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The decomposition of almost paracontact
metric manifolds in eleven classes revisited

Simeon Zamkovoy and Galia Nakova

Abstract. This paper is a continuation of our previous work, where eleven
basic classes of almost paracontact metric manifolds with respect to the
covariant derivative of the structure tensor field were obtained. First we
decompose one of the eleven classes into two classes and the basic classes
of the considered manifolds become twelve. Also, we determine the classes
of a-para-Sasakian, a-para-Kenmotsu, normal, paracontact metric, para-
Sasakian, K-paracontact and quasi-para-Sasakian manifolds. Moreover,
we study 3-dimensional almost paracontact metric manifolds and show
that they belong to four basic classes from the considered classification.
We define an almost paracontact metric structure on any 3-dimensional
Lie group and give concrete examples of Lie groups belonging to each of
the four basic classes, characterized by commutators on the corresponding
Lie algebras.

Keywords. Almost paracontact metric manifolds, 3-Dimensional almost
paracontact manifolds, «-Para-Sasakian manifolds, «a-Para-Kenmotsu
manifolds.

1. Introduction

Different manifolds with additional tensor structures have been classified with
respect to the structure (0,3) tensors, generated by the covariant derivative
of the fundamental tensor of type (1,1). For example, such classifications are:
the Gray—Hervella classification of almost Hermitian manifolds given in [6],
the Naveira classification of Riemannian almost product manifolds—in [11],
the Ganchev—Borisov classification of almost complex manifolds with Nor-
den metric—in [4], the Alexiev—Ganchev classification of almost contact met-
ric manifolds—in [1], the Ganchev-Mihova-Gribachev classification of almost
contact B-metric manifolds—in [5] and etc.

In [10] we decomposed the vector space of the structure (0,3) tensors on al-
most paracontact metric manifolds [called almost paracontact manifolds with
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semi-Riemannian metric of (n + 1,n)] in eleven subspaces which are orthog-
onal and invariant under the action of the structure group of the considered
manifolds. In this paper we show that one of the eleven subspaces could be
decomposed in two orthogonal and invariant subspaces and give their char-
acteristic conditions. Then we find the dimensions of the twelve subspaces
and the projections of the structure tensor in the corresponding basic classes
of almost paracontact metric manifolds. Also, we obtain the classes of the
following types of almost paracontact metric manifolds: a-para-Sasakian, a-
para-Kenmotsu, normal, paracontact metric, para-Sasakian, K-paracontact
and quasi-para-Sasakian.

We pay special attention to almost paracontact metric manifolds of dimen-
sion 3, which is the lowest dimension for these manifolds. First, we estab-
lish that such manifolds belong only to four basic classes from the considered
classification. Then we define an almost paracontact metric structure on a
3-dimensional Lie group. We determine its Lie algebra by commutators such
that the Lie group is a manifold belonging to some of the four basic classes of
3-dimensional almost paracontact metric manifolds. The considered Lie groups
are characterized geometrically in terms of their curvature properties. More-
over, we find explicit matrix representations of these Lie groups. Let us note
that Lie groups as 3-dimensional almost contact B-metric manifolds were stud-
ied in [9] and their matrix representations were obtained in [8].

2. Preliminaries

A (2n+ 1)-dimensional smooth manifold M"Y has an almost paracontact
structure (p,&,n) if it admits a tensor field ¢ of type (1,1), a vector field &
and a 1-form 7 satisfying the following conditions:

(i) @?=id=ne¢ nE) =1, ¢ =0,

(74)  there exists a distribution D:p € M — D, C T, M:
D, = Kern = {x € T,M:n(z) = 0}, called paracontact
distribution generated by 7.

(2.1)

Then the tangent space T, M at each p € M is the following orthogonal direct
sum

TpM = H))p D SpanR{g(p)}
and every vector « € T, M can be decomposed uniquely in the manner
r = hx + vz,

where hz = %z € D), and vz = n(x)-£(p) € spang{£(p)}. Using the conditions
(2.1) we have

hé =0, h®=h, hop=gpoh=¢, wvoh=hov=0.

The tensor field ¢ induces an almost paracomplex structure [7] on each fi-
bre on D and (D, ¢, gp) is a 2n-dimensional almost paracomplex manifold.
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Since g is non-degenerate metric on M and £ is non-isotropic, the paracontact
distribution D is non-degenerate.

As immediate consequences of the definition of the almost paracontact struc-
ture we have that the endomorphism ¢ has rank 2n, and no ¢ = 0 (see [2,3]
for the almost contact case).

From now on, we will use x,y, z for arbitrary elements of x(M) or vectors in
the tangent space T, M at p € M.

If a manifold M@+ with (p, &, n)-structure admits a pseudo-Riemannian
metric g such that

g9z, oy) = —g(z,y) +n(z)n(y),
then we say that M ("1 has an almost paracontact metric structure and
g is called compatible metric. Any compatible metric g with a given almost
paracontact structure is necessarily of signature (n + 1, n).
Setting y = £, we have n(z) = g(z,§).
Any almost paracontact structure admits a compatible metric.

