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Abstract. We develop a renormalization group (RG) approach to the
study of existence and uniqueness of solutions to stochastic partial dif-
ferential equations driven by space-time white noise. As an example, we
prove well-posedness and independence of regularization for the ¢* model
in three dimensions recently studied by Hairer and Catellier and Chouk.
Our method is “Wilsonian”: the RG allows to construct effective equa-
tions on successive space-time scales. Renormalization is needed to control
the parameters in these equations. In particular, no theory of multiplica-
tion of distributions enters our approach.

1. Introduction

Nonlinear parabolic PDEs driven by a space-time decorrelated noise are ubiq-
uitous in physics. Examples are thermal noise in fluid flow, random deposition
in surface growth and stochastic dynamics for spin systems and field theories.
These equations are of the form

Ou=Au+ F(u)+Z (1)
where u(t,z) is defined on A C R, F(u) is a function of u and possibly its
derivatives which can also be non-local and = is white noise on R x A, formally

E =, 2)=(t,x) = 6(t' —t)6(a’ — x). (2)

Usually in these problems, one is interested in the behavior of solutions in large
time and/or long distances in space. In particular, one is interested in station-
ary states and their scaling properties. These can be studied with regularized
versions of the equations where the noise is replaced by a mollified version
that is smooth in small scales. Often one expects the large scale behavior is
insensitive to such regularization.
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From the mathematical point of view and sometimes also from the phys-
ical one it is of interest to inquire the short-time short-distance properties,
i.e., the well-posedness of the equations without regularizations. Then, one is
encountering the problem that the solutions are expected to have very weak
regularity, they are distributions, and it is not clear how to set up the solution
theory for the nonlinear equations in distribution spaces.

Recently, this problem was addressed by Martin Hairer [1] who set up a
solution theory for a class of such equations, including the KPZ equation in
one spatial dimension and the nonlinear heat equation with cubic nonlinearity
in three spatial dimensions. The latter case was also addressed by Catellier
and Chouk [2] based on the theory of paracontrolled distributions developed
in [3]. The class of equations discussed in these works is subcritical in the sense
that the nonlinearity vanishes in small scales in the scaling that preserves the
linear and noise terms in the equation. In physics terminology, these equations
are superrenormalizable. This means the following. Let =, be a mollified noise
with short scale cutoff €. One can write a formal series solution to the mollified
version of Eq. (1) by starting with the solution 7.(t) = n(¢,-) of the linear
(F = 0) equation and iterating:

ue(t) = ne(t) +/0 DA R(n(5))ds + - - (3)

Typically, the random fields (apart from 7) occurring in this expansion have
no limits as € — 0: even when tested by smooth functions their variances blow
up. These divergencies are familiar from quantum field theory (QFT). Indeed,
the correlation functions of u. have expressions in terms of Feynman diagrams
and as in QFT, the divergencies can be canceled in this formal expansion by
adding to F' extra e-dependent terms, so-called counter terms. In QFT, there
is a well-defined algorithm for doing this and in the superrenormalizable case
rendering the first few terms in the expansion finite cures the divergences in
the whole expansion. Hairer’s work can be seen as reformulating this pertur-
bative renormalization theory as a rigorous solution theory for the subcritical
equations. It should be stressed that [1] goes further by treating also rough
non-random forces.

In QFT, there is another approach to renormalization pioneered by K.
Wilson in the 1960s [4]. In Wilson’s approach adapted to the SPDE, one would
not try to solve Eq. (1), call it £, directly but rather go scale by scale starting
from the scale € and deriving effective equations &, for larger scales 2"¢ := ¢,
n=1,2,.... Going from scale €, to €,41 is a problem with O(1) cutoff when
transformed to dimensionless variables. This problem can be studied by a
standard Banach fixed point method. The possible singularities of the original
problem are present in the large n behavior of the corresponding effective
equation. One views n — &,, as a dynamical system and attempts to find an
initial condition at n = 0, i.e., modify £ so that if we fix the scale ¢, = ¢’ and
then let € — 0 (and as a consequence n — o) the effective equation at scale €
has a limit. It turns out that controlling this limit for the effective equations
allows one then to control the solution to the original equation (1).
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In this paper, we carry out Wilson’s renormalization group analysis to
the cubic nonlinear heat equation in three dimensions. This equation is a good
test case since its renormalization is non-trivial in the sense that a simple
Wick ordering of the nonlinearity is not sufficient. Our analysis is robust in
the sense that it works for other subcritical cases like the KPZ equation. We
prove almost sure local well-posedness for the mild (integral equation) version
of (1) thereby recovering the results in [1]. Our renormalization group method
is a combination of the one developed in [5] for parabolic PDEs and the one
in [6] used for KAM theory. A similar scale decomposition appears also in [7].

The content of the paper is as follows. In Sect. 2, we define the model and
state the result. The RG formalism is set up in a heuristic fashion in Sects. 3
and 4. Sections 5 and 6 discuss the leading perturbative solution and set up
the fixed point problem for the remainder. Section 7 states the estimates for
the perturbative noise contributions and in Sect. 8 the functional spaces for
RG are defined and the fixed point problem solved. The main result is proved
in Sect. 9. Finally, in Sects. 10 and 11 estimates for the covariances of the
various noise contributions are proved.

2. The ¢; Model

Let Z(t,z) be space-time white noise on x € T3, ie., = = 3 with B(t, )
Brownian in time and white noise in space. Given a realization of the noise =,
we want to make sense and solve the equation

dp=08p— 0 —rp+E, ¢(0)=po (4)
on some time interval [0, 7] and show 7 > 0 almost surely.
Due to the nonlinearity, the Eq. (4) is not well defined. We need to define
it through regularization. To do this, we first formally write it in its integral
equation form

0 =G(—¢> —rp+E) + el (5)

where

(G)(1) = / (=92 f(5)ds.

(for f = E this stands for (G¢)(t) = fot e(t=5)2d3(s) ). Next, introduce a
regularization parameter € > 0 and define

(GO = [ (1= =)/ )2 f(s)as ©)

where x > 0 is a smooth bump, x(t) = 1 for ¢t € [0,1] and x(¢t) = 0 for
t € [2,00). The regularization of (5) with ¢o = 0 is then defined to be

0 =G (—¢® —rcp+E). (7)
We look for 7. such that (7) has a unique solution ¢(¢) which converges as

€ — 0 to a non-trivial limit. Note that, since only ¢t — s > €2 contribute in (6)
G2 is a.s. smooth.
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Our main result is

Theorem 1. There exits . s.t. the following holds. For almost all realizations
of the white noise = there exists t(2) > 0 such that the Eq. (7) has for all
€ > 0 a unique smooth solution o) (t,z), t € [0,t(Z)] and there exists ¢ €
D'([0,t(Z)] x T%) such that p'9 — ¢ in D'([0,t(Z)] x T?). The limit ¢ is
independent of the reqularization x.

Remark 2. We will find that the renormalization parameter is given by
re =r+mie L +mologe+ms (8)

where the constants m; and mg depend on x whereas the my is universal, i.e.,
independent on . They of course agree with the mass renormalization needed
to make sense of the formal stationary measure of (4)

pldg) = o~ 4 2y (dg) (9)
where v is Gaussian measure with covariance (—A +7)~! [8-12].

Remark 3. This result can be extended to a large class of initial conditions,
deterministic or random. As an example, we consider the random case where
¢o = 1 where 19 is the gaussian random field on T2 with covariance —%A‘l,
independent of = (this is the stationary state of the linear equation). Then,
Theorem 1 holds a.s. in the initial condition and =, see Remark 7.

Remark 4. One can as well introduce the short scale cutoff only to the spatial
dependence of the noise by replacing = with =, := p. x £ where p.(z) =
e~ 3p(x/€e) with p smooth non-negative compactly supported bump integrating
to one. Then, the regularized equation is

¢ =G(—¢® —rep+ Eo). (10)

See Remark 12 for more discussion. This cutoff has the advantage that (10)
represents a regular (Stochastic) PDE.

3. Effective Equation
Consider the cutoff problem
p==G(V(p)+E) (11)
for p(t,x) on (t,z) € [0, 7] x T? with
V(p)(t,z) = —¢°(t, ) — rep(t,z).

Let us attempt increasing the cutoff € to € > e by solving the Eq. (11)
for scales between e and ¢'. To do this split

Ge = Ge’ + Fe,e’
with

(Ceer () = /Ol(x((t = 8)/€”) = x((t = 5)/€*))e! =2 f(s)ds.
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Thus, I'c  involves temporal scales between €2 and ¢ (and due to the heat
kernel spatial scales between € and ¢’). Next, write

p=¢'+2Z (12)
and determine Z = Z(¢) as a function of ¢’ by solving the small scale equation
Z=Te(V(¢'+2Z)+E). (13)

Equation (11) will then hold provided ¢’ is a solution to the “renormalized”
equation
¢ =G (V'(¢) +E) (14)
where
V(@) = V(" + 2(¢)).
Equation (14) is of the same form as (11) except that the cutoff has increased

and V is replaced by V’. Combining (13) and (14) we see that the new V' can
be obtained by solving a fixed point equation

V'=V(+T (V' +5)). (15)
Finally, the solution of (11) is gotten from (12) as
p=¢ +Tca(V'(¢)+E) (16)

Our aim is to study the flow of the effective equation V' at scale € as ¢
increases from € to 72 where [0, 7] is the time interval where we try to solve
the original equation. It will be convenient to do this step by step. We fix a
number A < 1 (taken to be small in the proof to kill numerical constants) and
take the cutoff scale

e= AV, (17)
The corresponding V' is denoted as
VM (p) = = — v, (18)

Let V,gN) be the solution of (15) with ¢ = A\". We will construct these
functions iteratively in n, i.e., derive the effective equation on scale A"~ ! from
that of \™:

V) = VM (4 Ty (V) +2)). (19)
The solution of (11) is then also constructed iteratively: let
Fy(e) =
and define
FY) = EOV (4 Ty o () 4 2)). (20)

Then, the solution of (11) is
o =FM(pn).

where ¢,, solves

on = Gan (VI () + E

m
o
Na
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Finally, we want to control the limit N — oo where the regularization is
removed, i.e., construct the limits V,, = limy_. o V,EN) and F,, = limy_. o FY(LN)
which are then shown to describe the solution of (4) on time interval [0, A?"].
How long this time interval will be, i.e., how small n we can reach in the
iteration depends on the realization of the noise. In informal terms, let A,, be

the event that these limits exist for n > m. We will show
P(Ap) > 1 - O(AF™), (22)

with large R, i.e., the set of noise s.t. the Eq. (4) is well posed on time interval
[0, 7] has probability 1 — O(7f).

