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Infinite Volume Limit for Correlation
Functions in the Dipole Gas

Tuan Minh Le

Abstract. We study a classical lattice dipole gas with low activity in di-
mension d > 3. We investigate long distance properties by a renormaliza-
tion group analysis. We prove that various correlation functions have an
infinite volume limit. We also get estimates on the decay of correlation
functions.

1. Introduction

1.1. Overview

In this paper we study the classical dipole gas on a unit lattice Z¢ with d >
3. Each dipole is described by its position coordinate z € Z? and a unit
polarization vector (moment) p € S~

Let Ay be a box in R¢

(1)

where L > 2943 41 is a very large, odd integer. For Ay N Z<, the classical
statistical mechanics of a gas of such dipoles with inverse temperature (for con-
venience) 3 = 1 and activity (fugacity) z > 0 is given by the grand canonical
partition function

w=Y o0 % /Sd_ldpi oo | 5 S (ke 0)ps - 0)C(k 1)

n>0 =1 \z;ezdnAy 1<k,j<n

)
where C(z,y) is the Coulomb potential on the unit lattice Z¢. There are associ-
ated correlation functions describing correlations between various observables.

The main problems to study are infinite volume limit for the pressure
defined by py = |Ax|"!log Zy, infinite volume limit for correlation functions
and decay of correlations. In fact the interaction between the dipoles in sta-
tistical ensemble at the long range is not summable; therefore, the classical
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approach of Mayer expansion would hardly work. To overcome this problem,
we use a mathematical version of the physicists’ renormalization group. For
the small z, we show the existence of infinite volume limit for the pressure and
various correlation functions, and get estimates on the decay of correlations.
These results extend the results of other authors (see Sect. 1.3 for more de-
tails). The result on the infinite volume limit of correlations is new; and the
result on the decay of correlations of the n-point function improves the results
of most earlier authors who only consider the two point function.

1.2. Definition

Let {e1,ea,...,eq} be the standard basic for Z?. For ¢ : Z? — R and pu €
{1,2,...,d} we define 0, as 0,p(z) = p(z +e,) — p(z) and [p] = 42, Let
e_, = —e, with p € {1,2,...,d}. Then the definition of 9,¢ can be used to
define the forward or backward lattice derivative along the unit vector e, with
€ {£1,£2,...,+d}. We have that 9, and 0_,, are adjoint to each other and

—A=1/2 Edipzl 6:28M =1/2 Eiuﬂ a—uau-l
As in [5], the potential energy between unit dipoles (x,p1) and (y,p2) is
(p1-9)(p2- 9)C(z —y) (3)

where z,y € Z? are positions, p1,ps € S9! are moments, 9 = (91, 0a,...,04)
and C(x — y) is the Coulomb potential on the unit lattice Z?, which is the
kernel of the inverse Laplacian

- B etp-(z—y)
Clay) = (~8) M ayy) = (2m) ; dp.  (4)
[~mm]t 237, (1 — cospy)
And the potential energy of n dipoles at positions x1, zs, ..., ., including self

energy, has the form
Y (- 0)(p; - 9Oy, ;). (5)
1<k,j<n

The grand canonical partition function Zy can be equivalently expressed
as a BEuclidean field theory (due to Kac [13] and Siegert [14]) and is given by

2y = Zy = [ exp (W(kx.0) duc(o)
(6)
where W(AN,¢) = Z / dpcos(p - 0p(x))
rEANNZE §a-t

with

dp: the standard normalized rotation invariant measure on S¢~1.

The fields ¢(x): a family of Gaussian random variables (on some abstract

measure space) indexed by x € Z? with mean zero and covariance C(z, )

which is a positive definite function as given above.

1 We distinguish forward and backward derivatives to facilitate a symmetric decomposition
of V(An) (defined in (9)) into blocks.
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e The measure pc: the underlying measure (see [6, Section 11.2] and [5,
Appendix A] for more detail). We discuss about the equivalence of (2)
and (6) in Appendix of this paper.

We define

<H ¢($k)>

<H ¢(xk)> <H ¢(mk)> — (lower order terms).
k=1 k=1

For example, we have (¢(21)¢(22))" = (¢(z1)d(22)) — (d(x1)){d(22)).
For investigating the truncated correlation functions, we consider a more
general version of (6):

2y = / exp (if(9) + W (Ay, 8)) duc(9) (8)

where f(¢) can be:

1. f(¢) =0asin [5].
2. f(¢) = >0 tk0u, d(xr). We use this f(¢) to study the truncated cor-
relation functions

n

(oZn)" / (H ¢<xk>> exp (W (A, 8)) duc(6),

k=1

(7)

m

¢
gt(ml,xg,...,xm):<Haﬂk¢(xk)> =1 Wlogle
e o Oty

which is nontrivial and previously investigated by Dimock and Hurd [7].
3. f(¢) = Yopt tkexp(id,, ¢(xx)). We use this f(4) to study the dipole
correlation

t
= . m am
<H exp (zaﬂk¢(xk))> =1 Wlong'
k=1 m

1.--

t1=0,...t,, =0

t1=0,...t,;, =0

4. Other general form which will be discussed at the end of this paper. The
general form can be applied for truncated correlations of density of the
dipoles which also has been studied by Brydges and Keller [2]. We think
that this general form has more applications.

Here 3, € Z¢ are different points; pj, € {£1,£2,...,+d} and t; € C small;
m > 2. For {x1,22,...,2,} C Z%, let

diam(z1, 29, ..., Tm) = | Jnax dist(x;, x;)
<i,j<

where dist(z;,z;) is the distance between x; and z; on lattice Z.

1.3. Earlier Results

Actually Zy is not expected to have a limit as N — oco. Using a method of
correlation inequalities, Frohlich and Park [10, 1978], have shown the infinite
volume limit for the pressure. After that, Frohlich and Spencer [11, 1981]
also gave the result on the infinite volume limit for the dipole phase of the
Coulomb gas by using correlation inequalities and multiscale analysis. In 1984,
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Gawedski and Kupiainen [12] used the block-spin renormalization group to
show the long distance behavior of the correlation functions and the analyticity
(in the fugacity z) of the pressure. In 1990, Brydges and Yau [4] introduced
an improving and simpler renormalization group techniques for the continuum
dipole model which they reproduced some results of [12]. Dimock and Hurd
[7, 1992] has extended the Brydges—Yau’s renormalization group analysis for
the dipole gas and obtained the decay of some correlations of the 2-point and
n-point functions. In 1994, Brydges and Keller [2] gave an “accurate” upper
bound for correlation function of the density of dipoles at 2-point. In 2007,
Brydges and Slade [1] developed a new renormalization group approach. In
2009, Dimock [5] has established an infinite volume limit for the pressure by
using this new approach.

We follow particularly the new renormalization group approach developed
by Brydges and Slade [1] and Dimock [5]. Generalizing Dimock’s framework
with an external field, we have reproduced some estimates on the correlation
functions as in Dimock and Hurd [7], and extended results in Brydges and
Keller [2] by giving the upper bound for correlations functions of the density
of dipoles at n-point. Our main result is the existence of the infinite volume
limit for correlations functions, which is new.

Besides the dipole gas papers mentioned above, we would like to cite
some other papers on the Coulomb gas in d = 2 which has a dipole phase.
There are the works of Dimock and Hurd [8], Falco [9] and Zhao [15].

1.4. The Main Result

For our RG approach we follow the analysis of Brydges and Slade [1]. Instead
of (8), we use a different finite volume approximation. First, we add an extra
term (1 — &)V (AN, @) where 0 < € is closed to 1 and

d
Vian o) =7 XY (@u)” )

rEANNZE pu=1

By replacing the covariance C' by ¢ ~1C, this extra term will be partially com-
pensated. Hence instead of (8) we will consider a new finite volume generating
function

2y = Zxl 25 (10)

2y = / e exp (2W (AN, ¢) — (1 —e)V(An, ¢)) dperc(e) (1)
and
23 = [[exp(~(1= )V (An,0) diterc(9), (12)
‘We have
2y =52y
= / el exp (zW (AN, 9)) [(Zﬁ&)*e—“—EW(AN’¢>dugflc<¢) - (13)
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As N goes to infinity, exp(—(1—¢)V (An, ¢)) formally becomes exp(1/2(1
- 5)(¢7 d)))a and dﬂa—lC( ) (1/2( )( ) A¢))d¢ Hence, when N — oo,
the bracketed expression formally converges to (const.)(1 /Q(gb, Ag))dg =
(const.)dpc(¢). Formally this new Zy gives the same limit as (8). This result
holds for any choice of ¢. By definition (9), the extra term (1 — )V (An, )
=(1—8)3 X pernnze Ziﬂzl(amﬁ(x))? Therefore, the choice of € is a choice
of how much (0¢)? one is putting in the interaction and how much in the
measure.

Similarly to the Theorem 1 in [5], our main theorems are:

Theorem 1. For |z| and maxy |t sufficiently small, there is an € = (z) close
to 1 so that gy = |[An|"log(sZ ) has a limit as N — 00.?

Using f(¢) = > 7%, txOp, ¢(x1), we obtain the existence of infinite volume
limit for correlation functions.

Theorem 2. With L, A sufficiently large, the infinite volume limit of truncated
correlation function imy oo (i, O, d(xx))" exists.

And we also can achieve some estimate for the correlation functions:

Theorem 3. For any small v > 0, with L, A sufficiently large (depending on t),
n = min{d/2,2}, we have:

t
ML |
<H 6uk¢(sck)> < % diam_n'ﬂ(:cl7 Xy eey Ton) (14)
k=1

where a depends on v, L, A3

This bound is presumably not sharp since for example at z = 0 the two
point function goes like 8,0,C (2, y) ~ |z — y|~%. Also one expects tree decay
rather than diameter decay. When d = 3 or 4, the result in Theorem 3 looks
like the result in [7], but here it is obtained with the new method.

Using f(¢) = > pe; tr exp(i,, ¢(xx)), we can obtain Theorems 4 and 5
which are similar to Theorems 2 and 3, just with different f.

Theorem 4. With L, A sufficiently large, the infinite volume limit of the trun-
cated correlation function limy oo ([T, exp(i0y, ¢(xx)))" exists.

