation of state). The unique global smooth solu-
tion to the initial value problem of the static Finstein—FEuler equations (1.4) in
. . . . n+1
spherical symmetry with power-law polytropic equation of state p = Kp w ,
for K € (0,1) and n > 5 fized, and central density py > 0, is scaled
quasi-asymptotically flat. More precisely, in coordinates (1 = e’ & =

/(14 B)r,0,), the solution is asymptotic to
g = —dr? + €0 (d€® + (1 — @)€*(d0° + sin® 0d¢?)) ,

where 3> "2 and 1 — o = ﬁ < ﬁ, with rate o(f_%) as & — oo.

In the original coordinates (t,r,0, ), the spatial part of these solutions is
asymptotic to the Euclidean metric

RO = dr? 4 r%(d#? + sin? 6d¢?),
with convergence rate O(riﬁ) as r — o0.

Remark 1.6. In view of the relation of ¢(®?) to the Minkowski metric when

1l—a= ﬁ, discussed in Remark 1.4, Theorem 1.5 shows that solutions

to (1.4) with power-law polytropic equation of state are in fact asymptotic
to the flat metric. However, the convergence rate of O(r_n%l) as r — oo is
too slow to interpret this behavior in the standard asymptotically flat setting
which requires o(r’%). It is conceivable that for related equations of state,
e.g., equations of state that are asymptotically linear/polytropic in the low-
pressure regime, also a nontrivial conical angle would occur, expressed by an
inequality 1 —a < ﬁ

Remark 1.7 (The borderline case). The asymptotic behavior of solutions to
(1.4) for equations of state that become polytropic of index n =5 at the low-
pressure regime (recall that the low-pressure regime is critical for the behavior
at spatial infinity) is already known. It has been shown that the so-called
Buchdahl equation of state [15], given by

p0/5

1
-
6pé/5_p1/57 < p < po,

p
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and generalizations thereof [9] yield asymptotically flat solutions with a fluid
extending to infinity. This essentially agrees with our observation in Theo-
rem 1.5 if we would consider the limit n — 5, because the necessary falloff rate
to obtain an asymptotically flat spacetime requires o(r~2) [24]. As such the
index n = 5 is the borderline case between finite and infinite mass/extent.

In what follows, we briefly mention some of the properties of our geomet-
ric framework and discuss our results in the wider context of relativistic perfect
fluid models and of Einstein—matter equations in general. For further defini-
tions, properties and discussions related to the (scaled) quasi-asymptotically
flat metrics, we refer the reader to Sect. 2 of this paper.

Remark 1.8 (Generalized ADM mass). Since static perfect fluids with lin-
ear equations of state and polytropic equations of state with index n > 5
are not asymptotically flat, their ADM masses are infinite. In the framework
of quasi-asymptotic flatness, however, one can substitute the infinite ADM
mass by the use of a so-called ADMa mass introduced by Nucamendi and
Sudarsky [60]. This notion of mass coincides with the monopole mass used
in [6]. The standard quasi-asymptotically flat metric g* has vanishing ADMa«
mass. The ADMa mass of a regular solutions described in Theorem 1.2, how-
ever, remains unknown and we argue in Remark 3.9 that it could be unbounded
below. Hence, also the concept of the ADMa mass is of little use in the analysis
of perfect fluids.

Based on our notion of scaled quasi-asymptotic flatness with reference
metrics ¢(*”) as in Theorem 1.5, we consider a naive definition of an ADMa/3
mass in Remark 2.14. For reference Riemannian metrics

(@B — €20 (4% + (1 — @)€2(d6® + sin® Bd?))

and h a scaled quasi-asymptotically flat metric, we let

1
=—— lim ¢*
167‘(’(1 — Oé) £—o0

></ (Rl Pk plenB)it h(aﬁ)ijh(mﬁ)kl)v§9‘ﬁ)(hkl)dSi7
S¢(0)

mapMas(h)

(1.14)

where dS; is the i-th surface element and V(*#) is the covariant derivative
with respect to h(*%). We will see that, if a = 8 = 0, then (1.14) is just the
ADM mass, i.e.,

M ADMO0 (h) = TMADM (h) .

The advantage of (1.14), however, is that it makes sense also for metrics that
are asymptotically flat in a nonstandard sense, namely for asymptotically con-
ical metrics and those with a slow converge rate as described in Definition 1.3.
The slower convergence rate is accounted for by multiplication by ¢=7, and
the deficit angle is accounted for by dividing by 1 — a.
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Since the solutions studied in Theorems 1.2 and 1.5 are of AFa and AFa 8
form, we obtain on a hypersurface ¥, (7 is a rescaled time variable)

mapmas(B]s,) = O(1) + 720(1) < oo,

(14+3K)?

Rz R, and

for g > 11_;?5( and 1 —a <

o LK (n=3)(n+1)"
mapmas(BPY[s,) = \1/27r((n)_(1)2) € (0,00),

for B = %’3 and 1 — o = ﬁ. For further details, see Remarks 3.10 and
4.3. Tt remains to be checked whether any such notion of ADMa mass can
be derived in a coherent and coordinate-invariant fashion, and if and in what
sense such a mass could be preserved in time. A rigorous approach could be
based on related work on other masses [24,56,60].

Remark 1.9 (Dynamics). Knowledge about the asymptotic behavior of static
perfect fluids is also of use in the full dynamic picture when constructing local
solutions out of initial data sets. For example, recent results of LeFloch and
the second author [17] on the formation of trapped surfaces make use of initial
data that are constructed as large focused perturbations of static spherically
symmetric perfect fluids with linear equation of state. Local existence results
for solutions to the Einstein—Euler equations (1.1) with, in particular, power-
law polytropic equations of state (1.9) but compact support have been studied
in the smooth case by Rendall [70]. Using initial data with compact support
or satisfying certain falloff conditions, Brauer and Karp [12-14] constructed
solutions in a class of weighted Sobolev spaces with fractional order depend-
ing on the polytropic exponent I'. However, already Makino [50,51] remarked
that general static solutions of (1.4) are actually excluded from the class of
density distributions allowed in the setting of Brauer and Karp, and proves
existence of smooth solutions near an equilibrium. Oliynyk [62,63] recently
also obtained local existence results in the realistic case of compact barotropic
fluid bodies with a free matter—vacuum boundary. For initial value formula-
tions that do admit smooth static solutions with infinite extent studied in
Theorems 1.2 and 1.5, we expect that our geometric interpretation applies to
other solutions studied in those frameworks as well. In fact, problems with
the common geometric paradigm of asymptotic flatness already occur when
one wants to consider rotating stars with a vacuum exterior. These stars are
modeled by stationary, axisymmetric perfect fluid spacetimes and one would
expect that they are—in analogy to the static case—glued to a Kerr vacuum
exterior. This is surprisingly not the case [18,52], but if a rotating star col-
lapses to a black hole, it is expected that the exterior region is approximately
Kerr [5,35,57,64,77,80].

Remark 1.10 (Other matter fields). The prototype for quasi-asymptotically
flat metrics is the global monopole spacetimes studied by Barriola and Vilenkin
[6], Nucamendi and Sudarsky [61] and others. Conical singularities (albeit in



Vol. 20 (2019) On the Asymptotic Behavior of Static Perfect Fluids 823

the center) also occur in electromagnetic fields, more precisely in asymptoti-
cally flat spherically symmetric static solutions of the Einstein—-Maxwell equa-
tions as shown by Tahvildar-Zadeh [82]. Spherically symmetric static solutions
to the Einstein—Vlasov equations can also have infinite nonasymptotically flat
extent, and criteria for collisionless gas related to those in the perfect fluid
case which guarantee solutions with compact support have been discussed
by Andréasson, Fajman, Ramming, Rein and Thaller [2,3,69]. Moreover, in
a dynamical collapse scenario Rendall and Veldzquez [72] obtained solutions
to the Einstein—Vlasov equations with naked-type singularities that are self-
similar and not asymptotically flat. Overall it is apparent that spacetimes
with matter extending to infinity that are not asymptotically flat are not
merely an artifact of these theories but in fact a common feature in gen-
eral relativity worth exploring. After all, asymptotic flatness is an idealiza-
tion that may simply not be suitable for many mathematical and physical
scenarios. The very basic vacuum solutions with positive and negative cos-
mological constant, de Sitter and anti-de Sitter spacetimes, respectively, are
prominent examples of asymptotically simple manifolds (in the sense of Pen-
rose [65-68]) that are not asymptotically flat. Spacetimes with an asymp-
totically hyperbolic (anti-de Sitter) behavior, in particular, became increas-
ingly important in the last few years [1,4,26,29,86]. We believe that, along
these lines, the geometric notion of scaled quasi-asymptotic flatness can
be verified and adopted in several other scenarios in general relativity as
well.

