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Abstract. A translation surface in 3-dimensional Euclidean space is a sur-
face that can be constructed as the sum of two regular curves o and (.
Recently, the minimal translation surfaces were characterized in terms
of the curvature and the torsion of the generating curves. In this paper,
we characterize all translation surfaces with constant and non-zero mean
curvature by proving that: The only translation surface in 3-dimensional
Euclidean space R® with constant and non-zero mean curvature H is the
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circular cylinder of radius 37T
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1. Introduction and statement of main result

The surfaces of our study have their origin in G. Darboux’ classical text [1],
where the so-called “surfaces définies pour des propertiés cinématiques” are
considered; they are referred to as Darboux surfaces in the literature. A Dar-
boux surface is defined kinematically as the movement of a curve by a uni-
parametric family of rigid motions of R?. Hence, a parameterization of such a
surface is ¥(s,t) = A(t)a(s) + B(t), where o and [ are two space curves and
A(t) is an orthogonal matrix. In this paper we consider the case with A(t) the
identity. More precisely, we give the following definition.

Definition 1.1. A surface S C R3 is called translation surface, if it can, locally,
be constructed as the sum ¥(s,t) = a(s) + G(t) of two space curves « : I C
R —R?and 8:J CR — R3 If o and 3 are plane curves lying on orthogonal
planes, the surface is called translation surface of plane type.
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The curves « and [ are called the generating curves of S. The terminology
“translation surface” is due to the fact that the surface S is obtained by the
translation of « along 8 (or vice versa because the roles of a and 3 are inter-
changeable). In particular, all parametric curves s = const. are congruent by
translations (similarly for parametric curves ¢ = const.).

It is natural to ask for a classification of translation surfaces in R?, beyond
translation surfaces of plane type, under some conditions on their curvatures.
Recently, in collaboration with R. Lépez [4] we completely classified all trans-
lation surfaces with constant Gaussian curvature K, proving that the only
ones are cylindrical surfaces, and thus K must be zero. In [11], R. Lépez and
O. Perdomo characterized all minimal translation surfaces in R? in terms of
the curvature and torsion of the generating curves. Finally, in [5] jointly with
R. Lopez we offer an alternative approach to the study and construction of
minimal translation surfaces. Consequently, it is natural to ask the following
question.

Problem. Which surfaces in the Euclidean space R® with constant and non-
zero mean curvature are sums of two space curves?

The only known translation surface in R? with constant mean curvature H # 0,
is the circular cylinder of radius ﬁ A surface z = f(x)+ g(y) can be viewed
as the sum of the plane curves z +— (z,0, f(z)) and y — (0,y, g(y)). Moreover,
every translation surface S of plane type (see Definition 1.1) can be viewed as
a surface of the above form. The following result was proved by Liu [7]: Let S
be a translation surface z = f(x)+ g(y) with constant mean curvature H # 0.

Then, S is congruent to the following surface or part of it

/1 2
z= —%\/1 —4H?22 — ay, a€R.

It is obvious that this surface is a circular cylinder of radius ﬁ In [3] we
proved: Circular cylinders are the only translation surfaces of constant and
non-zero mean curvature in R3, with a planar generating curve.

In the present paper we completely classify all translation surfaces with non-
zero and constant mean curvature in R? by proving the following result.

Theorem 1.1. Clircular cylinders are the only translation surfaces of constant
and non-zero mean curvature in R3.

Translation surfaces in ambient spaces besides R? have been studied in [6-10]
to mention just a few articles.

The paper is organized as follows: In Sect. 2, we recall some known formulas
on the local theory of curves and surfaces of R3. Then, at any point ¥(s,t) of
S we represent the rotation of Frenet trihedrons by Euler’s angles and express
the mean curvature of S by these angles. The Proof of Theorem 1.1 is given
in Sect. 3 after some lengthy calculations.
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2. Preliminaries

A general reference on curves and surfaces is [2]. All curves and surfaces consid-
ered will be assumed to be regular and of class C*°. Let = : I = (a,b) — R3 be
a curve parameterized by arc length s, with curvature k(s) > 0, torsion 7(s),
and oriented Frenet trihedron (¢(s),n(s),b(s)). We shall use the equations,
referred to as Frenet formulas,

t' =kn
n' = —kt+71b (2.1)
b = —7n.

We have omitted the argument s for convenience; by prime (') we denote
differentiation with respect to s.

