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Schrodinger Operators with  and
&’-Potentials Supported on Hypersurfaces

Jussi Behrndt, Matthias Langer and Vladimir Lotoreichik

Abstract. Self-adjoint Schrédinger operators with § and 6’-potentials sup-
ported on a smooth compact hypersurface are defined explicitly via
boundary conditions. The spectral properties of these operators are inves-
tigated, regularity results on the functions in their domains are obtained,
and analogues of the Birman—Schwinger principle and a variant of Krein’s
formula are shown. Furthermore, Schatten—von Neumann type estimates
for the differences of the powers of the resolvents of the Schréodinger oper-
ators with § and &’-potentials, and the Schréodinger operator without a
singular interaction are proved. An immediate consequence of these esti-
mates is the existence and completeness of the wave operators of the cor-
responding scattering systems, as well as the unitary equivalence of the
absolutely continuous parts of the singularly perturbed and unperturbed
Schrédinger operators. In the proofs of our main theorems we make use
of abstract methods from extension theory of symmetric operators, some
algebraic considerations and results on elliptic regularity.

1. Introduction

Schrodinger operators with 6 and §’-potentials supported on hypersurfaces
play an important role in mathematical physics and have attracted a lot of
attention in the recent past; they are used for the description of quantum
particles interacting with charged hypersurfaces. In this introduction we first
define the differential operators which are studied in the present paper. Fur-
thermore, we state and explain our main results on the spectral and scattering
properties of these operators in an easily understandable but mathematically
exact form in Theorems A-D below. Although the remaining part of the paper
can be viewed as a proof of these theorems we mention that Sects. 3 and 4
contain not only slightly generalized versions of Theorems A-D but also other
results which are of independent interest.
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In the following let ¥ be a compact connected C'°°-hypersurface which
separates the Euclidean space R™ into a bounded domain €; and an unbounded
domain Q. with common boundary 99, = 9€; = X. Denote by Jx; the d-dis-
tribution supported on ¥ and by 6%, its normal derivative in the distributional
sense with the normal pointing outwards of €;. The main objective of the
present paper is to define and study the spectral properties of Schrodinger
operators associated with the formal differential expressions

E&a =-A+V - Oé<(52,'>52 and £5/)ﬂ =—-A+V —ﬁ<(5lz,>(5/z (1.1)

Here V' € L*°(R™) is assumed to be a real-valued potential and a, 3 : ¥ — R
are real-valued measurable functions, often called strengths of interactions in
mathematical physics. In order to define the Schrédinger operators with J and
§’-interactions rigorously, it is necessary to specify suitable domains in L?(R")
which take into account the 0 and ¢’-interaction on the hypersurface 3. In our
approach this will be done explicitly via suitable interface conditions on ¥ for
a certain function space in L?(R™). One of the main advantages of our method
compared with the usual approach via semi-bounded closed sesquilinear forms
(see, e.g. [18,30]) is that ¢’-interactions can be treated without any additional
difficulties.

Throughout the paper we write the functions f € L?(R") in the form f =
f@® f. with respect to the corresponding space decomposition L2(£2;)@® L?(€2,).
For the definition of Schrodinger operators with ¢ or ’-potentials we introduce
the following subspaces

HYP () = {fi € H2(): Afi € L2()},
HY?(Q0) == {f. € H*(Q): Af. € L2 ()},

of the Sobolev spaces H3/2(€;) and H?/2(Q,), respectively, and their orthog-
onal sum in L?(R"):
3/2 mn 3/2 3/2
HYP(RME) = HY (%) @ HY*(Q0);
cf. [2,59] and Sects. 2.3 and 2.4 for more details. The trace of a function
fi € HZ/ 2 (€4) and the trace of the normal derivative 9, f; (with the normal

v; pointing outwards) are denoted by fi|s and 9y, fi|s, respectively. Similarly,

for the exterior domain and f, € Hi/Q(Qe) we write fo|s and 0, fo|s; here v,
and 1; are pointing in opposite directions.

The main objects we study in this paper are the operators given in the fol-
lowing definition, which are associated with the formal differential expressions
in (1.1).

Definition. Let a € L>°(X) be a real-valued function on ¥. The Schrédinger
operator Aj, corresponding to the J-interaction with strength o on X is
defined as

Asaf ==-Af+ V],

domA(;’a — {f c Hi/Q(Rn\Z) : fi‘E - fe‘E }

O‘fi‘E = 6l/efe|2 + ay;fi|2
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Let 8 be a real-valued function on ¥ such that 1/8 € L*°(X). The Schrodinger
operator As g corresponding to the ¢’-interaction with strength 3 on ¥ is
defined as

Asipf =—-Af+ V],

a1/ fe|2 - _au-fi|2
dom Ag g =< fe HY*RM\): "~ ‘ .
’ { 3N o fuls = fuls — fils
The boundary conditions in the domains of As  and As g fit with the for-
mal differential expressions in (1.1). In order to see this for A, we introduce
the closed symmetric form

as,alfr 9] = (VL V) r2@eieny + (V,9) 2@ny — (af|s, 9l2) L2 (s

on H'(R™). Further making use of the boundary conditions fi|y = fo|x and
afils = 0 fels + 0y, fils for f € dom A5, and the first Green’s identity one
can easily see that

(Asaf 9)r2@n) = as.alfr 9] = (Lsaf,9)

for all g € H'(R™). This also shows that As, coincides with the self-adjoint
operator associated with the closed symmetric form a5 ,; cf. Proposition 3.7
for more details. The quadratic form method has been used in various papers
for the definition of Schrédinger operators with J-perturbations supported on
curves and hypersurfaces. We refer the reader to [18] and the review paper
[30] for more details and further references; we also mention [19,28,29,32-
35,39,58] for studies of eigenvalues, [16,31,38,70] for results on the absolutely
continuous spectrum, and [6,36,37,40,41,54,60,67] for related problems for
Schrédinger operators with J-perturbations. We point out that the quadratic
form approach could not be adapted to the ¢’-case so far; see the open problem
posed in [30, 7.2] and our solution in Proposition 3.15. For completeness we also
mention that the above definitions of the differential operators As  and As/ g
are compatible with the ones for one-dimensional § and §’-point interactions
in [3,4].

In the next theorem, which is the first main result of this paper, we obtain
some basic properties of the Schrédinger operators A5, and As g. Here also
the free or unperturbed Schrédinger operator

Afreef = 7Af + Vf’ dom Afree = H2(Rn)v

is used. It is well known and easy to see that Ag.ce is semi-bounded and self-
adjoint in L?(R™). Recall that the essential spectrum oes(A) of a self-adjoint
operator A consists of all spectral points that are not isolated eigenvalues
of finite multiplicity. The statements in Theorem A below are contained in
Theorems 3.5, 3.11, 3.14 and 3.16 in Sects. 3.2-3.4.

Theorem A. The Schridinger operators As o and As, g are self-adjoint oper-
ators in L?(R™), which are bounded from below, and their essential spectra
satisfy

Uess(Aé,a) = Jess(AJ’,ﬁ) = Oess (Afree)~ (12)
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If V.= 0, then 0ess(As,0) = 0ess(As.3) = [0,00) and the negative spectra
of the self-adjoint operators As and As g consist of finitely many negative
eigenvalues with finite multiplicities.

It is not surprising that additional smoothness assumptions on the func-
tions a and (3 in the boundary condition yield more regularity for the functions
in dom A;,, and dom Ay 5. The H?-case is of particular importance; see also
[17] where the Laplacian on a strip was considered. The next theorem follows
from Theorems 3.6 and 3.12. The Sobolev space of order one of L°°-functions
on Y is denoted by W1>°(%).

Theorem B. If a € W1°°(X), then dom As ,, is contained in H?(Q:)® H?(Qe).
If1/3 € Wheo(X), then dom Ag g is contained in H*() & H?(Qe).

The fact that the essential spectra of the operators A; ., A5 g and Agee in
Theorem A coincide, follows from the observation that the resolvent differences
of these operators are compact. Roughly speaking this is a consequence of the
compactness of the hypersurface ¥ and Sobolev embedding theorems. How-
ever, as can be expected from the classical results in [12] (see also [10,13,14,
23,49,52,53,61]), more specific considerations yield more precise Schatten—von
Neumann type estimates for the differences of the resolvents and their integer
powers, which then in turn imply existence and completeness of the wave oper-
ators of the scattering pairs {As o, Afree } and {As, 5, Anee 15 sce, €.g. [56,65,72]
for more details and consequences.

Recall that a compact operator T is said to belong to the weak Schat-
ten—von Neumann ideal &, o if the sequence of singular values sy, i.e. the
sequence of eigenvalues of the non-negative operator (T*T)l/ 2. satisfies s, =
O(k=/?), k — oco. Note that Sp,00 C 6y forall p’ > p, where &, is the usual
Schatten—von Neumann ideal; cf. Sect. 2.1.

Theorem C. For the self-adjoint Schrédinger operators As. and As g in
L?(R™) the following statements hold.

(i) For all X € p(As,a) N p(Afree) we have
(A‘;’a - )‘)_1 - (Afree - >\)_1 c GnT—l

oo

and, in particular, the wave operators for the pair { As.q, Apee} ezist and
are complete when n =2 orn = 3.
(ii) For all A € p(As3) N p(Agree) we have

(A(S/ﬂ - /\)71 - (Afree - >\)71 S G%

,007

and, in particular, the wave operators for the pair {As g, Anee } exist and
are complete when n = 2.

The scattering theory for operators with d-potentials in the two-dimen-
sional case is partially developed in [36]. In higher dimensions it is necessary
to extend the estimates to higher powers of resolvents as we do in the next
main theorem under an additional local regularity assumption on the poten-
tial V. In particular, for sufficiently smooth V' this implies the existence and
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completeness of the wave operators for the scattering pairs {As.q, Afree} and
{As 8, Aree} in any space dimension. For k£ € Ny the subspace of L (R™)
which consists of all functions that admit partial derivatives in an open neigh-
bourhood of the hypersurface ¥ up to order k in L*°(R™) is denoted by
W™ (R™).

Theorem D. Let the self-adjoint Schriodinger operators As . and As g be as

above, and assume that V & W;m_Q’OO(R”) for some m € N. Then the follow-
ing statements hold.

