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On a Drift—Diffusion System
for Semiconductor Devices

Rafael Granero-Belinchén

Abstract. In this note, we study a fractional Poisson—Nernst—Planck equa-
tion modeling a semiconductor device. We prove several decay estimates
for the Lebesgue and Sobolev norms in one, two and three dimensions.
We also provide the first term of the asymptotic expansion as t — co.

1. Introduction

We consider the drift—diffusion system given below:

ou+ (—A)Zu+ V- (uVy) =0, for (z,t) € R x RT
O+ (—=A) v — V- (vVi) =0, for (z,t) € R x RF
Ay =u—wv, for (z,t) € R x R
u(x,0) = ug, v(z,0) = vy, x € R?

(1.1)

where u, v, and 1 are functions of space and time, the dimension d € Z* with
d<3,0<a,pB <2, and, if we denote the Fourier transform of the function ¢
by ¢, then the fractional Laplacian is defined by

(ZA)3 ¢ = €.

The unknown functions u(x,t) and v(x,t) represent the density of electrons
and positive holes in the semiconductor, respectively. Finally, the function
1) models the electromagnetic potential due to charges in a semiconductor.
The fractional Laplacians are related to random trajectories, generalizing the
concept of Brownian motion, which may contain jump discontinuities (the,
so-called, a-stable Lévy processes). As an electron in a semiconductor may
jump from a dopant into another, a nonlocal diffusion akin to the fractional
Laplacian arises naturally.
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1.1. Prior Results on (1.1)

Mock [29] first considered the drift—diffusion system (1.1) witha =3 =2on a
bounded domain with the Neumann boundary condition (see also He et al. [20]
and Liu and Wang [28]). A similar equation has been studied by Rodriguez and
Ryzhik in a very different context [31]. Fang and Ito [19] proved the existence of
a global weak solution in this bounded domain (see also the work by Bothe et
al. [9] and Hineman and Ryham [21]). The asymptotic behavior of the solution
in the case « = = 2 was studied by Jungel [22] and Biler and Dolbeault
[3]. Kurokiba and Ogawa [26] and Kurokiba et al. [25] proved the existence
and uniqueness of strong solutions to the Cauchy problem. Kawashima and
Kobayashi [24] derived the optimal decay estimate by applying a weighted
energy method and found an asymptotic result as ¢t — oo. In the presence of
an incompressible, viscous fluid, system (1.1) was studied by Schmuck [32],
by Zhao et al. [17,41,42], by Bothe et al. [10]. Very recently, Kinderlehrer
et al. provided a new approach to system (1.1) using that system (1.1) is a
gradient flow driven by a Llog L-type free energy [23]. Each of these studies
restricted their conclusions to &« = 3 = 2. The case of nonlinear diffusion has
been considered by Zinsl [43].

When vy = 0 (so the equation for v is dropped), the fractional case
0 < a < 2 of (1.1) has been studied by several authors. Yamamoto [34]
obtained the asymptotic behavior in the local case o = 2. Yamamoto [35] pro-
ceeded similarly, but derived the asymptotic expansion of the solution with the
fractional Laplacian in the subcritical regime 1 < o < 2. Yamamoto et al. [36]
showed the well-posedness and real analytic of the critical case corresponding
to @ = 1. Sugiyama et al. [33] studied local and global existence and unique-
ness of the system with the fractional Laplacian, focusing primarily on the
supercritical and critical cases 0 < o < 1 and « = 1, respectively. Yamamoto
and Sugiyama [37,38] then derived lower bounds on the decay rates of a solu-
tion to the drift—diffusion system with the fractional Laplacian 0 < o < 1 and
obtained the asymptotic behavior of the solution as ¢ — oco. Similar systems
arising in different contexts have been studied also by Li et al. [27], Escudero
[18], Bournaveas and Calvez [11], Biler and Karch [4], Biler and Wu [8], Biler et
al. [5] Biler and Woyczynski [6,7], Zhao [39,40], Ascasibar, Granero-Belinchén
and Moreno [1] and Burczak and Granero-Belinchén [13,14].

The fractional case 1 < a = 8 < 2 of (1.1) with general vy has been
studied by Ogawa and Yamamoto [30]. In particular, these authors proved the
global existence and the asymptotic behavior of solutions. To the best of our
knowledge, this is the only result concerning (1.1). Thus, by studying (1.1),
this paper generalizes the current results in [30] in two different aspects:

1. it allows for diffusions with different strengths for v and v, i.e., « is not
necessarily equal to 8. The cases a #  and a = (3 present several differ-
ences at the level of the H? Sobolev norm and some closeness hypothesis
needs to be imposed (see Theorem 2.4).

2. it allows for diffusions in the whole range 0 < «, 8 < 2. In particular, our
work covers the supercritical and critical range 0 < a, 5 < 1.
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1.2. Preliminaries

1.2.1. Singular Integral Operators. We write A® = (—A)%, i.e.,
Reu(€) = [¢*a(E) (12)

where ° denotes the usual Fourier transform. As a singular integral operator,
the operator A% possesses the kernel

Au() = cq Py, [ U8 = ul@ = m)dy

(1.3)

Rd ||t ’
with
_4T(d)2 4 a)
4= RNy
where

I'(z) = / t*~le7tdt
0
is the I function.
1.2.2. Functional Spaces. We write LP(R?) for the usual Lebesgue spaces
LP(RY) = {u measurable s.t. / lu(x)|Pde < oo},
Rd
with norm
Jullty = [ futz) P,
Rd

We write H®(R?) for the usual L?-based Sobolev spaces:
H*(RY) = {u e L*(RY) s.t. (1+[¢]°)a € L*(RY)},

with the norm

2

lullZre = lullZe + el lullge = 1Al e

1.3. Plan of the Paper

This note is organized as follows: in Sect. 2, we state our results. In Sect. 3, we
prove the decay in the L? spaces. In Sects. 4, 5 and 6, we prove the decay of the
Sobolev norms. Then, in Sect. 7, we provide the first term in the asymptotic
expansion. Finally, in Appendices A-C, we provide certain inequalities and
estimates for fractional Laplacian that are used in the paper and may be
interesting by themselves.

