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Abstract. In the framework of non-relativistic QED, we show that the
renormalized mass of the electron (after having taken into account radi-
ative corrections) appears as the kinematic mass in its response to an
external potential force. Specifically, we study the dynamics of an elec-
tron in a slowly varying external potential and with slowly varying initial
conditions and prove that, for a long time, it is accurately described by
an associated effective dynamics of a Schrodinger electron in the same
external potential and for the same initial data, with a kinetic energy
operator determined by the renormalized dispersion law of the transla-
tion-invariant QED model.

1. Introduction

In this paper we show that the renormalized mass of the electron, taking into
account radiative corrections due to its interaction with the quantized electro-
magnetic field, and the kinematic mass appearing in its response to a slowly
varying external potential force are identical. Our analysis is carried out within
the standard framework of non-relativistic quantum electrodynamics (QED).
The renormalized electron mass, myen, is defined as the inverse curvature at
zero momentum of the energy (dispersion law), E(p), of a dressed electron
as a function of its momentum p (no external potentials are present), i.e.,
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Myen = E”(0)71, while the kinematic mass of the electron enters the (effec-
tive) dynamical equations when it moves under the influence of an external
potential force.

Our starting point is the dynamics generated by the Hamiltonian, H",
describing a non-relativistic electron interacting with the quantized electro-
magnetic field and moving under the influence of a slowly varying potential,
V.. We consider the time evolution of dressed one-electron states parameter-
ized by wave functions u§ € H'(R3), with ||u§||zz = 1 and ||[Vu§||zz < €*, with
0< k< %, and prove that their evolution is accurately approximated, during
a long interval of time, by an effective Schrodinger dynamics generated by the
one-particle Schrodinger operator

Heg = E(—iV,) + V(@) (1.1)

with kinetic energy given by the dispersion law E(p). This result is in line with
the general idea that any kind of physical dynamics is an effective dynamics
that can ultimately be derived from a more fundamental theory. While results
of a similar nature have been proven for quantum-mechanical particles inter-
acting with massive bosons [26], ours is the first result covering electrons
interacting with photons (or, more generally, massless bosons) and reveal-
ing effects of radiative corrections to the electron mass. Our derivation relies
in an essential way on recent regularity results on the mass shell, i.e., the
ground-state energy and the corresponding ground-state vector as a function
of total momentum [9,10]. An interesting result on the effective dynamics of
two heavy particles interacting via exchange of massless bosons has previously
been obtained in [27]. We refer to [1,4,5,12,14-21,23,25] for further related
works.

In the usual model of non-relativistic QED, the Hilbert space of states of a
system consisting of a single electron and arbitrarily many photons (described
in the Coulomb gauge) is given by

H:=L*R? ® §, (1.2)
where L?(R3) is the Hilbert space of square-integrable wave functions describ-

ing the electron degrees of freedom, (electron spin is neglected for notational
convenience). The space § is the Fock space of physical states of photons,

5 =P3%n
n>0

Here §,, := Sym(L?*(R® x {+,—1}))®" denotes the physical Hilbert space of
states of n photons. The Hamiltonian acting on the space H is given by the
expression

HY =H+V.®1y, (1.3)
where H is the generator of the dynamics of a single, freely moving non-
relativistic electron minimally coupled to the quantized electromagnetic field,
ie.,

1
Hi=(=iVa® 1y + VaA(@)? +1q® Hy, (1.4)
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and where V. (z) := V(ex) is a slowly varying potential, with ¢ > 0 small; its
precise properties are formulated in Theorem 1.1 below. Furthermore,

dk ikx
A) =Y / i () € ©ax(k) + he) (1.5)
A ki<t
denotes the quantized electromagnetic vector potential in the Coulomb gauge
with an ultraviolet cutoff imposed, |k| < 1, and

Hy = ;/dk|k|aj‘\(k) ax(k) (1.6)

is the photon Hamiltonian. In Egs. (1.5) and (1.6), a%(k), ax(k) are the usual
photon creation- and annihilation operators, A = + indicates photon helicity,
and €y (k) is a polarization vector perpendicular to k corresponding to helicity
A. We note that all results in this paper hold for sufficiently small values of
the fine structure constant, 0 < o < 1.

We observe that the Hamiltonian H is translation-invariant, in the sense
that H commutes with translations, T, : ¥(z) — e¥Fr¥(x + y), for y € R3,
where Py := Y, [dkkaj(k)ay(k) is the momentum operator of the quantized
radiation field. Hence H commutes with the total momentum operator

Pt := =iV, ® 1f + 1 ® Pf, (17)

of the electron and the photon field: [H, Pit] = 0. It follows that H can be
decomposed as a direct integral

52]
UHU' = [ H(p)dp, (1.8)
/

of fiber operators, H(p), over the spectrum of Py, where H(p) is defined on
the fiber space H,, = § in the direct integral decomposition, H = fﬂg dp 'H,, of
H. The operator U : H — [ © dp'H, is a generalized Fourier transform defined
on smooth, rapidly decaying functions,
(UT)(p) := (Fe'Pr=w)(p) = (2m) %/ / e PPy (g)dz,  (1.9)
R3
where F' is the standard Fourier transform for Hilbert space-valued functions,
(FO)(p) = (2m) /2 / e T (1) d.
R?

For smooth, rapidly decaying vector-valued functions ®(p) € H, its inverse is
given by

(U1®)(z) := e Fr2(F10)(x) = (2n)73/2 / = P=PH®(p)dp. (1.10)

R3

We note that

(UHV)(p) = H(p)(U¥)(p), (UPity))(p) = p(U¥)(p)- (1.11)
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Since U is the composition of two unitary operators, s and the standard
Fourier transform F', it is unitary, too, and Eq. (1.10) defines its inverse.