Theorem 5. For any small v > 0, with L, A sufficiently large (depending on t),
let n = min{d/2,2} we have:

t
m |
<H exp (iauk¢(xk))> < % diam™ """ (21,22, . .., Tm) (15)
k=1
where a depends on 1, L, A.

2 In Theorem 1, f(¢) can be 0, Y- 7*; t;0u, d(zk), or S p'y ti exp(iOu, (xx)).
3 The coefficient A is used in the definition of the norm of polymer activities in Sect. 2.4.
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At the end of this paper (Sect. 6.3), we investigate a general form

F(@) = trful(@) ()
k=1

and obtain Theorems 6 and 7.

Theorem 6. With L, A sufficiently large, the infinite volume limit of the trun-
cated correlation function limy oo (IT0, fr(0)(zk))" exists.

Theorem 7. For any small v > 0, with L, A sufficiently large (depending on t),
let n = min{d/2,2} we have:

<H fk<¢><xk->> = C% diam™""" (1, 22, .., @) (16)
k=1

where a depends on 1, L, A.

Applying Theorem 7 with a special f for density of dipoles
m
F=Y " tWo({xx}),
k=1

where Wy ({zr}) = 2W (1, {xr}) as in (64), we have obtained some estimates
for truncated correlation functions of density of dipoles with (m > 2) points
(Corollary 1) instead of only 2 points as Theorem 1.1.2 in [2].

Corollary 1. For any small ¢« > 0, with L, A sufficiently large (depending on
L), let n = min{d/2,2} we have:

<H WO({xk})> < % diam™ " (21, ..., T) (17)
k=1

where a depends on v, L, A.

Then we apply Theorem 6 to establish the infinite volume limit for trun-
cated correlation functions of density of dipoles (Corollary 2).

Corollary 2. With L, A sufficiently large, the infinite volume limit of the trun-
cated correlation function imy_ oo ([The; Wo({zk}))" exists.

For the proof of Theorem 1, we will show that, with a suitable choice
of e = &(z), the density exp(zW — (1 — ¢)V) likely goes to zero under the
renormalization group flow and leaves a measure like pi.(.)-1¢ to describe the
long distance behavior of the system. Accordingly (z) can be interpreted as
a dielectric constant.

Now we rewrite the generating function ;Zy. First we scale ¢ — ¢//e
and then let 0 = ¢! — 1. Because ¢ is closed to 1, we have ¢ is near zero. We
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also have

2 (z,0) = /eif(‘z’) exp (zW(AN, V1+o¢)— oV (Ay, gb)) dpc (o),

Z(0) = / exp (—oV (Ay, 6)) duc(4), (18)

#Zn(2,0) = 25 (2,0)/ 25 (0).

Then we need to show that with |z| sufficiently small there is a (smooth)
o = o(z) near zero such that,

[An|~log 12 (2, 0(2))
= |An| " og 127y (2,0(2)) — [An| 7" log Z} (0 (2)) (19)

has a limit when N — oco. And Theorem 1 is proved just by putting e(z) =
(1+ o(2))~! back. Dimock has proved that, for small real o with |o| < 1, we
have |Ay|~1log Z% (o) converges as N — oo [5, Theorem 2]. Hence we only
need to investigate the first term in (19).

The paper is organized as follows:

e In Sect. 2, we give some general definitions on the lattice and their prop-
erties. We also give definitions about the norms we use together with
their crucial properties and estimates. Then we define the basic Renor-
malization Group transformation as in [5].

e In Sect. 3, we accomplish the detailed analysis of the Renormalization
Group transformation to isolate the leading terms. Then we simplify them
for the next scale.

In Sect. 4, we study the RG flow and find the stable manifold o = o(2).
In Sect. 5, we assemble the results and prove the infinite volume limit for
|An|tlog ;7' exists.

e Finally in Sect. 6, by combining all the other estimates, we obtain some
estimates for correlation functions and establish the infinite volume limit
of correlation functions.

2. Preliminaries

In this section, we quote all notations and basic result from Dimock [5]. At the
same time, we introduce some new notations which are useful for this paper.

2.1. Multiscale Decomposition

RG methods are based upon a multiscale decomposition of the basic lattice
covariance C' into a sequence of more controllable integrals and analyze the
effects separately at each stage. Especially we choose a decomposition into
finite range covariances which is developed by Brydges, Guadagni, and Mitter
[3]. The decomposition of the lattice covariance C' has the form

C(x—y)=zl“j(w—y) (20)



3540 T. M. Le Ann. Henri Poincaré

such that
e TI';(x) is defined on Z?, is positive semi-definite, and satisfies the finite
range property: I';(z) = 0 if |z| > L7/2.
e There is a constant ¢y independent of L such that, for all j, z, we have
T(@)] < coL 261 (1)

This implies that the series converges uniformly.
e There are constants ¢, independent of L such that

16°T(z)] < co LU= E+al) (22)
where 0% = Hdiﬂzl Op" is a multiderivative and |a| = >, lap|. Thus the

differentiated series converges uniformly to 9“C.
e [5, Lemma 2] There are some constants C7, ,, such that

9°C(@)] < Cpa(l+ a2l (23)

For our RG analysis we need to break off pieces of covariance C(x — y)
one at a time. So we define

Crx—y)= > Tlx—y). (24)
j=k+1
Hence we have C' = C and
Cr(z —y) = Chp1(z —y) + Tppa(z — y). (25)

2.2. Renormalization Group Transformation

The generating function (18) can be rewritten as

o) = [ 260, @) (20)
with
2ZV(9) = 7P exp (:W(An, V1 +0¢) — oV (AN, 9)) . (27)

We use the left subscript f as an extra notation for 3 cases at the same
time:

e f(¢) =0 asin (Dimock [5]);
F(9) = Xy thOu b (k));
F(@) = 225y t exp(i0p, d(r))-

Since Cp = C7 4+ I'y we replace an integral over pc, by an integral over ur,
and fic, . So we have

7 (,0) = / 2N (64 Odpir, (Oducs (6) = / 2N @)y (6). (28)

We define a new density by the fluctuation integral
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Because I'1, C7 are only positive semi-definite, these are degenerate Gaussian
measures.* By continuing this way, we will have the representation for j =
0,1,2,...

(o) = [ 2 ()duc, (0 (30)
here the density fZ;y (¢) is defined by

2000) = ryy < 20 = [ 20+ OO 31
Our job is to investigate the growth of these densities when j go to oco.

2.3. Local Expansion

We will rewrite each density fZ;y (¢) in a form which presents its locality prop-
erties known as a polymer representation. The localization becomes coarser
when j gets bigger. First we will give some basic definitions on the unit lattice
VA
2.3.1. Basic Definitions on the Lattice Z%. For j = 0,1,2,... we partition Z¢
into j-blocks B. These blocks have side L7 and are translates of the center
j-blocks

B) ={xeZ’:|x| <1/2(7 - 1)} (32)
by points in the lattice L/Z%. The set of all j-blocks in A = Ay is denoted
Bj(An), B;(A) or just B;. A union of j-blocks X is called a j-polymer. Note
that A is also a j-polymer for 0 < j < N. The set of all j-polymers in A = Ay
is denoted P;(A) or just P;. The set of all connected j-polymers is denoted by
Pj.c. For X € P;, we use C(X) to denote the set of all connected components
of polymer X and X to denote the smallest Y € Pj4+1 such that X C Y.

For a j-polymer X, let |X|; be the number of j-blocks in X. We call
j-polymer X a small set if it is connected and contains no more than 2% j-
blocks. The set of all small set j-polymers in A is denoted by S;(A) or just S;.
A j-block B has a small set neighborhood B* = U{Y € S; : Y D B}.

Note If B;,By are j-blocks and Bs € By then, using the above definition, we
have B; € B5. Similarly a j-polymer X has a small set neighborhood X*.

For [ > 1 and integer d, we define some constants ni(d), na(d), ns(d,l)
which are bounded and, for every j > 0, we have:

md =Y YXle= > /X,

X€S80,XD0 X€S;,XDBY
md= Y 1= ¥
X€S80,XD0 XGSJ-,XDB? (33)
1—1Xlo 11Xl
mdh= >, =) TR
X€Sp,XD0 0 X€S;,XDOBY J

ns(d, 1) <ns(d, 1) = ny(d) < na(d) < (24)1(24)%".

4 Dimock has discussed these in [5, Appendix A].
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Furthermore, with a fixed d, we can get

0< lim ng(d, 1) < lim m(d)

— 00

—0. (34)

2.3.2. Local Expansion. Using the same approach as in [5], we rewrite the
density ij.V (¢) for ¢ : Z¢ — R in the general form

Z=(lo )N = Y dA-X)K(X). (35)
XeP;(A)

Here ;I (Y") is a background functional which is explicitly known and carries the
main contribution to the density. The (K (X) is so called a polymer activity.
It represents small corrections to the background.

In Sect. 5 we will show that the initial density ¢y has the factor property.
We want to keep this factor property at all scales. Then we can use the analysis
of Brydges’ lecture [1]. Therefore, we assume ¢I(Y") always is in the form of

AV)=T[ #B) (36)
BeB;:BCY

and ;I (B, ¢) depends on ¢ only B*, the small set neighborhood of B. Moreover
we assume K (X) factors over the connected components C(X) of X

KX)= ][ &) (37)
Y Ce(X)

and that K (X, ¢) only depends on ¢ in X*.
As in [5], the background functional (I(B) has a special form (I ((FE, o, B)
= exp(—V (yE, 0, B)) where®

V(E,0,B,¢) = E(B Z > o (B) )0, () (38)
zEB Qv

for some functions ¢F,0,, : B — R. Indeed we usually can take o,,(B) =
08, for some constant . Then V(;E, 0, B, ¢) becomes

V(sE,0.B,¢) = E(B ZZ 9,0(2))? = jE(B) + aV(B).  (39)

:vEB 1%

Also in our model, when f = 0, we will have

The later holds for any constant ¢ which means that (K (X, ¢) only depends
on derivatives J¢.

2.4. About Norms and Their Properties

The norms provide a way of encoding the physicists’ power counting argu-
ments.