(i) Foralll=1,2,...,m and X € p(As,a) N p(Ageec) we have
(AS,a - )‘)_l - (Afree - )\)_l € Sna

21+1

,007

and, in particular, the wave operators for the pair {As o, Afree } exist and
are complete when 2m — 2 > n — 4.
(ii) Foralll=1,2,...,m and X € p(As,3) N p(Asree) we have

(A(S/,B - /\)71 - (Afree - )\)71 S 6%

7OO’

and, in particular, the wave operators for the pair {As g, Anee } exist and
are complete when 2m — 2 > n — 3.

Note that, for m = 1, Theorem D reduces to Theorem C. The proof
of Theorem D is essentially a consequence of Krein’s formula, some algebraic
considerations and results on elliptic regularity. The statements in Theorem D
are contained in Theorems 4.3, 4.5 and Corollaries 4.4, 4.7.

The paper is organized as follows. Section 2 contains preliminary mate-
rial on Schatten—von Neumann classes, general extension theory of symmetric
operators and function spaces. In particular, we prove some useful abstract
lemmas on resolvent power differences in Sect. 2.1. Furthermore, in Sect. 2.2
we collect basic facts about quasi boundary triples—a convenient abstract tool
from [8,9] to study self-adjoint extensions of symmetric partial differential
operators—and recall a variant of Krein’s formula suitable for our purposes.
Section 3 is devoted to the rigorous mathematical definition and the investi-
gation of the spectral properties of the operators As, and As, g. In Sects. 3.2
and 3.3 we provide proofs of self-adjointness and sufficient conditions for
H?-regularity of the operator domains, cf. Theorems A and B, and we discuss
variants of the Birman—Schwinger principle for the description of eigenvalues
of the self-adjoint operators As, and A g. All these results are obtained
by means of suitable quasi boundary triples constructed in these sections.
Section 3.2 is accompanied by a comparison with the sesquilinear form
approach to Schrédinger operators with d-potentials on hypersurfaces. In
Sect. 3.4 we obtain basic spectral properties of the self-adjoint operators As ,
and As/ g such as lower semi-boundedness and finiteness of negative spectra if
V = 0. Section 4 contains our main results on Schatten—von Neumann esti-
mates from Theorems C and D for resolvent power differences of operators
As o, Asr g and Apee. As a direct consequence of these estimates we establish
the existence and completeness of wave operators for certain scattering pairs
arising in quantum mechanics.
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We emphasize again that the results in the body of the paper are some-
times stronger than in the introduction. Several theorems of their own inde-
pendent interest are formulated only in the main part. We also mention that
many of the results in the paper extend to more general second order differ-
ential operators with sufficiently smooth coefficients and also remain to be
true under weaker assumptions on the smoothness of the hypersurface ¥; in
this context we refer the reader to the recent papers [1,7,43-46,63] on elliptic
operators in non-smooth domains.

2. Preliminaries

This section contains some preliminary material that will be used in the main
part of the paper. In Sect. 2.1 we first recall some basic properties of Schatten—
von Neumann ideals and we prove an abstract lemma with sufficient conditions
for resolvent power differences to belong to some Schatten—von Neumann class.
The concept of quasi boundary triples and their Weyl functions from general
extension theory of symmetric operators is briefly reviewed in Sect. 2.2. Sec-
tions 2.3 and 2.4 contain mainly definitions and notations for the function
spaces used in the paper.

2.1. &, and &, -Classes

Let ‘H and G be separable Hilbert spaces. The space of bounded everywhere
defined linear operators from H into G is denoted by B(H,G), and we set
B(H) := B(H,H). The ideal of compact operators mapping from H into G is
denoted by G (H,G), and we set G (H) := S (H,H). We agree to write
S0 when it is clear from the context between which spaces the operators act.
The singular values (or s-numbers) si(T),k =1,2,..., of a compact operator
T € 6.(H,G) are defined as the eigenvalues of the non-negative compact
operator (T*T)l/ 2. enumerated in non-increasing order and with multiplicities
taken into account. Recall that the singular values of T and T™ coincide; see,
e.g. [47, I1.§2.2]. The Schatten—von Neumann class of operator ideals &, and
the weak Schatten—von Neumann class of operator ideals &, o, are defined as

S, = {T € Gt f:(sk(T))p < 00}7

k=1
S0 = {T € Guoo: si(T) = Ok ?), k — oo},

p>0;

they play an important role later on. We refer the reader to [47, II1.§7 and
I11.§14], [69, Chapter 2] and to [15, Chapter 11] for a detailed study of the
classes 6, and &, . If a compact operator T' € G (H,G) belongs to &,, or
Sp.0o, then we also write T € 6,(H,G) or T € &, oo (H, G), respectively, if the
spaces H and G are important in the context. Moreover, we set

Sy 6y :={T1Tr: T € 6,,T» € &,},
Gp’oo : Gq,oo = {T1T22 T € GPYOO,TQ € 6(1,00}.
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The proof of the next statement can be found in [15,47] and, e.g. [11,
Lemma 2.3].

Lemma 2.1. Let p,q,r,s,t > 0. Then the following statements are true:

() &) &g = &, and Gp 0 Ggo0 = Groo when p~' + ¢~ =171, or,
equivalently

6;-6%264 and (GH -6

1
T 5,00 7,00

= 6$,OO7

(i) [fT €6y, then T* € G,; if T € Gpoo, then T* € S o0
(iil) 6p C 6p o and Sy oo C S, for all p’ < p.

Let H and K be linear operators in a separable Hilbert space H and

assume that p(H) N p(K) # @. In order to investigate properties of the differ-
ence of the mth powers of the resolvents,

(H-XN)""—(K-XN"",  Xep(H)npK), meN,

recall that, for two elements a and b of some non-commutative algebra, the
following formula holds:

m—1
a™—=b" = Z amhl (a— b)bk. (2.1)
k=0

Substituting a and b by the resolvents of H and K, respectively, and setting
TonN) = (H = N0 (=)™ = (K =N (K =07 (22)

for A€ p(H)Np(K),m € Nand k =0,1,...,m — 1, we conclude from (2.1)
that
m—1
(H= N = (K="= 3 Tus() (2.3)
k=0
holds for all A € p(H) N p(K) and m € N. In the next lemma we show that
(H—MX)"™— (K —X)~™ belongs to 6, « for all A € p(H) N p(K) if all the
operators Ty, 0(Ao), Tm,1(Ao)s - -, Tinym—1(Ao) belong to &,  for some Ay €
p(H)Np(K). In the case m = 1 the statement is well known. We note that the
statement holds in the same form if the class &,  is replaced by any operator
ideal, e.g. G,,.

Lemma 2.2. Let H and K be linear operators in H such that p(H) N p(K) #
@. Moreover, let p > 0,m € N and T, 1 be as in (2.2), and assume that
T e(Xo) € 6 oo(H) for some Xg € p(H) N p(K) and all k =0,1,...,m — 1.
Then

(H-MN""—=(K-X)""e6,«x(H)
forall X € p(H) N p(K).
Proof. For X € p(H) N p(K) define
Ex:=T4+\A=X)H-X"" and Fy:=T+M\=X)(K-)N"1 (24)



392 J. Behrndt et al. Ann. Henri Poincaré

The resolvent identity implies that
Ex(H = Xo) ' =(H = Xo) "+ (A = X)(H = N) " (H = Xo) ' =(H - )"
(2.5)
and, similarly,
(K —Xo) 'Fy = (K - A% (2.6)
By induction we obtain
E\(H—=X)'=H-N"" and (K- X)) 'Fl=(K-)\" (2.7)
for all [ € N. Set Dy(\) := (H — A\)"t — (K — A"}, X € p(H) N p(K). Then
(2.5), (2.6) and (2.4) imply that
ExD1(Mo)Fx = Ex(H — Xo) ' Fx — Ex(K — Xo) ™' F
=(H—-)\N"'F\—E\(K-)\"!
=H-N""+ A=) H-NHKE =N
(K =27 = (A= 20)(H =)7K =\
= D (). (2.8)
For k =0,1...,m —1 and all A\ € p(H) N p(K) we obtain from (2.7), (2.8)

and the facts that E) commutes with (H — )\g)~! and F)\ commutes with
(K — Xo)~! the following relation

T e(N) = (H = X))~ k=D D (V) (K — \)~F

= (H — )~~~V B\ Dy (M) Fa(K — \)7*

= B RN H — Xg) MRV END (M) P (K — o) FFY

= BT R (H = ) "D D (M) (K — Nog) FERH!

= BV T (o) FY T
By assumption, T}, (o) € &), 0, and hence we conclude that T, 1 (A) € &,
for k=0,1,...,m—1and A € p(H) N p(K). This together with (2.3) implies
that

m—1

(H=XN""—(K-\N""= TN € 6p00(H)
k=0

for all A € p(H) N p(K). O

The following lemma will be used in Sect. 4.2 to show that certain resol-
vent power differences are in some class &, .

Lemma 2.3. Let H and K be linear operators in H, let I be an auxiliary
Hilbert space and assume that, for some \g € p(H) N p(K), there exist opera-
tors B € B(K,H) and C € B(H,K) such that

(H—Xo) ' — (K — X))~ ! = BC. (2.9)
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Let a > 0 and by,bs > 0 be such that a < by 4+ by and set b := by + by — a.
Moreover, let r € N and assume that

(K—X) *Be6

1 00
. ok k=0,1,...,r—1. (2.10)
C(K - )\0)_ €6 _1 0o
ak+by
Then
(H-N"—(K-N"e6_1 (2.11)

forall X € p(H)Np(K) and alll =1,2,...,r.

Proof. We prove the statement by induction with respect to . Using the fac-
torization in (2.9), the assumptions in (2.10) with £ = 0 and Lemma 2.1 (i) we
obtain

(H=20)""'=(K=X)"'=BCe6y -6 ,,=6

1
,00 5y Tk

=61 .

a+b’

Now Lemma 2.2 with m = 1 implies that
(H-N"'—(K-)\)"'e6s.

a+b

for all A € p(H) N p(K), i.e. (2.11) is true for [ = 1.