Outline This paper is structured as follows. Section 2 builds the geo-
metric core of this paper. The concept of (scaled) quasi-asymptotic flatness
is described in detail and related to the concept of asymptotic simplicity, i.e.,
conformal compactifications at null infinity. Furthermore, we recall the notions
of ADM mass and ADMa mass and extend it to include spacetimes that are
scaled quasi-asymptotically flat. Some simplifications for the spherically sym-
metric setting are also derived, which will be of use later. In Sect. 3 we see that
solutions to (1.4) with linear equation of state have infinite ADM mass but
converge to a standard quasi-asymptotically flat singular solution with van-
ishing ADMa mass. This proves Theorem 1.2. The analytical tool used here
is the reformulation of (1.4) as a dynamical system and a stability analysis
via linearization. A similar but slightly more involved procedure is applied in
Sect. 4 to analyze solutions with polytropic equations of state. This analysis
and a geometric reformulation yield Theorem 1.5.

Notations and conventions Throughout the manuscript, we use Greek
indices p,v, etc., to denote the components 0,1,2,3 of a spacetime metric
g, and Latin indices 14, j, k, etc., to denote the components 1,2,3 of the spa-
tial metric (often h). The signature of g is (—, +, +,+). We use the Einstein
summation convention.
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2. Beyond Asymptotic Flatness
2.1. Asymptotically and (Scaled) Quasi-Asymptotically Flat Metrics

We are primarily interested in spherically symmetric metrics. For polar coor-
dinates (t,r, 0, ¢), we can write the metric tensor in the form

g = —e2Ddt? 4 2 dr? 4+ r2(d6? + sin? 6dp?), (2.1)

where v and A are the unknown metric variables. Asymptotic flatness is tied
to the limiting behavior (with specific decay rates)

lim v(r) = lim A(r) =0, (2.2)
T—00 T—00

which only holds for a very limited number of equations of state. In general,
we will not observe that A(r) tends to 0 at infinity but to some positive value
A such that

lim e = A > 1, (2.3)

T—00
For example, in the specific situation of global monopole spacetimes the asymp-
totic behavior

eV — 2 =1 _ g — 2M +0(r™?)
r
has been studied by Barriola and Vilenkin [6] and later led Nucamendi and
Sudarsky [60] to introduce the concept of quasi-asymptotic flatness introduced
in Definition 1.1.
Metrics that are quasi-asymptotically flat are asymptotic to metrics of

the form

g% = —dr? +d&% + (1 — )&%(dh? + sin? 0d¢?),

for some «a € (0,1), as £ — oo.

These metrics g* play the same role as the Minkowski metric does for
asymptotically flat spacetimes. Note that we allow the slightly weaker falloff
condition o(€~2) rather than O(¢~1) which was used by Nucamendi and
Sudarsky in [60]. This is in accordance with the asymptotically flat situation
(see, for example, [24]) and the definition of a mass in Sect. 2.4.

Due to the occurrence of even slower convergence rates 0(1"_2’(17}””)7 for
some [ > 0, in our analysis of solutions to the Einstein—Euler equations (1.1),
we further introduced the concept of scaled quasi-asymptotic flatness in Defi-
nition 1.3. The basic idea is to study metrics that are asymptotic to those of
the form

g = —dt* + (L+ B)r* (dr® + (1 — a)r*(d0” + sin® 0do?)) ,

for @ > 0 and 8 > 0 with convergence rate o(r~—2) as r — cc.

In the sections to come, we will review general properties of (scaled)
quasi-asymptotically flat metric, such as the existence of conformal com-
pactifications, the spherically symmetric situation and notions of masses.
Since g% = ¢(*% we will only consider the general case of scaled quasi-
asymptotically flat metrics and remark on specific results if 5 = 0 separately.
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2.2. Asymptotic Simplicity

In [60, Section 3] it was shown that the SAF« spacetime (M, g*) can be con-
formally compactified in the sense of Penrose [65-67] and is therefore asymp-
totically simple. More precisely, the concepts of future null infinity .# T and
past null infinity .# ~ exist, but not spatial infinity :°. We recall the precise
definition of (weakly) asymptotically simple spacetimes (see, for example, [68,

Section 9.6]) and provide a corresponding proof for the SAFaf spacetime
(R1+3, g(a,ﬁ)).
Definition 2.1 ((Weakly) asymptotically simple spacetimes). A spacetime
(M, g) is called asymptotically simple if there exists a smooth spacetime (J\/J\ ,4)
with boundary such that
(i) M is the interior of ]\/4\, and hence, M = MU .# with OM = S,
(ii) the unphysical metric g is conformal to the physical metric g, i.e., there
exists a smooth conformal factor € on M such that
® g = Q2g;w in M
e 1>0o0n M, and =0, V,Q # 0 along .7,
(iii) every inextendible null geodesic in M has a future and past end point on
g
A spacetime (M, g) is called weakly asymptotically simple if there exists an

asymptotically simple N such that for a neighborhood U of .# in N ,UNN is
isometric to a subset of M.

Note that (iii) requires that the spacetime is null geodesically complete
and hence rules out singularities, black holes, etc. Weakly asymptotically sim-
ple spacetimes, however, may possess further “infinities”.

In the sense of Penrose, a spacetime is asymptotically flat if it is weakly
asymptotically simple and asymptotically empty, i.e., the Ricci tensor vanishes
in a neighborhood of .#.

Proposition 2.2. The SAFaf spacetime (M,g(o"ﬂ)) s asymptotically simple
forany o € [0,1) and 3 > 0. It is (asymptotically) empty if and only if o = 0.
Proof. We use standard conformal compactification of Minkowski space, to
show that (M, g(*?) is asymptotically simple. The transformation
LB e

. y=t—

1+ 1+

immediately implies that —dt? + r2?dr? = —dudv and ?i:;f; = (u;”)Q
we compactify u and v by choosing

u="1t+

. Next

T = arctanv + arctanu, R = arctanv — arctan u.

u = tan E v = tan M
N 2 o 2 ’

The range of T'and Ris T+ R,T — R € (—n,m), R € (0,7) and can be
extended to include future and past null infinity, i.e., T+ R,T — R = +m. The

Therefore,
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fact that —dudv = (1"r"2)4¢1’2)(—dT2 + dR?) suggests that we should use the
conformal factor

4 T —R T+ R
0= —dcos® [ ——— ) cos® [ —— ).
(1 +u?)(1+02) ( 2 )< 2 >

We verify that €2 satisfies all conditions of Definition 2.1. It is clear that Q2 > 0
on M givenby T+R,T—R € (—m,7), R€ (0,7)and Q =0for T+R,T—R =
+7. Furthermore,
VrQ = —2(cosT +cosR)sinT, V= —2(cosT + cos R)sin R,
do not vanish at the boundary because R # 0,7. The transformed SAFaf
metric ¢(*#) (1.13) reads
§@P) = 2gleh)

B k) S
(14 u?)(1+v?)
= —dT? + dR? +sin® R (1 + 3)*(1 — «)(d6? + sin® 0d¢?).

= —dT? + dR* + (1+ B)%(1 — a)(dh?* + sin” d¢?)

Since the only nonvanishing terms of the Ricci curvature tensor are
Ros=(1-(1-a)(1+p6)?), Rsz=(1-(1-a)(l+p)?%)sin’6,

the metric ¢(®?) is in general not asymptotically empty. It is asymptotically
empty if and only if a = 3 =0, i.e., if g(*?) is the Minkowski metric. g

Remark 2.3. In general, we do not expect that (scaled) quasi-asymptotically
flat spacetimes as described in Definition 1.3 admit a smooth conformal com-
pactification. We can, however, show that the prescribed decay rate yields a
continuous conformal compactification and expect that further restrictions on
the decay rate of the derivatives yield more regular conformal compactifica-
tions in accordance with the asymptotically flat situation (for a discussion in
the latter framework see, for example, [34, Section 2.3] and [36, Section 3]).
To this end, one has to utilize the same embedding and unphysical spacetime

M={(T,R)|Re(0,r),T+R€e (—m,m)}U{T+R=+7} U{T — R = +r},

and the same conformal factor,

T—-R T+ R
Q) = 2cos (2) cos (2>7

as in the proof of Proposition 2.2.

2.3. (Scaled) Quasi-Asymptotic Flatness for Static Spherically Symmetric
Spacetimes

We show how the asymptotic behavior of spherically symmetric metrics (2.1)
that are not asymptotically flat can be analyzed in the setting of scaled quasi-
asymptotic flatness, depending on the limiting behavior of A and v as r — oco.

In Sects. 3 and 4 we verify that perfect fluids with linear and polytropic
equation of state (for n > 5) satisfy these conditions.
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Proposition 2.4. Suppose g is a static spherically symmetric Lorentzian metric
of the form (2.1), i.e., in local coordinates (t,r,0,¢) we can write

g =—e?Mat? 4 2 dr? 4 12(dh? + sin? 0d¢?).
If for some A > 0 and 3 > 0 the functions X and v satisfy"
v (r) = o™ =),
M7 = 0(1"_m)7 (2.4)

as r — oo, then there exists a € [0,1) and a coordinate system (1,€,0,¢) such
that g is of the form

9=9"" +3g,

with decay rates a,, = 0(5*%) as & — oo for the scaled components of g. In
particular, g is scaled quasi-asymptotically flat (AFaf3) in the sense of Defini-
tion 1.3 with scaling exponent 3 and deficit angle

(1—a)r=(1+p8)"2?r.