The fundamental 2-form
oz, y) = g(pm,y)

is non-degenerate on the horizontal distribution D and n A ¢™ # 0.
Let ¢ be the fundamental 2-form on (M, p,&,n,g9) and F be the covariant
derivative of ¢ with respect to the Levi-Civita connection V of g, i.e the tensor
field F of type (0,3) is defined by

F(z,y,2z) = (Vo)(2,y,2) = (Vad)(y, 2) = g (Va)y, 2) .
Because of (1.1) and (1.3) the tensor F' has the following properties:

F(xvyv Z) = _F(xv Zay)v

F(z, 0y, pz) = F(x,y,2) + n(Y)F (2, 2,§) —n(2)F(z,y,§).  (22)
The following 1-forms are associated with F":

9(,@) = gijF(eivej7x); 9*(37) = gijF(ei7 L)06J7‘/I’.)7 W(.’E) = F(§,€7.'I}),

where {e;, £} (i = 1,...,2n) is a basis of TM, and (¢%) is the inverse matrix
of (g”)
We express Vn, dn, L¢g and d¢ in terms of the structure tensor F' in the

following lemma

Lemma 2.1. For arbitrary x,y, z we have:

(Van)y = 9(Va€,y) = —F(x, 0y, §);

dnfe,y) = 5 (Vany = (Vyn)a) = 5(~Flw,00.6) + Fly,or,8); - (23)
(Leg)(,y) = (Van)y + (Vyn)x = —F(z, y,€) = F(y, g, £); (2.4)

do(z,y,2) = & F(z,y,2),

x,Y,z
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where S(g,y,2) denotes the cyclic sum over x,y, 2.

In [12] it is proved that a (2n 4 1)-dimensional almost paracontact metric
manifold is normal if and only if the following condition holds:

e(Vap)y = (Veap)y + (Van)(y)§ = 0. (2.5)
Moreover, we have that (2.5) is equivalent to the following equality
F(x,y,92) + Flpz,y,2) + F(z, 0y,£) = 0. (2.6)

Definition 2.2. A (2n + 1)-dimensional almost paracontact metric manifold is
called

e normal if N(x,y) — 2dn(z,y)¢ =0, where
N(z,y) = ¢*[x,y] + [z, 0y — ploz,y] — vlz, 0]

is the Nijenhuis torsion tensor of ¢ (see [13]);

paracontact metric if ¢ = dn;

a-para-Sasakian if (V,0)y = a(g(z, y)§—n(y)z), where o # 0 is constant;
para-Sasakian if it is normal and paracontact metric;

a-para-Kenmotsu if (Vy)y = —a(g(z, o) + n(y)px), where v # 0 is
constant, in particular, para-Kenmotsu if a = —1;

e K-paracontact if it is paracontact and ¢ is Killing vector field;

e quasi-para-Sasakian if it is normal and d¢ = 0.

Remark 2.3. In [13] it was proved that (M, p,&,n,g) is para-Sasakian if and
only if (Vep)y = —g(z,y) + n(y)xz. This result is obtained by ¢(x,y) =
g(z, vy). We note that if ¢(z,y) = g(px,y), then (M, ¢, £, n, g) is para-Sasakian
if and only if (V.p)y = g(x,y)§ — n(y)z. Hence, if ¢(z,y) = g(=,y) (resp.
o(x,y) = g(ez,y)), then an a-para-Sasakian manifold is para-Sasakian if
a=—1 (resp. a =1).

Let U™(n) be the paraunitary group, i.e. U™ (n) consists of paracomplex ma-
trices § = A+ eB (¢* = 1; A, B are real matrices of type (n x n)) such that
Bt = Bt If r is the real representation of U™ (n) then

r(ﬂ)z(é §>7 A'A-B'B=1, A'B-B'A=0,

where 8 € U™ (n), I,, denotes the identity matrix of type (n x n). We consider
the group U™ (n) x {1} which consists of matrices a of type ((n+1) x (n+ 1))

0 A B 0

such that o = &) ., €U™(n). Then r(a) = | B A :
0 0

0...0 1 0 ...0 1

For a € U™(n) x id we have af =&, aop = ¢ o« and ¢ is an isometry with
respect to a, i.e. the matrices of U™ (n) x {1} preserve the structures &, ¢, g, 7.
Hence, U™(n) x {1} is the structure group of the almost paracontact metric
manifolds.
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Let V be a (2n + 1)-dimensional real vector space with an almost paracontact
structure (p, &, n) and a compatible metric g with this structure. We denote
by ®JV the space of the tensors of type (0,3) over V. Let F be the subspace
of @3V defined by
F={Fe@V:F(z,y,z) = —F(z,2,y) = F(z, 0y, p2) — n(y)F(z,2,£)
+n(2)F(z,y,8)}-

The metric g on V induces an inner product (,) on F which is defined by

(Fi, Fo) = g ¢ "g" Fy(fi, [, Fe) Fa(fps for Fr),
where F1, Fy» € F and {f1,..., fon} is a basis of V.
The standard representation of the structure group U™ (n) x {1} in V induces
a representation A of U™ (n) x {1} in F in the following manner:
Na)F)(2,y,2) = F(a 'z, 0" y,a™12),

for € U™ (n) x {1} and F € F. Also, A(«) preserves the inner product (,) in
F.