We define creation- and annihilation operators, b3 (k) and bx(k), on the
fiber spaces H, by

ba(k) := Ue*ay (k) U™, bi(k) :=Ue *a}(k)U', (1.12)

ie.
(Ue™ax(k)P)(p) = bA(k)(UT)(p)

(Ue™™a} (k) ¥)(p) = b3 (k) (UP)(p),

for ¥ € H. Obviously, the operator—valued distributions b,\(k) and b} (k) com-

mute with P;,:. Thus, the operators b f b k)dk map the fiber
spaces H,, to themselves for any test function f The fact that these operators
satisfy the usual canonical commutation relations is obvious. The Fock space
constructed from the operators bg\*) (f), f € L*(R® x {+,—}), and the vacuum
vector € is denoted by F°.

From abstract theory, the fiber operators H(p),p € R3, are nonnegative
self-adjoint operators acting on H, = &, Their explicit form is determined in
the next section. We define E(p) = inf specH (p), for all p € R3, and

1
5::{p6R3|p|§3}, (1.14)

Making use of approximate ground states, ®”(p), p > 0, (dressed by a cloud
of soft photons with frequencies below p) of the operators H(p), which will be
defined in (2.14), we introduce a family of maps JJ : L?(R?®) — H, from the
space L?(R?) of square-integrable one-particle wave functions, u, to a subspace
of dressed one-electron states, u ®°, as

Tow)(x) = (U ys, 187)(x)
— (2m) /2 /dp a(p) 5P x5, (p) B°(p),

where xs, is a smooth approximate characteristic function of the set S, :=
1-uwSCSCR3 (0<u<l).

In this paper we study the time evolution of one-electron states, J§ (uf),
where u§ is a slowly varying one-particle wave function, dressed by an infrared
cloud of photons with frequencies below p. More precisely, we study solutions
of the Schrodinger equation

(1.13)

(1.15)

10U (t) = HY U(t), with U(0) = JL (uf). (1.16)

The key idea is to relate the solution W(t) = e itH" JE(u§) of this
Schrédinger equation to the solution of the Schrodinger equation

i0yuy = Hegug, with uj_, = ug, (1.17)

corresponding to the one-particle Schrodinger operator (1.1), where we recall
that Heg = E(—iVy) + Ve(z), with E(p) as defined above. We consider the
comparison state
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Jg (ug) € H, (1.18)
where uf = e~ ®Heiiy§ is the solution of (1.17) and show that U(¢) remains
close to JJ (uf), for a long time. The choice of initial data satisfying

€ € K 1
||u0||L2(R3) =1 and HVUOHL2(R3) S €, 0 S K < g, (119)

guarantees that u$ remains concentrated in S during the time scales relevant
for this problem, provided the support of & is contained in S.

Theorem 1.1. Let0 < € < 1/3,0 < k < 1/3 and assume that u§ € L*(R?) obeys
(1.19). Assume, furthermore, that V € L>®(R3;R) is such that V € L'(R?) and

I~

that V is supported in the unit ball,
supp(V) € {k e R®| k] < 1}. (1.20)

Let 0 < 4§ < 2(% — k), and choose p = pe 1= €379,
Then there exists 0 < ag < 1 such that, for all 0 < a < ag, the bound

He—itHVjOpe (UB) B joe(e—itHeffug)HH < Cs (6%—%-&-& t+ 6%_%752) 7 (1.21)
holds for all times t > 0. In particular, for all 0 <t < 6_2/3, we have that
e G (ug) — T~ (e erug) g < Ced=E 0 (122)

Remark 1.2. We note that for this result, the regularity properties of the
dressed electron states are crucial, as described in (1.30), below.

Remark 1.3. Theorem 1.1 implies that, for all &' > 0 such that §’ < % — % + K
”efitHVjOps (UB) B jope(efitHcffug)”H < Cs 66’ (1.23)
holds for all times ¢ with 0 < ¢ < e~ (3= 3+r)+0",

Remark 1.4. The initial conditions in Theorem 1.1 are chosen such that the
initial momentum is O(e"). The conditions on the external potential imply
that the expected force, and, thus, the acceleration, is of order O(e). Hence,
at time ¢, the momentum is of order O(e"®) + O(et), and therefore the action,
E(p)t — B(0)t = 52—p?t, is of order O(e"t) + O(€?t%). Hence, if § — r > §

and t < e 1% then this term is much larger than the error term in Eq. (1.21).

To make this remark more precise, we define the operator Heg :=E (0)+

V(ex), and consider the difference between e~Hett and e~Heit. We write

e~ Heir _ o—itHett g the integral of a derivative,

t
o itHerr _ p—itHes _ _; /ds e #(t—s) Herr (E(p) — E(O))e*ism“ , (1.24)
0

and use that E’(0) = 0 so that c¢p? < E(p) — E(0) = ﬁpQ(l +0o(1)) < Cp?
(see Proposition 2.1, below). Then, using

ei5ﬁ0f‘p2e_i5ﬁ”ff =p? +2ep- (VV)(ex)s + AV (ex)s?, (1.25)
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we find that
emitHer _ o=itHer — A, 4 O(et2p) + O(213), (1.26)

where A; = O(tp?). Adding the second and third terms on the r.h.s. of (1.26)
to the error estimated by (1.22), we observe that

O(tes 5+ £ O(et?p) +O(243) = O[t(e3 5+ 45T 4e3)]
= O(tes—5+%), (1.27)
provided that 0 < t < e~ 2/3. Assuming that A, is not only bounded above by
O(tp?), but is actually of order
| A u§| > Cte*r, (1.28)

with C' = C(u§, Mren) > 0 depending on the initial data and on the renor-
malized mass Mmyen, we can compare this contribution to (1.27) and observe
that

LV itH,
et T (uh) = T (e~ e ug) — TP (Avu)ll
[ Azl

provided e 2F < t < ¢ 2/3. Thus our estimate allows us to separate the main
contribution of the dynamics from the error terms on a suitable time scale.