Proof. Set 7 :=¢’("t and ¢ := “*{/(1 + B)eAr. Since 3> 0,
dr = v/ (r)rdr + e’ dt,

de= 1 (1 +B)edr) ™ (1 + B)eldr = ede~Fdr.

1+
Hence,
e at? = (dr — v/ (r)rdr)?
= (dr =V ((1+ B) e e HP)e el de)?
=dr? —2e7 M/ ((1+ B) e )¢l drde
+ e (L4 B) e )2 ag,
and

e2AM1) 2 — o2A(r) =28 20,2 e2>\((1+ﬂ)’le”\£1+5)—2A£25d£2.

The metric of the unit sphere, i.e., dQ? = d#? + sin? d¢?, remains unchanged
and we thus have that

g = — e 4 P02 42402
=—dr? +£PdE% + (1 + B) e 2002
+ 27 M (1 + ) te AP rePdrde
T e e (L ﬁ)flefAfHﬁ)Qﬁ]fwdﬁz.
For a € (0,1) defined by 1 —a = (1+ 3)"2e~2A, g is therefore of the form
9=9*" +3g,

IThus, in particular, lim,— o A(r) = A but v(r) may diverge.



828 L. Andersson and A. Y. Burtscher Ann. Henri Poincaré

and it remains to verify the decay rates for g. The nonzero components of g,
that is ar¢ and age as in Definition 1.3, satisfy

are =22/ (1 + B) te 2P r = 0(5_%)7

and

—1 4+ 2MAFA TR =20 1((1 4 gy~ lemAgltB)22

o(67%) —o(67") = o6 5),
due to the assumptions (2.4). This verifies the conditions of Definition 1.3.

3

Remark 2.5 (Higher decay rates). Suppose g is a spherically symmetric metric
with better decay rates, i.e., for a § > —1,

V' (r) = O(r™7),
2A(M)—-2A _ | _ o(r~ T

), (2.5)

as r — 00, then g of course also satisfies (2.4) since —m > — Hence,

1+B
by Proposition (2.4), g is AFaf8. However, the components a,, then satisfy a

better decay rate o(¢~1) then if 3 would have been chosen optimally. This will
be useful later in the context of an ADMa/3 mass in Remark 2.14.

In the case f = 0, Proposition 2.4 implies that the metric is quasi-
asymptotically flat in the sense of Definition 1.1.

Corollary 2.6. Suppose g is a static spherically symmetric Lorentzian metric
of the form (2.1), i.e., in local coordinates (t,r,0,¢) we can write

g = —e2Mdt? + 22N Ar? 4+ 12(d6? + sin® 0d¢?).
If for some A > 0 the functions \ and v satisfy
V' (r) = o(r=2),
2N 1 — o(rm2), (2.6)

as v — 00, then there exists a coordinate system (7,§,0,¢) such that §,, =

0(5_%) as & — oo. In particular, g is quasi-asymptotically flat in the sense of
Definition 1.1 with deficit angle

(1—a)r =e *r.
2.4. Beyond the ADM Mass

Let us recall the definition of the ADM mass. For asymptotically flat metrics,
the spatial part should satisfy

hij = dij + 0(7"7%), Ophij = O(?“*%), as r — 00.
The associated ADM mass can then be defined by the asymptotic behavior at
spatial infinity,

1 1 ipl .
mADM(h) 167 ngnoo SR(O)(a h 1 0'h l) dSZ, (27)
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where Sr(0) is a 2-sphere with radius R and dS; are the Euclidean coordinate

surface elements, i.e., dS; = %dac1 A .A@/» -+ Adz™. The ADM mass exists
and is finite if the scalar curvature R(h) is integrable [7,24]. Moreover, it is a
geometric invariant (i.e., coordinate invariant) that is always nonnegative and
zero only for the Minkowski metric [75,76,88].

For general spherically symmetric Riemannian metrics of the form

h = a(r)dr? + b(r)r?(d6? + sin #2d¢?),

with a, b differentiable and satisfying the above decay a — 1 = o(r_%), b—1=
o(r=2), a, = O(r~2) and b, = O(r~2), one obtains (see, for example, [25, p.
12])

mapm(h) = % lim ((a —b)r — byr?). (2.8)

In particular, the ADM mass of the Schwarzschild metric coincides with the
mass m of the black hole.

Let us consider the problem of convergence for the integral in (2.7) in
the case of quasi-asymptotically flat spacetimes. The asymptotic behavior of a
spherically symmetric, quasi-asymptotically flat metric g is dominated by the
corresponding SAF« metric g% (1.11). The spatial part A% of g%, i.e.,

R = de? + (1 — a)€2(d6? + sin? d¢?),

has scalar curvature
R = 226250, £e(0.00)
11—«
Since R(h®) ¢ L'(R3\Br(0)) for any R > 0, the ADM mass of h® and thus h
is infinite [7].

One advantage of proving quasi-asymptotic flatness for a given spacetime
is the availability of another concept of mass, the so-called ADMa mass for the
spatial part of the spacetime metric g. This natural generalization of the ADM
mass for AFa slices can be defined using the background metric A%, again
following the work of Nucamendi and Sudarsky [60] with a slightly weaker
falloff rate. They introduced the ADMa mass in the framework of Einstein—
scalar theory.

Definition 2.7 (ADMo mass [60]). Suppose h* is the spatial SAFa metric
defined for the hypersurface ¥, (i.e., such that 7 = constant) of (1.11) and
h=h"+h

is a spatial AFa metric with h;; = o(¢€~2) and Ophij = O(¢7%) as £ — .
The ADMa mass of h is defined by

1 . . .
lim (R Rt — R RS (hiy) dS;, (2.9)

olh) =
TMADM ( ) 1671'(1—04) oo 5¢(0)

where V® denotes the covariant derivative associated with A% and d.S; the i-th
coordinate surface element with respect to h®.
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Remark 2.8 (Relation to ADM mass). In the following sense, the ADMa mass
is an extension of the ADM mass. If o = 0, then h%7 = §% is just the reference
Euclidean metric and

(hOikhOjl _ hOijhOkl)vg')(hkl) — 5zk6jl6jhkl _ 5ij5klajhkl _ 8lhil _ 8ihll;
thus, (2.9) yields exactly (2.7).

Remark 2.9. The ADMa mass coincides with the parameter M of global mono-
pole spacetimes studied by Barriola and Vilenkin [6].

Remark 2.10 (The ADMa mass is a geometric invariant of (X, 4).). Nuca-
mendi and Sudarsky proved in [60, Section 4] that the ADMa is coordi-
nate invariant given their slightly stricter setting with iNL,] = O(¢71) and
&jzij = O(£7?). To see that the proof extends to our Definition 2.7, it is
crucial to note that h in “Cartesian” coordinates z%, y* (which are assumed to
preserve the asymptotic behavior) reads

T €ZT;T4
hEJ) = (1 — a)dij + « 52] +Aij,
YiYj
hl(;!) =(1—-a); +a £2J + By,
now with
Aij=o0(¢7%), Bij=o(§2), (2.10)
OuAi; =0(672), OBy =0(62), (2.11)

as compared to O(¢71) and O(£72) in [60, Eq. (39)]. This follows directly from
[24, Lemma 1] and the fact that the SAFa metric satisfies
TiZ

&
Lemma 1 in [60, p. 1315] follows also from the decay assumptions (2.10). In
fact, |Aqp| < E% for some vy > 0 and sufficiently large £ yields the same result.
Lemma 2 in [60, p. 1316] follows too, in fact it can be improved to only require

h?} =(1 —Oz)(;ij + «

n% = o(¢2) and % = 0(¢£72). The final result for our weaker decay rates

used in Definition 2.7 follows from the theorem in [60, p. 1319 ff], and it
remains to be checked whether all the same terms can still be eliminated.

Remark 2.11 (Nonpositivity of the ADMa mass). Unlike the ADM mass for
asymptotically flat spacetimes, the ADMa mass is not nonnegative. Indeed,
it can be negative, depending on the choice of the reference metric (which
corresponds to adding a constant). The more crucial point of whether the
ADMu is generally bounded from below is still open. We refer to [60,61] for a
discussion of these issues.

In what follows, we derive a simpler notion of the ADMa mass if the met-
ric is spherically symmetric, in analogy to the expression (2.8) in the asymp-
totically flat situation.



Vol. 20 (2019) On the Asymptotic Behavior of Static Perfect Fluids 831

Lemma 2.12. Suppose h is a spherically symmetric, quasi-asymptotically flat,
Riemannian 3-metric of the form

h=a(€)de? +b(&) (1 — a)€?(dh? +sin® 0d¢?), a €0,1).
Then the ADMa mass of h is

mapmMa(h) = lim % (£(a —b) — £20¢h) . (2.12)

£—o0
Therefore, if a —b = O(£™") and 0¢b = O(£72), then mapma(h) is finite.
Proof. Recall that the spatial part of the SAFa metric is
R = de? + (1 — a)€2(d6? + sin? Adp?).
In Cartesian coordinates,
r1 =Esinfcos¢, w9 =Esinfsing, w3 =Ecosh,

we have the metric components
Tilj

hiaj = (]_ — a)éij + « 52 5 (213)
since d¢2 = %dmidaﬂ . The components of the inverse metric h~! are
ho = 0 — ; 2.14
(') 24
thus, we can already compute the first term, h** Rt — > bkl in the integral

of (2.9).