Let « : I CR — R3 s+ a(s),and 3 : J C R — R3¢t — B(t), be two
curves in R® parameterized by arc length with curvatures kq(s), kg(t), tor-
sions 7,(s), 73(t), and oriented Frenet trihedrons (¢4($),na(s),ba(s)), (ts(t),
ng(t),bs(t)) for every s € I,t € J. In order that o and 3 be the generating
curves of a regular translation surface S C R?, we suppose that o/ (s) x 3(t) # 0
for all (s,t) € I x J C R?, where x represents the vector product of R3. By
prime (') we denote differentiation with respect to s, and by dot (*) differen-
tiation with respect to t.

Let S = {a(s) + B3(t) : s € I,t € J} C R? be the set obtained by the
sum of the curves a and (. Then, S is a regular translation surface, and
U(s,t) = a(s) + B(t) is a parameterization of S.

We will now proceed to calculate the mean curvature of S. For notational
convenience, we omit the dependence of functions on s and ¢; it is implicitly
understood. The derivatives of order 1 of ¥ are ¥, = o/ = t,,¥; = ﬂ =13
with W, x ¥ # 0. Let (s,t),0 < p(s,t) <, be the angle between t,,(s) and
t3(t) at the point ¥(s,t), that is

<ta(3)’tﬁ(t)> = COS @(s,t), (2'2)

where (-,-) stands for the usual scalar product on R*. The coefficients of the
first fundamental form of S in the basis ¥y, ¥; are

E=1 F=cosp, G=1,
and the unit normal vector N(s,t) at ¥(s,t) is
N(st) = tas(if1)<p>z;i§t) '
The derivatives of order 2 of ¥ are
Ues =t), = kaNa, Wa=0, Wy =1=kgng.
Hence, the coefficients of the second fundamental form of S are

ka<bavt5>

i m:<w8t’N>:O7 n=<!7tt7N>:M.
s @

€= (Foo, N} = = sin
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Thus, from the well-known formula 2H = % for the mean curvature
H we have

— ka(ba,tg) + ks(ta,bg) = 2H sin® . (2.3)

The orthogonal matrix

<t0z7t[3> <n0latﬁ> <b0latﬁ>
0= <t0¢7nﬁ> <na,7lg> <bavnﬁ>
<ta’bﬁ> <navbﬂ> <ba’bﬂ>

represents a rotation of the Frenet frame (t,,nq,bs) to the frame (tg,ng, bg)
at the point W(s,t) of S. As it is well known, any rotation can be described
by three angles, the Euler angles. There are many ways to do this. Here, we
proceed as follows. At the point W(s,t): (i) we rotate the frame (tn,nq,ba)
about t, by an angle ¥(s,t), (ii) we rotate about the new position of b, by
an angle ¢(s,t), and thus the new position of ¢, coincides with tg, (iii) finally,
we rotate about the new position of ¢, (that is, about ¢3) by an angle w(s,t).
The final position of ({4, na,by) is the frame (tg,ng, bg). Therefore, we have

1 0 0 cose sinp 0 1 0 0
O=10 cosw sinw —sinpcosp 0| |0 cos?d sind
0 —sinw cosw 0 0 1) \0 —sind cos?
or
ta,tg) =cosp, (ng,tg) =sinpcos?d, (b,,tg) = sinpsind,
{ta;tp @ 8 @ 5 @
(ta,ng) = —sinpcosw, (ng,ng) = cosypcostcosw — sinv sin w,
ba,ng) = cospsind cosw + cos¥sinw, (to,bs) =sinpsinw,
B ¥ & 12
(Mo, bg) = —cospcosPsinw — sin cosw,  (ba,bg) = — cospsindsinw
+ cos v cosw.
(2.4)
Hence, relation (2.3) becomes
kgsinw = k, sind 4+ 2H sin” . (2.5)

For later use, we do some calculations. Differentiating (t,,tg) = cos¢ with
respect to s and taking into account the Frenet equations for o and (2.4), we
have

ko(na,tg) = —sing - @

or
ko sinpcost = —siny - g,
where @, stands for the partial derivative g—f. So, we obtain
ps = —kq cos . (2.6)

Moreover, from (n,,tg) = sin ¢ cos1) we have
—ka(tat) + Ta(ba,tg) = cospcosd - ps —sinpsind - ¥,
or, in view of (2.4) and (2.6),

