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Abstract. By applying linear response theory and the Onsager principle, the power
(per unit area) needed to make a planar interface move with velocity V is found
to be equal to V?2/u, u a mobility coefficient. To verify such a law, we study a
one dimensional model where the interface is the stationary solution of a non local
evolution equation, called an instanton. We then assign a penalty functional to
orbits which deviate from solutions of the evolution equation and study the optimal
way to displace the instanton. We find that the minimal penalty has the expression
V2 /u only when V is small enough. Past a critical speed, there appear nucleations
of the other phase ahead of the front, their number and location are identified in
terms of the imposed speed.

1 Introduction

In a large variety of systems the power dissipated to force a motion with speed V
is given by the ratio V2/u, 1 a mobility coefficient, just think of Ohm’s law in an
electric circuit, or of a mechanical body moving in a viscous fluid or of the motion
of a planar interface between two solid phases, the issue on which this paper is
focused.

A general explanation of the law goes back to Onsager and linear response
theory. Our purpose was to verify the validity or we should better say now, the
limits of validity of the law in a model for interfaces. We restrict for technical
reasons to one dimension (see Section 3 on this issue) and consider the non local
evolution equation

Ut = f(u)v u(,O) given, (11)
with u; the t-derivative of w and the “force field” f(u) given by

flu)=J*xu— Ag(u), Agu)= % arctanh(u), Jxu(x) = /RJ(a:,y)u(y) dy.

We suppose f > 1 and that J(z,y), (z,y) € R x R, is a smooth, symmetric,
translational invariant probability kernel supported in |y —z| < 1. We also assume
that J(0,z) is a non increasing function whenever restricted to « > 0.

The two constant functions m(*)(x) = +myg, with mg > 0 solving the mean
field equation mg = tanh{Smg} (recall § > 1) are stationary solutions of (1.1)
and are interpreted as the two pure phases of the system, being the only “stable”
stationary homogeneous solutions of (1.1) (the only other homogeneous, stationary
solution m(z) = 0 becomes unstable when § increases past 1).
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Interfaces, which are the objects of this paper, are defined as those stationary
solutions of (1.1) which converge to £mg as © — £o00. Such solutions indeed exist
for any 8 > 1, they are called instantons and denoted by m¢(z), £ a parameter
called the center of the instanton me¢(z). They are obtained one from the other by
a shift, so that calling m = my,

ine(x) = m(z — ). (1.2)
The instanton m satisfies
m(x) = tanh{BJ xm(x)}, zeR. (1.3)

It is an increasing, antisymmetric function which converges exponentially fast to
+tmg as © — %00, see, e.g., [7], and there are « and a positive so that
lim e**m’'(x) = a, (1.4)
r—00
see [6], Theorem 3.1. Moreover, any other solution of (1.3) which is definitively
strictly positive [respectively negative] as x — oo [respectively z — —oc], is a
translate of m(z), see [8].
We next turn to the real issue of the paper. To impose a speed v to the

interface, we take r and ¢ positive, r/t = v (how to choose  and ¢ will be discussed
later) and consider the set

Ulr, 1] = {u € C™(R x (0,1); (=1,1)) : lim u(,s) =m, lim u(-,s) = m}

s—0t s—t—

(1.5)

Due to the stationarity of 7m, no element in U[r, t] satisfies (1.1) and therefore there
are other forces which must enter into play. Call b = b(z,s), x € R, 0 < s < ¢, an
“external force”, and consider the evolution equation

us = f(u) +b. (1.6)

Existence and uniqueness for [the Cauchy problem for] (1.6) are proved in Ap-
pendix A. We are of course only interested in forces b able to produce orbits in
U[r,t]. To select among them we introduce the action functional

L(u) = %/Ot/Rb(x,s)Q dx ds, (1.7)

where b, via (1.6), is a function of w and of its time derivative. When writing (1.7),
we have invoked the same general, linear response theory expression for dissipated
power (with u = 4 for convenience) that we are putting under scrutiny. This
should not be viewed however as a circular trap, because the principle is invoked
at a “microscopic” (or better mesoscopic) level, while we want to investigate it
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at the macroscopic one. Moreover, in Section 4 we will discuss the question in a
statistical mechanical context, where our model appears as a mesoscopic limit of
Ising systems with Kac potentials and an expression structurally similar to (1.7) is
rigorously proved by large deviation estimates. With such motivation we postulate
that (1.7) is “the penalty functional”. Then the cost of moving the instanton to r
in the time ¢ is defined as

inf I(u). 1.8
uEllf{l[r,t] t(U) ( )

Let us turn now to the choice of r and ¢, as the specification of v only fixes
their ratio. As we want to investigate macroscopic behaviors, we should consider
a spatial scale where the instanton m looks like a sharp interface, namely like the
step function mg(lxzo — 1m<0). Recalling that m(z) converges exponentially to
+mg as x — +oo, we introduce a parameter € > 0 to scale distances z — e 'z
with the idea of eventually letting ¢ — 0. Time should then be taken equal to
e~ 1r/v, and if “the law V2/p” is satisfied,

2 -1 -1

energy dissipated = ver_cv (1.9)

Bov H
To have a finite dissipation of energy we must then take v of the order of €, which
also agrees with the idea that the law V2 /u should be investigated in the regime of
small velocities. Another way to arrive at the same conclusion goes as follows: the
expression (V2/u)T for the dissipated energy is invariant under parabolic scaling
of space and time, it is therefore natural to use a parabolic scaling to derive it.
With this in mind, we fix any pair R and T of positive numbers, and define the
macroscopic work to displace the interface by R in a time T (R the macroscopic
space and T the macroscopic time) as

W_(R,T) = lileri}(l)lf ueu[ejrll}g,e*ZT] I.—27(u), (1.10)
W4 (R,T) = limsup inf I-2p(u). (1.11)

e—0 ueu[eflR,esz]

We will prove that W_(R,T) = W, (R,T) and compute their common value, the
results are stated in the next section, together with an outline of their proofs. In
Section 3 we discuss application of the theory to tunnelling, in Section 4 a formu-
lation of the whole problem in a statistical mechanics setting. In the remaining
sections we give the proofs.

2 Main results

Our first theorem is:
Theorem 2.1 There is a critical value (V*T). such that if R?/T < (V2T),, then
R 1 |l
_ T) = T =—, -—= 2.1
W (Rv ) WJr(Ra ) MT’ 1 4 ( )

where M’ is the derivative of m and || - ||2 denotes the L? norm on (R, dz).
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An upper bound for W, (R, T) can be easily found by putting

ue(xat) = mth(il'), V= % (22)

so that u¢ € U[e 1R, e 2T)]. Then I.—27(u¢) is independent of ¢ and equal to
1 —127/2
T |3veT (23)

thus getting the same answer as in (2.1). We can easily rule out other ways to
move continuously the instanton as more expensive. Indeed if, instead of (2.2), we
choose

me(x,t) = me, ) (x),
such that, for v (t) := &(t),

—2

e T
/ ve(t)dt = ¢ 'R (2.4)
0

then, with p as in (2.1),

e T
Ie—2T(m6):i /0 V2 (¢) dt. (2.5)

By computing the inf of I.-27 in the class (2.4) we get that

e~2T e~2T
/ v2(t)dt > V*T, for all v such that / ve(t)dt = VT
0 0

which implies that (2.1) is optimal in the class (2.4). To prove the lower bound we
thus need to examine more general orbits than mere shifts of the instanton.

Here comes another important issue, not touched so far in our discussion,
namely “nucleations”. By this we mean the appearance of droplets of the other
phase inside one phase. We first define the free energy functional

ﬂm=4%mwwﬂ (. y)m(x) — m(y)Pdedy,  (26)

- J
4 RxR
where ¢g(m) is the “mean field excess free energy”

~ ~ m

¢5(m) = @5(m) — min d5(s),  dp(m) = == = 38(m), B>1,
and S(m) the entropy:
S(m):_l—m 1Ogl—m_ 14+m o 1+m
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0F(m)

om
is the gradient flow associated to F(m). The gradient structure of the evolution
has a very important role in the sequel, in particular the next theorem uses it in
an essential way.

By direct inspection f(m) = — , the functional derivative of F, so that (1.1)

Theorem 2.2 For any ¥ > 0 there is 7 > 0 and a function m -(z,s), © € R,
s € [0, 7e=3/2], symmetric in x for each s and such that

Me,r(x,0) = mg, ﬁze,T(x,Te_WZ) =my_s2(x), >0 (2.7)
where e~ = €32 o > 0 as in (1.4), and
I s;2(Me ;) < 2F(m) + 9. (2.8)

Theorem 2.2 follows from results proved in [2] and [3], as discussed briefly in
Appendix B. It is now clear that (2.1) cannot keep its validity for all V. The key
point is that the cost is quadratic in the velocity, so that, by creating more fronts,
we can make them move with smaller velocity with the gain in cost covering the
penalty for the nucleations, see Fig. 1.

To make this more precise, consider an orbit m(x,t) with a nucleation at
time 0 at position e 71(2/3) R. We then divide the space in two parts, z < e ~1(1/3)R
and its complement. In the first one we set m(z,t) = m(v/3)¢ (the velocity being
such that the front reaches e 1(1/3)R at the final time e~27). For x > ¢ 1(1/3)R,
m(x,t) = Mmer(x — e 1(2/3)R,t) for t < 7¢72/3 and for t > 7¢73/2 m(x,t) =
My (), © > ¢ 1(2/3)R and its symmetric image for z < € '(2/3)R; where
z(t) = € 1(2/3)R+L+e(t—e3/?>1)V/3. Observe that for t € [e=3/?7,¢27] and to

,27_

€

leading order in €, f(m) is given by e~*(€Vt+£/2) which implies that / f(m)?

e=3/21

vanishes in the limit € — 0.

Figure 1. We depict for two possible trajectories the zero level sets in space time: Three fronts
(dashed lines) and a single front (dotted line). Note that the single front has to move much
faster. For the three front case we moreover show schematically the fronts initially, early after
nucleation of a droplet, and shortly before they reach the final state.