It remains to compute the covariant derivative of h. Since V¢ is the
Levi-Civita connection with respect to h®, by definition, Vih; = 0 for all
i, 7, k. Therefore, we prefer to write h as a perturbation of h®, that is,

h = bh* + (a — b)d&>.
Hence,
Veh = (V)h* + V*((a — b)dr?)
VD) (h* = d€%) + (V*a)de? + (a — b)(VdE?)
) (VD) (6 — d€?) + (V¥a)dr? + (a — b)(V*¥dr?)
@)(VD)5 + (V¥ — (1 — a)Vb)dE? + (a — b)(VdE?), (2.15)

where § is the standard Euclidean metric § = dz? 4 dy? + dz2. Since b is just
a function,

o~ o~ o~ o~

1—
1-—

ab o
df a’L‘j
and similarly for a. For any (0,2)-tensor field, Vihg = Ojhi — O‘F?}Chml —
I} hmk, with Christoffel symbols

amm O m TTiT)
jkzéﬂ(éjkx — T; ) (2.16)

(o3 T4
VoD = ;b = = 0cb=7,
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In particular, for dé? = %dxkdxl,
Ve
= 0;(d€%) ik — “TP1(dE) it — “T(AE% ) e

TiTRX] (07 LTI « Tl
_ J . _ _ . _
6/(?] 62 + (Slj -2 ~ 2 (5]’6:1:1 ) (éﬂxk )

52 ¢ £ &2 &2 £2
1-— )
= 572(1 (5jk$l + 0j1x) — 2%2fo> .
Thus, by (2.15),
Ve h =(1 — a)agb%cm + (Bea — (1 — 0)eb) xizg’jxl
1-— .
+ ?a(a —b) <5jkmz + 0w — 2%;5@) . (2.17)

Together with (2.14), we can now compute the i-th component of the integrand
n (2.9),

Ti — (haikhocjl _ ha”hakl)vja(hkl)
For the first term in (2.17), we obtain

Ty = (R*H oIt — R o (1 — a)br%ékl

— a?i

9:b . 3
=1-a) 2 (h‘“kmk — h*g; 1

and for the second one

Tiy) = (Oea— (1 — )Oeb)(h ! — h“ﬂ‘h““)—%?“ ~0,
since h®¥zg; = x*, RO x’gf‘ 1 and hok§,; = ;o Finally, the third term of

the i-th component of the integrand is

11—«
¢2

11—«

:g(a—b)(()—&-xi —0>—2(a—b>§;

Since vdet h® = (1 — ), the i-th coordinate surface element reads
= %\/det(ho‘)dxl Ao Adzi A - Adz”

:(1—a)%dx1/\~-~/\gx\i/\---/\dx”,

T(iB) = (a = b)(h**hoI" — h* o) <5 KT+ 052 — ZxJkal)

l1—«

where the notation dz? means that dz’ is missing. Therefore, including the
component % of the i-th coordinate surface element,

a—2>b

X
T — =
£

§

(2.18)
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and we obtain (2.12) from (2.9) and (2.18),

1 a—b
= [l 2 —2 1—
MADMa = 61 0 emne 5e(0) ( £ 3519) (1—a)dS
1 s 2m a—b
=——1 _ 1 _ 2 .
87(1— a) 5520/0 /0 ( € 0sb>( )& sin 0 dfde
1.
-4 (ela ) - €00, ;

A more special case is the following, where the ADMe is already built
in the construction of the metric, just like the ADM mass of the black hole
is built in the standard expression of the Schwarzschild metric (cf. also [61,
Section 2]).

-1
Corollary 2.13. Suppose a(§) = (1 - %) with M (&) = o(€) as r — o0
and b(§) = 1, then Lemma 2.12 implies that the metric

-1
h = (1 - QMf)) dé€? + (1 — @)£2(d6? + sin? Adp?)

has ADM«o mass

maDpMa(h) = glggo M(¢).

Proof. By the assumption M (£) = o(§), for each n € N exists £, > 0 such
that
1 2M (€) 1

1--<1- <1+ —
n r n

for all € > &,. Therefore, by Lemma 2.12, for all n € N,

M n
mapMa(h) = 3 glggo(a - b)¢ = h 0 2(3(5) S—3 51320 M(¢),
— M)

and similarly

(©),

o(h) >
mapma(h) —|—1gﬂoo

which yields the desired result by the Squeeze Theorem. O
Remark 2.14 (ADMaf mass). As in the quasi-asymptotically flat case, one
should have a geometrically invariant ADMa( mass, that takes the slower

convergence rate into account. One expects to obtain a mass that measures
the deviation to

heB) = €28 (d€? + (1 — a)€2(dh? + sin® 0dg?)) .

An ad hoc candidate would be
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1
1 5
6m(1 —a) e &

x/ (h(a,ﬁ)ikh(a,ﬁ)jl _ h(a’ﬁ)ijh(a’ﬁ)kl)v;aﬂ)(hkl)dSi,
Se(0)

mapmaeg(h) =

(2.19)

where dS; is the i-th coordinate surface element with respect to h(®?). Clearly,
if 5 =0 (2.19) is just the ADMa mass of h, and if « = § = 0 it is the
ADM mass. In fact, we expect an even more direct relation as appears in the
spherically symmetric case in Remark 2.16.

To obtain a rigorous geometrically invariant definition of such an ADMag3
mass for scaled quasi-asymptotically flat metrics, one may follow the steps
outlined by Michel [56]. We will not pursue such a rigorous definition further
in this paper, but rather provide arguments for why an investigation of such
slowly converging spacetimes is useful in the first place, and how a notion of
generalized ADM mass helps to control their asymptotic behavior.

Remark 2.15 (ADMaf mass for the Minkowski metric). In Introduction, in
Remark 1.4, we mentioned that the Minkowski metric can be rewritten as a
SAFaf metric g1/ 0+9%:6) for any 3 > 0 if we choose a radial coordinate

&= ""/(1 4 B)r. For arbitrary « and 3, we obtain that
, A iy 201 —a)(1+B8)2%-1)
BBk (@B)il _ p(e.B)ijp(e.B)klyg (@) (1,0 y
( )V] ( kl) §1+25(1 —04)(14-5) )

for the integrand of the ADMag mass of h®, which in general may not be
integrable. If, however, 1 — a = ﬁ then the integrand vanishes since h° is

then the SAFa3 metric h(®?) and

mapmag(h®) = 0.

Remark 2.16 (ADMaf mass in spherical symmetry). A comparison to h®
helps to simplify the formula (2.19). Although & is not the area radius (but a
scaled version thereof, see Remark 1.4), we consider the same “scaled” Carte-
sian coordinates given by

=¢sinfcosp, yo =Esinfsing, y3 = Ecosh.

The metric and inverse metric components are therefore

R = €81 = €7 (1 - a)sy; + o)

and
1 y'y
(e, )15 261 aij L/
RIS =R 526(1—a>(5 O‘g?)’

where we used the already derived expressions (2.13) and (2.14) for the spatial
components of the SAFa metric g read we can simplify the first factor in the
integrand of (2.19) to
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p(esB)ik(B)3L _ py(e,8)id p (e, Bkl
— 574[3(haikhajl _ houljhakl)
— 545(1 )2 ((;zk(sjl o 62]5kl)

—

(07

ik 7 1 iloik 7.k 1 kl 1 79
—m@ Yy + 8hytyE — 5yt — oMyiy)

(2.20)
Similarly, to simplify the term
VS gy = 03k = ST Byt = O

we utilize the relation of the Christoffel symbols of A(*#) and h® and the
formula for “I'}; obtained in (2.16), i.e

(a3 [0 m /3 m m m
(@B)Tm — (1 4 B) Uit @ (ykéj Fy 0 —y 5jk)

i
€

=1+p5)= & ( kY™ — ymyjyk) + (yk5;” + ;00 — ym5jk>7

¢2
or also written as

3 Y" Y Yk

(@B)pm — opm 4 2 = (ykéjm +y;or — (1 —a)y™d, — CYT])

Hence, V;a’ﬁ)hkl can be written as

Vﬁ»a’ﬁ)hm =1+ B)Vihu

—ﬁ<ajhkl - é(ykhjl +yihji 4 2yihe — 0y bt — 5jlymhmk)>
or, alternatively, as
VD iy
= Vjhi — f ((WS 00 — (1 —a)y™ 5kfﬂémi2jylc)hmz
+ (8] + w367 — (1= a)y™ 65 7Q%)hmk>
=Viha = 3

<2UJhkl +yrhji +yihje — (1 — a)y™ (8khmi + 6j1hmi) — ayTQyj (Yehmi + ylhmk)> .