—kq cos @ + To singsing = —k, cos @ cos? 9 — sin psind - V.
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In the case where sin® # 0, we have

sing - ¥s = ko cos psind — 7, sin . (2.7)
Differentiating (t,,ng) = —sinycosw with respect to s and using (2.6), we
obtain
ko (cos @ cost) cosw — sin ¥ sinw) = — cos p cosw(—kq cos ) + sin psinw - wy

or, in the case where sinw # 0,

sin ¢ - wg = —kq, sin 9. (2.8)
In a similar way, differentiating with respect to ¢, we see that
¢t =kgcosw, sing-¥ =kgsinw, sing-w; = —kgcosysinw + 75sin¢.
(2.9)

3. Proof of Theorem 1.1

We, firstly, recall that the parametric curves ¢ = const. are parallel translations
and congruent to « (similarly, the parametric curves s = const. are congruent
to 3). In what follows, we suppose that the translation surface S has constant
and non-zero mean curvature H.

If the curvature of a generating curve vanishes everywhere, that is, if a gen-
erating curve is a line ¢, then S is cylindrical. Thus, if its mean curvature is
constant H # 0, the section of S by a plane normal to ¢ is a circle of radius
ﬁ, and S is a circular cylinder.

Moreover, if a generating curve is a plane curve, that is, if its torsion vanishes
everywhere, then, as we have proved in [3], S is also a circular cylinder.
Therefore, and since the problem is of local nature, in what follows we assume
that

ko(s) >0 and 74(s) #0 (3.1)
everywhere.

We need the following auxiliary result.

Lemma 3.1. Under the above assumptions, we have
(i) sind #0
(i) sinw #0

almost everywhere in I x J.

Proof. (i) Indeed, if this were not the case, then (2.4) would yield (b, t3) =0
in an open subset of I x J. Differentiating with respect to s and using
the fact that 7,(s) # 0, we obtain (n,,tg) = 0. So tg is parallel to
N X by = to, which contradicts 0 < ¢(s,t) < 7.
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(ii) In fact, if this were not the case, then from (2.4) we would have (t,,bg) =
0 in an open subset of I x J. Differentiating with respect to s and using
(3.1), we have (ng,bg) = 0. So by = to X ng = =£bg, from which by
differentiating with respect to s, we have 7, = 0. This contradicts our
assumption (3.1). O

Obviously, given a translation surface ¥(s,t) = a(s) + ((t) with constant non-
zero mean curvature H and a non-zero constant A € R, the surface Z(s,t) =
A (s,t) is also a translation surface. The mean curvature Hz(s,t) of Z(s,t)
is the non-zero constant Hyz(s,t) = ; for A = 2H, we have Hz(s,t) = 3. So,
without loss of generality, we may suppose that H = 2, and this hypothesis
will be assumed without further comment. Therefore, from (2.5) we obtain

kgsinw = ke sin® + sin? . (3.2)

Differentiating (3.2) with respect to s and taking (2.6), (2.7) and (2.8) into
account, we get

os
kﬁCOS (—kqosind) = ki, Sln19+k —— (ko cos psind — 74 sin )
sin ¢ sin
+2sin ¢ cos p(—kq cos V) (3.3)

or

—kukpcoswsind = k!, sindsin ¢ + k2 cos p cos I sin ¥ — ka7, cos ¥ sin ¢

—2kq cos psin® p cos 1. (3.4)
Hence, in view of (3.1) and Lemma 3.1, we have
Kl . cos v cos v
kgcosw = ——2 sinp — kg, cos ¢ o8 + To——— sin ¢ + 2 cos psin? ¢
ko sin ¥ sind

(3.5)

Differentiating (3.5) with respect to s again and taking (3.2) into account, we
have

sin? ¥ kLY cos? psin? ¥
k2 o, sin 1 sin g = (“) ing 4+ k2S5 LI Y g in®
sin g + ko sindsinp = % sin @ + sin o Ta COS  SIN
cos ¥ sin @ cos ¢ 2 sing cos® ¥ cos @
- k /l9 ' - . a k:Oé «@ - ala™ . o
sin g cos” I sin ¢ T sing | “sin® 9 i sin ¢
2.9 .3 2 2.9 2 2
0 0
4ok cos . sin® ¢ Ak cos kpCf)S sing ok, cos 'cpsm(p Yo cos?os;n ©®
sin sin sin sin® 9
or, multiplying by sin® ¥ and collecting the terms,
K\
Za) ki /
% sin psin? ¥ — :—O‘ cos ¥ sin ¥ sin ¢ — 74 sin @ — 2 cos psin? @