476 A. De Masi, N. Dirr and E. Presutti Ann. Henri Poincaré

Thus to leading order in €, m has three fronts, the first from the left is the
original one but moving with speed V/3 (which is one third of the original one),
the second and third fronts are those produced by the nucleation. They move
respectively to the left and to the right with same speed V/3. With such a choice
the first two “collide with each other” at time e 27, while the third one reaches
the final location e !R. In this way, at the final time we have just one front at
e 'R. A proof along these lines requires a “suitable slight modification” of the
orbit described above (we need to adjust the velocities and to modify the orbit
when the first two fronts become close to each other, in the sense of Theorem 2.2).
With such a maquillage, it can be proved that the total cost in the limit € — 0

converges to
) 1/V)°

By comparing (2.9) with the cost V2T/u of the motion without nucleations, we
find (2.9) evidently winning for V large. More precisely, we find equality if V27T =
3uF(m) which is indeed the critical value (V2T). in Theorem 2.1. The above
argument can be made rigorous (for brevity details are omitted) proving that
besides V2T'/u also (2.9) is an upper bound for W (R, T). The argument can also
be extended (again we omit the details) to prove upper bounds with any finite
number n of nucleations, the cost being

1

2
wp(R,T) := n2.7:(m)+(2n+1){; <2n‘:—1) T} . (2.10)

We thus get the upper bound W, (R, T) < ir;fo wp (R, T). The whole heart of the

problem is to prove that this is also a lower bound, namely that there are no other
strategies which give a smaller cost. The lower bound will be proved in the rest of
the paper, here we just summarize the discussion by stating:

Theorem 2.3 For all R and T, W (R,T) = W_(R,T) =: W(R,T) and, calling
V =R/T,

W(RT) = wa(RT), if Fm)[(2n)> 1] < — < F(m) ([2n+1)]* 1)

(2.11)

v’r
I

3 Tunnelling

The motivation for this research comes from tunnelling, in particular from ques-
tions raised by Stephan Luckhaus about multiple nucleations in stochastic evolu-
tions where the order parameter is conserved. Shifting to one dimensions and to
non conserved dynamics was (we hope) only a preliminary step. The next step will
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be to connect the present analysis to the tunnelling studied in [2] for the same
one dimensional model we are considering here, but restricted to a finite inter-
val [—L, L] with Neumann boundary conditions. Tunnelling concerns orbits u(z,t)
which start from, say, the minus phase and end up at a final time 7 in the plus
phase, u(z,0) = m(7) (z) = —mg, and u(z, 7) = m*)(2) = mg. The penalty in [2]
is given by the same functional we are using here (but, of course, restricted to
orbits in [—L, L]) and the cost of the tunnelling is defined as the inf over all 7 of
the inf over all orbits which tunnel in a time 7.

The result found in [2] fits with many other results in the field, as the cost
is equal to the finite volume free energy F(7ny) of an “instanton-like saddle
point” my. Indeed mj, converges as L — oo exponentially fast to m. Moreover,
the optimal strategy for minimizing the cost is to follow backwards in time the
orbit which connects 1z, to m(~) and, once past 7z, to go along the orbit which
connects 7z, to m(*). Here comes the relation with the present paper, because for
large L these orbits are close to moving instantons, with the speed of their motion
proportional, to leading orders, to e~2%%, o a positive parameter.

The familiar statement that the cost of tunnelling is equal to the energy of the
saddle point depends critically on leaving unrestricted the time for tunnelling, but
the result remains valid in the limit of large L if we allow for exponentially growing
times 7. In experiments or simulations, infinite or exponentially growing times are
clearly unrealistic and one forces in one way or the other the tunnelling to occur
on faster times so that the event can be actually observed. But then the statistics
over the systems where tunnelling has occurred will reflect the conditioning that
they have occurred in the time span of the observation. The problem then involves
the computation of the additional cost necessary for the interface to move fast
enough. If our results can be extended, as we expect, to the model in [2], we would
then have again a critical dependence on the time and only if it scales slowly on
the scale L?, the tunnelling will be described by a moving front, otherwise it will
be characterized by many nucleations.

The applications of our results to realistic systems may only be valid of course
when the front has really a planar structure. But on the other hand, tunnelling in a
rectangular domain (say in d = 2 dimensions with Neumann boundary conditions)
we believe occurs just as in one dimension. We expect in fact that the stationary
solution which is spatially non homogeneous and has minimal energy is f(z,y) =
myr(x), supposing = the direction of the longest side, L, of the rectangle. If this
was actually true, then the arguments used in [2] would prove that the tunnelling
event is just a planar front moving as in the d = 1 case.

The same questions can of course be framed in different contexts, maybe the
most usual one is the Allen-Cahn equation and the Ginzburg-Landau functional.
The cost of tunnelling under a time constraint has been recently investigated by
Reznikoff, [10], for the functional

/ (ur — {Au— V/(w)})?
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where V(u) is a double well potential and u; = Au — V' (u) the Allen-Cahn equa-
tion. The analysis in [10] gives clear evidence that multiple nucleations are the most
favorable strategy for tunnelling if times are sufficiently short, in total agreement
with the picture we derive here.

4 A d+ 1 statistical mechanics setting

The model we are studying here has a clear statistical mechanics origin. Consider
in fact the Ising model in d = 1 dimensions with a Kac potential, where the energy
per spin is

S st = D) (a.1)
y#T

s(z), z € Z%, being +1 valued spins and J.,(z,y) = v%.J(yz,7y), J as in Section 1;
V2 (s)/2 has then the interpretation of the “molecular magnetic field” at 2 produced
by the spins sy, y # x. A first relation with our model comes from the fact that
the free energy functional F(m) is the rate function for Gibbsian large deviations
in the limit v — 0, see for instance [4].

Glauber dynamics is defined as the Markov process whose generator is deter-
mined by assigning flip rates ¢, (s) to the spins in such a way that the Gibbs mea-
sure is invariant (and a detailed balance condition, equivalent to self-adjointness of
the generator, is satisfied). There is not a single choice for the rates, in the sequel
it is convenient to assume

efs(w)\/m(s)

e~ Va(s)  etVa(s)’

cz(8) = (4.2)

The d+1 setting in the title of this section refers to an interpretation of the Markov
process in terms of a two dimensional Gibbs measure, one dimension referring to Z,
the space of sites of the spins, the other one, R, to times. To implement it, consider
for instance a “reference measure” which is the process where spins flip with rate
1/2 independently of each other, which corresponds to (4.2) with J = 0. We
can then use Girsanov formula (after restricting to “finite boxes”) for the Radon-
Nykodim derivative of the interacting process with respect to the free one, thus
obtaining a d = 2 Hamiltonian.

Just like in equilibrium statistical mechanics, to have a Hamiltonian just
defines the problem, the solution being still all the way ahead. A technique con-
ceptually very powerful, but unfortunately only seldom really implementable, is
renormalization group. The idea behind it, in the present context, is that, af-
ter coarse graining, the original system becomes a new system with low effective
temperature. Its behavior is then ruled by the ground states of its effective Hamil-
tonian. The assumption that the interaction is a Kac potential is just what needed
for implementing such a step of the renormalization group. Here it is convenient to
coarse grain in space only, with blocks which scale to co, but having size smaller



Vol. 7, 2006 Interface Instability under Forced Displacements 479

than v~1. At v > 0 small enough, the effective Hamiltonian is then approximated
by its limit value at v = 0, which is the rate function for large deviations. This has
been computed long ago by Comets, [5], the result is a quite complicated expres-
sion, that we have simplified here by assuming it given by the quadratic expression
(1.7)—(1.6). We believe however that an analysis using the Comets functional could
work as well and that it can be used to derive, by a perturbative analysis, also the
behavior of the spins when + is small, but fixed. We hope to show all that in a
forthcoming paper.

The d + 1 Gibbsian interpretation of the problem stated in Section 1 has the
following nice expression. We have a box Z x [0, e~2T] and we are giving boundary
conditions on bottom and top. On the bottom we put in fact an interface at 0,
on the top the interface is shifted by e ' R. In elasticity this would be viewed as
a shear problem. If R and thus the shear is small, then the deformation is a well-
defined straight line joining bottom and top, but if we increase R then there are
“fractures” which strongly resemble those appearing in totally different physical
contexts.

5 Scheme of proofs

We have sketched in Section 2 the proof of the upper bound; as it is relatively
easy to fill in the gaps, for brevity we omit the details, giving the upper bound for
proved and thus, the proof of Theorem 2.3 will be completed once we prove:

Proposition 5.1 (Lower bound) Let P > ﬁbgfo wn(R,T), and v > 0. Then for any
sequence ue € Ule 'R, e 2T) such that
I-2p(u) <P (5.1)
it holds that
liren_}(r)lf I—2p(ue) > rlgfo wp (R, T) — 7. (5.2)

Of course 7 is redundant in (5.2) and (5.1) is not actually a restriction because
we have already proved that there are sequences u € U[e 'R, e 2T] whose limsup
is bounded by iI;fO wy (R, T). Since

lim inf inf I.- > liminf inf I.-
N0 weule Rt € or(u) 2 N0 weusieiR.e-2) € o ()

where
US[e IR, e 2T] = {u € C®(R; (—~1,1)) : u(-,0) = m, u(-, e 2T) < meflR} (5.3)
it will suffice to prove that for any v > 0,

- : B > _ .
llleri}élf u€u<[€1_r11fR7€_2T] I.—2p(u) > fgow"(R’T) ¢y (5.4)
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where ¢ is an absolute constant (determined only by the parameters entering in
(1.1)).