< O(e3757%) (1.29)

1.1. Outline of Proof Strategy

To prove Theorem 1.1, we introduce an infrared reqularized version of the model
defined by (1.3), (1.4), obtained by restricting the integration domain in the
quantized electromagnetic vector potential (1.5) to the region {o < |k| < 1},
for an arbitrary infrared cutoff ¢ > 0. Thereby, we obtain infrared regularized
Hamiltonians HY and H,, as well as an infrared regularized family of maps
J? corresponding to Jp .

We note that, unlike H(p), the infrared cut-off fiber Hamiltonian H, (p)
has a ground-state ¥,(p) € H, = §, for every p € S and for ¢ > 0, but
U, (p) does not possess a limit in H, = §, as ¢ \, 0, when p # 0. In partic-
ular, we expect that the number of photons in the state ¥, (p) diverges, as
o\, 0, (thus the lack of convergence of ¥, (p) in §). This is a well-known
aspect of the infrared problem in QED [8-11,22]. Tt is remedied by apply-

ing a dressing transformation, W, (p)> defined in (2.14), below, to ¥, (p),

where E,(p) = inf specH,(p). The resulting vector, ®/(p) := Wh Yo (p),
describes an infraparticle (or dressed electron) state containing infrared pho-

tons with frequencies in [, p]. As o \ 0, the limit
@7 (p) = lim ®7(p) (1.30)

exists in §, for all p € §; see Proposition 2.2. This allows us to construct the
map J} as the limit of the maps [J¥, as o \, 0. Note that, while ¥, (p) does
not converge in § as o \, 0 when p # 0, we have that lim,\ o E,(p) = E(p).

We note that ®2(p) is the ground-state eigenvector of the fiber Hamilto-
nian

K2(p) = WZh o) Ho ) (WL )" (1.31)
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which is obtained by applying to H,(p) the Bogoliubov transformation corre-
sponding to the dressing transformation Wg'p )
In Theorem 2.3, below, we prove that an estimate similar to (1.21) is

satisfied for the infrared regularized model, namely

. v .
le™ "7 T2 (ug) — T (e Hettoug) |15
< Cs(1+In(p )3 0t + Ca? prt(e® + et), (1.32)

holds uniformly in the infrared cutoff o and the cut-off p > o. This result cru-
cially uses the regularity properties of the dressed electron states ®2(p), which
allow us to take advantage of the fact that V; is slowly varying. An additional
key ingredient is the bound ||(H, (p)— K2 (p))®2(p)|lz < Caz pz|p|, forp € S,
proven in Appendix A. In (1.32) we take p = p, := €3 and absorb In(p~?)
into €3 9.

In Sect. 3, we control the limit o \ 0, thus concluding the proof of The-
orem 1.1. This requires control of the radiation emitted by the electron due to
its acceleration in the external potential V, in the limit o \, 0.

2. Infrared Cut-off and Construction of ®°(p)

As noted in the introduction, we analyze the original dynamics by first impos-
ing an infrared (IR) cut-off, and controlling the dynamics generated by the
resulting Hamiltonian. Thus, we define the IR regularized Hamiltonian

HY = H, +Vi(z) 1, (2.1)

where

1
Hy = 5(=iVe @ 1y + Vady(2))* + 10 @ Hy (22)

is the generator of the dynamics of a single, freely moving non-relativistic
electron minimally coupled to the electromagnetic radiation field. In (2.2),

A() =3 / |]:|1f/2{e,\(k)eik”®a,\(k)+h.c.} (2.3)

A o<lkl<1

denotes the quantized electromagnetic vector potential with an infrared and
ultraviolet cutoff corresponding to o < |k| < 1. Since V' € L*°(IR?) is a bounded
operator, D(HY) = D(H,) = D(—A, ® 1y + 1 ® Hy). The results in this
paper are proven for sufficiently small values of the finestructure constant,
I<ax 1.

The Hamiltonian H, is also translation invariant and, similarly to H, can
be represented as the fiber integral

D
UH,U ' = / H,(p)dp, (2.4)

R3
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over the spectrum of Py, defined on the fiber integral [ © dpH,, with fibers
H, = F°. The decomposition (2.4) is equivalent to

(UH-¥)(p) = Hy(p)(UW)(p). (2.5)

Again, by abstract theory, the fiber Hamiltonians H,(p),p € R3, are self-
adjoint operators on H, = &b, Written in terms of the creation- and annihila-
tion operators on the fiber space, they are given by

Ho(p) = 3 (p— P}~ VaAL)® + )} (2.6)
where
HY ::Z/dk\k|b§(k:) ba(k), P} ::Z/dkkb;(k) ba(k)  (2.7)
A A
and
=% [ s awne e (28)
o<|k|<1

Henceforth, we will drop the superscripts “b” from the notation.

While H(p) has a ground state only for p = 0, it is proven in [2,6] that,
forp e S:={p e R3||p| <1/3} and o > 0, H,(p) has a non-degenerate (fiber)
ground state. This motivates the introduction of the cut-off. Properties of the
fiber ground-state energy, E,(p) = infspecH,(p), are given in the following
proposition proven in [2,6,9,10]:

Proposition 2.1. There exists a constant 0 < ap < 1 such that for all 0 < a <
g, the infimum of the spectrum of the fiber Hamiltonian,

E,(p) = inf specH,(p), (2.9)
satisfies:
1. Foranyo > 0,E, € C*(S), and for allp € S = {p € R?||p| < 1}, E-(p)

is a simple eigenvalue.
2. There exists a constant ¢ < oo such that, for any p € S and o > 0, we

have that
IV,Es(p) —p| <calpl, and 1—ca§6|2p|EU(p) <1. (2.10)
3. The following limit exists in C?*(S)
lim E,(-) = E(-). 2.11
lim o) = () @.11)