2k
+ 2% (74 cos ¢ — sin® ¢ + 3 cos? psin @) sin 9

[eY

ko
+ —(2sin3 @+ singp — 4 cos? psin ) sin® ¥ = 0.
-

o
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cos p
sin g’

Dividing by sin® ¢, setting Z :=

and using the relation ﬁ =1+ 272
we see that

(52) +#2
To

2k
+ —(TaZ(1+Zz) — 1+3ZQ) sind + —(1 — Z%)sin®9 =0

/
sin2 (1 + Z2) — 12 cosOsind(1 + Z2) — 7o (1 + 2Z2) — 27
T

or

Tou To To To

kv
7)) K2 ! 6k 3k
2k, sin 92> + <(k")sm ﬁ—T—COSﬁ81n19—Ta+— nd — —Zgin®9 | 22

+ (2kq sind — 2)Z

ko 2 ,
+ <(k“)sin219— T—acosﬂsinﬁ—ﬂl — % gind 4+ —Lsin®9 | = 0.

To To To To
(3.6)
Henceforth, for notational convenience, we set
kN 2k’ !

k:=ka, T:=Ta, 23:( )+k2—7 B::——i—i

X X ’
Ci=——7, D:=—+7, X:=cosd¥, Y :=sind.

T T

Inserting these notations in (3.6) and using the identity sin®9 = sind(1 —
cos? 1), we obtain

Y 75 + (3kX2Y 4+ DY? - XY + gkY —7) 2% + (2KY - 2)7

3k

(3.8)
(——X %Y + DY? — —XY+ kY—T) =0.

Remark 3.1. We note that Z # 0 almost everywhere in I x J. Indeed, if this
were not the case, then (2.1) would yield (¢, t3) = 0. Differentiating this twice
with respect to s, and using (3.1) and the Frenet formulas (2.1), we are lead
to a contradiction (ng,tz) = (ba,tg) = 0.

Before we proceed to some more calculations, we need the following obvious
consequence of (2.6) and (2.7).

Lemma 3.2. For the derivatives of X,Y, Z with respect to s we have
X, = —kY?Z + 7Y,
Y, =kXYZ - 71X,
Zs=kX(1+ Z%).
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Differentiating (3.8) with respect to s and taking Lemma 3.2 into account, we
get

3k?

/
8E2XY 74 + (15k Akt XY — Ak X + kBY) 7°
T

X3y — 2L X?Y 4+ 4kDXY? +
T

+ ( —9kX® 4 3(%) X2V + C'Y? + (8k° — B)XY + kX + 3(§>Y) 72

13k2

X%y +

2 ’
+ (— 35 X3y yarpxy? - T
T T

“XY 4kt X + kBY)Z
+ ( - 3(5) X°Y — 9kXY? +C'Y? — B'XY + (E)Y> —0,
T T
(3.9)
where in some steps we have used the relation X2 +Y? = 1, the notation (3.7)

and the relation 2k% — (77/) — 27D = —B’. Now, multiplying (3.8) by 4kXZ
and subtracting from (3.9), and dividing the result by Y, which is non-zero by
Lemma 3.1, we obtain
3k 5 9k 3 kY y2 / / kXY 2
k(—X - =X +B)7%+ (3<7>X +9kXY +C'Y — B'X +3<;>>Z
9k 9k N ) ) N
+k( X3+ xw4ﬁz+< 3&)X2—%XY+CYZJ3X+(Q):Q
(3.10)
Elimination of Z2 between equations (3.8) and (3.10) yields an equation of the
form
boZ? +b1Z + by = 0. (3.11)
This is a polynomial equation of second degree with respect to Z, with coeffi-
cients
9k? 3kD

3k Sk

by = — X°V + == X3y?2 - XY - — X3V - 3kX?
T
1
8’” X2y - (% + 18k) XY? 4+ (BD — 2C")Y?
Br 2Tk
+(23,_ T Tk ) 9k B,
.
2 2
by = 12K sy Ok s 30K XY+@X—23
T T T
2 kD kr!
bo = —%XE’Y ; TEXY - 3—;X4Y + %x?’y — 3kX*
kD Br' 9k?
- (9— - 18k>XY2 +(BD —2C")Y? + (23’ b )XY
T T T
/
FoRX + Ty o,