4. Renormalization Group

The Eq. (19) deals with scales between A" and A\"~!. Instead of letting the
scale of the equations vary it will be more convenient to rescale everything to
fixed scale (of order unity) after which we need to iterate a O(1)-scale problem.
This is the “Wilsonian” approach to Renormalization Group.

Let us define the space-time scaling s, by

1
(s f)(t, @) = p2 f(ut, p).
The Green function of the heat equation and the space-time white noise trans-

form in a simple way under this scaling:

72,:

-1 _ 2 -1 _ 2 = d
suGs,  =p°G, s,Ges,” =p Gy s,E=p "Ey

as one can easily verify by a simple changes of variables. Here, Z,, is space-time
white noise on R x = 1T3. Set

Gn = SanPn (23)
where ¢y, solves (21). Note that, ¢, (¢, x) is defined on x € T,, with
T, := A~"T3 (24)

Since ,, was interpreted as a field involving spatial scales on [A\", 1] ¢,, may
be thought as a field involving scales on [1,A™"].
In these new variables, Eq. (21) becomes

on = G1(vf") (8n) +€n) (25)

provided we define
o) = N0 0 VIV) o Syn
and
En = A5 nE.

&, is distributed as a space-time white noise on R x T,,. Defining

P = s 0 BV 0530
the solution of (11) is given by

=530 ) (dn)- (26)
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The iterative equations (19) and (20) have their unit scale counterparts:
recalling (17), denoting s := sy and using syn+1 = s o sy», Eq. (19) becomes

v () = 2725 M (6 + T (0N (6) + €an))) (27)

where
L)) = /0 (x(t = 5) = x((t = 8)/7*))e" =2 f(s)ds. (28)

Note the integrand is supported on the interval [A2,2].
Equation (20) in turn becomes

L5 0) = s N (s(6 + T ,SN’1<¢> + &) (29)
Our task then is to solve the Eq. (27) for vn 1 to obtain the RG map
RN (30)
and then iterate this and (29) starting with
U§VN)(¢) = AV AWy v
A7 — (AN + A2 (malog AN + my))¢ (31
W) =0 (32

If the noise is in the set A,, (to be defined) we then show the functions oY)

N)
-1=

)
)

and f7(lN) have limits as N — oo and n > m and allow to construct the solution
to our original equation on time interval [0, A?™].

Equations (27), (29) and (25) involve the operators I' and G, respec-
tively. These operators are infinitely smoothing and their kernels have fast
decay in space-time. In particular, the noise { = I'§,, entering Egs. (27) and
(29) has a smooth covariance which is short range in time

EC(a)C(s,y) =0 if [t — s > 2272, (33)

and it has gaussian decay in space. Hence, the fixed point problem (27) turns
out to be quite easy.
As usual in RG studies one needs to keep track of the leading “relevant”

terms of ’U( ) which are revealed by a first- and second-order perturbative
study of (27) to which we turn now.

5. Linearized Renormalization Group
We will now study the fixed point Eq. (27) to first order in v. Define the map

(Lnv)(9) = A"%s 0(s(¢ + T€n1)) (34)
Then, (27) can be written as

o™ (@) = (LaviM) (6 + T (4)) (35)
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and we see that £, = DR, (0), the derivative of the RG map. The linear flow

Up—1 = Lnyuy, from scale N to scale n is easy to solve by just replacing A by
AN-—7,

Up = (Ln+1£n+2 P [,N’U,N)(qj)) = )\_Q(N_H)SH_N’U,N(SN_TL(¢ + nT(LN)))
where
) =T, (36)

Here, &, is space-time white noise on T,, = A~"T? and T'Y is given by (28)
with A replaced by AN =", i.e., its integral kernel is

TNt s,2,9) = XN_n(t — 8)H,(t — 5,2 —y) (37)
where we denoted
Hy(t,x —y) = e (z,y)
the heat kernel on T,, and
Xn—n(8) = x(s) = x(A\"*V"s) (38)

is a smooth indicator of the interval [\2(V=") 2],
The linearized flow is especially simple for a local u as the one we start
with (31). For uy = ¢* we get
Up = )\n(k—5)/2(¢ + nv(zN))k
and so we have “eigenfunctions”
La(@+ i) = AED2 (4 Tk,

For k < 5, these are “relevant”, for k > 5 they are “irrelevant” and for k = 5

“marginal”.

The covariance of n") is readily obtained from (37) (let ¢/ > t):

EnM (¢, 2 )M (¢, )

n

t
= / H,(t' —t+2s,2" —2)xN_n({t' —t+ 8)XN_n(s)ds
0

= CWN Wt x) (39)

In particular, we have

¢
EnéN)(t,x)QZ/ Hy(25,0)xn—n(s)*ds. (40)
0

This integral diverges as N —n — oo and is the source of the first renormal-
ization constant in (31).

We need to study the N and x dependence of the solution to (7). Since
these dependencies are very similar we deal with them together. Thus, let
/") the operator (37) where the lower cutoff in (38) is modified to another
bump x’:

Xv—n(8) = x(5) = X' (A2 "), (41)
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Varying x’ allows to study cutoff dependence of our scheme. Taking x'(s) =
x(A725) in turn implies I‘;l(N) = I‘,(INH) and this allows us to study the N
dependence and the convergence as N — oo. The following lemma controls
these dependencies for (40):

Lemma 5. Let

= - 7s) 732 (1 = x(s)?)ds.
”"/o (875)"¥2(1 - x(5)2)d (42)

Then,
EnM (t,2)% = X=V = p 4 60V (1)
with
6N ()] < C1+172) (43)
and

1 _ea—2N
|65 (1) = 6N (6)] < Ot 2 L gpeev—m () €N ) Ix = Xlloe (44)

The Lemma is proved in Sect. 10. We will fix in (31) the first renormalization
constant

a=—3p (45)
Defining
pr = A""p, (46)
the first-order solution to our problem is
u? = X0+ 1) 4 3pn—n(d + ). (47)

Remark 6. Note that, since we have the factor A" in u%N), the counting of

what terms are relevant, marginal or irrelevant depends on the order in A™.

Thus, /\"(¢+n,(LN))’“ is relevant for k < 3, marginal for k& = 3 and irrelevant for

k > 3. Similarly, A\*"(¢ + nle))k is marginal for £ = 1 which is the source of
the renormalization constant b in (8). The terms of order A\3" are all irrelevant.

For a precise statement, see Proposition 10.

Remark 7. Consider the random initial condition discussed in Remark 3. We
realize it in terms of the white noise on (—o0,0] x T,,. In a regularized form,
we replace e2 g in(5) by

/ (1= x((t - 8)/€%))eli 55 (s)ds. (48)

— 00

This initial condition can be absorbed to ny(lN). Indeed, the covariance (39) is

just replaced by the stationary one

EnM (¢, 2 M (¢, )

n

t
= / Hy(t' —t+2s,2" —x)xn-n(t' —t+5)xN-n(s)ds  (49)
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and in particular 57(1N) = 0 which makes the analysis in Sect. 11 actually less
messy.

6. Second-Order Calculation

We will solve Eq. (27) by a fixed point argument in a suitable space of vgN).

Before going to that we need to spell out explicitly the leading relevant (in
the RG sense) terms. By Remark 6, this requires looking at the second-order

terms in vslN). To avoid too heavy notation, we will drop the superscript (V)
(N) (N

inwvy, ’, nn ) and other expressions unless needed for clarity.
Let us first separate in (27) the linear part:
Upn—1 = Lyvn + Gn(Vn, Vn—1) (50)
where we defined
Gn(0,0)(¢) = (Lnv)(¢ +T'0(¢)) — (Lnv)(9) (51)
Recalling the first-order expression w,, in (47), we write
Uy = Uy + Wy
so that w,, satisfies
Wp—1 = Lpwy, + Gn(tp + Wy, Up—1 + Wy—1), (52)
with the initial condition
wy (¢) = —=A2N (my log AN + m3)o. (53)

The reader should think about u,, as O(A") and w,, as O(A\*").
Next, we separate from the G,-term in (52) the O(A*") contribution.
Since L,u, = u,_1, we have

Gn(tn, tn-1)(¢) = un-1(¢ + Tun-1(¢)) — un—1(9) (54)
which to O(\") equals Du,,_1Tu,_1 where
Dup—y = =3XN""((¢ + nn1)® = pPN—n+1)-
Hence,
Wp—1 = Lowy + Dup_1Tup 1 + Fp(wp—1) (55)
where
Fon(wp—1) = Gn(up + wp, tup—1 + wp—1) — Dup_1Tup_1 (56)

Fn is O(A®") and will turn out to be irrelevant under the RG (i.e., it will
contract in a suitable norm under the linear RG map £,,).
It is useful to solve (55) without the F,, term: let U, satisfy

Un-1=LUy +Dup_1l'up_1, Un= _)\ZN(mQ IOg >\N + m3)¢ (57)
The solution is

U, = Du,TNw, — A2"(mglog A\ 4+ m3)(¢ + ) (58)
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where I'YV is defined in (38). This can be seen by a direct calculation or, just
noting that u,_1 + U,—_1 equals R,, ... Ry (uny + Un) computed up to second
order and since R,, is a semigroup we can do this is one step with A replaced
by AN=". Now, write

wy, =Up + vy (59)
so that v, _1 satisfies the equation
Up—1 = Lpvy + Fn(Un—l + Vn—l)a vy =0 (60)

Equation (60) is a fixed point equation that we will solve by contraction
in a suitable space.