For the induction step fix m € N,2 < m < r and assume that (2.11) is
satisfied for all = 1,2,...,m — 1. For k = 0,1,...,m — 1 let T}, , be as in
(2.2), define

Dj(Xo) :=(H — Xo) ™7 = (K = X\o) ™7, J € No,
and write
Ton(No) = (H = Xo) "™ DBO(K — A\g)7*
= Dyp—1(No) BC(K — Xg)~F
+(K = o)~ kU BO(K — o) 7", (2.12)
Note that Dg(A\g) = 0. By assumption (2.10) we have
Be&. C(K—-X)"e6

(K—X) ™ *VBes

1
by ak+bg 7

a(m—k—1)+by 007

for k=0,1,...,m — 1. By the induction assumption we also have

Dmfk—l()‘o) € Gm,oo

for k=0,1,...,m — 1, and and hence we obtain with Lemma 2.1 (i) that the
first summand in (2.12) is in

(G ~G%7Do'6 w=6_1 Cc6

1
am—+26 X amT5;

-1 1
am—k—1)F5°® aktbg oo’

where we used that b > 0. The second summand in (2.12) is in

1 . 1 = 1 .
a(m—k—1)+b7 *° ak+bg ' am+5°>°

Hence T, 1x(Xo) € 6_1 +oc forallk=0,1,...,m—1. Now Lemma 2.2 implies

am

the validity of (2.11) for [ = m. O
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2.2. Quasi Boundary Triples and Their Weyl Functions

The concept of quasi boundary triples and Weyl functions is a generaliza-
tion of the notion of (ordinary) boundary triples and Weyl functions from
[20,26,48,57], which is a very convenient tool in extension theory of sym-
metric operators. Quasi boundary triples are particularly useful when dealing
with elliptic boundary value problems from an operator and extension theo-
retic point of view. In this subsection we provide some general facts on quasi
boundary triples, which can be found in [8] and [9].

Throughout this subsection let (H, (+,-)#) be a Hilbert space and let A
be a densely defined closed symmetric operator in H.

Definition 2.4. A triple {G,T0,I'1} is called a quasi boundary triple for A* if
(G, (+,-)g) is a Hilbert space and for some linear operator T' C A* with T = A*
the following holds:

(i) To,I'y : domT — G are linear mappings and ran (IFJlJ) is dense in G x G;
(ii) Ag:=T | kerTy is a self-adjoint operator in H;
(iii) for all f,g € domT the abstract Green’s identity holds:

(va g)H - (f> Tg)'H = (Flf, FOQ)Q - (F0f>rlg)g' (213)

The following simple example illustrates the notion of quasi boundary
triples for the Laplacian on a smooth bounded domain, see [8,9], Section 3.1
and Proposition 3.1.

Ezxample. Let Q be a bounded domain with smooth boundary, A = —A with
dom A = HZ(Q),T = —A with domT = H?(Q), let G = L*(992) and define
the boundary mappings as

Lof =0ufloa, Tif=floa,  f€domT;

where 0, stands for the normal derivative with normal vector pointing out-
wards. It can be shown that the closure of T' coincides with the adjoint operator
A* = —A,dom A* = {f € L?(Q) : Af € L*(Q)}, and that the properties of
(i)—(iii) in Definition 2.4 hold. Hence {L?*(9€),T'o,I'1} is a quasi boundary
triple for A*.

We remark that a quasi boundary triple for the adjoint A* of a densely
defined closed symmetric operator exists if and only if the deficiency indi-
ces ny(A) = dimker(A* F i) of A coincide. Moreover, if {G,Tg,I'1} is a quasi
boundary triple for A*, then A coincides with T' [ (ker I'yNker I'1) and the oper-
ator Ay :=T [ kerT'; is symmetric in H. We also mention that a quasi bound-
ary triple with the additional property ranT'g = G is a generalized boundary
triple in the sense of [25,27]. In the special case that the deficiency indices
ny(A) of A are finite (and coincide) a quasi boundary triple is automatically
an ordinary boundary triple.

The following proposition contains a sufficient condition for a triple
{G,Ty,T'1} to be a quasi boundary triple, cf. [8, Theorem 2.3] and [9, The-
orem 2.3]. The result will be applied in Sects. 3.2 and 3.3.
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Proposition 2.5. Let H and G be Hilbert spaces and let T' be a linear opera-
tor in ‘H. Assume that I'g,T'1: domT — G are linear mappings such that the
following conditions are satisfied:

(a) The range of (11:?) domT — G x G is dense and ker I'o NkerI'y s dense
mn H.

(b) The identity (2.13) holds for all f,g € domT.

(¢c) T | kerT'g is an extension of a self-adjoint operator Ay.

Then A =T | kerT'gNkerI'y is a densely defined closed symmetric operator
in H, and {G,Ty,T1} is a quasi boundary triple for A* with Ag =T | kerTy.

Next we recall the definition of the 7-field and the Weyl function asso-
ciated with a quasi boundary triple {G,Tg,T'1} for A*. Note first that the
decomposition

domT = dom Ag + ker(T — \) = ker I'g + ker(T — \)

holds for all A € p(A4p). Hence T'y | ker(T — \) is invertible for all A € p(4o)
and maps ker(T — \) bijectively onto ranT'y.

Definition 2.6. Let {G,T,I'1} be a quasi boundary triple for T = A* and
Ao =T | kerT'y. Then the (operator-valued) functions v and M defined by

1

Y(A) := (Lo T ker(T'— X)) and M(X) :=T17(\), X € p(Ap),

are called the v-field and the Weyl function corresponding to the quasi bound-
ary triple {G, Ty, T'1}.

The values of the Weyl function corresponding to the quasi boundary
triple {L?(92),T,'1} in the example below Definition 2.4 are Neumann-to-
Dirichlet maps; cf. [8,9], Sect. 3.1 and Proposition 3.1.

The definitions of v and M coincide with the definitions of the y-field and
the Weyl function in the case that {G,'g,T'1} is an ordinary boundary triple,
cf. [26]. Note that, for each A € p(Ay), the operator v(\) maps ranT'y into H
and M (A) maps ran 'y into ranI'y. Furthermore, as an immediate consequence
of the definition of M ()\) we obtain

M()\)Fof)\ = Flf)\, f)\ € ker(T — )\), AE p(Ao)

In the next proposition we collect some properties of the y-field and the
Weyl function; all statements are proved in [8].

Proposition 2.7. Let {G,Tg,T1} be a quasi boundary triple for T = A* with
Ao = T | kerTo,y-field v and Weyl function M. Then, for A € p(Ap), the
following assertions hold.

(i) The mapping v(A\) is a densely defined bounded operator from G into H
with dom~y(\) = ranT.
(ii) The adjoint of v()\) satisfies

YA =T1 (Ao — N) ! € B(H, G).
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(iii) The values of the Weyl function M are densely defined (in general
unbounded) operators in G with dom M (\) = ranT'y and ran M(\) C
ranT'y. Furthermore, M(\) C M(\)* holds.

(iv) IfranTy = G, then M(\) € B(G).

(v) If Ay =T | kerT'y is a self-adjoint operator in H and A € p(Ag) N p(A1),
then M () is a bijective mapping from ranTy onto ranT';.

With the help of a quasi boundary triple and the associated Weyl func-
tion it is possible to describe the spectral properties of extensions of A, which
are restrictions of T' C A*. The extensions Ag are defined with the help of an
abstract boundary condition by

Ag =T | ker(I'y —OT) =T | ker(©~'T'; — I), (2.14)

where © is a linear operator in G or a linear relation in G, i.e. a subspace of
G x G, cf. [8]. The sums and products are understood in the sense of linear
relations if © or ©~! is not a (single-valued) operator. However, for our pur-
poses the case that ©~! is a bounded linear operator on G is of particular
interest and linear relations will not be used in the following. The next state-
ment contains a variant of Krein’s formula in this case; see [8, Theorem 2.8
and Theorem 4.8], [9, Theorem 3.7 and Corollary 3.9] and [11, Theorem 3.13].

Theorem 2.8. Let {G,T,T1} be a quasi boundary triple for T = A* with
Ag =T | ker Ty, y-field v and Weyl function M. Furthermore, let B = B* =
0~ € B(G) and let
Ae =T | ker(BT — Ty (2.15)
be the corresponding extension as in (2.14). Then, for A € p(Ap), the following
assertions hold.
(i) X € 0,(Ae) if and only if ker(I — BM (X)) # {0}. Moreover, in this case,
the multiplicity of the eigenvalue X of Ag is equal to dimker(I — BM()\)).
(ii) For all g € ran(Ae — A) and A ¢ 0,(Ae) we have

(Ao = N)7lg = (Ao = N lg =7\ (I = BM(N) " By()'g.
If, in addition, ranTy = G and M (o) € 6o (G) for some A\g € C\R, then the
operator Ag in (2.15) is self-adjoint in H, Krein’s formula
(Ao =N = (Ao = N7 =W (I = BMW) 'BY(R)T (216)
holds for all X € p(Ae) N p(Ao), and (I — BM()\))~! € B(G).

2.3. Sobolev Spaces, Traces and Green’s Identities

Throughout this paper Sobolev spaces and certain interpolation spaces play an
important role. In this subsection we provide some necessary definitions and
basic properties. The reader is referred, e.g. to the monographs [2,51,59,62]
for more details.

Let © C R™ be an arbitrary bounded or unbounded domain with a com-
pact C*°-boundary 9. By H*(Q2) and H*(09Q), s € R, we denote the standard
(L?-based) Sobolev spaces of order s of functions in £ and 95, respectively.
The inner product and norm on H*® are denoted by (-,-)s and || - ||s, for s =0
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we simply write (-, -) and ||-||, respectively. In order to avoid possible confusion,
sometimes also the space is used as an index, e.g. (-,-)r2(q) and (-,-)2(s0). The
Sobolev spaces of order k € Ny of L*-functions on 2 and 0f2 are denoted by
Wk0(Q) and Wk->°(99), respectively. The following well-known implications
will be used later:

feHMNQ), geWh>(Q) = fgeH*Q), keNy

) . ) (2.17)
he HY(09), ke Wh>=(0Q) = hk e H'(09).

For a function f on  we denote by f|aq and 9, f|sq the trace and the
trace of the normal derivative (with normal vector pointing outwards), respec-
tively. For s > 3/2 the trace mapping

H(Q) > f e {flon, 0 flon} € H™V2(0Q) x H*=3/2(0Q) (2.18)

is the continuous extension of the trace mapping defined on C°°-functions.
Recall that for s > 3/2 the mapping (2.18) is surjective onto H*~/2(9%2) x
H5=3/2(09).