Welet U, (p) € §, with || ¥, (p)||z = 1, denote the normalized fiber ground
state corresponding to E,(p),

Hy(p)¥o(p) = Es(p) Vo (p), (2.12)
forpeS.For0 <o <p<1andpeS, we introduce the Weyl operators

(kz)bx(k:) — h.c.

a,pP

WE () = €XP a22 / kY |k|1/2 \kl B (o) B) , (2.13)
0<|k\<p
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with VE,(p) = V,Es(p), which are unitary on §, for ¢ > 0. Moreover, we
define dressed electron states

(I)g(p) = nga(p) \I/a(p)' (2'14)
For p € S, we define the Bogoliubov-transformed fiber Hamiltonians
K2(p) = WZE, oy Holp) (WL )" (2.15)

It is convenient to define K2(p) := H,(p), for p € R3\ S.
The dressed electron states @2 (p), for p € S, are the ground states of the
Bogoliubov-transformed fiber Hamiltonians K2 (p), defined in (2.15), i.e.,
K (p) ©4(p) = E5(p) 25(p).- (2.16)
The properties of these states are described in the following proposition:
Proposition 2.2. For any p € §,0 < p < 1, and for sufficiently small values

of the finestructure constant 0 < a < 1, the ground-state eigenvector ®-(p)
satisfies

1. The strong limit
D (p) := lim D2 (p) (2.17)

o—0

exists in §.

2. For 0 < %, the vectors ®F(p) are 0-Hélder continuous in p,

P —_ PP
p.g€S lp—dl p

uniformly in o, with 0 <o < p < 1.

The proof of #-Holder continuity for 6 < % is given in Sect. 5; (see also
[9,10,22] for earlier results covering the range 6 < %, in the case where p = 1).

For arbitrary u € L2?(R3) (with Fourier transform denoted by ), we
define the linear map

JLu— (2%)_3/2 /dp u(p) e (P—Fr) X5, (p) 2 (p), (2.19)
S

where  is the electron position, xs, is a smooth approximate characteristic
function of the set

Sy =(1-p)ScScR? (2.20)
and 0 < p < 1. Note that J? : L*(R®) — M C 'H, where

M= (2m)73/2 / dpi(p) e P~ x5, (p) D4(p) | u € L*(R?) 3, (2.21)
R3
the subspace of vectors in H supported on the one-particle shell of the operator

f‘? dp K£2(p). We also note that in (2.21) we do not require that supp(@) C Sp;
instead, we cutoff @ outside the region S, by multiplying it by xs, .
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Furthermore, we introduce the one-particle Schrédinger operator

Heff,o = eff,a(_ivac) + Ve(z) (222)
Here, the kinetic energy operator is defined by
Eeff,cf(p) = Ea(p) , DE Sa (223)

and suitably extended to p € R?\ S. Note that the restriction of Eog,o to S'is
twice continuously differentiable, Eu ,|s € C?(S); see Proposition 2.1.
As a first step towards proving Theorem 1.1, we prove the following result:

Theorem 2.3. Under the conditions of Theorem 1.1, there exists as > 0 such
that, for all0 < a < ag, the bound (1.32) holds uniformly in the infrared cutoff
o > 0 and the cutoff p > 0.

Proof. Our proof makes crucial use of the properties of the fiber ground-state
energy E,(p) and of the corresponding dressed electron states ®%(p), for p € S,
given in Propositions 2.1 and 2.2 above. We define the operator K? acting
on H,

5]
K? = /K{j(p) dp, (2.24)

and the perturbed operator KY := K? + V.. Note that the operator K7 has
the property that
KLT2 = T8 Eetr(—iV). (2.25)

We write the difference on the LHS of (1.32) as the integral of a deriva-
tive, substitute HY — HY — KY + K inside the integral, and group terms
suitably to obtain

e TP () = T (e e )
t
— et / ds 1Y (HY 79 (uS) — T2(Horuil))
0

= ¢'(t) + ¢*(t), (2.26)

where uS := e~ Heito 4§ and

t
PL(t) 1= —i e HHS /ds e (Hy — K2) 72 (), (2.27)
0

where we have used the cancelation of V in HY — KY = H, — K?, and
t
P (t) = —ie M [[dse S (1) Tp(u) - Te(Haru).
0

The first term on the r.h.s. of (2.26) accounts for the radiation of infrared pho-
tons, while the second term accounts for the influence of the external potential
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V. on the full QED dynamics W(t) = e "/ 72(ug), as compared with the
effective Schrodinger evolution e~ #Hett.a .
Using the direct integral decomposition, we obtain

¢ (t) = —i (2m) 2L
t
x / ds HY / dpas(p) PO (H, — K2)(p) xs, (P)2L(p), (228
0 S
so that

1610l < sup {3 1o~ K2) ) 220 / |V ey ds. (2:29)

We note that thanks to xs, in (2.28), which cuts off the tail of u§ outside of
Sy, the supremum in (2.29) can be taken only for p € S,,, respectively, S.
In Appendix A we prove the following key result:

]. 1 1
sup { - [[(H, — K2) () ®4(p) 5 | < Cal pt, (2.30)
pes LIp|

uniformly in o > 0. Furthermore, we have the estimate
/ | Vug || L2msy ds < C t (" + et), (2.31)

as shown below in (2.37)-(2.39), using the condition ||Vu§||2®sy < €* on uf,
and the fact that the potential V satisfies (1.20). We obtain

16" ()l < C (" +et)a p7, (2.32)

which yields the second contribution to the r.h.s. of (1.32).
For the second term on the r.h.s. of (2.26), using the fiber decomposition
and the equation K2 (p) ®2(p) = E,(p) P2 (p), we have that

t
P2(t) = —ie HS / ds ™ (V. JP(us) — TP (Veus)). (2.33)
0

D D
Let ||@Hce(s) = Supp’q€ w

n (2.40)-(2.47) below, we prove an estimate of the form

6%l < tCNIVIOVellpr ey (1 + (@5l cos)) - (2.34)

for 0 < % The key point here is that the #-Holder continuity of the fiber

ground-state ®2(p) enables us to gain a 6 derivative of the potential, yielding

H|§|9\V5||L1(Rs) < C¢. Using the #-Holder continuity of ®2(-), which holds
uniformly in o, with 0 < o < p, and the fact that

