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Abstract. Recently, a correspondence has been proposed between spec-
tral theory and topological strings on toric Calabi—Yau manifolds. In this
paper, we develop in detail this correspondence for mirror curves of higher
genus, which display many new features as compared to the genus one
case studied so far. Given a curve of genus g, our quantization scheme
leads to g different trace class operators. Their spectral properties are
encoded in a generalized spectral determinant, which is an entire function
on the Calabi—Yau moduli space. We conjecture an exact expression for
this spectral determinant in terms of the standard and refined topological
string amplitudes. This conjecture provides a non-perturbative definition
of the topological string on these geometries, in which the genus expansion
emerges in a suitable 't Hooft limit of the spectral traces of the operators.
In contrast to what happens in quantum integrable systems, our quanti-
zation scheme leads to a single quantization condition, which is elegantly
encoded by the vanishing of a quantum-deformed theta function on the
mirror curve. We illustrate our general theory by analyzing in detail the
resolved C*/Zs orbifold, which is the simplest toric Calabi-Yau mani-
fold with a genus two mirror curve. By applying our conjecture to this
example, we find new quantization conditions for quantum mechanical
operators, in terms of genus two theta functions, as well as new number-
theoretic properties for the periods of this Calabi—Yau.

1. Introduction

It has been conjectured in [1] that there is a precise correspondence between
the spectral theory of certain operators and local mirror symmetry. This cor-
respondence postulates that the Weyl quantization of mirror curves to toric
Calabi-Yau (CY) threefold leads to trace class operators on L?(IR), and that
the spectral determinant of these operators is captured by topological string
amplitudes on the underlying CY. As a corollary, one finds an exact quanti-
zation condition for their spectrum, in terms of the vanishing of a (deformed)
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theta function. The correspondence unveiled in [1] builds upon previous work
on the quantization of mirror curves [2,3] and on the relation between super-
symmetric gauge theories and quantum integrable systems [4]. It incorporates,
in addition, key ingredients from the study of the ABJM matrix model at
large N [5-10]. These ingredients are necessary for a fully non-perturbative
treatment, beyond the perturbative WKB approach of [3] and of other recent
works on the quantization of spectral curves.

The correspondence of [1] between spectral theory and topological
strings can be used to give a non-perturbative definition of the standard topo-
logical string. The (un-refined) topological string amplitudes appear as quan-
tum mechanical instanton corrections to the spectral problem, and due to their
peculiar form, they can be singled out by a 't Hooft-like limit of the so-called
fermionic spectral traces of the operator. In addition, using the integral ker-
nel of the operator, which was determined explicitly in [11] in many cases,
one can write down a matrix model whose 1/N expansion gives exactly the
genus expansion of the topological string [12,13]. Therefore, one can regard
the correspondence of [1] as a large N Quantum Mechanics/topological string
correspondence, with many features of large N gauge/string dualities. In par-
ticular, it is a strong/weak duality, since the Planck constant in the quantum
mechanical problem, £, is identified as the inverse string coupling constant.

All the examples of the correspondence that have been studied so far
involve local del Pezzo CYs, and their mirror curve has genus one [1,12-14].
It was pointed out in [1] that the relationship between the spectral theory of
trace class operators and topological string amplitudes should hold for gen-
eral toric CYs, i.e., it should hold for mirror curves of arbitrary genus. In this
paper, we present a compelling picture for the spectral theory /mirror symme-
try correspondence in the higher genus case. This generalization involves some
new ingredients. In the theory developed in [1] for the genus one case, the
basic object is the spectral determinant of the trace class operator obtained
by quantization of the mirror curve. It turns out that a curve of genus gy, leads
to gy, different operators, which are related by explicit transformations.! As we
show in this paper, there is, nevertheless, a single, generalized spectral deter-
minant, which is an entire function on the moduli space of the CY manifold.
The spectra of the different operators associated with a higher genus mirror
curve are encoded in a single quantization condition, which is given, as in [1],
by the vanishing of the generalized spectral determinant. This quantization
condition can be formulated in an elegant way as the vanishing of a quantum-
deformed Riemann theta function on the mirror curve; it determines a family
of codimension one submanifolds in moduli space.

The fact that we obtain a single quantization condition from a curve of
genus gs; might be counter-intuitive to readers familiar with quantum inte-
grable systems, like for example the quantum Toda chain and its generaliza-
tions. In those systems, the quantization of the spectral curve leads to gx

1 In this paper, we will denote by gs; the genus of the mirror curve, which should not be
confused with the genus g appearing in the genus expansion. The former is a spacetime
genus, while the latter is a worldsheet genus.
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quantization conditions. This is of course due to the fact that the underlying
quantum mechanical system is gs-dimensional, and there are gy commuting
Hamiltonians that can (and should) be diagonalized simultaneously. It should
be noted, however, that the spectral curve by itself does not carry this addi-
tional information. In fact, in the case of quantum mechanical problems on
the real line it is quite common that the quantization of a higher genus curve
leads to a single quantization condition. This is what happens, for example,
for the Schrodinger equation with a confining, polynomial potential of higher
degree.

As we have just mentioned, one of the main consequences of the conjec-
ture of [1] is that it provides a non-perturbative definition of topological string
theory. This can be also generalized to the higher genus case: as we show in
this paper, the generalized spectral determinant leads to fermionic spectral
traces Z(IN; h), depending on gs; non-negative integers N = (Nq,..., Nyy). In
the 't Hooft limit

N; .
h — oo, N; — o0, 7:)% fixed, i=1,...,9%, (1.1)
these traces have the asymptotic expansion
log Z(N;h) ~ > Fy(ANR2, (1.2)
920

where F, () are the genus g free energies of the topological string, in an appro-
priate conifold frame. In particular, we can regard these fermionic spectral
traces, which are completely well-defined objects, as non-perturbative comple-
tions of the topological string partition function.

The theory of quantum mirror curves of higher genus is relatively intri-
cate, and we develop it in full detail for what is probably the simplest genus two
mirror curve, namely the total resolution of the C3/Zs orbifold. We perform
a detailed study of the associated spectral theory, and in particular we deter-
mine the vanishing locus of the spectral determinant on the two-dimensional
moduli space, in the so-called maximally supersymmetric case h = 27. In addi-
tion, we give compelling evidence that the expansion of the topological string
free energies near what we call the maximal conifold locus gives the large N
expansion of the fermionic spectral traces. This provides a non-perturbative
completion of the topological string on this background. As a bonus, we obtain
non-trivial identities for the values of the periods of this CY at the maximal
conifold locus in terms of the dilogarithm, in the spirit of [15,16].

The organization of this paper is as follows. In Sect. 2, we develop the
theory of quantum operators associated with higher genus mirror curves and we
construct the appropriate generalization of the spectral determinant. In Sect. 3,
we present an explicit, conjectural expression for the spectral determinant in
terms of topological string amplitudes, and we explain how the large N limit
of the spectral traces provides a non-perturbative definition of the all-genus
topological string free energy. In Sect. 4, we test these ideas in detail in the
example of the resolved C?/Zs orbifold. In Sect. 5, we conclude and present
some problems for future research. The Appendix summarizes information
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about the special geometry of the resolved C3/Zs orbifold which is needed in
Sect. 4.

2. Quantizing Mirror Curves of Higher Genus

2.1. Mirror Curves

In this paper, we will consider mirror curves to toric CY threefold, and we
will promote them to quantum operators. Let us first review some well-known
facts about local mirror symmetry [17,18] and the corresponding algebraic
curves. The toric CY threefold which we are interested in can be described as
symplectic quotients,

X =C*3)aq, (2

—_

)

where G = U(1)*. The quotient is specified by a matrix of charges Q, i
0,...,k+2,a=1,...,k The CY condition requires the charges to satisfy [19]

k+2

Y r=0, a=1,.. .k (2.2)
=0

The mirrors to these toric CYs were constructed in [17,20,21]. They can be
written in terms of 3 + k£ complex coordinates Y € C*, i =0, ..., k+ 2, which
satisfy the constraint

k42

Yy =0, a=1,... .k (2.3)

=0

The mirror CY manifold X is given by

whw™ =Wy, (2.4)
where
k+2
Wx = ae’. (2.5)
i=0
The complex parameters z;, ¢ = 0, ..., k+2, give a redundant parametrization

of the moduli space, and some of them can be set to one. Equivalently, we can
consider instead the coordinates
k42
za:szQ?, a=1,...,k. (2.6)
i=0
The constraints (2.3) have a three-dimensional family of solutions. One of the
parameters corresponds to a translation of all the coordinates:

YIS Yite, i=0,...,k+2, (2.7)

which can be used for example to set one of the Ys to zero. The remaining
coordinates can be expressed in terms of two variables which we will denote
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by x, y. There is still a group of symmetries left, given by transformations of

the form [22],
(x) —~G (x) . GeSL(2,7). (2.8)
Y Y
After solving for the variables Y in terms of x, , one finds a function

Wx (e, e¥), (2.9)

which, due to the translation invariance (2.7) and the symmetry (2.8), is only
well defined up to an overall factor of the form e**+t#¥ X\ u € Z, and a trans-
formation of the form (2.8). The equation

Wx(e”,e¥) =0 (2.10)
defines a Riemann surface ¥ embedded in C* x C*. We will call (2.10) the
mirror curve to the toric CY threefold X. All the information about the closed
string amplitudes on X is encoded in ¥, as shown in [23-25].

The equation of the mirror curve (2.10) can be written down in detail as
follows. Given the matrix of charges )", we introduce the vectors,

7 — (1,u§i),y§“), i=0,... k+2, (2.11)
satisfying the relations
k42
> Qv =o. (2.12)
i=0
In terms of these vectors, the function (2.9) can be written as
k42
Wx(e®,e¥) = Z Z; exXp (Vy)x + Véi)y) . (2.13)
i=0

Clearly, there are many sets of vectors satisfying these constraints, but they
differ in reparametrizations and overall factors (as we explained above) and,
therefore, they define the same Riemann surface. The genus of this Riemann
surface, gs;, depends on the toric data, encoded in the matrix of charges, or
equivalently in the vectors 7;. Among the parameters (2.6), there will be gs
“true” moduli of the geometry, and in addition there will be ry. “mass parame-
ters”, which lead typically to rational mirror maps (this distinction has been
emphasized in [26,27]).

2.2. Quantization

The quantization of mirror curves studied in [1], building on [2,3], is simply
based on Weyl quantization of the function (2.9), i.e., the variables z, y are
promoted to Heisenberg operators x, y satisfying

[x,y] = ih. (2.14)

In the genus one case, when the CY is the canonical bundle over a del Pezzo
surface S,

X = O(Ks) — 8, (2.15)
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the function (2.9) can be written in a canonical form, as
Ws(e®,eY) = Og(z,y) + u, (2.16)

where u is the modulus of the Riemann surface. The quantum operator associ-
ated with the toric CY threefold, Og, is obtained by Weyl quantization of the
function Og(z,y), and u plays the role of (minus) the exponentiated energy,
or the fugacity.

The higher genus case is much richer, due to the fact that there are gs
different moduli for the curve. As a consequence, there will be gy different
“canonical” forms for the curve, which we will write as

Oi(z,y) + ki =0, i=1,...,9%. (2.17)
Here, k; is a modulus of ¥, and in practice it is one of the z;s appearing in

(2.13). Of course, the different canonical forms of the curves are related by
reparametrizations and overall factors, so we will write

O; + ki = Pij (O) + Kj) hLj=1...,9%, (2.18)
where P;; is a monomial of the form MY Equivalently, we can write
0O; = 01(0) + Z Hj'])ij. (219)
JFi

We can now perform a standard Weyl quantization of the operators O;(z,y).
In this way, we obtain gy different operators, which we will denote by O,
it =1,...,gx. These operators are Hermitian. The relation (2.18) becomes,
1/2 1/2 o
Oi—i—m:Pij/ (Oj-i-lij)Pij/ , i,j=1,...,9%, (2.20)
where P;; is the operator corresponding to the monomial P;;. In this relation,
the “splitting” of P;; in two square roots is due to the fact that we are using
Weyl quantization, which leads to Hermitian operators. The expression (2.19)
becomes, after promoting both sides to operators,

0; =0 + 3 k;Py. (2.21)
i
We can regard the operator Ol(»o) as an “unperturbed” operator, while the
moduli x; encode different perturbations of it. We will also need,

p?>:(ofn_l, i=1,...,05. (2.22)
By comparing the coefficients of x; in the relation (2.20), we find
Pij = P! (2.23)
and
Pi = PI/*PiuP/%, %k (2.24)

Amusingly, these relationships are a sort of non-commutative version of the
the relations between transition functions in the theory of bundles. We will
set, by convention,

Py=1, i=1,...,95. (2.25)
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We also have
(0) _ p1/2n(0)p1/2
0,7 =P;;70;7P;5". (2.26)
Before proceeding, let us examine some examples to illustrate the considera-
tions above.