Next, we shall eliminate Z3 between equation (3.8) and by Z3 4+ b, 2%+ by Z =
The resulting polynomial equation is of second degree with respect to Z and
has the form

coZ? +c1Z +co =0, (3.12)
with coefficients
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27k3 18k2D 18k i

27k 3k(1')?
cr= o XTY? 4 Xy - T oy (— o+ #)XW’Q
T T T T
3k D2 6k 'D 18k 63k 36k2D  54k2
4+ B xaya DT xays 2O ysy 63k°7" ay2 ( 2 )X3Y3
T T
277k ’D 3k 18k Gk 9kD
T +Z(BD 20" + i )X ys 4 2 xdy D(— + 18k>XY4
6k:B’ 3k B 135/<;3 24k 18k(r 48K2
T2 _6kD— + (3 )? >X3Y2 4+ 22 ey
T T T
108k%r" 7’ B
+ D(BD —2C" )Y4 + (Lg T e BT =) x2y?
T3 T T
27/ 54k2D  54k2 30k
+ (208" = Zo(BD - ©") - 57 - )XY 43k — (6 + T )XQY
T T T
12k7'D  6k'D  6kC’
+ ( 4 - )Y3
T T T
72k3  81k3  Ok(+)2 6kB’  3kr'B
+ (18kD T 18kT + - _ Ok()® O )XY2
T T3 T3 T T2
27k2 7! 18k2
+ (  —2rBD+ 270’)3/2 + (8— +27'B - QTB’>XY — kX
T T
8kt
4 <2k’ )Y 4+ 2B,
T
36k3 18k2 96k3  6kD 6k’ 36k
o= T XOY? - S XPY - ( . )X3Y2 + Xty + 22T T x2y?
T T T
36k2 36k: 18k:D 36k:
— TEXY? + XY 4 6hXT - ST XY + (< 4 36k — —)XYZ
T T
12k27/ Br'  2Tk2
+ ( T _92BD +4C’>Y2 - 2(23' - cn )XY —18kX
T
1 k:
8y L orB,
27k3 63k3 "2 3kD? 6k D
co = _TX7Y2 + ( 3 4 ( ) )X Y2 + 7}('3}/4 T X4Y3
T T
39k27/ 54k2 12k2D 6kt 9kD
- 7TX4Y2 T (— + 72>X3Y3 4+ 0T ey D(— + 18k>XY4
T T T T
3k Br'  27k2 18k(r’ 18k3
+ (23’ °or ) _6kp _ BKTD? )X3Y2
T T T2 T 73
k 2kr'D 18kt 1242
+ (=D -2y 4 2T 18kT )X2Y3+D(BD—2C) - X3y
T T

_ BT Qi’f) - T?/(BD—2C ) — é(@ +18k) ) XY

-
k21’ / <QB' Bt 27k?

T T2

(BD —2C"))Y* + (§(2B’ - BTT 2:]; ) + 18kD + 18k

X2Y + 3kr X3

))x2ve+ <3kB - ﬁ)

kil AP XY2—|—<9k T orBD - C))Y2—|—
10k7’

(36k +2(r'B—7B"))

X XY — 9krX — (2k’+ )Y+T2B

Before proving Theorem 1.1, for completeness, let us comment on the case that
at least one of the coefficients b;, ¢; (i = 0,1,2) is zero.



36 Page 10 of 13 T. Hasanis J. Geom.

Proposition 3.1. If at least one of the coefficients b;,¢; (i = 0,1,2) is zero in
an open subset of I x J, then the curvature of the generating curve [3 is zero,
that is kg = 0.

Proof. Since the proofs are similar in all cases, we shall only consider the case
b, = 0 in an open subset of I x J. Inserting Y2 = 1 — X? in the expression of
b> we have

18k2 18k
78]2“ X3+ 78]“27 X2+ (23’ -
T

Br’ B 27k2)X

9k> 3kt 4,
(0 37 o

Ok’ 3kD 12kD
+ T>Y+(—X5+( +15k)X3—(BD—2C’)X2
T

T2 T

_(%7_D+9k)X+BD—QC’—TB> —0.