2. Main Results

Our first result concerns the global existence and decay of the solutions to
(1.1):
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Theorem 2.1. Let 0 < o, 3 < 2, d € Z+ with d < 3, be fized constants and
uo(x), vo(x) € L*(RY) N H*(RY)
be the initial data. Then, there exists (u(x,t),v(x,t)) a global smooth solution
to (1.1) satisfying
w e L®(0,T; L*(RY) n H4(R%)) N L2(0, T; H*F/2(RY)),
v e L®(0,T; LY(RY) n H*(RY)) N L2(0,T; H*P/2(RY)),
for every 0 <T < oco. Furthermore, the functionals
Folult), v(®)] = I, + [o(®)[2,, 1< p < oo,
Foolu(t),v(t)] := [Ju(t)l[ L~ + [[v(t)]| Lo,
verify
Fplu(t), v(t)] < Fpluo, vo], 1 < p < o0,
and there exist constants K and Co such that
Foolto, o]
(1+ Kt)d/ max{e, B}

Foolt,v] <

p—1
%

Fplu,v] < (Jluollzr + [[vol 1 ' '
plts v] < (luollzr + [lvoll >(1+t)m@—1>

1 1—1
[[uoll£1Co ”

u(t) Lr S 1y 7
H H (1+t)max{da7,[3}(1_5)

1 1—1
[[voll £ Coo

(1 4 ¢)mactany (1=3)

[o(@®)llzr <

Remark 2.2. In the case where the smooth initial data are
uo(x),vo(x) € Lp(Rd), 1<p<oo,

following the proof of Theorem 2.1, we have the pointwise estimates

wlx 14+ap/d e, 14+ap/d
A%u(zy) > c(d,a,p)% > C(d,a,P)}-((t))a/d
lu()ll p{to, Vo
1+8p/d v(y,)tHPP/d

Aﬁ M — 7 ~Aa/q
v(ye) > c(d, 8, p) TR > C(d,ﬁvp)}'p(umvo)ﬁ/dz

where z; and y; are such that
[u(t)][Loe = ulae,t), [lo()llL = v(ys, ).
Thus, instead of (3.2), we have that
d u(xt)1+ap/d ,U(yt)wﬁp/d

Foolu,v] < —c(d, a,p) —d ) T
P )

a - fp(uO,Uo)o‘/d
Our second result studies the behavior of Sobolev spaces H?® for
0<s< 1.
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Theorem 2.3. Let 0 < o, 3 < 2, d € Z+ with d < 3, be fized constants and
uo(z),vo(z) € L* N H*
be the initial data. Then, there exists a constant C such that the solution
(u(z,t),v(z,t)) to (1.1) verifies
C
d 1—s
(14 t)mex{ary 2

Our third result regards the higher Sobolev norm H*, 1 < s < 2 and
imposes restrictions on « and 3:

[l g + 0@l o <

Theorem 2.4. Let 0 < o, 3< 2, d € Z*, d <3, be fized constants such that

2d
—_— <1 2.2
4 + 3min{«, 4} <5 (22)
min{«, 8} d 2d
—— (2 1 2.
max{«, 3} 4 ( + 4 + 3max{a, 3} —2d > b (2:3)
d 4o — B
I'= 24 ————— | <2 2.4
4—|—3min{o¢,ﬂ}—d< +4—|—3min{o¢,ﬂ}> - (24)
and
uo(z),vo(z) € L* N H*
be the initial data. Furthermore, when I' < 2, we assume that
4 + 3max{«, 5} d
— <1 2.
4 + 3min{«, 8} < +4+3max{a,5}—d’ (25)
and info B d
min{o
P >, 2.
max{a, 5} 2 ~ (2:6)

Then, there exists a constant C' such that the solution (u(x,t),v(z,t)) to (1.1)
verifies

C
d 2-s
(1 +t> max{«a,3} 4

[l g + 0@l o < , V>0, 0<s<2

Notice that this result imposes restrictions on the difference oo — 8. This
result suggests that a big disparity in the strengths of the diffusive operators
may lead to obstructions in higher Sobolev norms.

Our next theorem concerns the case of arbitrarily large Sobolev norms:

Theorem 2.5. Let 0 < o, 3 < 2, d € Z+ with d < 3, be fized constants and
uo(z),vo(x) € L NH®, s>2 s5€R

be the initial data. Assume that o, 8 and d satisfy the same hypothesis as in
Theorem 2.4. Then, there exists a constant C such that the solution
(u(z,t),v(z,t)) to (1.1) verifies

la®) L5 + [0(®) 15 < ¢

(1 + t)mostanr =

, Vi>0,0<r<s.
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Finally, we provide the first-order asymptotic estimate
Proposition 2.6. Let 0 < a, 3 < 2, d € ZT with d < 3, be fized constants and
ug(z),vo(z) € L!NHS, 5>2,scR

be the initial data. Then, there exists a constant C such that the solution
(u(z,t),v(x,t)) to (1.1) verifies

[e3 C
lu(t) = e~ ugl| 2 <

_d—-1 __q
(1 —|—t) max{a,B}

C
d—1
(1 + t) max{a,B}

_+AB
Jot) — = vg) 2 < 1

3. Proof of Theorem 2.1: Global Existence and L?P Decay
Estimates

Step 1: Local existence The local existence and uniqueness follow from stan-
dard methods (see for instance [1]).

Step 2: Boundedness in L? First notice that, given ug(z) > 0 and vo(z) > 0,
we have that u(t) > 0 and v(x,t) > 0 Vt > 0 (this can be shown with a
contradiction argument and the use of pointwise methods [12]). Thus, we have

d
&.7:1 [u,v] = 0.

Furthermore, we have the stronger equalities
[u(®)][r = lluollLr, lo(@)llzr = llvollLr-
Consider now the case 1 < p < co. Then

d
g7 elw vl = HU( s II’U( )15

=/ pu(y, t)P oy, t dy+/ po(y, t)P 1 0p(y, t)dy
R4 Rd

= [ A0 = 5 - () V)
[ ol Al )+ V- (0l ) Ve dy
R4

The transport terms are

lef/ puP IV - (uVy) = p(p — DuP~'Vu - Vw*f/ (p — DuP Ay,
Rd R4

Rd

Ty /pvpflv (vV) = /p NP~V - Vi = / (p — NP A
Rd Rd
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Symmetrizing the diffusive terms, we get

D, = —/ u(y, )P A%u(y, t)dy
Rd
_ _p/ u(y,t)p_l/ U(y,t) — U(Uat) dndy
R R4

ly —nld+e
t) — t
=—p /Rd u(n, t)P = /Rd u(n,; 1 yﬁg any
£) — u(n,t
=p/Rd u(n, t)?~! /Rd dedy
S R R B e Y
<0

Following a similar procedure,

Dy = —/ o(y, t)P Ao (y, t)dy

Rd
P 1 1y vy, t) —v(n,t)
=z D D LA WA AR N LRSI P |
Q/Rd /]Rd () v 1)) y— s Y

<0.
Thus

d

—Fplu, 0] <Th +Th = —(p— 1)/ (u? — vP)(u — v)dz <0,

dt Rd
and we conclude

Fplu, v] < Fplug, vo).