Our strategy distinguishes two regimes: one is when the function u(z,t) is ev-
erywhere “locally close” to an instanton (or to a reflected instanton); the other one,
when instead u(x,t) deviates from such a local equilibrium. In the first regime we
study (1.6) regarding b as a “small perturbation” and use spectral gap properties
of the evolution linearized around an instanton. In such a linear approximation,
we then obtain estimates for the penalty in agreement with the law “V2T/u”. The
corrections to the linear approximation will also be proved to be under control.
It thus remain to study the times when u(-,t) deviates from local equilibrium.
Evidently these cannot be neglected because in such times there may occur the
nucleations responsible for reaching the minimal cost. But, in any case, we need
estimates which tell us that the intervals of time when the system is not in local
equilibrium are bounded. We will start in the next sections from such an issue:
we will first recall from the literature the Peierls estimates, which are a priori
bounds on the spatial location of deviations from equilibrium in terms of the en-
ergy F. By reversibility, we will bound F(u(-,t)) < P, P as in (5.1) and using
the Peierls estimates, we will then bound the volume where the deviations from
local equilibrium occur (contours) in terms of F(u(-,t)) and hence of P. We will
then turn to another key point, namely upper bounds on the times of permanence
outside local equilibrium. This is done in two steps. We first derive lower bounds
on the energy gradients away from local equilibrium and in F(u(-,t)) < P. These
are lower bounds on the force which tries to restore local equilibrium, so that
permanence of v away from local equilibrium can only be achieved by applying a
counter-force b. But since the total integral of b2 is bounded by P, we then obtain
an upper bound on the permanence outside local equilibrium.

We begin by defining local equilibrium, introducing the notion of contours
and the Peierls estimates. We then define the “multi-instantons manifold”, made
by patching together several instantons. After that, we derive lower bounds on the
energy gradients away from the multi-instantons manifold and finally estimates
on permanence away from local equilibrium. At that point we will have all the
ingredients necessary for proving Proposition 5.1.

6 Contours

In this section we recall from the literature notion and results which are extensively
used in the sequel. Given ¢ > 0, we denote by D) the partition of R into the

intervals [nf, (n+1)¢), n € Z, and by ng), z € R the interval containing z. (Note
that z need not be the center of ng).) We say that ng), Q 9

x!

are connected, if

the closures have nonempty intersection, i.e., ng) n e 9 # (). Now we define

x!

m® (z) == é(f) m(y) dy, ]A[ m(y)dy := |T1|/Am(y) dy. (6.1)
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Given an “accuracy parameter” ¢ > 0, we then introduce

=1 if [m® () Fmgl < ¢,

0 otherwise.

09 (m; x) = {

For any A C R which is D®)-measurable we call

B(()C’Z’A)(m) = {x eA: S (myz) = 0} ,
BEEN (m) = {x € A: &8 (m;a’)| = +1, there exists ' € A :

QY 0 Q) # 00O msa') = =< (mia) },

BEED () = BN (m) U BN (m) u BN (m).

Calling ¢_ and £ two values of the parameter ¢, with £, an integer multiple
of /_, we define a “phase indicator”
; Ve ) — : (4) (+) (1)
O ) ) {il if 7S£ (m; ) = £1 in (ijz+ UQE) U QJ@) ,

0 otherwise,

and call contours of m the connected components of the set {x : ©(CX=+) (m; z)
= 0}. T = [z_,zy) is a plus contour if n¢-*~)(m;x4) = 1, a minus contour if
n(&4-) (m;z4) = —1, otherwise it is called mixed.

Moreover we define for any measurable A C R and m € L*(R; [—1, 1]) a local
notion of energy by

Flmatmye) = [ dp@hdo+5 [ Twp)lm(a) =) dyda

1

"3 /A J(@,y)[m(z) — m(y)]* dy da.

The parameters (¢, (_, () are called compatible with (Co,c1,x) € R3 if ¢ €
(0,¢0), £— < KC, €4 > 1/€_, and if for any D~)-measurable set A and any
m'e I®(R; [1,1])

F(malmae) = 12BN (m)).

Theorem 6.1 ([2]) There are positive constants gy, c1, k, c2, and « so that if
(¢, 0_,¢4) is compatible with ({y,c1, k), then for all m € L*>°([-L, L];[-1,1]),

F(m) = > wee o, (D) (6.3)

T" contour of m
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where

l_
wee_ o () = 01C2Z|P| if T is a plus or a minus contour;

we,o_ e, (T') = max {01C2%|F| ; F(m) — 026’0‘“} if I' is a mized contour.

Let us conclude the section with some applications of Theorem 6.1. For any
u € U[e 1R, e 2T,

sup (F(u(-,t)) = F(u(-,0))) < I—2r(u). (6.4)

t<e—2T

The proof follows directly from reversibility, see before Theorem 2.2, and it can be
found in [1]. Combined with (5.1), (6.4) yields

s (F(ul1) = F(u(-0)) < P (6.5)

Then, by Theorem 6.1, for ¢ small enough,

[T _
) T3 < ——C3(P+ F(m)) . (6.6)
T'; contours of u(-,t) 5=
1
number of contours of u(-,t) < 7(:_2(13 + F(m)) = Nmax , (6.7)
10—
P+ F(m .
number of mixed of contours of u(-,t) < _—l——(mJ = Nox . (6.8)
F(m) — coe= b+

7 Multi-instanton manifold

The instanton manifold is the set M™) = {im¢, & € R}. We extend the notion to
the case of several coexisting instantons by defining the multi-instanton manifold
M®) k> 1, as the set of all me, E=(&,...,&) ERF & < --- < &, sufficiently
apart from each other such that, setting &, := —o0, &1 := 00, the function

m(x—§&;) ifze [—5-7‘1;57 , —5-7'“24_5-7} and j odd,

m(¢ —x) ifze [%, %} and j even

has exactly k£ mixed contours.
We denote
M= JMP. (7.1)

E>1

To study “neighborhoods” of M we introduce the notion of “center of m”
that we use here in a slightly different sense than usual:
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Definition. £ € R is a center of m if £ € I', T a mized contour of m, and if
(m —mg,mg) =0, or, equivalently, (m,mg) =0 (7.2)

where (-,-) denotes the scalar product in La(R,dz) and || - ||2 the corresponding L?
norm. & is an odd, even, center if T is a (—,+), respectively (4, —) mized contour.

Remarks. An odd center of m specifies an element m¢ € M such that the two
directions, one pointing from m¢ to m and the other one along M are mutually
L2-orthogonal. If ¢ is even, same picture holds after a change of sign. Supposing
O(t=t4+) (m;x) = —1 definitively as # — —oo, there is a first mixed contour
coming from the left which is (—, +), the next one is a (+,—) and so on, this is
the reason for naming the centers as odd and even.

The following theorem holds, see [7],

Theorem 7.1 If ¢ (in the definition of contours) is small enough the following
holds.

e FEach mized contour I of m contains a center of m.

e There is § > 0 so that if for some £ in a (—,+) mized contour T' of m
(analogous statement holding in the (4, —) case), |1r(m — m¢)||2 < 6, then
there is a unique center &, in I’ and

/ ({m — e} — {m - mgm}Z) >0, foral€ el, & 46, (7.3)
R

d calli nes Ny o = 1)
ana catiing v =m — mg, U’E—W,
[6m = (€ = Nog)| < cllvll3,  [Nogel < cf[vl2. (7.4)

e If also iIglf”].r(n — g, )||2 <6, then

[&m = &nl < cflm —nlla. (7.5)

By the first statement in Theorem 7.1 a function m with k mixed contours
I'1,..., Tk has (at least) one center in each one of the mixed contours; we denote
by = the collection of all £ = (&1,...,&k), & < &i+1, & a center of m in T'; and
define

da(m) Zérelgnm—mgﬂg (7.6)

If m is close enough to M) then the choice of £ is unique. Note that this definition
differs slightly from the usual definition of a distance of a point from a manifold,
but the following lemma bounds this difference:
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Lemma 7.1 For any k there are § > 0 and ¢ so that if m has k mized contours
Ty,....T and dp(m) < 0, then

k—1
d3q(m)> _ inf lm — mgll3 > diy(m) — cz:e_o‘G“St(r’”fl’r”’)/2 (7.7)
£ery x---xI'y, im1

where a > 0 is defined in (1.4).

Proof. Call £&* = (&5,... , &%) the centers of m, which by Theorem 7.1 are uniquely
defined (supposing 6 > 0 small enough). Let A;, i =1,...,k, be the decomposition
of R defined by the midpoints of £*, then if £ € 'y x --- x 'y, and o; = +1 if 4 is
odd, respectively even,

k
el st =3 [ (= ome = m - o 7).
By (7.3)
/Ai ({m = oimne,}? = {m - oime; 12) = — /A ({m = oimme,}? = {m — aime; 12)

hence (7.7) because of the exponential convergence of m(x) to £mg as © — Foo.
(|

8 Lower bounds on energy gradients

In this section we will investigate the structure of the energy levels of F(-). In
particular we will prove a lower bound on the energy gradient in terms of the
distance from the manifolds M ).

Theorem 8.1 For any ¥ > 0 there is p > 0 so that the following holds. Let m &€
L>(R; (=1,1)) have an odd number p of mized contours, let F(m) < P (P as in
Proposition 5.1) and let dys(m)? > 9. Then

/ Fm)? > p. (8.1)
R

The proof is given at the end of the section, after several preliminary esti-
mates, but before we state a corollary of Theorem 8.1 on the “permanence away
from equilibrium” which will be essential in the sequel.

Theorem 8.2 Let u satisfy (5.1), then for any 9 > 0 there is p > 0 so that,

if dp(u(-t)) > 9 when t € [to,t1], 0 < tg < t1 < € 2T, then necessarily
8 P

t—tg < = —.

11—t <3 P
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Proof. Let p be the parameter associated to ¥ by Theorem 8.1. Then

/ [ 15 = 6~ e

We estimate

Flut) = Fluw) = [ 57 () ds
[ [t + b6 5 (o)
to R

<= [Is@IB+ [ iralalbe)s
< [ (517l + e)13) ds < S =t + P

With the help of (6.5) we can estimate

F(u(t)) — F(ulto)) = — < sup  [F(u(s))] —f(m)> > =P,

s€[0,e—2T]
and we conclude the proof of Theorem 8.2. |

We start the proof of Theorem 8.1 by a general outline of its strategy. By
analogy with the Allen-Cahn equation, it can be conjectured that the stationary,
spatially non homogeneous solutions of (1.1) are either the instanton m (and its
translates) or periodic functions, which then have infinite energy. The assumption
in the theorem excludes both possibilities, thus leading to the conclusion that the
functions m to consider are such that f(m) is not identically 0. As we will see it is
possible to reach the same conclusion avoiding the above characterization of the
stationary solutions of (1.1). It still remains, however, to quantify the condition
f(m) £ 0 in the sense of the inequality (8.1). This will be done using continuity

and compactness, the argument being that once we know that / f(m)* >0 for

each m in the set defined in Theorem 8.1, then also the inf (in the same set) is non
zero. Continuity and compactness require to work in weak L? spaces, which, on the
other hand, do not fit well in our context, as for instance the function m — f(m)?
is not weakly continuous.