The last equation is of the form
P(X)Y +Q(X) =0,

where P and @) are polynomials of one variable X and their coefficients are
2

functions of s. The leading terms are %X 5 and —@X % respectively. Squar-

ing P(X)Y = —Q(X) and inserting Y2 = 1 — X2, we obtain

PYX)(X?-1)+Q*X) =0, (3.13)

a polynomial equation in X of degree 12 with leading coefficient Si—]fl > 0,

since k > 0 and 7 # 0. Thus, the root X = cosd is a function f(s) of s, and
hence we have

cos = f(s). (3.14)

Differentiating (3.14) with respect to ¢, we see that sin -4, = 0; consequently,
in view of Lemma 3.1, we have J; = 0. From the second relation of (2.9) we
obtain kg = 0. O

Now, we are ready to prove Theorem 1.1
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Proof of Theorem 1.1. Using the expressions for b;,¢; (i =0, 1,2) we calculate

baco — boca =

9k2 3kD 3k’ 18k2
- (—X5Y+ TEXY? - T Xty - —X3Y+ )
=
27k3 63k%  3k(r’ 3kD? 6kt' D
(——X7Y2+(—+L)X5Y2+ T xya _ 28T P oyayn )
T3 73 73 T T2
k2 kD kr 30k2
_ ( 9—2X5Y+ 3kD yay2 3 X4Y+ XY 4 )
.
<27k3 Ty h 18k2DX5y3 18k 18K gon (_ 27K 31<:(T')2>X5Y2
T3 T2 T3 T3
kD2 kr' D
+3 X3y*4 — 6T X}”+~)=FMXY%
T

b201 — b102 -

(v (B ) < () ()
= %xmw + P2 (X,Y),
blco — bocl -

<7%X3Y+---><723_£X7Y2+-~)

T
(B ()

18 - 36k5
= 7)(101/3 + P3(X,Y),
A

(3.15)
where P;(X,Y) (i = 1,2, 3) are polynomials of two variables X, Y and of total
degree at most 12. The coefficients of P;(X,Y) are functions of s.

Consider the system
boZ% + b1 Z + by =0
22 T hE (3.16)
o/ +c1Z+cp=0
of two polynomial equations of second degree with respect to Z.

If at least one of the coefficients b;,¢; (i = 0,1,2) is zero in an open subset
of I x J, then, by Proposition 3.1, we have kg = 0 and thus S is a circular
cylinder.

In the sequel we assume that the coefficients b;,¢; (i = 0,1,2) are non-zero
almost everywhere on I x J. System (3.16) possesses at least one solution at
any point (s,t) € I x J. We distinguish two cases.

Case I The system has two solutions and thus the two equations coincide up
to a multiplicative factor. Then, we must have

bQC() — boCQ = b201 — b102 = b100 — b001 =0.
In particular, we have

36k°
bocy — bicy = 7)(101/3 + Py(X,Y) =0.
7'
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Inserting Y2 = 1 — X2 and proceeding as in the proof of Proposition 3.1, we
obtain an equation of the form

P(X)Y +Q(X) =0,
where P and @) are polynomials of one variable X. The leading term of P is
_18-37?1@5)(12 and the degree of @ is at most 12. Squaring P(X)Y = —Q(X)
and proceeding as before we conclude that kg = 0; hence, S is a circular
cylinder.

Case II System (3.16) has exactly one solution. Then, the resultant of the two
equations of (3.16) must vanish, that is, we have

(b260 - b062)2 - (b100 — bocl)(bgcl — blcg) =0. (317)
Inserting (3.15) in (3.17), we get
klO
—182. 362§X20Y6 +Q1(X,Y) =0, (3.18)

where Q1(X,Y) is a polynomial of two variables X, Y and of total degree at
most 25. Inserting Y2 =1 — X2 in (3.18), we obtain an equation of the form

P(X)+Q(X)Y =0, (3.19)
where P and @) are polynomials of one variable X. The leading term of P is
182362 ]“T—ISDX26 and the degree of @) is at most 24. Squaring P(X) = —Q(X)Y
and inserting Y2 = 1 — X? we obtain

PY(X)+ (X2 - 1)Q*(X) =0, (3.20)

a polynomial equation in X of degree 52, with leading coefficient 18*-364 % >
0, since £ > 0 and 7 # 0. All coefficients of this polynomial equation are
functions of s. Continuing as in the proof of Proposition 3.1, we have kg = 0
and thus S is a circular cylinder.

This completes the Proof of Theorem 1.1.

Publisher’s Note Springer Nature remains neutral with regard to jurisdiction-
al claims in published maps and institutional affiliations.
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