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Abstract. In the one-particle sector of Nelson’s massless model, the one-particle
states are constructed for an arbitrarily small infrared cutoff in the interaction
term of the Hamiltonian of the system. The performed method is a constructive
one which exploits only regular perturbation theory, by a suitable iteration scheme.
The disappearance of one-particle states is showed in the limit of no infrared regular-
ization. Constructive features, as regularity in some parameters, are also inquired.

Introduction

In this paper we treat some spectral problems in a model describing quantum
mechanical matter locally interacting with the quantized relativistic field of scalar
massless bosons. Such a model was rigorously studied, in the case of massive
bosons, by Nelson [Ne], who removed the ultraviolet cutoff in the interaction.
Nowadays it is widely considered a toy model for analyzing infrared aspects of
radiation theory. The underlying conjecture is that the model retains some of the
infrared features of Q.E.D., in spite of the various approximations made: the charge
is not described by a field (no pair production), an ultraviolet cutoff is (generally)
imposed on the interaction, the “photons” are scalar and the “electron” is a spin
less non-relativistic particle.

In a rigorous analysis of radiation theory, the zero photon mass implies non-
trivial mathematical problems at the level of spectrum properties, which are not
avoidable for a satisfactory explanation of radiative phenomena at low energies.
In this respect many papers have been recently devoted to a rigorous analysis of
binding and resonances ([B.F.S], [Ge], [G.L.L], [L.M.S], [Ar]), scattering of photons
and relaxation to the ground state for isolated atoms ([Sp], [D.Ge], [Ge], [F.G.S]).

In this paper we are concerned with the translation invariant Nelson’s mass-
less model restricted to only one non-relativistic particle interacting with the boson
(scalar) field: the so-called “one-particle sector”. The aim is to clarify, in an inter-
acting and physically non-trivial model, the phenomenon of the disappearance of a
properly defined mass-shell for the electron in Q.E.D. [Sc], [Bu], when no infrared
regularization is performed. Such an analysis is also a prerequisite for a rigorous
treatment of the counterpart of “Compton scattering” in the given scalar model.

It is worth-while to stress that, though important indications come from solv-
able infrared models, like non-relativistic Q.E.D. in dipole approximation (also
called Pauli-Fierz model [P.F], [Bl]) or a simplified version of Nelson’s model it-
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self (see [Fr.1] page 27), the answers one gets for the mass-shell problem are not
satisfactory, because the adopted approximations are too strong. For this reason
the analysis of the full interacting Nelson’s model turns out to be a relevant non-
perturbative step to analyze some (limited) aspects of the mass-shell problem in
Q.E.D.

Mathematically, the mass-shell problem is formalized as the absence of the
“one-particle subspace” in the Hilbert space of the system; the one-particle sub-
space is that one generated by vectors on which the Hamiltonian H acts as a
function of the total momentum P of the system (the considered model is co-
variant under translation). The states in the one-particle space (if it exists with
some properties) describe a free particle alone in the world, with an expected
non-relativistic dispersion for small momenta. For Nelson’s massless model, this
subspace exists in the Hilbert space of the system as long as an infrared cutoff on
the interaction is imposed, as proved in [Fr.1] and in the present paper. Our main
concerns are therefore: to study the fate of one-particle states when the infrared
cutoff is removed, and to get a control on the involved vectors for an arbitrarily
small infrared cutoff.

More technically, such a study concerns the limiting behavior of the ground
states of the Hamiltonians Hp, at a fixed total momentum P and acting on a copy
of the boson Fock space, when no infrared cutoff is introduced in the interaction
term. For this purpose we use an iterative procedure different from the operatorial
renormalization group developed for analogous problems in [B.F.S] and [Ch]. The
method we use provides the construction of the ground state for the Hamiltonians
Hp ,, obtained from Hp by an (arbitrarily small) infrared cutoff ¢ in the interac-
tion. The method is based on the analytic perturbation [R.S], it works for small
values of the coupling constant and in a neighborhood of P = 0, corresponding to
a ratio |P| /m strictly less than 1, where m is the Hamiltonian parameter corre-
sponding to the non-relativistic particle. It exploits the “smallness” of the variation
of the interaction term when we slightly modify the infrared (energy) scale. By the
same method we can prove the strong convergence of the ground state for some
Hamiltonians Hg ,, acting on the Fock space and obtained from Hp , through a
P-dependent coherent transformation of the boson variables, already known from
[Fr.1]. This result easily implies the weak limit to the zero vector of the ground
eigenvector of the original Hamiltonian Hp ,, for o — 0. It also prevents any mass-
shell construction by glueing states corresponding to different values of P; in fact,
because of the inequivalence, in the limit ¢ — 0, of the coherent transformations
for different P, it turns out to be physically meaningless (see [Fr.1], page 53).

The fundamental results were already discovered by Frohlich [Fr.1], [Fr.2],
through a non-perturbative method inspired by Glimm and Jaffe [G.J], which is
not constructive. By the iterated analytic perturbation, the one-particle states are
studied here in terms of the ground eigenvectors of related transformed Hamiltoni-
ans (Hg ). The new vectors are more regular in their dependence on parameters
like the infrared cutoff and the total momentum. Such a characterization of one-
particle states, for arbitrarily small infrared cutoffs, is a key ingredient for a rather
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complete description of the asymptotic dynamics, both for the massless field and
for the charged particle [Pi].

In conclusion, the constructive method provides a more explicit control and
then more insight into the physical content of the limit states. Indeed, in this
framework, regular perturbation theory becomes effective, even though the limiting
situation is that of a non-isolated eigenvalue and therefore seemingly not accessible
through such a method. Simple questions can be answered, at least partially, by
ordinary perturbation techniques; for instance: how two ground states at different
cutoff or at different P are related, in which sense and to what extent the expected
regularity, of certain physical quantities, is conserved under the removal of the
infrared cutoff.

Definition of the model
The physical system consists of a non-relativistic spin less quantum particle of
mass m, linearly coupled to a quantized relativistic scalar boson field, which is
massless and real.

The non-relativistic particle is described by position and momentum variables
with usual canonical commutation rules (c.c.r.)

[.’L’l,pj] =10y ; (h =1).
The (scalar) boson field, which we will call photon field, at time ¢t = 0 is
1 d*k
Nz V21K’

(c=h=1), where a' (k) ,a (k) are standard creation and annihilation operator-
valued tempered distributions obeying the c.c.r.

[a(k),a (q)] =6 (k—q)
la(k),a(q)] = [a' (k),a' (@)] =0.

The spatial translations are implemented by the total momentum

A (O,Y) = . / (aT (k) e~ kY L g (k) eik-y)

P;=p+/kaf(k)a(k)d3k.

The dynamics of the system is generated by the covariant (under translation,
[H,P] = 0) Hamiltonian

2 K
H:= b + g/ (a (k) ekx 4 gf (k) e*ik'x)
0

2m

d3k
V2 k|2
where k is an ultraviolet cutoff (the integration bounds throughout the paper are

referred to the radial part of k, g is the coupling constant and HP" is the free
Hamiltonian of the photon field H?" := [ |k|a' (k) a (k) d%k).

+H"
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The Hilbert space of the system is H= L? (R®,d®z) ® F where F is the Fock
space with respect to the creation and annihilation operator-valued distributions
{a’ (k),a(k)}: an element 1 of H is a sequence {¢"},, v of functions on R3"+Y)
with [|9|| < oo, where

||’l/)||2 = Z/@W (X, k17 ey kn)’l/)n (X, k17 ey kn) d3k1 .. ~d3knd3x
n=0

and each 9" (x,ki,...,k,) is symmetric in ki,...,k,. The n = 0 component
corresponds to the tensor product of the vacuum subspace of F with the non-
relativistic particle space L? (R3).

Standard results about H and P:
i) The operators

P= p+/kaT (k) a (k) d®k
are essentially self-adjoint (e.s.a.) in

D:=\/ hey"

neN

which is the set of the finite linear combinations of vectors of wave functions
h(x)y"™ (ki,...,ky,), where h (x) € S (R?) (the space of Schwartz test functions),
Y™ (ky,...,.k,) € S5 (R3") is symmetric in its variables. Since p = —i% and
[ka' (k) a (k) d®k are e.s.a. in S (R?) and \/,, oy Y™ respectively, the result easily
follows for the P operators. The spectrum of each component of P is the real
axis, the spectral measure is absolutely continuous with respect to the Lebesgue
measure.

ii) The interaction term in the Hamiltonian is infinitesimal small with respect to

p2
Hy:= =— + H"".
2m

Therefore H is bounded from below, it is e.s.a. in D and its self-adjointness domain
(s.a.d.), D (H), coincides with D (Hp) (s.a.d. of Hp).

iii) The groups e®@Fand ¢ # (7,a' € R) commute.

iv) The joint spectral decomposition of the Hilbert space with respect to the P
operators is H= f®de3P , where Hp is a copy of F.

Indeed to the improper eigenvectors of the P operators, ®%, where

DY (x,k,... k) = (2m) "2 iPammka)xom (g )
op (ki,....ky) € S5 (R*™)
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we can relate a natural scalar product:
3 3
(<I>’12,<I>712) = §n7m/g0/12 (kl,...,kn)(p%1 (kl,...,kn)d ki...d°k, .

The vector space \/,, .y ®p is defined as the closure of the finite linear combinations
of the wave functions ®3 (x,ki,...,k,) in the norm which arises from the scalar
product above. Starting from this space, we uniquely define the linear application

Ip:\/ ®p > F°
neN

by the prescription:
Ip (D3 (x,k1, ..., ky))

1
=— [ bl (k)...b" (kp) B (Ke,. ... kn)d%k1 ... d%knty,
= 9008 ) o ) @

where b (k) ,b' (k), which formally correspond to a (k) e af (k) e~ are an-
nihilation and creation operator-valued tempered distributions in the Fock space
F® = F, and g is the related vacuum. The given norm for ®% is equal to
IIp (8 )|l (|-l is the Fock norm). The application Ip is onto and unitary.

v) Since [H,P] = 0, we have that H = [ Hpd®P, where Hp : Hp — Hp is e.s.a.

in D* :=\/, .y ®p; in terms of the variables P, b (k) ,b" (k), the operator Hp is
written as follows:
(Prh — P)? . &k
H=7+/ b(k)+ b (k + HPh
p= g [ (009 +0100)

being HP" = [ |k| bT (k) b (k) d*k and PP" = [kb' (k)b (k) d®k when applied on
the fiber spaces Hp.