Besides the Sobolev spaces H*() the spaces

HX(Q):={f € H*(Q): Af € L*()}, s>0,

equipped with the inner product (-,-)s + (A-,A":) and corresponding norm
will be useful. Observe that for s > 2 the spaces H3 (©2) and H*(£2) coincide.
We also note that HX(Q),s € (0,2), can be viewed as an interpolation space
between H?(Q2) and HY (£2), where the latter space coincides with the maximal
domain of the Laplacian in L?(£2). By [59] the trace mapping can be extended
to a continuous mapping

HA(Q) 3 f = {floa,0ufloa} € HV2(0Q) x H*3/%(9Q) (2.19)
for all s € [0,2), where each of the mappings

HA(Q) > f floa € HY2(09),
HL(Q) 3 f— 8, floa € H3/2(09)

is surjective for s € [0,2). We also recall that the first and second Green’s
identities hold for all f,g € HY/*(Q) and h € H'(Q):

(_Afa h)Lz(Q) = (Vfa Vh) L2(Q;Cn) (8uf|8§21 h|89)L2(3Q) (220)
and
(7Afa g) L2(Q) - (.fv 7Ag) L2(Q)
= <f|8Q78Vg|BQ)L2(aQ) - (an|3Qag‘BQ)L2(QQ)7 (221)

cf. [42,59] and, e.g. [11, Theorem 4.2].
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2.4. Some Local Sobolev Spaces

Let X be a compact connected C'*°-hypersurface which separates the Euclidean
space R™ into a bounded (interior) domain €; and an unbounded (exterior)
domain €. In particular, ¥ = 9€; = 9. For s > 0 we use the short notation

H(RM\S) = HE(9) & HE(2%),
HA(R™\X) := HA () & HA ().
We denote by H () with s > 0 the subspace of L?(£2;) which consists

of functions that belong to H® in a neighbourhood of ¥ = 9§, i.e.

H$() = {f € L*(4): 3 domain Q' C €; such that
o DT and f | e H(Y)}.

The space H3 (L) is defined in the same way with €; replaced by Q. The
local Sobolev spaces HE(R™) and HE(R™\X) in the next definition consist

of L?-functions which are H* in a neighbourhood of ¥ or in both one-sided
neighbourhoods of ¥, respectively.

Definition 2.9. Let X, (), Q, and the spaces Hg(€;) and HS(Qe),s > 0, be as
above. Then we define
H$(R™) := {f € L*(R™): 3 domain Q' C R” such that
Q' >Yand f Qe H(D)},
H5(R™M\E) := H3 (%) & Hy ().
It follows from the above definition that HE(R™) C HE(R™\X) holds for

all s > 0.
For k € Ny we denote by Wg’oo(Qi) the subspace of L>°(€;) which con-

sists of functions that belong to W in a neighbourhood of ¥ = 9, i.e.
W () == {f € L®(): 3 domain Q' C Q; such that
o DY and f [ Q € Whe()].

(2.22)

The space Wg’oo(Qe) is defined in the same way with ; replaced by Q.. In
analogy to Definition 2.9 we introduce the local Sobolev spaces Wg’oo (R™) and

Wg’oo(R"\E) of L>-functions which belong to W**> in a neighbourhood or
both one-sided neighbourhoods of X, respectively.

Definition 2.10. Let X, Q;, ., and the spaces Wgoo(ﬂl) and Wg’oc(Qe), ke
Np, be as above. Then we define
We ™ (R™) = {f € L®(R"): 3 domain Q' C R™ such that
QO Tand f Qe W)},
W™ (R™M\E) = W™ () x Wy ™ (Qe).
Finally, we recall a well-known result about the &, o property of boun-
ded operators mapping into the Sobolev space H%(X), where ¢ > 0 and

¥ = 0 = 09, is the (n — 1)-dimensional compact connected C'*°-hypersur-
face from above, cf. [50] and [11, Lemma 4.6].
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Lemma 2.11. Let K be a Hilbert space, B € B(K, L*(X)) and let g2 > q1 > 0.
Ifran B C H®(X), then B belongs to the class & n-1 _(IC, HT'(X)).
92—4q1’

3. Self-Adjoint Schrodinger Operators with § and
&’-Interactions on Hypersurfaces

In this section we define the Schrodinger operators with § and ¢’-interactions on
hypersurfaces with the help of quasi boundary triple techniques. These defini-
tions coincide with the ones in the introduction and are compatible with those
for one-dimensional d-point interactions from [3,4] and the definition of d-inter-
actions on manifolds via quadratic forms; see, e.g. [18,35,39,41,58]. We also
determine the semi-bounded closed quadratic form which corresponds to the
Schrodinger operator with a §’-interaction on a hypersurface, which answers a
question from [30] posed by P. Exner. As a byproduct of the quasi boundary
triple approach we obtain variants of Krein’s formula and the Birman—Schw-
inger principle. This section contains the complete proofs of Theorem A and
Theorem B from the introduction.

3.1. Notations and Preliminary Facts
Let X be a compact connected C°°-hypersurface which separates the Euclidean

space R™ n > 2, into a bounded (interior) domain €; and an unbounded (exte-
rior) domain €2, with the common boundary 9€; = 9Q, = 3. Let

L=-A+YV, (3.1)

where V is a real-valued potential from L°°(R™). The restrictions of £ to the
interior and exterior domains will be denoted, respectively, by

Li=L]Q and Le=L]Qe.

For a function f € L%(R") we write f = f; ® fo, where f; = f | O; and
fe = f | Qe. Let us denote by (+,+), (-, )i, (*,*)e and (+,-)s the inner products
in the Hilbert spaces L*(R™), L?(), L?(Q.) and L*(X), respectively. When
it is clear from the context, we denote the inner products in the Hilbert
spaces L?(R";C"), L?(€;; C"), and L?(Qe; C™) of vector-valued functions also
by (-,-),(+,+); and (-, )., respectively.

The minimal operators associated with the differential expressions £; and
L. are defined by

Aifi = Lifi, dOHlAi = HOQ(QI),
Aofo = Lofo, dom A, = HZ ().

The operators A; and A, are densely defined closed symmetric operators with
infinite deficiency indices in L?(€;) and L?(€.), respectively. Hence their direct
sum

Aie=A® A,  domA;, = HZ(N) ®H(Q), (3.2)
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is a densely defined closed symmetric operator with infinite deficiency indi-
ces in the space L*(R™) = L?(%) © L?(Q.). Furthermore, we introduce the
operators

Tifi=Lifi  domTi = HY (%),
Tefe=Lofe,  domTe = Hy*(Q),
and their direct sum
Te=ToT, dmTe=HY*R"\),
where the notation in (2.22) is used. It can be shown that Af =T;, A% =T,
and hence Af, = Tj.. Next we define the usual self-adjoint Dirichlet and

Neumann realizations of the differential expressions £; and L. in L?(€;) and
L?(.), respectively:

Apifi = Lifi, dom Ap; = {fi € H*(): fi|s =0},
AD,efe = Leofe, domAD,e = {fe € HZ(Qe)5 fe|2 = 0}7
Anifi = Lifs, dom Ax; = {fi € H*(4): 0, fils = 0},

Anefe = Lefe, dom Axe = {fe € H?

and their direct sums
Apjiec=Ap,;i ® Ape,

domAp ;.= {f € H*R"\E) : fi|z = fo|z = 0},

—~

Qe)5 auefe|2 = 0}7

(3.3)

and
ANje = AN @ ANe,
dom Ax e = {f € H*(R™\) : 0y, fils = Oy, fo|s = 0},
which are self-adjoint operators in L?(R"™). Finally, we denote the usual self-
adjoint (free) realization of £ in L?(R™) by
Afreef =Lf, dom Afyee = HQ(Rn) (35)
In the next proposition we define quasi boundary triples for A and A},
and recall some properties of the associated v-fields and Weyl functions; see

[8, Proposition 4.6] and [11, Theorem 4.2]. For brevity we discuss the interior
case j =1 and the exterior case j = e simultaneously.

Proposition 3.1. Let A;, Ac, T3, Te, Ap i, Ap e, Ani and Anc be as above. Then
the following statements hold for j =1 and j = e.
(i) The triple I; = {L*(X), L0, 1}, where
3/2
oifj=0u fils, Tijfj=file, f; € domTy = HY*(Q),

is a quasi boundary triple for A}. The restrictions of T; to the kernels of
the boundary mappings are the Neumann and Dirichlet operators:

7}' [ keI'FOJ = ANJ‘, Tj [ker FLJ = AD,j;
the ranges of the boundary mappings are
ranlo; = L*(X) and ranTy; = H'(X).

(3.4)
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(ii) For A € p(Ax,;) and ¢ € L*(X) the boundary value problem
(L; =N fj =0, Ov, fils = ¢, (3.6)
has the unique solution v;(\)p € Hi/z(Qj), where 7y, is the y-field asso-
ciated with I1;. Moreover, v;(X) is bounded from L*(X) into L?();).
(i) For A € p(An ;) the Weyl function M; associated with I1; is given by
M;(Ne = fils,  pe LA(%),
where f; = v;(A)p is the solution of (3.6). The operators M;(X\) are
bounded from L*(X) to HY(X) and compact in L*(X). If, in addition,
A € p(Ap,j), then M;(X) is a bijective map from L*(X) onto H' ().
The operators M;(A) and Me(\) in Proposition 3.1(iii) are the

Neumann-to-Dirichlet maps associated with the differential expressions £; — A
and L, — A, respectively.

3.2. Schrédinger Operators with d-Interactions on Hypersurfaces:
Self-Adjointness, Krein’s Formula and H?-Regularity

In this section we make use of quasi boundary triples to define and study the
Schrodinger operator As, associated with the formal differential expression
Lso =—A+V —ady,-)dx in (1.1). It is convenient to use the symmetric
extension

A= Apee N Apie = L [ {f € HXR"): fils = fo|s =0} (3.7)

of the orthogonal sum A;. in (3.2) as the underlying symmetric operator for
the quasi boundary triple. Furthermore,

T:=T.{fi®fc H’®R\D): fils = fels} (3.8)

acts as the operator on whose domain boundary mappings are defined in the
next proposition. The method of intermediate extensions is inspired by the
general considerations for ordinary boundary triples in [24, Section 4]. We
remark that the quasi boundary triple and Weyl function below appear also
implicitly in [5] and [66, Section 4] in a different context.

Proposition 3.2. Let the operators A, T, Apjie, ANie and Apee e as in (3.7),
(3.8), (3.3), (3.4) and (3.5), respectively, and let M; and M, be the Weyl func-
tions from Proposition 3.1. Then the following statements hold.