VIV lLi@sy <7, where = [V(k)| < o0, (2.35)
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(see (1.20)) and using [|®4||cesy < Cs(1 + In(p~')), which we prove in
Proposition 5.4, we arrive at

19*(®)ll3 < Cste’ (1+In(p™1), (2.36)
which yields the first term on the RHS of (1.32). O

Proof of (2.31). To verify (2.31), a simple calculation shows that

S
Vus = e~ iHetto gy e — / dv e~ WHetta GV (1) e~ Hetto € (2.37)
0
Using that [|[Vu§||L2 < € and that

IVVellze = [VVellzr < e, (2.38)

we conclude that
[ Vug |2 < C (e + es), (2.39)
and thus (2.31). O

Proof of (2.34). In what follows we use the notation
UO)p) = F(p) and (U B)(x) = 2V (x)
We define
G 1= VoT2(uf) — T2 (Veus). (2.40)
Using the definition of J# and computing the Fourier transform, we find that

~

Gulp)=n) 2 [ ATty - )(s.0) (x5, (@0B(@) ~ x5, )250)- (201
R3
By relations (2.33) and (2.40) and the unitarity of the generalized Fourier

transform we have that
t t

1620 < [ dsllizes = [ dsIlisos, (2.42)

0 0
It is important to note that, for any function f € L*(R?®) with supp(f) C S,,
supp(‘Z x f)C S, (2.43)

~ o~

for € < u/3, since we are assuming supp(V') C {k||k| < 1}, so that supp(V,) C
{k||k|] < €}. Since the term in the integrand given by (uSxs,®5)(q) is sup-

ported in ¢ € S, so that, by (2.43), its convolution with V. has support in S,
we find

Vs(p) = (2m) /2

<1s(p) / dq Vi(p — ) (s, ) (xs, (0) D2(0)—xs, (D)BE (D)),  (2.44)
]R3
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for € < u/3, where 1g is the characteristic function of the set S. Inserting
Ip — q’lp — ¢|=% = 1 into (2.44), using the definition of |V|? by its Fourier
transform and using that, since xs, is a smooth function,

sup |p— /7%l (xs, (0)22(q) — x5, (0)P2(P)) Iz < C(1+ |22l cocs)), (2.45)

P,qES

we obtain the bound [[dsz2e5 < C(1+ 1192 co(s)ll L5 * VPVl [l 12(s)-
Next, using Young’s inequality, ||f * g||l- < ||fllz:lgllz-, we find that

[¥sllzes < C(L+[1@0llcos) IIVIOVellire) sup [[1stglrzrs). (2.46)

s€f0,t
Finally, observing that
11585 Lo ms) < U5llL2re) = luslLomsy = ubllzeey =1, (2.47)
by unitarity of e~“ett.o and using (2.42), we arrive at (2.34). O

3. The Limit o \, 0
In this section we remove the infrared cut-off from the evolution.
Proposition 3.1. Under the conditions of Theorem 2.3, the strong limits
s = lim o= () = e~ FP () (3.1)

and

s = lim, TE(em et uf) = Jg (e e ug) (32)
exist, for arbitrary |t| < co.
Proof. We write

e TR (uf) — e T ()

= (7" — T T () + eI (T - T ). (34)
Clearly,
e85 (72 = T8 ) | = (T = Tt
< [lupllzz sup |195(p) — 2 (p)]] -
PES,,
Thus,

i H —itHY ( 7p _ 7P\(,€
U{% € (T8 = T5)(up)
follows from Proposition 5.1.

Next, we discuss the first term on the right side of (3.4). In order to prove
that it converges to 0, as o \ 0, it suffices to show that HY converges to H"
in the norm resolvent sense; (see [24, Theorem VIII.21]), i.e.,

;i{% |(HY +i)~' = (HY +i)7'|| = 0.

=0
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From the second resolvent equation and the fact that ||(HY + i)~ < 1, it
follows that

|HY +i) "= HY +i)7Y = |[(H +0)7' Qe (HY +0)7|,  (3.5)
where

Qo :=H" = H = atAcs(2) v, + 5 (Aco(2))?,
and
Vg i= —iVg + a%Ag(m)
is the velocity operator. Here A, (a:) is defined in (2.3), and
Acq(x Z / |k|1/2 {ex(k) e ™ @ ay(k) + h.c.}. (3.6)
\k|<a

In order to estimate the norm of Q,(HY + i)~!, we use the following well-
known lemma:

Lemma 3.2. Let f,g € L2(R?® x {+,—}; B(He)) be operator-valued functions
such that || (1 + k|~ 2 I 11 + [k|=1)"/2g]| < co. Then

la (f)(Hp + 1) 72 < [[(1+ k712 £ 22, (3.7)
la? (£)a? (g) (Hp + 1) 7H < (14 1572 fllz 10+ (B2 glle, (3.8)
where a¥ stands for a or a*.

In particular, using the Kato-Rellich theorem, one easily shows that, for
a small enough, D(HY) = D(-A, ® I + I ® Hy) C D(Hy). Thus, we have
that

|(Hy + )(HY +i)7| < C,
which when combined with Lemma 3.2 yields

H%(Aq( N2(HY +i)~ H <Cao. (3.9)

Likewise, one verifies that

[N

Ha%A<U(x)-UU(HV—|—i)71H <Ca?o?, (3.10)

since 0 < v2 < HY 4 ||V||z~ is bounded relative to HY . Estimates (3.9) and
(3.10) yleld

HQU(HV +i)7H| < Ca?o?.