Survey of results

Our first concern (Section 1) is to single out a sequence of infrared cutoffs, {c;},

oj = ke?, j € N (natural numbers), 0 < € < (%)8, and to construct, for g uniform

in j, the ground eigenvectors 5’ of the Hamiltonians Hp 5, acting on Hp = F*
and with the infrared cutoff o; in the interaction term, namely

(Prh — P)? /” &k N
Hp, =~——2 +g b(k)+ b (k + H?
P, 5 O_j(() (k) K

where P belongs to ¥ = {P 1 %} The constraint on ¥ reflects the mixed
character of the model, which forces to restrict the physical region of the total
momentum to the set {P: |P| < m}; the adopted more restrictive constraint,
{P P < %}, is only due to technical reasons. The law in the infrared sequence,
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{0}, derives from the requirement to have, step by step, a relative interaction
(AHP)Z;+1 (defined below) “of the same order” as the gap at least. The restrictive
constraint on € plays a role in the proof of Theorem 2.3 in Section 2; in Section 1 the
natural constraint, 0 < € < 1, works. Our proofs require in general a small ratio =
Concerning terminology, we use the term ground eigenvector to be precise about
normalization (the vectors 1y , obtained in the iteration, are not normalized) and
because a phase fixing is implicit in the used procedure and for the desired results.
We will generally use the term ground state to indicate only the corresponding
ray; by the term “unique ground eigenvector” we mean that the corresponding
eigenvalue is non-degenerate.

In constructing the ground eigenvectors {ng }, the underlying idea is to break
the interaction and to construct the vector ¢5’*" in terms of 1y by iteration of
the analytic perturbation [R.S]. The “small” and analytic perturbation for the
Hamiltonian Hp ,, is represented by the difference of the interaction terms

A 7i d3k
AHp)) :=Hp,, , —Hp, = / b(k)+ b (k
( P)Uj+1 P>UJ+1 P>U] g _ ( ( ) + ( )) \/m
at subsequent infrared cutoffs and at fixed coupling constant g.

In developing this technique, the tensorial structure of the Fock space is
crucial: it means that if the Hilbert complex space h is given as a direct sum
hi1 @ ha, then the bosonic Hilbert space F over h, F (h), is isomorphic to F} ® Fs,
where F} is the Fock space over hy and F5 is the Fock space over ho.

The technique essentially relies on the comparison between the resolvents of
the Hamiltonians Hp ,, and Hp ., ,; it recursively uses the Kato-Rellich theorem
on the analytic perturbation of isolated eigenvalues (of self-adjoint operators) to
relate the corresponding ground eigenvectors 1y’ and g .

At each step two pieces of information are required:

1) alower bound for the gap of the Hamiltonian Hp ,, restricted to the subspace

Ff =F(h), h:==L*(R*\B d’k) , B, =1{k: k| <041} ;

Tjt1 Tjt1r
2) an estimate of the difference, (AHP)Zj:+1 = Hp,,,, — Hp 5,;, between two

subsequent infrared cutoff Hamiltonians; we need that it is small with respect
to Hp s, |+ in a generalized sense, in order to expand the spectral pro-
7i+1
jection of Hp ., |p+ , on the ground eigenvalue, in a perturbative series
Tj+1
in terms of the resolvent of Hp o, |+ and of the difference (AHp);’ .
’ Tj+1 i+t
The requirement 1) is provided by Lemma 1.1, where we study the operator Hp o,
applied to the subspace F.f . . The result is that, under the constructive hypotheses

Oj41
for {o;} and ¥, if ¢’ is the unique ground eigenvector of Hp o, |+ of energy Eg’
7j
with gap bigger than %, then Hp o, |+ has unique ground eigenvector 3’ @1y
741

(o vacuum state) with a gap larger than %cer.
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The meaning of this result is the following. When the operator Hp o, initially

considered on F*, is applied on the larger space F, ereping the interaction

fixed above the cutoff 0, new further terms appear; however, the contribution of
the new terms is, roughly speaking, positive. More precisely, it turns out that:

e the ground state is essentially the same as for Hp o, |+ ;
o)

e the new gap is of order o;4;.

The requirement 2) is provided by Lemma 1.3, in which, given the estimate for the
gap provided in Lemma 1.1 and for properly chosen values of Ej 11 € C (complex
numbers), we can establish that the resolvent

1
Hpo e —Eis
yOj+1 |Faj+1 7+

has a series expansion in terms of e — +1 —— and the difference (AHp)?
o
Fg
J+1

o )
7 J+1

at small, but uniform in j, coupling constant g. Except for the relevant estimate

|/ r00v00] < </ g dS’“)l

(where the expression on the right side is supposed to be well defined) and for
an ordinary factorization (see also [B.F.S]) in the series expansion of the resol-
vent, the result is only due to a crucial consideration based on the joint spectral
decomposition of commuting observables.

Then we obtain the main result of the section which consists in the definition of
Y™ by the pertubation of ¢35’ (vy identified with g’ ® v, vector in F;f )

Tj+1

]

under some hypotheses on 1/)1? ; namely the result is:

Theorem 1.4 Under the constructive hypotheses and for g sufficiently small, if

1/)1? is the unique ground eigenvector of Hp ., |F+ with gap larger than %,

o
Hp o, |p+  has a unique ground eigenvector {p o5t of energy Eg’*' and the
7j+1

corresponding gap is bigger than ZZ; the (unnormalized) vector ™" is so de-
fined
p= P = dE
’l/)P J]+1w 27(-2 f HP sO54+1 A ’l/)P
where Ej 11 € C and |EJ+1 — Ep | = 15041

Ii+1

According to this theorem, it turns out that ¢’ is given by 1/13 plus a finite
g-dependent remainder so that Hw%“ H >c pr H where 0 < ¢ < 1, provided g is
sufficiently small. Because of this result and the spectral features of Vp = (gap,
non-degeneracy), the same operation can be repeated for the next infrared cutoff.
Then we can construct the sequence {1/);3 }, by iteration, starting from &’ = 1.
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In Section 2 we deal with the problem of the convergence of {1/)1?} and we
are forced to discuss a related sequence {gb;j } Mathematically, the convergence
of {ng } involves a problem of perturbation of eigenvalues at the threshold of the

continuous spectrum, more specifically the perturbation of the ground energy of
the Hamiltonian (P € ¥)

2
0 ._ (Pph — P) ph

If the exponent of |k| in the interaction term of the Hamiltonian Hp
d3k
V2 K|

were larger than —%, the norm estimates for the resolvents would be sufficient
not only to construct the sequence {ng } but also to gain the convergence. The
local interaction (up to the ultraviolet cutoff ) of the relativistic field yields the
exponent f%. It is a limiting case for the existence of the ground state in the
following sense:

" i
g/o (b (k) + b (K))

e the ground state exists in the Fock space F*(=Hp) for arbitrarily small in-
frared cutoff in the interaction;

e when the infrared cutoff is removed, it requires non-Fock coherent represen-
tations of the variables {b (k) ,b' (k)}, which are also inequivalent at differ-
ent P.

Therefore the strategy is to properly transform the Hamiltonians Hp ,, and to
study the sequence of ground eigenvectors of the so obtained Hamiltonians acting
on F®. The known coherent transformation (in this respect see [Fr.1]) is re-obtained
thanks to a heuristic proof based on a virial type argument!. Namely, starting
from the assumption of a ground state “coherent in the infrared region”, such an
argument works out the representation given by the following intertwiner

b (k) — bT (k) a3k

(1—E-VE(P)) V21Kl |

where VE (P) is the gradient of the ground energy (as a function of the total
momentum P) which is well defined as proved in [Fr.2], at least except a set of
measure Zero.

Taking care of the above expression we turn to consider the transformed
Hamiltonians

W (VE (P)) := exp —g/on "

Hy . :=W,, (VE% (P)) Hp ,,W} (VE? (P))

J

11 am indebted to G. Morchio for having suggested to me this effective argument and for
many discussions and advice.
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where

" —pt
W,, (VE (P)) :=exp | —g / b (k) — o' (k) &k

o) [K| (1 _k.VE (P)) V2K

and Egj is the ground energy of Hp ;.
Then we realize that Hp , can be put in the following “canonical” form

2
1 1 Tj Tj
2m (HPJJ - W : ( p1lpo; 0p ))

P

+ /OOO (k| —k-VE (P)bl (k)b (k) d®k + cff

where
k(b(k)+b' (k))
Op,, =P —g [" — d3k
* P f"j V2Ik|? (1-k-VE"I (P))
e ¢7’ (to be specified) is ground eigenvector of Hg . (note however that the
“canonical” form of the Hamiltonian Hg , involves only the ray of the corre-

sponding ground eigenvector, the same ray of W,, (VE? (P)) g’ therefore)

° capj is an additive constant.
An iteration procedure as in Section 1 can be now carried out for the Hamiltonians
Hﬂaj, acting on F®, to construct again a sequence of related ground eigenvectors

{qﬁapj } We use an analogous chain of projectors, by exploiting the spectral infor-
mation known for the Hamiltonians Hp ;. We find that thanks to the property

7 i Ij . __ g I 7 g 7 I P
¢p LTp, ¢p ~{Hp,aj P T o2 2'( p > lUp,, p) P i1=1,2,3
low |
the norm of the remainder
oif1 405
P P

9

is of order the ratio =X raised to some positive power, in contrast to the sequence
{w;j } The final result is the content of Theorem 2.3 and Corollary 2.4, in which
we prove the strong convergence of the sequence {(bapj} to a vector ¢p, in F?. The
key result is just the inequality proved, by induction, in:

Theorem 2.3 For g and > sufficiently small, the inequality

) ) 1 . )
I'p, o5, =———— |Tb.. op
( P,o; P’( Hgﬂj _ Ej+1> P,o;"P )

holds uniformly in j and in P € X, being M a sufficiently small constant.

M
92' <_] (2:17273)
€4




448 A. Pizzo Ann. Henri Poincaré

As straightforward consequence of the strong convergence of {gb;,j }, we obtain that
the sequence {ng} goes weakly to zero in F?, and it converges to a vector ip
in the representation of {b(k),b' (k)} given by the non-Fock coherent transfor-
mation W (VE (P)). Since the representations of {b (k) ,b' (k) }, associated to the
intertwiners W (VE (P)), are not equivalent for different P, the construction of
a state “ f Ypd>®P” is physically meaningless (it requires the superselection of the
total momentum) [Fr.1].

In Section 3 we define a normalized ground eigenvector ¢f of Hp , where
o lies in the continuum. The vector ¢§ is strongly convergent for o — )0, and it
is proved to carry a (strong) Holder property with respect to P (in the consid-
ered neighborhood of P = 0), uniformly in o, though, in general, a more regular
behavior is expected [Ch]. This is the price that we have to pay, in terms of ap-
proximation, by using regular perturbation theory.

Theorem 3.4 Under the constructive hypotheses, for % and g sufficiently small,
the norm difference between ¢% and ¢p Ap is Holder in |AP| with coefficient
% — 0, 0 > 0 and arbitrarily small. The multiplicative constant, Cs, is uniform
in0<o<ke in PP+ AP € X and AP € I, I a sufficiently small fixed ball

around AP = 0.

The regularity property in P, resulting from analytic perturbation theory, seems
to be essential in the construction of the asymptotic states in the scattering theory
[Pi].

1 Construction of the sequence {@ng }

In the present section we only construct the sequence of ground eigenvectors of the
Hamiltonians Hp . In order to do it, we introduce some preliminary lemmas (1.1,
1.2, 1.3) which are necessary to perform the projection in Theorem 1.4. Finally, in
Corollary 1.5, the sequence {ng ,JEN } is constructed by iteration.