5 Sums over u are understood to range over u = %1, ..., %d, unless otherwise specified.
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2.4.1. Norms for ¢. For a j-polymer X, let ®;(X) be the Banach space of
functions ¢ : X — R modulo constants with the following norm

[0lle;(x) = hjt max {[[Vjllx .00, [IV50lx,00} (41)
in that
Vi = L0y, h; = L~V p (for some h > 1),

(42)
1V6l1x 00 = sup {|V5,,6(@)]| |2 € X, € {1, 42, ..., %d} |

If X is a (j + 1)-polymer then X can also be considered as a j-polymer. And
we have

I8lle;x) < LM IBlla, ) = L™ [0lle, 40 x) < Lldlle, ) (43)
since hj_l = LBip—1 = LlelG+D)—[elp—1 = L—[¢th—ﬁ1 and V; = L7V .
2.4.2. Norms for K. For X € P;, we suppose that the polymer activities

K(X,¢) only depends on ¢ in X* (the smallset neighborhood of X) and is a
C3 function on ®;(X*). Then we define

e Forn=0,1,2,3,
[En(X, )= sup  { |[Kn(X,¢;f1,... fu)l} (44)

Hf'iH@]-(x*)Sl
Vi=1l...n

where K,(X,¢), the n'" derivative with respect to ¢, is a multilinear
functional on f; € ®;(X*)
8"7,

Kn(X, ¢ f1,0 5 fn) = Oty ot

e A multiplicative norm ||K (X, )|,

K(X7¢+t1f1+"'+tnfn)t (45)

1 ==t =0

3
1K gl =3 Ol (46)
n=0 '
satisfies
KXY, 0)l; < 1K (X, o), 1H(Y: ), (am)

where X, Y are disjoint polymers in P;.

1K (X)I; = sup IK(X, ¢" + Oll;Gi(X, ¢, )7 (48)

where K(X,¢) is considered as a function K(X,¢" + ¢) of ¢',¢, and
G;(X,¢,¢) = Gj(X,¢',0)G,(X,0,() is the large field regulator and sat-
isfies following conditions:
- G,(X,¢,() depends only on ¢, in X*

Gj(X, ¢I,C) Z 1 and GJ(X,O,O) =1.
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If we want to use the same norm but with K as a function of ¢’ only, we
can define

IR = sup K (X, )G (X, o €)™
= sup [ (X, 056 (X, f,0)™ (49)

There are two choices of large field regulators:
—  The strong large field regulator

2 2
Goj(X, 0,0 = T el ol o, (50)
BEB]‘(X)

We use || K(X)||s,; to denote the norm with this strong regulator.
—  The weak large field regulator

Gi(X,¢',Q)= [ exp(cth;®L™Y|V;¢/ |5 o+cah;?(IV54|
BEBJ‘ (X)

x exp (eshy 2L/ 3 )

_92 P
X H exp(C4hj 0?2§2\|Vj§|

BEBJ'(X)

2B",oo)

23*,00) : (51)

The norm with the weak regulator will be denoted just as | K(X)]|;.%
Using the theorem 6.14 and (6.100) in [1], for proper choices of ¢y, ¢2, cs,
c4, L sufficiently large, and h sufficiently large depending on L, we have
that

Gsj(X) < G j(X)? < Gj(X) (52)
which yields to

[E(X)]l; < KX ]s,5- (53)
e For A>1, we define

1K<l = sup 1 (X)) AXD (54)
With this norm, polymer activities K(X,¢) (X € P;.) form a Banach
space denoted as ICj(An).

2.4.3. Properties of Norms. Using the theorem 6.14 in [1], for proper choices
of ¢1, co, 3, cq, L sufficiently large, and h sufficiently large depending on L, we
have the following properties:

1.
IKX); < T 1K), (55)
Yee(x)
H( ) < II 1Bl 1K) (56)
BCX BCX

J
where X,Y are disjoint polymers (but possibly touching).

6 Note that h; 2L v, qb’HB 5 =h72|0¢'||% 5,2 actually has no explicit dependence on j.
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IE# (05 < 2X KO < (A/2)7X|| K| (57)
with
K*(X,0) = [ KO0, Odir, ., (0) (58)
4. U is a (j + 1)-polymer, we can also consider U as a j-polymer. Hence,
K (O)]lj+1 < K@),
IE(O)|ls,j+1 < [EO)]l5 ;-

2.4.4. Some Crucial Estimates. Now we consider potential V (s, B, ) of the

form
V(s, B, ¢) = Z Y s (2)0,0(2)0,6() (60)

zEB v

(59)

here the norms of functions s, (z) are defined by
Isll; = Sup 1Bl Il = Sup L7y sl (61)
ny reEB
If 5,0 () = 00, then V (s, B) = oV (B) as defined in (39) and the norm
l|sll; =2d o.
Two following lemmas are borrowed from Section 3 in [5]:
Lemma 1 ([5], Lemma 3).

1. For any functional s, (), we have

IV (s, B)lls ; < P51l

s, —
(62)
IV (s, B)lls,; < h*[Isll;-
2. The function o — exp(—oV (B)) is complex analytic and if h®c is suffi-
ciently small, we have
/
He—a\/(B) <2,
= (63)
He—aV(B) <2,
5,

Let ¢ be a constant such that the function ¢ — exp(—oV(B)) is analytic
in |o| < ch™? and satisfies || exp(—aV (B))||s,; < 2 on that domain.
To start the RG transformation, we also need some estimate on the initial

interaction. When j = 0, B € By is just a single site # € Z%, so we consider

W(u, B, @) = /Sdil dpcos(p - o (x)u). (64)

Lemma 2 ([5], Lemma 4).
1. W(u, B) is bounded by

W (u, B) |50 < 2¢Y. (65)
We also have that W (u, B) is strongly continuously differentiable in wu.
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2. eW(WB) s complex analytic in z and satisfies, for |z| sufficiently small

(depending on d, h,u), we have

And eV (B) s also strongly continuously differentiable in w.

eWBll <9, (66)

s,0

We also borrowed the following lemma [1] which is giving a treatment for
large polymers.

Lemma 3 ([1], Lemma 6.18). If U € Pj;1 and
Ko U)= > (a) b
X€ePj e
X¢S8;,X=U
then, for any A € (0,1], o > 1, we have

lim sup kAo, U)alVli+ = 0.
Qa—00 UEPJ+1

~ The idea of lemma 6.18 in [1] is that, for large polymers X such that
X = U, the quantity | X|; must be much larger than |U];41.

3. Analysis of the RG Transformation

Now we use the Brydges—Slade RG analysis and follow the framework of Di-
mock [5], but with an external field f.
3.1. Coordinates (¢I;, K ;)

Continuing to the Sect. 2.3.2 (Local Expansion), we suppose that we have
12(0) = (d o (K)(A, ¢) with polymers on scale j. We rewrite it as

SEO) = (2 D)) = [ 5264 Odie () (6D
here we try to put it back to the form
12(¢) = (4" 0 sK') (A, &) (68)

where the polymers are now on scale (j + 1). Furthermore, supposed that we
have chosen ¢I’, we will find (K’ so the identity holds. As explained before,
our choice of I is to have the form

AB¢)= [ AB.¢). B € Bjy1. (69)
BeB;,BCB’
Now we define
SA(B,¢',¢) = [A(B,¢' +¢) — [A(B,¢),

K odd =K (X, ¢/,0)= > K, ¢+ Q5" (¢,Q).
YCX

(70)
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For connected X we write ff{ (X, ¢',¢) in the form”
(X, ¢,0) =D J(B, X, ¢) + ;K(X,¢,0). (71)
BCX

Given ;K and ;J the Eq. (71) would give us a definition of /K (X) for X
connected. And for any X € P;, we define

AKX.¢, 0= [ &KX.¢.0. (72)
Yec(X)

After using the finite range property and making some rearrangements
as Proposition 5.1, Brydges [1], we have (68) holds with

~ U—(X, UX)
KU )= D T
X, x—U

where x = (B1,X1,...Bp,X,) and the condition X,x — U means that
X1,... Xy, X be strictly disjoint and satisty (B U---U B} U X) = U. More-
over

@)K (X, ¢), UePu (13)

) =] 7B, X1, ¢),
= ~ (74)
(¢') = 11 A(B,¢"),

BeU—(X,UX)

f~IU—(XXUX)

with X, = U; X;. And ff(#(X, ¢') is K (X, ¢, ) integrated over ¢ as in (58).

At this point (K’ is considered as a function of I, fNI , #J, #K. It vanishes
at the point (fl,fNLfJ,fK) = (1,1,0,0) since x =0 and X =0 iff U = 0. We
study its behavior in a neighborhood of this point. We use the norm in (54)
for (K and define

Itlles = sup (7B
152155 = sup 1B 75)
Il = s (X, B

XeS;,BCX

Using the same argument as Theorem 3 in [5], we have the following
result.

Theorem 8. Let A be sufficiently large.
1. For R > 0 there is an r > 0 such that the_following holds for all
g Af max{|lol — 1|5, | = 1ls5} < 7, max{{lof =1 5, |/ = 1[I ;} <
T, max{||0JH;-,||fJ||;-} < r and max{||oK||;, | [K||;} < r then we have
max{|[oK" || j+1, | £K'||j+1} < R. Furthermore (K’ is a smooth function of
o, f~I7 7, (K on this domain with derivatives bounded uniformly in j. The

7 As in Dimock [5], #J(B,X) will be chosen to depend on fK and required fJ(B,X) =0
unless X € S;, B C X and that 7J(B, X, ¢') depend on ¢ only in B*.
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analyticity of fK' i t1,to, ..., ty still holds when we go from j-scale to
(j + 1)-scale.