Example 2.1. The resolved C3 /Zs orbifold. Let us consider the CY given by the
total resolution of the orbifold C?/Zs, where the action has weights (3,1, 1).
This geometry has been studied in detail in various references, like for example
[28-31], and (refined) topological string amplitudes on this background have
been recently calculated in [27]. The vectors of charges are given by

Ql = (_3a1717170)7 QQ = (1707()’ _271) (227)
To parametrize the moduli space, we introduce five variables zg, ..., z5, as well
as the combinations
T1X2T3
21 = 3
Lo
by = 04, (2.28)
T3

A useful choice of vectors for this example is

79 = (1,0,0),

7 = (1,1,0),

7@ = (1,0,1),

7 = (1,-1,-1),

M = (1,-2,-2), (2.29)

and the equation for the Riemann surface reads, after setting 1 = x5 = x4 =
1

7

e” +e¥ +e W 4 gie Y 4 30 = 0. (2.30)
However, it is easy to see that one can also choose the vectors
7 = (1,-1,0),
7 = (1,0, 1)
7 = (1,-3,-1),
73 = (1,0, 0)
7% = (1,1,0), (2.31)
which leads to the equation
e’ +e¥ +e Y fxge " + 23 = 0. (2.32)

In Fig. 1, we show the vectors v; for the system (2.31) (this is sometimes
called a height one slice of the fan (2.31)). Of course, although we have chosen
the same notations, the variables x, y appearing in (2.32) are not the same ones
appearing in (2.30). Rather, they are related by a canonical transformation,

—r—y—ux, 2 +y — y. (2.33)
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FIGURE 1. A height one slice of the vectors (2.31), providing
the toric data for the resolved C?/Zs orbifold

In this case, the two canonical functions O;(z,y) and Os(x,y) are given by
O1(z,y) = +e¥ + e 2072 4 e Y,
Oy(z,y) = e* +e¥ +e7377Y 4 gge™?, (2.34)
and the moduli are
K1 = o, Ko = 3. (2.35)

In the coordinates appropriate for Oq(z,y), we have P12 = e~*~¥, while in
the coordinates appropriate for Oy(z,y), we have Pa; = e~ *. In terms of the
three-term operators introduced in [11],

Opmpn=¢€e"+e +e ™, (2.36)

the unperturbed operators are
09 =055,  OY =04, (2.37)
The theory of the operators (2.36) has been developed in some detail in [11],
and it will be quite useful to test some of our results later on. O

Example 2.2. The resolved C3/Zg orbifold, or Ay geometry. Let us now con-
sider the total resolution of the orbifold C?/Zg, where the action has weights
(4,1,1). This is precisely the Ay geometry studied in the first papers on local
mirror symmetry [17, 18], which engineers geometrically SU(3) Seiberg—Witten
theory. It has also been studied in some detail in [27]. In this case, the charge
vectors are

Ql = (_2a1a0507170)7 Q2 = (la_27170a070)7
Q* =(0,0,0,1,-2,1). (2.38)
Like before, we can parametrize the moduli space with six coordinates x;,
i=0,...,5, or in terms of
T1X4 ToL2 T3T5

zZ1 = Z9 = zZ3 = . 2.39
z3 a2’ x3 (2.39)

A useful choice of vectors is,
7 = (1,-1,0),
ﬁ(l) = (1707 0)’
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7® = (1,1,0),
7 = (1,0,1),
7 = (1,-2,0),
7 = (1,-4,-1), (2.40)
and after setting o = x3 = x5 = 1, we find the curve
e 4e¥ +e Y faue ™ fgge® 42, = 0. (2.41)

The true moduli of the curve are xg, x1, while 24 is a mass parameter. Note
that the Batyrev coordinate z3 depends only on x,4. It is easy to see that there
is another realization of the curve above as

e 4 eV +e V2 4 g 4 xe® + 29 = 0. (2.42)

The canonical operators associated with this geometry can be obtained by
Weyl quantization of

O (z,y) =" +e¥ + e Y 44T 4 gpe”
02(1‘, y) = 621 —+ e¥ —+ eiinx —+ .T467x + xlez. (243)
They can be regarded as perturbations of Oy 1, and of O 1, respectively. [

It was noted in [1], in the genus one case, that the most interesting
operator was not really Og, but rather its inverse pg. The reason is that pg is
expected to be of trace class and positive definite; therefore it has a discrete,
positive spectrum, and its Fredholm (or spectral) determinant is well defined. Tt
was rigorously proved in [11] that, in many examples, this is the case, provided
the parameters appearing in the operators satisfy certain positivity conditions.
In analogy with the genus one case, we expect the operators

pi=0;"  i=1,...,9% (2.44)

to exist, be of trace class and positive definite. In the concrete examples that
we have considered, this actually follows from the results in [11]. In that paper,
it was shown that

Pmn = 0.0, (2.45)
exists and is of trace class. It was also shown that the inverse of
Omn +V, (2.46)

where V is positive and self-adjoint, is also of trace class. Clearly, the operators
obtained by Weyl quantization of (2.34) and (2.43) are of this type.

2.3. The Generalized Spectral Determinant

According to the conjecture of [1], when the mirror curve has genus one, many
important aspects of the spectral theory of px can be encoded in the topo-
logical string amplitudes on X. We would like to generalize this to mirror
curves of higher genus. What are the natural questions that we would like
to answer from the point of view of spectral theory? Clearly, we would like
to know the spectrum of the operators O; in terms of enumerative data of
X, and in addition, as in [1], we would like to have precise formulae for the
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spectral determinants of their inverses p;. However, one should note that, due
to (2.20), the operators p; are closely related, and their spectra and spectral
determinants are not independent.

In a more fundamental sense, we need an appropriate multivariable gen-
eralization of the spectral determinant. In the genus one case, when X is a local
del Pezzo of the form (2.15), there is one single modulus x, and the spectral
determinant

Es(k, h) = det (1 + kpg) (2.47)

can be defined in at least three equivalent ways (see [32,33] for a detailed
discussion of this issue). The first one is as an infinite product,

Es(k,h) = H (14 ke Er), (2.48)
n>0
where we denoted the eigenvalues of the positive definite, trace class operator
ps by e Fn n =0,1,.... A more useful definition, advocated by Grothendieck
[34] and Simon [32,33], involves the fermionic spectral traces Zg(N, k) defined
as

Zs(N,h) = Tr (AN (ps)), N=12... (2.49)

In this expression, the operator AY(pg) is defined by p%N acting on
AY (L*(R)). A theorem of Fredholm [35] asserts that, if pg(z;,z;) is the ker-
nel of pg, the fermionic spectral trace can be computed as a multi-dimensional
integral,

1
Zs(N.W) = 5 / det (ps(zs,2;)) dVa. (2.50)
The spectral determinant is then given by the convergent series,
Es(k,h) =1+ Y Zs(N,h)x". (2.51)
N=1

Another definition of the Fredholm determinant is based on the Fredholm—
Plemelj’s formula,

- —~ (—KJ)Z ‘
Es(k,h) = exp{ 2:21 7 Trpg ¢ . (2.52)
In the higher genus case, there should exist a generalization of the spectral
determinant (2.47), depending on all the moduli k1, . .., kg . We also expect to
have spectral traces depending on various integers N;, ¢ = 1,. .., gs. One moti-
vation for this comes from the connection between fermionic spectral traces
and matrix models developed in [12,13]: in the higher genus case, we expect
to have a multi-cut matrix model, and there should be as many cuts as true
moduli in the model.
To construct this generalization, we consider the following operators,

Ajl:pg‘O)Pjh jvlzlr"agz' (253)
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The operators p§0) were defined in (2.22), while the operators Pj; are defined
by (2.20). We will assume that the Aj; are of trace class (this can be verified

in concrete examples). We now define the generalized spectral determinant as
Ex(K;h) :det (1+I€1Aj1 +..-+K/g2Ang)‘ (254)

This definition does not depend on the index j: from the relationships (2.26)
and (2.24), we find

A =P AP (2.55)
Different choices of the index lead to operators related by a similarity transfor-
mation, and their determinants are equal. The generalized spectral determi-
nant (2.54) can be of course regarded as the conventional spectral determinant
of the operator

IilAjl + -+ IigZAng. (256)

As shown in [33], if the operators Aj; are of trace class, as we are assuming here,
(2.54) is an entire function on the moduli space parametrized by ki, ..., Kgs,.
This function can be expanded around the origin k£ = 0 as follows:

Ex(ril) = > 0 S Zx(NiRRD - g, (2.57)

N1>0 Ny, >0
with the convention that
Zx(0,...,0;h) = 1. (2.58)

This expansion defines the (generalized) fermionic spectral traces Zx (IN;h),
as promised. These are crucial in our construction, since they will provide a
non-perturbative definition of the topological string partition function on X.
Fredholm’s formula (2.50) can be now used to give an explicit expression for
these traces. We have

Sx(ih) = 3 7 3 (D) [V

N>0" " o€eSy

N
X H <Z H@Ajg (:,Ci, xa(i))> s (2.59)
i=1 L

where Sy is the permutation group of N elements, and we denote by
Aj1(z, z,) the kernels of the operators defined in (2.53). For fixed Ny, ... Ny
we can count the terms in (2.59) that contribute to

=

KN (2.60)

In particular, this means that we pick up NV; of the Aj. It follows that
Zx(N;h) in (2.57) is given by

1
= [ deton (R (@, n)) ANz, 2.61
Sy et (B2 (2.61)

Zx(N;h) =
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where
gs
N=>"N, (2.62)
s=1
and
-1 1
Rj(xpm,xn) = Aji(Tm, x,) if ZNS <m < ZNS. (2.63)
s=1 s=1

As we showed above, the definition does not depend on the choice of j =
1,...gs. Note that the expansion (2.57) has detailed information about the
traces of all the operators Aj; and their products.

Let us write some of the above formula in the case gs; = 2, since we will
use them later in the paper. In this case, the fermionic spectral traces can be
written as

Zx (N1, No; h)
Aji(zy,21) - Aji(zr,zN)
1 , e A
— iy [ det | flre ) e ARSI g day. (200

Aja(zn,+1,21) -+ Ajo(TN, 41, TN)

Ajo(zn,z1) -+ Aja(zn,zN)
One finds, for example,
Zx(l, 1, h) =Tr Ajl Tr AjQ —Tr (AlejQ)
= /diL’leQ (Ajl(xl,l'l)AjQ(IQ,xQ)
—Ajl(xl,l‘g)Ajg(IQ,J}l)), (265)
as well as
1
Zx(2,1;h) = Tr (A%,Aj2) — 5T (A%) TrAj,
1
+§ (TI' Aj1)2 Tr Aj2 —Tr Ajl Tr (AlejQ) s
1
Zx(1,2;h) = Tr (Aj1AS,) — 5 TrAj Tr (A%,)
1
+5Tr A (TrAj2)” — Tr (Aj1Aj2) TrAjo. (2.66)

As we mentioned above, the integral (2.61) should be regarded as a generalized
multi-cut matrix model integral.

What is the motivation for the definition (2.54)? We should expect the
generalized spectral determinant to contain information about the operators
(2.44). To see that this is the case, let us consider the spectral determinant

det (1 + Iilpl) . (267)
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Using Fredholm—Plemelj’s formula (2.52), the log of this function can be com-
puted as

> (_ £y —0
-3 )y (o§°>+P1) " (2.68)
4
=1
where
Py = Zfijplj- (2.69)
i#1
We first note that
-/ 1 ¢
T (0 +p)) =1 |(pV— ] |. (2.70)
( 1 ) 1 1—|—p§0)P1

By expanding each denominator in a geometric power series, we find that
(2.68) is given by

141 Ly
DD Z e LR SUSE D ULy
621020 Ly =
In this equation,
f = (61, “ee 3692) (272)

and Wy is the set of all possible “words” made of ¢; copies of the letters Ay;
defined in (2.53). It is easy to see that (2.71) is almost identical to

Jx (k;h) = log Ex("»' h)

l
(k1AL + -+ Ry Algy)

£>1

B D S e

£1>04£22>0

x Y Tr(W), (2.73)

Wew,
except that all the terms have a strictly positive power of k1. It follows that

Ex(lﬂ',; h)
Ex((0,k2,..., kg ); h)

In addition, a simple inductive argument shows that

Ex(k;h) =det (14 k1p1)
K1—0>

. 2.75
S

det (14 Kk1p1) = (2.74)

xdet <1 + Kapa

--det (1 + Kgs Pgs,
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In this derivation, we have taken as our starting point the operator p; and
its spectral determinant, but it is clear that we could have used any other

operator p;, i = 1,...,gs. In particular, we have
Ex(K); h) .
det (1 4 kip;) = , =1,...,9%.
(1+ Kipi) Ex (K1, kim1,0,Kig1, ... Kggs h) ! 9=
(2.76)

If we set all moduli to zero in (2.76), except for k;, we find
det (1 n W;W) = =2 (0,...,0,85,0,...,0;8),  i=1,...,g%. (2.77)

Therefore, the generalized spectral determinant specializes to the spectral
determinant of the unperturbed operators appearing in the different canon-
ical forms of the curve. We will see, for example, that the generalized spectral
determinant associated with the resolved C3/Zs geometry gives, after suitable
specializations, the spectral determinants of the operators p3 1 and pa 2.

The attentive reader has probably noticed that the operators A;; defined
in (2.53) are not Hermitian, in general. However, the generalized spectral traces
defined by (2.57) are real (for real /). This follows immediately from (2.75),
which expresses (2.54) as a product of spectral determinants of Hermitian
operators.

The generalized spectral determinant (2.54) vanishes in a codimension
one submanifold of the moduli space. This submanifold is a global analytic
set, since it is determined by the vanishing of an entire function (see [36]). It
contains all the required information about the spectrum of the operators p;
appearing in the quantization of the mirror curve. For example, it follows from
(2.76) that it gives the spectrum of eigenvalues e~ B of a given operator p;,
as a function of the other moduli ;, j # 4. Since this holds for the different
operators pi, k = 1,...,¢9x, it follows that their spectra are closely related.
Heuristically, this can be already seen from (2.20). Let us suppose that \¢§LZ)>

is an eigenstate of O;, with eigenvalue )\5«5), ie.,
Oify) = AP [wy)). (2.78)

Note that the operator O; depends on the moduli x;, with [ # 4. Then, using
(2.20), we find that

[6) = P ?) (2.79)
satisfies
0,[¢:) = 0;P;/*[4")
=P (00 A0 ) ) = Pl )
— 0. (2.80)
The operator O; depends on the moduli ;, with I # j. For | # i, the x; are

the same ones appearing in the operator O;, while the value of x; is —)\g). Of
course, since P}j/ % is not bounded, the relation (2.79) only holds if the square



Vol. 18 (2017) Spectral Theory and Mirror Curves of Higher Genus 573

integrability of the wavefunction is not jeopardized. This is the case in the
examples that we have looked at, like the resolved C?/Zjs orbifold.

Interestingly, the codimension one submanifold determined by the van-
ishing of the generalized spectral determinant has been recently proposed as
the natural definition of the joint spectrum of the gs-tuple of non-commuting
operators Aj1,...,A gy [36,37].

2.4. Comparison to Quantum Integrable Systems

In the theory that we have developed in the previous sections, the quantization
process leads to gs; different operators. However, these operators are related
by reparametrizations of the coordinates and the relation (2.20). In particular,
there is a single quantization condition for all of them, given by the vanishing of
the generalized spectral determinant (2.54), as in [1]. This vanishing condition
selects a discrete family of codimension one submanifolds in the moduli space
parametrized by £1,...,kg,. We will determine this family in some detail in
the case of the C3/Zs orbifold.