Besides such “technical problems”, anyway the proof of (8.1) cannot go too
smoothly. Suppose m has 2k + 1, £ > 1, mixed contours. Then it is known that
the orbit starting from m converges to an instanton, as a consequence f(m) # 0

and / f(m)? > 0. However the integral may be arbitrarily small if the mixed

contours in m are very far apart from each other and in each of them m looks
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like an instanton or its reverse. Such a possibility however will be excluded by
the condition daq(m)? > ¥, showing that such an assumption must complement
the information that f(m) # 0. The analysis of the condition dpq(m)? > 9 will
distinguish whether the deviations of m from mg are localized in a neighborhood
of the contours of m or in the complement, and we will start by examining the
former case.

We will denote space intervals and contours by the letter Q, in order to
distinguish them from time intervals, which will be denoted by the letter I.

Let Q, Q; and B,ij be intervals of the form @ = [a,b), Q; = [a — j,b+ j),
B = [a—j—Fk,a—7j), B,j’j =[b+jb+j+k) with a,b, 4,k all in £;N. Then,
given ¥ > 0, we set

Ug,jo = {m € L*(R,(-1,1)) : @ is a mixed —, + contour for m and

inf —mel? >0}, 8.2
jaf, [ m—mel* 29} (82)

Vij = {m € LR, (=1,1)) : n¢*)(m;z) = +1 for all z € B,gfj}. (8.3)

Lemma 8.1 For any ¥ >0, Q and @Q; as above, there is k so that

/ |f(m)] >0 foranym e UgjoNVi;. (8.4)
Qk+j
Proof. Define

K, =Ug s NVy;N {m: / |f(m)| = 0}. (8.5)

Qh+j
The proof of (8.4) is then equivalent to showing that for some h, K, = 0.
We rewrite |f(m)| =0 as |m — tanh{8J * m}| =0 and, since m =
Qh+j Qhtj

tanh{SJ * m} in Qny;,

Kn = Up1 (Vi 0 {m: /Q [F(m)| = 0}
h+j

where
Ub.jo = {m € L*°(R,(—1,1)) : @ is a mixed —, + contour for m and

inf tanh{BJ x m} — me|? > 9 ¢.
ing, [ (s «m) el 2 v}

The advantage of having UC*Q,j,ﬁ is that this set is closed (in the weak L? topology)

and, more importantly, the same K, is weakly closed in L .. Since K}, is contained

in the unit ball of L™, K, is also weakly L% _ compact. By compactness of such a
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space,
{ﬂKh =0} & {K; =0 for some h}.
h

We have thus reduced the proof of the lemma to showing that ﬂ Ky =0.
h
Suppose that m € ﬂ K},. Then m = tanh{3J+*m} almost everywhere, while,

h
simultaneously, n(¢/~) (m; x) = %1, eventually as  — Fo00. Then m = me for some
¢ € R and since @ is a mixed contour for m, £ € @), which contradicts m € Ud.jo
hence ﬂ K, =0. O
h

Proposition 8.1 For any ¥ > 0, @ and Q; let k be as in Lemma 8.1. Then there
is p > 0 so that

inf / f(m)? > p. (8.6)

Ql+j

meUq,;,0NVi,j

Proof. Suppose by contradiction that the inf is 0. Then there is a sequence m,, €
Ug,j,9 N Vi, ; such that
lim f(m,)? =0 (8.7)
n— 00 Qrtj
and which converges weakly in L% , say m, — 7. As J(0,-) is smooth and has
support in the unit ball, this implies that J x m,, — J * m strongly in L1200 and
pointwise. From (8.7) we derive

Ag(my) — J 1 in L*(Qpyj)-

Since the function tanh is uniformly Lipschitz continuous, we get m,, — tanh(3J *
m) in L*(Qg+;). Therefore

lim 7 = tanh(BJ * m) in Qiyj, (8.8)

n—oo

and f(m)(z) = 0 for all z € Qi4,. By (8.8), m € Ug,j9; moreover m € Vj
because the latter is weak L? closed, hence m € Ug 9 N Vi, ;. We have already
seen that f(m)(xz) = 0 for all + € Qpy; and this, by Lemma 8.1, leads to a
contradiction. Thus p > 0. O

The analogues of Ug ;¢ and Vj, ; when the external conditions are in the plus
or in the minus phase are

Uétjﬂ = {m € LR, (-1,1)) : Q is a & contour for m and / |m F mg|? > 19}
s 2;
(8.9)
V,:Ej = {m € LR, (=1,1)) : n©) (m;z) = +1 for all z € B, ;U sz}.
(8.10)
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The previous arguments can be adapted to prove (details are omitted):

Proposition 8.2 For any ¥ > 0, Q and Q; there are k and p > 0 so that

inf /Qkﬂ f(m)? > p. (8.11)

+ +
mEUQYjﬁﬂde

Given an interval Q and a function 1 € L®(R, (—1,1)), we denote by L the
operator on L?(Q;dz) defined by

i@ = [ J@ 0w + g seQ (12

L is obtained by linearizing around r the “partial dynamics” u; = f (u) in Q,
u = outside Q. In [2] it is proved that:

Proposition 8.3 There are ¢, a and w all positive so that the following holds.
Let Q = [a,b), a,b € £LN, b possibly equal to +oco, and m € L*®(R,(-1,1),
OA—4) (myx) =1 for all x € Q. Then:

o There is a unique solution m of

m(z) = tanh{B.J « m(z)}, O (m;z) =1, forallzecQ
m(x) = m(z), forallz ¢ Q  (8.13)

e 1 is a smooth function on Q and
[i(z) — mg| < ce™dist(@,Q%) (8.14)
o L is self-adjoint in L2(Q) and its spectrum lies in (—oo, —w|, w > 0.

Lemma 8.2 There is ¢* > 0 so that for any Q, m and m as in Proposition 8.3,

/Qf(m)2 2c"/@|m—m|2 (8.15)

Proof. Let a € (mg, 1), Ag(a) > 4,

e inf A8 = AsW)]

, g <1
e#y€l0,a] |z —y|

the last inequality because A7(0) < 1 for 8 > 1. Suppose also ¢ so small that
m(x) < a for all x € Q and

2 16 16
16¢ < cq; %>—; —C<I€
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where k € (0,[1 4 a]/2) is such that

W2
k% < - ci= Aj([1 4 a]/2). (8.16)
We then call
Q. ={x € Q: |m(x) —m(z)| > K} (8.17)

Since (G444 (m; ) = 1 for all z € Q, if ¢ is small enough, |.J * (m —1m)| < 4¢
on @, i.e., including Q. as well.
We are going to prove that

f(m)? > |J>|s(m—m)|2—|—%|m—m|2 on Q. (8.18)

We distinguish two cases. Case 1: z € @, and |m(x)| < a. Then, since f(n) =0
on Qy,
[f(m)| = [{Ap(m) = Ap(in)} = Jx (m —1)| > |Ag(m) — Ag ()| =[]+ (m —in)|

an|m—ﬁ1|+|.]*(m—m)|—8§2%a|m—m|+|J*(m—m)|.

Case 2: € @, and |m(z)| > a. Then, recalling that Ag(a) > 4, Ag(a) >
|m — 1| + 8¢ and

[f(m)| = Ag(a) +[J * (m — )| =8¢ = [J x (m — )| + |m — 1

which concludes the proof of (8.18) because ¢, < 1.
We write

/fWNz fWN+f/ f(m)?
Q Qx Q\Qx
2
Cam — )2 4 [T % (m — )12 & e m)? 8.19
2 [ G e [ gt @)

with € > 0 to be specified later. In @ \ Q, we linearize around m and recalling
that 7 < a, max A5(m) < Aj(a) < ¢, c as in (8.16), we obtain

/ ﬂmfz/’ F(m) — f(i)?
Q\Qx Q\Qx
> /Q\Qn (L(m - m)) — Em — |t

2/@(ﬁ(m—7h)>2—/ (ﬁ(m—m))z—cw/@\@n i, — 2.

K

K

Using again that 7 < a, max Aj(m) < Aj(a) <c,

/ (ﬁ(m_m))2g2/ 1T % (m — )[2 + & (m — )2

3 3
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We now choose € > 0 so that 2¢ < 1 and 2c?e < ¢2/4, then getting from (8.19)

and (8.16)
/Qf(m)2 > e/Q (ﬁ(m - m))2 - e% o Im — 1|2 (8.20)

By Proposition 8.3

/ [Lap(z) / 2, for any ¢ € L*(Q) (8.21)

hence (8.15) because m —m =0 on R\ Q. O

Proof of Theorem 8.1. Without loss of generality, we may suppose ¢ > 0 as small as
required by the arguments below. By Theorem 6.1, m has at most Np,,x contours,
with at most N™X among them which are mixed contours.

We start from the case when there is a (+,+) contour Q. Calling Q_ :=
{z € Q: n*)(m;x) < 1}, since Q_ # ) because 7¢*~)(m;z) < 1 somewhere
in @, by definition of contours,

| [m(z) —mgl]| > ¢
Q-

and, by Cauchy-Schwartz,
[ Imi@) —maP = (52 20 (8.22)
Q

for ¥ small enough.