The constructive hypotheses are:

I) the considered infrared cutoff are o; = Kkes where 0 < € < (%)8, jEN;
I) the momenta P are restricted to the set ¥ = {P: [P| < &1

III) the ratio £ fulfills the inequality: = (27rg2 + %5) < 545-

We synthesize the content of the three lemmas:
e in Lemma 1.1, starting from Hp ., | p+ , we study the operator Hp ., applied
7

to the subspace F;: ., and we show how to recover the new eigenvector and
the new gap for the same operator (Hp ,) on the larger space F, OI: +,» Which
however does not contain new interacting bosons compared with F, a‘”; ;

e in Lemma 1.2 the ground energy is checked to be not decreasing in the infrared
cutoft:

7 T+l
EY > Ep™
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e in Lemma 1.3 the meaning of the “smallness” of

(AHp))’ = Hp,,,, — Hpo,

Oj+1
with respect to Hp o, |p+ is explained.
741
Remark. The value of g (¢ > 0) will be constrained several times during the
procedure; at each time we call g the maximum value such that the constraint
under examination as well as the previous constraints are satisfied. In Sections 2, 3
we assume a sufficiently small ratio .- to prove the convergence of the transformed
sequence {gb;j } and the regularity properties. The proofs of Section 1 do not
require the restrictive constraint on € but only 0 < ¢ < 1 and moreover can be

extended to arbitrary (finite) values of % if one assumes some results by Frohlich
[Fr.2] concerning the ground energy.

Lemma 1.1 If w;j is the unique ground eigenvector of Hp s, |+ with correspond-
7

ing gap larger than %, then 1/)1(;’ ® o, Yo vacuum state in ngj+1 (defined below),
is the unique ground eigenvector of Hp o, |+ with the same eigenvalue EY (of
Tjt1

w;j) and its gap is larger than %oj_H.

Proof?. Let us decompose Fl. asFl® FJ?.,, where F;’

o741 is the tensorial sub-
product defined as follows

Fgi =F(h), h:=1I (Bg;jﬂ,d‘?k) B, = 1{k: o1 < [k <o} .

Clearly the vector g’ ®1y is an eigenvector of Hp 5, |+ , with eigenvalue EY/,
Tjt1

and
Hp o, F . o {vp @¢o} = Ff . o {vp ®o}

where {1/1{'{ ® 1/10} denotes the subspace generated by ¥g ® 1.

For this reason the gap we want to estimate can be analyzed starting from
inf {HP"’J' |Fé+1e{¢§j®wo}}
if the above quantity is larger than E;,j . In this case the gap corresponds to

. o _ T j
inf {HP"’J' rz  e{ugiaw) ~Ep } '

Since it is useful in Lemma 1.3, we prove a stronger result:

. 1 h |o; gt 3
inf {Hp)gj |F+ e{w;j®wo} —ng |J;+1 E'PJ} > ngJrl

spec o1

2] am indebted to J. Frohlich for having suggested to me a shorter proof and for a helpful
discussion of the lemma.
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having defined

mies e 7 b 3 o 7 3
HY M_/ K[bT ()b(k) Pk and N M_/ bt ()b (k) k.
o4 Ojt1
For this purpose note that [Hp,,, n (k)] = 0 for |k| < oj, where n(k) :=
bt (k) b (k), in distributional sense; it implies that our search of the infimum can

be restricted to the analysis of the expectation value of

1 th 95

Heo; Irs ofup o) ~5H" 7

on vectors like p @1, ¢ @ Ly @1y and ||¢|| = ||In]| = 1, where ¢ € F} isin the

domain of Hp ,,, 1 € F,,j+1 is in the domain of HP" |U 4,and it is elgenvector of
N |UJ+1

It is sufficient to distinguish two different energy regimes, corresponding to vectors

n with spectral support, in HP" |Z;Z+1, below and above the value 55 respectively;

let us define
q:= ( JHPM | o1 77)

then in the first case ¢ < 75, in the second one ¢ > 55

1) g < 35 20
For the set {P’: |[P/| < |P|+ ¢ ,P € X} the condition on ¢ implies |[VE? (P)| <
%, by steps as in Lemma A2, Appendix. Moreover we can estimate

1 . -
<s0®n, {Hp,a] - 3th A Epj}<ﬂ®n)

from below in terms of

1 o 4
min§ —o; , inf EY —Ep + =
{2 T ap> |Q|>0’J+1{ Pra 5|q|}}

due to the following facts:

20

e the gap of Hp ,, |F+ is bigger than %, by hypothesis;
e the inequality Wthh holds for n L 1/)0

(w®n,{Hp,o] —EHP” o Efij}w@@n)

PP —P+q)’
S O i
a: g5 2>lal>0j41 2m

"b(k)+bl (k) h 4 o)
+g | S PB4 HPE® 42 |q|— EY
g/gj T S tgplal—Ep e
ql}

> inf {qu—E"J+|

a: g5 >lal>0j41
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From the constraint on the gradient and being %crj > %cer, we can conclude that

1 o o 4 3
min{§oj,q‘m inf {Equ—EPJ—l—gl(ﬂ}}Zng_H.
$ 20

s=>lal>0541

2)q> %

Let us start observing that
h |o; 2
Hp o, |Fa+j+1 —-H? g;ﬂ +2mg°k >0,

to provide the bound

1 ) o 4 o
(<p®77, {Hp,gj — ZHPh |g;+1 —EPJ}QO®77) > —q—2ng*k — Eg

5 5
m o;
Z % — 27Tg2:‘<f/ — EP .

K

Now, from the constraints on the ratio -, on X, and from next Lemma 1.2 which

guarantees Fg’ > Ep’, we have

m 2 oj M 2 o m 2 3
%727&'9 k— By > %727@ R %727@ K — 5202 = 301 > 5crj+1
where the inequality

mo 2 m 3

R, PpS.

95 "I o902 = 5

m
21 g2k + Ske? < —— .
TG K+ —KkeZ < 500
Conclusion
inf ¢ H | 7 leph % By > §cr- O
spec P.oj F;j+19{wp]®w0} 5 Tj+1 P =5 Jj+1 -

Lemma 1.2 The following relation between Ef’ and EZ™ (ground emergy of
Hp7gj+1 |FU+,+1) holds:
J

EY > EZY > EY —10mg%0; .
Proof. Considering that
i d3k

Hp,. — Hp ,, I b(k)+b (k) — ,
o g, = Moo, Ly, +rg 20 [ (009 + W)
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(IF;j is the identity operator in the space Fjj) the expectation value of Hp o, ,

on Vg’ ® vo |
( PJ ®¢07 HP,G'j+1 1/JP] ®1/10)

[4g ® vol”

coincides with Eg’.
Eg’*" is the infimum of the expectation value of Hp o, ,, on the vectors, in F; |
belonging to the operator domain, by definition. Therefore E5’*' < Ef/ and, in
general, E‘{,H < E‘PT,/ for o’ > o’ . Moreover collecting the following results

e as proved in the previous lemma

1 .
inf (HP,o'j |F+ __th oj ) > EPJ
7j+1

spec 5 9i+1

e being

1 i d3k
—HPM | +g/ b(k)+ b (k) +10mg* (0 — 0j41) >0
5 j+1 —_— ( ) \/§|k|% J J

we can estimate

o . 7 &’k
EZ* = int (Hp,,,j . +g/ (b (k) +0' (k) )

spec T4 V2 |k|%
1
: _ —ggph |o; o 2 .
> By’ — 107g%0;, O

Lemma 1.3 For properly small values of g and under the hypotheses of Lemma 1.1,
oj _ g1 T d°k - . .
(AHp),, = gfajj+1 (b(k) + b (k)) Vg small with respect to Hp o, |Fa+j+1 in

the following sense: For Ej 1 € C such that

. o 11
‘Ej+1 — ;;15: (HP,O'J' |FU+H1>’ = {Ej+1 — EPJ| — %O’j+17

it turns out that

1 . 1 " 20 (C)"™
T S S [
Hp o, — Ejn i Hp o, — Ejn L Oj+1
7
where Cy, 0 < Cy < %, is a constant independent of j.
It implies the validity of the series expansion:

1
- +
Hp o, + (AHp)y, — Ejn e

+oo n
1 | 1
- —(AHp)? — :
Hp o, — Ejp ; ( (AHp)g),, Hp,, — EjH) .
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Proof. The aim of this lemma is to arrive at a norm controlled series expansion of
the resolvent, to be exploited in Theorem 1.4.
Let us analyze the nt” term of the series

+o0 n
1 . 1
T — E —(AHp)?” & — ,
HP,GJ- - Ej+1 =0 < ( P)aj“ Hp,gj — Ej+1> |F‘;rj+1

1
1 2
Hp o, = Ejt1

namely

1 1
1 2 1 2 o 1
(=n" (AHp)o) -
Hp,o; = Ejt1 Hp,o; —Ejt1 I\ Hp o) —Ejn

where )
1 2
(HP»UJ' - Ej+1 )

is defined starting from the spectral representation of Hp ,,, by using the conven-
tion to take the branch of the square root with smaller argument in (—, 7]. Each
term in the series expansion is under control if we are able to estimate the norm:

1 5 A 1 5
. Hp) [—— =
(HP,UJ- - Ej+1) (BHP)o (HP,oj - Ej+1)

This norm is less or equal to

(om0 ) ()
HPJ]‘ - Ej+1 Tt 2 |k|% HP»‘TJ' - Ej+1
+1

if the quantities written above exist.
Moreover the following estimate holds:

Indeed, starting from vectors belonging to D* (N F,S (D" :=\/, .y ®B, see point

Oj+1

iv) in Definition of the model), we get the bound:

[N

7j+1

2g

+ +
Foj Fojta

[NIE

<V10m-02 . (1)

<

i d*k 1 2
.0 ()
Oj+1 2 |k| HP’Uj - Ej+1 F;r'+1

i d3k 1 2
[ (s, 25)

Tj+1 2|k| \HP,o; — Ej+1 ot

7541

1 2 1 :
O Y (A
- o l Hp o = Eja Hpo; = Ejp

a;

in this respect note that [Hp ., , H"" |37,,] = 0.