As we mentioned in the Introduction, our quantization scheme might
be counter-intuitive for readers familiar with quantum integrable systems, in
which the quantization of a genus gs; spectral curve leads typically to gs; quan-
tization conditions. To appreciate the difference between the two quantization
schemes, let us review in some detail the case of the periodic Toda chain of N
sites. This system is classically integrable, with g = N — 1 Hamiltonians in
involution (see [38] for an excellent exposition of the classical chain). In the
quantum theory, the Hamiltonians can be diagonalized simultaneously and one
obtains in this way gx, quantization conditions that determine their spectrum
completely [39,40]. An elegant way to obtain the spectrum is using Baxter’s
equation [41,42], which in the case of the Toda chain is given by,

iNQ(z +ih) +iTNQ(x — ih) = Az)Q(z), (2.81)
where
N-1
Az) =2V — Z N g (2.82)

The ; can be interpreted as the Hamiltonians of the Toda chain. It was shown
in [42] that, by requiring Q(z) to be an entire function which decays sufficiently
fast at infinity, one recovers the quantization conditions of [39,40].

Baxter’s equation can be obtained by formally “quantizing” the spectral
curve of the Toda chain, which can be written as

2coshy = A(z). (2.83)

The conserved Hamiltonians x1,. .., kg, are the moduli of the curve. The vari-
ables y and = can be regarded as canonically conjugate variables, in which y
plays the role of the momentum. To quantize (2.83), we promote z, y to Heisen-
berg operators. In the position representation, we have

d
R (2.84)
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If we now regard (2.83) as an operator equation, acting on a wavefunction of
the form

N

vl = e (7 ) Q) (2.85)

we recover Baxter’s equation (2.81). As already noted by Gutzwiller [39,40],
this procedure is purely formal, since the spectral curve (2.83) does not deter-
mine by itself the conditions that Q(x) has to satisfy, and one needs additional
information. A more detailed analysis [39,40,43,44] shows that this informa-
tion is provided by the standard L?(R9=) integrability of the original many-
body problem, which forces Q(z) to be entire and to decay at infinity in a
prescribed way.

The resulting quantization conditions can be also analyzed in a WKB
approximation [42]. If we use an ansatz for the wavefunction (2.85) of the
form,

(@) ~ exp {—;S(x; h)} : (2.86)
where

S(z;h) =Y h"Sn(x), (2.87)

n>0

the leading term is determined by S{(z) = y(z), where y(z) solves the equation
for the spectral curve (2.83), as expected. Based on the all-order WKB solution
(2.87), we can define a “quantum” differential as

A = 0,5(x; h)de. (2.88)

Analyticity of Q(z) leads to all-order Bohr-Sommerfeld quantization condi-
tions,

j{ A = 27hn,, i=1,...,9%, (2.89)
B;

where B; are appropriate cycles on the curve (2.83). It was conjectured in
[4] that these conditions can be derived from the Nekrasov-Shatashvili (NS)
limit of the instanton partition function of SU(N), A" = 2 Yang-Mills theory.
This limit leads to a quantum-deformed prepotential fNS(a;h), where a =
(@1, .., agy) are flat coordinates parametrizing the Coulomb branch and gs; =
N — 1 is the genus of the Seiberg—Witten curve. The conjecture of [4] states
that the periods appearing in (2.89) are related to this prepotential by

OFNS
= A, i=1,...,95. 2.90
o . (290)
In addition, the flat coordinates a; are related to the k1,..., Ky, through a

“quantum” mirror map,

ai:f A, 1=1,...,9%, (2.91)
A;
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FIGURE 2. In the quantum Toda lattice, the quantum spec-
tral curve leads to g = N — 1 quantization conditions, which
select an infinite set of points in the moduli space parame-
trized by kK1,...,Kgs. We show a cartoon of this situation in
the case gs; = 2, which should be compared to the actual
calculation in Figure 4 of [48]

where A; are appropriate cycles on the spectral curve. This conjecture was
verified, in the very first orders of the perturbative WKB expansion, in [45,46].
Additional evidence for this claim has been also provided in for example [47].

Therefore, in the case of quantum integrable systems of the Toda type,
one has gsx, quantization conditions, which in the all-order WKB quantiza-
tion can be written as in (2.89). The solution to these conditions on the gs-
dimensional moduli space parametrized by the Hamiltonians s1,..., kg is a
set of points, i.e., a submanifold of codimension gs;. In Fig. 2, we show a car-
toon of how the quantization conditions, in the case of g5, = 2, lead to such a
discrete spectrum. This cartoon should be compared to Figure 4 of [48], which
shows the result of the actual calculation.

As we already noted, the quantum version of the Toda spectral curve does
not lead by itself to a well-defined spectral problem: one needs additional con-
ditions that follow from a detailed analysis of the original integrable system,
which has gs; Hamiltonians in involution and requires gy quantization condi-
tions. However, this does not mean that a curve of genus gs; should always
lead, after quantization, to gs; quantization conditions. The simplest example
showing that this is not the case is a one-dimensional particle in an (even)
confining potential, with a classical Hamiltonian

2
H(z,y) = % + V(x), V(z) = 2N + ey 122072 4. (2.92)

The curve
H(z,y)=FE (2.93)

has genus g» = N — 1. The “quantization” of this curve leads to a standard
eigenvalue problem for a Schrédinger equation with potential V(). For real ¢;,
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7// 5

F1GURE 3. The quantization of a higher genus mirror curve
leads to a single quantization condition, which defines a dis-
crete family of codimension one submanifolds in moduli space.
Here, the x; should be understood as —e, where E; are the
energies. This cartoon should be compared to the actual cal-
culation for the resolved C?/Zs geometry and h = 27, in Fig. 5

i =0,...,N—1, the spectrum is real and discrete, and there should be a single
quantization condition, expressing the energy E as a function of the parameter
¢; and the quantum number n. Semiclassically, and for E sufficiently large, the
quantization condition is simply given by the Bohr—-Sommerfeld rule,

7{ y(x)dx = 2whn, n=0,1,..., (2.94)
B

where B is the cycle associated with the turning points of the classical motion.
Therefore, although the curve (2.92) has genus N — 1, when interpreted as
describing a particle in an even, confining potential, its quantum version should
lead to a single quantization condition, associated with the preferred cycle
B. One could think that the other cycles of the higher genus curve do not
play a role. However, this is not so. The reason is that, in the exact WKB
method, one should consider complex trajectories around all possible cycles
of the underlying curve, and these trajectories will lead to complex instanton
corrections to (2.94), as first pointed out in the seminal paper [49,50].

The quantization of higher genus mirror curves considered in this paper is
in fact very similar to the quantization of the curve (2.93): there is in principle
no need to specify gy quantization conditions, since (at least in the cases we
have considered) the relevant operators O; have a well-defined discrete, pos-
itive spectrum which is determined by a single quantization condition. This
condition determines a discrete family of codimension one submanifolds in
moduli space. A cartoon for what we expect when gy, = 2 is shown in Fig. 3.
At the same time, our quantization scheme leads to a genuine gy-dimensional
problem, as reflected in the fact that we have gs, different operators and our
generalized fermionic spectral traces depend on gy different integers. Our goal
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will be to determine the quantization condition, as well as the generalized
spectral determinant (2.54) and spectral traces, from the topological string
amplitudes on X. The cartoon in Fig. 3 can be compared to the actual calcu-
lation of such a family in the example of the resolved C?/Z; geometry, and for
h = 2m in Fig. 5.

3. Spectral Determinants and Topological Strings

3.1. A Conjecture for the Generalized Spectral Determinant

We will now state our main conjecture, which generalizes [1] to the higher
genus case, and provides an explicit expression for the generalized spectral
determinant (2.54) in terms of topological string amplitudes. As in [1], the key
object is the (modified) grand potential introduced in [9].

To state the conjecture, let us first recall some basic geometric ingredients.
As we noted above, in the geometry there are gs; moduli, x;, ¢ =1,...,gs, and
Ty, mass parameters, &;, j = 1,...,rs. We will also parametrize the moduli
through the “chemical potentials” pu;, defined by

ki = el i=1,...,9s. (3.1)

The Batyrev coordinates z; can be written as
gs TS
—log z =Y Ciypj+ Y ailogls, i=1,....g5+rs.  (3.2)
j=1 k=1

The coefficients C;; determine a (g, + 7x) X g, matrix which can be read off
from the toric data of X. It is possible to choose the Batyrev coordinates in
such a way that, for i = 1,...,gs, the z;s correspond to true moduli, while
fori = gs +1,...,9s + ry, they correspond to mass parameters. For such a
choice, the non-vanishing coefficients

Cij, i,j:17...,gz, (33)

form an invertible matrix, which agrees (up to an overall sign) with the charge
matrix C;; appearing in [27]. The classical mirror map expresses the large
radius, Kahler parameters ¢; of the CY in terms of the Batyrev coordinates z;.
As first shown in [3], the classical mirror map can be promoted to a quantum
mirror map ¢;(h) which depends now on 7. Explicit expressions for the quan-
tum mirror map can be obtained in various ways, see for instance [51,52] for
examples.

In addition to the quantum mirror map, we need various enumerative
ingredients from topological string theory. First of all, we need the conventional
genus g free energies Fy(t) of X, g > 0, in the so-called large radius frame.
These free energies are given by a “classical” or perturbative part, plus a
series of worldsheet instanton corrections which can be regarded as generating
functionals for the Gromov—Witten invariants of X . The genus zero free energy
is given by
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1 _d.
Fo(t) = 6aijktitjtk + Z Néie dt (3.4)
d

At genus one, one has
F1 (t) = bztz + Z N{ie_d't, (35)
d

while at higher genus one finds

Fy(t)=Cy+ > Ne @t g>2 (3.6)

In these formulae, NV, ;i are the Gromov—Witten invariants of X at genus g and
multi-degree d. The coefficients a;jx, b; in (3.4), (3.5) are cubic and linear cou-
plings characterizing the perturbative genus zero and genus one free energies,
while Cj in (3.6) is the so-called constant map contribution [53]. The total free
energy of the topological string is defined as the formal series,

FWS t gs Zg2g 2F

9=>0
= FP(t,g)+ > Y Nee dtg2—2, (3.7)
g>0 d
where
1 29—2
F®)(t,g,) = 6 2awktt it + bit; +gz>2 Cog29~ (3.8)

and g is the topological string coupling constant. As it is well known [54],
the sum over Gromov-Witten invariants in (3.7) can be resummed order by
order in exp(—t;), at all orders in gs;. This resummation involves a new set
of enumerative invariants, the so-called Gopakumar-Vafa (GV) invariants n.
Out of these invariants, one constructs the generating series

FOV (t,9,) ZZZ —n (251 29 ) 72e_“’d't, (3.9)

950 d w1 ¥

and one has, as an equality of formal series,
FWS (tags) = F(p)(tags) + F&Y (tvgs) : (310)

One can generalize the Gopakumar—Vafa invariants to define the so-called
refined BPS invariants [55-57]. These invariants depend on the degrees d and
on two non-negative half-integers, jr, jr. We will denote them by IV JL jne and
they are also integers. The Gopakumar—Vafa invariants are particular combi-
nations of these refined BPS invariants, and one has the following relationship
between generating functionals,

2g
S X @@ir+ DN =Y nd (1/2 *1/2) . (311

JL.JR 920
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where ¢ is a formal variable and

2j+1 _ ,—2j—1

q q
q—q"
is the SU(2) character for the spin j. We note that the sums in (3.11) are
well defined, since for given degrees d only a finite number of j, jr, g give a
non-zero contribution. Out of these refined BPS invariants, one can define the

so-called NS free energy,

Xj(q) = (3.12)

1
F’Ns(t7 h) = &aijktitjtk + blL\IStﬂi

s hw . :n hw :
sin 2225 + 1)sin B4 (2jr +1) 4.
YD N 902 5] T eTMIt (3.13)
w? sin” %

JjL,jr w,d

In this equation, the coefficients a;j;, are the same ones that appear in (3.4),
while bys can be obtained using mirror symmetry as in [58]. This generating
functional involves a particular combination of the refined BPS invariants,
which defines the NS limit of the refined topological string. The NS limit was
first discussed in the context of gauge theory in [4]. By expanding (3.13) in
powers of &, we find the NS free energies at order n,

FNS(t,h) = > FNS ()1, (3.14)

n=0

and the expression (3.13) can be regarded as a Gopakumar—Vafa-like resum-
mation of the series in (3.14). We recall that the first term in this series,
F¥5(t), is equal to Fy(t), the standard genus zero free energy. Note that the
term involving the coefficients b contributes to FI\>(t).

With all these ingredients, we are ready to define, following [9], the so-
called modified grand potential of the CY X. It is the sum of two functions.
The first one is
ti(h) OFNS(t(h), h)

27 8ti

) (FNS(t(h)ﬁ))

IWEB (. & h) =

2w Oh h
2
+?biti(h) + A(&R). (3.15)
Note that, in the second term, the derivative w.r.t. A does not act on the
implicit dependence of t;(%) (it is a true partial derivative). The function
A(€, ) is not known in closed form for arbitrary geometries, although detailed
conjectures for its form exist in some cases. It is closely related to a resummed
form of the constant map contribution appearing in (3.6). The function (3.15)
is perturbative in A, and it can be in principle obtained by performing a resum-
mation of the all-order WKB expansion, hence its name. At leading order in
h, the quantum mirror map becomes the classical mirror map ¢;(h) ~ t;, and

ISP 1) = LI (€)oo (3.16)
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where

1 (. &) = S ( %ZZO 2F0>+27rbiti (3.17)

and Fj is the genus zero free energy.
The second function is the “worldsheet” modified grand potential, which
is obtained from the generating functional (3.9),

2 472
IWS(p €, 1) = FOV (;LTt(h) + 7B, Z) . (3.18)
It involves a constant vector B (or “B-field”) which depends on the geometry
under consideration. This vector should satisfy the following requirement: for
all d, j; and jgr such that NV ]F‘L jn 1s non-vanishing, we must have

(—1)%et2intl — (_1)Bd (3.19)

For local del Pezzo CY threefold, the existence of such a vector was established
in [9]. Note that the effect of this constant vector is to replace

et e tTmB (3.20)

in the generating functional (3.9). Note as well that the string coupling con-
stant g, is related to the Planck constant of the spectral problem by
472
g5 =~ (3.21)
Therefore, the strong string coupling regime corresponds to the semiclassical
limit of the spectral problem, while the weakly coupled regime of the topolog-
ical string corresponds to a highly quantum regime in the spectral problem.
The total, modified grand potential is the sum of the above two functions,

Ix (1, &, 0) = IX B (. & ) + IN5 (. &, 1), (3.22)

and it was first considered in [9]. When the mirror curve has genus one, it
agrees with the modified grand potential of [1], although we have written it
in a slightly different way. In particular, the modified grand potential of [1]
involves a perturbative part, a membrane part, and a worldsheet part. Here,
we have put together the perturbative and the membrane part in the WKB
grand potential. The quantity (3. 22) has the following structure,

Sl €.h) = st (08 (R ()

orb;  hbYS
+< — 27r>ti(h)

Lo (eftim)’efzm(m/h) ) (3.23)

The last term stands for a formal power series in et (" =27t/ whoge

coefficients depend explicitly on i. However, this series is a priori ill defined
when £ is a rational multiple of 7. This is due to the double poles in the
trigonometric functions appearing in (3.13) and (3.9). However, although the
generating functionals (3.15) and (3.18) diverge separately, the poles cancel
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in the sum [9], as in the HMO cancellation mechanism discovered in [7]. The
presence of a B-field satisfying (3.19) is crucial for this cancellation. In the
higher genus case, we have established the existence of such a B in the exam-
ples we have studied. Clearly, it would be important to determine B in full
generality for any toric geometry. Note that, in addition, our expression for
(3.22) is, as in [1], intrinsically a large radius expansion. We note that only at
large radius we have geometric tools to sum up the A corrections at all orders.