(i) The triple Il = {L2(X),To, Ty}, where
Lof = felz+Oufile, Tif =fle,  f=fi®feedomT,

s a quasi boundary triple for A*. The restrictions off to the kernels of
the boundary mappings are

T [ kerTo = Apee and T | kerDy = Ap .,
and the ranges of the boundary mappings are

ranly = L*(%) and ranly = HY(%). (3.9)
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(ii) For A € p(Agee) and ¢ € L3(X) the transmission problem
(‘C_)‘)fzov f€|2:fi‘27 a%fe'i)"‘auifi'E:‘pv (310)

has the unique solution ¥(\)p € HZ/2(R"\Z), where 7 is the y-field asso-
ciated with IL. Moreover, () is bounded from L2(%) to L*(R™).

(i) For A € p(Apee) the values M(A) of the Weyl function associated with
IT are bounded operators from L2(X) to H'(X) and compact operators in
L3(X). If, in addition, X € p(Ap.), then M()\) is a bijective map from
L?(X) onto HY(X). Moreover, the identity

M) = (a0 + a7

holds for all A € p(Apee) N p(Apie) N p(ANie)-

(3.11)

Proof. (i) First note that the boundary mappings fo,fl are well defined
because of the properties of the trace mappings (2.19). We show that the
triple II satisfies the conditions (a), (b) and (c) in Proposition 2.5. For condi-
tion (a), let ¢ € HY?(X) and ¢ € H?/?(X) be arbitrary. By (2.18) there exist
fi € H2(Y) and f. € H?(f) such that

I fils=w.  file=v¢, O fele=0, felz=1.

Since H?(R™\X) C Hz/Q(R”\E), we have f := f; @ f. € domT and Iyf =
o, I'1f = 1. Hence

HY%() x H3?(%) ran(%o)
1

which implies that the first item in (a) of Proposition 2.5 is satisfied; the second
item is clear. Next let f = fi @ f. and g = gi ® ge be two arbitrary functions
in dom 7. From Green’s identity (2.21) we obtain the following two equalities:

(Tifi, 90)i — (fi» Tigi)i = (fils, Ongiln) s — (Ou fils, giln) 5
(Tofes ge)e — (fer Tege)e = (fe|2a8uege|2)2 - (8uefe‘2;ge|2)2-

Since the functions f and ¢ in dom T satisfy the boundary conditions

fils = fels = flz and gils = gels = 9|5,
we have
(Tf,9) = (£,T9) = (Tifi, 9)i — (fi- Tigi)i + (Tefes ge)e — (fo Tege)e
= (fl2:0ugilz + O0v.geln) g — (O fils + O folx, gls) 5

which shows that condition (b) of Proposition 2.5 is fulfilled. Since the restric-
tion T | ker 'y contains the self-adjoint operator Agee, also condition (c) is
satisfied. Hence we can apply Proposition 2.5, which implies that

T | (kerTy NkerT)
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is a densely defined closed symmetric operator in L?(R™), that the triple =
{L*(%),Ty,T1} is a quasi boundary triple for its adjoint and that

Afree = T [ ker fo.

Note that the operator T [ ker Iy is symmetric by Green’s identity and con-
tains the self-adjoint operator Ap ;.. Therefore these operators also coincide.
Hence we get

T [ (ker fo N ker fl) = (T [ ker fo) N (T [ ker fl) = Aprece N Ap e = A.

Since, for j = i and j = e, the mapping f; — fj|s is surjective
from Hi/Z(Qj) onto H'(X) and the mapping f; — Oy, fils is surjective
from Hi/Q(Qj) onto L2(X), it follows easily that ranI'; = H'(X) and that
ranTy C L2(X). In order to see that I'g maps surjectively onto L2(X), let us
fix an arbitrary x € C§°(R™) such that y = 1 on an open neighbourhood of ;.
Let SL be the single-layer potential associated with the hypersurface ¥ and the
differential expression —A + 1; see, e.g. [62, Chapter 6] for the definition and
properties of single-layer potentials. By [62, Theorem 6.11, Theorem 6.12 (i)],
for an arbitrary ¢ € L?(X), the function f := xSL¢p belongs to dom T and
satisfies the condition

auef0|2 + al/ifi|E =¥,

hence fof = ¢, and thus ran fo = L3(%).
(ii) For A € p(Afree) the vy-field () associated with the quasi boundary

triple IT maps ran [y = L2(X) onto ker(T — A) by Definition 2.6 and Proposi-
tion 2.7 (i). Hence f = f; @ fo := J(\)p satisfies

(L=Nf=0, feH*R\E) and filz = fols.
Furthermore,

¢ =To7( N = Tof = 0y fols + 0 fil

and hence f =75 (\)p is the unique solution of the problem (3.10).

(iii) Definition 2.6, Proposition 2.7 (iv) and (v) and (3.9) imply that M ())
is a bounded operator from L?(X) into H*(X) for A € p(Agee) and that it is
bijective for A € p(Agee) N p(Ap.ie). The compactness of M()\) in L?(2) is a
consequence of the compactness of the embedding of H!(X) into L?(X); see,
e.g. [71, Theorem 7.10].

In order to prove the identity (3.11), let A € p(Apree)NP(AD ie) NP(ANie)-
For such A the operator M () is invertible, and the same holds true for M;())
and Mc(N); cf. Proposition 3.1. If M()\)go = 1 for some ¢ € L*(X) and ¢ €
H'(X), then there exists an f = f; & fo € ker(T — \) such that

fof:go and flf:w.
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As fi € ker(Ti — A) and fo € ker(T, — A), we have
Doifi = Mi(A\) 7'y fi = Mi(\) "1,
FO,efe == Me()\)ilrl,efe = Me()\)ildﬂ

and hence
MM\ =p= Ou fils + 0u fels = Toifi + Toefe
= Mi(A\) "' + Mo(N) "
Since this is true for arbitrary ¢ € H(X), relation (3.11) follows. O

Remark 3.3. Assume for simplicity that the potential V' in the differential
expression £ in (3.1) is identically equal to zero. In this case the ~-field 5
and the Weyl function M in Proposition 3.2 are, roughly speaking, exten-
sions of the acoustic single-layer potential for the Helmholtz equation. In fact,
if Gy,\ € C\R, is the integral kernel of the resolvent of Agee, then for all
p € C*(X) we have

GNe) (@) = [ Galo)etwida,, = RN,
>
and

(MWe)@) = [ Grwy)ewiio,, wes.
>

where o, is the natural Lebesgue measure on . For more details we refer the
reader to [62, Chapter 6]; see also [21,22].

We repeat the definition of a Schrédinger operator with d-potential from
the introduction and relate it to the quasi boundary triple II.

Definition 3.4. For a real-valued function o € L*(X) the Schrodinger operator
with d-potential on the hypersurface ¥ and strength « is defined as follows:

As o = T I ker(afl — fo),
which is equivalent to
Asaf ==-Af+ V],

dom As, = {f e @y, TPl =Tl } (3.12)

af'Z = auefe‘E + 8Vifi‘2

The definition of A5, is compatible with the definition of a point J-inter-
action in the one-dimensional case [3, Section 1.3], [4] and the definitions of
the operators with d-potentials on hypersurfaces given in [6,67] and in [18];
see also Proposition 3.7. Note also that the domain of A5, is contained in
H'(R™); cf. Proposition 3.7. For the relation between the operator As, and
the other operators studied in this section see Fig. 1.

The following theorem contains a proof of self-adjointness of the operator
A, and provides a factorization for the resolvent difference of A; . and Agrec
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T = A*
Afree
C e

m _ *
Tive - Ai,e

A, € A C Asoa C T C T

B

¢ C
AD,i,c

FIGURE 1. This figure shows how the operator As , is related
to the other operators studied in this section. The operators
Afree, As,o and Ap ; o are self-adjoint

via Krein’s formula; cf. [18, Lemma 2.3 (iii)]. Item (iii) in Theorem 3.5 can
be viewed as a variant of the Birman—Schwinger principle; it coincides with
the one in [18]. The first item of Theorem 3.5 is part of Theorem A in the
introduction.

Theorem 3.5. Let As, be as above and let Agee be the self-adjoint operator
defined in (3.5). Let ¥ and M be the v-field and the Weyl function associ-
ated with the quasi boundary triple Il from Proposition 3.2. Then the following
statements hold.

(i) The operator As . is self-adjoint in the Hilbert space L*(R™).

(ii) For all A € p(As,a) N p(Afree) the following Krein formula holds:

(A0 — N7 = (Afee = V) =F(N) (I — aM (V) a7V,

where (I —aM (X))~ € B(L2(X)).
(iil) For all A € R\o(Afree) we have

A€ oy(Asa) = 0€a,(I—aM())
and dimker(As o — A) = dimker(I — aM())).

Proof. Under our assumptions on the function « the operator of multiplication
with « is bounded and self-adjoint in the Hilbert space L?(3). The values of
the Weyl function M are compact operators in L?(X); see Proposition 3.2 (iii).
Now the assertions (i)—(iii) follow from Theorem 2.8. O

The next theorem gives assumptions on «, which ensure that the domain
of the self-adjoint operator As, has H?-regularity in R™\X. This theorem is
the first part of Theorem B in the introduction. Recall that W1 (X)) is the
Sobolev space of order one of L functions on X; cf. Sect. 2.3.

Theorem 3.6. Let As, be the self-adjoint Schrédinger operator in Defini-
tion 3.4 and assume, in addition, that the function a: % — R belongs to

Whee(S). Then dom As,, is contained in H*(R™\Y).
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Proof. For any function f € dom As, we have f € domT C Hi/Q(]R”\E).
Then by Proposition 3.2 (i)

I f e H(D).

The definition of the operator As,, the assumptions on the smoothness of «
and the property (2.17) imply that

Tof =al f € HY(D). (3.13)
Let us fix A € C\R. By the standard decomposition
dom T = dom Agee + ker(f —-A) (3.14)

the function f € dom As, can be represented in the form f = free + fa, where
frree € dom Agoe and fy € ker(T — A). It is clear that

ffree € HQ(RH) - Hz(Rn\Z)

Relation (3.13) and Agee = T | ker Iy yield

Tofy =Lof € H(X) c HY?(D). (3.15)
The properties of the trace map in (2.18) show that fo maps the space dom N
H?(R™\X) onto H'/2(X), and hence (3.14) implies that Ty maps

ker(T — \) N H?(R™\X)

bijectively onto H'/2(¥). This observation and (3.15) show fy € H?(R™\X),
and therefore f = free + fr € H*(R™\X). O

It follows from the proof that for Theorem 3.6 to hold it is sufficient that
the multiplication by a maps H'(%)-functions into H'/2(%).