Step 3: Boundedness in L> Due to the smoothness of u(x,t) and v(z,t) in
space and time, we have that
My (t) = [lu(®)l[ Lo = ulzs,t), My(t) == [[o(®)l|lz= = v(ye, 1)

are Lipschitz. Thus, using Rademacher Theorem M, (t) and M, (t) are differ-
entiable almost everywhere and (see [1,16])

d
&Mu(t) = atu(xt)
d
&Mv(t) = Opv(ye).

Now, we show the Foo[u, v] = [|u(t)|| = + ||v(t)|| L= is a Lyapunov func-

tional:
d
&.7:00 [w,v]

= Mu(t) + Mv(t)
= 8tu(xt) + 6t1}(yt)
= —A%u(@r) — Av(ye) — wlze) A (e) + v(ye) At (ye)
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= —A%u(zy) — APu(ye) — ulae) [u(ze) — v(ze)] + () [ulye) — v(y)]
< —A%u(xy) — Ao(yy) — ulz)? + 2u@)v(ye) — vly)?

Thus, using (1.3), we have that

CAu(zy) = _/Rd u(xy) — u(we — 1) dn <0,

[t
~Nof) =~ [ =y <o
and
el o] < —A%ulir) = A%ol) — (ulen) — o) S0 (3)
So

Foolu,v] < Fooluo, vo).

Step 4: Decay in L*° Furthermore, we have the following lower bounds (see
Lemma A.1 and [2])

llwoll 1

A“u(l-t) N Ca7du($t) men) N C(d OL) u(ggt)lJra/d
- d o — b
()™ (2)") " ol 7
nen) wq
llvoll 1
Cg.qv LS 1+4/d
Mo(y,) > 8.49(Ye) 5.5 S v(ye)

> c(d, 8)
a+h ’ o
(2||vou“ )”d (;)”d lvo |71
U(yt) (ZF)

Thus, (3.1) can be sharpened and we get

d u(xt)1+o‘/d U(yt)1+6/d
&.7:00 [u, U] S —C(d, a)ia/d — C( 5 7ﬁ/d (32)
[luol| 74 [lvoll74

Fix v > 0. Then

(u(ze) +v(y))
< 2" max{u(a), v(y) }'

< ot (max{u(xt),v(yt)}H'y + min{u(xt)aU(yt)}l_’ﬁ(a#})/d) :

We define v as:

o {a/d if max{u(xs),v(yr)} = u(zy)
CoLB/d i max{u(a), v(ye)} = vl(ye)

With this definition of ~y, we have
(u(@e) + v(y) 7 < 2" max{u(a), v(y:) Y

< gitmax{o,f}/d (u(xt)l-i-a/d + v(yt)1+ﬂ/d> )

(3.3)
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Let us denote

. c(d, a c(d,
C’min(a767d7 Uo,UO) = mln{ ( a/)d’ ( /?/)d } ’ (34)
luollz:™ llvollzh
then
Cmin 1+~ U(ﬂ?t)1+(¥/d U(yt)l-i-ﬁ/d
9l+max{a,8}/d (u(we) +v(ye)) < c(d, a)ia/d + c(d S
[[uoll 72 ool 74

We obtain the inequality

d Cmin
g7l S — sy

where v is given by (3.3). We obtain the following rate of decay:

Fooltty U]H'V,

Foo[to, vo] - Fooltio, vo)

Foolu,v] < < ;

where

K = min {(,7—'00[%,UO])a/d7 (]:OO[UO7UO])a/d} min{a, 3} Cmin

d 21+max{a,f}/d"

As a consequence, we have

Cx
—_— -
(1 + t) max{«,B}

Step 5: Decay in LP Using interpolation and the conservation of mass, we
obtain

[z, o)l <

1—1
Cx ®

4 t)maxtaay 173)

1
lu(®)llze < [luoll 72

1—1
Co”
) maetarr (173)
crt
) mataey 1)

1
lo@lzr < llvollzx

Fplu, 0] < ([JuollLr + [[voll1)

Step 6: Global existence The global existence follows from the decay of |||/~ +
||v||Lee, energy estimates and a standard continuation argument (see [1]).

4. Proof of Theorem 2.3: Decay Estimates in Sobolev Spaces
H*, 0<s<1

Step 1: Boundedness in H! (d = 1)
First, we deal with the one-dimensional case. We compute

1d
Lz, = e, - / Dpud? (udy))
24" H! Hite/2 o

<l — / Oy u(@Pud,th + ud(u — v) + 205u(u — v)),
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and
1d

Ld 2 = 2, 2+/amvagvamw
5 il = —0l3ns + [ BrEwov)

< —||11H%,1+5/2 + / 020(020051) + 10, (u — v) + 20,v(u — v)).
R
Adding them together and using Holder inequality, we have

d
7 (Il + I0l7) = =2lullfiare = 200llFe
+C(l0sullZ2 + 100l172) (lull e + [[vllz)-
Using the interpolation inequality
IA" 122 < I FIIZ2 + 11 5ees Vs 20, (4.1)

we conclude that, for t > T* and T™* < oo large enough (see Theorem 2.1),

d
E (||u||§_11 + ||U||§{1) = _”u”i’[uﬂx/z - ||1JH%11+6/2
+ C(llullfz + IollZa) (lull 2o + [[v]lz)-
Recalling that

2
1< ——
max{a, 5]
and using Theorem 2.1 to obtain that
C

(lullze + lolZ2) (lull e + o] o) € ————,
(1 +t) max{«a,B}

SO

t
/ (lullZs + vlIZ2) (lull + [lv]lz~)ds < C,

s

we have that
t

O + 10O + [ Tleas + lolnads <€ VT

T*
Standard energy estimates on the finite interval [0,7%] lead to
lu@)lF + lv@®lF, <€, VE=>0.