After introducing all of our ingredients, we are ready to state our main
conjecture. We claim that the generalized spectral determinant (2.54) is given
by

Ex(rih)= Y exp(Ux(p+27in,& h)). (3.24)
nezis
It is understood that the generalized spectral determinant also depends on
the mass parameters &, but we will not write this dependence explicitly. As in
[1], the right-hand side of (3.24) defines a quantum-deformed (or generalized)
Riemann theta function by
Ex(r;h) =exp (Jx(p, &, ) Ox(k;h). (3.25)
We note that the function A(&, i) appearing in (3.15) can be fixed by requiring
that the expansion of the generalized spectral determinant around k = 0
starts with 1. The expression (3.24) looks rather formal, but in fact it can be
computed systematically (for arbitrary i) near the large radius point of moduli
space, as shown in [1] in the genus one case. Interestingly, if our conjecture
is true, the resulting expression is in fact an analytic function on the CY
moduli space. This is surprising, since the modified grand potential (3.22) is
not analytic. However, the inclusion of the quantum theta function should
cure the lack of analyticity. This is related to the observation in [59] that
including generalized theta functions in the total partition functions restores
modular invariance. Note though that, in contrast to what happened in [59],
the quantum theta function appearing in (3.25) is well defined, at least as an
asymptotic expansion. In addition, and as we will see in the next section, when
h = 27, the quantum theta function becomes a perfectly well defined, ordinary
theta function.

3.2. The Maximally Supersymmetric Case

As in the genus one case, an important simplification in the above formulae
occurs when i = 27. In this case, the contribution to (3.9) involving invariants
with g > 2 vanishes. After carefully canceling the poles, one finds that (3.22)
becomes

1 1 95tr= 82ﬁ0 gstrs 8130 ~
DGl = 15 Y5 2 i — 2 tigg + 1

= 1=
+ Fy + FNS. (3.26)

In these formulae, the generating functionals ﬁo, 131 and ENS are the same
ones appearing in (3.4), (3.5), (3.14), but where we perform the replacement
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(3.20) in the instanton expansion (i.e., we do not make such a replacement
in the polynomial terms in t.) In (3.26), ¢; denotes the quantum mirror map
evaluated at A = 27. It turns out that this equals the classical mirror map,
up to a change of sign in the expansion in the moduli. This change of sign is
precisely the one that would lead to (3.20).

As a consequence of this simplification, the quantum-deformed theta
function becomes

Ox(k;2m) = Z exp [ﬂitm'n + 27in - v

nezIs
im
—gaijkcilcjmckpnmmnp ) (3.27)
In this equation, 7 is a gy X gy matrix given by
1 9 F
Tim = ———Ci;C. 9 Lm=1,...,9s, (3.28)

omi T B oty

where the sum over k,j runs from 1 to gs + ry. As explained in [27], this
is nothing but the 7 matrix of the mirror curve. It is a symmetric matrix
satisfying

Im(7) > 0. (3.29)

In addition, the vector v appearing in (3.27) has components

Um =

Ciim { 02F, oF,

NS
BN R (S, =1,...,95(3.
rea TR atj} Cim (bj +65°),  m=1,...,95(3.30)

where the sum over k, j runs over all the g + 7y indices. In all the examples
we have considered, the cubic terms in (3.27) can be traded by quadratic or
linear terms. This adds constant, real shifts to 7 and v. The resulting matrix
and vector will be denoted by 7 and ©. In this way, (3.27) becomes (up to an
overall constant) a conventional higher genus Riemann—Siegel theta function
on Y, which we will write as

Ox(k;2m) = Z exp [wi'n7n + 27in - v . (3.31)
nezI

Note that Im (7) = Im(7); therefore, the theta function (3.31) is still well
defined. This result is a direct generalization of the genus one case considered
in [1].

As we have discussed, the quantization condition for the operators asso-
ciated with X is obtained by looking at the vanishing locus of the generalized
spectral determinant. In the maximally supersymmetric case, this has a beau-
tiful interpretation. The vanishing locus of (3.31) on the Jacobi torus is by
definition the theta divisor Dg. The period U can be regarded as a map from
the moduli space M parametrized by k, to the Jacobi torus,

U M — T?9%, (3.32)
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It follows that the vanishing locus giving the quantization condition can be
geometrically interpreted as the inverse image of the theta divisor by the map
v:

v ' (Do) C M. (3.33)

Of course, the same interpretation can be made in the genus one case. In the
generic case, one has to consider the quantum-deformed theta function, and
its vanishing locus will be a quantum deformation of the locus above.

3.3. Spectral Traces at Large N and Non-perturbative Topological Strings

One of the most surprising consequences of the correspondence between spec-
tral theory and mirror symmetry is that the conventional topological string
can be obtained from a 't Hooft-like limit of the fermionic spectral traces. In
the case of genus one curves, this was explained in detail in [12]. First of all,
note that these traces, which appear as coefficients in the expansion (2.57),
can be written as

1 dk1 dk —
Zx(N3h) = s ﬁ e ?g HNgjil Zx(k; h). (3.34)
1 gs

We can now use the argument first presented in [7]: the multi-contour integral
can be written as an integral over p;, from —im to im. Since, according to
our conjecture (3.24), the generalized spectral determinant can be obtained by
summing over all displacements of the u; parameters in integer steps of 27i,
we can trade the sum over the n; by an integration along the whole imaginary
axis, and we find

1 ico ico
Zx(N;h) = (2m>qz/ dMl"'/ dpigs,

gs
X exp {Jx(u,g,h) —ZNZM}. (3.35)
1=1

As in [12], we want to evaluate the asymptotic expansion of the fermionic
spectral traces in the 't Hooft limit (1.1). This can be done by evaluating the
multi-integral in the saddle point approximation. To have a non-trivial limit
as i — 00, we have to consider the modified grand potential in the limit

h — oo, i — 00, %:Q fixed, i=1,...,9s. (3.36)

In this limit, the quantum mirror map becomes trivial, and we can replace t;
by its leading order term (3.2). We will also assume that the mass parameters
£ scale in such a way that

log &;

h )

remain fixed in the 't Hooft limit (other scaling behaviors can be considered,
as in [12]). In the study of the 't Hooft regime, we will denote 27t/h simply

J=1,...,r%, (3.37)
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by t, and 27 log &; /i by log &, to avoid unnecessary additional notation. From
(3.2), we find that

TS gz
tleozijloggj:%rZCijCj, iil,...7g§] +ry. (338)
Then, in the limit (3.36), the modified grand potential has the genus expansion
It (¢, m) Z Iy (¢ &n*%, (3.39)

where

3 €8 = o (Bo(0) + 4w+ 1674 (6))

KGO =4(©+R 1),

(€O =4,(6) - Cot () *Fy (1), g>2  (3.40)
The arguments ¢ and £ of the modified grand potential are related to the
Kéhler parameters t by (3.38). We have assumed that the function A (&, h)
has the expansion

oo

AE,h) = Ag(eR*2. (3.41)

9=0

n (3.40), as in (3.26), the ﬁg (t) are the standard topological string free ener-
gies as a function of the Kéhler parameters t, after turning on the B-field. The
saddle point of the integral (3.35) is given by

F
(ao +4m 2b§“8>, i=1,...,95. (3.42)

i =

87T3 ot

One then finds that the fermionic spectral traces have an expansion of the form
(1.2). The leading function in this expansion is given by a Legendre transform,

Fod) =J5 (¢.€) —A-¢. (3.43)

If we choose the Batyrev coordinates in such a way that the first gs; corresponds
to true moduli and the remaining ry; correspond to mass parameters, we find

OF & .
8; :—Q:—Z 5 (t —Za]k10g§k> 1=1,...,9%, (3.44)
i J=1

where C~1 denotes the inverse of the truncated matrix (3.3). The higher genus
corrections Fy(A) in (1.2) can be computed systematically using the results of
[60]. Indeed, the integral (3.35) implements a symplectic transformation from
the large radius frame, to a particular frame which we will call the mazimal
conifold frame. As in [12], the 't Hooft coordinates \; are flat coordinates in
this frame, and the maximal conifold locus is defined by

N=0, i=1,...,9%. (3.45)
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This locus has dimension ry, the number of mass parameters of the toric
CY. In case there are no mass parameters, as in the example of the resolved
C?/Zs orbifold considered in this paper, the maximal conifold locus is in fact
a point, and we will refer to it sometimes as the maximal conifold point. It
follows that the functions Fy(A) appearing in (1.2) are the topological string
genus ¢ free energies in the maximal conifold frame. Note that (3.42) gives
a prediction for the particular combination of periods which vanishes at the
maximal conifold locus. As noted in [13], the coefficients of the constant trivial
period are determined by the coefficients b}¥>, i.e., the coefficients of the linear
terms in the next-to-leading NS free energy. As far as we know, this connection
has not been noticed before and is a direct consequence of our conjecture (3.24).

The main conclusion of this analysis is that, if (3.24) is correct, the
fermionic spectral traces Zx(IN,h) provide a non-perturbative definition of
the genus expansion of the topological string (in the maximal conifold frame).
This is of course the natural generalization of what was done in [12,13] in the
case of genus one mirror curves. We will provide some detailed verifications of
this statement in the case of the resolved C?/Zs geometry, in the next section.

Finally, let us note that the fermionic spectral traces can be also com-
puted in the so-called M-theory limit, in which N; > 1 but & is fixed. In this
limit, Zx(IN,h) is given, at leading order, by a multivariable generalization
of the Airy function, extending in this way the results found in the genus one
case in [1]. In some cases, this generalization can be written as a product of
conventional Airy functions. We will see a detailed example of this in Sect. 4.2.

4. Testing the Conjecture

In this section, we will perform a detailed test of the above conjectures in
(arguably) the simplest toric geometry with a genus two mirror curve: the
resolved C3/Zs orbifold studied in the Example 2.1.

4.1. The Resolved C3/Zs Orbifold

The toric description of the geometry is encoded in the charge vectors (2.27).
After setting x1 = xo = x4 = 1, we have

Zs3 Zo
21 Ig; z2 l% ( )

Another useful set of parameters for the moduli space are,
=225 =23° wv=2zizm=u1,". (4.2)

This geometry has been discussed in detail in [28,29], and it has a rich phase
structure. The large radius point is, as usual,

Z1 = 29 = 0. (43)
In addition, there are two half-orbifold points. The first one is defined by
Ty = 0, u = 0, (44)
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FIGURE 4. The conifold locus A(z1,22) = 0 in the (21, 22)
plane contains a point (4.8) where two components cross
transversally

while the second one is defined by
z3=0, v=0. (4.5)

We note that these are the points which are suitable to study the operators
03,1 and O, since in each case we are setting to zero the perturbation in
(2.34). The corresponding geometries are the canonical bundles over P(1,3, 1)
and P(1,2,2), respectively. The (full) orbifold point is simply

Trog = X3 = 0. (46)

As in the genus one case considered in [1], studying the topological string
around this point will make it possible to calculate the expansion (2.57) of the
generalized spectral determinant.
Another important region in the moduli space of the curve is the conifold

locus, where the discriminant

A(z1, 22) = 31252725 + 50021 25 + 1625 — 2252129 — 829 + 2721 + 1,  (4.7)
vanishes. The real part of this locus has various components, but there is a
very special point at
1 1
—, Zo = — 4.8
25 75 (48)
where two components of the locus cross transversally (see Fig. 4). As we will
see, this is the maximal conifold point at which the 't Hooft parameters A1, Ay

zZ1 = —
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vanish. This point controls the 't Hooft limit of the spectral traces, at weak 't
Hooft coupling.

The resolved C3/Zs orbifold can be also realized as a perturbed local P2
geometry. This can be easily seen by considering the Eq. (2.30) and performing
the transformation = + y — —x. After reinstating x4 in the equation, and
setting x1 = 29 = 3 = 1, we find that (2.30) reads,

e® +e¥ +e TV 4 a4e® 429 =0, (4.9)
and we have
21 = xa3, Zo = X4TQ. (4.10)
After Weyl quantization, we find the operator
0171 + .1‘462)(, (4.11)

which is a perturbation of the operator O; ; obtained by quantizing the mirror
curve of local P2,

Let us now review some of the topological string amplitudes on this geom-
etry. Near the large radius point there are two flat coordinates, t1, to. They
can be expressed in terms of the moduli 21, z5 by the mirror map,

tr = —la, (Zla ZQ) - 710g(21) + O(Zl),

ty = =4, (21, 22) = —log(22) + O(2), (4.12)
where the periods I14,, IIp,, i = 1,2 are given in (A.5). Using (2.28) and
taking into account (3.2), we conclude that the matrix C;; is given by

C = <_31 _21) . (4.13)

We will introduce, as usual, the exponentiated variables

Qi=e", Qu=e " (4.14)

The large radius genus zero free energy is defined by the special geometry
relations,

0Fy 1 0Fy 1

—_— = — — = —1II 4.15
ot 10077 9ty 100 0 (4.15)
which leads to (see for example [27])
1 1 3 3 ins
Fo(ty, t2) = Bti’ + I—Otftg - Emg + Totg + F™(t1,t2),  (4.16)
where
. 45 2
FEt(i,) = 31 —2Q0 — D@3 +4i@ - T )

The genus one free energies (both standard and refined) have been
obtained in [27]. The (standard) genus one free energy is given by

1 1
Fi(t,t2) = T log (Azfs/sz§9/5> ~3 log det(J;5), (4.18)
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where
ot;
aZj
is the Jacobian of the mirror map, and A is the discriminant (4.7). One finds,
by explicit expansion,

20, 3ty Q1 Q2 ﬁ—FQlQ? Q3

Jij = (4.19)

Fi(tito) = o+ 50+ — 5 — = S et (420
Similarly, one finds the NS refined free energy,
FNS(ty,ty) = —2—14 log (Az;%25%), (4.21)
which has the expansion
L1067 59 Q5 (4.22)

16 6 12

Higher genus free energies, as well as higher FNS(#,5), have been determined
in [27] up to order 3. We will, however, not use them in this paper.