.
Fojta
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The operator norm of

1
1 2 1 z
HPh |95 - -
o KHP,@- - Ej+1> (HP,aj - Ej+1) 72

can be studied on Y5’ ® ¢y and on FS & {1g) @10} separately. The operator

Tj+1
vanishes on g’ ®1bo (put H?" |77, on the right). The discussion is then restricted
to the subspace F,\, © {¢p’ @ o}
As already seen in Lemma 1.1, we have

T

1 3
: o ph |oj 5 .
s};lefc <HP’Jj |F;j+19{ij ®1/J0} 5H Uj+1) > Ep 5Uj+1

from which

. 1o 3 1
inf (Hp7gj |F<T+j+1e{¢;j®¢0} —ng J;+1 _ReEj+1) > go'j_t,_l — %0'_74_1 >0.

aj

Going to the joint spectral representation of the operators Hp ,; and Hrh o415

we easily obtain

T 1

1 1 2
Ho | <7) <7) <5. @
Tj+1 [ HP,aj _ Ej+1 HP,aj o Ej+1 = ( )

Conclusion

(S

For g sufficiently small but uniform in j, the thesis is proved because the norm

1 3
<HP,aj - Ej+1>

is of order ( 1 )5. O
9+

Fojp

Now, on the basis of the previous results and starting from the relation be-

tween the resolvents of the Hamiltonians Hp ,,,, and Hp ,, applied on the sub-
space F; .,» We can construct Yp ! and establish that the norm difference between
the ground eigenvectors, ¢35’ " and 1, is bounded by a constant strictly less than
1. Concerning notations, starting from now, we identify ¥g’ and ¥ g’ ®1g as vectors

in B .
1
Theorem 1.4 Under the constructive hypotheses and for g sufficiently small, if

Yp' is the unique ground eigenvector of Hp ,, |p+ with gap larger than %
7

Hpo,,, |p+  has a unique ground eigenvector Y™ of energy EZ™ and the
7j41
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corresponding gap s larger than %; the (unnormalized) vector 1/);”1 s so de-

fined
1

. 1 v
T dE . Y
P 27Ti % Hp7aj+1 — Ej+1 AR wP

(3)

oj| _ 11
where Ej+1 € C and |Ej+1 — EPJ = %Uj+1.

Proof. Continuity argument.
We consider the series expansion of the resolvent (inside the integral (3)) which
is provided by Lemma 1.3. We distinguish the coupling constant g in Hp o, |p+
oj+1
from that one in (AHP)Zj: .,» and we denote the latter by g*. Kato-Rellich theorem
ensures that (3) is well defined for sufficiently small g, since the gap of Hp e
7541

is bigger or equal to %oj_H (Lemma 1.1) and (AHp (gﬁ))?+1 is a small Kato
J

perturbation with respect to Hp 5, |+ . Now look at the figure,
Ti+1

Im(E(+1))

Ept i+ Re(E(j+1))

3/5 sigl])aj+1

11/20 sigmaj+]

as g* increases, the definition (3) is surely consistent as long as the perturbed
eigenvalue Egj“ (gﬁ) remains inside the circle of integration and the remaining

spectrum of Hp 5, (gﬁ) |Fa+j+1 = Hp |Fa+j+1 + (AHP (gﬁ))Zj+1 is localized out-
side.

According to the estimates given in Lemma 1.3, we can conclude that:
i) the integral

9j

1 1
N dE;
2mi % H HP70J+1 (gﬁ) —Ejn P i

i
Foja

exists for 0 < ¢g* < g ;
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ii) the vector ¢5’*" is not zero since

ng+l
Zf BTN A0 R S (oMY
27TZ HP 05 ]+1 i+t HP,Jj *Ej+1 i P
(4)
and the norm of the remainder, Y5’ ** —¢g/, is less than 7 HC Hz/J |, therefore
1 120
[ || = =—& e’ ] > 0;

iii) the ground state of Hp 5,,, |p+ is unique by continuity;
Tj+1

iv) since Bp/"" < Ef/ (Lemma 1.2), the new gap is larger than 4= O
Corollary 1.5 The sequence {ng, Jj € N} is well defined.

Proof. Thanks to the results of Lemma 1.1, 1.2, 1.3 and Theorem 1.4, it is possible
to iterate the procedure at fixed g, starting from the vacuum state (of F®) 1 at
the level j = 0 . The iteration is consistent and does not stop since the vector
obtained at the step j 4+ 1 has norm larger than a fixed fraction of the norm of the
vector at the j step. At each step the infrared cutoff is reduced by a factor ez. O

2 Convergence of the ground eigenvectors
of the transformed Hamiltonians

As we know from [Fr.1], the Hamiltonians Hp have a ground state for represen-
tations of {b(k),b (k)} which are coherent and non-Fock due to their infrared
behavior (k — 0), so that the sequence {1/)1?} cannot converge in F® to a non-
zero vector. The correct coherent factor can be re-obtained by a heuristic argument
which singles out the expected infrared limit of the coherent factor, explicitly in the
case P = 0 and implicitly in the case P # 0, P € X. Such an information is then
used in a rigorous proof which is based on the iterative procedure of construction
of the ground state. In particular, for each infrared cutoff o;, we consider a Hamil-
tonian Hp , - unitarily equivalent to Hp ,,, according to a coherent transformation
that depends both on P and on ;. The sequence of related ground eigenvectors,
{(b } that we construct by iteration, turns out to be useful to characterize the
original sequence, {wp }, in two respects:

e the strong convergence of {¢;j} in F* and the fact that the oj-dependent
coherent transformation is not unitary in the limit j — oo easily imply the
weak limit to zero, in F®, for the sequence {¢g’ };

e by the regularity property in P of the vectors gb;j, uniformly in j, and the
explicit knowledge of the coherent transformation, we have a better control
on the P-dependence of the vectors w;j and of related quantities.
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Derivation of the coherent factor

Let us assume that ¢p is an eigenvector of Hp and that it is “coherent in the
infrared region” , namely

b(k)yp ~ fp (k) vp for k—0

where the meaning of the limit is given only “a posteriori”. Then the coherent
function fp (k) has to fulfill the following relation:

(¢Yp,[Hp,b(k)|¢p) =0 fork—0.

The expected behavior for fp (k) turns out to be

g 1
fP (k) k-0 — : 5
/2 |k k> Pk k~(wP,PP’1¢p))
KT (i + G - B iy
the conjectured coherent factor is therefore labelled by
h

P_ <Pph> <Pph> o (wP’Pp wP)

e e leel*

The heuristic argument indicates that, if the ground state is “coherent in the
infrared region”, it does not belong to the Fock space. Starting from this re-
sult, we essentially perform the proper coherent transformation on the variables
{b(k),b" (k)} of the Hamiltonian Hp, and we search for a ground state of the so
transformed Hamiltonian in F*. Actually, we accomplish this reducing the infrared
cutoff step by step.

2.1 Transformed Hamiltonians

Let us consider the coherent transformation

g
- 5 . P—(P?h) o
V2Ik]? (1-k- _ ¥p

m

b(k) — b(k) fork: o; <]kl <k

obtained by the unitary operator

w (P—<Pph>¢gx> . /“ b(k) — bt (k) e 5
oy | ———2 ) =exp | g T
" " |k (1@. PP >) V2K

m

which becomes an intertwiner between inequivalent representations

(of {b(k), bT(k)}) in the limit j — oo.
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From the perturbation of the isolated eigenvalue Ef’ of Hp o, |p+ (see [Fr.1]),
7

one can easily check that P — (PP") yoi corresponds to mVE® (P), where
P

[VE? (P)| <1 for P € ¥ as proved in Lemma A2 in Appendix.

The gradient VE? (P) fulfills the equation:

(PP") g5 =P —mVE” (P)
1

=L (6% Tp,, 6 ’ k (6)
T e

where ap’ (E) =1-k-VE (P), ¢p is a ground eigenvector, not specified yet,

of the transformed Hamiltonian

W,, (VE? (P)) Hp ,,Wl (VE (P))

9j

and

"k (b(k)+0b (k
HP,U]' — Pph _g/ ( ( )3 : (A)) dSk
o V2k|? oy (k)
We want now to provide a more explicit expression for the transformed Hamilto-
nian
Hy . :=W,, (VE% (P)) Hp ,,W} (VE? (P))
which takes into account the relation (6).
Let us rewrite Hp ,,, P = mVE? (P) + <Pph>wvj, as
P

HP,O']'
P2 mVE? (P)+ <Pph> o | -PPR prh’ K A3k
:—f( i) + +g/(b(k)+bf(k))—+mh
2m m 2m o V2K|
p2 Pprh’ <Pph>wvj -prh o0
_ N P kl—k- 9 (P T k k 3
L [ (ke VE P (b )
+/ (k| ~k-VE (P)) (bT (k)+%><b(k)+%>d3k
o; V2(k[2ap (k) V2([k|2 oy (k)
+/ (k| —k-VE“ (P))bT(k)b(k)d%ng/ 1
0 o

5 2lk2aly (E)
The arrangement above aims to show the origin of some terms in the transformed
Hamiltonian; in particular, for our purposes, it is important to isolate

()

Wa, (VE? (P)) —

Wy, (VE (P))

and to exploit a related structural property later.
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By performing the coherent transformation (5) on Hp 4,, we formally obtain:

2
1 "k (b(k)+b (k n
% Pph_g/ (( )§+U(,\))d3k+92/ k — 2d3k
oot (9 o (o 8)
(PP*) "k (b(k)+ b (k)) 5 k
- Pph—g/ —d3k+g2/ d*k

s V21K o (K)

o o ()

o0 P2 K 1
+/ (k| —k-VE% (P))b' (k)b(k )d3k+——g2/ —d%.
0 2m 7 Jo 2 k2al (k)

By substitution it corresponds to

Ij I 2 oo
% (H o5~ @PHO_;"Q%O +/ (k| — k-VE? (P))b (k)b (k) d®k + cff
l¢% 0

(7)
oj _ P2 2 (K 1 3
where off = £ — 1 [P = mVE™ () — ¢ [ oo d.
The expression above, not only formally but also from an operatorial point of
view, corresponds to Hg , and its selfadjointness domain (s.a.d.) coincides with
Db (Hp,,), s.a.d. of Hp 5, (see an analogous proof in [Ne]).
Definitions
i) To streamline formulas, in next steps we will use the definition
i i <¢P’ i)"ﬂ ;j) : :
FP,U;‘ = HP,U;‘ W (1=1,2,3 , jEN).
ii) In proving the convergence of the sequence {¢;j } (to be constructed) we

take advantage of intermediate Hamiltonians, ﬁf,“,gj, which are introduced
because of the fact that, at fixed P (P # 0), the P-function in the coherent
factor changes step by step:

ﬁlgu,aj+1 ::W0j+l (VEUj (P))HP,UJ'+1W (VEU] (P))

Tj+1
=Wo, . (VEZ ()WL (VE+ (P))
X Hgﬂ]#l Ot (VEUJ+1 ( )) a' 1 <VEU] ( ))

oL (g [ ) [ )
2m<rpm g/aﬁl V2T ol (A)dlﬁg aj+12|k|3(ai'>j(f‘>>2dk

+/Oo(|k| ~k-VE% (P)b (k)b(k)d®k+c5 .
0
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Here

o P2 1 " 1
et = — — — [P —mVE" (P)]? — ¢ S —
P 2 2 2 o

m m Oj41 2 |k| OéP] (k)

They are essentially derived by the same steps used for (7).
iii) Analogously we define:

AiP Ok T
=W,,,, (VE% (P)) W] (VE7* (P))
(VET+ (P)) W] (VE" (P))

X HPU +1W0j+1 Gt

; Kk (b(k)+bT (k
a1 V2|k|2 ag (k)

N\ 2 N\ 2
2 (o8 (1) — (oF (k)
+%/ K| 2 L2 dk
o0 G (O o (9)
0j+1 i 041

(’5%41 2
P

P.oj+1 - P.ojt1 ’

where (Eapj“ is ground eigenvector of Iflﬂaﬁl and is properly defined by
the iterative procedure explained in the next paragraph. Note however that,
as for Hg 1 the expression is completely defined in terms of the ray of

Wo,,, (VE? (P))yg ™.