A common method to define self-adjoint Schrédinger operators with
d-interactions on hypersurfaces makes use of semi-bounded closed sesquilin-
ear forms. For this consider the sesquilinear form

aé,a[fvg] = (vf7 v.g) =+ (Vf7g) - (O‘f|§]ag|2)za fag € Hl(Rn) (316)

As it is shown in [18], for a real-valued o € L°°(X) and a real-valued V €
L>(R™), the form a; 4 is semi-bounded, closed and symmetric. The first repre-
sentation theorem—see [56, Theorem VI.2.1] or [64, Theorem VIIL.15]—yields
that a unique self-adjoint operator As, in L?(R™) corresponds to the form
s, in the sense that

(As.of,9) = a50lf, 9] for all f € dom As, and g € domags, = H'(R™).
In the next proposition we show that our approach leads to the same operator.

Proposition 3.7. The self-adjoint Schridinger operator As o in Definition 3.4
and the self-adjoint operator As. corresponding to the sesquilinear form
in (3.16) coincide.
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Proof. First we show the inclusion dom A5, C domas,. For this let f =
fi ® fe € dom A, According to (3.12) we have, in particular,

fi € H¥2() € HY(Y), fo€ HY?(Q) C HY(Q), and  fils = fels.

Making use of [2, Theorems 5.24 and 5.29] a standard extension argument
implies that f € H'(R") and hence dom Ag,, C dom as 4.

Next let f = fi® fe € dom A and g = giBge € domas . Then a5 [f, g]
is well defined. By the first Green’s identity (2.20) we have

(Vfi,Vai)i — (0 fils, gilz)s = (=Afi, i),
(vfevv.ge)e - (8uefe‘2age|2)2 = (_Afeage)e~
Using this and the relation af|s = 0, fo|s + 0., fils we obtain

as.alfr9] = (V,V9) + (VF,g) = (afls, gls)y
= (Vi Va)i + (Vfe,Vge)e + (VF,9) — (0u fils, gils) 5, — (Ouefelss gels) 5
= (_Afivgi)i + (_Afeage)e =+ (Vfa g) = ((_A + V)f, g)-

Now the first representation theorem (see [56, Theorem VI.2.1]) implies that
fedomAs, and Asof = —Af+V f; thus As o C As,q. Since both operators
As,o and A; o are self-adjoint, we conclude that As o = Asq- O

3.3. Schrodinger Operators with §’-Interactions on Hypersurfaces:
Self-Adjointness, Krein’s Formula and H2-Regularity
In this section we make use of quasi boundary triples to define and study the
Schrodinger operator Aj g associated with the formal differential expression
Lso =—A+V —3(65,-) 0% in (1.1). The methodology and presentation is
very much the same as in the previous section. We mention that to the best
of our knowledge a systematic treatment of ¢’-potentials on hypersurfaces is
not contained elsewhere; see the list of open problems in [30].
In analogy to (3.7) and (3.8) we define the symmetric extension

A\ = Afree N AN,i,e =L r {f € H2(Rn) 8Vifi|2 = ache|2 = 0} (317)

of the orthogonal sum A; ., defined in (3.2), which will serve as the underlying
symmetric operator for the quasi boundary triple in the next proposition, and
the operator

T:=T,| {fi®fe € Hi/z(Rn\Z)i Oy, fels + 0, fils = 0}. (3.18)

We remark that the quasi boundary triple and Weyl function below appear
also implicitly in [66, Section 4] in a different context.

Proposition 3.8. Let the operators A\,T, Apie, ANje and Apee be as
in (3.17), (3.18), (3.3), (3.4) and (3.5), respectively, and let M; and M, be
the Weyl functions from Proposition 3.1. Then the following statements hold.

(i) The triple I = {L2(),Ty,T1}, where
Tof =0 fels, Tif =fils —fils,  f=fi®foedomT,
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is a quast boundary triple for A*. The restrictions off to the kernels of
the boundary mappings are

T [ ker fo =Anie and T [ ker fl = Afree,
and the ranges of the boundary mappings are
ranTy = L*(X) and ran T = HY(®).
(ii) For A € p(Axie) and ¢ € L*(X) the problem
(L=Nf=0, O fels = =0y, fils = ¢,

has the unique solution ¥(\)y € HZ/Q(]R”\E), where 7 is the y-field asso-
ciated with T1. Moreover, ~(N) is bounded from L?(X) to L*(R™).

(iii) For A € p(Axie) the values ]\//.7()\) of the Weyl function associated with
II are bounded operators from L2() to HY(X) and compact operators in
L3(%). If, in addition, X\ € p(Agee), then M\()\) is a bijective map from
L%(X) onto H'(X). Moreover, the identity

M) = M;(\) + Mo(N) (3.19)
holds for all A € p(An.ie)-

Proof. (i) One can see that Iis a quasi boundary triple for A* in a similar
way as in the proof of Proposition 3.2 (i). Basically, the same argumentation
as before yields that T [ ker fo = AN’i,e,f [ ker fl = Apfee and also that
ranTy = L%(X),ranl; C H'(X). Further we show surjectivity of I'y onto
H(X). Fix a function y € C§°(R™) as in the proof of Proposition 3.2, i.e.
such that y = 1 on an open neighbourhood of Q;. Let DL be the double-layer
potential associated with the hypersurface ¥ and the differential expression
—A +1; see, e.g. [62, Section 6] for the discussion of double-layer potentials.
By [62, Theorem 6.11, Theorem 6.12 (ii)] for an arbitrary ¢ € H'(X) the
function f := xDL¢ belongs to dom 7 and satisfies the condition

fels — fils = ¢,

hence I'y f = ¢, and thus ranT; = H(X).

(ii)—(iii) The properties of the 7-field 4 and the Weyl function M follow
from Proposition 2.7 in the same way as in the proof of Proposition 3.2 (ii)—
(iii). We only verify the identity (3.19). For this let A € p(An,i,e), so that the
operators M;(\), M.(\) and ]\7()\) all exist; cf. Proposition 3.1. If ]\/J\(A)go =1
for some ¢ € L(X) and ¢ € H'(X), then there exists f = f; & fo € ker(T — \)
such that

Tof=¢ and Tif =4

As fi € ker(Ti — A) and f, € ker(T, — \), we have
Tiifi = Mi(Moifi = —Mi(N)e,
1ﬂl,efe = Me(A)F(],efe = MG(A)QDv



Vol. 14 (2013)  Schrédinger Operators with § and §’-Potentials 409

and hence
MN)p = felg = file = Mc(A)p + Mi(A)p.
Since this is true for arbitrary p € L?(X), relation (3.19) follows. O

Remark 3.9. Assume for simplicity that the potential V' in the differential
expression £ in (3.1) is identically equal to zero. Note that the problem in
Proposition 3.8 (ii) is decoupled into an interior and an exterior problem. Let,
as in Remark 3.3, G, be the integral kernel of the resolvent of Ag.e.. Then, for
all ¢ € C*(%),

GO)@ = [ [0y Gl )] (TO0) ey, @ € RS,
and

(M) ™") (2) = =0y a) / [00,) G (2, 9)|¥(y)doy, €3,
i
where 0,,(,) and ,,(,) are the normal derivatives with respect to the first and
second arguments with normals pointing outwards of €2;, and o, is the natural
Lebesgue measure on . Note that the operator 7(\) is, roughly speaking, an
extension of the acoustic double-layer potential for the Helmholtz equation
multiplied with M (M) and —M (A\)~! coincides with the hypersingular opera-
tor; see, e.g. [62, Chapter 6] and [21,22]. The representation of M(A)~!, given
above, appears also in [66] in a slightly different context.

We repeat the definition of the Schrodinger operator with ¢§’-potential
from the introduction and relate it to the quasi boundary triple II.

Definition 3.10. For a real-valued function § such that 1/8 € L*(X) the
Schrodinger operator with ¢’-potential on the hypersurface ¥ and strength 3
is defined as follows:

Apg =T | ker(T' — ATy),
which is equivalent to
Asipf == —Af+ V],

C B0y fels = fels — fils

The definition of As 3 is compatible with the definition of a point
d’-interaction in the one-dimensional case [3, Section 1.4], [4] and the defi-
nition of the operator with ¢§’-potentials on spheres given in [6,68]. Note that,
in contrast to the domain of As,, the domain of As g is not contained in
H'(R™). For the relation between the operator Ay 3 and the other operators
studied in this section see Fig. 2.

The next theorem is the counterpart of Theorem 3.5 and can be proved in
the same way. Theorem 3.11 shows the self-adjointness of As, 3 and provides a
factorization for the resolvent difference of A5 5 and Ay ;. via Krein’s formula

Ov. fels = =0u fi 3.20
dOIl’lAg/’B = {f c Hz/Q(R”\E) . f |E f |E } ( )
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T=a

2l _ *
Tiae - Ai,e

Afree

FIGURE 2. This figure shows how the operator As: g is related
to the other operators studied in this section. The operators
Anjier A5 g and Apee are self-adjoint

and a variant of the Birman—Schwinger principle. The first item of the next
theorem is part of Theorem A in the introduction.

Theorem 3.11. Let As g be as above and let Ax ;e be the self-adjoint operator
defined in (3.4). Let 7 and M be the ~y-field and the Weyl function associ-

ated with the quasi boundary triple I from Proposition 3.8. Then the following
statements hold.

(i) The operator As g is self-adjoint in the Hilbert space L*(R™).
(i) For all X € p(As3) N p(Anie) the following Krein formula holds:
_ 1~ B

(Ass =N = (Anje =N =N = B7MO)) BN
where (I — B~ M(N)~' € B(LA(X)).

(iii) For all A € R\o(An,.e) we have

Neop(Asp) = 0€co,(I—pF'MN)

and dimker(Ags 3 — A) = dimker(f — 5_1]\//.7()\)).

The next theorem gives assumptions on 3 which ensure that the domain
of the self-adjoint operator As 5 has H2-regularity. This theorem is the second
part of Theorem B in the introduction.

Theorem 3.12. Let As g be the self-adjoint Schrodinger operator in Defini-
tion 3.10 and assume, in addition, that the function B: X — R is such that
1/B3 € Whe°(X). Then dom A 5 is contained in H?(R™\X).