2. If also
> J(B.X)=0 (76)
X€S8;:XDB
then the linearization of (K' = tK'(fI, I, 1J, (K) at (I, I, 1, jK) =
(1,1,0,0) is

E (fK#(X) + (A7 (X) - Dlxes, — (A(X) - Dlxes,
X€EPj,c
X=U

- fJ<B,X>> (77)
BCX
where
X0 = [ K0+ Odur,, () (78)
and o actually is ¢J at f =0.
3.2. Choosing J and Estimating £, Lo

3.2.1. Choosing J. For a smooth function g(¢) on ¢ € R™, let Thg denote a
second order Taylor expansion:

(T29)(8) = 9(0) + 92(0:9) + 502(0:6,), -
(Tog)(#) = g(0).
We also set
5K = (K — oK. (80)
With (K% defined in (78), for X € S;, X D B, X # B, we pick:
(B, X) = |X1|j[T2<OK#<X>> Ty (pH (X)) — Tyl #(X))]
= 7 [ (X)) + Ty (6 ()] (s1)

and choose 1J(B, B) so that (76) is satisfied. Otherwise, we let J(B, X) = 0.8
As in (39) we have picked

A(B) = fI(sE,0,B) = exp(=V (sF,0, B)). (82)
So we require f~I to have the same form
):I(B) = fl(fE757B) :exp(—V(fE,&,B)) (83)

with ;E,& which will be defined later. Because Yper V(B) = V(B'), we
have
A'(B") = [(sE', o', B") = exp(=V (;E', 0", B)) (84)

8 When f = 0, the oJ is exactly the same as the J in [5, section 4.2].



Vol. 17 (2016) Infinite Volume Limit for Correlation 3549

with
JE'(B)) = Y E(B),
BCB' (85)
o =a.

The map (K’ becomes (K’ = fK'(fE, G, ¢E,0, {K, oK ). We use the stan-
dard norm on the energy

I#Ell; = sup [(E(B)]. (86)
BeB;

And the Theorem 8 becomes:

Theorem 9. Let A be sufficiently large.
1. For R > 0 there is an r > 0 such that the following holds for all

g If max{|[ £, 0B}, max{|| L, 0Bl }, max{]| Ky, oK ];}. |51,
lo| < r then max{|| {K'||j+1, |oK'|| 41} < R. Furthermore K’ is a smooth

Junction of (E,0, iE, 0, K, 0K on this domain with derivatives bounded
uniformly in j. The analyticity of fK/ mnty,ta, ..., ty still holds when we
go from j-scale to (j + 1)-scale.

2. The linearization of (K’ at the origin has the form

L1(;K) + Lo(tK) + L3(;E, 0, (B, 5, (K, oK) (87)
where

LK) U) = Y EHX)

X€EPj,c:
X¢8;,X=U
= > EFX)+ D> GKF(X)
X€EPj e X€EPj e
X¢S;,X=U X¢S8;, X=U

= L1 (oE)(U) + L1(6K)(U),
Lo()(U) = Y AKH(X) = [To(oK™ (X)) + To(6 K7 (X)]

Xes,
X=U

= > I -T)(K*(X)+ Y (I = To)(d* (X))
XESJ' XESj
X=U X=U

= Lo(oK)(U) + L2(6;K)(U),
L3(B,0, B, K, oK)(U) = Y (V(E,5,B) - V¥(E,0,B))
B=U
S |X1|j[T2<oK#<X>>+To<6fK#<X>>1.

B=U XGS]‘
XDB

(88)

Proof. The new map actually is the composition of the map K" = K’ (4, /I,
#J, fK) of Theorem 8 with the maps f = J(;F,0), f = fd(F,6), #J =
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#J (7, o<). Thus it suffices to establish uniform bounds and smoothness for
the latter.

In the case f = 0, we have already have the proof in Theorem 4, Dimock
[5]. So we only consider the case f # 0.

For ¢ = [I(/E,0), f~I = fI(fE,Er) the proof is the same as the proof for
I, I’ in [5, Theorem 4]. We have:

(B, X) = D (00) 4 To (K (X)) = Tolok ()]
- |X1*|j[<T2 — To) (K #(X)) + To (4 (X)), (89)

With the same argument as in [5, Theorem 4], we obtain:
(T2 = To) (o * (X)) < OW)lloE™ (X))},
I(To) (K () < O™ (X))

By (57) these are bounded by O(1)[||tK|; + [oK||;]. The same bound holds
for [|J(B, B)|[j- Therefore || pJ||5 < O[] 4K + [lof]]-
The linearization is just a computation. Indeed J(B, X) is designed so

(90)

that

> (fK#(X) Zﬂ(aﬂ)

BCX

=U
1
-3 ¥ e [TQ(OK#(X)) + To((st#(X))}
B=U X€S; J
XOB
+ >0 KAX) - [TEHX) + Ty KAX)| (01)
XeS;
X=U
which accounts for the presence of these terms. Also the linearization of (%
(B) — 1) is —V#(4F, 0, B), and so forth. This completes the proof. O

3.2.2. Estimating £,, Lo—The First Two Linearization Parts. Next we make
some estimates on the linearization’s parts. First we estimate £; which is the
linearization on the large j-polymers.

Lemma 4. Let A be sufficiently large depending on L. Then the operator Ly is
a contraction with a norm which goes to zero as A — oo.

Proof. We use the same proof as in Dimock [5, Lemma 5], but with updated
notations. We estimate by using (57) and (59)

L2 () (D)1 < L E)OI; < D oK (X))
X€Pjc:
X¢S;,X=U

< S )k (92)

XEPLC:
X¢8;,X=U
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and

118K @)1 NGOG < D I6EFX)]]
X€EPj e
X¢8; X=U

< > @) Mlsu|;. (93)

XE'PJ',C:
X¢S;,X=U

Multiplying by AlUli+1 then taking the supremum over U, these yield

[1£1 (o) ] +1

IN

sup AU+ Z (A/Z)_|X|-7 oK |15,
U XePj e
L X¢S;,X=U J (94)

1£1(0 K41

IN

sup AU S~ (ay2) T 8K 5.
U X€EPje:
X¢S;,X=U J

Using Lemma 3 (or [1, lemma 6.18]) with & = A and A = 1, the bracketed
expression goes to zero as A — co. We also have

£ (A 1 < LB 41 + [1£1 (KD 541,
04K 115 < [lof 1l + Il /K-
Hence, for A sufficiently large, || £1(#K)||j41 is arbitrarily small. O

(95)

Now we estimate and find an explicit upper bound for Ls.

Lemma 5. Let L be sufficiently large. Then the operator Lo is a contraction
with a norm which goes to zero as L — oco.

Proof. For f =0, we have the Lemma 6, in [5].
For f # 0, we can write

Lo(AO)U) = D AU = To)oK™(X) + (I - To)d K™ (X)}

X€eS;, X=U
= Lo(oK)(U) + L2(6K)(U) (96)
where
LyGE)U) = Y (I —To)dfK#(X). (97)

XESJ‘ ,Y:U
Using [1, (6.40)] as well as [5, Lemma 6] we get:

(I = T2)oK# (X, ¢) | j41 < (1+ ||¢||q>j+1(X*))3 oK (X, &)1
<4 (141613, 00 ) IEEC D550, (99)

Notice that ¢ K% (X,0) = (K#(X,0) — oK*(X,0) only depend on ¢ in X*.
Moreover, oK and ¢K are different only on supp(f) = {z1,...,zn}. So, if X*N
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{x1,29,..., 2y} = 0 then (K#(X,0) = oK#(X,0) which means § ;K#(X,0) =
0. Therefore § ;K% (X,0) = 0 unless X* N {xy, 29, ..., Tp} # 0.
Using property (43), we have
oK H (X, 6)ll41 < L™2?[oK T (X, 0)];
< 6(L72) oK (X, )
< G(L22) o # (X)3G5(X, ,0),
16 K7 (X, 8)llj41 < L™2)0,KF (X, )l
< L2657 (X, 9)

(99)

and for ¢ = ¢' + (, using [1, (6.58)] we get:
3
(L4 118lla,,,(x) Gi(X,¢,0) < (L+18lla,,,(x+) G;(X,,0)
<4 (141613, (x-)) Gi(X.6,0)
< 144G, 11(X,8,0) (100)
with ¢ as in [1, (6.127)]. Combining all of them yields
(2 = To)ok ™ (X, 6) 1 < 24q(L ™)K (X)|[;G 41 (X &', ),
# —d/2 # / v (101)
1 = To)o K # (X, 8)ll 41 < 4aL ™2 (oK H(X)}) Gi1(X, Q).
By using (57), we obtain:
I(Z = To)ol# (X)) 1 < 24q(L ™)K (X)
< 24g(L72)(A/2)7 ¥V ok,
(2 = T0)8 s ()01 < 4qL™V2||6K 7 (X))
< gLV (0K ;) AT 21D,

(102)

Therefore,
L2 (A 41 < L2 1541 + [1£2(8 ) [l 541

< 24q(L~32) |sup AlVli+s Z (A/2)~1Xli 10K ||
v Xes;, X=U
+4qL™ 2 (||aE¢]|;) sup > A
U

XESJ' ,X:U
X*N{z1,22,..,xm }£0
(103)

The bracketed expression is less than 2¢22"n, (d)L (using [1, (6.90)]), so we
have

1 (oK) |1 < 2492927 ns (d) (L) |0k - (104)
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Because |Ulj4+1 < |X|; <24, we get:

LR (e sp Y AVl A-Xligix,
XES]',X:U
X* N {z1,22,...,0m }F#0
— d
car (Kl Y 2
Xes;,

X 1,22, }D

<AqL2% (oK) > Y 1

i=1  XeS;,
X*n{x; )20
< dgmL=Y22%" (||6,K||;) na(d). (105)
Thus
d
1L2(¢K) |41 < 2492727 no(d)(L™2)||oK ||
FLY2 (|16 K ||;) na(d)22 dqm. (106)
Moreover |8 K ||; < |loK|l; + || /K]|j. So we have the Lemma 5. O

3.3. Splitting L3

3.3.1. Splitting L£3. Similarly in [5], we have a special treatment for the term
L3. First we rewrite the final term in £3 which is

> Z o (X)) + To (8,57 (X))]
i igy

|
[
U]

B

(OK#<X 0)+5 OKQ F(X,0;6, )+ pKH(X,0)— K #(X, 0))

:Z > |;|J (fK#(X 0) + OKQ (X, 0; 9, ¢)) (107)

In OK#(X,O; ¢,d) we pick a point z € B, then use the same argument as
section 4.3 in [5] by replacing ¢(z) with?