By (3.5), we have shown that HY converges to HY, as ¢ \, 0, in the norm
resolvent sense. g
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4. Proof of Theorem 1.1

In this section, we prove the bound in Theorem 1.1, which compares the full
dynamics to the effective dynamics for the system without infrared cutoff. We
have that

. v .
[ e~ jop(ug) - jop(eﬂtHeff ug) [l
itHY i €
< le™"e FL(ug) — Tg (e et ug) [l
. v . \%4
+ e e FL(ug) — e TP (ug) I
+ || T2 (e Hemr u) — T (e et ug) |34 (4.1)
for any t and 0 < 0 < p < 1. It follows from Theorem 2.3 that the first
term on the r.s. of the inequality sign is bounded by Cs (1 +In(p~1)) €30t 4
C az p2 t (" + et), uniformly in o > 0.

From Proposition 3.1, it follows that the second and third terms on the
r.s. converge to zero, as o \, 0. By taking ¢ to zero, we thus conclude that

et 75 () — T (e~ ) [
<Cs(14+In(p ")) es 0t +Caz p?t(ef +et). (4.2)
Due to our choice p = e§*5, this concludes the proof of Theorem 1.1. We note

that in the inequality (1.21), the logarithmic term In(p ') has been absorbed
by an arbitrary small shift of 4, which we do not keep track of notationally. [

5. Holder Continuity of the Ground State

We recall that ®2(p) denotes a normalized ground state of the Bogoliubov

transformed fiber Hamiltonian KZ2(p) = WéE(,(p) H,(p) (WéEa(p))*’ with
infrared cutoff o > 0 (see (2.15)). Our aim in this appendix is to prove that,
for a suitable choice of the vectors ®2(p), the map p — ®~L(p) is O-Holder
continuous, for 6 < 2/3.

For p =1, we set

D, (p) :=P5(p),  Ko(p):=K(p). (5.1)
We remark that

K2(p) = (W, o) Ko W (s P50) = (W () ®o(p), (5:2)

where we recall that W2}, (p) 18 defined in (2.13).
Letting

3o =P Sym(L*({k € R? [k| > o} x {+,-}))®" (5.3)

n>0
denote the Fock space of photons of energies > o, and identifying §, with a
subspace of §, we observe that K,(p) leaves §, invariant. Let K, (p) denote
the restriction of K,(p) to §,. An important property, proven in [3,10,13], is
that there is an energy gap of size no, where 1 > 0 is uniform in o \ 0, in the
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spectrum of K, (p) above the ground-state energy E,(p). Moreover, one can
choose

P, (p) = P4(p) ® Q<o (5.4)
in the representation § ~ §, ® F<,, where
F<o =P Sym(L*({k € R%, |k <o} x {+,—}))®". (5.5)

n>0

Now, let €, denote the vacuum sector in §, and I, (p) be the rank-one

projection onto the eigenspace associated with E,(p) = infspec(K,(p)). By
10,13),

(01 2 5, (56)

for arbitrary o > 0 and |p| < 1/3 provided that « is chosen sufficiently small.
Then ®,(p) can be chosen in the following way:

= ﬁa (p)Qa
D, =
TSN

Let N denote the number operator,
N = Z/dk b (k) ba (k). (5.8)
A

The following proposition has been proven in [8,10,13].

Proposition 5.1. For a < 1 and |p| < 1/3, there exists a normalized vector
®(p) in the Fock space § such that ®,(p) — ®(p), strongly, as o — 0. The
following bound holds,

INZ,(p)|| < Ca?, (5.9)

uniformly in o > 0. Moreover, For all 6 > 0, there exists as > 0 and Cs < 0o
such that, for all0 < a < as5,0 <0’ <o <1 and|p| <1/3,

1®5(p) = Do (p)]| < Cs a3 0?7, (5.10)
IV Ey(p) = VE(p)] < Csat o'~ (5.11)
As a consequence, we show the following corollary:

Corollary 5.2. Let 0 < p < 1. For all 6 > 0, there exists 0 < ay < 1 such
that, for all 0 < a < as and |p| < 1/3, there exists a vector ®P(p) in the Fock
space such that ®L(p) — ®P(p), strongly, as o — 0. Moreover, there exists a
constant Cs < oo such that, for all 0 < a < a5,0< 0’ <o <1 and |p| < 1/3,

124 (p) — @2, (p)]| < Csat o' (1+ a2 In(p™)). (5.12)
Proof. Using (5.2), we split
71 * 71 *
o5p) ~ 05, (0) = (Weh, ()" = (Wer ) ) @a0)
+(Weg ) (@o(p) — 20 (p)). (5.13)
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By Proposition 5.1 and unitarity of Wp ‘ , the second term is estimated as
HOW%AMY@Amfém@»Hs%a%&J. (5.14)
The first term in the right side of (5.13) is estimated as
) 1 * _ s ,1 *
H( WéE (p) (WGE () )q’a(p)H —H( WéE (p)(WGEU/(p)) )q’a(p)H
<|B(p)2. ()| . (5.15)
by unitarity of Wé’ég ) and the spectral theorem, where

B(p)=a?y / dk

A p<|kl<1

x( E,(p) - ex(k ) A(k)—h.c. VEUI(P)'q(k)bk(k)—h.c.)
kY2 (|k| =V Eq(p) - k) |k|/2(|k[ =V Eq (p) - k)

(5.16)

(
To estimate || B(p)®, (p)||, we use the well-known fact that, for any f € L2(R®x

{+ =},

la® (F)(N +1)7%]| < V2| £l 2. (5.17)
Clearly,
VE<> A(k) VE, (p) - ex(k)
|&[1/2(|k] — <)) " JKIY2(K| = VE,(p) - k)
:wax> @) A(k)
wwmm E,(p) - k)
VEU/(p) ex(k)  (VEs(p ) Ey(p)) -k
TRk = VE, () R (k] - RN (5.18)