4.2. The Generalized Spectral Determinant

The resolved C3/Zs geometry involves two canonical operators, obtained by
Weyl’s quantization of (2.34). They read,

O =e*+e& +e 2 faze ™Y =099 +a3e 7,
Oy =+ +e ¥V fgpe ™ = O3,1 + zpe™™. (4.23)

As we have seen in Sect. (2.3), the generalized spectral determinant can be
expressed in many ways. A particularly useful representation in this geometry
comes from (2.75), and we find

E(xO"r?); h) = det (1 + xo (0272 + x3P12)—1> det (1 + x3o3_&)

= det (1 + 25 (051 + g;opm)*l) det (1 +29053) . (4.24)

In particular, we have

det (1 + Zg (02,2 + $3P12)71) =

det (1 423 (O51 + x0P21)‘1) - (4.25)

The defining formula for the generalized spectral determinant is (2.54). For
convenience, we will choose as our reference operator Oz ; (i.e., we will choose
Jj =2 1in (2.54)). The relevant operators are then,

Az = p3,1Pa1, Agz = p3,1, (4.26)
and we recall that

Par =e™%, (4.27)
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where x is the quantum Heisenberg operator appearing in Oz ;. It is known
from [11] that ps; is of trace class, and it can be easily checked that Ag; is of
trace class as well.

We are now ready to write down the total grand potential, as it follows
from our conjecture (3.24). The parameters entering the operators are written
in terms of chemical potentials as,

To = k1 = et T3 = Ko = eM?, (4.28)
and they are related to the complex moduli of the geometry by
log z1 = —3pu1 + o, log zo = 1 — 2o, (4.29)

as it follows from (3.2). The first thing we must know is the value of the appro-
priate B-field in (3.18). Since this geometry can be regarded as a perturbation
of the local P? geometry when zp = 0, a natural guess is that

B = (1,0). (4.30)
It can be checked that, for this choice, (3.19) is satisfied.? The insertion of this
B-field in the worldsheet instanton piece is equivalent to changing the sign of

Q1 in the expansions at large radius (but not in the log terms). For example,
for the very first terms, one finds,

— <1 22y -2
J (”1"@;}2):_2; 2sin -

v=1

" (3ef2wvt1/h +2672mt2/h) T (4.31)

and the sign in the first exponential (involving ¢1) is the opposite one to what
we had in (4.17).

The function JWVXB(u1, ju9; A) can be computed in many different ways.
The leading order terms at large p; can be read from (4.16), (4.20) and (4.22).
The semiclassical limit (3.17) can be checked as in [6], by calculating semiclas-
sical traces. This calculation is easy to do either when z3 = 0, or when xy = 0.
In these cases, the relevant operators are simply O 2, O3 1, respectively, and
the corresponding semiclassical grand potential is easy to calculate (see also
[61]). The classical spectral traces of these operators are

(0) _ dzdy 1

& (02’2)_/ 2T (% + ¥ + e—20-2y)"

1 T (¢/5)T (20/5)

107 L'(¢) ’

(0) o d:L‘dy 1

7 =

0001 = [ 5 =
1 T (¢/5)°T(3¢/5)

= Tw (4.32)

2 We would like to thank Albrecht Klemm for verifying explicitly that this is indeed the
case for the refined BPS invariants of this geometry calculated in [27].
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We then find,

Jo(u,0) = = (_;1) 2" (02,),

k)t
¢

7 (03.1). (4.33)

M8

J0(07/~}'2) = -

From the point of view of the geometry, these are expansions near the orbifold
point. It is easy to verify, using the explicit formulae in Sect. A.2 of the Appen-
dix, that these expansions are indeed reproduced by the r.h.s. of (3.17). Finally,
the quantum mirror map entering in the expression (3.22) can be computed
systematically, as shown in Appendix A.4.

As we explained above, in the maximally supersymmetric case h = 27,
the spectral determinant can be written down explicitly. The generalized theta
function becomes in this case a standard Riemann theta function. Indeed, it
can be easily checked that

O(p;2m) = Z exp X {iw (n%ﬁl + 2ninomio + nngg)

ni,n2€Z

8
+ 27 (nqv1 + navg) — im (nl + 3n2> }, (4.34)

where the vector v is given in (3.30) (since we are considering a fixed CY
example, we have removed the subscript X). Let us recall that the Riemann
theta function with characteristics a, 3 is defined by

! [‘E] (z7)= Y exp[in ‘(n+ a)r(n+ @)+ 2ri(z + B) - (n +a)] .
nez?

(4.35)

It follows that the generalized spectral determinant, for the maximally super-
symmetric case, can be written as

=(u27) = exp U 2) 0 | ] (0.7). (436)

B=-— (; ;1) (4.37)

and J(p;27) is given by the specialization of (3.26) to the resolved C3/Zj;
orbifold. It is also easy to check from the results in the Appendix A.4 that, for
h = 2, the quantum mirror map becomes the classical mirror map, together
with a change of sign z; — —z; in the polynomial part.

The expression (4.36) embodies our conjecture for the case at hand. We
can now test our conjecture by verifying that this formula indeed gives the right
spectral properties and quantities (in the maximally supersymmetric case). In
the rest of this section, we will check the predictions for the spectral traces.

where
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The fermionic spectral traces Z (N7, No; i) can be read off from the expan-
sion of the spectral determinant around k1 = ko = 0, which in our case
corresponds to xg = w3 = 0. This is the orbifold point. In the maximally
supersymmetric case, this can be done by performing an analytic continuation
of the various quantities involved in (4.34) to the orbifold point. As in the
case of local P? analyzed in [1], it is convenient to change the sign of x3 and
perform the expansion of a closely related theta function. Note that this leads
to a change of sign z; — —z;. This has the effect of restoring the conventional
sign of the standard topological string amplitudes (which we had to change,
due to the B-field (4.30)), but also changes the structure of the theta function,
due to the shifts in the logarithms. After carefully keeping track of all these
changes, we find,

«

B

(). o-fd) (Y

and the quantities J(xo, z3;27), 7 and v are given by (3.26), (3.28) and (3.30)
but they involve now the analytic continuation to the orbifold point of the
standard genus zero and one free energies. After implementing this formula,
one finds the expansion

E(xo,x3;2m) = 1+ Z(1,0;2m)xo + Z(0,1;2m)a3 + Z(1, 1;2m)zoxs + - -(4.40)

E({E[), —I3; 27'(') = eJ(l'vaS;Qﬂ)elﬂ'ﬁ |:

] (v, 7 - S), (4.38)

where

The coefficients of this expansion involve derivatives of the Riemann theta
function of genus two, but they can be evaluated numerically with high preci-
sion. We find,

Z(1,0;27) = 0.0552786404500042 . . .,
Z(0,1;27) = 0.0894427190999916 . . . ,
Z(1,1;27) = 0.0030770561988687 . .. (4.41)

As we explained in Sect. 2.3, these coefficients are defined as (generalized)
fermionic spectral traces of the operators (4.26). One has, for example,

Z(l, O, 27T) =Tr (p371P21) = TI‘p272,
Z(0,1;2m) = Trps 1,
Z(1,1;2m) = Trpg 2 Trps1 — Tr(ps,1P21p31). (4.42)

In [11], the integral kernels of the operators p,,, were obtained in closed
form, in terms of the quantum dilogarithm. Therefore, the traces (4.42) can
be computed explicitly. Since these results will be also used in the analysis
near the maximal conifold point, let us briefly summarize them. Let us denote
by ®p(z) Faddeev’s quantum dilogarithm [62,64] (we follow the notations in
[11]). We define as well the functions (see also [68])

e2ﬂax

R X))

(4.43)
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Let g, p be operators satisfying the normalized Heisenberg commutation rela-
tion
p.a) = (270) L. (444

They are related to the Heisenberg operators x, y appearing in O,, ,, by the
following linear canonical transformation:

1 1
x=omptpEna o mpt (it l)a (4.45)
m+n-+1 m+n-+1
so that A is related to b by
27b?
h= —. 4.46
m+n+1 ( )

Then, in the momentum representation associated with p, the operator py, »
has the integral kernel,

‘lja,C(p) \Ijaﬁ(p/)

pm,n(pap/> = T ) (447)
9b cosh (WW)
where a, ¢ are given by
mb b
— — = - 4.48
“ 2(m+n+1) ¢ 2(m+n+1) (4.48)
Using these results, we can easily compute the kernel of Aoy, and one finds
ambp’  2mb2i ib
GloaaParli) = o B e s (4 7). (1.49)

Therefore, we find the following integral representation

Tr 2wl _ dmbp’ / ib / ’
(p31P21ps 1) =€ 725 e 5 p3s1|(pp + 5 pa,1(p',p) dpdp’.
(4.50)

In the maximally supersymmetric case, i = 2w, the spectral theory of
these operators also simplifies, as noted already in [10], and one can use the
results of [63] to show that the integral kernels above become elementary func-
tions. The trace of p,, 1 was computed in [11] for any m and i = 27, and one
finds

1
Tr = —. 4.51
3,1 5v5 ( )

A similar computation shows that

Tt pas = % (5 - \/5) . (4.52)

These agree precisely with the predictions (4.41) of the spectral determinant
(4.36). A numerical calculation of the double-integral (4.50) makes it also pos-
sible to verify the prediction in (4.41) for Z(1,1;2m).
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We should note that, although we evaluated the expansion (4.40) numer-
ically, its coefficients can be computed analytically in terms of derivatives of
the Riemann—Siegel theta function. For example, one finds

29/5; /I (L
Z(].,O, 27T) — l\/; (10)

1
v <911(UO,T0) + 5912(00770) - @22('00770)) ;
I (5)

(4.53)

on (W1

=\ 40’ 30)°

SeifEeee) i)
—7+11/§—2\f i/ 5 ( 5+\f

Moreover, by requiring that Z(0,0;27) = 1, we find the following identity:
o s (1)

9 /8 (0077_0) = - 3/5 ’

22/5 (5++/5)" " m\ /T (2)

T0 =

(4.56)

which we checked numerically with high precision. The fact that (4.53) agrees
with (4.52) is another manifestation of the highly non-trivial content of our
conjecture (3.24).

There is yet another method to evaluate the spectral traces, which can
be also applied away from the maximally supersymmetric case. This method,
which goes back to [7], is based on the integral formula (3.35), and in using
directly the large radius expansion of the modified grand potential. In the genus
one case, where there is one single integration, this leads to an expression for
the fermionic spectral traces given by an infinite sum of Airy functions, in
which each term is exponentially suppressed with respect to the preceding
one. It turns out that this method can be generalized to the resolved C?/Zs,
as follows. The modified grand potential is given by

I, ;) = I (o, po; B) + IO (g, pao; ). (4.57)
Here, the perturbative part is the cubic polynomial in the p;s,
31 2u2)

1 (3u1 Spepi LA

0,2 h) = 2o = == 4 3

1/ h 1 /(= h
+§ <ﬁ - 87‘&') p1 + 3 (h - 47T> 2 + A(h), (4.58)
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while the non-perturbative part J®P) (1, po; ) contains the exponentially
small corrections appearing in the expression (3.22), and it is a power series in
z1, #2. We recall that the complex moduli z; » are related to the parameters
t1,2 by (4.29). We can now make a change of variables such that the cubic
polynomial appearing in (4.58) does not contain mixed terms,

v
M1 = 1 -+ 32, Ho2 = V. (459)
We find,
> i)
IRINZAOEDY ( (h)z/i> + A(h), (4.60)
=1
where
9 25
Ci(h) = o Ca(h) o (4.61)
and
1 /n h
1 /n 5h
By(h) = 3 (h - 247r) . (4.62)

It follows from (3.35) that the fermionic spectral traces are given, at leading
order, by

Z(N1, No; h) =~ Z®)(Ny, Ny: h), (4.63)

where
2

Z0) (N1, Ngi ) = A0 T (Catm) ™7 i [(Ca(m) ™2 (0 = Bi(w)]

i=1
(4.64)
and the M; are defined by the condition,
uw-N=v-M, (4.65)
so that, in this case,
My = Ny, My = % + No. (4.66)

It is also clear how to incorporate the corrections due to JI™P)(py, po; ). We
can write,

(up) . y
el (mapzih) — Z P j(p, po; 1) 21 23, (4.67)
i,j>0
where the P; ; (@1, 12; h) are polynomials in 1, o, and Pyo = 1. Then, a

simple computation shows that

Z(Ny,Nosh) = Y Py (=0, —0n,; h) 2
i,7>0
X (N1 + 30 — j, No — i + 245 1) . (4.68)
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The leading term in this expression is of course given by (4.64), while the
remaining series gives, for N; large, exponentially small corrections. As in the
case of genus one mirror curves, this expansion seems to converge rapidly, and
we have verified that, for 2 = 2, it reproduces the spectral traces computed
above. In addition, we found the following educated guess for the value of
A(27),

A(2r) = 1—1010g (225 (5+ \/5)> - 3;9. (4.69)

The formula (4.64) generalizes the results involving Airy functions found
in Chern—Simons matter theories [6,65] and in the case of topological strings
on local del Pezzo surfaces [1]. It has been recently shown in [66] that the Airy
behavior of the topological string partition function is a universal feature. In
[66], this behavior (involving a single Airy function) was obtained by consid-
ering a one-dimensional slice of the moduli space. It would be interesting to
see if the argument of [66] can be used to derive (4.64). Note that, if gy is
large enough, we cannot put to zero all the crossing terms in the cubic polyno-
mial appearing in J(®)(u; k), and the leading behavior of the fermionic spectral
traces will be given by a generalization of the Airy function which does not
reduce to a product of elementary Airy functions.

4.3. Quantization Conditions

One of the most important results of [1] is that, in the case of mirror curves of
genus one, the quantization condition for the spectrum of the corresponding
operator can be read from the vanishing of the (deformed) theta function
entering in the spectral determinant. As it was already pointed out in [1],
there is a natural generalization of this conjecture to the higher genus case,
by considering the vanishing of the higher genus, deformed theta function in
(3.25). However, the higher genus case is richer (and slightly more complicated)
due to the fact that there are many operators O;, i = 1,. .., gs, which one can
associate to the same geometry. Let us explain this in some more detail.