7. Noise Estimates

The time of existence for the solution depends on the size of the noise. In this
Section, we state probabilistic estimates for this size.

The noise enters the fixed point Eq. (60) in the form I'¢,,_; that enters
the definition of £,, in (34) and in the polynomials u,, (47) and U,, (58) of the
random field 7,, (36). According to Remark 6 in the second-order term U,, only
the constant in ¢ term should be relevant under the linear RG and the linear
in ¢ term should be marginal (neutral), the rest being irrelevant (contracting).
We will see this indeed is the case and accordingly write

Un(¢) = Un(0) + DU, (0)¢ + V() (61)
where explicitly
Un(0) = 3X*"(n = pn—n)T2 () = 3p5—nnin) — A" (malog AN + mg)n,
= )\ann (62)

and
(DU, (0)9)(t, ) = \2"3,(t, x)p(t, x) + )\2"/zn(t,aﬁ,s,y)qﬁ(s,y)dsdy (63)

where
dn = 677nF7]:[ (773 - 3pN7n'r]n) (64)
and
20 =90 = pn—n)UN (1 = pv—n) —malog AN —msg (65)

(here, n2 — pn_n, is viewed as a multiplication operator).
The random fields whose size we need to constrain probabilistically are
then

Tn, 7772L — PN—n; 7713; —3PN-nn, Wn, dns Zn (66)
They belong to the Wiener chaos of white noise of bounded order and their
size and regularity are controlled by studying their covariances. For finite cutoff
parameter N, these noise fields are a.s. smooth, but in the limit N — oo they
become distribution valued. These fields enter in the RG iteration (35) in the
combination I'v,,_1, i.e., they are always acted upon by the operator I' which
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is infinitely smoothing. Therefore, we estimate their size in suitable (negative
index) Sobolev-type norms which we now define. In addition to the fields (66),
we also need to constrain the Gaussian field I'E,,.

Let K7 be the operator (—97 + 1)~* on L?(R), i.e., it has the integral
kernel

1 /
Ki(t,s) = §e_|t_t ! (67)

Let Ky = (—A +1)72 on L?(T,,) which has a continuous kernel Ks(z,y) =
Ks(x — y) satisfying

Ky(z) < Ce™ 2, (68)
Set
K = K, K». (69)
Define V,, to be the completion of C§°(R+ x T,,) with the norm
Iollv, = sup [ Kv] L2, (70)

where ¢; is the unit cube centered at i € Z x (Z*> N'T,). To deal with the
bi-local field z, in (65) we define for z(¢,z, s,y) in C§°(Ry x T,, x Ry x Ty,)

I2llv, = sup Y 1K © K2l 2(c,xcy) (71)
L

Now, we can specify the admissible set of noise. Let v > 0 and define
events A,,, m > 0 in the probability space of the space-time white noise = as
follows. Let Q(lN) denote any one of the fields (66). We want to constrain the size
of Q(LN) on the time interval [0, 7,_,,] where we will denote 7, _,, = A~2("="),
To do this, choose a smooth bump A on R with A(t) = 1 for t < —\2? and
h(t) = 0 for t > —2\% and set hy(t) = h(t — 7%) so that hy(t) = 1 for
t < 7, — A% and hy(t) = 0 for t > 75, — 1A% (the reason for these strange
choices will become clear in Sect. 8). The first condition on A, is that for all

N > n > m the following hold:

=GNy, < AT (72)

We need also to control the N and x dependence of the noise fields Cr(LN).

Recall that we can study both by varying the lower cutoff in the operator
I‘%N) in (37). We denote by Q/,(N) any of the resulting noise fields. Our second
condition on A,, is that for all N > n > m and all cutoff functions y, x’ with
bounded C'' norm

= (G = )y, < ATEF=A=™, (73)

The final condition concerns the fields I'€,, entering the RG iteration (27).

Note that, these fields are N independent and smooth and we impose on them
a smoothness condition given in (74). We have:

Proposition 8. There exist renormalization constants ms and mg such that for
some v > 0 almost surely A,, holds for some m < cc.
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On A,,, we will control the RG iteration for scales n > m. This will enable
us to solve the Eq. (4) on the time interval [0, \*™].

8. Fixed Point Problem

We will now fix the noise = € A,,, for some m > 0 and set up a suitable space
of functions v, (¢) for the fixed point problems (60) for n > m.

Since the noise contributions take values in V,, we let v, take values
there as well. The noise enters in (27) in the argument of v,, in the combina-
tion T'(vp—1 4+ &,—1). Since T is infinitely smoothing this means that we may
take the domain of v, (¢) to consist of suitably smooth functions ¢. Since the
noise contributions become distributions in the limit N — oo and enter mul-
tiplicatively with ¢, e.g., in (47) we need to match the smoothness condition
for ¢ with that of the noise. Finally, since (25) implies ¢, = 0 on [0, 1] we let
the ¢ be defined on [1, 7, ).

With these motivations, we take the domain ®,, of v, to consist of ¢ :
[1,7n—m] X T, — C which are C? in t and C* in x with 9{¢(1,z) = 0 for
0<t<2andall x € T,,. We equip ®,, with the sup norm

Iglle, == D 10{05loc-

i<2,|a|<4

We will now set up the RG map (35) in a suitable space of v,, v,_1
defined on ®,, and ®,,_, respectively.

First, note that for ¢ € ®,_1, sp(t,z) = A2¢p(A\%, Az) is defined on
A2, Tn_m] x T,,. We extend it to [1,7,_,,] x T, by setting s¢(t,z) = 0 for
1 <t < X2 Next, I['é,,_1 vanishes (a.s.) on [0,\?] and thus sT'¢,,_; vanishes

n [0,1]. We can now state the final condition for the set A,,: for all n > m
we demand

[sT&n—1lle, <A77 (74)

Let B, C ®,, be the open ball centered at origin of radius r,, = A2 and
Wi (By) be the space of analytic functions from B, to V,, equipped with the
supremum norm which we denote by || - ||5, (see [6] for a summary of basic
facts on analytic functions on Banach spaces). We will solve the fixed point
problem (35) in this space. We collect some elementary properties of these
norms in the following lemma, proven in Sect. 10:

Lemma 9. (a) sI': V,_1 — @, and hy—1-mI : Vi1 — Vi1 are bounded
operators with norms bounded by C(X\). Moreover, sTh,_1_mv = sT'v as
elements of ®,,.

(b) s:®, 1 — P, and s~ : V,, — V,,_1 are bounded with

sl < A%, s~ < 0
(c) Let ¢ € C**(R x T,) and v € V,. Then, ¢v € V, and ||¢v|y, <
Cllllcaallolv,.

The linear RG (34) is controlled by
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Proposition 10. Given A\ < 1, v > 0 there exists n(y,\) s.t. for n > n(y,A)
L, maps Wy (B,,) into Wn_l(/\’%Bn_l) with norm || L, ]| < CA\3.
Proof. Let v € W,(B,) and ¢ € A"2B,,_;. By (74) and Lemma 9(a,b)

Is(¢ + Tén-1)lla, <A™ 4 A7 <A77

for n > n(v, A). Hence, v(s(¢+T¢,_1)) is defined and analyticin ¢ € A\"2 B,,_1,
i.e., L, maps W, (B,) into Wn,l()\’%Bn,l) and by Lemma 9(b)

[y < ON3 o]

1
A"ZB, B,

g
As a corollary of Lemma 9(c) and (72) we obtain for n > m and N > n
(recall (47) and (62)):
|| g, < CREAI-6V (75)
and
1 (U (0) + DU (0)9)| 5, < CRAC)" (76)

for all R > 1 (since they are polynomials in ¢ with coefficients the noise
fields ¢,).

Next, we will rewrite the fixed point Eq. (35) in a localized form. Define
~(N) _ (N)
Un " = hp_mvn ’ so that

O (0) = 1o (Lat) (6 + T (9)) (77)

where we used Lemma 9(a) in the argument. By (34)
hnfmflﬁn — »Cnhnfmfl(Az) (78)

and hy,—1-, (A2-) is supported on [0, 7,—p, — 2]. Since hy—, = 1 00 [0, Ty —
A?] we get

P 1(A?) = Byt A28 iy (1) (79)
so that (77) can be written as
O (6) = b1 (LadV) (6 + T3 (9)): (80)
Hence, the v fixed point problem (60) becomes
Dn—l = hn_l_m(ﬁnﬁn + fn(Un—l + ﬂn—l)); I;N =0 (81)

where F,, is as in (56), i.e.,
f’n(U)) = gn(ﬂn + 'an, ’LNLn,1 + U/) — Danflranfl (82)

Thus, with only a slight abuse of notation we will drop the tildes and h
factors in the norms in the following;:
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Proposition 11. There exist Ag > 0, 79 > 0 so that for A\ < Ao, v < 7o and

m > m(y,A) if € A, then then for all N >n—1>m the Eq. (81) has a
(N)

unique solution v, 1 € Wy (Bn_1). These solutions satisfy
IS, < AG—" (83)
and l/,(lN) converge in Wy (By) to a limit v, € W,(B,) as N — 0. v, is

independent on the small scale cutoff: v, = v),.