We take j =0, Q; = @ and call k; the smallest value of £ for which Propo-
sition 8.2 applies with @, ¥ and j = 0. If in Q, there are no contours Proposition
8.2 yields (8.1). If on the contrary, there are contours, according to cases, we will
apply either Proposition 8.2 or Proposition 8.1, as it will be explained after (8.23)
below. To this end, we call mg the element of M with € centers of m. Observe
that |mg(z) — mg| < ce”*+ for x € Q, by definition of contours and because of
the decay properties of m. Then

f, i) —mell 2 f ) = mll = If e mall 2 ¢ —eenots 2 3
and, analogously to (8.22),
/ |m(z) — 7”715|2 > Z,(g)Q > 9. (8.23)
Q

We now continue the previous argument. If in Qj, there are contours besides @,
we take j = k; and call ky the smallest k for which either Proposition 8.2 or
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Proposition 8.1 can be applied with @, ¢ and j = k1. Again, if in Bffg there are
contours, we call j = ko and repeat the procedure. As there are at most Nyax
contours, the iteration is finite and the final j and k& are bounded in terms of P
and 9 only. Let p be the value corresponding to such parameters, hence (8.1) holds
for such m with the above value of p.

Same argument applies when there is a —— contour, and we are left with the
case with only mixed contours, say there are p < NXI mixed contours. Fix j* so
that

ce” T <92, (8.24)

We distinguish two cases. Case 1 is when there is a mixed contour ¢ such that

¥
/ lm — mg|* > o (8.25)

In this case using Proposition 8.1 we can proceed as before, getting again (8.1)
with the new value of p.
We are then reduced to case 2, where calling A the complement of the union

of Q;?, Q(i) the i-th contour,

¥
/A|m —mg|* > ok (8.26)

A is a union of intervals, let Q¢ be one such that

I,
m—nmz?> ————. 8.27
AJ ey T (8.27)

Call @ the interval containing Q)¢ between two consecutive contours. By applying
Lemma 8.2, we get, using (8.24),

/ |f(m)|* > c/ |m —1n|? > c/ Im —mg|* — ¢9* > "0 (8.28)
Q Qo Qo
Theorem 8.1 is proved. |

9 Good and bad time intervals

In this section we introduce an analogue for times of the notion of contours. To
this end we partition the time axis R, into intervals {S[j,j +1), j € N} of length
S > 0. The analogue of the function 1<) (m;x), here denoted by ¢ (u;t),
6 > 0, is defined as

_ (G+1)8 )
o= T POESS g
0 otherwise
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The role of ©C4=44) (m; x) is played by ®(5) (u;t), defined equal to 1 if ¢S (u; s)
=1forall s € S[j — 1,5+ 1) and = 0 otherwise. We define Gyor = {t < ¢ 2T :
O3 (y;t) = 1} and call t a “good time” and S[j,j + 1) a good interval if they
are contained in Gyot. Bad times and bad intervals are defined complementary.

Choice of parameters. Given R and 7, i.e., the macroscopic displacement of the
interface and the time interval when it occurs, we call

2P 9.2
)’ (9.2)
n* is an upper bound for the total number of fronts, considering that each nucle-
ation produces two fronts, it costs more than > F(m), as we will see and P is an
upper bound for the cost of the orbit, see Proposition 5.1. By the same Proposition
5.1, the proof of Theorem 2.3 follows from showing that (5.4) holds, we thus fix
arbitrarily v > 0 and then determine £* > 0 so that

gl

|\ F (e 4) — 2F ()] < THEDER

Mg gx) = L.>0mex — Lpcom_g=. (9.3)
By the L2-continuity of F(-), there is ¥ so that for all m such that dy(m) < 9
and with centers (£1,...,&,), n < n*, &1 — & > 20%,

_ v
F(m)—kF(m)| £ ——.
| ( ) ( )| — 103(71*)2
It remains to fix § and S in (9.1): § will be “small” and S “large” but
their exact choice is rather intricate. The problem here comes from “incomplete
nucleations”, we need in fact to “discard” those where the distance ¢ between the
centers of the nucleating instantons is smaller than 2/*.

(9.4)

Proposition 9.1 There is T > 0 so that for any positive £ < £*, the solution v(x, s)
of (1.1) starting from m(_g ¢ verifies
sup |v(z, 7) —mg| < V.
rER
The proof is “essentially contained” in [3], for brevity we omit the details.

By a barrier lemma and the comparison theorem, see Appendix A in [1], we also
have (again details are omitted):

Proposition 9.2 There is L > 0 for which the following holds. Let ¢ and T as in
Proposition 9.1 and £ = (£1,...,&,), n < n*. Call T the set of all even i such that
&1 — & < L. Suppose T non void and that for j ¢ T, §41 —&; > L. Then the
solution w(w,t) of (1.1) which starts from mg is such that

sup |w(z, 7) — mg. (z)| < ¥ (9.5)
z€R

where £ is obtained from & by dropping all pairs &, &1, 1 € T.
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By a continuity argument, see Theorem C.1, (again details are omitted):

Proposition 9.3 Let ¢, 7, L, £ and £ as in Proposition 9.2. Then there is o > 0
such that if

Jm =gl < 9. [ 10l <a 96)
then the solution w®™ (x,t) of (1.6) with force b and which starts from m is such

that
[|ew®™) (2, 7) — me (x)][2 < 49. (9.7)

Choice of S and J. Let p be the parameter associated to ¢ by Theorem 8.2, then

4
S > 10% max {r, gprl, s, s", ;} (9.8)
with s’ and s” as in Appendix C, w as in Appendix D. We finally choose § so that

o and c11.1 as in Proposition 9.3 (9.9)
and Proposition 11.1.

9
§ =10 min{a, ——},
min {0& 611.15}

Theorem 9.1 Let u satisfy (5.1) and let § and S as above. Then:

P
number of bad time intervals < % (9.10)

1 1
If S[4,7 + 1) is a good time interval, there is t; € S[j—=,j— =

5 4) such that
dm(u(-, 1)) < 9.

Proof. Suppose [ is a bad interval, call I~ the previous time interval. By definition,
the inequality (9.1) cannot hold for both I and I, otherwise I would be good,
hence (9.10), recalling that P > I.—2p(u). The second statement follows from
Theorem 8.2 and (9.8). O

10 Subsolutions

Having fixed an orbit u as in Proposition 5.1, we define once for all b := u; — f(u)
and consider an orbit m(z,t), such that m(-,0) = m(-), obtained by patching
together solutions of (1.6) with forcing term b as above. We decompose the time
axis into intervals I; and define m(x,t), ¢ € I;, as the solution of (1.6) starting
from m(-,s7), s the left end point in I;. m(-,sT) may be either equal to m(-,s™)
or m(-,s) < m(-,s7), according to cases. As proved in Appendix A there is an
existence and uniqueness theorem for these Cauchy problems so that the definition
is well posed and, by the validity of a comparison theorem,

m(x,t) <u(z,t), =R tel0,e T (10.1)
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The new orbit m is not necessarily in U[e 2T, e~ R], but it is in U<[e 2T,
e LR], see (5.4)—(5.3).

Inequalities play an important role and we will often use the following notion.
We define a partial order by setting

(1o &r) 2 (€L &) & ey e) = Te ) (10.2)
In particular, if k = &/,
(fla"'?fk) > (fivv&l/c) g fz de iOdd7 fz ng,ieven. (103)

We will use different strategies in the bad and the good time intervals. We
start from the latter, calling j.S the left end point of a maximal connected compo-
nent G of Gior. We will choose a time t;, € [( — 1/2)S, 55] which depends on the
orbit m and it is such that m(:,¢,) is “very nice” and we will then study m(-,¢),
t > ti, via the evolution equation (1.6) which it satisfies, taking advantage of
the fact that when times are good, the “external force” b is small. The choice of
m(x,ty,) is aimed at a perturbative analysis, based on the linearization of (1.6)
around the manifold M and the choice of t;, is critical. Let ¢; be the smallest time
> (7 —1/2)S when daq(m(-,t)) <. Then t; < (j —1/4)S by Theorem 9.1. For 9
small enough, m has only mixed contours, their number, denoted by k, being odd.
Call € = (&1,...,&,) its centers, ordered increasingly. We distinguish three cases,
with Case 1) when ;41 — & > 2|loge !|? for all j: we do not need in Case 1)
to modify m, so that ti, = t; and m(-,t;") = m(-,t;,), in the remaining cases,
instead, (10.1) will hold as a strict inequality.

In Cases 2) and 3) we erase from ¢ all pairs &, &1 with i odd, such that
€1 — & < 2|logel?, calling & the new configuration. Since we are erasing pairs
&, &i+1 with ¢ odd, then mg < mg With £* as in the paragraph “Choice of
parameters” in Section 9, we then look at all even j in &; such that 2¢* < §+1—& <
2|loge|> and move each &;,&;41 to €5, €41 where

G480 =&+, & —& =2lloge’.

We call & the configuration obtained in this way and &3 the one obtained from &
by the same procedure used to define & starting from £. In &3 the pairs &, &1
with 4 even either verify &1 — & > 2|loge|? or &1 — & < 20*. Case 2) is when
&iv1 — & > 2|loge|? for all i, while Case 3) covers the remaining possibilities. We
define

m(z,t1) = min {m(z, t1), mg, (z)}.

In Case 2) ti, = t; and m(-, ;") = m(-,t1), while in Case 3) t;, = t; +7, T as

7 7In
in Proposition 9.1, and m(-, #;") is the solution at time #; +7 of (1.6) starting from
m(-,t1) at time ¢;.

Proposition 10.1 For all € > 0 small enough, the centers of m(-,tifl) have mutual
distance > |loge|? and
dam (m(-t)) < 69.

?7in



Vol. 7, 2006 Interface Instability under Forced Displacements 495

Proof. By definition of t1, dp(m(-,¢1)) < 9. In Case 1) the centers of m(-, ti, ) have
mutual distance > 2|log e~ '[?, hence the statements in the proposition. In Case 2),
by construction the elements of £3 have distance > 2[loge™![* and mg, < mg. We
have

[ —mg,ll2 < [lm —mglla- (10.4)

In fact, m(x) = mg, (z) unless m(x) = m(x) < mg, (), and (10.4) follows recalling
that mg, < mg. Recalling that [[m(-,t1) — mgll2 < 9, by definition of ¢y, |/ —
mg, |l2 < 0 and, denoting by A the number of elements in &3 and by T'; the mixed
contours of m, by (7.7),
h—1
daqg (m(, tin)) < an _ mgs ||2 4 CZ e~ @ dist(Ti4+1,0)/2
i=1

§ﬁ+cn*e—a|loge’l\2/2 < 29

for e small enough. In Case 3), by (10.4) and Proposition 9.3,

dam (m(-,th)) <49+ en*eellose™ /2 < gy,

n

Moreover the centers of m(-,t;) differ from the corresponding ones in m(-, ;) at
most by 21, as it follows from Proposition 9.2 and Theorem 7.1. Proposition 10.1
is proved. [l

11 Estimates by linearizion

In this section we will study the solutions of (1.6) in a maximal connected com-
ponent G of the good times set, Giot,

G = [j, ]S C Grot, (11.1)

see Section 9 and Section 10 for the relevant definitions. We will start from the
first good time interval [j,j + 1]S contained in G and then iterate the argument
to the successive ones.