The vanishing of the generalized spectral determinant gives a global quan-
tization condition, which defines a discrete family of codimension one submani-
folds in moduli space. In many cases, a given point in the vanishing locus solves
the spectral problem for different (related) operators. For example, the resolved
C3/Zs orbifold leads to two different operators (4.23). A point (xg,z3) in the
vanishing locus of the spectral determinant, with zg < 0 and x5 < 0, can be
interpreted in two ways: either as an eigenvalue —x( of the operator Oy, which
depends on x3, or an eigenvalue —x3 for the operator Os, which depends on
Zo. This follows from the discussion around (2.79). However, if the point in the
vanishing locus occurs at g = 0, it cannot be interpreted in terms of Oy, since
this operator is positive definite and all its eigenvalues are strictly positive.

In this section, we will obtain the quantization condition for C3/Zs, in
the maximally supersymmetric case, and verify explicitly that it solves many
different spectral problems. In particular, we will be able to write exact quan-
tization conditions for the unperturbed operators Oz ; and Oz . To have a
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FIGURE 5. The curves represent the locus in the (zg,z3)
plane in which the generalized spectral determinant (4.36)
vanishes. They can be labeled by the quantum number n =
0,1,... appearing in the generalized Bohr—Sommerfeld quan-
tization condition. The uppermost curve corresponds ton =0

first view of the vanishing locus of the generalized spectral determinant (4.36)
in the moduli space parametrized by (¢, z3), we can simply plot it using the
expansion (4.40) (we assume that z¢ and z3 are real). The result is shown in
Fig. 5. It consists of a discrete family of curves, and each curve crosses both the
negative x3 and x( axis. Note that there are no solutions in which both 2y and
3 are positive. The vanishing locus obtained in this way has all the expected
properties: the intersection with the axis x3 = 0 and zy = 0 gives the spec-
trum of the operators ps 2 and p3 1. The discrete family of curves correspond
to the quantum numbers n = 0,1,... of the generalized Bohr—Sommerfeld
quantization condition.

As a first test that this vanishing locus produces the actual spectrum, we
can compute the ground-state energy for the operators ps » and p 1, using the
diagonalization method of [67], and compare it with the zeros of the spectral
determinant Z(xg,0; 27) and Z(0, x3; 27), as we keep more and more terms in
their polynomial expansion. We recall that, if these functions vanish at (z(,0)
and (0, x3), respectively, the energies are given by

E =log (—xo), E =log(—x3). (4.70)

As we see in Tables 1 and 2, the answer obtained from the spectral determinant
converges rapidly to the correct value.
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TABLE 1. The ground-state energy Fjy for the operator ps o,
as obtained from the vanishing locus of the spectral determi-
nant =(zo, 0; 2m)

Order Ey

1 2.8953686937107540094
5 3.1640650172200080194
8 3.1640650781321192069
10 3.1640650781321190565
Numerical value 3.1640650781321190565

This is a power series around zo = 0, and to obtain the energy we truncate it at a given
order in zg. As we keep more and more terms in the series, we quickly approach the
ground-state energy obtained by numerical methods

TABLE 2. The ground-state energy Ey for the operator ps 1,
as obtained from the vanishing locus of the spectral determi-
nant Z(0, z3; 27)

Order Ey

1 2.4141568686511505619
5 2.7700028996745256210
8 2.7700040488404954468
10 2.7700040488404460337
Numerical value 2.7700040488404460337

‘We follow the same procedure as in Table 1

The expansion (4.40) around the orbifold point is very convenient for
small energies, but it does not make contact with the WKB expansion for the
operators pa 2 and p3 1. We can, however, obtain alternative formulations of the
exact quantization condition for these operators using expansions appropriate
for the half-orbifold points. Let us first consider the operator ps 2. In principle,
the zeroes of the spectral determinant occur at negative values of zg and x3,
but it is convenient to change their signs so that they occur along the positive
real axis. In the case of ps 2, we change the sign of z(, which involves changing
the sign of both z; and z5. The quantization condition is given by the vanishing
of the theta function

O22(E) = {g} (v,7—8), (4.71)

() - (22) (R e

In this theta function, v, 7 are computed using the analytic continuations
(A.29), we set 3 =0, and E = —log(Y").

In the case of p3 1, we change the sign of x3, which involves changing the
sign of z1. We already did this in the calculation near the full orbifold point,

where
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and we find that the quantization condition is given by the vanishing of the
theta function,

0u,(8) =0 | § | (0.7 - 5). (473)

where a, B and S are given in (4.39), v, 7 are computed using the analytic
continuations (A.20), (A.24), we set 2o = 0, and F = —log(X).

It is interesting to see in some detail how the above quantization condi-
tions agree, in the limit of large energies, with the semiclassical result. Let us
consider, for example, the operator ps ;. The semiclassical quantization con-
dition can be obtained using for example Fermi gas technology. The grand
potential for the operator ps 1 at large 1 is given by

T 5h

25
i S (= - — 1. 4.74
T h) ~ gmn +<2h 4877) oo g (4.74)

This follows from formulae (5.8) and (B.2) of [61]. Using the general results of
[6], one finds that the quantization condition at large E is given by

1
vol(E) = 27th (n + 2) , (4.75)
where
25 72 5h2
(E)~ —F? - — - —_ E>1. 4.
vol(E) ~ 5 18 24n > (4.76)

This includes the first-order correction in A2. How can this be obtained from
©O3.1(E)? First, we have to understand the structure of the various functions
involved in the higher genus theta function. One finds, from the formulae in
Appendix A.2,

le

T11 = — + O(XIO/?’),
Tiz = — 2\[ (X°72),
251 1
= —""log(X)+ —= X°/3 4.
T22 6 og(X) + 6\/§+O( ), (4.77)

as well as
5
= — +O(X"/3
U1 2 + ( )7
25log?(X)
= = L O(XY? 4.78
2 2472 56 T O (4.78)
The terms involving positive powers of X are exponentially small corrections.
We would like now to obtain the vanishing condition for ©3;(FE) at leading
order, neglecting these small corrections. It is easy to see, from the above
behaviors, that the leading contribution comes from the terms with ny = 0, —1
in the theta function. More precisely, one finds the vanishing condition

cos (m (—ve2 +1/3) + ¢) =0. (4.79)
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Here, ¢ is the argument of the (genus one) Jacobi theta function

0 5 i 1 V3
(55 4+12), -

Numerically, we have verified that
7
v="15

Therefore, we find that the quantization condition, at leading order, is

11 25E2
. == = 4.82
c05<7r<36 247T2>) 0, (4.82)

which is precisely what one obtains from (4.75) and (4.76) when i = 27. We
find it remarkable that the argument of the theta function (4.80) is rational
and has the right value to reproduce the next-to-leading WKB quantization
condition. Of course, one can check explicitly that the zeroes of the theta
function (4.73) give the spectrum of p3q for i = 2 with very high precision.

The quantization condition encoded in the theta functions (4.71) and
(4.73) has a nice interpretation in terms of complex instantons. As we have
seen in the example of (4.73), which corresponds to the operator ps this
condition is given, at leading order, by (4.79). The perturbative part of this
quantization condition involves the combination of B-periods appearing in v,

—HB1 + 2HB2. (483)

This follows from (3.30) and the matrix (4.13). The B-cycle (4.83) has a very
concrete incarnation as the boundary of the region

R(E) = {(z,y) €R?: O3 (x,y) < e}, (4.84)

which is shown in the left-hand side of Fig. 6 (for £ = 3). As in [6,10], vy also
involves corrections coming from complex instantons associated with the dual
A-period. However, there are further subleading corrections involving the other
handle of the Riemann surface. These are due to complex instantons associated
with other combinations of A- and B-periods. The effects of these instantons
are encoded in the genus two theta function, through the dependence in for
example vy, which involves

(4.81)

3Mp, — g, (4.85)

This is in agreement with the principle put forward in [49,50]: in a exact
WKB analysis, all periods appearing in the complexified Hamiltonian con-
tribute to the quantization condition. This is illustrated in the right-hand side
Fig. 6, which shows the underlying genus two curve and its “hidden” cycles.
One remarkable implication of our conjecture (3.24) is that all these complex
instanton effects are encoded in the higher genus theta function (or a defor-
mation thereof, for general values of ).

The vanishing locus of the spectral determinant contains as well informa-
tion about the perturbed operators Op, O which are obtained by quantizing
the functions (2.34). Let us consider, for example, the operator Os, which is a
perturbation of the operator O3 ;. Given a value of the perturbation, 2y > 0,
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N X

FIGURE 6. On the right-hand side we show the boundary of
the region (4.84). This is the B-cycle which leads to the per-
turbative WKB quantization condition. However, when we
consider the full complexified genus two curve, we find other
cycles which correspond to complex instantons and also con-
tribute to the quantization condition

TABLE 3. The ground-state and first excited energies, Ey and
E;, for the perturbed p3 ; operator, as obtained from the van-
ishing locus of the spectral determinant =(20, z3; 27)

Order Eo Eq

4 3.1223827669081676 4.233804854297745
6 3.1220388008498759 4.286273969753037
9 3.1220387541932648 4.286366387547196
12 3.1220387541932659 4.286366387477153
Numerical value 3.1220387541932659 4.286366387477153

This is a power series around z3 = 0, and to obtain the energies we truncate it at a given
order in x3. As we keep more and more terms in the series, we quickly approach the energy
obtained by numerical methods

the conjecture predicts the spectrum as follows. We look at the values of x3
such that Z(zq, xgn); 27) vanishes. The spectrum of Oq, for the given value of
g, is then

{7eEn}n:071,4., = {:Uén) T B (xo,xgn); 27r) = O}. (4.86)

Graphically, these values are obtained by taking the intersection of the curves
in Fig. 5 with the vertical line xy = constant. The predictions can be compared
by the spectrum obtained by numerical diagonalization. We find an excellent
agreement, as we show for g = 20 in Table 3. Of course, completely similar
considerations apply to the perturbed operator O;.
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The vanishing locus of the spectral determinant determines also the spec-
trum of the operator

01,1 + 4™, (4.87)

which is obtained by quantization of the mirror curve in the form (4.9). This
is a perturbation of the operator O;;, which is obtained by quantizing the
mirror curve to local P2. To determine the spectrum, we proceed as follows.
Given a value of the perturbation x4, we have a corresponding value of x3
given by

-3/5

r3 =T .
. 4.88

This automatically determines an infinite, discrete series of (negative) values
of xg, x(()"), n = 0,1,..., in the vanishing locus of the spectral determinant.

Then the energy levels of the operator (4.87) are determined by
—efn = xi/Sxén), n=20,1,... (4.89)

We find again an excellent agreement between the numerical spectrum, as
obtained by diagonalization of (4.87), and the one predicted by (4.89).

In Fig. 7, we illustrate these considerations for different cases. The dots
indicate the spectrum as computed numerically by diagonalization of the oper-
ators. The vertical group of dots in the fourth quadrant corresponds to a per-
turbed operator Oz with g = 300. The horizontal group of dots at the top
of the second quadrant corresponds to a perturbation of the operator O; with
x3 = 500. Finally, the horizontal group of dots at the bottom of the second
quadrant corresponds to the perturbed operator O1 1 with z4 = 67°. In all
cases, we find perfect agreement between the numerical results and the pre-
diction from the vanishing locus.

It turns out that one can also consider negative values of the perturba-
tions. For example, one can consider 2y < 0 for the operator Oz in (4.23).
The generalized spectral determinant predicts that, in this case, the values
of xé") = —eP» for the first eigenstates will be positive, while the remaining
values will be negative. This is easy to understand from the explicit expression
in (4.23): the operator O3 gives positive contributions to the exponentiated
energy, while the perturbation gives a negative contribution. For the low-lying
eigenstates, the perturbation takes over, while for the higher, excited states, the
operator O3 ;1 takes over. An example of such a situation is shown in Fig. 8, for
xo = —300. Again, the predictions are in perfect agreement with the numerical
results.

4.4. The Large IN Limit of Spectral Traces

As we explained in Sect. 3.3, the generalized spectral determinant provides a
non-perturbative completion of the conventional topological string free energy.
The genus expansion of the topological string, in the frame associated with the
maximal conifold locus, appears as an asymptotic expansion of the fermionic
spectral traces Zx (IN, ii). This is, however, a non-trivial statement, since it is
based on the conjecture that the non-perturbative corrections to the spectral
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FIGURE 7. The blue lines represent the locus in the (zg, z3)
plane where the spectral determinant (4.38) vanishes. The
horizontal group of dots in red in the second quadrant repre-
sents the points (Ién),lEg) = (—eP»,500), n = 0,1,2, which
give the spectrum of the operator O; for the value z3 = 500.
The wvertical group of dots in purple, in the fourth quadrant,
represents the points (mo,xgn)) = (300, —efn), n = 0,1,2,3,
giving the spectrum of the operator Oy with zg = 300. Finally,
the horizontal group of dots in black, in the second quad-
rant, represents the points (a:g"),xg) = (—e®"6,6%), which
encode the spectrum of the perturbed P? operator (4.87) with
x4 = 6" (color figure online)

problem are encoded in the conventional topological string. It was pointed out
in [12,13] that this statement can be, however, checked if one can expand the
spectral traces in the strong coupling limit 4 — oo. One can then compare this
expansion with the predictions of the topological string. We will now perform
such a comparison.