Proof The proof proceeds as the proof of Theorem 3.6 with A5 o, Afree, T I‘O,

I‘1 and o replaced by Ay g, An i, e7T FO,F1 and 37!, respectively. Instead of
the decomposition (3.14) one has to use the decomposition

domT = dom Ax ;e + ker(T — A), A eC\R.
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3.4. Semi-Boundedness and Point Spectra

In this section we show that the self-adjoint operators As , and A;, g are lower
semi-bounded, and that in the case V' = 0 their negative spectra are finite. We
recall some preparatory facts on semi-bounded quadratic forms first.

Definition 3.13. For a (not necessarily closed or semi-bounded) quadratic form
q in a Hilbert space H we define the number of negative squares k_(q) by

k—(q) := sup {dimF:F linear subspace of dom g
such that g[f] < 0 for all f € F\{0}}.

Assume that A is a (not necessarily semi-bounded) self-adjoint operator
in a Hilbert space H with the corresponding spectral measure E4(-). Define
the possibly non-closed quadratic form s4 by

salf] .= (Af, f)n, doms, :=dom A.

If, in addition, A is semi-bounded, then by [56, Theorem VI.1.27] the form s 4
is closable, and we denote its closure by 4. According to the spectral theorem
for self-adjoint operators and [15, 10.2 Theorem 3]

dimran E4(—00,0) = k_(54) = k_(54). (3.21)

In particular, if k_(s4) is finite, then the self-adjoint operator A has finitely
many negative eigenvalues with finite multiplicities.

In the case V' = 0 we write —As o, —As/ 3 and —Ape. instead of As o, A5 g
and Agee. Now we are ready to formulate and prove the main results of this
section. The next theorem is part of Theorem A in the introduction. We men-
tion that finiteness of the negative spectrum in the case of d-potentials on
hypersurfaces was also shown in [18] by other methods.

Theorem 3.14. Let o, 3: X — R be such that o, 1/ € L*>®(X) and let the self-
adjoint operators —As o and —As, 5 be as above. Then the following statements
hold.

(1) UESS(_A5,Q) = Jess(_Aé’,ﬁ) = [0,00)
(ii) The self-adjoint operators —As o and —Ags g have finitely many negative
etgenvalues with finite multiplicities.

Proof. (i) According to Theorem 4.3 in Sect. 4.2 below the resolvent difference
of the self-adjoint operators —As , and —Ag.e is compact; thus

Uess(_Aé,a) = Jess(_Afree) = [07 OO)

Analogously, according to Theorem 4.5 below the resolvent difference of the
self-adjoint operators —As, 3 and —Agec is also compact. Hence

Oess(—As1,8) = Oess(—Aree) = [0,00).
(ii) Let us introduce the (in general non-closed) quadratic forms
s-nslfl = (Qsaf, f), dom(s_a,,) = dom(-Asa),
s a1 = (—AQspf, f), dom(s_a, )= dom(=Asp).
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Applying the first Green’s identity (2.20) to these expressions and taking the
definitions (3.12), (3.20) of the domains of the operators —As o, —Ag g into
account we obtain
5—A5,a [f] = (_Afia fi)i + (_Afev fe)e
= (V£i, V), = (0 fils fils) s + (Ve, Vo), = (Bufels, fels)
= (VL V) = (afls fls)s

and

s a1 = (ZAR f), + (A fe),
= (VAi, VA), = (Oufils, fils) g + (Ve Vo), = (Oufels fel2) s
= (VEVH+(B felz—filn), fils) g — (B (fels—fils), felx) 5
= (VL V) = (B (fels = filn), fels = fils) -
For a bounded function o: ¥ — R define the quadratic form q,
4 [f1:= (VI V) = (ofils, fils)y, — (0 feln fel2) g
dom q, = H'(R™\X).

It follows from [12, Theorem 6.9] (cf. the proof of Proposition 3.15 below) that
the form g, is closed and semi-bounded, and the self-adjoint operator corre-
sponding to g, has finitely many negative eigenvalues with finite multiplicities.
Thus, by (3.21), we have £_(q,) < co. It can easily be checked that

dom(s_a;,) C dom(dja2) and Vf € dom(s_n;,.): §-a,.Lf] = djays2(f]-
Using the inequality |a—b|? < 2(|a|?+|b|?) for complex numbers a, b we obtain
dom(s_a,, ,) C dom(qa/5) and ¥V f € dom(s_a,, ,): 5-a,,,[f] > q2/5f]-
These observations yield that

Ko(5-Ag.) S K-(dajj2) <oo and k_(s-a,,) < K-(d2/)p) < 00

From this and (3.21) it follows that the negative spectra of —As, and —Ag g
are finite. 0

In the following proposition the (closed) sesquilinear form as g which
induces the self-adjoint operator —Aj;/ g is determined. This was posed as an
open problem in [30, 7.2]. Note that, by the first representation theorem, as 3
is the closure of the form

s_ny 9] = (—Dspf.9),  f.g€dom(-Ayg),

defined in the proof of Theorem 3.14. For completeness we mention that Propo-
sition 3.15 extends naturally to the Schrodinger operator As, g with non-trivial
V € L>®(R™) and the corresponding quadratic form.
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Proposition 3.15. The sesquilinear form
ayslf, 9] = (Vf,Vg) = (67 (felz — fils) gelx — gils) s

defined for f,g € HY(R™\X) is symmetric, closed and semi-bounded from
below. The self-adjoint operator corresponding to as g is —Ags 3, i.e.

(=Assf.9) = as,slf, 9]
holds for all f € dom(—Ags 5) and g € H'(R™\X).

Proof. Since 3 is a real-valued function, it follows that the form as/ g is sym-
metric. In order to show that it is closed and semi-bounded, we consider the
forms

alf,g] == (Vf,Vg) and d[f g]:= —(5_1(fe|2 = fils), gels — 9i|2)2

on HY(R™\X), so that as 3 = a + a’ holds. Note that a is closed and non-
negative. Let t € (%, 1) be fixed. Since the trace map is continuous, there exists
¢; > 0 such that ||fi|2||Ht—1/2(E) < CtHfi”Ht(Qi) is valid for all f; € Ht(Qi).
Hence it follows from Ehrling’s lemma that for every € > 0 there exists a
constant Cj(e) such that

[ filslls < cllfillae ) < ellfill @y + Cil@) fill Lz o) (3.22)

holds for all f; € H!(£2;). We decompose the exterior domain in the form €2, =
Qe U Qe’g, where () ; is bounded, ). 2 is unbounded, and the C*°-boundary
of Q1 is the disjoint union of ¥ and 0 2. The restriction of a function fe
to €1 is denoted by f 1. Then again the continuity of the trace map and
Ehrling’s lemma show that for every € > 0 there exists a constant Cq(¢) such
that

[felslls = [ ferlslls < ferlon., I2200..)
<ellferllmr () + Cel(e)ll ferllL2 (o)
<ellfellar @) + Ce(@)l fell2 (o) (3.23)

holds for all f. € H*(). The estimates (3.22) and (3.23) yield that the form
a’ is bounded with respect to a with form bound < 1, and hence a5 g = a+a’ is
closed and semi-bounded by [56, Theorem VI.1.33]. The remaining statement
follows from [56, Theorem VI.2.1] and similar arguments as in the proof of
Proposition 3.7. 0

Items (i) and (ii) in the next theorem are part of Theorem A in the
introduction.

Theorem 3.16. Let «,3: X — R be such that a,1/8 € L™(X) and let
V € L*®(R") be a real-valued potential. Moreover, let the self-adjoint oper-
ators As,a, As, g, and Agee be as in (3.12), (3.20) and (3.5), respectively. Then
the following statements hold.

(1) Uess(A(S,oz) = Uess(Aé’,ﬂ) = Uess(Afree)-

(ii) Both self-adjoint operators As o and As g are lower semi-bounded.
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Proof. (i) The equality of the essential spectra follows from the stability of
the essential spectrum under compact perturbations and Theorems 4.3 and
4.5 below.

(ii) By Theorem 3.14 (ii) the operators —As, and —As g are bounded
from below. The operator of multiplication with the function V' is bounded and
self-adjoint. Thus the operators As . and As,g are bounded from below. [

4. Resolvent Power Differences in &,, -Classes, Existence and
Completeness of Wave Operators

In this section we compare the powers of the resolvents of the singularly per-
turbed self-adjoint Schrodinger operators A; , and Ay g with the powers of the
resolvents of the unperturbed Schrédinger operator Agee. This leads to singular
value estimates, which have a long tradition in the analysis of elliptic differen-
tial operators, cf. [12-14,49,55] and the recent contributions [10,11,52,53,61]
for more details. In this section we prove Theorem C and Theorem D from the
Introduction in a slightly stronger form.

4.1. Elliptic Regularity and Some Preliminary &, .o-Estimates

In this section we first provide a typical regularity result for the functions
(Afree — A)71f and (Anje — A)71f if f and V satisfy some additional local
smoothness assumptions. This fact is then used to obtain estimates for the
singular values of certain compact operators arising in the representations of
the resolvent power differences of the self-adjoint operators As «, As: g, Afrce
and Anje. In the next lemma we make use of the local Sobolev spaces

WES(R?), WE(R™\X) and HE(R™), HE(R™\X) defined in Sect. 2.4.

Lemma 4.1. Let Apee and Ax e be the self-adjoint operators from (3.5) and
(3.4), respectively, and let m € Ny. Then the following assertions hold.

(i) If Ve W3 (R™), then, for all X € p(Apee) and k=0,1,...,m,

fEHER") = (Anee—\)7'f€ HEP(RM).
(ii) If V e W " (R"\X), then, for all X € p(Ax,ie) and k =0,1,...,m,
feHERMY) = (Anje—N)"'f€ HEPZRMY).
Proof. We verify only assertion (i); the proof of (ii) is similar and left to the
reader. We proceed by induction with respect to k. For £ = 0 the statement
is an immediate consequence of HX(R™) = L?(R") and dom Agee = H2(R™).
Suppose now that the implication in (i) is true for some fixed k& < m and let
f € HEPY(R™). Then, in particular, f € H&(R™) and hence
U= (Aree — \)7Hf € HEPA(R™) € HETHR™)

by assumption. As k+1 <m and V € Wg""°(R"), it follows from (2.17) that
Vu € HEFHR™). Therefore f — Vu € HET(R™), and since the function u

satisfies the differential equation
—Au—Adu=f—-Vu inR"
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standard results on elliptic regularity yield u € H§+3(R"); see, e.g. [62, Theo-
rem 4.18]. O

An application of the previous lemma yields the following proposition,
in which we provide certain preliminary &, -estimates that are useful in the
proofs of our main results in the next subsection.