Step 2: Boundedness in H! (d =2, d = 3)
Assume now that d = 2 or d = 3. Testing the equation for u against A%u,
we have
1d

sl = Nl = [ AuA(Tu Vops - [ Auu( - s
Rd

Rd

= —[lull%a — /R Au[A, VY] - Vudz — [ AuVep - VAudz

Rd

- /R Auh(u(u — v)de
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1
=l = [ Al TU]- Vo + 5 [ AP o)

—/ Aul(u(u —v))da.
Rd
In the same way
1d
55”7}”21 = —||v||§-{1+,3/2 + /Rd AvA(Vo - Vib)da + » A?vo(u — v)de
= —||v||§-{1+ﬂ/2 + / Av[A, VY] - Vode + [ AvVey - VAudz
Rd R4
—|—/ AvA(v(u — v))dx
Rd
1
= olPrsne +/ Av[A, V] - Vodz — f/ IAv[2(u — v)de
H R 2 Jra
+ [ AvA(v(u —v))dx.

Rd
Recalling the Sobolev embedding

71, g2 < ClUATf) g, (4.2)

and Theorem 2.1 (using d > 2, max{«, 3} < 2), we have a time T* < oo such
that, for t > T,

/ |Au|*(u — v)dz
Rd

< Al? = ] oo
< Ollullrg = vl e

1
< <l (4.3)

H1+%7

/ |Av]?(u — v)dx
R4

< IIAUIIi% llu = vl[pass
< CHUHZ,H% |w—vllLase
L2
Using the fractional Leibniz rule
IA*(F)lle < CUIA® fllzesllgllzes + [[A°gllLes [ f]]Lra),
with
1 1 1 1 1
+

P P P2 P3 DPa
we have

Aul(u(u —v))dx
Rd

< CllAull | 2 ([[Aullzzllu = o]l 20 + [Jufl 22 [A(u = 0)][2)
< Cllull grvara ([Aull L2 lu = o[l 20 + [Ju]| 20 [[A(w = v)[[L2),  (4.5)
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AvA(v(u —v))dx
Rd
< Il e (A0llcellu = vl 2 + o]l s [1AGu = v)]]22)

< Clollgavasz(IAvllzzllu = vll 2¢ +[Joll 2 [[A(u = v)l[z2). (4.6)

Recalling the inequalities

102,00, fllLe < Cl|AfllLe, V1<p<oo, (4.7)

10z, fllr < ClIAfllLr, V1 <p<oo, (4.8)
and Lemma B.2, we have

A, VuIVal, 2y, < CIAW], Al (19)

A VeIVl e < O] A2 (4.10)

Thus, due to (4.9) and (4.9), we have that

—a

< CllAul gl = vl 22 [ Aull 2

/ AulA, VY] - Vude
Rd
< Cllull grivarzllu =l 2a || Aull L2, (4.11)

AulA, VY] - Vodaz

< CAv] | a flu o] s [ Av] 2

< Clollgavaszllu = vll 2 [|Av] 2. (4.12)

Collecting the terms (4.3), (4.4), (4.5), (4.6), (4.11) and (4.12) and using
Young’s inequality, we have that

d
= Ul +101%) < =lulreae = o020+ C (A0l e u = v 20
ol a0 A Ge = o) 32 + [ Av] 32w = vl
ol 20 A = 0)]32)
LB

Using the interpolation inequality (4.1), we conclude that, for ¢ > T and
T* < oo large enough (Theorem 2.1),

d
= (el +1012) < € (Julallu = ol a0+l ol —ol25

ol = o 50 + 10l 5 1w = vll32)

1
- 5 (||u|‘§—'[1+a/2 + ||U||§'{1+B/2) .
Another application of Theorem 2.1 leads to
d 1
= (1l +10l) + 5 (el Frase + 1015 0002)
dt 2

< O (Iols + ) (0l 2 + lal? 20 + el s + 1ol 5 )
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< c 1 1
= d 2d(1—£5) + 24(1- )

(L )T\ (1 ) mest@®T () gy mactady

1 1
=C ey T —
(141t) mextepl (1 + ) max(es?
C

(1 + t) max{a,B}
Using Theorem 2.1 with max{«, 5} < 2, we obtain the inequality

2 d
1 < 4.1
< max{a, 8} ~ max{a, S}’ (4.13)
thus, we have that
g3 (4.14)
max{a, 3} '

Integrating in time, we obtain
t

1 *
It By + 1o + 5 [ lnees + ol nds <€ Ve T,

Taking then the maximum of the norms on the finite interval [0, %], we
obtain
[u(@)]% +lo@®)1F < C, ¥t >0, (4.15)
Step 3: Decay in H®
Sobolev interpolation

£l e < ClIfllE IS

(with 7 = 1) gives us the following decay in the intermediate spaces H* for
every 0 < s <1

[l s + 0@l e <

o (4.16)

C
d 1—s
(14 t)maxtenr 2

. Vt>0, (4.17)

5. Proof of Theorem 2.4: Decay Estimates in Sobolev Spaces
H° 0<s<2
Step 1: Boundedness in H? Testing against (—A)?u, we have
1d 2 9
5l = el /R AuA(Tu-Vo)dr — [ AuA(u(n —v)ds

= —ull?pias — /R AulA, VY] - Vudr — » AuVp - VAudx

- /. Aul(u(u — v))dz

1
s = [ Al V0 Vude 5 [ JAu (= v)da
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- Au (Au(u —v) + uA(u —v) +2Vu - V(u —v)) dz
Rd

1
= —lleers = [ AU Vude =5 [ AuP (i v)da

- Au (uA(u —v) +2Vu - V(u —v))dz
Rd

1
< folBnees = [ AulA Vo] Vade + 5 [ |AuPuda

+ | Au(uAv+2Vu-V(u—v))de,
Rd

In the same way
1d
31005 = el + [ AvAT0- Vot + [ AvAu(u—o))da
1
< _||U||2HZ+[f/2 +/ A’U[A, V’(ﬂ] -Vodz + 5/ ‘A’U|2Udm
R Rd
+ Av (vAu+2Vv - V(u —v)) da.
]Rd