Let us first calculate the asymptotic expansion (1.2) directly on the oper-
ator side. In our case, this reads

log Z(N1, No; h) = B2 Fo(A, Xa) + Fi(Ap, Ag) + - - (4.90)

We note that, when Ny = 0 or N; = 0, the Lh.s. reduces to the fermionic
spectral trace of the operators ps 2 or ps 1, respectively. It follows that

Fo(Ar, A2) = FEP (M) + FED(X2) + 0 (A12) . (4.91)
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FIGURE 8. The dots represent the points (Jco,xg")) =
(=300, —eP»), n = 1,2, 3, 4, giving the spectrum of the oper-
ator O with a negative value of xg = —300

The expansions of féQ’Z)(A) and ]—'_(53’1)()\) near A = 0 were worked out in [12],
for small g, and directly from the spectral theory. One finds, for the leading
terms,

22 3 1
f(§2’2)(A) =3 <log (Aoy) — 2) — A — I 65 — 22V/5m7\°

(174V/5 — 425) A L4 (145 — 59v/5) /5 — 2¢/5m6 N
11250 46875
+0O(\%),

2
ﬁ?”gy:ZQ%ng—g>—@A—éi65+%V&9ﬁ
32482, 615
L (4254 174v5) oAt 5T 000, (4.92)

11250 9375

In these equations,

2 2 2 2
1= 10 — 2v/572, @=§510+m@w. (4.93)

The coefficients ¢; 2 can be expressed in terms of the Bloch-Wigner function,

Dy (z) = Im (Liz(2)) + log |z|arg(1l — 2), (4.94)
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where arg denotes the branch of the argument between —m and 7. We have

5 2 1+ /5 5 =1+V5
Cc1 = ﬁD2 (e 5 9 ), CQZﬁDQ <65 9 > (495)

For the next-to-leading function, one finds,

. 725 — 178+/572
FIDO) = — 55 log (An) +¢'(~1) + 150

1745 — 425) 7 4, /112450 — 249538 .6
T 5o,

11250 B 28125

V725 + 178572

1
FiHV ) = =35 log (AR) + ¢'(=1) + 0

249538 6
| Vo) e, TV B Lo,

11250 28125

(4.96)

The results above do not determine the crossing terms. To obtain these,
we have to calculate fermionic traces with both Ni, N, different from zero,
and expand them at large h. These expansions can be obtained, as in [12,13],
by writing integral expressions for the traces and expanding them around the
Gaussian point. For example, for the calculation of Z(1,1;4) we need the
integral expression (4.50), and we obtain

1. [2(7v5 - 15) n2 3 (1205 + 31v/5) 7
IOgZ(171§ﬁ)=§ og [W] —c—c+ \/2 s
8 ((5+11v5) %)
- o + (4.97)

We have examined the very first terms in the large i expansion of Z(1, 1; i),
Z(2,1;h) and Z(1,2; k), which allows us to determine the coefficients of the
cross terms A1z, AJAa, A1 A\3 in _7-'0()\17 A2). In this way, we find

‘7:0()\1,/\2) .7:(22 ( ) +.7:0 ()\2)—‘1-0(12)\1)\2

\/5+2f7r2/\1/\2+—\/5 2VETENE Ny + - -+ (4.98)

345
2

where

ag = —log (4.99)

Note that, in comparing an expansion at small Ny, Ny like (4.97) to (4.92),
(4.96), we cannot use the asymptotic expansion of the Barnes functions
G2(Ny + 1), Go(N3 + 1), which give the very first terms in (4.92), (4.96).
Rather, we have to subtract these terms from the asymptotic expansion, and
replace them by the exact values of the Barnes functions, similar to what was
done in [69] in a related context.
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We now want to compare these results with the predictions of (3.35).
According to (3.42), the 't Hooft parameters are given by

1 Fy, OF, =2
,\1:<36 O—ao—w>7

871'3 8t1 3152 2
1 8?0 (“)130 27T2
A= — =2 +2=2 - . 4.1
2 871'3 < 8t1 + 8t2 3 ( 00)

We recall that the prepotential ﬁo(tl, to) appearing here is the standard large
radius prepotential of this geometry, but after turning on the B-field (4.30).
As in the genus one case, we expect the A; to be vanishing flat coordinates
around the point in the conifold locus characterized by two vanishing periods.
The natural candidate is the maximal conifold point (4.8). In Appendix A.3
we have found flat coordinates ¢{ , around this point by solving the Picard-
Fuchs equations. Note, however, that we have to turn on a B-field, which is
equivalent to changing z; — —z in the results of that Appendix. We will keep
the same notation for the resulting flat coordinates after this change of sign.
A detailed numerical analysis shows that indeed

te =1\, i1=1,2, (4.101)
where

r = 4m? 1—%, ry = 472 1+%.
As we noted in Sect. 3.3, the constants in (4.100) are determined by the coeffi-
cients b and the matrix (4.13). It was observed in the Appendix to [28] that
the combinations appearing in (4.100) are precisely vanishing flat coordinates
along the two different branches of the conifold locus which intersect at the
maximal conifold point. Interestingly, we can predict these combinations from
our main conjecture (3.24), as it has been already noted in [13].
According to (3.44), the leading term in the expansion (1.2) is determined
by the equations,

(4.102)

0Fo 1 0Fo 1
_ I = 11 4.1
8)\1 107 v 8)\2 107 w? ( 03)

where 11, are the combinations of A-periods written down in (A.9), (A.10),
but after changing z; — —z; in the power series expansion. To integrate these
equations and expand them around A\; = A2 = 0, so as to make contact
with the expansions of the spectral traces, we have to consider the analytic
continuation of the periods Il , around the maximal conifold point, i.e., we
have to express them as a linear combination of the flat coordinates A » and
the logarithmic periods S7 2 in (A.38). This seems to be difficult, analytically.
However, our conjecture predicts that this combination should be
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1 1
— 10, = =5 + logﬁ—l A1 —¢1 + aipdg,
107 T 1

1 1
7]._[; *52 + IOg 2 -1 )\2 — C2 + Cvlg)\l, (4104)
107 T9 T

where a1, given in (4.99), is the coefficient of A\j Ay in Fy(A1, A2). We have
verified (4.104) numerically. In particular, a remarkable consequence of (4.104)
is the following. Let us write (A.10) as

(21, z0) = log(z123) + (21, 22),
IL, (21, 20) = log(2322) + I, (21, 22). (4.105)

Then, if we denote the coordinates of the maximal conifold point (4.8) as 25 5,
we find, by evaluating (4.104) at (—z§, z5), that

1 ~ 1 xi 1 5
— 5= (tog] (=6)225] + (35, 25) ) = —Ds <e2s *2‘[>, (4.106)

where we took into account the expressions (4.95). Similar identities, evalu-
ating the A-periods at the conifold point in terms of the dilogarithm func-
tion, were already predicted by the conjecture of [1] in the genus one case,
as explained in [12,13]. For elliptic mirror curves, some of these identities
have been known in the mathematics and physics literature [15,16,70]. In our
approach, these identities follow from the presence of the quantum dilogarithm
in the integral kernel of the corresponding operators [11]. As already empha-
sized in [12,13], the fact that these identities are true is a highly non-trivial
test of the spectral theory/mirror symmetry correspondence of [1] that we are
developing in this paper for the higher genus case. In particular, the identities
(4.106), which we have verified with high numerical precision, do not seem to
be known in the mathematics literature.?

Once (4.104) has been established, we can integrate it to obtain, up to a
constant,

2

A 3
.7:()()\1,)\2) = 71 (log ()\10‘1) — 2) — Cl)\l

2

A 3
+ 72 (1og (Aa02) — 2) — oM + a2 A2

1 4
- 7—5\/65 — 22571203 + %\/5 + 2512 A3N

4
+ 52V - 2v/5m2 Mg A2

3 After the first version of this paper appeared, Charles Doran and Matt Kerr proved these
identities using the techniques of [16].
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1 o g (425 —174/5) TN
75\/65—%22x/5w A3+ 1950

32 (15 + 7v5) T A3\
1875

32 (=154 7v5) A A}
1875

8 441242
557(' )\1)\2

(425 4+ 174V/5) 73
11250

+ O(N\%). (4.107)

As in the case of mirror curves of genus one, (3.35) predicts that Fi (A1, A2) is
given, up to an additive constant, by the genus one free energy in the maximal
conifold frame. We can now use (4.18) and the mirror map near the maximal
conifold point to obtain, up to an additive constant,

1 1/
fl()q, )\2) = —E log ()\1/\2) + ﬁ 725 — 178\/57T2/\1

1
—\/T25+1 2
+ 150 725 4+ 178V5m% Ny

(425 — 174V/5) 7AT 1847t A Ny
11250 375V/5
(425 + 174V/5) A3
11250
4, /112450 — %%%§§W6A?
28125
16,/35050 + 2220030
a 9375

+_16,/35050A7 142763903

9375

4,/112450 + 249538 763
v +0(\Y). (4.108)

28125

+

If we compare the expressions (4.107), (4.108) with the results obtained from
spectral theory, we find complete agreement. In particular, the free energies
(4.92), (4.96) for the matrix models associated with the operators ps; and
p2,2 are recovered as topological string free energies in the maximal conifold
frame, restricted to the two branches A\; = 0, Ay = 0 of the conifold locus,
respectively. In addition, one can check that the cross terms (4.107), (4.108)
reproduce the expansions of the spectral traces with both N; and Ny different
from zero. For example, one finds that the term of order h=2 in log Z(1, 1; h),
which is the term written down in the second line of (4.97), precisely equals
the sum of the coefficients of the quartic terms in Fy(A1, A2), plus the sum of
the coefficients of the quadratic terms in Fq (A1, A2).
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The conclusion of this rather lengthy and detailed analysis is that the
spectral theory associated with the mirror curve of the resolved C?/Zs orbifold
provides a non-perturbative description of topological strings on this toric CY
threefold. More precisely, the fermionic spectral traces Z(Ny, No; i), which are
perfectly well defined, can be expanded in a 't Hooft limit which reproduces
the genus expansion of the topological string free energy, as we have verified
in detail.

It is also possible to write the expression (2.64) in the form of a two-cut
matrix model. To do this, one has to use the explicit expression for the kernels
(4.47) as well as the Cauchy identity, similar to what was done in [12,13] for
genus one mirror curves. A straightforward calculation shows that the matrix
model calculating the spectral trace Z (N7, Na; i) is given by

1 ANy &
Z(N1, No;h) = NllNg!/(27T)N1_[1

N.
2 b2

Jj=14+N1
Hiq 2sinh (% + iﬁAiJ) 2sinh (% _ iﬁAi,j)
X

[L; j2cosh (% + Wicw-)

3

(4.109)
where
0 ifi,j < Nyori,j> Ny,
A;;=141/10 ifi < Njandj > Ny, (4.110)
—1/10 otherwise,
and

3/10 ifi,7 < Ny,
¢ =4 1/10 ifi, 7 > Ny, (4.111)
2/10 otherwise

In principle, our conjecture provides such a matrix model-like descrip-
tion of the topological string for all toric CY threefold, and it would be very
interesting to test it in more higher genus examples.

5. Conclusions and Future Prospects

In this paper, we have extended the correspondence of [1] to mirror curves
of higher genus. This generalization requires many new ingredients: on the
spectral theory side, we need a generalized spectral determinant which gives
an entire function on the moduli space. This leads to a single quantization
condition, in contrast to what happens in many quantum integrable systems.
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We have seen that this quantization condition captures in detail the spectrum
of the operators appearing in the quantization of the curve. In addition, the
fermionic spectral traces, which are obtained by expanding the generalized
spectral determinant, provide a non-perturbative definition of the all-genus
topological string in a certain conifold frame. All these considerations have
been analyzed in detail in the example of the resolved C3/Zs orbifold.

The results presented in this paper open different avenues for future
research. The general theory presented here grew out of a detailed analysis of
the resolved C?/Zs orbifold, and it would be very important to consider other
higher genus examples to test it more carefully. It would be also important to
extend our checks (which were mostly done in the maximally supersymmetric
case) to arbitrary values of h. We should note, however, that this seems to
require a deeper understanding of the all-genus topological string away from
the large radius point. Already in the genus one case, it was noted in [1] that,
for example, the expansion of the spectral determinant near orbifold points
is only feasible in the maximally supersymmetric case, since we do not have
systematic resummations of the topological string amplitudes at those points.
In the case of higher genus curves, there are even more limitations of this type.
For example, the operators p3 1 and py 2 correspond to half-orbifold points of
the geometry, and it seems difficult to write down an explicit quantization
condition for these operators in terms of half-orbifold quantities for general .
Clearly, more work is needed along this direction.

Another related question is the following. In the case of genus one curves
and for general h, it has been shown in [77] that the condition for the vanishing
of the spectral determinant (i.e., the quantization condition) can be written in
a closed form, in terms of the NS free energy (3.13). It would be interesting to
see if a similar simple form can be found in the higher genus case. This might
be, however, more difficult than for mirror curves of genus one. Recall that,
in the maximally supersymmetric case, the quantization condition involves
the vanishing of the usual Riemann theta function. When gs; > 2, however,
the theta divisor has a more complicated parametrization than in genus one,
involving in particular the Abel map, and it is not clear that one can write a
simple quantization condition even when A = 2.

As we have emphasized, the quantization scheme for mirror curves of
higher genus that we are proposing in this paper is different from the more
conventional procedure based on an underlying quantum integrable system.
On the other hand, a construction by Goncharov and Kenyon associates an
integrable system with any toric CY manifold [71] (see also [72,73]). The quan-
tization of this system leads to gs; quantization conditions for the moduli of the
curve. It would be very interesting to understand the precise relation between
the quantization of the Goncharov—Kenyon system and the quantization pro-
cedure developed here.

The results obtained in this paper might have implications for the study
of non-perturbative aspects of Chern—Simons matter theories. Some of the
models studied in [74-76] in the Fermi gas approach involve operators which
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are obtained from the quantization of higher genus curves. The methods and
ideas developed in this paper should be useful in their study.

Of course, there remain deep conceptual questions concerning the origin
of the correspondence between spectral theory and topological strings. From a
mathematical point of view, it would be important to develop a version of the
complex WKB method which makes it possible to understand the structure
of non-perturbative corrections postulated in the conjecture of [1] and the
extension studied here. From a physical point of view, it would be important to
know whether there is a full-fledged field theory behind the operators obtained
by quantization. As pointed out in [1], the behavior of the fermionic spectral
traces at large N suggests that it could be a theory of M2 branes. Finding and
describing in detail such a theory would lead to a much deeper understanding
of topological string theory in the toric case.

Acknowledgements

First of all, we would like to thank Jie Gu, Albrecht Klemm and Jonas Reuter
for initial collaboration in this project and for sharing with us some of their
results on the resolved C3/Zs orbifold. We are grateful to Andrea Brini,
Charles Doran, Sebastian Franco, Krzysztof Gawedzki, Gian Michele Graf,
Yasuyuki Hatsuda, Rinat Kashaev, Matt Kerr and Szabolcs Zakany for use-
ful discussions and correspondence. This work is supported in part by the
Fonds National Suisse, subsidies 200021-156995 and 200020-141329, and by
the NCCR 51NF40-141869 “The Mathematics of Physics” (SwissMAP).

Appendix A: Special Geometry of the Resolved C3/Zs Orbifold

In this Appendix, we collect necessary information on the resolved C?/Zj;
orbifold, in particular its periods. Many of these results have appeared before,
in [27-29).