Proof. We solve (81) by Banach fixed point theorem in the ball ||v,_1||p <
AB=1)(n=1) where B’ = A2 B,,_; (we only need to prove analyticity in By,_1,
but for bounding U, the larger region is needed). By Proposition 10 we have

Lol 5 < CATEAB=n = CATAB-D(-D) (84)

Next, we estimate the F,, term in (81). F, is given in (82), so we need to start
with G,, given in (54). Let v € W,,(B,,) and v € W,,_1(B’) and define

F(0,0)() == A2 0(s(¢ + D1 + T'0(9)). (85)
For ¢ € B’ we have by Lemma 9(a) and (74)
Is(¢ +Tén1 +T0(9))l|a, < A21D AT 1 C(N)[0]| 51
Hence, f(v,v) € Wy_1(B') provided
9]l < e()A=" (86)
We use this first to estimate
Gn = G(Un,un—1) = Dup_1Tup_1.

We have g, = f(1) — f(0) — f'(0) where f(2) = f(un,zun—1). By (86) f is
analytic in

2] < AT a5
and so by a Cauchy estimate and (75)
lgnllBr < CONXN [t 3, un—1 [l < CIOAE 14 (87)

Next, we write

Fon(w) = gn + Gn(Wns un—1 + w) + hy(w) (88)
with

hn(w) = Gy (U, up—1 +w) — G(Up, Up—1)
We have h, (w) = f(1) — f(0) with f(2) = f(tn,un_1 + zw) which is analytic

in
2] < A2 wl| 5
Hence, by a Cauchy estimate
[ (W)l < COIN [[un | B, [0l - (89)
Finally, in the same way,

1Gn (wWn, un—1 + W)l B < CN)[Jwnl| B, ([un—1ll5 + [Jwl|5)- (90)



512 A. Kupiainen Ann. Henri Poincaré

Recalling (59), we have

B, < [|Un|

n —

B, (91)

so to proceed we need a bound for U,. It is defined iteratively in (57) which
we write as

[[wn] B, + [[val

Up1 = EUn + Unfl

where U,_; = Dup_1Tup_q = f'(0) where f(2) = f(un,2un_1) as above.
Again by Cauchy, we get

1l < A8 +2m, (92)
Recall the definition of V,, in (61). It satisfies
Vie1(0) = (LaVa) (@) = (LaV)(0) = D(LaV)(0)¢ + Vi1 (9).
where V,,_1 = U, _1 — Un,l(O) — DUn,l(O)qS. From (92) we get
[Vooalls < C)AETIO0™, (93)
Assume inductively
Vol s, < AZ=HD™, (94)

Proposition 10 combined with a Cauchy estimate (here we use B’ :/\’%Bn_l)
and (93) gives

VacillBa_y < CAT32|[ Vol g, + C(A)AET100n (95)

which proves the induction step taking 7 small enough and n > n(\). Since
Uy is linear by (57) the induction starts with Viy = 0. Combining (94) with
(76) and the initial condition in (57), we then arrive at

[Unllz, <2XAC110n,
Combining this bound with (87), (89) and (90) gives, for v small enough
| Frn(Un—1 + vn_1)|B,_,
e (2t

Boox + vallB.) + V-1l lvnlls,

Recalling (84) and Lemma 9(c) to bound the h,,_1_, factor in (81) we conclude
that the ball |vn_1]/5, , < AB~3)=1 is mapped by the RHS of (81) to itself.
The map is also a contraction if n > n(\) since by (84) this holds for £ and

| Fn(Un—1 + v1) = Fu(Un—1 + v2)|B,_, < CONTT |y — s,

Let us address the convergence as N — oo and cutoff dependence of
Uy = VﬁLN). Recall we can deal with both questions together with v/,. Since u,,
and U, — V,, are polynomials in ¢ with coefficients (,, satisfying the estimate

(73) we get
[ — || g, < CAYWN =) \(A=67)n (96)
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To study V,, := Vi, — V;; we need to estimate (recall (93)) V,, — V! which in
turn is determined by U,, — U},. This is again estimated by Cauchy and we get
U, — Ul < C)X N NG00,

Proceeding as in the derivation of (95) we get
VacillBa—y < CAT2|Vallp, + CON N AE—10n
leading to
Vallp, < COOATNZmAETI00R,
Combining this with (97) we arrive at
|Un = Uy, < AT, (98)

Finally, using (96) and (98) it is now straightforward to prove, for v suitably
small,

1

1Fn = Follp,—, < NNTNC=Dm L xeuy — 1) |,
As in (84) we get
12 @n = )8, < CA Flvn — V45, (99)
Hence, for small v we obtain inductively for m <n < N

[vn — vl |3, < CATN =M \B=Dn,

n —

This establishes the convergence of V,(ZN) to a limit that is independent on the
short-time cutoff. O

Remark 12. Let us briefly indicate how the cutoff (10) can be accommodated
to our scheme. We only need to modify the first RG step. For n = N in (27)
the noise is replaced by the spatially smooth noise EN,l =px*x&,_1 and ' by
I’ where we use the cutoff Xx(t — ) in (28). I is not infinitely smoothing, but
sTwN | € By nevertheless since at this scale vY_, is as smooth as ¢ is.

9. Proof of Theorem 1

We are now ready to construct the solution ¢(¢) of the e cutoff Eq. (7). Recall
that formally ¢(¢) is given on time interval [0, \>™] by Eq. (26) (with n = m)
with ¢,, given as the solution of Eq. (25) on time interval [0,1]. Hence, we
first need to study the f iteration Eq. (29). This is very similar to the v
iteration (27) except there is no fixed point problem to be solved and there is
no multiplicative A2 factor. As in (80) for oY) we study instead of (29) the
localized iteration

AN (@) = hne1oms N (s(6 + D@ (0) + €a1))) (100)

for f,(lN) =hp_m ,(IN). The following Proposition is immediate :
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Proposition 13. Let 177(1N) € Wh(Bn), m < n < N be as in Proposition 11.
(N)

Then, form <n < N fn € W, (B,) and
1M (0) = o+ + 95V (9). (101)
with
1357115, < A3 (102)

and gﬁlN) converge in Wy (By) as N — oo to a limit g, € W, (B,) which is
independent on the short-time cutoff.

Proof. We have
35 (9) =l (T8 (6) + 571550 (56 + T (011 (9) + 601)))
Since ||1~1511X)1||Bn_1 < CAO=3=1) Lemma 9(b) implies
13015, _, < C)AE3NE=D 4 op=3\in < \E(n-1)

The convergence and cutoff independence follows from that of vﬁlN). O

We need the following lemma:

Lemma 14. G is a bounded operator from V,, to ®,, and G1(hy_1_m(\2)v) =
Gl’U.

Proof of Theorem 1. We claim that if Z € A,, the solution ") of equation
(7) with e = AV is given by (recall (26))

M) = s7m fIN)(0) (103)

on the time interval [0, %)\_2’”]. Let ¢, € ®,, be defined inductively by ¢, = 0
and for n > m

$n = 8(dn1 + LEN) (Gn1) + Enmr))- (104)
We claim that for all m <n < N ¢, € B,, and
b = G1 (B (6n) + &) (105)

Indeed, this holds trivially for n = m since the RHS vanishes identically on
[0,1]. Suppose ¢,,—1 € B,_1 satisfies

Pn—1 = Gl(@(ﬁ)l@n—l) +&-1). (106)
Then, first by Lemma 9(b)
Ibnlle, < A2[dn-ille, , +CAT™ < A=2m
so that ¢, € B,. Second, we have by (106) and (104)
6n = 5((G1 + D)) (Gn1) + €n1)) = GLIA?(BLY, (bn1) + Enmr)
= G1(hne1—m (W25 (60) + €0) = G1(TN (60) + E1) (107)

where in the third equality we used the RG iteration (77) and in the last
equality Lemma 14.
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From (100) we have since ¢,,, = 0
fiM(0) = hosflfgi)1(¢m+1) = hohl('/)\2)572f£§2(¢m+2)
= hos™ 2 f ()
where we used (79). Iterating we get
F(0) = hos™ =) FIN) = hohy (- A2V =) g~ (N=m) g
= hos™ Ny (108)
a%‘fu[i)n by (79). Now ¢n € By solves (105) with ﬁng)(@ = hN,mvj(VN)(qS) with

vy given by (31). Since Ay_p, = 1 on [0, Tn—m — A?] we obtain

on = G1(B (8n) + &) = CL(0f (6n) + 6n)-
and thus V) = s Ny solves (103) on the time interval [0, \=2™]. (108) then
gives

ho(A~2m) M) = 571 11 (0)
so that (103) holds on the time interval [0, sA~2™].

By Proposition 13 f,g,N)(O) converges in V,, to a limit v, which is inde-
pendent on the short-distance cutoff. Convergence in V,, implies convergence
in D'([0,1] X T,,). The claim follows from continuity of s~ : D'([0, 1] x T,,,) —
D'([0, A*™] x Ty). O

10. Kernel Estimates

In this Section, we prove Lemmas 9, 14 and 5 and give bounds for the various
kernels entering the proof of Proposition 8.

10.1. Proof of Lemmas 9 and 14
Lemma 9 (a) and Lemma 14 Let v € C§°(R4 x T,,—1). Then,

o0
sTo(t) = / E(\*t — s)e(’\zt_s)Av(s)ds
0

where k(1) = A2 (x(7) — x(7/A2)) vanishes for 7 <2. Hence, sT'v € C§°([1, o)
x T,). Next, write v = (=97 + 1)(=A + 1)?Kwv so that setting w = Kv we
have

sTw(t) = / k(A% — s)(—A + 1)26(’\2t_sm(—8f + Dw(s)ds (109)
R
Integrating by parts we get

sTw(t) = /R((faf + DR — 8)(—A + 1)2eX 98 (5)ds.