We collect these estimates and use Holder inequality to obtain
ullfz + 0lF2) < —lMullfasare + [1Aull, 20 1A, VY] Vul| | 20

+§IIAUII2L%II7)II 4+*IIAvII2AIIUII L4
+2Aul| | 20 [Vl s IIV(U—U)II AL
+2( A0 2 [Vl IIV(u—v)IILM

- \Ivllgz+a/2 + IIAUII 24 I[AVY]- Vol e

lAul| g A0 et ol s
Ld—«a La+Aa

Due the Sobolev embedding (4.2), we have that, for ¢ > T* and T* < oo large
enough, the previous inequality simplifies to

d
7 (ullfe + 101172) < =20ullfarase + Cllull gavaralllA, V1 -

+ Cllull o IVl g [V =0} s
+ Clol o IV0l g 19/0u = o)

= 20|0lla18/2 + Cllvll a2 (18, V] - VoIl 20,
Lemma B.2 together with (4.7) and (4.8) gives us the following estimates:
1A VYVl 2a

< O (Jlu—vll 2|l 2+ [V =) sa [Vl s ). (5)
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1A, V910 s

< C (Jlu=oll s lAllzz + V(=)o IV0ll a0,).  (5:2)

Ld+B8

Consequently, due to the interpolation inequality (4.1) with r = 2, we
can further simplify and get

d

= il + 10122) <l reso = 01
+ Cllu= vl s oll2a + Cllu = ol a3
Ol [Vl aa [V (=0} a0
+ ol o2l Vol o IV (u =0}

Using the Sobolev embedding
IVl S OIS agaze

and the interpolation inequality (4.16), we have that

L < COINTEf]

Lats 7

I = |lull gravas2 [Vull | _aa [V (u = 0)[| | a0

< Ollullgaeea A Ful g (A S0l g + A0l g )

4 o — o o
< Cllull T A Ful ™ (A Tl g + 1A To) g )

H2+e/2
< cumﬁjﬁfizn ull
(nun [ A [ s 1 )
and
L = ol gorsra IV g 11V (e = 0) | s,
< C||v||m+ﬂ/z||A1wH s (I Ful g+ 1A ol )
< cnvui;ifif ol 7
<||u| T ;;izii ol 5 el ) .
We write
L+LL=J+Js+ Js+ Jy,
where

1424

Ji = Cllull i35 IIHJ‘”“
1+ 24

Jo = Cllvll 1573 llv || <



3488 R. Granero-Belinchén Ann. Henri Poincaré

1+4+d3a 4+3a 4+cxd+2ﬁ 4+a+25
I3 = Cllull 35 ||H1 ol ol 5

1+ i P
Ji=Clll .z ol 14Eﬁll IIHl“*““‘*II rsticd

Using hypothesis (2.2), so that

2d <1
4 4+ 3min{a, 8}
we can apply Young’s inequality with
4d o4 4d
1+3a+2d 1T T 4x3a—2d

and, recalling Theorem 2.3, we obtain that

p=2-

1 a)
Ji < f||u|\ srass + Cllul o 55
C
é ||uHH2+a/2 + (1 _|_ t)glv
where
0, — d a 2d B d g8—|—60¢—2d (5.3)
~ max{a, 3} 8 4+ 3« -~ max{a, 3} 44+ 3a—2d '

We need to have 6 > 1. Then, in the case where § = max{«, f} and a < 1,
the previous exponent may be arbitrarily small. However, in the case where
(2.3) holds, we have that

min{«, 5} d 2d
= max{a, 5} 4 <2 3 + 3max{a, B} — Qd) > 1

Applying Young’s inequality now with

4d 4d

P i138+2d 1" T A 352
we have that

1 (2— )q
Joy < ZHU“ 2rp2 T C” || 4”5

C

< Z|lvl% =
— 4Hv||H2+a/2+ (1+t)027
where
d 16 2d d B8+60—2d
fg=— (2 = - . (5.4)
max{«, 5} 8 4430 max{a, 5} 44435 —2d

Thus, using hypothesis (2.3), we have that
0y > 1.
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Using again Young’s inequality with

., 2d g,
P=2" 30 +d’q’ 4+3a—d

1 a T)q
Js < —|Jul%zy0)s + Cllu H g To)2 z+ﬁ/sz||H1ff A

Due to hypothesis (2.4), the exponent is
B d
T 1ta+28!

__ d Ao =)
 4+3a-—d (2+4+a+2ﬂ)

< d <2+ 4o — | )
= 4+ 3min{a, B} — d 4 + 3min{a, 8}
<2.

Assume that A < 2 (if T' = 2, we can finish with J3 straightforwardly by
waiting for a large enough time and applying Theorem 2.3), thus we can apply
Young’s inequality again

2 2
P: — e —
)\’Q 2— A
and obtain
u)’JQ (1= gratp 9@
Js £ N0lByaass + N0Bgncss + Cllully G ol
C
<

2
< 4||uHH2+a/2 + ZHWHszm + END

Notice that the condition

d
1- 2
( 4+3a)QQ>

is implied by the stricter condition

d
(1_4+304)Q>17

2d
2 - q :2+4+3a7d
443a 4+a+283 4d+a+28°

A further computation shows that this latter condition is implied by hypothesis
(2.5)

or, equivalently,

4+ a+268 44 3max{a, [} 14 d
44+ 3a  — 4+ 3min{a, 5} 4+ 3max{wo, B} —d’
Then, using Theorem 2.3, the integrability condition 03 > 1 is implied by

_ 4 oy
max{a, 3} 2 ~

and hypothesis (2.6).
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The term Jy is akin to J3 and can be handled similarly. Then, we obtain

d 2 2 C «
dt (”uHHz + ||7)||H2) < m, Vt>T7,

and © > 1. Thus,
[u(®)F2 + o@®)]1F. < C, V>0
Step 2: Decay in H*® Using (4.16), we have

¢ vio, (5.5)

lu@ll e + (@)l < 2
+ t)maany T

6. Proof of Theorem 2.5: Decay Estimates in Sobolev Spaces
H? s> 2

Let us fix § = 2 — d/2. Testing against A?*u, we have the following estimate:

1d o 5 . s
gl = s = [ ATV @0z

= —||UH§;S+Q/2 - / Au[A°V, Viludx — A uN°Vu - Vipdx
R R

1
= —||u|\i1s+a/2 — /Rd A u[A°V, Vludz + 3 /]Rd |ASul*(u — v)de.