Remarks
1) Note that the two transformations

Hp o, — HE ,, =W, (VE% (P)) Hp,ngT (VE“ (P))
Hp,,., — HE, =W, (VE (P)Hp, Wi  (VE" (P))

Tj+1 Tj+1

are different in the infrared cutoff but not in the P-function inside the coher-
ent factor.

2) The Hamiltonians Hp o, Hp , and HP -, are s.a. on the same domain and
the formal derivations prov1ded so far are well defined from an operatorial
point of view.

2.2 Convergent sequence

In order to arrive at a strongly convergent sequence, {qﬁp } of ground eigenvectors
of HY o, We start from the vector ¢’ = 1o, Yo vacuum state in F®. From the



Vol. 4, 2003 One-particle (improper) States in Nelson’s Massless Model 461

results of the previous chapter and by unitarity, the following properties hold for
each j € N (these properties are exploited in Lemma Al, Appendix):
i) HY o |-+ has ground eigenvalue Ef’ with the corresponding gap larger than
R U]
9.
2 A
ii) HY o |+  has ground eigenvalue E;] with the corresponding gap larger
’ 7541
than %O’j+1.

Comparing the resolvents of the Hamiltonians Hg  and Hg . , we can construct
bl yOj+1

¢p T'in terms of a given ¢y by projection, thanks to the estimates contained in
Lemma A1, in Appendix, which is the analogue of Lemma 1.3 for the Hamiltonians
Hp ;. Therefore we obtain

Y & 1 v 1 "
P op - = Y [ —(AHB)] | o | T dE;
P P 2mf{n_1ﬂg,gj —FEjn ( (AHg),,., HE EJ-H) op dEjn

(8)

where
—~0

(AHR)Z =HY, -7 +df —HY, .

w
Tj+1 10j+1
Then we define

Tj+1
=W,

Oj+1

(VE+ (P) W, (VE™ (P) 6.

Tj+1

According to this recipe, the construction of {gb;j} is carried out starting from
B = 9o (the corresponding sequence of rays is already known from {ng} and

the coherent transformation).

Outline of the proof of the convergence. In studying the (strong) convergence of
the vectors ¢ for j — oo, we have to compare the following vectors one after the
other:

~

aj%gbaj“H(ban“Hg;j”H(bapj“

P P
(in the special case P = 0, there is a simplification because ¢p = $;f , being
VE? (0) = 0 by symmetry). First note that one needs a more refined estimate

of the difference between the generic vectors qﬁgpj and (Eapj“, being the estimates
provided in Lemma A1l only sufficient to construct the sequence. At this point a
crucial difference emerges with respect the previous sequence, {1/);3 } The result
of Lemma A1 can be improved, differently from the analogous one (Lemma 1.3)

for the sequence {1y’ }.

To this purpose break the interaction

w\0j . Tw 041 oj w
(AHP)UJ-+1 =Hp, A —cp +cp —Hp,,

in

quad.
Tjt1 Uj+1}

(amz )"+ [amg,
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where

(am)7,] ™

g k) K

=Tpo, 2m/aj+1 \/_|k|% (E)d k+2m Tjt1 2|k|3 (a;j (E))stk hc.

(h.c. means hermitian conjugate) and consider again the expression (8).
Because of the mixed terms, the estimate provided in Lemma A1 for

1
1 ’ 1
__ AH ) ___
(Hg,crj - Ej+1> ( ( P)JJ+1 (Hg,crj - Ej+1>

does not imply that the norm Hgb S — pp

2

i
Foja

is infinitesimal for j — co. However

we are able to give a more refined estimate of the norm Hag,] oy

analysis of the first factor in each term of the sum in (8), precisely

1 ? 1 .
- - AH - - 73
(Hﬁ”,aj - Ej+1> ( ( P)‘”“) (Hﬁ”,aj - Ej+1> 7P

Note, indeed, that if an inequality like the following were true

1
Hg , — Ej

TOG+1
P

1 )
2 j+1

miz 1 o €
- - il <«
(amg),] ( g, EN) =7 ©

(S

s . It is sufficient because:

we could estimate ‘

e from Lemma Al, the norm of the contribution due to the quadratic terms
+1

can be bounded by < (for a proper g)

40

1
2 j+1

2
: R sl <
Hg 5, = Ej1 Plo HE, —Ejn) "T|~ 40

e for each term of the sum, the norms of the other factors of the product are

smaller than 1, in particular less than 11—2 according to Lemma Al.
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Therefore from (9) we would have

1 _ 1 .
E - | —(AHY)? — — 73
Hgﬂfj —Ejn ( ( P)UJH ng),aj - EJ"H) ’

n=1

1

1 2 o 00 n—1
s‘(%) [ .;T.<E>.Z<L>
EY —Ein HE o, —Fm) | 10) & \12
Tj+1
()
S g, = <€ 8
Ep’ — Ej1
Finally, as it is shown in Corollary 2.4, an estimate like ‘ Aapj“ -5 || < e

implies the convergence of the sequence {(bgpj }

The conclusion of the previous reasoning is that, turning to a strong estimate for
the first factor in all the terms of the series expansion in (8), we are able to prove
the convergence of the sequence if the inequality (9) holds.

mix
Taking care of the expression of {(AH% )Z;H} , after few steps and for g

sufficiently small, one can check that the inequality (9) is implied by the following

) ) 1 : )
1—\1 T j 1‘\1, 0 j
( P, P’<_Hf>u,aj Ejﬂ) P P)

(Ej41iss.t. |Ejp1 — B | = $0;j41) where M is a sufficiently small constant, that
is uniform in j.

2

M

€4

We arrive at this conclusion through two technical lemmas: Lemma 2.1 and Lemma
2.2.

In Lemma 2.1, starting from the spectral representation of the operator H{g,“,aj, we

provide a form bound of the type
< 1
Pl>a-\\P o 1 ¥
Hg , — Ej

(

where a¢ > 0 is uniform in j, for ¢ belonging to the subspace of Fg; orthogonal

1
Hg , — Ej

to the ground eigenvector, ¢;j , of Hg’gj. This argument can be applied to the

vectors Fip,gj an (i =1,2,3) because the property

iD,Jj P] = {Hi’,a’j PJ - H(Zsaj||2 ! ( P]7Hia,dj Pj> Pj} J‘ ¢P]
P

holds by definition.
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In Lemma 2.2 we deal with the relevant term in (9); by calling a term “relevant”
we mean that the other ones have a better infrared behavior or can be reduced to
the relevant term plus smaller terms. The relevant term, for j > 1, turns out to be

ST R b ﬂ 3 S R
- dkTp - op
HP,aj_Ej-‘rl m oit1 \/_|k|2 ( ) HP7U],—E]‘+1

In the estimate of the relevant term, we essentially exploit the pull-through formula
(see [B.F.S]) combined with the result of Lemma 2.1, in order to pull the operator

% kbt (k)
a1 V2 k|2 ag (k)

through the resolvent from the right side. In Lemma 2.2 we assume the ratio
sufficiently small. Being standard computations, the lemma is proved in Appendix
(Lemma A3).

The final step is Theorem 2.3, in which, by induction, we provide the estimate

(10) and then the inequality (9).

Lemma 2.1 The following inequalities hold:
1 aj kbt (k) A3k T Ij
) (fffw Valk|%ap (k) Pooj 7P

< il s K09 s
= (f"f“ o T K

II) <Fi-3,aj GP-j7

1
Hg o, —Ejt

fcr] k’b'(k) Bk 1‘ a'
Oj+1 \/_lkl ( P

fo'] K* bT(k) 3I€F7’
,EJ+1 9i+1 V3 K| 3 aP] (k

F%»UJ ]> <Q() ’< P0J¢P7de__E]+1 P‘TJ )‘

1
Hy o, —Ej

2
where Q (e) = 4/1+ (101_11\{E\/E>

Proof. Let us define the wave functions, s (z), (rr (2), of

73 kbt (k o . o
/ K e b, df and  Th, o
e V2 0 (k)

respectively, in the spectral variable, z, of the operator Hg’gj — ReEjy1 (we do
not explicit the other degrees of freedom).

Note that:
e the operator ng),aj — ReFEj41, applied to the vector

/Jj kipt (k) e Fi) %j
Tj+1 \/§|k|% agpj (E) o
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takes spectral values larger or equal to 21—00j+1 (: %O’j+1 — %O’j+1) because
of Lemma 1.1 and the property

73 k'bT (k) i o L
/ 3 5. [~ dSkFP,Jj P] 1 ¢P] ’
Tj+1 \/§ |k| 2 O[PJ (k)

e the operator Hp o~ ReF;i, takes spectral values larger or equal to

10— 11‘/_ (: 505 — 2(1)aj+1) when it is applied to the vector I'h P s it

follows from the gap estimate (concerning Hp , |+ ) contained in Theorem
R UJ

1.4 and the orthogonality property.

Let us write the scalar products I) and II), in the statement of the lemma, by
using the spectral representation of the operator ngj,aj — ReFEj; 1 with the given
spectral measure du (2). We do not make the integration over the remaining degrees
of freedom explicit. In the chosen spectral representation and because of the range
of the variable z, the following inequalities are clear:

)2
‘/ |Cr,rr (2)] di ()

z—1iIm(Ejq1)

v

|CI 11 (2)] . z dp ()
l/ \/ (Ej)]” \/Z2 + [Im (Bj31))” '
> Zmin |CI 11 ( )|2 du (2)
\/ min T |EJ+1 - UJ / \/ J+1)]2 '

It follows that:
e in the case I), being zin > %O’j+1 and then

> )
\/szn + !Ej+1 _ El‘;j |2 V122

we have
2
/ 'CI I )< vim / %du ()
V2 I (B 2 ilm (B
e in the case II), being 2, > %Ol\/g -o0; and then

)

2
Vb + [ = B g ()’
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we have
/ |CU ) dy / |Cr1 (2 du ()
\/ ]+1)]2 z—1iIm( ]_H)
The two inequalities correspond to the ones in the statement of the lemma. O

Lemma 2.2 For a sufficiently small ratio .-, in addition to the constructive hy-

potheses, the following inequality holds:

1 1

1 e kbt (k , 1 2o

e — & . / s—(hdgkflp,aj e P
HP,O'J' - L+l Ojt1 \/§|k|§ Oé;] (k) HP,O‘j - Ej+1

1 - . 1 ; ,
<2 V12229 | — S AN LI b A
=200 o ‘Ep” —Ejn ‘( T (Hﬂaj Eﬂ'“) o P)‘
being
gj ki2
o _ 3
25, AL [ —ad
i Jor 2k o (k)
Proof. See Lemma A3 in Appendix. O

Theorem 2.3 For g and - sufficiently small, the inequality (10)

% 0 1 1—‘713 O'J
,o; 7P Nt
J Hg,a_j 7Ej+l J

holds uniformly in j and in P € X, being M a sufficiently small constant.