The kernels 8?(k()\ztfs)ﬁg‘e(ﬂt*sm(zfy)) are smooth, exponentially decreas-
ing in |x — y| and supported on A\’t — s € [A\2,2] for all @ and «. Hence, the
corresponding operators O, satisfy

|(Oaale,w)(t, z)| < C(A)Q_Cd(i’(uw)) ||wHL2(Ci)
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which in turn yields our claim ||sT'v|le, < C(N)||v||v,_,. Hence, sI' extends to
a bounded operator from V,_1 to ®,.

G1v is given by (109) with k is replaced by 1 — x (¢t — s). The time integral
is confined to [0, 7,—p] so that ||G1v|e, < C(A,n)|v|v,-

Lemma 9 (b). Recall (s¢)(t,z) = A2¢(A2t, Az) on N2, 71 —pm] X Tp_1.
Since A < 1 we then get ||s¢|lo, < A2[¢|le, . Next, let v € C°(Ry x Ty,)
and w = Kwv. First, write
Ks™'v=Ks ' (=02 + 1)(=A + 1)%w = K1 (=02 + 1) Ko (= \2A + 1)%s tw.
Next, K1(=A*02 +1) = A\ + (1 — AY)K; and

Ko(=NA+1)2 =X +20%2(1 = A)(—A + 1)1 + (1 - A2 K.

Thus, we need to show the operators K;, (—A+1)~! and A2s~1 are bounded
in the norm sup; || - || L2(c,) uniformly in A. For K this follows from the bounds

(67) and (68) and for the third one from (—A+1)"1(z,y) < Ce~lz=vl|z—y] 1.
Finally, let ¢;/X := {(t/ %, 2/N)|(t,z) € ¢}

1
IA%s lwuizm):”/ WP <X° 37wl <C
ci/X eN(ei/N)#£0

Lemma 9 (c) Let ¢ € C**(R x T,,) and v € C§°(R; x T,,) and set again
w = Kwv so that

v = ¢(—=07 + 1)(—A + 1)*w
Using ¢02 f = 02 (¢ f) —20:(0;pf) + 0%¢f and similar commuting for A we get

K(¢U) =¢w + Z Oa(¢aw)

where the operators O, belong to the set {9} K1, 0% K, 0 K102 K3} with n <
1 and |a| < 3. The functions ¢, are multiples of 9/"0%¢ with m < 2 and
|8] < 4 and hence bounded in sup norm by C||¢||c24. We get

[¢vllv, < Cll¢llc2 mgxsupz 1OallL2(c;)—L2(e:)
b

The operators 0;K; and K; have bounded exponentially decaying kernels.
The operators 92K, are bounded in L? hence from L?(A) — L?(B) with
A, B C T,,. Moreover, their kernels 0% Ks(x — y) are smooth for z —y # 0 and
exponentially decaying. We conclude

10allL2(e))—L2(er) < Cecli=il
and then

[gvllv, < Cllgllez4lvllv, -



Vol. 17 (2016) Renormalization Group and Stochastic PDEs 517

10.2. Proof of Lemma 5
Let H(t,x) = ¢2(0,2) = (47s)~3/2¢=*"/4 he the heat kernel on R3. Then,
Hy(t,x) =Y H(t,z + A"). (110)
i€Z3

Denoting € = A2(N=") and separating the i = 0 term, we have

t

EnM(t,2)* = / (875) 732 (x(s)% — x(s/€%)%)ds + at) (111)

0
where
2
la(t)] < Z/ (87‘1’8)_3/26_1‘2/(4‘9)\2”) <Ce ",
i#£0 70

Let o/(t) have the lower cutoff replaced by x’. Then,

a(t) = /@) < € [ 5l = x5/l s

—2N
<Ce™ T Ix = X/ lloo-

Denote the first term in (111) by 3(t,€) and (¢, €) where the lower cutoff is
X'. Then,

Hloo = | " (818) 2 (x(€s)? — X' (s)2)ds = ' — p
0
So

SN (t) = a(t) +p— (te)
with

A(t€) = B(oo, ) — Blt,€) = / T (8m8) 2 (x(s)? — x(s/e%)?)ds < Cr

Moreover,

(e, =)l = [ " (8ms) 2 (s/2)? — ' (3/€)?ds

< Ct2|x — X[loo L0, (F)-

10.3. Covariance and Response Function Bounds

We prove now bounds for the covariance and response kernels (37) and (39)
that are needed for the probabilistic estimates in Sect. 11. These kernels are
translation invariant in the spatial variable and we will denote CZ(IN)(L" !, o)

simply by ct) (t',t,2’ — x) and similarly for the other kernels. As before
primed kernels and fields have the lower cutoff x’. We need to introduce the
mixed covariance

CYM( 2" —x) = BN (1, 2" (¢, ) (112)
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Let us define

Co(r,2) = sup sup O\ (¢ t,x)
|t/ —t|=7 N>n

C(r,e) = sup |Gt t,2) = CPV(t' ¢, )]

|t/ —t|=7

Gn(t,z) = sup Fév(t,x)
N>n

o' (t.a) = [T (t.a) — T (1, )|
The regularity of these kernels is summarized in

Lemma 15. C, € LP(R x T,,) uniformly in n for p <5 and

ICXlp < CXPN =PI — X/l (113)
for~v, >0 forp<5.G, € LP(R xT,) uniformly in n for p <5/3 and
p
IGN I < CXP V=[x — x| oo (114)

for v, >0 forp <5/3.
Proof. As in (39) we have, for t' > t:

t
CIN (Y 0 —x) = / Hy (|t =t + 25,2" — 2)xN_p (t' =t + 5)xFr_n(5)ds
0

(115)

where ! = x/, x> = x or vice versa depending on t' > t or t' < t.
The heat kernel H,, is pointwise positive. Using x&_,,(t' —t + s)x%_,(5) <
110,2(8)1[0,2(t" — t), we may bound

C;fN) (t/a t7 JJ) S Cn(tl - t7 m)l[O,Q] (t/ - t) (116)
where
2
Cp(r,x) = / H, (1 + 2s,2)ds
0

From (110) we get

Hy(r) = 3 (4mt)~3/2e= =5 (117)
mez3
Therefore,
Cp(r,z) = Z ety + A""m) (118)
mez3
where

2 .
C(T,m):/ (47 (1 + 25)) 3/ 2" T ds
0

< C’(e_“2 (2 + T)_%lTe[O’Q] + 7_3/2e_“2/T1T>2)). (119)

Combining with (118) and (116) (with x’ = x)
Calry ) < O™ (2 +7) " 210(7) (120)
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and so C,, € LP if p < 5. To get (113) use
k(= £+ 9)xi () = Xk (t = £+ $)xE(5)] < Lo,z () Lo,z (1 = )X = Xlloe-
Hence,

Ch(r,2) < > enn(m+ A7"m) 12 (7) X — Xl
meZ3

where

o\ZM ,
ey (T, x) = / (A (7 + 25)) "3 2e i rm ds = A Meg(A2M 7 A~ M),
0

(121)
Hence, using (119)
llearlpo 2l = >\(5_p)M||001[0,2>\72M]||£
< A6=PM(q 4 / 72U, o) aandt) < OXTM
with v > 0 for p < 5. This yields (113).
In the same way,
Gu(t,x) < Ct=3/2e=" /1y (1) (122)
which is in L? for p < 5/3. (113) follows then as above. O
We will later also need the properties of the kernel
SN b ax) == CN (W, 2) TN ('t ). (123)
Set
Sp(r,z) == sup sup SNV (¢, z) (124)
[t/ —t|=r N>n
We get from (120) and (122)
Su(t, ) < Ct~2e~ M1y 5 (t) € LP,  p < 5/4.
Finally, let S’V have x’ in all the lower cutoffs in C and I'V and set
SN (r,2) = o 1SN t,2) — S8, 2).
t/—t|=7
Then,
IS < X" N1 = ¥ oo (125)

for some v, > 0 for p < 5/4.

Remark 16. Recall from Remark 7 that for the initial condition (48) the covari-

ance of 77,(1N) is the stationary one (49). Hence, Lemma 15 holds for it as well.
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11. Proof of Proposition 8

In this section, we prove Proposition 8. The strategy is straightforward. We
need to compute the covariances of the various fields in (66) and establish
enough regularity for them. Covariance estimate is all we need since the prob-
abilistic bounds are readily derived from it. The covariances have of course
expressions in terms of Feynman diagrams only one of which is diverging as
N — oo. The renormalization constant b is needed to cancel that divergence.
We do not introduce the terminology of diagrams since the ones that enter are
simple enough to be expressed without that notational device.

11.1. Covariance Bound

We will deduce Proposition 8 from a covariance bound for the fields in (66).
Let §(N)( x) or (N)(t,:lc7 s,y) be any of the fields in (66). Let

Kt t,2) = ez DR — ¢ 2y (t) (126)
where I = [0, \=2("=")] and define
A0 = R or o) = Ko K¢,
Then,
1K™ ([ 2(e,) < Cem 280D oM o, (127)

where i is the time component of ¢ and similarly for the bi-local case. We

bound the covariance of pglN):

Proposition 17. There exist renormalization constants my, mo, ms and v > 0
s.t. for all0 <n < N < 0

EpiM(t,2)? < C (128)
E(p'M (t,2) — p£LN>< t,2)2 < Oy — /| (129)
Ep™M (¢, 2, 5,y)% < Ce—clt=sl+lz—y)) (130)
E(0'M (t,2,5,9) — oV (8,2, 5,y))% < CXON—meellt=sltle=uly /)

(131)

Proof of Proposition 8. pg\[)(t,ars)2 belongs to the inhomogeneous Wiener

Chaos of bounded order m (in fact m < 10). Thus, we get for all p > 1
EpM(t,2)* < (2p — 1™ (EpM (8, 2)%)P (132)
(see [14], page 62). Using Holder, (132) and (128) in turn we deduce

E(Ip125,.)) < E(oM 120 .,) = / E (V) (1))

[

<C, / EpM) (t,2))%)P < C, (133)

and thus by (127)
E(HK&SN)'FLZ;(&)) < Cpefpdist(io,jn)
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so that
P(IKC™N | p2(e) > R) < Cp(R™e 2distlio L) y2p
and finally
P(ICM [y, = A7) <D Cp(Amem zdistlio))2p < ¢ \2ypmp2m \—5n,

(134)
For the bi-local fields, we proceed in the same way. First, as in (133) we deduce
E(l03 17 0 xey)) < Co / (EpN) (1, 2, 5,y)2)P < Cp(Ceodist(ciei))2p
Cc; XCj

and then use exponential decay to control

P(/IC5 )
< ZCp()\'ynefc(dist(io,ln)+dist(ci,0j)))Zp < OpAZp'yn)\Zm/\ff)n.