Similarly

1d 2 2 s s
ol = —elnaa + /R AOAY - (V) da

= —||v||ils+ﬁ/2 + /Rd A v[A°V, Vludx + y A vA°Vou - Viypde

1
= )3 e + /Rd A*[AY, Tyludz - /Rd A*[2(u — v)da

Using Lemma B.1, we have that
1A, ) flze < C (A 2| AT s + 1A 91217l 20
< C (1INl B8] s + 1A A2 ]| Fl:)
< C(IAfllze (lallzy + [19]lz)
+(

JA%ull g + A% 22) |1 Flr ) -
That means that

d
3 el + lol3.) < =2lullfrare = 200050
+C (lull. (e + [19]]20)

+ (Il + el e llvll ) Nz
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+ 1ol (lallze + 9] 1)

+ (lull g 1ol e + l1ol1%.) [19112:)
where we have used the inequality

£z < 1Ifllze.

We obtain that

1/d d
(S0l 2 ) € Nl Iy

+C (ol + llullg.) (laloe + 19]22) . (6.1)
Using Lemma C.1 (inequality (C.2)) and Theorem 2.4, we have that

il e + Dollausy < €O+ 787 (Il gy + 10 e

< C(14t) s amitan,

Thus, waiting for a large enough time 7™ and using (4.1) and

[l + Jole = 0 < o,
we conclude
lull%. + lloll%. <C, vt=>T"
Considering the a priori estimates in the finite interval [0, 7*], we conclude
[ull%. +v]%. <C, Vt=>o. (6.2)
Now, the decay follows from interpolation (4.16).

7. Proof of Proposition 2.6: Asymptotic Profile

Step 1: Decay of the potential )
This step is similar to the one in [38]. We have

b= Ail(u_v)v

so, using Theorem 2.1, we have that

Vo = Cy /R i~ Y () — v(y))dy

a |z —yl?

Li —Yi
—al [ (ufy) ~ v())dy
< lyl<(1+8)" y|>(1+t)T> |z — y|d

< C (llull e + llollze=) (L +6)" + (full g2 + [oll) (1 + )7
<O (1+¢)" " maxladT 4 (1 +¢)~T@D,

We choose r = and, thus, we obtain

C
VY]l Loe £ ———5—- (7.1)
(1 + t) max{a,B}

1
max{a,3}
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Step 2: Mild solution Using Duhamel’s principle, the mild solutions are given
by

t
wlt) — g = — / e~ =AY L (u(s)Vib(s))ds
0
t
o(t) — e gy = / e~ =97 L (y(5)Vap(s))ds.
0
Step 3: Estimate on the difference Using the hypercontractive inequality

A _a
le™" hl| L2 < Ct™ 2 |h|| 11

we have that

t
|lu(t) — e_tAauOHLz = H/ e (=AY . (u(s)V(s))ds
0

L2
t/2 ¢

< C'/ L)dds +C g(s)ds,

o (t—s)za

t/2

where the forcing is

and

9(s) = [Vu(s) - Vi (s)|l 12 + [[uls)(u(s) = v(s))]l 2
C C
< T T
(1 + s)maxtapy (1+s)

d b
max{a, B}

3
1

Thus, using

t/2 C
/ y = ds
0 (t —_ S)E (1 _|_ 8) max{a,B}

C /”2 C C C
- ds<
0o (1+s

to ymadanT  tda (14 ¢)mexesT b
x|lu(t) — e M ug | 12
- C n C n C
T (14 t)meas T EE (1) meses L (1 ¢) T mastey !
C
<

— d—1 1

(1 4 t)mex{apsy ™
In the same way,
C

_tAP
v(t) — e ™ w2 < —
(1 + t) max{c,B}

1
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Appendix A. Inequalities for the Fractional Laplacian

In this appendix, we recall several inequalities involving the fractional Lapla-
cian.

Lemma A.l. Let h € S(R?) be a Schwartz function. We write h(z*) =
max, h(z), h(z,) := min, h(z) and
[P/l Loz = max{|[hl|Ls, Al Lo }-
Then
o if h(z*) >0,
h(z*)+ep/d

Ah(2) > e(d, o p) oL
I3

o if h(z,) <0,

ap/d
Ah(a.) < ofdap) LI P
Hh”Lp
These bounds imply the norm

C(d,a,p)

—A“t
HLPOLOQ(Rd)*}LOC (R4) < W.

le
Proof. Step 1 Let us assume that h takes both signs. Then, we have h(z*) =
max, h(x) > 0. We take > 0 a positive number and define
Uy ={n € B(0,r) s.t. h(z™) — h(z* —n) > h(z")/2},
and Us = B(0,7) — U;. We have

h ) h * Pd» > h * Pd >>l@£§jzkill
1Az, = | [h(@" —n)[Pdn > [ |h(z" —n)[Pdy > s,
Rd Us 2p
so,
2||hLP>p
_ (ARl N gy (A1)
<|h($ )|
h(xz*) — h(z* —n)
A®h(2*) = o qP.V. d
() = CodP V. T e
h(z*) — h(z* —n)
> cavdP.V./ dn
U || d+e
h *
> . e )|L{1|

- Dé,d 27“d+(’
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h(z")

i d
> R by (war® — [Us))
h(z*) a (2l \*
> Cody dra (wdr ~ i .

[B(0,7)] = |Uo| = [th].

2[|7)lLr \*
d _
wgr® = 2( h(x*) ,

where we have used

We take r such that

thus

nay2e (Ukee )’

2fnlles \P/ (2 \ MY
2 <( h(m’“L) ) (Ez)
Step 2 We have h(z,) = min, h(z) < 0. As before, we take r > 0 a positive
number and define
Uy ={n e B(0,r) s.t. h(z*) — h(z™ —n) < h(z")/2},

and Uy = B(0,7) —U;. In the same way, we obtain inequality (A.1). With the
appropriate choice of r, we get

. h(z.) a_ (2l "
- _
A h(l’*) < Co‘derd-‘rOé <wd7’ <|h(.’ll*)
ap/d
< C(d,avp)%'
17|75

h(x*)l-‘,-ap/d

ap/d
IR

A%h(z") = caa i = cld,a,p)

Step 3 Now, we have
d . e le=A Rt/
—lle™ |~ < —¢(d, a,p)—ET—
dt Iz
and, integrating,
max{|[|| e, ||h]| L}
(t+ D)

le™" )L < C(d, 0, p)

Appendix B. Commutator Estimates
We prove now a commutator estimate akin to the one in [15]:

Lemma B.1. Fiz s > 0. Then, the following estimate holds true:

1A*V, gl 122 < C (IA*Fll 22l Agllzs + A" gllsz | Fller)
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Proof. The proof is similar to the one in [15]. After taking the Fourier trans-
form and using the inequality

IXI® <2571 (Ix — €° + [€]°),

we have

—

Wl <c ([ - erlio - ollalas
+ [ 1o oller+laolac ).