=G (h)

The above manipulations hold for any Riemannian metric h. For a spher-
ically symmetric AFaf metric i of the form

h= €2 (a(€)de? + b(€)(1 — a)€(d6? + sin® 0d¢?))
= bh(*P) 4 (a — b)E2Pae?, (2.21)

we can therefore directly use the computations of Lemma 2.12 to simplify
(2.19), since h = £?$h with h as in Lemma 2.12. It follows that



836 L. Andersson and A. Y. Burtscher Ann. Henri Poincaré

VE@hDh = (1 — )P (V@Pp)s 4 28(V@hg — (1 — a)V@Pp)de?
+ (0= b) (VP ede?)
= OVh + (VE) (a — b)dE® + 6P (a — b) (VD dg® — vede?),
(2.22)
where ijQB _ 8]62[3 _ 2ﬁ§2ﬁ% and V(O"B)d€2—vo‘d§2 — _§%G(a,ﬁ) (dgz)jkl-
We consider the integrand
Tt = (h@Bikp(eB)il _ pleB)is h(a,[f)kl)v;aﬂ) Py
_ 572,3(haikhocjl o haijhakl)
x (vghkl +28(a — b) yﬂ'zijl —(a— b)gG(o‘ﬁ)(dfz)jkl>
By (2.17) in the proof of Lemma 2.12, the first term in this product is known
to be

Thy =7 =2 (<200 + 200 - 0% ).

and the second term vanishes similar to T(i2). To compute the last term, we
note that (dé?),; = y’g.%” and

YiYey YiYry
GOD(AE) = =257 + (L= )G + g = 2257),

of which the first term disappears in the product T} (similar to T(iz)) and the

second one simplifies as in T(iB). Thus, the last term in ﬁ reads

Ty =€ (a— b)g(h“““h“ﬂ — h*TRRN (1 — a)Sjm, = €2728(a — b)g;
We combine all the terms and thus arrive at
T =¢28 (—z(agb){ +2(1+ ) (a — b)?é) ;
and thus,
Tvl% _ 28 (2(1 +8)2 g b 2a§b> . (2.23)

Finally, note that the components of the i-th coordinate surface element
dS; with respect to h(®5) are

4s; = %, [det(h@B)dyy A -~ Adyi A --- A dy?
= (1fa)édﬁ%dylAmA@iAmAdyd,

where d = 3 is the dimension. The normal vectors coincide, and hence,

dS; = (1 — a)e38ds;, (2.24)



Vol. 20 (2019) On the Asymptotic Behavior of Static Perfect Fluids 837

where dS; is the i-th coordinate surface element of the Euclidean space (with
r replaced by £, and z; replaced by y;).
Thus, combining (2.23) with (2.24) yields

mapMas(h)
1 a—b
=—— lim 36/ <21+ﬁ7728b>d5i
167(1 — ) Eﬂoog 5(0) ( ) ¢ ¢
1

_ im 38 a—b_ B 82 0
T 8r(l—a) Jm & // ( 1+5)T 2851))(1 @)&30 €2 sin 0dOde

- %glin;o (€(1 + B)(a — b) — £20¢b) , (2.25)

a formula for the ADMa3 for spherically symmetric AFa metrics of the form
(2.21).

3. Perfect Fluids with Linear Equation of State

The linear relation p = Kp, K € [0, 1] between the pressure p and the mass—
energy density p immediately implies that the static Einstein—FEuler equations
(1.4a)—(1.4b) in spherical symmetry can be reformulated as system of ordinary
differential equations in m and p,

m, = 4rr?p, (3.1a)
(1+K)P( 2 m
o B, Y ;
p o, 47 p+7’K (3.1b)

Even in this simplest setting, only very exceptional exact solutions are known
[43]. More can be said about the asymptotic behavior of solutions. A geo-
metric understanding of the asymptotic behavior of the resulting spherically
symmetric, static spacetime metric

g = —eMdt? + 2 dr? 4 12(d6? + sin® 0dp?), (3.2)

is the main goal of this section. The metric components A, v can be derived by
integrating (1.2)—(1.3) and yield (for v(0) := 0)

2K

v(r p 1K T 2m -
62()_(p(2)> , 62A<>_<1T) . (3.3)

3.1. The Initial Value Problem
Suppose we prescribe an central density pp > 0 and K € (0, 1]. According to
Rendall and Schmidt [71, Theorem 2] and LeFloch and the second author [17,

Theorem 4.3], there exists a unique, smooth and positive global solution (m, p)
of (3.1) such that

lim m(r) =0, liI% p(r) = po.

T—

The solution must have infinite extent since condition (1.5) is violated, i.e., for

any po > 0,
Po dp Po dp
o pp)+p Jo (1+#)p
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Early observations by Chandrasekhar [19] and others [20,48] reveal that the
mass function m(r) = [ s*p(s) ds grows with r* near the center and linearly
in r near infinity. The asymptotic behavior for » — 0 is

4 1+ K)(1+3K
m(r) = —?:TpOTS — 472 ( E))( )p%TS + O(r7),
1+K)1+3K 1+ K)(1+3K
p(r) = po — 277( ;( ),037"2 + 87r2( 9)( 5 )pgr4 — O(r6),

according to the Taylor series expansion derived by differentiating (3.1) at the
origin [17]. It helps to observe that p is an even function and m is an odd
function if we would consider solutions on the whole real line. See also [38] for
higher-order terms of the mass function and linear barotropic and polytropic
equations of state.

3.2. The Asymptotic Behavior at Infinity

In contrast to the initial behavior, less is known about the behavior of m and p
as r tends to infinity. We already know that m is strictly increasing as r — oo,
p is strictly decreasing with lim,_, . p(r) = 0 and 7?p(r) remains bounded [17,
Theorem 4.3]. However, the solution is not asymptotically flat due to formula
(2.8) for the ADM mass for spherically symmetric metrics, which yields that

MADM = rlin;o m(r) = oco.

In order to still be able to say something about the behavior of the solution at
radial infinity, we therefore need to have a better understanding of the growth
rate of m for large r.

3.2.1. The Singular Solution. Naively, in order to derive some asymptotics as
r — 0o, we make the Ansatz

m(r) =cir®, plr)= cor?,

for some «, 3, ¢1,co € R. Plugged into the system (3.1), this yields the exact
solution

2K K 9
() = S T K 7 AR

Moo (1) = ( (3.4)

1+ K)2+4K "
Obviously, this solution is special and somewhat unphysical since the density
blows up at the center. Because the trajectories of solutions cannot intersect,
this singular solution is an upper bound for all regular solutions of (3.1) with
central density pg € (0, c0).
Setting v(1) := 0, integrating (1.2) yields

4K
621’(7') = ri+K,

and (1.3) yields

200 _ (1 2mee(r)\ T _ (L4 K)? +4K
r (14 K)?
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We write goo = goo(K) for the singular metric (3.2) with sound speed vK €
(0, 1] corresponding to (Moo, Poo), 1€
(14 K)?+4K

(1+K)?
Although unphysical, these singular solutions play an important role from the
geometric point of view.

Goo = —rTIR AL + dr? +r*(d0” + sin® 9dg?).

Proposition 3.1. Fiz K € (0,1]. The singular solution (3.4) of the Einstein—
Euler system (3.1) with linear equation of state p = K p is quasi- asymptotically
flat. More precisely, up to a coordinate transformation it is the AFa metric

4K T 2K 7\°
oo = —d7?+dE?+(1—-a)€(d0? +sin? 0d¢p?) + ——— —drdé— | ——— = | d¢?
g 77 +dE7+(1-a)€7(dO7 +sin ¢)+1+K€T£ ) 96
(3.5)
with deficit angle
B AK
C (1+ K)2+4K°
The ADMa mass of each spatial slice ¥ vanishes.
Note that the deficit angle (1 —a)m remains within the interval [, 7| for

all K, and hence is bounded away from 0 uniformly for all linear equations of
state.

Proof. Since v/(r) = O(r~1) and A(r) = A, it follows immediately from Corol-
lary 2.6, and the coordinate transformations 7 = roEt and ¢ = eMr used in
the proof, that g, is quasi-asymptotically flat of the form (3.5). The deficit
angle is given by

l—a=e¢ = lim e 2" = lim (1 — —QmT(T))

4K (1+ K)?

QI+ K2+4K (1+K)2+4K

By Lemma 2.13, since a(§) =1 — (%%) and b =1, the ADMa mass of

heo (T) = gools, = a(€)dE” + (1 — )€*(d6? + sin® 6d¢”)
at each spatial slice X, is

—b 4K? 72
mainaahe(r)) = Jim "5 = i <0 o

Remark 3.2. Dadhich [27,28] recovered the above family of singular solutions
as those spherically symmetric isothermal perfect fluids without boundary that
are conformal to a Kerr—Schild metric. In this case, the latter is given by
components

Juv = N + 2HI,1,,
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where 77 denotes the flat Minkowski metric, H a constant nonzero scalar field
and [* represents a null vector relative to g and 7n. He called this geometric
behavior “minimally curved”.