9>

M
<=  (i=1,2,3)
64

Proof. We recall that, due to the result of Lemma 2.2 and the preliminary discus-
sion about the convergence, the inequality above, for M (and g) sufficiently small,
implies the estimate (9) in Outline of the proof of the convergence, namely:

j+1

1 1
1 2 mix 1 2 ) €8
T =~ AH :| 0 -~ 2 <
(Hg’gj Ej+1> {( Bl (EPJ - jﬂ) ol

and then the bound H(b Jtt— ¢;j

< €7s as previously discussed.

In order to prove the inequality (10) in the statement of the present theorem, first
we relate the expression corresponding to the level j to the one corresponding to
j—1
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1) We start applying the unitary operator
Wo, (VE= (P)) W], (VE™ (P))

to both the factors of the scalar product to obtain the analogous quantity with
the corresponding “"- operators”:

't | op, | =———— |T6 . 0% | . 11
( P,o;YP (Hgﬁj . Ej+1> P,o; P) ( )

Note now that the circle of integration Cj41, related to the integration variable

. o i+l .
Eji1, has a radius, r = |Ej+1 —Ep| = %me z , where € is a fixed parameter

in the construction. Therefore, thanks to the result of Lemma 1.2, Egj ~'is inside
Cj41 for g sufficiently small (in particular of order €). In this respect see the figure
below.

ImE(j+1)

120 si; gmaj

11720 sighha ReE(+1)

By the same procedure used in Lemma Al (in Appendix), taking into ac-
count Lemma 1.2 and for ¢ sufficiently small, it is possible to perform a series
expansion to eventually arrive at the following bound for the absolute value of the

expression (11):
i ooy ~ oy
2. ( P,o; YP> FP,O‘j P > :

2) Adding and subtracting Fi),aj,l 5 ' on the left and on the right of the scalar
product above, we bound the new terms that we get, using elementary properties

H’u)

Bo,_, — Lit
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=~ ~o;
FP,O']' P >

2 (T 79 i Tj—1
§4g ( P,O’j P P,G’j71 P )

of the scalar product:

Hw

P,O’j71

o (2 o
29 ( P,o; %P>

— Ejn

T a0 i Ij-1
P,O’j P P,G’j71 P

w .
HP,O'J'71 - EJ+1

1
—Ej

+4g” - (Fi;ﬁjl 5 e Th,, ‘;) : (13)
P,G‘]‘71

At this point, we want to reduce the quantity (13) to the expression (10) at the

level j — 1, times a constant less than ¢~ 3, and to estimate the remainder (12) by

a quantity of order e~ 4. It requires some technical manipulation and an inductive

argument that eventually leads to the thesis.
The proof consists in some preliminary results before the induction, and it is so
organized:

i) Treatment of the remainder (12);
i) Treatment of the expression (13);

iii) Estimate of ’

iv) Inductive proof.

Es
T j

7j
P~ ¥P

bl

Treatment of the remainder (12)

The following inequality holds

4g2. AiP K0 _ iD Oj—1 1 (Aip o5 ZP Uj—l)
, 05 7P ,0j—1 7P w . ,0; P 0j—1 7P
J J HP,Ujfl _Ej+1 J J
2
1 3
2 e 2oj i AT
< 8g~- o o (FP,oj p —Ipo, . P)
Poj_1 Jj+1
2
1 2
2 i o o1
+8g° - He  —Fo.. FP,aj,l( p — PP )
P,oj_1 j+1
2 o0 oIt A 2
"y ojo1 i e _ PiH s
— €38 G T 1
_n (|F - me N
=" 7 i 7 i
€1 2¢% €1 4e%

where R (g) and Rs (g) are independent of j and vanish for ¢ — 0. Ry (g9) and
R5 (g) are obtained considering the following facts:
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i) from the relation (6) and the definition of ﬁ;ﬂjﬂ in paragraph 2.1:

. . oi-1 k¥ (b(k) + b' (k
F7i3,0‘]‘ = Pi:’,a'j,l _g/ ( o )
7 V2IKE g (K )

m(VES (P) - VES @)+ [ ——

(o @)

d3k

1 )
B 1 2 Tj—1 ki (b (k) + be (k)) d3k.’\gj
= Hw — E g 3 oi 1 o~ ¢P
P.oj1 J+l o V2[k|? ap (k)

J

e
T

1 2
+ |mVE® (P) —mVE°— (P -_ 10}
| ( ) ( Hgﬂjil — Ej+1> P

J

) o1 ki 3 1 2 o
v [ | e |
o 2 |k|3 ap ! (k) HP»Uj—l — Ejn

iii) the following estimates hold with constants CV¥# C’, C", uniform in j, for ¢
sufficiently small

o (957 @) - vE @) < 07 (| iy - iy |+ )
low I [les’" |
(see Lemma A2 )
1
o1 k(bR +bT(K)) 3 1 2 .
<.
fgj ﬂlk\%agjil(ﬂ)d & Hp oy —Eita - <O -ex
1 73
1 ? i c”
(Hg,ajl_EHl) FP,aj,l < x3
w

by steps as in Lemma A1 and for the result in Lemma 1.2.

Treatment of the expression (13)

In the next estimate, once we are given a sufficiently small g, we proceed as follows.
We exploit the crucial property

(68" T, 05 ") =0
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so that we can apply Lemma 2.1 in a slightly modified version, getting a multi-
plicative factor @ (¢). Then we expand

1
Hg,o‘j71 - E]+1

in terms of <ﬁ> and Ej;1 — Ej, thanks to the spectral consequence of
P,oj_1 J

the orthogonality property; in this way we get a multiplicative factor b ( b < 2)
uniformly (in j) bounded from above. A further application of Lemma 2.1 provides
another factor Q (¢). Namely:

F;,Uj71 OP-JI>

. N 1
492 . I‘i:) o 1*17 —
( ,0j—1 7P HP,g'j71 _ E]
2 7 Tj—1 1 7 Oj—1
<4g”-Q(e) - P.o; PP > IJU’——E_H I'e,, . 9p
P,oj_1 J

. ) 1 ) )
2 2 7 Jj—1 i oj_1
<49°-b-Q (6)|< Po, PP (m) P, PP >|

Remark. The expression above corresponds, at the level j — 1, to what we want
to estimate (see (10)) times the factor 4 - b - Q? (¢). Acting on g, at fixed €, we
can provide a multiplicative factor, 4 - b- Q2 (), less than €% (> 1). This fact is
crucial in the inductive proof. It is enough because we only require a divergent
(for j — o0) bound for the expression (10).

Estimate of Hq&apj — oY

Before the inductive proof, a further preliminary step is in order, concerning with

. It is the second part of the step

an upper bound for the norm HQSUPj — Ai':,j

2 o
and it can be easily related to the first one (¢5 " — a;j ) through the variation
of the energy gradient as it is explained below.
Note that

¥ =W, (VE™ (P) W] (VE" (P)) oy

by definition, from which

&)

I
P YP o

= W, (VB @) Wi, (VE- (B) 3 — 3

= w3, (v @y W, (VET (P) v - v
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An upper estimate of the norm above is therefore given by
g-7Z-|VEY —VEZ|- ’m (e)’

where

e 7 is a constant dependent on m, x and uniform in j;

e the logarithmically divergent (for j — 0o0) quantity, '1n (e%) ', arises from

([ 1o er )

1
2

taking into account that

9

1
v/2 K| (E‘TJ' (P)— k| — Hpk,aj) V.o,

b (k) wP,G'j =

for {k:0; <|k| < K} (proof as in [Fr.1]),

¥po,|| <1, and from

® 1
— — | @k
L\ ¥ oz (k) o (k)
e the infinitesimal (for j — o) quantity
|VER — VEZ ™|

comes from the difference between the coherent factors in the Weyl operators.

Inductive proof

Now, let g be sufficiently small such that:
e G =32 g-Z-4CVF . ¢ ’111(6%)’ < &

Aal _ ao 1
P P H <es

e the bound (10) is valid for j = 1, the previously established, uniform in j,
constraints hold, in particular we require

0< Ry (g)+ Ra(9) = R(g) < (1-40Q% () ¥ ) - M

where 4b - Q? (e)ei < 1,being b <2and 0 < e < (%)8.
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Inductive hypotheses

Let us assume that for the chosen value of g the property (10) holds for j —1(> 1)

and that
j—1

log — o <> et + 6l

k=1

where ¢Z° = v (vacuum state in F*) and GJ ' = g- ch 11 Z-4CVE %

m\w

(<))

Thesis
As consequences of the inductive hypotheses:
‘TJ

o <t
-smce||¢“||>1—uof“ o > 1- T, ek -G > 2

(TJ 1 Ao'j o Tj—1 J
e Tl <2 e | <3

o |[VEY —VEL | <4CVE. €% (see Lemma A2).
Then starting from the equality

) ) 1 ) . o 1 o

Iy oo, | ——— | Th 0% || =|[Th . 0%, | =——— | T, ¢

( Py e (Hffaj Ejﬂ) PetE PP\ HE, — B ) DT
75 o

and collecting the results obtained so far (for the remainder (12) and the expression
(13)), we have

; , 1 . .
2 1 Ij Fl T j
g ( P,o;¥P> (ngu,a-j — Ej+1> P,o; P)
R(g) 2 2 ] Tj— 1 1 ] Jj—1
< —7 4q°D - . ? = - - % J
=~ 6% + g Q (6) Po;_1¥P Hgg] ) 7Ej Po;_1 PP
R M M
B9 g2 2L < M
€4 € 4 €4

At the same time:

lop —op’| <

0']1

i

1n<e2)‘+68 JrZeS JrGJ !

<g-Z-ACVE . %

which means ‘
J
log — o[ <D v + 6. 0

k=1
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Corollary 2.4 Given the result of Theorem 2.3, the sequence {gb;]} (o = o, Yo
vacuum state in Fb) converges strongly to a non-vanishing vector.

Proof. By the estimates of Theorem 2.3 we easily conclude that {¢;j } is a Cauchy
sequence:

l
log —opll< 3 ¢ + G VieN  lzj+l.
k=j+1

The limit does not vanish because

ooj=

Wl N

o) 21 (1 var) >

3 Regularity

In this section we define a normalized vector ¢p, that is ground state of Hp , |5+
(0 < ke), for o in the continuum. Starting from infrared sequences of cutoffs
which fill the continuum, we construct a ground eigenvector for each o, 5;, by the
projection method performed in the previous section. Having fixed the ground state
of Hp , | P We define the vector ¢, by applying the one-dimensional projection,
corresponding to the ray, on the vacuum state (in F°) 1)y and normalizing. To do
it, in advance we check that (5;, w()) £ 0.

By this procedure we get:

o the strong convergence of the so-defined vector, ¢%, to a vector ¢p, for o — 0;
e the Holder property with respect to P:

|65, ap — 03| < Cs |AP|6~°

for P,P+ AP € ¥ and AP € I, where I C X is a fixed ball around AP = 0,
for 6 > 0 and where Cj is uniform in P, AP and o.