Then, we conclude via Plancherel’s Theorem and Young’s inequality for con-
volutions. 0

We also recall the classical Kato—Ponce commutator estimate

Lemma B.2. Fiz s > 0 and 1 < p < oo. Then, the following estimate holds
true

1A, gl fllze < C (IVgllo A7 Fllzes + 1Al Les [ fllzes) -

for

1 1 1 1 1
—=—+—=—+4 —,1<p1,ps L0, 1 <pz,p3 < 00.
p P1 b2 P3 D4

Appendix C. Interpolation Inequalities for the Wiener’s
Algebra

In this appendix, we recall and prove several inequalities involving fractional
Sobolev and the Wiener’s algebra that may be interesting by themselves.

Lemma C.1. Assume that
u e L(RY) N L= (RY) N AV (RY).

Then, the following inequalities hold:

_5

21 ey < CllullEi o 10l v gy ¥ >0, (c.1)
)

gy < Cllull Tl 2 gy Y6 > 0. (C2)

Proof. We have

/246
il ey = /£<R a(©)lde + /£ Ré:dmg ()l

/2
< ol ey R o 4l gayoes / ¢]-d-25de
T () TEEN S n
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d/2 S

s

< lu L —— [ / pd—1=d=26 gy
< ol R gy + el (Rd)\/ ;

/2
d s ) -5
< ||UHL1(]R4)R 7F (g n 1) + ||u||Hd/2+6(]Rd)O5R

_1
R= <|u||Hd/2+6> o
[Jwll 21

and we conclude the inequality (C.1). To prove the second inequality (C.2),
we compute

dj2+46
il = [ liiaes [ il

With the choice

) L s
< lallpzgayy [ R m + l|ull frasz+s ayCs R™°.
Now, we can take
1
R= <||U||Hd/2+6) e
[l 1

References

[1] Ascasibar, Y., Granero-Belinchén, R., Moreno, J.M.: An approximate treatment
of gravitational collapse. Phys. D Nonlinear Phenom. 262, 71-82 (2013)

[2] Bae, H., Granero-Belinchén, R.: Global existence for some transport equations
with nonlocal velocity. Adv. Math. 269, 197-219 (2015)

[3] Biler, P., Dolbeault, J.: Long time behavior of solutions to Nernst—Planck and
Debye-Hiickel drift-diffusion systems. Ann. Henri Poincaré 1, 461-472 (2000)

[4] Biler, P., Karch, G.: Blowup of solutions to generalized Keller-Segel model. J.
Evol. Equ. 10(2), 247-262 (2010)

[5] Biler, P., Karch, G., Woyczyriski, W.A.: Critical nonlinearity exponent and self-
similar asymptotics for 1évy conservation laws. eAnnales de 'THP Analyse Non
lindire 18, 613-637 (2001)

[6] Biler, P., Woyczynski, W.: General nonlocal diffusion—convection mean field
models: nonexistence of global solutions. Phys. A Stat. Mech. Appl. 379(2), 523~
533 (2007)

[7] Biler, P., Woyczynski, W.A.: Global and exploding solutions for nonlocal qua-
dratic evolution problems. STAM J. Appl. Math. 59(3), 845-869 (1998)

[8] Biler, P., Wu, G.: Two-dimensional chemotaxis models with fractional diffu-
sion. Math. Methods Appl. Sci. 32(1), 112-126 (2009)

[9] Bothe, D., Fischer, A., Pierre, M., Rolland, G.: Global existence for diffusion—
electromigration systems in space dimension three and higher. Nonlinear Anal.
Theory Methods Appl. 99, 152-166 (2014)



Vol. 17 (2016) On a Drift-Diffusion System for Semiconductor Devices 3497

[10] Bothe, D., Fischer, A., Saal, J.: Global well-posedness and stability of electroki-
netic flows. SIAM J. Math. Anal. 46(2), 1263-1316 (2014)

[11] Bournaveas, N., Calvez, V.: The one-dimensional Keller—Segel model with frac-
tional diffusion of cells. Nonlinearity 23(4), 923 (2010)

[12] Burczak, J., Granero-Belinchén, R.: Boundedness of large-time solutions to a
chemotaxis model with nonlocal and semilinear flux. Topol. Methods Nonlinear
Anal. 47(1), 369-387 (2016)

[13] Burczak, J., Granero-Belinchén, R.: Critical Keller-Segel meets Burgers on S'
(2016, submitted). arXiv:1504.00955 [math.AP]

[14] Burczak, J., Granero-Belinchén, R.: Global solutions for a supercritical drift-
diffusion equation. Adv. Math. 295, 334-367 (2016)

[15] Chae, D., Constantin, P., Cérdoba, D., Gancedo, F., Wu, J.: Generalized sur-
face quasi-geostrophic equations with singular velocities. Commun. Pure Appl.
Math. 65(8), 1037-1066 (2012)

[16] Cérdoba, A., Cérdoba, D.: A maximum principle applied to quasi-geostrophic
equations. Commun. Math. Phys. 249(3), 511-528 (2004)

[17] Deng, C., Zhao, J., Cui, S.: Well-posedness for the Navier-Stokes—Nernst—

Planck—Poisson system in Triebel-Lizorkin space and Besov space with negative
indices. J. Math. Anal. Appl. 377(1), 392405 (2011)

[18] Escudero, C.: The fractional Keller—Segel model. Nonlinearity 19(12),
2909 (2006)

[19] Fang, W., Ito, K.: Global solutions of the time-dependent drift-diffusion semi-
conductor equations. J. Differ. Equ. 123(2), 523-566 (1995)