Setup. As explained at the beginning of Section 10, we actually study an orbit
m(x,t) solution of (1.6) for t >t - € [j — 1/2,j — 1/4]S, which starts from
m(-,tifl). After a careful choice of t;; and after using inequalities, we have seen

that we may suppose m(-,%,) as having an odd number k of mixed contours at

mutual distance > |log e~ 1|%; moreover daq(m(-, ;7)) < 69. Finally, by definition
of good intervals, the force b(z,t) is such that
(h+1)S
[ o< he i1 (11.2)

Choice of parameters. In the sequel w > 0 is the “spectral gap parameter”
defined in Appendix D; s’, o/ and M are as in Theorem C.2 of Appendix C;
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C(M)= sup Aj(m); o and s” of Theorem C.3 of Appendix D are such that
me[0,M]

; @ := min{ca/, o’ }. Recall also that S > max{s’,s"},

ith € < ——
€ = €1 W1 € —_—
! 'S R8C(M)ey

see (9.8).

Notation. We denote by x the characteristic function of A,«, where o* is defined
above and

(G+1)S
Ag = {x eR: / b2 (x,8)ds < a*} (11.3)
G-1ns
noting that
1 (G+1)S
45| < — / 1b(s)]12. (11.4)
at JG-1s

Calling £(t) = (&1(t),...,&(t)) the centers of m(-,t), t > tin, we define the ap-
proximate centers £(t) = (&1(t),...,&(t)) and the deviation wu(:,t), in the usual
way except for inserting the characteristic function y:

(Xm/éi(t)’ [m(-,t) — oimg, y]) =0, ul,t) =m(t) —mg, (11.5)
with oy = 1 [0; = —1] if i is odd, [even], and & (t) in the i-th mixed contour of
m(-,t) (as we will see m(-, ) has only mixed contours).

Finally we call A;(t),i = 1,...,k, the open intervals %(éi_l () +Ei(t), Eigr (B)+
&(t)), €o(t) = —oo and &1 (t) = +00.
Remarks. We have

. c [UTDS
[€:(t) = & @) + [lu( 8) = {m(t) —mgp 2 < — Ib(s)lI3- (11.6)

(G-1S

We sketch the proof for the case of one contour only. The extension to the general
case is straightforward, as the centers have distance > |loge|?.

Denote by £(xm) and £(m) the centers of xm and respectively m. We estimate
by (7.5) |€(xm) —&(m)| < ¢|AS.|. According to its definition, £(t) may be different
from &(xm), but for d3i(xm) small enough the function

£ — (m’g,xm - TT”L&)

has nonzero derivative at its unique zero £(ym). As (m’é, xm —mg) < c'|AG.], we

get with a possibly different constant (11.6).
The variational inequality (5.4) requires lower bounds on €(¢) in the sense of

(10.2). We will thus prove in the sequel upper bounds for displacements of centers
with ¢ odd and lower bounds for those with ¢ even.
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Proposition 11.1 There is a constant c11.1 > 0, so that for ¥ and & small enough
and for all t € [tin, ( +1)5],

-, )13 < e llu, i)l + e11.SUF (11.7)

t
Ui[fi(t)—fi(tin)]ﬁ—ﬁ / (b, ) + e [[Ju )3 + SUZ] (11.8)

in

wherei=1,... k and
) (+1)8 0 log€|?/2
Uj - / ”b(a S)HZ + Rmax; Rmax = Cll.leia‘ ogel’/ . (119)
(1-1)S

Note that Ryax — 0 as € — 0.

Proof. Let
L: L*(R) — L*(R), (Lu)(z) = (J *u)(x) — Af (Mg, (2))u(z).

Note that the coefficient of the local part depends on t. For x € A;, (see the
paragraph “Notation” above)

du(z,t)
dt

. 1
= &t )+ Lu(e, 1) + (2, 1) /0 5 (megy + Aula, 1)) dA -+ b, 1)
(11.10)

Multiply (11.10) by (-, ¢)x and integrate over space. Note that y depends on the
time interval we are considering, but since such interval is here fixed, x does no
longer depend on time. Since x? = x, we obtain

d

1 1
G (310018) = (v 2+ (v o2 [ A (my + MuC.0)) + () + R

k .
R=R(t) = ;oifi(t)(l,\i(t)m'éi(t),xu) (11.11)

By (11.4),

|(ux, Lu) = (ux, L(ux))| < /Ac RJ(JJ — y)u(@)|lu(y)| < 4]A5-

4 (J+1)8 )
<— [[b(s)][3-
o J@G-1)s

On the other hand (uy, L(uy)) < —wl||ux||3 by the spectral gap property of the
operator L proved in Appendix D. We use Theorem C.3 to bound the cubic term in
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(11.11) and recalling the “Choice of parameters” in the beginning of this section,
we get

d /1, .
& (31x12)
G+1)S

< —wllux|)3 + C(M)(er + e [ul3)xul3 + (eu, b) + C/ Ib(s)]13 + R.

Let

7= inf{t: Ju(-, )| 2* > m} (11.12)

Bounding |(xu,b)| <
t<T

, for all times t € [tin, (j + 1)S] such that

+

2[6l13 | wlbxull
w 4

d (G+1)s

1 w 2
G (310x1) < =S+ 2o+ e [ oot + &

ie., for t* = min{r, (j + 1)S} we obtain

(G+1)s

It < @2l )3+ S ([T I)IE + R

(G-1)Ss

with Rmax defined in (11.9). The bound comes from (11.5) after estimating
Eir1(t) —&(t) > |loge|?/2. The latter holds for € > 0 small enough using Theorem
C.1 and because the time interval we are considering and the force are uniformly
bounded in ¢, (a posteriori, see (11.8), we will see that displacements are of the
order of ¥).

Since |u?| < 4,

) 4 (5+1)8 )
< Iuld+ 2 / 1b(s)]12
@) ( S

lu(-, %[5 < e 2 lu(-, ) |3 + ¢ SUZ.

lull3 < lIxull3 + 4] A

The last term is bounded by ¢S (25 + Rmax), S§ < 10739 by (9.9), so that for d, 9
w

and € small enough, the r.h.s. in the last equation is < (W)?’, thus 7 > t*,
1

7 as in (11.12) and t* = (j + 1)S. The proof of (11.7) is complete.

To prove (11.8), we multiply (11.10) by Xm’é and estimate (u¢, XM . ) by

(®) ()

first writing (11.5) as

(Xméi(t)’u) - (Xm](t)’ [Jimé(t) - mg(t)]) (11.13)
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and then differentiating it on time. We then get

(5 e) = &GO 00, y00) + (0, Iy~ oime, ) |

- Z (Xl/\j(t)mlgi(t)’ [Jigi (t)m/gi(t) - ijj (t)mlgj (t)]) (11.14)
J#i
The second term on the r.h.s. of (11.10) gives
_
(Lu, Xm5 (t)) (u, ng (t)) (Lu, (1 — X)ma(t>)- (11.15)

Note that the kernel of the operator obtained by linearizing around m is spanned
by m’. As the centers have distance > |log €|?, the exponential convergence of both
m and m’ implies that ¢11.1 > 0 can be chosen in such a Way that |Lm~ | < Riax.

As the second term in (11.15) is bounded by ¢|AS.|,
obtain from (11.10),

i {17, X113 = i, xin) = i (o, . gy = 7imme ) §
+§;twAAamg@,wiawmg@,—@éxwmgwn
g

< —(b g, ) + el AS| + ¢ - COD[ux|3 + R (11.16)

which has the form i
oillm13 € < Bi+ > aiylé| (11.17)

=1

with §; and a; ; > 0 identified by (11.16). W(je will prove that

k
a:= rélgxz: a;p <1 (11.18)

l\’)l\’)

so that

a
A —a) x| Bl (11.19)

o3 € < i+

Using (11.7) we have
8s - (b )| < e{SUZ 11 = Xl + e~ (- ) B} (11.20)
To bound a, we bound |(u, Xm | < c|jullz and, after some computations which

/2
memmm¢ag@%hmw”wummu+m@) and

1/2
oill 13 & < B+ clplla (el m)3 4 SUZ) T ()

We bound the last term as 1/2 the sum of the squares, then integrating over time
we finally get (11.8), after using (11.6) to relate £ to &. O
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By (9.9), (:11_1,S’Uj2 < ¥; by (9.8), ewS/2 < 1/2, then by (11.7) we get,

supposing e small enough,
u(, (G + D3 < e [Jultm) |5 + c11.15U; < 49. (11.22)

Since & 41((j +1)8) —&((j 4+ 1)S) > |loge|?/2, as we have seen in the course
of the proof of Proposition 11.1, it then follows from (7.7) that for e small enough,

da(m(-, (G +1)S)) < 50 (11.23)
We set , .

vy (t) = T ’/ﬁn(b,mgi(t))’ (11.24)

vi(t) = v0(t) + gicrra (U2 + [lul-, )3 (11.25)

¢
ri(t) = &(tin) + / wi(s), 7(t) = (1 (D), ... (D)) (11.26)
tin

observing that {(t) > 7(t), for ¢ € [tin, (j + 1)S]. We then define 7([(j + 1)5]*) by
erasing in 7((j + 1)S) all pairs riy1((j + 1)S) — ri((j + 1)S) < |logel>. We will
recall this by saying that particles ¢ and ¢+ 1 have collided and, due to the collision,
they have disappeared, (in the next section we will then write r;(¢t) = r;11(t) =0
for t > (j + 1)S, but here we will not use such notation).