Hence, by (5.11) and the facts that |VE,(p)|,|VE. (p)] < 1/2 for a small
enough (see Proposition 2.1 (2)), we obtain

‘ VE,(p ) Ak)  VE.(p)-e(k) ‘ _ Caio'™ (5.19)
E[V2(|k| = VEo(p) - k) [k['/2(|k] = VEq (p) - ) k|2
Thus, (5.16) and (5.17) yield that
s 1 5l Logim=<a (K] 1
)20 < Crat o' 0| ZEHEEEE] v+ 12200
< Csato'™d In(p~1h). (5.20)

where we used (5.9) in the last inequality. Together with (5.13)—(5.15), this
concludes the proof of Corollary 5.2. 0

The following result follows from [10, 13] (it is also a consequence of (2.10)
in Proposition 2.1 (2)):
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Proposition 5.3. There exist a. > 0 and C > 0 such that, for all 0 < a < a
and p,p" satisfying |p| < 1/3, |p'| < 1/3,

[VE;(p) = VE,(p')] < Clp '], (5.21)
uniformly in o > 0.
We now prove the following proposition:

Proposition 5.4. Let 0 < p < 1. For all 6 > 0, there exist ag > 0 and Cs < o0
such that, for all0 < a < as,0 > 0 and p, k € R3 satisfying |p| < 1/3,|p+k| <
1/3,

124 (p+ k) — D5(p)|| < Cs (1 + a2 In(p™")) k|57 (5.22)
Proof. Step 1. We first prove that, for all 0 < o < p <1,
182 (p + k) — BL(p)|| < C k| (077 +aZ In(p™1)). (5.23)
We decompose
Oo(p+ k) = 25(0) = (W, yiny) Pl +k) = (W ()" €o(p)
= (W&, i) = W& ()) 2o ()
+ (W, i) (Po(p+ k) — 25 (p)). (5.24)

To estimate the first term in the right side of (5.24), we proceed as in the proof
of Corollary 5.2. Namely, we have that

H( VE (p+k * - (Wééa(p))*)@o(p)u

- H( - W, (p+k>(W§’én(p>)*>‘I’”(p)H
< |ce.w)]. 2

by the spectral theorem, where

p<|k|<1
([ YE () ex(k)ba(k) = h.c.  VE;(p) - ex(k)ba(k) — h.c.
|k|V2(|k| = VE,(p+ k) - k) k[V2(|k| = VEs(p) - k) )
Using Proposition 5.3, one verifies that
E[V2(|k| = VE;(p+ k) - k) |k['2(|k] = VEo(p) - k) — [kl
Hence (5.17) implies that
1 1 k (];) 1
|Ce2a )] < Cat il |25 L N0V + DE e )]
P

<Ca? |kl In(p™"), (5.27)
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where we used (5.9) in the last inequality. Equations (5.25) and (5.27) yield

[(Weh, ) = (WL ) )8 < Cat Y. (5.28)

It remains to estimate the second term in the right side of (5.24). By

unitarity of WQ}{; (prk)» it suffices to estimate [|®,(p + k) — o (p)||. Using

(5.6) and the relation

(T (p) — To (p + )|

= (o, (s (p+ k) + I (p) — Ty (p)TLs (p + k) — T (p + B)IL, (p))¢p)
= (. (T (p + B)T, (p) + T ()T, (p + ) 0),

= (¢, (o (p)TI7 (p + k)TLy (p) + Iy (p)TLs (p + )T (p))2),

= [T} (p + )L, (p)® + IITTs (p + B)IT; (P,

for any ¢ € §,, where IIZ(p) := I — IL,(p), we obtain that

@6 (p+ k) — ©o(p)]| = | @ (p + k) — @0 (p)

9 - -
— |11, — 11, k))Q,
< oy | (o)~ o+ B

< 6|\ (p) — o (p + k)|
< 6(||TIE (p + k)L, (p) || + [ITIZ ()TLo (p + K)||)
< 6T (p+ k) Do (p)]| + |TIE (0) @6 (p + K)I).  (5.29)

Since there is an energy gap of size no above E,(p + k) in the spectrum
of the operator K, (p + k), we can estimate

1

Il (p+k) <
770'

(Ko(p+k) = Es(p+k)),
and hence
1 2 1/2%
107 (p+ K)o (0] < —75 575 | (Ko 0+ 8) = oo+ 8)) 8o ()] (5:30)
We have by (2.15), (5.1), the definition after (5.3) and (2.6)
Kq(p+k) = Kq(p) + k- VKo (p) + £ /2, (5.31)

where V, Ky (p) := Wi ) VpHo(p) (Wey, ()%, with V,Ho(p) :=p — P —

azA,. Using this expansion and the Feynman-Hellman formula,

(B5(p), VKo (p) s (p)) = VE,(p), (5.32)
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together with the mean-value theorem and Proposition 5.3, we have that (see
also [7, Lemma 3.6])

H o(p+k)—E,(p+Ek)) % H
= (T, (p), (K, (p+ k) — Ea(p +£)By(p))
= (D, (p), (Ko (p) + k- (VKo (p)) + k2/2 — Ey(p+ k), (p))

= E,(p) — E;(p+ k) + k- (VpEs(p)) + k*/2
1

1
= 5]{2 +/k . [VpEg(p) — V,E.(p+ Tk‘)] dr
0

< Ck* (5.33)
Hence,
1 -
|(Ko(p+ k) — Es(p+ k)2 @6 (p)|| < CE. (5.34)
Combining (5.30) and (5.34), we obtain that
105 (0 + K)o (p)]| < C [k o™= (5.35)
Proceeding in the same way, it follows likewise that
I3 (1) e (p + k)| < Okl o, (5.30)

and hence, by (5.29), (5.23) follows.