[20] He, Y., Gamba, I.M., Lee, H.-C., Ren, K.: On the modeling and simulation
of reaction-transfer dynamics in semiconductor-electrolyte solar cells. SIAM J.
Appl. Math. 75(6), 2515-2539 (2015)

[21] Hineman, J.L., Ryham, R.J.: Very weak solutions for Poisson-Nernst—Planck
system. Nonlinear Anal. Theory Methods Appl. 115, 12-24 (2015)

[22] Jingel, A.: Qualitative behavior of solutions of a degenerate nonlinear
drift-diffusion model for semiconductors. Math. Models Methods Appl.
Sci. 5(04), 497-518 (1995)

[23] Kinderlehrer, D., Monsaingeon, L., and Xu, X.: A Wasserstein gradient flow ap-
proach to Poisson-Nernst—Planck equations (2015, preprint). arXiv:1501.04437

[24] Kobayashi, R., Kawashima, S.: Decay estimates and large time behavior of so-
lutions to the drift-diffusion system. Funkcialaj Ekvacioj 51(3), 371-394 (2008)

[25] Kurokiba, M., Nagai, T., Ogawa, T.: The uniform boundedness and threshold for
the global existence of the radial solution to a drift-diffusion system. Commun.
Pure Appl. Anal. 5(1), 97 (2006)

[26] Kurokiba, M., Ogawa, T.: Well-posedness for the drift-diffusion system
in LP arising from the semiconductor device simulation. J. Math. Anal.
Appl. 342(2), 1052-1067 (2008)

[27] Li, D., Rodrigo, J., Zhang, X.: Exploding solutions for a nonlocal quadratic
evolution problem. Revista Matematica Iberoamericana 26(1), 295-332 (2010)

[28] Liu, W., Wang, B.: Poisson—Nernst—Planck systems for narrow tubular-like mem-
brane channels. J. Dyn. Differ. Equ. 22(3), 413-437 (2010)


http://arxiv.org/abs/1504.00955
http://arxiv.org/abs/1501.04437

3498 R. Granero-Belinchén Ann. Henri Poincaré

[29] Mock, M.: Asymptotic behavior of solutions of transport equations for semicon-
ductor devices. J. Math. Anal. Appl. 49(1), 215-225 (1975)

[30] Ogawa, T., Yamamoto, M.: Asymptotic behavior of solutions to drift-
diffusion system with generalized dissipation. Math. Models Methods Appl.
Sci. 19(06), 939-967 (2009)

[31] Rodriguez, N., Ryzhik, L.: Exploring the effects of social preference, economic
disparity, and heterogeneous environments on segregation. Commun. Math.
Sci. 14(2), 363-387 (2016)

[32] Schmuck, M.: Analysis of the Navier—Stokes—Nernst—Planck—Poisson sys-
tem. Math. Models Methods Appl. Sci. 19(06), 993-1014 (2009)

[33] Sugiyama, Y., Yamamoto, M., Kato, K.: Local and global solvability and blow
up for the drift-diffusion equation with the fractional dissipation in the critical
space. J. Differ. Equ. 258(9), 2983-3010 (2015)

[34] Yamamoto, M.: Asymptotic expansion of solutions to the drift-diffusion equation
with large initial data. J. Math. Anal. Appl. 369(1), 144-163 (2010)

[35] Yamamoto, M. et al.: Large-time behavior of solutions to the drift-diffusion
equation with fractional dissipation. Differ. Integr. Equ. 25(7/8), 731-758 (2012)

[36] Yamamoto, M., Kato, K., Sugiyama, Y.: Existence and analyticity of solu-
tions to the drift-diffusion equation with critical dissipation. Hiroshima Math.
J. 44(3), 275-313 (2014)

[37] Yamamoto, M., Sugiyama, Y.: Asymptotic behavior of solutions to the drift-
diffusion equation with critical dissipation. Annales Henri Poincaré, pp. 1-22.
Springer

[38] Yamamoto, M., Sugiyama, Y.: Asymptotic expansion of solutions to the drift-
diffusion equation with fractional dissipation (2015, preprint). arXiv:1509.06119

[39] Zhao, J.: The optimal temporal decay estimates for the fractional power dissi-
pative equation in negative Besov spaces (2015, preprint). arXiv:1508.04000

[40] Zhao, J.: Well-posedness and Gevrey analyticity of the generalized Keller—Segel
system in critical Besov spaces (2015, preprint). arXiv:1508.00117

[41] Zhao, J., Deng, C., Cui, S.: Global well-posedness of a dissipative system
arising in electrohydrodynamics in negative-order Besov spaces. J. Math.
Phys. 51(9), 093101 (2010)

[42] Zhao, J., Deng, C., Cui, S.: Well-posedness of a dissipative system modeling elec-
trohydrodynamics in Lebesgue spaces. Differ. Equ. Appl. 3(3), 427-448 (2011)

[43] Zinsl, J.: Exponential convergence to equilibrium in a Poisson—Nernst—Planck-
type system with nonlinear diffusion. Discrete Contin. Dyn. Syst. 36(5), 2915
2930 (2016)

Rafael Granero-Belinchén
Department of Mathematics
University of California

Davis, CA 95616, USA

e-mail: rgranero@math.ucdavis.edu

Communicated by Nader Masmoudi.
Received: January 10, 2016.
Accepted: March 9, 2016.


http://arxiv.org/abs/1509.06119
http://arxiv.org/abs/1508.04000
http://arxiv.org/abs/1508.00117

	On a Drift--Diffusion System for Semiconductor Devices
	Abstract
	1. Introduction
	1.1. Prior Results on (1.1)
	1.2. Preliminaries
	1.2.1. Singular Integral Operators
	1.2.2. Functional Spaces

	1.3. Plan of the Paper

	2. Main Results
	3. Proof of Theorem ??: Global Existence and Lp Decay Estimates
	4. Proof of Theorem ??: Decay Estimates in Sobolev Spaces Hs, 0<s<1
	5. Proof of Theorem ??: Decay Estimates in Sobolev Spaces Hs, 0leqs<2
	6. Proof of Theorem ??: Decay Estimates in Sobolev Spaces Hs, s>2
	7. Proof of Proposition ??: Asymptotic Profile
	Acknowledgments
	Appendix A. Inequalities for the Fractional Laplacian
	Appendix B. Commutator Estimates
	Appendix C. Interpolation Inequalities for the Wiener's Algebra
	References