A.1: Periods at Large Radius

The moduli space of complex structures of this CY is parametrized by the
complex variables z1, zo introduced in (2.28). The periods of this geometry are
solutions to the Picard—Fuchs equations determined by the following operators
[27],

L1=—-2021+ 030+ 21(—200,1 + 3602 — Oy 3+ 601
18011 + 9015 + 2705 — 27051 + 2705,),
L3 = Ops— 3011 + 2(—200.1 — 4005+ Or0 + 4011 — Os0),  (A.2)
L3 =091+ 2122 (—2@0’2 +2003+ 7011
13015 — 3050 + 24051 — 905.0). (A.3)

(A1)

where O, ; stands for the logarithmic derivative of order ¢ w.r.t. z; and of order
J w.r.t. zo. The standard way to solve these equations in the large radius point
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(see for example [78]) is to consider the fundamental period wg(p1, p2), given
by
@o(p1,p2) = Y
£,m>0

D(p1 + 1)2T(p2 + )T(p1 — 2p2 + DI(=3p1 + po + 1)z 712572
D0+ p1+1)2T(k + p2 + )T — 2k + p1 — 2p2 + 1)T(=30 + k — 3p1 + p2 + 1)’

(A.4)
and take derivatives of this quantity w.r.t. p;, ¢ = 1,2. We will then define,
_ Owo(p1, p2) o
Mo = =5 " pmppmor i=12
HB1 = (2651 + 26p18p2 + 3(932) wo(pl’p2)’p1:p2:0’
p, = (851 +60,,0,, + 9822) wo(pl,p2)|p1:p220. (A.5)
We will also denote
82’(20
Wi = . A6
’ 8,01'60]‘ p1=p2=0 ( )
One has, explicitly,
3 2
M4, = log(z1) — 621 — 2o + 4527 — %—&— ,
Mg, = log(zg) 4+ 221 + 229 — 1527 + 323 + -+,
5, = 2log?(21) + 2log(z1) log(z2) + 3log?(z2) + - - ,
Mg, = log*(21) + 6log(21) log(zs) + 9log?(23) + - - - . (A7)

In terms of the variables (4.14), we have
21 = Q1+ 6Q7 + Q1Q2 + 9Q7 +10Q37Q,
+56Q1 +26Q7Q2 +4Q7Q5 + -+,
23 = Q2 — 2Q1Q2 — 2Q5 4+ 6Q1Q5 + 5Q7Q2
—3Q5 —32Q7Q2 — 1001 Q5 — 4Q5 + - -- (A.8)

There are two combinations of the A-periods which play an important
role, since they can be regarded as the flat coordinates corresponding to the
moduli x3, zg. They are given by,

HUZHA1+3HA2, HUZQHAl—FHAz. (Ag)
As already noted in [29], their expansions can be written in closed form:

T'(5m + 2r)
1+rI1+3m+rI1+m

oo
II, =logu+5 Z T 2 (—u)™z3,
(m.r)’

> '(5n + 3r)
I, =1 5 —v)" (=)
0BV +5 ) TAFIT( 12+ im0 (2)

(n,r)’

(A.10)
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Here, (m,r) and (n,r)" mean that the corresponding pairs run over non-
negative pairs of integers, except (0,0). In the same way, one finds the explicit
expression

I, = —log®(u) + 2114, log(u)
10 Z i +1 i:r)r?f} ilnt)zlr)( iﬁgn i i;n £
X F(5m +2r)(—u)™ 2. (A.11)
A.2: Periods at the (Half)-Orbifold Points

We also need the analytic continuation of these periods to the other significant
points in moduli space. Let us first consider the half-orbifold point (4.4). Near
this point, z; is large but zs is small. To perform the analytic continuation, it
is convenient to write the fundamental period in the Mellin-Barnes form. One
has

o(p1,p2) = Y _T(p1 + 1)’T(p2 + 1)(—1)* sin(m(3p1 — p2))
k>0

xT'(p1 —2p2 + D)I'(=3p1 + p2 + 1)
» / gt D(—t)I'(t + 1)T'(—k + 3t + 3p1 — p2)
al(k+p2+ DTt +p1 +1)2T(=2k +t+ p1 — 2p2 + 1)
Xy T2t (A.12)
Here, C is a contour running parallel to the imaginary axis. By closing the
contour on the r.h.s. and picking up the residues at
t=¢, (>0 (A.13)

we obtain (A.4). But we can close the contour on the Lh.s. and pick up the
residues at

1
tzg(k—n—&ol +p2), n=>0, (A.14)

and we have

@o(p1, p2) = sin(3mpy — mpa) Y (—1)FFmHlap X 3 OREntora)
k,n>0

1
X CSC (37T(k -n—3p1 + pg))

T(p1 + 1)?T(p2 + D)I(p1 — 2p2 + 1)I(=3p1 + p2 + 1)
30T (k + po + DT (2(=5k —n —5py +3)) T (L(k —n + pa +3))°

(A.15)
where we introduced the variable
1
X =— A.16
— (A.16)
and we used
1
Z9 = onz, 21 = = (A].?)
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The analytic continuation of the large radius periods is simply obtained by
taking the derivatives of wg(p1, p2) in the form (A.15) as in (A.5). For the
A-periods, it is easier to consider the combinations IT,,, IT, in (A.9). Note that
the analytic continuation of the period 11, is straightforward, and we simply
obtain

T'(5m + 2r)

I X)=5logX +5
u(@o, X) = Slog X + (Z), T(m + 1)20(r + DI (3m + 7 + 1)
x (—1)mXPmEArgr (A.18)
The analytic continuation of II, gives,
(p+5t
IL, (o, )*floquL Z ( )) 3
7T+ 1)F(t+ Nr (52 +1)
x(—xO)PX§<P+5t>. (A.19)
We have
3 1
HAl((E07X) = gHv(x07X) - gnu(x07X)7

2 1

HA2($07X) = gﬂu(x07X) - EHU(IE(%X)' (AQO)

It is also useful to consider the following periods,

m3(z0, X) = _F(§)2 (=1)'T (3(p+5t))
') o Do+ D0+ 1)L (52 + 1)?
X(—J;O)pX%(p-&-St)’
raaan, ) = LB (“1T (A(p+ 5t)
') oo T+ 1D+ 1)T (52 + 1)?
X (—x0)P X 5 (PF5Y) (A.21)

where the sum
> (A.22)
(p.t)"”

runs over all non-negative integers p, t such that (p,t) # (0,0) and % (p+ 5t) —
1 €N, while

> (A.23)
(p,t),”

runs over all non-negative integers p, t such that (p,t) # (0,0) and (p—I— 5t) —
% € N. For the B-periods, one similarly finds that IIp, has a stralghtforward
analytic continuation, while for IIp, we find
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HBI(.’I,‘(),X) ?)1\(;11—{‘1—‘((23))71-13(1:0")() 35\/71—}—‘1_‘((3;71'23(1‘0,)()
3
+ gHBQ (w0, X) — 10971- , (A.24)

see [31] for a similar derivation.
A similar calculation can be done for the other half-orbifold point, at
x3 = 0. Let us denote

1
Yy =—. (A.25)

T
It is convenient to consider the large radius period, but after changing the
sign of z5. For this half-orbifold point, the particular combination of A-periods

which has an easy analytic continuation is II,, and it reads,

I'(5n + 3r) .
I, =5logY +5 YOS (—gg)"
=dlog¥ + (Z) T(1+ (1 +2n+ 7)20(1 + n) (=23)

(A.26)

The rest of the periods at large radius can be written as linear combinations
of the following series,

y1/2 I(3+2+5s) y2ts (g )25+l
Y Z T2+2s—DI(1+1)2T (5 +1—3s) (=)

T1/2 =
1,s>0

sy 30 (4 +21+ )

7T3/2 _Y3/2
g lz% L2+2s—DI(1+1)2T (5 +1—s)

(41 + 1) +(1/2+1 — s) — 59(1/2 — 20 — 5)
7410g(4)) Y2l+371(71‘3)2s+171,

s—1
2(5 -1- Z)I(QZ + 5 — 1)' s+lv 2l+s 2s—1
== ZZ (25 — D)2 (1) Y= (=)™,
s>11=0
T'(5m + 3r)
H =
B 5(2 (1 + )1+ 2m+r)20(1 + m)
X (4914 2m + 1) + (1 +m) — 5 (5m + 3r)) Y537 (—g3)".
(A.27)
One finds,
25 4 5
W =- log“(Y) + 3 log(Y) (771/2 + Hv)
1 ~ 2
_ 210g(4)ﬂ'1/2 — 67{-3/2 — §HB + Z']T] + ?,
2
77

)
w12 = —5 log( )771/2 + 10g<16>ﬂ'1/2 + 671'3/2
W — 0, (A28)
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and we finally obtain the following analytic continuation formulae,

1
g, (Y,23) = 5 (I, + m12) ,
4, (Yv $3) = —T12,
p, (Y,23) = 2w11 + 212,
g, (Y,23) = w11 + 6wi2. (A.29)

Let us finally consider the analytic continuation near the full orbifold

point, 3 = zg = 0. After some computations, one finds that the fundamental
period becomes

—1)F* T (py + DI (py + 1)°T(p1 — 3p2 + 1I(=2p1 + p2 + 1)
wo(/’hpz)zz( ) ( )1( )°I( ) )2( 12
e 15k!In!T (5(—3k — n+5)) T (—g -2y 1)

x sin(m(p1 — 3p2))g(p1, pa, k, n)akag, (A.30)

where

1 1
g(p1, p2, k,n) = —sin (3#(71 + 5p1)> csc (157r(3k: +n+ 5p1)>
1
X cse (37r(n —p1+ 3p2)>
. (1 1
—sin (37r(n +5p1 — 1)) sec <307r(6k +2n+10p; — 5))
1
X €SC <37T(—TL +p1—3p2+1)
(1 1
—sin (3#(71 +5p1 + 1)) sec (3077(6k +2n+ 10p; + 5))
1
X cse (37r(n —p1+3p2 + 1)) . (A.31)
Then one can check that
4, (w0, x3)
Z m(—=1)" " ((=1)™csc (2m(2m + 1)) — 3esc (2m(m+3r))) . .
=— x0Ty,
e SmlrlD (=2 — 2 4 )T (=22 — 2 41)° 0
4, (w0, 73)
Z (=)™ (2(=1)™csc (2m(2m + 7)) — esc (3m(m +3r))) .,
= Tn Tq.
e Blrll (=2 — 3 4 )T (=22 — £ 41)° 0
(A.32)

This result can also be obtained with the results of [29]. The B-periods

can then be obtained by computing derivatives of (A.30). One finds the closed
form expression,
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872 r (l(m =+ 27’))2
Op, (zo,73) = ——— + g - x5 xh,
’ ! _3m _r
3 o m!D(r + 1) (=32 — £ 4+1)
2

sec (tm(4r —3m)) T (& (m +2r))

Op,(zo,3) = =272 + = — (—x3)"xg.
: (mz;), m!D(r + 1) (=32 — £ 4+1)

(A.33)

A.3: Periods at the Maximal Conifold Point

The maximal conifold point is defined by (4.8). Near this point, we have the
vanishing coordinates p;, i = 1,2, defined by
21:—%+p1, 22=%+p2. (A34)
We expect to have two flat coordinates t{, t§ vanishing at the maximal
conifold point, and two periods vanishing like ¢$logt{. In addition, near the
maximal conifold point, we expect the discriminant (4.7) to vanish like

A~ 1S, (A.35)
One can indeed find two solutions of the Picard—Fuchs equations with the

required behavior. In terms of these flat coordinates, the local coordinates p;,
i = 1,2 are given by the expansions,

(25 — 11V/5) t5 + (25 + 11V/5) £§

pr=

250
. . (A.36)
N (337v/5 — 755) (t2)22 570 0(755 + 337V/5) (t5)? Loy,
o — t15:/gt2 N (7V/5 —10) (t5)% + lggotc (10 + 7v/5) (t5) Loy,
(A.37)

Similarly, one finds the following solutions to the Picard—Fuchs equations,

S; = ¢ log (£ )——(10+\f)( 6)?

100
23(5 )t%2+%<5—2f)()
SQ—tglg(t)+—(5+2f)(t)
(5+2f)t%2 100(10+f)() o (A39)

A.4: Quantum error Map

As in [3,52], the quantum mirror map of the C3/Zs geometry can be computed
directly by quantizing the mirror curve with Weyl’s prescription, and solving
the resulting difference equation. Let us consider the second function in (2.34).
After appropriate rescalings of x, y, we find that the equation Os(z, y)+a3 =0
can be written as

e” +e¥ + 2125073 Y 4 e T+ 1=0. (A.39)
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Let us introduce the function

Viz) = W (A.40)
where 1(x) is a wavefunction in the z-representation. Therefore, the equation
(e + e + 2125”7 + 2067+ 1) [9h) =0 (A.41)
becomes
X+ X ' +1+V(X)+ % =0, (A.42)
where
q=e? X =¢e". (A.43)

We can now solve systematically for V(X) as a power series in 21, z3. The
quantum A-period is then given by

T, (21, 22; h) = logu + ﬁu(zl, 29;h), (A.44)
where
~ 1
T, (21, 22; i) = =5 Resx—o [X log(V(X))} . (A.45)

We find, at the very first orders,
1523 N 5023

IL, (21, 22; ) = 522 +

2 3
528 (4(¢° +a* +° +1) 21— 35¢°2)
4¢3
25 (5(q" +7¢% +7¢5 + 7¢* + T¢* + 1) 21 — 126¢°2;)
q5
+O(29). (A.46)

It is easy to check that, when h — 0, we recover the classical II,, period
in (A.10).

We can compute another, independent quantum period by using the rep-
resentation (4.9) of the geometry. After appropriate rescalings, we can write it
as

e” 4+ eV + 21677V 4 20?7 41 =0, (A.47)
and following the same procedure we used above, we obtain the equation

X+zX2+1+V(X)+ﬁfO (A.48)
2 V(q2X) — . .
Solving this, we can obtain the quantum A-period corresponding to Il,4,.
Namely, we find
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4, (21, 22; B) = logu + Il a, (21, 22; h), (A.49)
Tl (21, 22; h) = Resx—o % (log(V(X)) - 210g(V(X_1)))]

6q4z§ + (—Qq8 — 7q6 — 12q4 — 7q2 — 2) z%
2q*
+0(2}). (A.50)

=(q+q¢ Na1+ 220 +
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