By (11.8) the centers & of m(-, (j +1)5) are > 7([(j +1)S]"), in the sense of
(10.2) and we set

m(m, [(j + 1)S]+) = min {m(m, (] + 1)5),m[;((j+1)5)]+ ({E)} (11.27)
For € small enough,

dae(m (-, [+ 1)S]7) ) 6. (11.28)

Moreover the centers of m(z, [(j +1)S]™) have mutual distance > |loge|?. We are
thus in the same setup as in Proposition 11.1, which can then be iterated to all
the intervals of G. Hence for h € N such that (j + 1) < h < j*, see (11.1),

hS

JuC,BS)IE < et (b~ D)+ ena( [

B2 + Runa)
(h—1)S

hS
< cn,lsews/?(/ e w(hS=5)/2)p(5)||2 + Rmax) (11.29)
(G-1)S

+em U= (i) |13
and for t € [h,h+1)S, (11.25) yields

vi(t) = v)(t) + oierrae P UTDIS 2|y )||13

t
baenaSes S [ eI 4 R)), (1130
(G-1)8
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hence
() = ltn) + [ o8} < elluCo )l
t
Sews/? blI> + Rinax} ) 11.31
wese ([ P ). (113D

We summarize what proved so far, by saying that we have introduced auxil-
iary particles orbits 7(t) = (r1(t),...,rg(t)) which starts from {(¢in). The particles
move with velocity v;(t) and collide disappearing once they are at mutual distance
< |log €|?, after such time we write 7;(¢) = () for the disappeared particle. We recall
the relation between 7(t) and the function m(x,t) in the following proposition:

Proposition 11.2 The centers € of m(z,[hS]1), h € {j +1,...,5*}, satisfy € >
7([hS]T) (see (10.2)), and da(m(-, [hS]T)) < 69.

12 Displacements in the bad intervals and total cost

We have defined the auxiliary process 7(t) for ¢t € G, with G as in (11.1), and we
want to extend the definition to all times ¢ € [0, e 2T).

We use the following notation: ty = 5*S is the right end point in G; 5'S the
left end point of the next good time period G'; t; € [j' —1/2, 7' —1/4]S is the time
associated to G’ as defined in Section 10; we write 7(tg) = (r1(to), ..., 7k(to)) and
€= (&,...,&,) the centers of m(-,t1). We recall that r; 1 (to) — r:i(to) > |loge|?,
t=1,...,k and that dap(m(-,t0)) < 69 and dag(m(-,t1) < 9.

We then define 7(t) = 7(to) for ¢ € [to,t1) and will use Theorem 12.1 below
to extend the definition to ¢t > ¢7.

Both the maximal length of the bad interval and the field b applied there
are bounded by the total cost. Therefore the displacement of the already existing
contours during the bad interval is bounded, and the newly nucleated fronts are
close to each other. This is formalized in the next theorem.

Theorem 12.1 The number h of centers of m(-,t1) is odd and h > k. There is K
and an increasing sequence iy, ... i i {1,...,h} so that [§;; —r;(to)] < K. Let
p=h—kand {1,.... 0} ={1,...,h}\{i1,... ik}, then &, , —&, < K for alli
odd in {1,...,p}.

Proof. Call m®(z,t), t > tg, the solution of (1.1) which starts from mg = m(-,t;)
at time ¢o. By regarding (1.1) as (1.6) with b = 0, we can apply the analysis of
Section 11 so that, for € small enough, m®(z,t;) has k centers £0 = (£9,...,€0),
1€Y —7ri(to)] < 1 and dp(mP(-,t1)) < 69.

By Theorem C.4 in Appendix C,

to
Im(-,t1) =m0 (-, t1)[|3 < €3t —tol / b(t)]13 , (12.1)

t1
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so that
[img — mgollz < Pe®l =l 4129 (12.2)

There is a > 0 so that mg(z) < —% for © < & — a; mgo(z) > % for
z € (£ +a,£9 — a) and so on. The same property evidently holds for mg so that

the upper bound (12.2) induces an upper bound on the volume where mg and mg
have a mismatch in the above sense, hence the statements in the theorem observing

P
that by Theorem 9.1, t; — ty < %S’. In particular, the sequence iy, ..., 7, can be
defined as follows. For j odd call ¢; the odd label such that

: 0] __ . _¢0
min & — & = |&; — &

ij, j even, being defined analogously. The elements i1, ..., are mutually distinct
for € small enough because &7, | — &) > |logel* — 2. O

We identify the labels 1,...,%k of the particles in 7(tg) with the sequence
i1,...,1 defined in Theorem 12.1. We now refer to Cases 1) to 3) listed in Sec-
tion 10. In Case 1), where ti, = t1, we define r;(tin) = &; and add particles at
positions &,, i = 1,...,p according to Theorem 12.1. In this way 7(¢) has a dis-
continuity at time t1, as the positions of the old particles may have been displaced
by < K and moreover because new particles may have been added. In Case 2)
tin = t1 and a new configuration £ has been defined in terms of £ by first shifting
apart till distance |loge!|? all pairs in ¢ at distance € [£*,|loge™1|?] and then
by erasing all colliding particles. We define 7(tin) by setting r;(tin) = 5;7 if the
particle 7; has not collided, and otherwise r;(tin) = 0. We complete the definition
by adding particles at positions 527,, i =1,...,p, provided they have not collided.
In Case 3) we let first run (1.6) for a time 7 and then repeat the above procedure,
we refer to Section 10 for details.

It is convenient to say that at all times there are n* particles present so that
7(t) = (r1(t),...,rp=(t)) but the existing ones are only those such that r;(t) # 0.
We use a labeling of the particles so that whenever existent, r;(t) < r;(t) if i < j.

By iteration the above rules define 7(¢) at all times t € [0, 2T]. r;(¢) # 0 has
velocity v;(t) = 0 in the intervals (to,?1) and otherwise v;(t) is given by (11.25).

r;(t) may have discontinuities at the beginning of the new good periods, the
jumps being bounded by a constant K. When a pair of particles is created the
two have distance |loge|?. Two particles collide, disappearing, when they are at
mutual distance |loge|?. These types of discontinuous motion are not counted by
v;(t), which can be interpreted as absolutely continuous part of the velocity.

The constraint (5.3) implies that the total displacement of the centers is
at least ¢ "!R. In order to derive from this information a constraint for the v (t)
defined in (11.24), we have to take into account the error made when replacing v; by
v} (see (11.30)), the displacement during bad intervals, and finally the displacement
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due to nucleation and collision of droplets. Therefore we obtain

n* 672T

P
> / ()] = e 'R~ [ en® /{Ilb(s)||§+Rmax}+%K+n*4llogel2
=l (070} 0

(12.3)
We next compute the total cost. We have
—«| log € 2
1B(®)[I5 > {5 (b, ))* — cemellosel/2} (12.4)
||m H
wr; () #£0
so that ,
)5 > Y m[50f (k)" — ce o/ (12.5)
iy () #0

and, recalling that the mobility u = 4||m/||5 2,
2
i/ b2 > / WO gz 2y, (12.6)
Grot Grot o, (t);é@ s

The cost of the bad times between two successive good periods is completely
neglected if no nucleation occurs otherwise, with the same notation as in Theo-
rem 12.1, we estimate by reversibility

1) 11 = Fom. 1)) ~ Fom(. t0) (12.7
and by (9.4),
Flm(-.t) = Flm(t0)) = (b= BF(m) = . (128)
Thus

) _Cefa|loge|2/2€72T_ 2’7
103n*

(12.9)

Sl

i
40

where n/2 is the total number of nucleations and because h — k < n* and there
are at most n* of such times. We now observe that the inf over {v{(-)} of the
right-hand side of (12.9) under the constraint (12.3), converges in the limit ¢ — 0

to i%f wp(R,T) —
bound.

o> [ 3 s

Grot ;. i (t)#£0

1037 — which proves (5.4) thus concluding the proof of the lower
n
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We now consider the auxiliary variational problem of finding the inf over
{v(-)} of the right-hand side of (12.9) under the constraint (12.3). Keep the
number of particles n fixed, n < n*, and let ¢; be the lifetime of the i-th particle,
ie, t; < Te 2 If we keep (t;)i=1,. n fixed, then we see immediately that the
velocity of each particle must be constant throughout its lifetime. Let v; be this

constant velocity. For the auxiliary problem we get that a minimizer must fulfill the
n n

constraint as equality, hence we have to minimize E v?ti under g vit; = Re 1,
=1 =1

n

which leads to v; = A\, i = 1,...,n. As ) satisfies \ = e_lR(Zti)_l, we get
i=1

t; = Te? for a minimizer, so that the minimum of the auxiliary problem for n

fixed converges in the limit ¢ — 0 to w,(R,T). Optimizing over the number of
particles proves (5.4), thus concluding the proof of the lower bound.

A Existence and uniqueness theorems

We will study here the Cauchy problem

d

= Jru—Ag(w) +b, u(a,0) = uo(a). (A1)
In Theorem A.1 below we will prove existence and uniqueness in C(R; (-1, 1)) for
b e C(R x Ry;R). Observe that since J(x,y) > 0, a comparison theorem holds
for (A.1).

Theorem A.1 There exists one and only one solution u € C(R x Ry;(—1,1))
of (A.1).

Proof. Let uX(z,t), n > 1, be the functions equal respectively to +1 on [—n,n]°

which solve

du®
% = Jxur — Ag(ul) +b, ui(z,0) =ug(z), =€ [-n,n]. (A.2)

Existence and uniqueness of u;f(x,t) follow from standard methods, moreover
using the comparison theorem,

—1<u, (z,t) <uf(z,t) <1, x€[-n,n). (A.3)

Call
Un(z,t) = utb (2,t) — u, (z,1) (A.4)

then, in [—n,n)

d 2
S et — Ul A (i) — Ap(u)} < S UR T €02}
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Let L, f(x) = 1jz/<n[J * f — f], then

Y2 (z,t)
2

t
g/ wﬂ“mmwﬁ@M+g// eB/2HINE=9) (1 1) (AL5)
[=n,n]c 0 [=n,n]c

which shows that for any z and ¢, ¥, (x,t) — 0 as n — oo. Since, by the comparison
theorem, any u € C(R x R4;(—1,1)) solution of (A.1) is such that u, (z,t) <
u(z,t) < wut(z,t), the theorem is proved. O

B Nucleation and collapse of droplets

In this appendix we sketch the proof of Theorem 2.2, which, as mentioned in the
text, uses heavily reversibility. We shorthand by m? the function equal to me(z)
for > 0 and to m¢(—x) for 2 < 0 and call T;(m) the solution of (1.1) which at
time 0 is equal to m. Let « be as in (1.4).