3.2.2. Reformulation as a Dynamical System. In 1972 Chandrasekhar [19]
studied the asymptotic behavior of the system (3.1) by reformulating the sys-
tem using Milne variables. In the late 1990s, Makino reformulated (3.1) as
an autonomous system and used plane dynamical systems theory, more pre-
cisely the Poincaré-Bendixson theorem, to obtain that for K = % the singular
solution is the only element in the w-limit set and hence all regular solu-
tions converge to it [48,49]. While the case of the linear equation of state is
not directly included in the dynamical systems analysis of Heinzle, R6hr and
Uggla [42], it can be seen as the limiting case n — oo of relativistic polytropes
(1.9). The convergence to the only w-limit and fixed point, i.e., the singular
solution, thus would also follow from their approach. As already mentioned
in Sect. 1.3 of Introduction, however, the existing implicit reformulations as
dynamical system cannot be applied directly, because they do not allow for a
translation of a convergence rate in the original radial variable. Instead, while
otherwise using a similar approach as in [49, Section 2], we utilize an explicit
reformulation.

Lemma 3.3. Fiz K € (0,1]. The spherically symmetric Einstein—Euler system
(3.1) is equivalent to the autonomous system

a=1—e"+2¢, (3.6a)
. 147K 143K , ,

= - 1-K .
b 5K Yl +( )e’, (3.6b)

where t(r) = logr and

2m(r(t
a(t) = —log <1 - 7“((t()))> . b(t) =log (4mr(t)?p(r(t)) +a(t).  (3.7)
3.2.3. Asymptotic Stability and Convergence to the Singular Solution. The
singular solution (3.4) transforms in the formulation of Lemma 3.3 to the
constant singular solution (@e, boo) With
(1+ K)? +4K 2K
— ", bxo(t) =log ——. 3.8
It plays the special role of the single w-limit point of the plane dynamical
system (3.6). In fact, it is a hyperbolic fixed point and we can analyze the
stability of the nonlinear flow by linearizing the system around (ase, b )-

Lemma 3.4. Fiz K € (0,1]. The singular solution (3.8) is a fized point and the
only w-limit point of the plane dynamical system (3.6), i.e., all solutions (a,b)
converge to (Goo,boo) as t — oo. It is a nonlinear hyperbolic sink for (3.6),
and the eigenvalues A+ of the linearized equation are

143K | T+ 49K - K?
21+ K) | 20+K)

oo (t) = log

Ap =

with —1 < RAy < —1.
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Proof. The fact that (aeo,bs) is the single w-limit point follows from the
Poincaré—Bendixson theorem by excluding the possibilities of orbits and other
fixed points as in [49, Section 2].

To compute the eigenvalues, let us write x = (a,b) and & = F(z) for
the dynamical system (3.6). The linearization around #, = (G0, boo) is of the
form

da(t)
dt

= Asz(t) + Coo,

where

760‘00 2€boo
Aso = DF|(u_p) = (@;feam (1- K)eboc>

_ (1+K)*>+4K 4K
(L ). e

_ 143K (14+K)*+4K 2K(1-K)
2K (1+K)? (1+K)?

and

4K
(1+K)*(2K) 0+5)2
(1+K)2+4K
— A _ (1+K)*+4K) O +0?
Coo = T AxxcToo = 147K 2K (1-K)
(1+K) K (2K) (1+K)2
143K (1+K)2+4K
(1+K)244K) 2K (+K)?

log

log

The eigenvalues of A, are

143K iiv7+42K_K2
21+ K) 21+ K)

and the corresponding eigenvectors are

B (K(l +8K — K?) FiK(1+ K)V7+ 42K — K2>
U= (1+3K)((1+ K)? +4K) :

Ay =

Because the eigenvalues have negative real part — 21(;2?) < —% (since K > 0

the inequality is also strict), the singular solution (@, b ) is a hyperbolic
sink. U

We denote by ¢ the nonlinear flow of & = F(z), i.e., ' (o) is the solution
x(t) of & = F(x) with initial condition z(0) = z(. Standard dynamical systems
theory provides a control of the asymptotic behavior in the vicinity of the
singular solution (3.8).

Theorem 3.5 (Asymptotic stability in terms of (a,b)). Fiz K € (0,1]. For
every norm |.| on R? there erxists a constant C > 1 and a neighborhood U of
the singular solution Too = (Ao, boo) Such that for any initial condition x € U,
the solution is defined for all s > 0 and for any e > 0,

0% () — oo| < Ce™ (BT — 2|, s> 0. (3.10)

Thus, in particular, the singular solution is asymptotically stable.
Moreover, there is a neighborhood U around o, = (aeo, boo) such that the
flow ¢* of F is C'-conjugate to the affine flow s — xo + e (x —124), where
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As = DF|,_ (3.9). That is, there exists a C1-diffeomorphism h: U — U such
for @, 000 + €A% (z — 15,) € U we have

0 (h(z)) = Moo + 2% (2 — 250)).
Note that, instead of employing € > 0 in (3.10), we can write more rigidly
| 0% (1) — Too| < Ce™ 2|z — 20|, >0,

to obtain an estimate independent of K € (0, 1].

Proof. Since RAL = —zl(ﬁg) < —% < 0 by Lemma 3.4, the first part of
the statement is due to the exponential contraction of the linear flow and the
Gronwall inequality (see, for example, [73, Theorem 5.1]).

The conjugacy statement follows from the Hartman—Grobman theorem,
or can also be proven directly since (aoo,bo0) is a hyperbolic sink (see, for
example, [73, Theorem 5.2]). The fact that we obtain a C'-diffeomorphism and

not merely a homeomorphism h follows from the smoothness of F' [39,81]. O

Corollary 3.6 (Asymptotic stability in terms of (m, p)). Fiz K € (0,1]. The
asymptotic behavior of solutions (m,p) to the system (3.1) with initial data
po >0 forr — oo is
2K
14+ K)?+4K
K
) = S+ K2 + 4K)

m(r) = r 0 (et ),

54+7TK
1240 (7’_2<1+K) +E) .

Proof. Step 1. Estimate a(t)—a~ . Let us fix an initial density pg > 0. For every
such pg there exists a unique global smooth solution (m, p) to the system (3.1)
with infinite extent (see discussion in Sect. 3.1). In particular, we obtain the
corresponding initial value xg = (ag, bo) through

ag := —log (1 —2m(1)), by :=log(4mp(1)) + ao,

for the reformulated system (3.6) and a corresponding solution (a,b) with
a(0) = ag and b(0) = by. By Lemma 3.3,

CC(t) = (a(t)vb(t)) — Too = (aoo,boo) as t — oo0.
Thus, there exists a tg = to(K, pg) > 0 such that for all ¢ > ¢ the remaining

solution z(t) is in the neighborhood U of 2, obtained in Theorem 3.5. By
(3.10), since the flow satisfies ! = o5 = p% 0 Yl for s =t — ¢,

(143K g
10! (20) — o] = 9" (@(t0)) — o] < Ce™ (FET) x(tg) — o).

If we replace the constant C' = C/(K) by a constant C = C(K, po) and assume
without loss of generality that all elements y in U satisfy |zo — y| < 1, then

|gpt(gj0) — xoo' < Oe_(21(1+311§)_8)t6(21(1+j£) _E)to < 56_(%_8%

In particular, if we think of |.| as the maximum norm in R?, then for all € > 0,
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la(t) — aso| < Ce~ (50755 _E)t, (3.11a)
Ib(t) — boo| < Ce~(stTRT )1, (3.11b)

Step 2. Estimate m(r) — mo. By Definition (3.7) of a,

T _ T (1+ K)? _
T (et 2T (- UK e ape)
m(r) =3 ( ¢ ) 2 1+ K)2+4K©

vy +K)? (14 K) (eo—altr) _ 1)
) I+ K2 +4K  (1+KZ+4K
2K (1+K)?

_ _ aoe—alt() _ 1
QTR IK  2A+KE ik )

_ 143K
() +.0 (4,

since for r (and hence ¢(r)) sufficiently large

Z t(r)))

= o — ()] S = <o atroe

n=0

eaoo—a(t ‘

and thus, by (3.11&) of Step 1 there is a constant C' > 0 such that
oo —a(t(r) 1‘ < Ce~ (it o)) = op= (ot —e). (3.12)

Step 3. Estimate p(r) — poo. This follows from (3.11b) in Step 1, Step 2 and
Definition (3.7) of b. We have that

_ L b)) —at) — L b)) ~bse s —a(t(r)) boo —aoe
p(r) = 12 = 12¢ e e
_ K =2 D) —boo s —a(t(r))
27((1 + K)2 + 4K)
K =2 ((b(t(r)=b —alt
_ M=be _q 1)( ase=a(t(r)) _ 1 1)
Y ALEYT M ((e )+1) ((e ) +

) 0 (s ).
by (3.12) and the same estimate for the b-term. O

3.3. Quasi-Asymptotic Flatness and ADMa Mass

In Proposition 3.1 we have observed that the Singular solution (Meo, Poo) tO
the system (3.1) is the SAF«a metric with a = m The ADMa mass of
this singular solution vanishes. Since by Corollary 3.6 every solution (m, p) to
the initial value problem (3.1) with py > 0 converges to (Mo, Poo ), it is natural
to expect that these solutions are also quasi-asymptotically flat. However, due
to the slow convergence rate obtained in Corollary 3.6 we cannot say whether

the ADMq mass is even finite.
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We first derive conditions on the mass function m and density p that
imply that we are dealing with an quasi-asymptotically flat spacetime in the
sense of Definition 1.1.