B+ 30 —2) 06() = () + 3 Slap—7)0,0().  (108)

9 We need the factor 1/2 since the sum is over +pu = 1,...,d and 2_,, = —z,.
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If we also average over z € B, (108) becomes

Z 2 |X|J <fK#X0 Q‘Blzof@ X0¢¢>)>

=U X€ES; zeB
XOB
_ #
Z 2 |X| (7 (x,0)
=U X€ES;
XOB
UXES z€EB pv
DD sz'( it Xo¢¢>)
B=U X€ES§;: z€B
XOB
- Z Z |X| <8|B| ZZ(KQ X 0; "Eu,it,,) #¢( ) V¢( ))
—U X€S; 2€B pv
XDOB
1
= Z Z T fK B ZZOKQ X 0; x;mxl/) ud)( ) l,(b(Z)
§7UX657| g 8| |z€B %
XDB
+ L3(sK)(U)
(109)
here L5(K)(U) = L5(oK)(U) is so called the error, namely
= oKF(X,0;6,0)
- ¥ mnmet
Xoh
1
- R, 00-00(2),2:00(:)) (110)
and we can say £5(0¢K)(U) = 0. Next we define
B(B) = B(K,B) =~ ‘X‘ A7 (X,0),
XeS; J
XoB
un(B) =y B) = o, (111)
= 2‘B| Z |X|JOK2 (X,0;2,,2,).
XEeS;
X>B
Note that oy, is symmetric and satisfies a—,,, = —ay,,,. We also let «,,, stand

for the function «ay,, (z) which takes the constant value «,, (B) for € B. Now
we write (109) as
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Z Z <fK# 8|B|ZZOK2 (X,0; ;z:u,ojl,) /t¢( z) ng(z))

UXES z€B pv
XDB

+ L5(oK) (U)

ZGB 224

=D FOBD I B2 | O O, 05,2 (B)2,0(2)2,0(2)
B=U
S

DIPY e A7 (X00) + 46K W)

=U X€S;
XOB
== (fﬁ( Z > (B)3.d(2)0,(2 )) + L5(oK)(U)
B=U zGB nv
- (Z V(fﬁ»avB@)) + L5(K)(U) (112)
B=U

where V (48, o, B, ¢) defined in (38). Combining all of the above, we get:

£3(vaO—7f~7 5 J K OK)( )
= > (VUE.5.B) = VF(E,0,B) = V(;8,0, B)) + L4(K)(U). (113)

3.3.2. Estimating a, 73 and L}. First we find some explicit upper bounds for
a and 45.

Lemma 6 (Estimates ;3 and «).

=
|

= sup |13(B)| < 2n2(d) A~ K|
& o (114)
lall; = sup >l (B)] < 4(2d)*na(d)h 2 A7 oK | ;.

BeB;

Remark. The norm ||a||; agrees with the norm ||s||; in (61) if 5., () = . (B)
for x € B.

Proof. Using (49) and (57), with A very large, we have:

P (X,0)] < K F (X5 < (A/2)7 I 5,

(115)
oK E (X, 0)][; < 2/[oK# (X)) < 447" oK |-
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From (33), the number of small sets containing a block B is na2(d) which is
bounded and depends only on d, we have:

BBI< Y EF(X,0)

X€S;,XOB
< Y 247K
X€S;, XOB
< 2np(d) A7 4] ;- (116)
We also have |[z,e,(x+) = h~'L%/? and |B| = L%. By using the norm

definition (44), we get
|BI 7ok (X, 02, 0)| < (W71 LY LYo (X, 0)]
= 12K (X, 0)];
< 4h72 AT oK |5 (117)
then

SlowBI <Y S BT (X 0,1,

nz pr XeS;,XDOB

<> 0> 4hTPATE|;

nw XeS;,XDB

< D na(d)ah 2 AT ok |

pv

< (2)n(d)4h A~ oK . (118)

Now we give some estimate for £5.

Lemma 7. Let L be sufficiently large. Then the operator L} is a contraction
with arbitrarily small norm

125 (o) |1 < T2d°2%Mn (d) (L72)[|oK | ;- (119)

Proof. Based on the proof of Lemma 8 in [5], we make some modifications and
obtain a better upper bound with some explicit coefficient. We have

=2 2% Z‘BmoKQ (X 0; p— ,x 06(2), ¢>+;x-a¢(z>>.

B= UXES JzeB

XDB
(120)
Using [5, (152)—(154)] we get:
1 —d/2—
o 50000 <30 @ ol e
H¢ + 52 0(2) o < 3d24( LYY |6lle, 4 (x4 -
D, (X
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Now we estimate
o (U.0) = of (X.0:0 = 3000010+ 3 00(2)) . (122
Using the same argument as (156)—(157) in [5], we obtain:
loH x (U, )| j+1 < 18d°2°(L= 42| KF(X, 0)l;(L+ (16113, wey)- - (123)
But for ¢ = ¢’ + ¢,

(410115, ) SGs,j11(U,6,0)<GZ 11 (U, ¢, ) <Gia (U, ¢',¢). (124)
Also using (115) we can get:

1 Hx (U)]j1 < 72d°2°(L %) A7 Y|K], (125)
which yields to

IL5K(U)[|j+1 < ma(d Z [ Hx (U)]] 41

< nl(d)Ld72d222d(L_d 2 ATHIK];

< 72d*2%Mn, (d)(L2) A K|, (126)

Since L4 K (U) is zero unless |U|;41 = 1 this gives
IE4K 541 < 72422% ()L D) K . (127)
U

3.4. Identifying Invariant Parts and Estimating the Others

Now we investigate the 1st term of (113). We notice that c,, (B) = o, (;K, B)
= a,, (o, B) is independent from f(¢) and oE(B), o (X, ¢) actually is the
same as F(B), K(X, ) in [5, lemma 9]. Therefore we have the same result as
[5, lemma 9]

Lemma 8 ([5], Lemma 9). Suppose oE(B), oK (X, ¢) are invariant under lattice
symmetries away from the boundary of Ay and oE(B) is invariant for B* away
from the boundary. Then

1. oE'(B"), oK' (U, ¢) are invariant for B',U away from the boundary.

2. If B* is away from the boundary then 08( ); @ (B) are independent of
B and o, (B) = Gy, (B) defined for all B by

G (B) = 5 (O = 0p-0) (128)
where o is a constant.
For all B € B; we define
ol (B) = a &, (129)

and write, for any U € Bj1

S V(Ba,B) =Y V(iB,d/,B) = La(;K)(U) = A(K)(U)  (130)
B=U B=U
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with
Li(;K)(U) = Z V(0 B) =V(0,a' —&,U)
(131)
AGGK)(U) = Z V(0,4 —a, B) = V(0,&,U)

where &, () = G (B)—au, (B) if ¢ € B. Then we can write that £4(6 K)(U)
=0 and A(6;K)(U) = 0. By the above definition A(oK)(U) vanishes unless U
touches the boundary. Now (113) becomes

L3(4E, 0, (E,6, ;K ,oK)(U)
=3 (V(E.5.B) - V*(;B,0,B) - V (3.0, B))

B=U

+L5 (oK) (U) + La(oK)(U) + A(K) (V). (132)

Remark. Because L4(;K) = L4(oK) and A(;K) = A(K) are independent
from f, we will have the same results as Lemma 10 and Lemma 11 in Dimock
[5]. Moreover, by using Lemma 6 above together with some calculating, we can
obtain some explicit upper bounds for £4(oK) and A(oK).

Lemma 9. Let L be sufficiently large. Then the operator L4 is a contraction
with

1£4(o) |41 < 4(2d)*na(d) L~ YD oK |5 (133)
Lemma 10. Let L be sufficiently large. Then the operator A is a contraction
with

IAE) | < 4(2d)°2%n2(d) L~ [|oK | ;- (134)

3.5. Simplifying for the Next Scale
We now pick (E(B),& so the V terms in (132) cancel. We have:

V#(E,0,B,¢) = E(B / D> (0ud(@)+0,(())* dur,,, ()

x€EB 1
Zzaufb /dMFJ+1
a:EB 1%
+5 Y 3 00(0) [ 0,6, (0
IEB 1%
+E S [P, . (0
TGB H
(B)+7 Y. 0u0(@)*+04 23 > (0,15119))(x.2)
T€EB 1 T€EB 1

=V(sE,0,B,¢) + ZTr 150,T410}) (135)
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because

/ 9,C(@)dur, ., (¢) = 0,
/ O (@) dpar, ,, (C) = / (G 028:)(C, 028:)dpar, 1 (O)

(136)
= (000, Tj4+10;0,)
= (05,0, Tj4+10;0)
= (0uL54+10;) (@, 7).
If we choose (E = (E(E, 0, ;K)

~ o «

E(B) = (EB) + 7 Y Tr(1p0,T118;) + 18(;K, B) (137)
I

then the constant terms of (135) will be canceled. The second order terms of
(135) would be vanish if we define 6 = 6(o, () = 6(0, oK) by

=0+ a(jK) =0+ aloK). (138)

Here we are canceling the constant term exactly for all B, but for the quadratic
term we only cancel the invariant version away from the boundary.

By composing (K’ = fK/(fE, G, fE,0, fK, oK) in Theorem 9 with newly
defined (E = (E(;E,0,;K) and & = (0, ;jK) = &(0,0K) we obtain a new
map (K' = K'(¢E,0, {K,K). We also have new quantities tE'(;E, 0, (K)
defined by ;E'(B') =Y. g fE(B) and o' = o'(0, ;K) = o' (0, oK) defined by
o' =6 =0+ a(4K) =0+ a(pK) as normal. These quantities satisfy (67)

l‘l’Fj+1 * (f[(fE,O‘) o fK) (A) = (f]l(fE/,O'/) o fK/) (A) (139)

Here we still assume that L is sufficiently large, and that A is sufficiently
large depending on L.

Theorem 10. 1. For R > 0 there is anr > 0 such that the following holds for
all . I | 1, lo|, max{ I . ok} <r then max{ || 7K s, oK 51}
| B |j+1, |0'| < R. Furthermore ¢E', ;K' o’ are smooth functions of
i, o, (K, 0K on this domain with derivatives bounded uniformly in j.
The analyticity of fK' nty,ta, ..., ty still holds when we go from j-scale
to (j + 1)-scale.