2%

Next we turn to (73) which we recall we want to hold for all cutoff func-
tions y,x’ with bounded C' norm. We proceed by a standard Kolmogorov
continuity argument.

Let f(x) = K Q:T(LN). Without loss we may consider x in the ball B, of
radius r at origin in C[0,1]. As above we conclude from (129)

E(I£(x) = FOO N Te) < Cplellx = X [loce™ @500 n))P (135)
with € = NNV Let y,, n = 1,2,... be the Fourier coefficients of x in
the basis 1, sin 27, cos 27w, sindrz, cosdrx, . ... Hence, |x,| < Crn=?t. Let

X = xn for n <m and x* = x}, for n > m. Let @y be the dyadic rationals
in [0, 1]. Then, for 5 € (0,1)

1F () = FO L2 < Z FOM L2
.
<D Xm = Xinl? Z 2%V An,m
m=1 N=0
where
ANm = sup 1gm (t) = gm ()| 22(e2)

L EQN,|t—t/|=2-N
and g, (t) = f(X1,-- s Xm=1-1, Xpy1s--- ). Using (135) for g,, we get
P(Ax.m > R) < C2V (R™2e27 N distlio [n)yp
and then, taking § < % and 20p > 1
P( s 1500 = 0oy > 7)< 3 P > Rl = X P2)
X:X'€Br mN

< Z CQN —2.9-N(1-2p),.8 *diSt(io,In)m*Qﬁ)p < C(R*QGTﬁe*diSt(ian))P
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since |xm — Xh,| < Crm~1. We conclude then

~(N) ~
P( sup &%) - &)

XX €Br.
< Cprﬁp/\m(N*n)/\(27p*5)n)\2m. (136)

vo> )\év(Nn))\vn)

We still need to deal with the last condition on A, in (74). By (28)
¢ :=T¢&,_1 is a Gaussian field with covariance

¢
EC(t', 2")¢(t,z) = /0 H,(t' —t+2s,2" —x)x(t' —t+s)x(s)ds

where  is smooth with support in [A\2,2]. EC(¢/,2")((t, ) is smooth, compactly
supported in ¢’ —t and exponentially decaying in x—y. We get then by standard
Gaussian estimates [13] for a < 2, |a| < 4

P(||0§ 05 Tns1llLoc (e > 1) < C()\)e—co\)r?

and thus

P(||sTén—1 ][0, > A~2™) < C(A)AZmA51e A (137)
Combining (134), (136) and (137) with a Borel-Cantelli argument gives the
claims (72) and (73). O

11.2. Normal Ordering

Since the fields (66) are polynomials in gaussian fields, the computation of their

covariances is straightforward albeit tedious. To organize the computation it is

useful to express them in terms of “normal-ordered” expressions in the field 7,,.

This provides also a transparent way to see why the renormalization constant

b is needed. We suppress again the superscript (V) unless needed for clarity.
Define the “normal-ordered” random fields

=y =10 = Bl = — 3B (138)
and (recall Lemma 5)
5u(t) = B (£,2))? = px—n. (139)
Then,
Mo = PN—n =215t +0n, 1y — 3pN—nlln =2 1 1 +30n7ln

In virtue of Lemma 5 §,, terms will turn out to give negligible contribution.
These normal-ordered fields have zero mean and the following covari-
ances:

E: oy (tx) oy (s,y) = 2C,(t s, 2,y)° (140)
and

E:op, o (ta) oy, (s,y) = 6Cn(t,s,2,y)°. (141)
where C,, is defined in (39).
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Next, we process wy, ¢, and z,:
wp =3 :n2 TN 03 f(malog \N +m3)n, +36,TN :n2 - 49: 0?2
TN, + 90, : TN 6,
3n = 6013 2 2 180,10 6t
2 =9:02 TN .02 F(malog AN 4+ m3) + 96, TN 02 49 : 92 . TN,
(Recall that w,(t,x) and 3,(t,x) are functions, whereas z,(t,z, s,y) is a ker-

nel). Consider first the terms not involving d,,, call them @,, 3, and Z,. We
normal order @,, and Z,:

Wy, = (18021“,11\' — malog \Y — ms)n, + 18 : nnCnFnanl S nfLFnan’l :
(142)

Z, = (18C2TY — malog \N —m3) + 36 : 0, C, TNy, 49 : 20002+ (143)

where the product means pointwise multiplication of kernels, e.g., the operator
C2TY has the kernel

B (t,x,s,y) := Cp(t,x,5,9)°Th (t, 2, 5,9). (144)
For Proposition 17, it suffices to bound separately the covariances of all the

fields in (142) and (143) as well as the §,-dependent ones.

11.3. Regular Fields
We will now prove the claims of Proposition 17 for the fields ¢, not requiring
renormalization.

It will be convenient to denote the space-time points (¢, z) by the symbol
z. We recall from (67) and (68) the bounds for the kernel K(z" — z) of the
operator K which imply a similar bound for K of (126):

0< K(2,2) < Ce 3l —#l = (2 — 2). (145)

We start with the local fields. Let (,,(z) be one of them and

ECn(Zl)gn(ZZ) = Hn(Zh Z2)

Then, (H, is non-negative, see below)
Epn(2)? = /K(z,zl)K(z,zg)Hn(zhzg)dz1d22

< c/e—%<lz—Z1l+\Z—Zzl>Hn(zl,z2)dzld22 <CIHu L (146)

where

Ha(2) = sup Hy(21,2)

21—22=2
Since H,, is given in terms of products of the covariances C,, and T'YY we get
an upper bound for H by replacing C,, and FTIY by the translation invariant
upper bounds C,, and GY defined and bounded in Lemma 15. Let us proceed
case by case.
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(a) ¢, =:1n¢ :. Using (140) and (141) we have
Hu(z) < Cn(z)l
so by Lemma 15 ||H, |1 <||C,||} < cc. In the same way, we get

E(p,(2) = pu(2))* < ClCalliHICE Nl < O

5—

T (N=n) < 0\F(N=-n)

(b) Gu=: T)nCnF;N)nfl :. We have

E : 0 (21)0n(22)% 2 1, (23) 10 (24)
i= 20, (21, 23)Cn (22, 24)? + 4C, (21, 24) Cn (22, 23) Cn (22, 24)

and so

E¢n(21)Cn(23) = /(QCn(Zh 23)Ch (22, 24)% 4+ 4Cp (21, 24) Cr (22, 23) C (22, 24))
. S(Zl, 2’2)5(2’3, Z4)ngdZ4 (147)

where

S(Zl, ZQ) = Cn(zl, zz)Fn(zl, ZQ) S Sn(zlg)

where we use the notation z12 = 21 — 23 and S, is defined in (124).
Thus,

0 < ECo(21)Cn(23) < 2Cn(213) / Sn(212)Sn (234)Cn (224)2d2ad s

+4/Sn(Z12)Sn(234)Cn(2’14)Cn(223)cn(224)(122(124
= .A(Zlg) -+ 6(213) (148)

so that

Epn(2)? < C(| Al + [1Bllh)- (149)
Since A = C,,(S,, x S, * C2) we get by Holder and Young’s inequalities

Al < CallpllSn * Sn* Callg < lICnllolISallZICE s
where 2—1—% = %—i— % We can take, e.g., p =3,¢=3/2,r =1 and s = 3/2
and by Lemma 15 this is finite. As for B, we write
1Bl =4 / Sn(z = 22)8n(24)Cr (2 — 24)Cn (22)Cn (224)dzdz2d 2y
= (Sn * (Cn(Sn + C)) # Cn)(0) < IS0l ICn (S Co) I lICral g

by Young’s inequality with 2 = 14 1% + %. Since C, € L* fora < 5 and S,, € L°
for b < 5/4 we have S,, xC,, € L° for ¢ < oo and so C,,(S,, *Cp,) € LP for p < 5.
So, we may take, e.g., p=g=2and r = 1.
In the same way, using (113) and (125) we obtain
E(p,(2) = pn(2))” < OV Ix = ¥l (150)

for some v > 0.
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(¢) ¢ =: n2TNn3 . Now

n-n

E : 15 (21)% 00 (22)° 1 0 (23)° 00 (24)® 1= 12C,, (21, 23)2Cr (22, 24)*
+36C, (21, 24)2Cy (22, 23)°Cr (22, 22)
+360n(2’1, z;»,)Cn(zl, Z4)On(2’2, Z3)On(22, Z4)2. (151)

The first two terms have the same topology (as Feynman diagrams!) as the A
and B above and we call their contributions with those names again. Thus,

Al < ICR LIS+ T * Collg < ICallp T I ICR s

where 2—1—7 =241 NowI'} isin L" for r < 5/3. So, we may take for instance
p=2, q—2 8—4/3 r=8/7 so that [|Ally < C||C, [TV [[§/7- For B we get

1Bl = 36(I' * (C(T) % C7)) % C2)(0) < 36[| T [+ [ICa (T C2) 1512 lq

with 2 = 7 4+ + 2. Since C, € L* for a <5 and T} € L* for b < 5/4 we have

by Young T'YY % C2 € L¢ for ¢ < 5 and so C,(TY % C,) € L? for p < 5/2. So we
may take, e.g., p=q=2and r = 1.
Finally, the last term in (151), call it D, is bounded by

D)1 < 36/Cn(z)I‘fY(z — 20)TN (24)Cn (2 — 24)Cr(22)Cr(224)?dzd 20d 24

= / f(z2,24)g(22, 24)dzodzy

where f(z2,24) = [Cp(z TN (2 — 29)Cp(z — 24)d2z. We have

/f(z2,z4)d22 — (Co % Co)(24) (152)
which is in L since C,, € LP, p < 5. Hence,
1Dl < © / 922, 74)dzadzs = C(Co % C2 + TV)(0) < 00

since I'Y € L' and C,, * C2 € L.
Now, we turn to the bi-local fields ((z1, z2) and set
EC(21,22)( (23, z1) := Hy(2)
We proceed as in (146)
Ep, (2, 2)> < C e_%(lz_zl|+|Z—Z3|‘HZ/_Z""+|Z’_Z4|)Hn(z)dz. (153)
(RXTy)*
Let

Y = supz sup Epn(z’,z)zeclz_z/l.