Proposition 4.2. Let Apee and An e be the self-adjoint operators from (3.5)
and (3.4), respectively, and let ¥ and 7 be the y-fields from Propositions 3.2
and 3.8, respectively. Then for a fited m € Ny the following statements hold.

(i) If Ve W™ (R™), then, for all A\, ju € p(Agee) and k=0,1,...,m,
() (1) (Aee —N) " €6 _aon _(L*(R™), L (X)),

2k+3/2 '
() A1) (Aree ~ N €6 s (LR, H'(D)),
(©) (Amee = M) F(1) € 6 nr (L*(B), L*(R™)).

(il) If V e W2™>®(R™\X), then, for all A\, ju € p(Ax.ie) and k= 0,1,...,m,

() () (Anje =N " €6 s (L*(R™), L*()),
(b) A(p)* (Axie —N) " € 6 i o (L*(RM), H'(Y)),
() (ANjie =N F(1) € 6 o (L*(X), L*(R")).

Proof. We prove assertion (i); the proof of (ii) is analogous. As

ran(Agee — A) ! = dom Agee = H*(R™) C HZ(R™),
we conclude from Lemma 4.1 (i) that the inclusion

ran((Afree — 1) " (Afree — )\)_k) C H%’”z (R™)

holds for all £ = 0,1, ..., m. Moreover, since by Proposition 3.2 we have Agee =
T | ker 'y, Proposition 2.7 (ii) implies that

F(1)* (Aree — A) 7% = T1(Atree — ) " (Atree — A)*
and hence

ran (Y1) (Agee — ) 7F) € H?H3/2(3) (4.1)

by the properties of the trace map Iy, cf. (2.18). Now the estimates in (a) and
(b) follow from (4.1) and Lemma 2.11 with K = L*(R"), g = 2k + £ and with
¢1 = 0 for (a) and ¢; = 1 for (b), respectively. The estimate in (c) follows from
(a) by taking the adjoint. O

4.2. Resolvent Power Differences for the Pairs { As o, Afree }> {As',3) Afree }
and {Asg, ANie}

In the next theorem we prove &, .-properties of resolvent power differences
for the self-adjoint operators As o and Agec. The theorem and its corollary are
parts of Theorems C and D in the introduction.
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Theorem 4.3. Let o € L>®(X) be a real-valued function on X, and let Asq
and Agee be the self-adjoint operators defined in (3.12) and (3.5), respectively.
Assume that V € Wa™ >>°(R") for some m € N. Then

(A(s,Oé - >‘)_l - (Afree - A)_l S 6%,00 (L2(Rn))
foralll =1,2,...,m and for all X € p(As.a) N p(Atree)-

Proof. We prove the theorem by applying Lemma 2.3. Fix an arbitrary Ag €
C\R, and let 7, M be as in Proposition 3.2. By Theorem 3.5 the resolvent
difference of A5 and Agee at the point Ay can be written in the form

(A5,a - )\0)_1 - (Afree - )\O)_l = ﬁ()\o)(l — CVM()\()))ilaﬁ(Xo)*,

where (I —aM (X)) "' € B(L2(S)). Proposition 4.2 (i) (a) and (c) imply that
the assumptions in Lemma 2.3 are satisfied with

H=A450, K=Ape, B=7(\0), C=(I—aM()) ‘a7

2 3/2
a n_1 ) 1 2 n—1 ’
Since b = by + by —a = ﬁ, Lemma 2.3 implies the assertion of the theo-
rem. O

The previous theorem has a direct application in mathematical scattering
theory. Consider the pair {As o, Asmee} 0f self-adjoint operators as a scattering
system; here Ag.c. stands for the unperturbed operator and A; , is singularly
perturbed by a J-potential of strength « supported on the hypersurface X.
It is well known (see, e.g. [56, Theorem X.4.8]) that if, for some m € N, the
difference of the mth powers of the resolvents of As o and Agec is a trace class
operator, i.e. if

(Aé,a - AO)im - (Afree - AO)im S 61
for some Ao € p(As,a) N p(Afree), then the corresponding wave operators

. : it A —itAgy
W4 (A(S,om Afree) = s-lim e A eePac(Afree)

t—too

exist and are complete, i.e. the strong limit exists everywhere and the ranges
coincide with the absolutely continuous subspace of the perturbed operator
As o Here Pac(Agee) denotes the orthogonal projection onto the absolutely
continuous subspace of the unperturbed operator Ag.c.. This implies, in par-
ticular, that the absolutely continuous parts of A5, and Agee are unitarily
equivalent and that the absolutely continuous spectra coincide: oac(Asa) =
Oac(Afree), cf. [66, Theorem X.4.12, Remark X.4.13] and [65,72].

The next corollary shows that for sufficiently smooth potentials V' the
wave operators of the scattering system {As o, Afree} €xist in any space dimen-
sion.

Corollary 4.4. Let the assumptions be as in Theorem 4.3. If V € W;’OO(R")
for some even k and k > n —4, then the wave operators Wi(As o, Apree) €xist



Vol. 14 (2013)  Schrédinger Operators with § and §’-Potentials 417

and are complete, and hence the absolutely continuous parts of As o and Agee
are unitarily equivalent.

In particular, if V=0, then Wi(As o, Anee) exist and are complete for
any n > 2 and 0,c(As,a) = [0,00).

In the next theorem we prove &, ,-properties for resolvent power dif-
ferences of the self-adjoint operators As.3 and Agc.. The theorem and its
corollary are the second parts of Theorems C and D in the introduction. The
formulation given below is a bit stronger than the one in the introduction.

Theorem 4.5. Let [ be a real-valued function on X such that 1/8 € L*™(X),
and let Asr g and Agee be the self-adjoint operators defined in (3.20) and (3.5),
respectively. Assume that V€ We 2 (R™\X) for some m € N. Then

(Af;’,ﬁ - )‘)_l - (Afree - >\)_l S 6112771’00 (L2(Rn))
foralll =1,2,...,m and for all X € p(As.3) N p(Apree)-

Proof. First we apply Lemma 2.3 to the difference of the Ith powers of the
resolvents of Agee and Ay ie. Fix an arbitrary Ao € C\R and let 7 and M
be the y-field and Weyl function associated with the quasi boundary triple in
Proposition 3.8. Since the operators Agee and Ay i are both self-adjoint, in
analogy to (2.16) we have

(Afree — 20) ™ = (Anie — A0) ™ = —F(Ao) M(Xo) 17 (R0) "
see [11, Corollary 3.11]. Furthermore, by Proposition 2.7 (v) and Proposi-
tion 3.8 (iii) the operator M\()\O) is bijective and closed as an operator from
L2(X) onto H'(Z). Hence dom M(X\g)~! = H(X) and M(X\o)~! is closed as
an operator from H*(X) into L?(X). Thus, we can conclude that M\(AO)_l €
B(HY(%),L?(%)). Set
H = Apee, K :=Anie, B:=-3(\), C:=M(MX) 'F5(N)".

Then Proposition 4.2 (ii) (b) and (¢) imply that the assumptions in Lemma 2.3
are satisfied with

2 3/2 1/2
a_nfl’ b= n—1’° b2 = n—1° r=m
Since b = by + by — a = 0, Lemma 2.3 implies that
(Afree - A)il - (AN,i,e - )‘)71 € 6%700 (LQ(RR)) (42)

for all A € p(Apee) Np(Anie) and all I = 1,2, ..., m. This observation together
with Theorem 4.8 shows that

(A5 = A) 7" = (Afree = A) ' € B (LP(R")) (4.3)

for all I = 1,2,...,m and for all A € p(As.3) N p(Apee) N p(ANie). As the
resolvent power difference in (4.3) is analytic in A, it follows that (4.3) holds
also for those points A € p(As.8) N p(Apee) Which are isolated eigenvalues of
Anie; note that we know already that the essential spectra of An e, As
and Apee coincide because the relations (4.2) and (4.3) are true at least for
non-real \. O
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Remark 4.6. We note that in (4.2) it is shown that the difference of the mth
powers of the resolvents of Agc. and Ay i belongs to the class 6172,;1 oo brO-
vided V' € Wg™ *°°(R™\¥). This is a slight improvement of a result in [12].

For infinitely smooth V' the asymptotics of the singular values have been stud-
ied in [13,14] and [49].

The following corollary is the counterpart of Corollary 4.4 for the scat-
tering system {As g, Afree }-

Corollary 4.7. Let the assumptions be as in Theorem 4.5. If V € Wg’m(R"\E)
for some even k and k > n — 3, then the wave operators Wi (As. 3, Afree) €xist
and are complete, and hence the absolutely continuous parts of As.g and Agree
are unitarily equivalent.

In particular, if V =0, then Wi (As g, Aree) exist and are complete for
any n > 2 and cac(As ) = [0,00).

The next result on the &, -properties of the resolvent power differ-
ences of As g and An ;e completes the proof of Theorem 4.5, but is also of
independent interest. We do not formulate the corresponding corollary for the
scattering system {As g, ANjie}-

Theorem 4.8. Let 3 be a real-valued function on X such that 1/8 € L (X), and
let Ay and AN e be the self-adjoint operators defined in (3.20) and (3.4),
respectively. Assume that V € We™ >®(R™\X) for some m € N. Then

(Asip— N7 — (Anje — N7l € G%M(L%R"))
foralll=1,2,...,m and all X € p(As.5) N p(AN ie)-

Proof. As in the proofs of Theorems 4.3 and 4.5 fix \g € C\R and let 5 and M
be the y-field and Weyl function associated with the quasi boundary triple in
Proposition 3.8. By Theorem 3.11 the resolvent difference of As g and A e
at the point \g can be written in the form

(Asip — Xo) " = (Anie — do) " = () (I = 87 M (M)~ 575 ()",

where ([_5—1]\7()\0))—15—1 € B(L?(X)). Proposition 4.2 (ii) (a) and (c) imply
that the assumptions in Lemma 2.3 are satisfied with

H=Ay3, K=ANie, B=7\), C=(I- ﬁ_lM\(Ao))_lﬁ_lﬁ(Xo)*7
2 b1 = b2 = 3/2 s r=m
n—1

Since b = by +by —a = ﬁ, Lemma 2.3 implies the assertion of the theo-

rem. O
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