2. The linearization of (K' = (K'(tE, 0, (K, oK) at the origin is the contrac-
tion L(;K) where

L=L1+ Lo+ L5+ L+ A (140)

Proof. For the first part, by combining with Theorem 9, it suffices to show
that the linear maps fE and ¢ have norms bounded uniformly in j. Using the
estimate |a(¢K)| = |a(oK)| < 4(2d)?n2(d)h=2A71|oK||; from Lemma 6, we
have & is bounded. From Lemma 6 we also have the bound on ||;8(;K)|; <
2n2(d)A™Y| 4K ||j. For B € Bj, the estimate (22) gives us

g .
1 > Tr(1p(0,L4105)| < devalo] Y L™ < dey o] (141)
" zEB
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where ¢, 1 as in (22). Combining with (137) we have that £ = F(;E, o, 1K)
satisfies

715 < Bl +C(ol + A7 ;) (142)

where C = max{dc1 1, 2n2(d)}.

The second part follows since the linearization of the new function (K’
is the linearization of the old function K’ in Theorem 9 composed with (F =
fE(fE,U, K), 6 = d(0,;K) = 6(0,0K). (All of them vanish at zero.) The
cancelation gives us only with £(/K). O

3.6. Forming RG Flow

It is easier for us if we can extract the energy from the other variables. Assume
that we start with £(B) =0 in (139)

HTj4q * (.fI(O’ U) © fK) (AN) = (.fI/(.fE/7 OJ) © fK/) (A) (143)
where o' = o'(0,(K) = 0/(0,0K), tK' = K'(0,0,/K) and £ = E'(0,
o, {K) as above. Then we remove the (£’ by making an adjustment in (K’
pry * (71(0,0) 0 (K) (An) = (' (4B, o) 0 jK') (A)
— Z (' (B, 0")(A=U)) (;K'(0,0, K, U))

UePjt1

= Y 11 A'GE o) (B') | (4K (0,0, ;K,U))

UePjt1 \B'€Bjt1(A=U)

- > [T eo(E BN 0,0)(B)] | (K'(0,0, K, U))
UePjt1 \B'€Bj+1(A-U)

= Y fexp S E(B)] 0,6 A-U) | (4K'(0,0, ;K U))
UePjt1 B’eBj1(AU)

= exp S ETB) | ([0,07) 0 KT (Ay) (144)

B’eBjt1(AN)

where  (ET(0,;K,B),0(0,;K), K (0,;K,U) are defined as following
(U€ Pjy1, B € Bjy1)

BT (0, K, B) = (E'(0,0,)K,B') = Y E(0,0, K, B),
BCB’

o (0, (K) = 0'(0, jK) = 0'(0,0K) = 0 + a(K), (145)

fKJr(JafKﬂU)EeXp - Z fE+(B/) fK/(0,0',fK,U).
B’eBj+1(U)
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The dynamical variables are now o* (o, ;/K) and K (o, ;K). The ex-
tracted energy £ (o, K) is controlled by the other variables. Because every-
thing vanishes at the origin the linearization of (K (o, ;K) is still £(;K). The
bound (142) on fE would give us an upper bound on (E* and our Theorem
10 becomes:

Theorem 11. 1. For R > 0 there is anr > 0 such that the following holds for
all j. If o], max{[| ;K| [loK|;} <7 then |oF |, max{|| K || 41, /oK || j1} <
R. Furthermore o, ;K are smooth functions of o, ;K on this domain
with derivatives bounded uniformly in j. The analyticity of fK+ inty,...,
L still holds when we go from j-scale to (j + 1)-scale.
2. The extracted energies satisfy

1B (0, g1 < C(LY) (|o] + ATHI K] ) - (146)

3. The linearization of K+ at the origin is the contraction L.

4. The Stable Manifold

Up to now, we have not specialized to the dipole gas, but take a general
initial point o, tK, corresponding to an integral [(#(0,00) 0 (K )(An)dpuc,-
We assume oK (X, ¢) has the lattice symmetries and satisfies the conditions
(40). We also assume |og|, max{|| ¢ ||o, [[oK||o} < r where r is small enough
so the theorem 11 holds, say with R = 1, then we can take the first step.
We apply the transformation (144) for 7 = 0,1,2,... and continue as far as
we can. Then we get a sequence oj7fK§V(X) by 041 = a“‘(oj,fK;V) and
fKJ+1 = KT (o}, fK;V) with extracted energies fE;\g-l = E* (o}, ij,V). Then
we have, for any [, with I (o;) = f;(0,0;)

/ (fIO(UO) °© fKo) (An)duc,

oo (XX )| [ (0o ) (e (147

Jj=1BeB;(AN)

The quantities oK ;5 (X) and oEN ; (B) are independent of N and have the lattice
symmetries if X, B are away from the boundary dAy in the sense that they
have no boundary blocks. These properties are true initially and are preserved
by the iteration. In these cases we denote these quantities by just oK ;(X) and

of';(B)

With our construction « defined in (111), (128) only depends on oK ;. By
splitting K into a linear and a higher order piece the sequence o, (K ;V (X)
is generated by the RG transformation

o1 = 0j + a(Kj),
oK1 = LK) + @loj, oK), (148)
SNy = (L 4+ £2) (0K + 9l 1KY oK) = glory, o).
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This is regarded as a mapping from the Banach space R x (K;(An) X IC;(An))
to the Banach space R x (Kj(Anx) x IC;j(An)). The second equation of (148)
defines (g which is smooth with derivatives bounded uniformly in j and satisfies
(0,0) =0, D(qg)(0,0) = 0. The last equation of (148) defines ;g which is also
smooth with derivatives bounded uniformly in j and satisfies ;(0,0) = 0,
D(19)(0,0) = 0.

Now we consider the first two equations in (148). Around the origin there
are a neutral direction o; and a contracting direction K; (since £ is a con-
traction.). Hence we expect there is a stable manifold. We quote a version of
the stable manifold theorem due to Brydges [1], as applied in Theorem 7 in
Dimock [5]

Theorem 12 ([5], Theorem 7). Let L be sufficiently large, A sufficiently large
(depending on L), and r sufficiently small (depending on L, A). Then there is
0 <7 <r and a smooth real-valued function oo = h(oK ), h(0) =0, mapping
lofollo < 7 into |og| < r such that with these start values the sequence o, oKév
1s defined for all0 < j < N and

|oj| <1277, o ][, <7277, (149)
Furthermore the extracted energies satisfy
B allj+1 < 20(L)r2. (150)

Remark. Using the Lemma 11 below, given r > 0, we can always choose z, o
and maxy, |tx| sufficiently small then max{|| ¢ ||o, [[of]|o} < r. Now we claim
that HfK;VHJ has the same bound as the HOK?[HJ in the last theorem.

Supposed that at j = k, we have: ||fK§V||j < r27%. As in the proof of
Theorem 7 in Dimock [5], we can say that £ and (£1+L2) is a contraction with
norm less than 1/8 and sg(o;, (I ;V ,0l{ ;) is second order. Hence there are some

constant H such that: || rg(o;, fK]N, oK M) < H(|Uj|2+||0K§V||3+||fK;V”§) with
lojl, ||0K§VHJ7 ||fKN||j small. Then we have:

il < § (ol + o], )

2
et (Jos o+ i |+ )

IN

1 N2
5 (2021, | ) + 30 r2)

IN

é (3r279) + 3H (r277)”

IN

r2=i1 (151)

for r sufficiently small.
The bound for ||(E™ ;41 comes from the bound on o, ||fK§-VHj , (146)
and A > 1.
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Combining with the last theorem, for all 0 < 7 < N we can have:
o] < 1279, HfoH <2, (152)
J
and the extracted energies satisfy

N d —J
HijHHjH < 20(L)r27. (153)

5. The Dipole Gas
5.1. The Initial Density
Now we consider the generating function:
12y (2,0) = /eif@ exp (zW (AN, V1+09¢) — oV (An,d)) duc,(¢). (154)
When f = 0, it becomes
“n(z,0) = /exp (zW(An,V1+09¢) —oV(An,)) duc, (o). (155)

For B € By, we define: Wy(B) = zW(\/1 + 09, B) asin (64) and Vp(B) =
ooV (B) as in (39). Then we follow with a Mayer expansion to put the density
in the form we want

2N = [ T -vo)

BCAN
= 11 (e—vo(B)+ <eif(¢)+Wo(B) _1) e_VO(B))
BCAN
= > ylo0, Ax = X) K (X)
XCAN
= (fy(00) 0 1K) (An) (156)
where Iy(0g, B) = e~ "0(B) and Ko (X) = K (2,00, X) is given by
o (Ky(X) = [lpcx(ef@tWolB) _ 1)e=V0(B)  when f(¢) =

Syt exp(i0y, d(xr)), if (@) B = tx exp(id,, ¢(xx)) if B = {x)} for some
k, otherwise if(¢)|s = 0.

° fKo(X) :HBCX(eif(¢)|B+WO(B) *1)67‘/0(3) when f(¢) :ZZL:1 tka/ik¢(xk)7
if(@)|p = tp0p, d(xk) if B = {x}} for some k, otherwise if(¢)|p = 0.

o K (X)= HBCx(eWO(B) — 1)e="(B) when f(4) = 0.

Note that, when f = 0, oK actually is the Ky in [5, lemma 12]. We also can

prove the same result for pK .

Lemma 11. Given 1 > r > 0, there are some sufficiently small a(r),b(r)
and c(r) such that if maxy |tx] < a(r), |z| < b(r) and |og| < c(r) then
| 1K o (2, 00)ll0 < 7. Furthermore K is a smooth function of (z,00), and ana-
lytic in ty, for allk=1,...,m.

Proof. We consider these cases:
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(i) When f = 0, using [5, lemma 12], we have some by(r), co(r) such that
||()KO(Z,00)H0 <r if ‘Z| < b()(T) and |O'0| < C(](T).