% J z'€ci,zE€c;
(130) follows from Y < oo. Let

H(2) = sup Hy (21 + u, 22 + 0, 23 + u, 24 + u)ez 171722+ z=2D
u
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‘We have

Y < Csup
z
_l _ _ /_ /_ _ _ _ !’
X/ e 3 (lz—z1|+]z—z3|+|2" —22|+|2" — 24|+ |21 — 22| +]23 Zs|)ec|z ZlHn(Z)dZ.
(RXTy )%

The integrand is actually independent on z as H,, is translation invariant:

Hn(z) = Hn(214, 224, 234)
with ﬁn(zl, z9,23) = H(z1, 22, 23,0). We can then conclude
Y < C|[Hallx
i.e., we need to show for the various bi-local fields that HﬂnHl < 00. Let us
again proceed by cases.
(d) ¢n =: 7, C TN, ;. We have
e%(lzl2|+‘z34‘)Hn(Z)) < 8 (212)8n(234) (Cn(213)Cn (224) + Cr(214)Cr(223))
where S,,(z) = e“#1S,,(2) so that
Hﬂn”l < 2H‘§n *Cnug <00
sNince by Lemma 15, S, is in LP, p < 5/4 and C, is in LP, p < 5 so that
SpxCp € LP, p < 00. (131) goes in the same way where at least one of the C,
or S, is replaced by Cr(LN) or STQN).
(€) o =Ty, - We get
ez (712lHz01D3,, (2)) < AT (210)T)) (225) (Ca (213)°Cr (22)°
+ C(214)%Cn(223) + Cn(213)Cn (224)Cr (214)Cr (223))

The first two terms on the RHS have the same topology as in (d): their con-
tribution to ||H,||; is bounded by C||TY % C2||2 which is finite since TV is in
L' and C2 in L?.

The third term is treated as the analogous one D in (c), let us call it D
again. Again its L' norm is given by ||D||1 = [ f(22,23)9(22, 23)dz2d23 where
f is as above and is in L. g(29,23) = Cy(22 — 23)Cn(22)TY (23)and thus

1Dl < C/g(22,24)d22d24 = C(Cp +Cp xTN)(0) < 0.
Let us finally turn to the §,, terms in w,, (, and z,. Starting with w,,
and the term ¢, = 6,I'Y : 3 : we have
Hy(21,22) < 0n(t1) 00 (t2) (D) # Coy + T ) (212).

The function g, = TN % C3 « TN is in LP, p < 5/3. Letting f.(z;) =
e_C‘Z_Z”(Sn(ti) we see from Lemma 5 that f, € LP, p < 2 and so

is finite by Young. To get the bound (131) we use (43) to get for p < 2

2-p —n
1fo = fallp < CAZ Ny = ¥l
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Consider next the case where &, is on the “other side”: ¢, =: n? : TN6,m,.
Replacing C,, by the translation invariant upper bound C,, we have

Hn(Zl,Zg) S /Gn(zl,2’2,Z3,Z4)5n(t3)5n(t4)d23d24
with

Gi(z) = TN (213)T) (224) (2Cn (212)Cr(234) + 4C (212)Cr (213)Cr (224)
+4Cp (212)Cn (214)Cn (223))

At the cost of replacing C,, and 'Y by C,, and TY we may replace ,, by the f
in the upper bound for Ep,,(2):

Epn(2)? < /én(zla227237Z4)f(z3)f(Z4)dzleQdZSdZ4

= /gn(23 — 24) f(23) f(24)d23d2a

This is bounded if g, is in LP, p > 1 which is now straightforward.
As the last case consider an example of a bi-local field the second last
term in z,: ¢, = 6,I'Y : 2 ;. By the now familiar steps

Epn(2)? < /9(21 — 22) f(21) f(22)dz1d 22
with g = TN «C2« TN in LP, p < 5/2. O

11.4. Renormalization

We are left with the first terms in (142) and (143) that require fixing the
renormalization constants mg and mg. Define (product is of kernels as usual)

BN = (Cc{M)’ry (154)

Let Bo, denote the set of bounded operators L (R x T,,) — L (R x R?)
and By the ones LR x T,,) — L>®(R x R3) (here L°*! has L*°-norm in ¢
and L'-norm in z). We prove:

Proposition 18. There exist constants B; s.t. the operator

RWY) .= K(BW) — (Bolog AN ™" + 33) id)

satisfies
IRM s, <€, IR = R s, < CAN = |x = ¥'|loe, i =1,00 (155)

uniformly in 0 <n < N < co. By universal (i.e., independent on x).

We fix the renormalization constants m; = 1843;. This means that, e.g.,
the first term in (142) becomes

18RMn,, + (mglog \* + m3 )1,
The second term once multiplied by A?" fits into the bound (76).



528 A. Kupiainen Ann. Henri Poincaré

The i = oo case of Proposition 18 takes care of the deterministic term in
(143) since

- (BX) — B11og AN~ + Bo)éllv, < [R50 [|6]]co-

and [|éllcc < [|@]la, - The @ = 1 case is needed for the first term in (142).
Indeed, we have

B = (R0« B (1 1)+ € (01, 12) 0)dt

where * is spatial convolution. We have

sup [CSM) (t1,12) 1 < 00
t1,t2

so that indeed
Epi)(2)* < CIR s B 5,
Recall also that by (146) a sufficient condition for || K B|s, to be bounded is

sup |B(t +-,t,-)| € L'(R x T},). (156)
t

Proof. Let us first remark that it suffices to work in R3 instead of T,,. Indeed,
recall BSY) = 18(C,SN))QBT(LN) where the product is defined as pointwise mul-

tiplication of kernels. Let C{) and T be given by (39) and (37) where the
T,, heat kernels H,, are replaced by the R3 heat kernel H and similarly let

BN, t,x) = B{M (¢, t,z) — BN (¢, t,2)

From (118) and a similar representation for 'Y we infer that ¢ — )

and TYY) —T%Y) are in LP(Rx T,) for all 1 < p < co. Proceeding as in Lemma
15 we then conclude sup, |5B£lN) (t+7,t,2)| is in LP for p < 5/4 and the analog
of (125) holds. Hence, (156) holds.

For the rest of this Section, we work in R x R? and fix the UV cut-
off AN=" := ¢ and denote the operators simply by C and I'. Also, we set
Xe(s) := x(s)—x(s/€?). With these preliminaries, we will start to work towards
extracting from the operator B,(LN) (144) the divergent part responsible for the
renormalization. First, we will derive a version of the fluctuation—dissipation
relation relating C' and T:

Oy C(t t) = —%F(t’, 1)+ At t). (157)

where A(t',t) will give a non-singular contribution to B. To derive (157) write
(39) in operator form and differentiate in ¢':

¢
Oy C(t, 1) = eV’ —DA / (A + 0p)e® A x(t' —t + 5)xe(s)ds
0
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Next, write Ae?s® = %GSeQSA and integrate by parts to get

0,C(t't)
e+ 00 [ (0~ 20) (= 1+ s)x(s)ds
= ao(t',t) + a(t',t)
Now, recall that x.(s) = x(s) — x(¢~?s) and write denoting 7 =t/ — ¢:
<8t/ — ;ZL) (X' —t+ 8)xc(5)) = p1(7,8) + pa(1,8) + p3(,8) (158)
with
p1(7:) = 5 (XeT + () 4 X'+ 9)xe(5))
po(7,5) = — 5 Xe(8)Dux(e (7 + 5))

1
ps3(T,8) = 5)(6(7 + s)&sx(e_2s)

and correspondingly
a(t';t) = a1 (t',t) + az(t',t) + az(t',t).

p1 localizes s-integral to s > O(1) and gives a smooth contribution as € — 0.
du(s) := —0sx(e72s)ds is a probability measure supported on [€2,2¢2] so p2
localizes s and 7 to O(€?). The main term comes from p3

1 t
as(t',t) = —feTA/ 2By (T + s)du(s)
0

2
- —%F(t’,t) +aa(t', 1) (159)
where
alt0) = 57 [ ) = 2t + )anG) (160)
(157) follows then with
A t) = ag(t',t) + a1 (t',t) + az(t',t) + aq(t', t). (161)

Inserting (157) into (144) and using
t
/dy/ ds@tC(t, S5, T — y)3¢(87 y)
0

t
:at/dy/ dsC(t, s,z —y)*¢(s,y) —/C(t,tw—y)%(t, y)dy
0
we obtain

(Bo)(t) = D(t) * (1) + 9 (ED)(t) + (Fo)(t) (162)
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with
D(t,x) = 120(t,t,x)3

(Ep)(t,z) = —128t/dy/0 dsC(t, s,z —y)3¢(s,y)

(F)(t,x) = —36 / dy / dsA(t, 5,7 — y)C(t, 5,2 — 1)20(5, ).