Preliminary conditions

Let us consider the infrared sequences starting from {xe’ : ke > ke’ > ke/e} and
sufficiently small values of g and - such that it is possible to perform the iterative
procedure uniformly in €, € > € > /€, and in P € X, with the properties already
shown in the case of the factor €. Therefore we can assume the results of Theorem
2.3 and Corollary 2.4 for the factor €. We also require that for the chosen value
of the coupling constant g:

'( 1@5',wo)'>% Ve', e ¢ >e/e, VP EX.
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Definition of E;
Given a o ranging between o; and 0,41, j > 2, we can always write it as ke’ (o)
where

S

By performing the iteration shown in the previous section, we define

Fo im0

Lemma 3.1 (a;,wo) £0 Vo <re VP €Y.

Proof. Knowing that

(;5’“ : < & (from Corollary 2.4) and being |[¢o| = 1,

we have:

(@)= G0 o

Definition of ¢%
Since E; is ground eigenvector of Hy | F¥ with a gap larger than g by construc-
tion, thanks to Lemma 3.1 we can define the normalized vector

271'1 H“’ — dE 1/)0

[ —

(where ¥ € C and s.t. [E — Eg| = §) that is ground state of Hg , |+

o =

Theorem 3.2 For P € X, the limit s —lim,_,o ¢p =: ¢p exists.

Proof. Again write 5;2 — 5;1 in the following way

’ L ’ L ’ m ’ —o1
O =G =0p — o g g0 g0 G

where [, m are natural numbers.
Now, given an arbitrarily small p > 0, there exist natural numbers [, m sufficiently
large and a phase e(®) for which

He/(dl)% ke (02)2
¢P m - el ¢P 1 S p
‘ (bmi’(crl)T ¢I{E’(O‘2)§
P P

This is essentially due to the convergence established in Corollary 2.4 and be-
cause of the fact that the ground state is unique as long as there is a cutoff, by
construction.



Vol. 4, 2003 One-particle (improper) States in Nelson’s Massless Model 475

Therefore we can estimate

HZ—;TZ— <o ((2) () )

with § > 0 and arbitrarily small, and ¢s a d-dependent constant.
Moreover we have that

|f—§- -év% - %%2 ' §%2 Yo
[\ NG
%%2 _ g—im(p) %:Pl—‘ . %:Pl o || +1
’ op ’ op ‘ o

: o (— Pp(Fp.to)
Hence it follows that ¢% (= Toz (3 00)]

15
¢p in F?, with an error of order (%) 4" at most. O

) converges strongly to a nonzero vector

Lemma 3.3 The following Holder estimate holds:
IVE° (P) — VE° (P + AP)| < C'|AP|
where the constant C' is uniform in 0 < o < ke , in P,P + AP € ¥ and AP €
8
I, where I := {AP: ‘Ar‘n—P‘ < (%)3 ,mi |AP|% < ne} and C5 is a constant
I
sufficiently larger than 1.
Proof. The idea is to perturb, in P, the gradient

Yooy [ apE PP apd
VEA”(P)_(wp o ')

1
where wLAPH is the (normalized) ground eigenvector of H

3 1, which we
P,m4|AP|4
imply denot H 1 implified notation for F .
simply denote as P,‘AP‘%(ana ogous simplified notation for |AP|i)
For this purpose we use a series expansion of the resolvent
: |
—_FF*
HP+AP,\AP|% IORNSE
1 3 1
(where E € C and s.t. ’E - ELAPH ’ = W) on the basis of the following

information:



476 A. Pizzo Ann. Henri Poincaré

. AP ho AP |AP|?
i) H —H — _AP pp P
) P+AP,|AP|T P,|AP|T ™ + 5n
1
. . AP \4 |AP|4 .
i) H has unique ground state ‘ of energy FE. and its
) Hy, JAP| | que g Up gy Ep

apjd

. m1|AP|1
gap is bounded from below by =——5~—— (
iii) the quantity

§|AP|§ AP~(P7Pph) 1
" APV \H, o3 —F

Theorem 1.4 in the continuum case);

NI

.
F 1
|aP| 4

is uniformly bounded in P, P + AP € X, therefore we can find a constant C;
sufficiently larger than 1 such that

1

1 1
1 > /apP. (prph) |AP| 1 2
H 1 -E m|AP| Y om ) | E 1 -E
P,lAP|4 P,|AP|4
iv) for AP belonging to I (defined in the statement of the lemma)

|AP|4 |AP|4 ) n
2m]fH ——dEup Z( C; ] >o0.

P+AP,|AP|1 =

3 1
md |AP|4 - < Cj3;

i
o1
|aP|%

From the above considerations it follows that:

e the vector
1
|AP|2
—5dE p

271'1 f H 1
1/),|AP|4 P+AP,|AP|4

P+AP - |AP\%
H 271'1351 H ledEwP
P+AP,|AP|4

is ground state of H
P+AP,|AP|T

e the following estimate holds

< C'|AP|?

/|AP|4 |AP|#
Ylpiap — ¥p

where C’ is a constant uniform in P, P+ AP € ¥ and AP € T.
Since:
1 1
1) VEIAPIT (P 4 AP) — VEIAPIT (P)

apit P+AP PP \pt\ [ japii PP \pjk
V! e — P —
m

P+AP m P+AP P
(pr—py
2) H, 1apit 1+ 271g%k — 5 —— >0
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we can conclude that

VEAPIE (P) - vEIAPIT (P 1 AP)| < ¢ |AP [ (14)

where C” is a constant uniform in P, P+ AP € ¥ and AP ¢ 1.

Turning to the expression to be proved, if o < mi |AP|i we take advantage of
the result of Lemma A2 (in Appendix) together with Theorem 2.3, which implies
that

VEIAPIE (P) _ VE7 (P)

is of order |AP|%, for P € ¥, at most. If o > mi |AP|%, an estimate analogous
o (14) holds. O

Under the same hypotheses of Lemma 3.3, we have an analogous result about the
regularity of the ground eigenvectors in the variable P.

Theorem 3.4 Under the constructive hypotheses, for % and g sufficiently small,
the norm difference between ¢p and ¢p Ap is Holder in |AP| with coefficient
16 — 9, 6 > 0 and arbitrarily small. The multiplicative constant, Cs, is uniform
in0<o<ke in PP+ AP € X and AP € I, I a sufficiently small fized ball
around AP = 0.

Proof. Preliminary computation:

w H’LU
1 1
P+AP, |AP|4 P,|AP|1

1
AP|4 AP|4 Ap4 AP|2 .
‘PM‘P Pl +f<k-VE{3 * k. VEP+AP> bT (k)b (k) d3k

Bl
)
>
T
[N(

k| kvElsP 7k-VEP+AP (b00)+bT ()

1 K 3
+5— d°k + AIL 1
o g[ mijapyt Va5 [ 1-& E‘AP‘Z 1-k-V AP% P.lap|d
k| ~k-VEp Ap P
i 3
r X k| kvElLF —ﬁ-VE‘PAfA‘P) b(k)+b1 (k)
P, AP|4
T I T A3k + ATl N
m4\AP\4 fk% & ‘Ap‘4 & \Ap\4 P,|AP|4
21k 2 [ 1-kVERNL | [ 1-kVES
+h.c.

1 1
where the additive constant c‘PA Pl corresponds to the infrared cutoff o=m? |AP|*

1
|AP|T, . -
VEL ' is a short notation for VE? (P) |U:m%|AP|% and

1 1
AP|T |AP| |AP|T |AP|*

Al | 1 :
paPit ~ \YP " Up apt PP Pprap: 1l P1AP, \AP\4¢P+AP
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Considering that for P,P + AP € ¥ and AP € T
e the estimate (14), in Lemma 3.3, holds:

VEAPIT (py _ vEIAPIT (p 4 AP)| < O |AP|?

o AII

; apk is estimated of order |AP)| s (see equation (6), paragraph 2.1)
4

e the operator

w

y—HY

P+AP,|AP|T P,|AP|T
3 3
m~3 |AP|®

is relatively form-bounded with respect to HP“: APt uniformly in |APJ;
s 4

1
e the gap of EILAP|4 (as ground energy of Hs i |+ ) is bounded from

3 1
below by Z2PIZ

we conclude that the vector

—ﬁf HY - —EdE Yo

1 1
¢\AP\Z P+AP,|AP|4

P+AP —
1 1
T 2mi f H™ 1 —pdE Yo
P+AP,|AP| 4

S 1
_ mi|AP|12 )
1

can be obtained perturbing

(where E € C and s.t. ’E - ELA_FPA;

o T for AP € I C T, I a sufficiently small ball around AP = 0.

From the perturbation we also get the estimate:

1 1
|AP|T | |AP|T
¢ P

AP — < C" |AP|T (15)

where the constant C"” is uniform in P,P + AP € ¥ and AP € I.

1
For o < m1 |AP| 7%, the thesis is proved by the norm inequality below

|ap|i

1 1
|AP|4 |AP|2
Ppyap — Ppiap o P

P+AP

H¢UP+AP - ¢i‘3” < ’

+!

+ HQSPAP}‘ - 0%

and using Theorem 3.2.
If o >mi |AP|i, an estimate analogous to (15) holds. O
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Appendix
Preliminary remark on Lemma Al

Analogously to Lemma 1.3, we want to prove that, for P € % and ¢ sufficiently
small, the operator

(AHE)Y :=H

w _ 205+1 Ii _ gw
Tj41 P,G’j+1 CP + CP HP,O']'

is small with respect to HPJ], | i, a generalized sense. We aim at expanding

the resolvent

1
w —(E. +’Uj+1 _ Uj) |F;rj+1
P,oji1 ( J+1 T Cp ‘p
. 1lo; . B o
(where Ej+1 eC s.t. |Ej+1*E;J :%, and ,C;]+1*COP-J :7921‘ J édgk)

7j+1 2|k|2 oy’ (k)

. 1 w\Oj

in terms of w——=— and (AHZ)”7 .
Hg , —Ein |Fa+j+1 ( P)Uj+1

Lemma Al Given the spectral properties pointed out in paragraph 2.1, for suffi-
ciently small g and for P € ¥, (AHI%,“)ZjHis small with respect to Hf,“,gj in the
following sense:

given Ej+1 eC S.t.|Ej+1 — Egj’ = %Uj-i-l’

1 o; 1 < 20 (Cy)"

o 7 |~ (Afp)
P .
ng),aj - Ej+1 gj+1 Hg,av _ E_j+1 Uj+1

! F‘;errl

where 0 < Cy < L - therefore the series expansion below is well defined:

127
- |
+
w o ) ~Tj+1 O Fg i1
P,oji1 (EJH +cp ¢p ) !