(ii) In the case f(¢) = > 1 tkOpu, P(zx), using [5, (95)], for ¢ = ¢' + ¢, we
have:

(e if (@) +Wo(B) _ Dllo = |I(e if(#)|5+2W (V1+00,B) _ Dllo

< Z —||zW (V1+o00,B)+if(9)lsly
n= 1

(1w (VI + 00, B)llo + if (#)]5]l0)"

M8
3‘»—

3
Il
—

1 n
— (2|zthd(1+U° +max|tk|h 1H¢||q>0 B )> . (157)

<

Mg

n=1

We can assume that max;y [ty|h~! < 1. Applying lemma 1, we obtain
e=VoB)||5 0 < 2. Then

7K (Bl = sup [ (B, ¢+ )|, Go(X, ¢'.O) "

<SupH iF(6) B+ Wo(B) H H *Vo(B)H Goo(X,¢,0)7°
S“67VO(B) SupH i (0) B+ Wo(B) _ H Gao(X,¢,0)7"
SO¢/ 0

hy/d(1To0)

- —1
§25up(exp(2|z|e —|—ml?x|tk\h ||¢'+(H¢U(B*))—I)GS,O(X, ¢',()
9’.¢

hy/d(e) . .
§2sup(exp<2|z|e 0)1)exp<mgx|tk|h |\¢/+CH¢O(B*)>GS,0(X,d)',()
[o14Ne
1y /-1
+2sup (exp (max |t 6/ + Cllag () — 1) Goo(X, ¢,0)
¢’
112 2
S QSup (exp <2|Z|€h\/m) _ 1) exp (||¢/ + CH@U(B*)) e*“‘? ”ch(B*)*HCH@O(B*)
¢’.C

=1y 4 _ 7“4””?[) (B*)*HC”?p (B*)
+2sup (exp ml?x\tk|h ¢+ Cllao (B 1)e 0 o(B") . (158)
#'.¢

Because exp(|¢/+Cll () exp(— [ 113, o)~ ICI13, ) is bounded and

lim (exp (2\z|eh d<1+<’0>) - 1) —0, (159)

z,00—0

there exist some sufficiently small by (r), ¢1(r) > 0 such that we have
2 sup (exp (%zle’“F 1+m>> _ 1) I8 +Cllag (5 =18 130 5%y~ 130 (5%
@',C

r
<
—4A

for all |z| < b1(r) and |og| < e1(r).

(160)



Vol. 17 (2016) Infinite Volume Limit for Correlation 3565

For other part, we have:
2sup (exp (m]?X |tk|h_1||¢/+C”<I>0(B*)> _ 1) e—H(b'”éo(B*)_”CHgbo(B*)
?'C
< 2i?lz(eXp(nqb'n@o(Bw||¢||¢O<B*>)fl)e*”‘ﬁ ooy =Ilaoie (161

We can also find some sufficiently large H such that:
if ¢ loo () + lI<]lo(5+) = H then

_ 12 _ 2 r
2 (exp (||¢,||‘1>0(B*) + ||<||<I>0(B*)) o 1) e [l H<1>0(B*) HCHQO(B*) S H (162)
For |[¢'[ley () + [Cll@g(s+) < H, we have

0"+ Cllogm) < 1l¢ ||<1>o(B*) + I¢llag(B-) < H.

So with maxy, [tx| < ai(r) sufficiently small and [|¢/ || ¢, (5+yH|Clloy(3+) < H,

z(exp (mgx telh ||¢’+<||%(B*)> —1) e 19" 1505 =50 5+) < ﬁ. (163)

In summary we can always choose sufficiently small a(r),b(r), ¢(r)
such that if maxy, [t;| < a1(r), |z| < bi(r), and |og| < ¢1(r) then

r r
K o(Bllo < 25— = 57 VB € Bo. (164)
44 24

For those ay(r), bi(r), c1(r),maxy [ty <ai(r), [2| <bi(r), and |oo| <
c1(r), we have

1#Kollo = sup Ko (X oAl

E 0,c
< sup | [ Ko (B)llo | APl
XGPOC BCX
r\IXlo x r
< sup (*) AlXlo < =~ <. (165)
X€ePo,c 2

(iii) In the last case, f(¢) = > 1, ty exp(iQ,, ¢(zx)), we have:

n
(el ¥ol —1||o<Z 7 (21T )

= exp (2|Zeh‘/d(1+00) + m]?x |tk|) —1. (166)

Using the same argument as above, we can choose some sufficiently small
ax(r), ba(r), ca(r) such that || (z,00)[l0 < 7 when maxy, [t < az(r),
|z| < ba(r) and |og| < co(r).

Now we just simply pick a(r) = max{ai(r), a2(r)},

b(r) = max{bo(r),b1(r),ba(r)} and ¢(r) = max{co(r), c1(r), ca(r)}.
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The smoothness follows similarly from Lemma 12 (Dimock [5]).10 O

Remark. We have ¢K is analytic. For each step when we jump from j-scale
to (j + 1)-scale, the analyticity of K still holds for the next scale.

Noticing that oK is just the Ky in Section 6 (Dimock [5]), we need the
following lemma to apply Theorem 12.

Lemma 12 ([5, Lemma 13)). The equation o = h(oK((z,0)) defines a smooth
implicit function o = o(z) near the origin which satisfies 0(0) = 0.

Taking |z| sufficiently small and choosing o9 = o(z), we can apply theo-
rem 12. For 0 <[ < N, we have

Ny =exp Z > BB /(ffz(ffl) o K )(An)duc,  (168)
Jj=1BeB;(AN)
where |oj| <279, || K7 ||; < 7277 and [|;ED, |41 < O(L)r2.
5.2. Completing the Proof of Theorem 1

Theorem 13. For |z| and maxy, |tx| sufficiently small the following limit exists:
Jim |An| "t log tZ' (2, 0(2)). (169)

Proof. With updated index, the proof can go exactly the same as the proof of
[5, Theorem 8]. We take [ = N in (168). At this scale there is only one block
AN € By(Ay) and so we have

N
|AN|7110ng,N(Z,U(Z)):|AN|71Z Z fE;'V(B)
J=1BeB;(AN) (170)

+AN|1log</ [fIN(JN,AN)Jer%(AN)} d,UCN> .
The second term has the form
Al os (14 [ 7 ydve ) an)
where
Fn(AN) = F y =y (on, An) — 1+ KN (An). (172)
By (126) in [5] and norm definition (54), we have
I (0N AN) = 1| n < 4 RP oy < dethPr2~ N
[N AN v < AT KN lIn < A7 27
so that || fF \ (An) v < (4c7 'A% + A71)r(27Y) which is O(27V) as N — oo.

(173)

10 Tnstead of using the usual estimates, such as (1 + ||d>H§)j(B*)) < exp(Hd)”éj(B*)) =

G‘Svj (Bv ?, 0), we can use

1 1 1 L
(1 + H¢||<21>j(B*)) =k (% + EWH%(B*)) < kexp (E||¢H?{>J-(B*)> =kG} (B, ¢,0) (167)

for any positive integer k, and so forth.
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In [5, Lemma 14], Dimock has proved that for h sufficiently large

/GN(AN,O,C>d/JCN (C) S 2. (174)
Then we estimate
‘/fFN(AN)dHCN < ||fFN(AN)||N/GN(ANaOaC)d.uCN(C)
<2 F(AN)|IN
<2(4c 'R+ AT r(27Y). (175)

Hence the expression (171) is O(27)|Ax|~! and goes to zero very quickly
as N — oo
The rest of the proof came as in the proof of Theorem 8 in [5]. O

6. Correlation Functions: Estimates and Infinite Volume Limit

Note: We always can assume that L > 2413 41

6.1. In the Case: f(¢) = > 1-; tkOpu, d(xk)

For z, € 7Z¢ are different points; up € {#1,...,+d} and t; complex and
[tk] < a=a(r) for Vk:1,2,...,m.

6.1.1. Proof of Theorem 3. Using (168) with [ = N, for the truncated corre-
lation functions, we have:

m

t
gt(xl,xg,...,xm)z <H aﬂk¢(xk)> =1 ngfz’
Pt} m

aom N N
=" e | 2 BB

SYhmo\ 5T BeB; (An)

t1=0,...t;m =0

t1=0,...t,, =0
m

=M a

=", 2. 8t1...8tmej(B)

Jj=1 BEBJ(AN)

t1=0,...t,, =0

t1=0,...t, =0

o
+i™ —————log (1 + /(JJN(JN) -1+ fK%)(AN)d/JCN>
8t1 . 8tm t1=0,...t,, =0

(176)
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Now we consider the quantity:

N am
Av=3 > atl...atmeéV(B)

j=1 BEBj(AN) t1=0,...,t;,=0
N—1
o N
= B, B)
VD DS o o A N
N—1 om 4
— 2 KN X,0
DS TIPS S
j=0 BeB;(An XeS;,XDB £1=0....tm=0
(177)

by the definition of fﬁ in (111)
We notice that fE (B)|4,=o0,....t,,=0 = 0 unless B* D {z1, 2, ..
Zm . Hence,

N-1

om N#

ro v K X,0

D VD SR e M A
=0 BEB;(AN) X€5;,Xo8
B*D{x1,@2,...;m }

9

t1=0,...,tm=0

(178)
Note: Let n = min{d/2,2}. For any small ¢ > 0, we can always find A4, L
sufficiently large such that:

(L1 + L2+ Ly + La) 0K )41 < 7= apn= oKl (179)
1 1
(61 +£2) ()1 < s (185K 15) < oo (0 + 1K)

with 7 > 1 by using the explicit upper bounds in Lemmas 4, 5, 7, and 9.
Then we can replace ¢ = 1/2 in Theorem 7 by u=1/M for M =L"""*>2.
We still have |o;| < rM 7, ||fK;.V||j <rM~J and ||ij.\;1||j+1 <O(LYYrM—I

with max; [te] < a sufficiently small and 0 < j < N — 1. Because ;57 (X, 0)
is analytic, using Cauchy’s bound and (57), we have:

o™ ﬂl
am

Ot1...0tm,
m!
a™ (

om 1 N#
_ K X,0
8t1 .. .3,57" XESJ';(DB |X|j ( )

1
< 2 | X1;

XGSJ‘ , XDB

=Xl

#
KN (X,0) A
J

IN

vl
N———

t1=0,...,t;n=0

IA
|
2|

)le]rM_j. (180)

Then

t1=0,...,t;m=0
am
Oty...0ty,

AN (x,0)

t1=0,...,t;=0
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1om!l (AT
< — (= M~
> |wan<2> '

XeS;,XDOB

é) mlrM—J

S n3(da 2

(181)

am
So

AN\ mlrM—7
| N < Z > n3 (d» 2) —am (182)

BeB,; (AN)
B*D{z1,x2,...,Tm }

y (171)—(175), we have:

1%Q+/wmwww+m%mmwmﬂ

<log (1 +2||F(An)|n)
<10g(1+2[ dc W2+ A™ ]TQ_N). (183)

Using the Cauchy’s bound as above, we obtain:

am
’&LJ%k%O+/MMW%J+ﬂ%MM@@>

t1=0,...,t;, =0

<—log(1+2[ 47 th? + A7 r27N). (184)

So
lm |— 2 1+/(1( =14 V) (A )d —0
N oty ...0t, ©8 FNLON FENAANIChCN t1=0,...,tm=0 o
(185)

Now let jo be the smallest integer such that 3B € B, : B* D {z1,22,...Zm}.
Without loosing generality, we can assume that |z; — 22| = diam(xq,...,Tp).
For every j > jo, let le- € B; be the unique j-block that contains {z}. For

any B € B;,j > jo with B* D {1,22,...,2m,}, B must be in B]l*.