We estimate these three operators in turn.
(a) D. The Fourier transform of D in x is given by

Dlt,p) = / Cttup+ K)C( Lk + ) O £, q)dkdg (163)

where
t
Clttuq) = [ e x(o)ds (164
0

The integral in (163) diverges at p = 0 logarithmically as e — 0. Doing the
gaussian integrals over k, ¢, we have

Dy = (™ [ e s 3/2Hx )2ds,
0,t]3

where a(s) := —% and d(s) := s152 + $153 + $253. Let us study the cutoff

dependence of D. First, by differentiating and changing variables

0D(tp) = 7% /[0 /e e P 4(5) 752510, x (1) dsy
% H = x(s1)*)ds;. (165)
Let
ae(t, p)
3
. _32% /[0 t/e2]3 eia(S)(ep)zd(s)ig/Qslasl X(81)2d31 g(l - X(Si)z)dsi-

(166)

and set &.(t,p) = eaﬁﬁ(t,p) — a(t,p). Since the sy integral is supported on
[1,2] and the others on s; > 1 we have d(8) < s2s3, «(s) = 1 which leads to

lae(t,p)| < 0/3 (s253) 2111 91 (51)1je-2,00) (52) 11,00) (83) < Ce. (167)
R+

Furthermore, let &.(¢,p) be gotten by replacing the lower cutoffs x(s;) by
another one x’(s;). Then,

|6 (t,p) — de(t, p)] < Cellx — X'[loo- (168)
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Since do(t, p) = 0 we get that [ de (t ,p)d 6, satisfies (167) and (168) as well.
Thus, all the divergences come from . (t, p) Note that, ag(t,p) = ap is inde-
pendent on ¢t and p. Set ac(t,p) = a.(t,p) — ap. We get

lac(t,p)| < C((€p* + ¢/VE) A1) (169)
We fix the renormalization constant G5 = g and define
d(t,p) :== D(t,p) — ag loge. (170)

Combining above, we get

/

uumn=t/«%upw~k@p»d < C(1 +log(1 4§ + 1/vD).(171)

Next, we write

1

odtn) = =gy [ e (s 3NZ&SH (5:)2)ds,
[0,t/€2] i=1
— d\ _ 1] e re®) () q(5)"3/29
~ 553 / /0 - (2 1 S > e (s) A
H( — x(As:)?)ds; (172)
i=1

At € = 0 this implies after an integration by parts

3

3
— 1 —3/2

=1

That is «g is universal (i.e., independent of ). Finally, let us vary the cutoff.
Replace x by xo = ox + (1 —0)x’. Since 0,a. = 9, (ac — ap) we get from (172)

80a€(t,p) :/O d)\/[o e a(s)(gp)Qef)\a(s)(Ep)2d(s)73/2du(s)
t/Ne?

3 o
+y /0 AA(E/22€) / o= () (eD)? §(5)3/2d y(s)
i=1

si=t/Ae?
[0,£/A¢2]2
(173)
where
3
du(s) 16773 (Z Si — 1) Xo(As1) = X5 (As1))xo(As1) [ (1 = xo (Xs3)?).-
] 1=2

Start with the first term in (173). Since As; > 1 the A-integral is supported in
A > 3. On the support of x,(As1) — x5 (As1) s1 € [A71,2A71]. By symmetry
we may assume So < s3 and then s3 > 1/6. Hence, in the support of the y’s
a =< s1 and d < so. We get the bound



532 A. Kupiainen Ann. Henri Poincaré

2/

e} 1

C(ep)ze_(ep)z/ dA dsl/ dsas; %ellx — X[l oo
1/3 1/ 1/

< O(ep)®e™ P I = X/ oc-

For the second term, if i = 1 then s; = t/Ae? € [1/),2/A] implies ¢ € [¢?, 2€%].
Again a < s1, d < s9 < s3 and we end up with the bound
C1(t € [¢*,2¢)) X — X[l oo-

If 7 # 1 the same bound results. We may summarize this discussion in

jd(t,p) — d'(t,p)| < Cle+ 1(t € [¢%,2¢%]) X = X[|oo- (174)
The operator K(t',t)d(t) acts as a Fourier multiplier with %e"t,’t‘ (p* +
1)=2d(t, p). Since d(t,p) is analytic in a strip |[Imp| < ¢ we get in x-space
from the above bounds

(K (#,)d(t))(z)] < Ce™ =12 (1 4 log(1 4 ¢72))
(K, 1)(d(t) — d(1))) ()] < Ce™ " H7elel (e 4 1(t € [, 2€°]) [ x = X [loo-

Hence,
(Kdg)(t,2)| < / o2l =t=ele=ul(1 4 log(1 + 7 %)) g(t, y)dtdy

which is in L™ for ¢ € L>® x L™ and for ¢ € L™ x L' as well. This gives the
first bound in (155). The second is similar.
(b) E. We have E¢ = 0,C3¢ where C3(t, s,x) := C(t,s,z)3. Thus integrating
by parts
Khy B¢ = Kdihy_mC30 4+ 0; K hy_ 1 C2 . (175)

By (67) |0:K(z)] = K(z) so we may use (145) for the second term as well to
get

1K - Bdllos < ClIK * C? % ¢|oc
By Lemma 15 C? is in L'(R x T,,) and hence K * C3 is in L'(R x T,) and
in LY(R) x L®(T,,) so that the first estimate of (155) follows. The second is
similar.
(¢) F. By (161), F has four contributions, call them Fy, Fy, F», Fy. Start with
F. Since p; is supported in s > 1 the kernel is bounded (in fact smooth)

lai (', t, )| < Cecl®l,

and so by (120) we get

|FyL(t+7,t,2)| < Ce™ ol (22 4 7)1,

Hence, (156) holds for F; uniformly in € and the first bound in (155) follows.
For the second one we proceed as in Lemma 15 to get for fi (7, z) := sup, |F1 (t+
T, t,x) — F{(t + 7,t,2)| that ||f1]1 < Ce” for some v > 0.

Consider next Fy = —36a,C?%. We show:

Fy(t' t,x) = e Op((t' —t)/e?,x/e) +r(t',t,x) (176)
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where
Ip(r,@)| < Ce 1,2, (177)
and r satisfies (155). To derive (176) we note that by a change of variables
t/e?
as(t+ 7, t,x) = ~3 H(7 4 2€%s,2) (1 — x(5))0sx(7/€* + s)ds
0

where we also noted since 9 is supported on [1,2] y(e?s) = 1. Using scaling
property of the heat kernel H(7 + €%s,2) = e SH(7 /€ + 2s,1/€) we get then

4
ax(t+7,t,2) = e 2o (T x)

2 ¢

with

1t

afr, t,x) = 75/ H(T+ s,2)(1 — x(8)0sx(7 + s)ds. (178)
0
Note that, o depends on ¢ only on ¢t < 2 and is bounded by
la(r,t,z)| < C’efczlegg, la(T,t, 2) — a(r, 00, 2| < Ce—cr” 1r<2li<a.

Comparing two lower cutoffs y and x’ we get

2
la(r,t, ) = o'(7, 6, 2] < Ce™ " 1raalx = X/[loo-

2
)
where

oT,t,w5€) = /0 H(r + 25, 2) (X(*(7 + 5)) = x(7 + 5)) (x(¢*5) — x(5))ds.

By similar manipulations, we obtain

ol 2

Ct+rtz)?=e2c (

a8

t
2’ e’

Since H(7 + 2s,2) < C(1 + 5)~3/2 on support of the integrand we get
le(T,t,z;€)| < C(1+ |z])~!
and
le(,t, x5 €) — ¢(7, 00,2;0)] < Cle(1 + e|z]) ™ + (1 + || + 1) %)

with an extra ||x — x|leo factor if we compare two lower cutoffs.
(176) follows with

p(T,2) = —36¢(r, x, 00,0)%a(T, 00, T).
The error term satisfies
r(t+76,2)] < CeP(e+ (1+/€2) 2 + Licne)e @ /1o (179)

with an extra ||x — X’||« factor if we compare two lower cutoffs. Hence,
(Rro)(t, )| < [ e et (e 4 1t = ) y)drde < Cel]

both in the norm L™ x L and in L x L'. This and similar statement with
X — X'l gives (155).
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Let p be the operator with the kernel e °p((t' —t) /€2, (z' —x)/€) —pod (2’ —
z) where po = [ p(z)dz. Then,

(Khp—mp)(z +v,2) = /(K(v —ue)h(z+ue) — K(v)hp—m(2))p(u)du(180)

where u, = (€2ug, eu). The bound (177) then implies [|Kp¢|s < Cel¢|| in
both norms. A similar statement holds with |[x — x'||cc. Po contributes the
renormalization constant ms.

The analysis of F; = —36a4C? parallels that of F, so we are brief:

Bt t,x) =e P q((t' —t)/*,x/e) + s(t', t, ) (181)
where s satisfies (155) and
q(7,2) = —36¢(T, x, 00, 0)%a(T, x)

with
a(t,z) = /(H(7'7 2)(1—x(7)) — H(t + 2s,2)(1 — x(7 + s))0s x(s)ds.

Since dyx is supported on [1,2] and 1 — x on 7 > 1 we get |a(7,z)|] < (1 +
7)75/267@02/7. Since ¢(,x,00,0) < C(1 + |z|)~! we end up with

lg(m, 2| < C(1+ T>_5/2(1 + |J,‘|)_Qe—cx2/7'.

We may now proceed as in (180).
The analysis of the term Fjy proceeds along similar lines and is omitted.
O
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