Lemma 3.7. Suppose for the function m: [0,00) — R{ exists a € [0,1) such
that
2m

— —a=o(r- 2) as r — oo, (3.13)
,
and p satisfies
/
pir) = 0(7“7%), as r — oo. (3.14)
p(r)

Then the solution of the Einstein—Euler system (1.4) is quasi-asymptotically
flat with deficit angle (1 — o).
K

Proof. We verify the conditions (2.6) of Corollary 2.6. Since (") = (p(r)> R
the assumption (3.14) implies

K p(r) 1
V(r)= ——— =o(r2).
) 14+ K p(r) (r2)
The decay assumption (3.13) implies that e} := lim, o e} = L >

1 exists. Moreover, by the precise deﬁnltlon of httle o, for all C > 0 there

exists 79 > 0 such that [22 — o < Cr~ z for 7 > ro. For r sufficiently large,

we also have that [1 — 22| >1—a — |o— 22| > 159 Thus, eventually for all

r sufficiently large,

m g,
2

-2

Cr—2 20

= 11—« - _ I
== 11—«

Q2N =28 _ 1‘ _

which means that ¢2*(" =28 —1 = o(r~2). Since v = 1 — e =2 the claim about

the deficit angle follows immediately. O

We are now in a position to prove the first main Theorem 1.2 for the
linear equation of state.

Proof of Theorem 1.2. By Corollary 3.6, for every € > 0,
2K

(1+K)2 T4K

m(r) =

143K
2(1+K

2m a=0 (r—mﬁ) = o(r— 7).
T

Similarly, by Corollary 3.6 and (3.1b),

2<(:)) *:j;; (4mr0+ )

= O(r7%+s) = 0(7’_%)'

Therefore, since — yFe<—3 for € > 0 sufficiently small, as r — oo,
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Lemma 3.7 thus implies quasi-asymptotic flatness, and in particular conver-
gence to g% as r — 0. O

Remark 3.8 (ADMa mass for the Einstein-Euler system). In terms of the
mass function of the Einstein—Euler system (1.4), the mass function M in
Corollary 2.13 is derived by a transformation of the expression

—1

=(1-a) (1 - 2m> o (V (r)re )2

r

<(1-a) (1_2;”)_1

Thus, by Corollary 2.13, provided we could prove sufficient decay rates to
verify coordinate invariance, we would have that

mapMa(gls,) = 5h—>noloM(§) < lim ¢ <1 1 (1 B Zm(r)>)

£—00 11—« r

lim <mg - a;) : (3.15)

:1—a§—>oo T

Remark 3.9 (ADMoa mass for a linear equation of state). Since by Corol-
lary 3.6
m(r) — %7‘ = O(rﬁﬁ),

the estimate (3.15) would suggest that the ADMa mass of regular perfect fluid

solutions to (3.1) is in fact infinite, just like the ADM mass. A more detailed

calculation, taking into account the negative term with v/ and that & = er,

indeed reveals that

0 = § 1 (1 2450) (10 e (1 224509))
:%{17(17tx+0 )(17a7(17a70( 1)(1,a+(5 g)))*l}

_¢
T2

=t -] = oe?
= [1-1+0E 5] = o),
and therefore that

[1-(1-atoe™ ) (1-a+oE )]

mapMa(9ls,) = glin;o M(§) = +o00 or — oc.

In Sect. 3.2.1, we have already observed that m(r) < me(r) for all regular
solutions. Therefore, also M(r) < My (r) = 0 for all » > 0, and the ADM«
mass is therefore not only negative but likely also unbounded below. This sug-
gests a negative answer for the question raised in [60] whether the ADMa mass
of quasi-asymptotically flat metrics is always bounded from below, at least for
quasi-asymptotically flat metrics in the sense of Definition 1.1. However, since
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we cannot prove that sufficient decay estimates hold, we do in fact not know if
we are still in the meaningful situation of Remark 2.10, where it is guaranteed
that the ADMa mass is a geometric invariant.

Remark 3.10 (Scaled quasi-asymptotic flatness and a ADMaf mass). In the
optimal quasi-asymptotically flat setting, we would set 8 = 0 even independent
of K. However, it may be useful to interpret the solutions also in the context
of scaled quasi-asymptotic flatness. In the proof of Lemma 3.7 and the proof
of Theorem 1.2, we have observed that, in fact,

V(r) = O(r~ 20 ) and €228 _ | — o(p 2R+,

as r — o0o. Therefore, if 5 > 21(:;? —-1= ;—3};, then spherically symmetric

and static perfect fluid solutions with linear equation of state could also con-
sidered to be scaled quasi-asymptotically flat as described in Remark 2.5. The
ADMag satisfies

1 . _ —
mapmas(gls,) = 5 5151010(1 +B)(1+ 0 H+770(7h) —1)¢
=0(1) +720(1) < ©
according to (2.25) for an optimal 8 (which we indeed expect to be 114:73[;)

Here, we also have to change «, which is then given by

(1+3K)? (14+K)*> (14 3K)?
414+ K2 (1+ K)2+4K  4((1+ K)2 +4K)’
Since K € (0,1) implies 5K2 < 6K, the denominator is larger than the numer-

ator, and hence, also the rescaled o = 1 — (1 + )" 2724 > 4(?&_?%7% is

1—a=(1+0) 22 <

contained in the interval (0,1).

4. Perfect Fluids with Polytropic Equation of State

In their dynamical systems approach to the spherically symmetric static
Einstein—Euler system (1.4), Heinzle, Rohr and Uggla [42] made use of the
quantities
pdp p
n(p) : 2y a(p): ;
defined in terms of the equation of state p = p(p). In [42, Theorem 5.1] it was
shown that all regular solutions of (1.4) have infinite masses and infinite radii
ifI'y < g and o < 1. The assumption on ¢ is related to the dominant energy
condition.
For polytropic equations of state (1.9), i.e., p = Kp#7 we obtain that

n+1

oY (p) = Kpw = K#¥ipwtt.
n

%Y (p) =

Clearly, for n > 5, the condition F?\?ly < ¢ is satisfied, while the second
condition o < 1 is not satisfied in the high-pressure regime. Heinzle, Rohr
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and Uggla [42] therefore considered equations of state that are linear for high
pressures, which leads to the analysis of so-called barotropic equations of state.
In a more detailed analysis, Nilsson and Uggla [59, Section 2] explain that
the spherically symmetric Einstein—FEuler system with power-law polytropic
equations of state p = Kp%, i.e., the system
m, = 4wr?p, (4.1a)
n (1+Kpw)p™ = nt1 m
R (g )
yields finite radius solutions if 0 < n < 5 and if the central density pg is
small. See also [71, Theorem 4] where a result also for generalized power-law
polytropic equations of state was obtained for 1 < n < 5. In the case of
0 < n < 3, there exists a global sink P, where all orbits end (see also [48,
Theorem 1]). If 3 < n < 5, then the majority of orbits still end at P», but
orbits ending at P; (which have finite masses but infinite radii) and P, (which
have infinite masses and radii) also occur. When n 2 3.339, it was shown
numerically that there is at least one solution ending at P;. At n ~ 3.357 and
n = 4.414 Nilsson and Uggla obtained solutions with infinite masses and radii
corresponding to Py. The dynamical behavior turns out to be quite complicated
and is not yet fully understood from an analytical point of view. For more
details, see [59, Sections 2.5-2.7]. For n > 5, all relativistic regular models
have infinite radii and masses, and spiral around the Tolman orbit P,, which
is associated with a special nonregular Newtonian solution that is not known
in exact form.

Pr =

4.1. The Initial Value Problem

In what follows, we mainly restrict our attention to the power-law polytropic
equation of state (1.9) with polytropic index n > 5. Fix K € (0, 1] and a central
density pg > 0. By [71, Theorem 2] exists a unique, smooth and positive global
solution (m, p) of (4.1) such that

lim m(r) =0, lim p(r) = po.
r—0 r—0
The solution has infinite extent due to our discussion in Sect. 1.2, with p(r) — 0

as r — o00. The asymptotic behavior as r — 0 is given by the Taylor series
expansion which reads

m(r) = 4érpor?’ + O(?"S),

1 1
1+ Kpr)(1 Kpo
n (1+Kpg)(1+3 pO)p3r2+O(r4),

p(r) = po — 2w T

due to 'Hopital’s rule.