1

‘ +
o i1 T O] Fg.
—cp +ep T — (Ej+1 —cp +ep T ) 7it+1

HE, + (AHE)Y

j+1

+oo n
1 1 o 1
- | A S (—@HDT ) |y
HiLDU,o'j — Ej+1 Faj+1 HiLDU,o'j — Ej+1 o} ( J+1 Hig)’o—j _ Ej+1 F(,j+1

Proof. Following the proof of Lemma 1.3, we discuss the norm of

1
1 : A 1
SRS S 0N ToqU i —
Plo, F
ng’,aj —Ej Tit1 Hg,aj —Ej J+1

1
2
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where (AHR)7! | = [(AHE)7) ]mn+[(AH§,“)‘” ]q"“d' with

Oj+1 Oj+1 Oj+1
o quad.
(O
2
1 o5 k(b(k)+bt (k) . o k .
L g/ 7 k(b +b1 (k) ))d3k_g2/ . S (al)
2m \ "oy V2IK|E 0l (K) o1 2k1* (o) (K))
[(ams)z, ] =
1 o5 k(b(k)+bf(k k
:T FP’%‘. _ / J Md3k+g2/ ﬁdf}k +he.
m oj+1 V2|k|2 ag (k) oj41 2\k|3(apﬂ (k))

(a2)

In order to control the above quantities, we use the following estimate again and
again

1
2

a 43k 1 1 1
kb (k) —— m <———V10r-0o?
oi V21K of (k) \HP,o, — Ejt l-w

P +
Tj+1

which essentially derives from the estimate (1) of Lemma 1.3, by performing a
unitary transformation, and from the result in Lemma A2, point 1, which ensures
that 0 < v™** < 1. So we can provide a bound of order % for the norm of the
“quadratic terms”:

1 1
1 2  7quad. 1 2 o K
) s | ) | 2 Za (e ).
H (H,Lﬁ)7o'j B E‘]+1> |:( P)UJ+1 (ngjvaj B E‘]+1> r ' g m

+
Fojn

For the mixed terms (a2) containing the operators I'p 5, we exploit the fact that
the norm

2 2 f
1 P.o, TP 1
ng)aj _Ej+1 \/m \/m Hgav _Ej+1
: FF Y +
7i+1 FajJrl
is of order (0'1 ) 5, which follows from the form inequality
41
7 2 w o
( P,a'j) < 2m (HP7O"7' - CP]) .
Therefore a uniform bound is worked out for them:
1 2 [ . miz 1 ? K
T (AHE) } T < (97 —> :
(HP,aj — Ej+1> Ploji1 HP,Uj _ Ej+1 m
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Conclusion

For g sufficiently small, the j-independent constants C 2 can be tuned so that the
thesis is proved. U

Lemma A2 Under the constructive hypotheses the following results for VE (P)
hold:

o max 1 .

2) for g sufficiently small

o o VE A;j+1 an i
IVE“+ (P) — VE™ (P)] < CVE. [ |22 PP ||| %
EREL

CVE

where is uniform in j € N.

Proof. 1) Let us start from
1
_ iy 2]
[Zi (vg. (P =P )yg) ]
m g

< 3 . [(1/)1%, (HP,O‘+27T92K/) ¢i‘>)]

m lvgl

According to the constructive hypotheses, Section 1, we have:
o R H - (2 2
° |(¥p, Hp,o ¥p)| < |(w07 HP,U 1/10)| _ P < _m

IVE? (P)]

[V

||wg.||2 2m — 2-400
° (8, 2mg”n w3 )| m
vl = 27100
The upper bound for the absolute value of the gradient, v™*, is surely smaller
1
than Nk

2) Let us analyze the difference between the gradients of the ground energy at
subsequent infrared cutoffs. Starting from the relation (6), paragraph 2.1,

mVEUj =P - ( ;j ) HP>Uj (baP-J) _ g2 ‘/,i k d3k
i e @)
P J 2 |K| (aP (k))

we obtain
. . K k K k
mVE;.J —mVE;]+1 —g2/ - - 2d3k+g2/ ﬁdb‘k
oier 2k (ap*! (k) o5 2k (af/ (k)
1 N = N 1 o o
- ~oir1]2 (‘z’P”l’ Ip.oji ¢P]+1> T e ( P Ipo;, (z)PJ) : (a3)
|7 o]
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By simple steps we relate the difference between the two gradients to the norm
difference of the corresponding ground eigenvectors:

" . k(i-VE"J’*lJrE-VE"f) (%E-VE;LE.VE;’J“)
mVEg —mVEZ ™ +g¢? /

. 20k (o (k) (o (K))
it = op oy N -
(¢PJ+I,HP,UJ‘+1 (‘(Zgﬂl B H‘ﬁ::;j )) +92/0JJ+1 md%

3

HA”J“
HWH Pz (G W (65" e, 08 )
H¢01+1 ‘qﬁ (¢P ’ P"J¢P> ‘¢:j‘2 (¢;j’ P"J¢P>

P

Considering that

713,0'j+1 - ij,aj
7 k' (b(k) + b (k
aie1 V2|k[2 ap (k)
@2 o k(K VERT 4 k- VEY) (2- k- VEY —k-VEZ")

+ = 3
N 2 N2
i* (o (k) (op (K))

the equation (a3) can be written in the following way

o ois1 o n K(-RVEZ T 4k VED ) (2-k-VEY —kvEZT)
mVE'PJ mvEPJ +g ./o'j 2|k|3(agj+l(ﬁ))2(agj (f())z d°k
B L (20ie1 o\ ook k(ffc-VE;j+1+R<VE;j)(27fc<VE;j —E-VE;J'JA) 5

e () (T @) (T W) o

¢ i+l b J+1 77 ¢ 7j+1 77 b 735
T, 11 T i — | ,II
( A Bt <¢p”1 %J)) (( [T~ Jox ) T e ] )

2 73 k A3k — et SR, J 95 Maﬁk T
o e T (R o g

Then the thesis follows from the expression above and from the following consid-
erations.

i) On the left-hand side of the equation there is a quantity whose absolute value
is larger than
C|VEY - VEY|

for g sufficiently small, where C' is a positive constant that is uniform in j and
converges to m for g — 0. It is due to the result in point 1).
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ii) On the right-hand side there is a quantity whose absolute value is bounded by
a g-dependent, uniform in j, constant times the factor

|

it is due to the bounds below, where (first estimate) we exploit the form inequality

o j+1 gj
¢PJ J

P~
¢p

J+1

"ozt |

/|k| ol (E) b (k)b (k) d*k < HE, | —cp"

and (second estimate) we use the known unitary transformations to switch from
the “II” operators to the “II” ones and finally to PP":

~o ; k() +bT(K) L o o o s .

T VK| 2 o (k) T VK| 2 ag (K

o (W 8 9 0

(w ) @ T (1) 0w o

I 2k

() (o) ) L

I 2kl
R ’ﬁip)gjﬂ";jﬂ _ HHiP - || < H(Pph Pz) w7+ +b- ||w61+1||
< V2me (2mgtn+ B E - o |+ 0 v
where b is a constant uniform in j and P € ¥ . O
Lemma A3 For a sufficiently small ratio %, in addition to the constructive hy-

potheses, the following inequality holds:

1 , : 2
) 2 oy Lipt (k) 3 ! 2 v
1 ——— <k Th, ||
7 . - \/_|k| ( ) P,o; G41
1 i Ij
\HE, — B ) PP
being Zg?,, = {Z f]+1 2\k\3 N

3/€}
Proof. Let us start from

1
2 ) i
1 "0 4 k" b (k) dSkl'w
‘(Hg,ajEjﬂ) -/Uj+1 P.oj op'

<2Q (¢) - V122 - Zgjﬂ-‘E

J+1
2d

\/_\k|2a ( )

"0 k* bT(k) dSkrz I35
7o+ \/_\k|2o¢ (k) o PP

1
Hp o, —Ei+1

o iyt . .
¢ %d%rfpw(p;ﬁﬂ).

T 3k 2 agd (k
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Now, from Lemma 2.1

1
w N
Hp o~ Eit1

7 Kt b*(k) 34 1 7j
<f0j+1 3 d kF'i:',zrjqu ?

oj Kk bT(k) 3Ll 7j
o7 - P,o, %P
f\k\2a ( ) Jj+1 7j

f\k\za (ﬁ)
kbt (k) 3 pi 75 1 93 kot (1) 3, pi 75
<vim-|| fJi,, —FE0 _ g3kry, el e ] — gt adkrh e .
E) PN , ’ H —E; a 1 il P,o P
( =+ V3K 2 agd (k) 7 Poo; 7t I+ \ﬂkma J (k) 7

Starting from the expression

HE ., = 5T, /|k|a bt (k) b (k) dk +

the following identity holds in distributional sense, for {k: |k| < o;}:

1
(ﬁ) o1 ()
P,o'j — LFi+1

— bt (k) !

2 T s~ . oi [~ o
st (Tio; + k) + [ lalag @b ()b (@) d3q + Kl af (K) +cff — By

Moreover, for £ sufficiently small, due to the prescription for |E1? — , due
m

to the constraints on |VE? (P)|, being 0;41 < |k| < o, and taking into account
Eg’ — cp, the following bound holds:

1 1
2 5 2
1 ( Lk.T k ) 1
e —k-I'pos. + 5= e
H;”Ujﬂk\apﬂ (k)ij+1 m j 2m Hi-!’,ajJrlklapJ (k)*Ej+1

Therefore the series expansion

+oo 2 n
1 <1 k 1
— >~ (5kren o) —
(Hw o + [k|og’ <k> Ej+1> n—O( m To2m/) gy 4 klagy (k) —Ej+1

104

(ad)

<

1
5 -

is well defined in Ff.
Then we can write (note that b (k) g5’ = 0 for [k| < o;):

j KOT()  g3ppi 406 1 i AU
<f01'+1 VZk|3 a "J’(”)d k’TPﬂj L (Hﬁ,aj j+1) faHl \/E\k|%a" (k )d k:l" P)
2
— [ 3
il 2|k|3 ) Yoo o My, (k) d*k
where M, (k )corresponds to

P 2k - I'p ,, + k? P
( Po; P ng_ﬂj (Ejt1) < <TJ ng_ﬂj (Ejt1) I'p o, 08

with Ry (Ejp) = < 1 )

o, Hklap! (k)= Bj 1
Exploiting the Schwartz mequahty, we have that

i oj 2k'FP>Uj+k2 ! i oj
(p,aj PR (B (- (FURSS ) R (B)) Th,op
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can be bounded by the product of the following quantities:

1971 2
1 2 i 0 j
_ I"’L ¢ J
o= )
|:<Hg,aj+lkap] (k)EjH) } P,o; 7P
1n

2 5 2
1 ( Lk.T k ) 1
T~ mK-1Po. + 5— T =
Hgy(rjﬂkmpﬂ (k)ij+1 m J 2m H%,(,jﬂk\ap] (k)ij+1

Hence, due to the estimate (a4) and Lemma 2.1, the absolute value of the scalar
product

o kbt (k) 3, i o 1 o5 ) 3, i aj
(/U 3 o, o d ka75j¢p N\me —5n V/U_ ERr—. d ka70j¢P
i1 VZK|Z ag (k) Po; ~ i I+ VZ k|2 ap (k)
is bounded by

1
2

2
.2
o k* 1 Ti d)"j Bk . oo 1\
Jo IRV T ) —
7 R (OF |\, Tkl (0 Erp ) 2P o (2)
1 2
o ki’2 1 2 : o5 3
<2 (% E— S Ty, o5 || d°k
7741 2|k |30y (k) H;,“_’gj+\k|apj (K)-Ej+1 P,o; 7P
o i2 ) e . o
<2- €) - 73 kiAdSk N Fl J % Fl J .
<2:Q() Joit1 glk3ay (k)2 P’Ujd)P’ Hp o, —Ei+1 P’Ujd)P

Collecting all the estimates the thesis follows. O
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