‘We have

A mlrM—I

[N < Z Z ”3(dv§)7am

BeBj(An)
B~ D{w17$27 7537”}
N-1 -
A mlrM—J
=Y X me)Ta— (156)
a

J=jo BeBj(An)
B*D>{x1,x2,....m}
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Since M > 2, the last part of (186) is bounded by

= A M AN\ mlrM—
e R DL

J=jo BeBj;(An Jj=jo BEB;(

B*D>{z1,z2,....xm } BEBI*
NZ 2d2 A)m!rM_j
= 72 a™
< 2d(d+1)n3 (d, A) QW.
2 am™
(187)
Therefore, we have:
AN _mlrM—Jo
|| < 29 (d, 2) UL (188)

By the definition of jy, we have: |z — x| < d29T1L7°. Because M = L"~*, we
get

Mo = [~do(n—1) < (d2TH 1)y — 2|7
= (d2 )" diam ™" (21, ..., ). (189)

Hence, we have:

A !
|fFn| < od(d+1) . (d 2) 2M diam™"" (21, ..., 2,) (d’72’7(d+1)) . (190)
am™

Using this with (185), we obtain:

m

A I
oty ..ot &t

t1=0,...,ty, =0

< 2d(d+1 (d g)? diam™ 17+L($17 s >$m) (ann(d-O-l)) : (191)

Combining with (34), we get ng(d, 4)244+1)4r(d24+1)" < 1 with sufficiently
large A. Therefore, with sufficiently large A, we have:

m t
|gt($1am2a ce 7xm)| = <H 8uk¢(xk)>
k=1

m

Y g7
‘8t1...8tm 08 f

t1=0,...,t;, =0

|
< ;"—m diam ™" (21, ..., ). (192)

We complete the proof of Theorem 3.
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Remark. Actually for any N — 1 > ¢ > jo, similarly to (187), we have

KV (X,0)

t1=0,...,t,,, =0

N—1 om

X2 o

Jj=q BeB;(AnN) XeS;,XDB
B*D{x1,22,....xm }

N-1 ]

AN\ mlrM—7

- A nmerid 7

X x ey
i=q BeBj(An)
B*D{x1,x2,....Tm }

A IrM—1
< od(d+1)y,, (d, 2) QL. (193)

am

IXIJ

6.1.2. Proof of Theorem 2. Now we fix the set {x1,z2,...,2,}. Let j; be
the smallest integer such that B?l D {x1,22,...,2m}. Then j; is the smallest
integer which is greater than log; max; 2||z;||.c. We also have: jo < ji.

Let ¢ be any number such that ¢ > j; +1 > jo+ 1. And let Ny, N> be
any integers such that Ny > N; > ¢. Using the definition of j, we have

q—1
o™ 1
F o = —_ K X,0
M Z 2 Ot ... Otm, 2 |x]; 7 7 (X0
Jj=Jjo BeB;(AN) X€S;,XDOB
B*D>{z1,22,...,¢m }

t1=0,...,t;, =0

Ni—1

o™ 1
Y- K X,
+ > > T D DI L 2% (X,0)
i= BeB;(AN) XeS;,XDOB 0.t —0
B*D{z1,22,....¢m} , (, m |
194
and
—1 m
Fy, = qZ > O Y LX)
M dtr ... Otm xp, W

j=jo  BEB;(An) o Xes;,XOB
B*D>{z1,x2,....,¢m}

No—1 o™ 1 4
+ 2 > o 2 IGET(X,0)
_ Oty ... 0t |X1;
Jj=q BeB;(AN) X€S;,XDOB

B*D>{z1,22,...,Zm }

We also notice that:

q—1 om .
2 2. oty ... 0t 2 WKN (X,0)

j=jo  BeB;(An) UM XeS;,XDB
B*D{z1,x2,....,m }

= o I
= e N (X0
DR DR v SN DI (TRl
J=Jjo BeB;(An) X€S;,XDB
B*D{$1a$27~~>177z}

t1=0,...,t,,, =0

t1=0,...,t;n =0
(196)
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because for 0 < 7 < g — 1, fK;.V#(X, 0) only depend on ¢ within X* and
X* C A4 which is the center g-block of Ay, C Ay,. Therefore,

|fFN2 - fFN1|
Np—1 om 1 .
N.
S22 man 2 T X0
J=q BeB;(AN) ™ Xes;xoB TV t1=0,...,tm=0

Ni—1
om 1 Ny #
by D o . 2 XK (X0
i=q BeB;(AN) " Xes;,X0B ’ t1=0,...,tm=0

B*D{x1,z2,..., T }

Then using (193) with p = 1/2 instead of = 1/M = L~ we obtain:

Noy—1 am 1 #
S — KN (X 0
23 > Oty ... Otm > Ix[;’ i (X%0)
j=q BeB;(An) X€S;,XDB £120,... 1t =0

B*D{z1,22,...,Tm}

< gD, (d, é) 2m!r2_q7

2 a™
Ni—1
o™ 1 N #
S KN*(x.0
z: D Ot1...0tn 2 X[, 7 (0
i=q BEB;(AN) XeS§;,X0B t1=0,...,t;y =0

B*>{z1,z2,..., Ty }

1-9—4
< 9dd+1), (d, g) 2m.r2 ‘

(198)
That means we have:

A\ mlr2-e
>4mr —0 (199)

_ d(d+1) ol
‘fFNg fFN1’ S 2 ns (d, 9 am
when g — oo.

Combining this with (176) and (185), we can conclude that

Hmy oo ([ Ty Opr (k)" exists.

Remark. We have N-uniformly boundedness on correlation functions and
limy oo Gt (21,22, ..., 7,) exists. Therefore the bounds are held for infinite
volume limit

6.2. When f(¢) = > 1- tr exp(iQ,, ¢(zk))
Using exactly the same argument as the above subsection, we obtain these

following results:

Theorem 4. With L, A sufficiently large, the infinite volume limit of the trun-
cated correlation function imy oo (TTj-; exp(i0,., ¢(xx)))" exists.
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Theorem 5. For any small v > 0, with L, A sufficiently large (depending on t),
let n = min{d/2,2} we have:

t
il !
<H exp (iaﬂk¢(xk))> < % diam™ " (w1, 0, ., )
k=1

where a depends on 1, L, A.

6.3. Other Cases
We can consider f(¢) = >"7" tifiu(¢)(zr) with

* ty € C,
* g € Z4 are different points,
fx is bounded in the sense that there are some M}, my > 0 such that

1fe({zx}, @)llo < Milllle + mu. (200)

With the same argument as above cases, we have:

*

Theorem 6. With L, A sufficiently large, the infinite volume limit of the trun-
cated correlation function imy oo (IT02, fr(¢)(zk))! exists.

Theorem 7. For any small v > 0, with L, A sufficiently large (depending on t),
let n = min{d/2,2} we have:

m t '
<H fk(¢)(xk)> < ;’im diam™ " (21, T, . . ., Tm)
k=1

where a depends on 1, L, A.

In the case f = Y7 tuWo({zk}), with Wo({zx}) = 2W (1, {zx}) as in
(64). Using the Lemma 2 (or the lemma 4 in [5]), these Wy ({xx}) satisfy those
above conditions. The Wy ({z}) are actually the density of the dipoles at zy,
used in [2]. Applying theorems 7 and 6, we obtain these results:

Corollary 1. For any small ¢ > 0, with L, A sufficiently large (depending on
L), let n = min{d/2,2} we have:

t
" !

<H Wo({:vk})> < % diam™ " (z1, T9, ..., )
k=1

where a depends on v, L, A.

This result somehow looks like the theorem (1.1.2) in [2]. However it gives
estimates for truncated correlation functions of (m > 2) points instead of some
estimate for only 2 points.

Corollary 2. With L, A sufficiently large, the infinite volume limit of the trun-
cated correlation function limy oo ([Tjr; Wo({zr}))! exists.
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Remark. We can consider the more general form f(¢) = >/ |t fr(¢) with
* 1, € C,

* Ay = supp fy are pairwise disjoint and |A| < oo,

* fr is bounded in the sense that there are some My, my > 0 such that

15 (Ak; d)llo < My|9lle, + k. (201)

Then we still get similar results as in Theorems 7 and 6.
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Appendix A: Kac—Siegert Transformation

By expanding the exponential in (6) and carrying out the Gaussian integrals,
we can rewrite o4 as

oZNI/ Z%ﬁ Z /qudpi

n>0 " i=lgen  nzd

:/ Z%H > /Sdfldpie””‘a"’““ dpc(9)

n>0 i=1g,eAnynzd

(eipi'f’d?(wi) + e~ Pi-00(4)

5 ) dpc (o)

= > /Sd_ldpi exp %1 ST (or-9)(ps - 9)C(ak, ;)

n>0 i=1 \z;eAnynzd } 1<k,j<n
(202)
which is exactly the same as the grand canonical partition function (2).
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