4.2. The Asymptotic Behavior of Solutions

Due to the dynamical systems analysis [59], we know that, asymptotically for
r — 00, some solutions of (4.1) with 3 < n < 5 and all solutions with n > 5
converge to a fixed point Py (which corresponds to By in [42]). In terms of m
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and p, this provides us with some control on the asymptotic behavior of (some)
solutions. We are primarily interested in polytropes with index n > 5, but some
results also hold for the (unstable) infinite solutions with index 3 < n < 5.

4.2.1. The Dynamical System and Its Fixed Points. The formulation of Nils-
son and Uggla [59] for the Einstein—Euler system in the case of the power-law
polytropic equation of state makes use of the transformation

4mr? m Kpw
:Qipma :ﬁv y:+. (4~2)
drrep + 2 Kp» + Kp» +1
which leads to the dynamical system
. n
=U(1- 1— —4U)F — 4.
0 =vt-0)|0-pE-10F - ). (430
V=V(1-V)|(1-y)(2U-1)F G 4.3b
(- |a-peu-nFe el @)
1
)= — 1-— . 4.
y=— v -G (4.3¢)

with
F=Q1-V)1-y)-2yV, G=V[1-U)(1-y)+yU]

The differentiation in (4.3) is with respect to a new independent variable (indi-
rectly related to the geometry) and r? is given by

n n—1
2 KN UV (1og\T
i 1-U1-V \ y

According to the numerical analysis in [59, Section 2], if 3 < n < 3.339, all
regular orbits end at the fixed point P, (which is the only hyperbolic sink in
this case and leads to solutions with finite masses and radii). For n 2 3.339
isolated orbits also end at the equilibrium points P; (solutions with finite
masses but infinite radii) and P; (solutions with infinite masses and infinite
radii). The latter fixed point Py is given by

n—3 2(n+1)
4 2(7?,*2)’ 4 3n+17 Ya 5 or n > o, ( )
with eigenvalues?
—1)(n— -1 2 1
ho= D=5 ., n LT
4n—2)1+3n)  4n—-2)1+3n)V 2 2
n—1
N=——— . 45
o7 T (n=2)(1+3n) (45)
We see that — 5 < RA\x = — 3= < 0 if and only if n > 5, in which

case P4 becomes a hyperbolic sink and all orbits end at P, leading to solutions
with infinite radii and masses [59].

2Note that the term # —1ln— % under |/ is nonnegative only for n > 3.18767. Otherwise

the eigenvalues are, in fact, real.
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4.2.2. Asymptotic Stability for Solutions of (4.1) with Polytropic Index n >
5. The above properties and the Hartman—Grobman theorem (see, for exam-
ple, [73, Theorem 5.3]) imply that the behavior of the dynamical system (4.4)
near the fixed point P, is qualitatively given by its linearization. The flow
of (4.4) is C'-conjugate to the affine flow s +— Py + e445(x — Py), where the
linearization around P is given by

_ (n=3)(n—-1) _ (n=3)(n—=1)n(1+3n) _3(11—3)(71—1)712
2(n—2)(143n) 8(n—2)3(14+n) 2(n—2)3(143n)
A, = 4(n—2)(n—1)(n+1) n— 12(n—1)(n+1)
(143n)3 (n—2)(143n) (n—2)(1+13n)3
0 0 T

T (n=2)(1+3n)

As observed in [59], on the subset {y = 0} the relativistic equa-
tions (4.3a)—(4.3b) and the corresponding two Newtonian equations and coin-
cide. Since, however, we cannot directly relate the new independent variable
to r, we cannot compute a convergence rate of m and p as r — co. We merely
compute the leading order term based on the results of Nilsson and Uggla [59].

Proposition 4.1 (Asymptotic stability in terms of (m,p)). Fiz K € (0,1] and
n > 5. The asymptotic behavior of solutions (m,p) to the system (4.1) with
initial data pg > 0 is

2n—2Kn (n — D" e -
) = ZE OB o,

_ni/Kﬂ(n+DWn—$”zn

n—1 727”1
Ingn (n _ 1)2n rontlt O(T " )7
as r — oQ.

Proof. This follows directly from the analysis of the dynamical system (4.3) in
[59], since in the case of n > 5 the variables (U, V,y) converge to (U, Vi, ya)
given in (4.4). By (4.2) we deduce that

ne KU V
R PR . T
hence, the leading order term of p is

m(Km+nm—ay52y

2r  (n—1)2
Similarly, (4.2) implies that
U-1
m = 4dmr® ——
with leading order term

iy — 2(n+ 1)K (K (n+1)(n_3))n1174_n21+1

n—1 2 (n—1)2
(22K (4 1) (n—3)\ T a2
B T (n — 1)+l ’
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Remark 4.2. Be aware that, unlike in the case of the linear equation of state
(cf. Sect. 3.2.1), the leading order terms of the variables (m, p), i.e.,

« o wa2"2K" (n=3)(n+1)" n=s
ma(r)” = \/ T (n — 1)1 rrTh

Kn 1) (n — 3)" n
ey = % (1" =3)" e

g (n—1)2n ’

do not yield a (singular) solution to the original system (4.1) itself, but merely
represents the asymptotic behavior of regular solutions as r — oo. Due to
the third component of P, only the behavior near y4 = 0, i.e., at 7 = oo, is
described. One cannot apply Proposition 4.1 to the limit n — oo (correspond-

ing to the linear equation of state) since then y = -2 = = const. > 0.

_K
p+p ~ 14+K
4.3. Scaled Quasi-Asymptotic Flatness and ADM«aS Mass

In Proposition 4.1 we have observed that, for static fluids with polytropic

index n > 5, the mass function behaves like m(r) ~ Cri=1 for some constant
C =C(n,K) as r — oo. The expression (2.8) would therefore yield an ADM
mass

mADM(g) = lim m(r) = Q.

T—00
However, although
-1
2 1
lim 22" = lim (1 — m(r)) = lim ——— =1,
r—00 r—00 T r—oo0 ] — COr  n-1

as in the asymptotically flat situation, we are in a situation where the ADM
mass is not coordinate invariant because a(r)—1 = (1 — @)71—1 = O(riﬁ)
rather than o(r~2).

Is the solution quasi-asymptotically flat in the sense of Definition 1.17
Because of the above, we would have to set a = 0, but then again violate
condition (3.13) in Lemma 3.7 which also requires that 22 —q = 2% = o(r—2).
On the other hand, we immediately see from Corollary 4.1 that

2m 12" 2K (n—3)(n4 1)
T (n—1)n+1

as r — OQ.

This nonlinear scaling in the radial direction is different from the quasi-
asymptotically flat case for fluids with linear equation of state (although, as
n — oo, Z—j’ approaches 1). To accommodate this behavior we introduced the
notion of scaled quasi-asymptotic flatness in Sect. 2. It remains to verify that
perfect fluids with polytropic equations of state with index n > 5 are indeed
scaled quasi-asymptotically flat in the sense of Definition 1.3. We prove our

second main Theorem 1.5 for the polytropic equation of state.
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Proof of Theorem 1.5. We verify the conditions (2.4) of Proposition 2.4. By
Proposition 4.1 the asymptotic behavior of m and p is

2n—2Kn -3 17 - e
m(r) = \/ oSt 4 o(ri?),

v (n—1)nt1
] K™ (n+1)7(n—=3)" _ 2n
o= \/znwn O G
Hence, the differential equations (4.1b) and (1.2) imply that
ntl L
V(r)=— ver) K g
p(r)+p(r)  p(Kpw +1)
K n+1 m
- (4 i, M
T(lf—m)(mﬁp +TK)
K 2 _n+1
— — (0(7« A2) L O(r 1)):0(7~ =
(1= 0(~0))

and

om\ 1 >
eAM=28 _ 1 (1—) = 1=0(""0).
1-0(

r T—ﬁ)
Since — ”'H < — =5, the solution is AFa8 with g > "> Sand o =1— (1+5) >
1-— (ﬁ) > 0 according to Proposition 2.4. O

Remark 4.3 (ADMag mass). We believe that it is possible to set § = ”Tf‘r’

2
and 1 —«a = (ﬁ) in Theorem 1.5. However, in view of Remark 2.5, we

consider 3 = ”T_?’, which is negative for all values of n that definitely lead to

solutions with finite extent and is greater than 1 for solutions with definitely
infinite extent. The corresponding ADMa/3 mass (2.25) from Remark 2.16 is
then

mavsaa(gls.) = 3 Jim (1+6) (1 +age(r,€) = D&,

where

2m\ .
age = —1+ M7 — 72/ ()27 <1ln> —1+ 06

B 2C(n, K)
& 20(n, K) + o€ )
with leading order coefficient C(n, K) of m. Thus,

0(&™?)

2C(n, K)
€—20(n,K) +o(¢"T7)

mADMaﬂ(g|ZT) = %glirlgo(l + ﬂ) ( + 0(5—2)> ¢

— (1+ A0, K)
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145 n\l/Q”—QK" (n—3)(n+1)"

T (n—1)nt+l

KT (n—=3)(n+1)"
- 2t (n—12
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