Theorem B.1 There is V > 0 and, for any ¢ > 0 there is L > 0 so that for all
0> Le,

eQaZ

20V

| T: (M) —mglla < ¢, forallt >t*:=10 (B.1)
We will discuss briefly the proof of Theorem B.1, after showing how it can
be used to prove Theorem 2.2.
The force field f(m) defined by the r.h.s. of (1.1) is continuous in L? N
{llm|lsc < mgs} (by the comparison theorem ||T;(m)%)||s < mg for all t > 0), so
that

LF (T (m)) |2 + [Lf (Te (125%)) oo < 01(C) (B.2)

where 01(¢) vanishes when ¢ — 0. The linear interpolation

u(x,t) =t Tp- (M) (z) + (1 —t)mg, 0<t<1 (B.3)
has then a cost
1] (w=tw) <o (B.4)

and defining u(-,t + 1) = Ty-_¢(m"), for t € [0,¢*], we then get by reversibility
and because F(Ty-(m)X)) > 0,

i[wa—ﬂmf<@@+fW$> (B.5)
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and, by (1.4),
F(mg) < 2F (m) + ce /2. (B.6)

After a C* regularization of the orbit w (which can be such that the additional
cost is bounded by (), we then obtain an upper bound for the cost of connecting

mg to m} in a time t* + 1, which is given by

2F () + ce /% + 05(¢) + C. (B.7)

To prove Theorem 2.2 we fix ¢ so that 02(¢) +¢ < 9/2. With £, as in the statement
of Theorem 2.2, for € small enough, ce=*¢/* < /2 and ¢./2 > L¢. By taking
¢ = (/2 we thus complete the proof of Theorem 2.2, pending the validity of
Theorem B.1.
In [2] Theorem B.1 is proved for the semigroup S¢(m) which solves the ana-
logue of (1.1)
ur = —u ~+ tanh{J « u} =: g(u) (B.8)

restricted to a finite interval with Neumann boundary conditions.

The two evolutions, (B.8) and (1.1), share many properties, in particular
they have same stationary solutions, time monotonicity of F and the comparison
theorem. Nonetheless the proof of Theorem B.1 does not follow from its analogue
for (B.8) and requires a proof, which however is nothing but a lengthy yet un-
eventful extension of the one in [2]. For brevity we omit it here, also because it
will be contained in a paper in preparation by Bellettini, De Masi and Presutti
where the minimizing sequences of the tunnelling event are characterized. By re-
versibility this problem is related to an accurate description of the orbits where
two instantons collapse converging to the plus state, an analysis which includes a
proof of Theorem B.1.

C A priori estimates

We write

ta
Aa,tl,tzz{xeRi / bZ(x,t)ga}, a>0, 0<t <t (C.1)

t1
and denote by m(z,t) € L>°(R x R™;(—1,1)) a solution of (1.6).

Theorem C.1 For any a >0 and any t > t; > 0,

1/2
sup |m(x,t)—m0(x,t)|gce”JH»o(t*m( a(t—t1)+(t—t1)|Ac|) (C.2)

€A, tq,t

where ¢ = 8||J||so + 1 and m®(z,s), s > t1, is the solution of (1.1) such that
mo(xvtl) = m(xvtl)'
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Proof. The proof is a simple adaptation of a proof in [3] for finite volumes. Short-
hand A = Aur 4+ and call ¢(z,s) = m(z,s) — m°(z,s), w(s) := sup |p(z, s)]|.
TEA

Then,
570 9)” < (6@, 9)| [Tl (w(s) + 2147 ) +20b(a.5)|  (C.3)
having used that |¢| < 2 and that ¢(z,t)[Ag(m(z,t)) — Ag(m®(z,t))] > 0.

For any = € A, we integrate (C.3) over time, getting

w(s)? < 2|l / w(s')? +8(s — t1) || lloo| A°| + 4[(s — t1)a] /2 (C4)

t1
hence (C.2). O

Theorem C.2 There are M € (0,1), &' > 0 and s’ > 0 so that for any t; > 0 and
any tg >t + 5,

Im(z,t)] < M, for allz € Ay 1,1, and t € [t1 + 5, t2]. (C.5)

Proof. We will first prove that m(z,t) < M and since the proof that m(z,t) >
—M is completely analogous, we will then have proved (C.5). Call b*(x,t) =
max{b(z,t),0} and v(z,t), t > ¢, the solution of

v =1—Ag(v) +bt, v(z,t) =1 (C.6)
Then, m(x,t) < v(z,t). Let now v°(t), t > t1 solve

v =1—As(0°), (t;) =1 (C.7)

¢
and let w(z,t) := v°(t) + / b*(z,s). Then v(x,t) < w(x,t). Indeed, since w > v°,
t1

— =1 —Ag(’l)o) +ot >1 —Ag(w) +bt.

We have thus proved that w is a super-solution of (C.6) and hence m(z,t) <
w(z,t).
Since tlim v0(t) < 1, there are s’ and My < 1 so that vO(t; + s') = Mp. We

choose o’ so that vVa's’ + Mg = M; < 1, and Theorem C.2 is proved. O

Theorem C.3 There are c¢; and co positive so that the following holds. For any
€ >0, there are & > 0 and s” > 0 so that for any t; >0, ta > t1 + 5" and &(t),

m(, t) — ey ()] < €+ er|m(-,t) — meylla’ + 2] A2 (C.8)

for allx € Agr gy 1, and t € [t1 + 5, t2].
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Proof. The function

u(x,t) = [m(m,t) - m&(t) (x)]]-aceA + [mo(xat) - m&(t) (x)]leAca te [tl + S/IatQ]
(C.9)

verifies the condition

u(z,t) —uly,t)] < p+ cslr =yl (C.10)

1" 1/4
where, calling C' = 2¢ell”ll® [(04”5”) + |A¢|*?] an upper bound of the r.h.s.
of (C.2),
p=20+2¢7"1%, ¢y = [[#l]oo + BT oo (C.11)

since B
Im®(z, T) —m®(y,T)| < 277 + B||.J||oo |z — v (C.12)

as proved in [3]. In [3] it is also proved that:
Lemma C.1 Let f € L*(R,[—1,1]) be such that there are p >0 and c3 > 0 so that

|f(x) = f)] < p+cslz—yl (C.13)
then
2/3

1o < pt 253 f e (C.14)

Given € > 0 we choose s” so that 2¢~* /% < 5 and o so that

2 1/4

4celllloes (o/’s”) < % (C.15)

1/3 1/3
C.14) yields (C.8) with ¢ = 4eelllloes™ 4 Ocs and ¢; = —— and ¢3 as in

V8

(C.11). O

Theorem C.4 Let m solve (1.6) with forcing b € L? and let mg solve (1.1); suppose
m(-,to) = mo(-,to) and that mo(z,to) converges exponentially fast to £mg as
x — +o00. Then for any t1 > tg

to
lm (-, t1) = mo (-, t1)|3 < 63'“40'/ 1b(t)]13. (C.16)

t1

Proof. Let u := m — mg. We multiply the difference of (1.1) and (1.6) by u and
obtain

S0l =210 013 = [ [ = p)utenn) - uly.0)dsdy
+2(6,) ~ 2([45(m) - Aﬁ(m())] i — mo).
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Noting that Ag is monotone and that |2(b,u)| < ||b]|3 + ||ul|3, we get

%tllm(wt) —mo(,)II3 < 3lm(-t) —mo(- )13 + [b()]3-

which, by the Gronwall’s inequality, yields (C.16). O

D Spectral gap estimates

Given £ = (&1,...6n), & < &ip1,i=1,...,n—1, call Aj = $[§; + &1, 541 + &,
with §g = —oo and {,4+1 = 0o and denote by 1; the characteristic function of A;.
We then define

Vi = {u € L*(R): (ulj,ml) =0, j= 1n} (D.1)

Let L = L¢ be the linear operator on L*(R) defined as

Lp(x) = J xp(x) — A,’g (mg(x))w(a:) (D.2)
Due to the symmetry of J(x,y), L is self-adjoint. We set

—wg 1= sup  (u, Lu). (D.3)
uEVé*:Hqu:l

When n =1, £ = ¢, we = wy > 0 is independent of £ and equal to the spectral gap
of L, hence the title of this appendix (but notice that wg is not the spectral gap
when n > 1, the spectral gap vanishing as the mutual distance of the element of £
diverges). Call finally

Dg:=_ _min {&+1 - &} (D.4)

Theorem D.1 There are w and c positive so that

cn

Wg>w— - (D.5)
D¢
Proof. Let kj;, j =1,...,n — 1 be integers such that
&+ &+ 10
b = > —"=1<\/De lulp;—1,40ll2 < D: (D.6)
whose existence follows from the condition ||u|s = 1. Calling kg = —o0, k,, = +00
and wj = 1, _, ,ju, we have
n—1 n—1
(u, Lu) = > " (ug, Lug) + > (ug, J *ujpa). (D.7)

j=1 Jj=1
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Since the L? norm of the operator .J is < 1, by (D.6) the last term is bounded by
100nDZ "
For j odd,

(mlgjvuj) _y m%i,[u—uj]) ,

(wy, L) < ~willuy — = Tml 13 < —wnllegll3 + wn |- I3
5o 1 ) ’ (g, )
< —willuy I3 + ce~ Ve (D.8)

because (méj,u) = 0 and m/(z) < eI, An analogous argument holds for j
even and the theorem is proved. [l
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