Step 2. We now prove that | ®2(p + k) — ®2(p)|| < C5 (1 4+ a2 In(p~1)) k|59
(with Cs < oo for 6 > 0).
Suppose first that ¢ > |k|?/3. Then by Step 1, we have that

@2 (p + k) — L(p)|| < C k| (|k| 75 + a2 In(p™1))
=Ck|5 +Ca? In(p™") |K|. (5.37)

‘2/3

Conversely, assume that o < |k . We write

|95 (p + k) — 2 (p)
< BL(p+ k) — D (p+ B + [ @ (p + k) — By 0 (p + )|
1 82(0) — ()] + [0 (p) — O, 0)]
+ ||‘I) k|2/3 (p+k)— ‘I"pkp/s @)l (5.38)
By Corollary 5.2, the first two lines are bounded by
125 (p+ k) = ©7(p + k)| + [ 27(p + k) — @[ 00 (p + K|
+[25(p) — (D)l + |27 (p) = D, 2/s )
< Csat (1+a2 In(p~h)) k309 (5.39)

whereas by Step 1, the last term is bounded by C k|3 + C a2 In(p?) |k.
Setting ¢’ = 26/3 and changing notations concludes the proof of the proposi-
tion. g
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Appendix A. Proof of Estimate (2.30)
In this Appendix, we prove (2.30). It asserts that

(K2 (p) = Ho(p) @5 (p)ll5 < Cac® p2 [pl, (A1)
for all p € S, for a constant C' < oo independent of «, o, and p, where 0 < o <
p<L

To begin with, let
VE, ( ) - € (k)
# )
vi(k)i=a®1 o< k , A2
(scalar-valued) and
e (k)
w?\(k) - Oé 10’<|k\<1 |k|) |k|1/2 (A3)
(vector-valued). We note that
1 Locpr<p (k)
hMWéCﬁm—ﬁﬁ§* (A4)
and
1, k
n (k)| < € ot Lesti<L(R) (A.5)

k|2
where we have used that |VE,(p)| < C'|p|, uniformly in the infrared cutoff
0<o<1.

Using that

WL,y A (R) W, )" = BA(K) + i (k) (A.6)
a straightforward calculation yields
K&(p) = Ho(p) = Wp_ () Ho (D) WE ()" — Ho(p)
=2V(p) - (VpHo(p)) + VZ(p) + Y (), (A7)
where

VoHs(p) =p—Pr—a?A,, (A.8)
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with

= (balws) + b3(wa)) (A.9)
A

and
Z {b,\ k"U,\ —|— b)\(kv,\) + 2Re(w,\,v,\) + (’U,\, k’l))\)} , (A.lO)
A
(vector-valued operator) and

Y(p)=> [bA((kQ + [k[)or) + b3 (B + [k[)oa) + (v, [kloa)
A

+2Re(k - wy, UA)] : (A.11)

(scalar-valued operator). Note that both V(p) and Y (p) are proportional to
|[VE,(p)| since all terms are of first or higher order in vy (which is proportional
to [VE,(p)| < Clpl).

Using Lemma 3.2 and (A.4), we observe that

IV @) (Hy + )72 < 2 (k] + BP) sl o+ 110z + or o]

< Ca'?p|p'?, (A.12)

and similarly
IV (p)*(Hy + 1) < Calpfp, (A.13)
1Y (p)(Hy + 1)) < C a2 Jp| p. (A.14)

Next we note that for any normalized vector ® € D(H(p)), we have the esti-
mate

H( (p— Py) +Hf+1> 3|
< ||(Hs(p) + 1) ®|| + /2| As - VH,(p) ®|| + | A2 ®||

< ||(Ho(p) + 1) @|| + C a2 (H + 1)V H,(p) @
+Col/(Hf +1) 2| (A.15)

Since furthermore Py and Hy commute, we have that (Hy 4+ 1)? < (3(p —
P)? + Hy +1)? and hence

|(Hy +1) @ < 2||(Ho(p) + 1) @ + C 2| (Hf + 1)V H,(p) D||, (A.16)
provided « > 0 is sufficiently small. Now, we observe that

[[Hy . Ho ) (Hy + 172 = V2| [Hy, 4] (Hy + 1)1 < Ca'/?
(A.17)
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which implies that
I(Hy +1)"/*VH, (p) @||?
= <VHU(p)<I>- , (Hf +1)VH,(p) <I>>
= (VH,(p)*®, (Hy +1)®) — ([Hy, VH,(p)] @, VH,(p) ®)
< C||Hy(p) @|| ||(Hy + 1) ®|| + C?||(Hy + 1)"/*VH, (p) @|. (A.18)
Hence, for sufficiently small o« > 0, we have that
I(Hy + 1)V H, (p) @|| < C | Ho(p) @12 ||(Hy + 1) @2 (A19)

Inserting this estimate into (A.16), we obtain for all normalized ® that

[(Hy +1) 0| < C||(Hq(p) + 1) @], (A.20)
and, additionally using (A.19), that
I(Hy + 1)/2V H, (p) & < C||(Ho(p) + 1) 0], (A.21)

provided a > 0 is sufficiently small.
We arrive at the assertion by applying Estimates (A.12), (A.13), (A.14),
(A.20), and (A.21),

| (K2(p) — Hs(p)) @2(p)||
< 2|V(p) - Vo Ho (p) @5(p)l| + IV (p)* 5(p)|| + 1Y (p) @4 (p)
<2|V(p)(Hy+ 1)72| ||(Hy +1)2V,Ho (p) 94(p) |
+ IV(p)*(Hy + 1) [|(Hy + 1) @2 ()|
+ Y (p)(Hy +1)72| ||(Hy + 1) @2(p)]|

< Ca'?plp'? ||(Hs(p) + 1) @2(p) ||

< C'a' 2 p| p'?, (A.22)
which is Inequality (A.1) or (2.30), respectively. O
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