3. On the decomposition of F

In [10] we obtained a decomposition of a vector space JF into eleven subspaces
F:(i =1,...,11), which are mutually orthogonal and invariant under the ac-
tion of the structure group U™(n) x {1}. First we found the following partial
decomposition of F in a direct sum of its subspaces W; (i = 1,2,3,4), i.e

F=W1 Wy d W3 & Wy,
where W; (i = 1,2,3,4) were defined by
Wy ={F € F: F(z,y,z) = F(hx,hy, hz)},
Woy ={F € 5: F(z,y,2) = —n(y)F(hx, hz,§) + 1n(z)F (hz, hy,§)} ,
={FeT:F(z,y,z) =n( ) (& hy, h2),
Wy =A{F € F: F(z,y,2) = n(z) {n(y) F (&, & hz) —n(2)F(§ & hy)},

for arbitrary vectors x,y, 2 € V. The subspaces W; (i = 1,2, 3,4) are mutually
orthogonal and invariant under the action of U™ (n) x {1}.

(3.1)

3.1. The subspace W of F

In [10] we obtained that Wi = F1&F, @ F3, where the subspaces F; (i = 1,2, 3)
of Wj are mutually orthogonal and invariant under the action of U™ (n) x {1}.
They were characterized by

51 = {F € 3P (@0,2) = 5 (0o )0 (02) = oo 200 ()

rp
—9(pz, 0y)0r (hz) + g(pz, p2)0r(hy)} } (3.2)

Fo ={F € J: F(pz,py,2) = —F(z,y, 2),
Fs={FeF:Flor,py,z)=F(x,y,2)}. (3.4)
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Now, we will show that the subspace F3 could be decomposed in an orthogonal
direct sum of two its subspaces. For this purpose we define the following linear
map

1
k:353—>5t3 by k(F)(x,y,z)zg{F(x,y,z)—|—F(y,z,x)—|—F(z,x,y)}

We note that from (3.4) it follows that F'(§,y,2) = F(z,§, z) = 0 for an arbi-
trary F' € F3. Then one can easily verify that k(F)(pz, oy, 2) = k(F)(z,y, 2),
i.e. k(F) belongs to F5. By direct computations we check that k is a projection
(i.e. k? = k) and it commutes with the action of U™ (n) x {1}. We put

1
G3 = Imk = {F € F3: F(x,y,2) = 3 {( S )F(x,y,z)}}, (3.5)
T,y,2

G4 = Kerk = {F €F: S F(x,y,2)= 0} . (3.6)

(z,y,2)
Proposition 3.1. The subspace Fs is an orthogonal direct sum of the subspaces
Gs and Gy. These subspaces are invariant under the action of U™ (n) x {1}.

Proof. Taking into account that k is a projection in Fs, we have F5 = Imk &
Kerk = G3®G4. Further, we will show that Gs and G4 are orthogonal. Because
for an arbitrary F' € JF the conditions F(x,y, 2) = —F(y,x, z) and F(x,y,z) =
H{F(z,y,2) + F(y, 2z,2) + F(z,2,y)} are equivalent, (3.5) becomes

Gz =Imk ={F € F5: F(x,y,2) = —F(y,x,2)}. (3.7)

Now, we take F' € Gz and I € G4. Using (3.6) and (3.7) we obtain
(F',F") = g g " F\(fi, f5, F) Fa(fp, for )
= —g" g 9" F (fi, 15, Fe) F" (g5 fri F)
— 9P g g F (fis £, Fe) F" (frs fps Fy)

—g" 9" g" F' (1, fis F)F" (fg5 s Fr)
— 4" GG (fi, fis F)F" (fr fpr Fy) = =2(F', F").
Thus we find (F’, F”') = 0. Hence, G3 and G4 are orthogonal.

Finally, taking into account that & commutes with the action of U™ (n) x {1},
for an arbitrary F’ € G3 = Imk we have

AMa)(F') = Me) (k(F')) = k(A(e)(F)). (3.8)

We note that A\(«)(F”") € F5 because F3 is invariant under the action of U (n) x
{1}. Then from (3.8) it follows that A(a)(F’) € Gz which means that Gs is
invariant under the action of U™(n) x {1}. Since A(«a) is an isometry with
respect to the inner product (,) in F, the orthogonal complement G4 of the
invariant subspace Gs in F3 is also invariant. O

From now on, we will denote the subspaces F; and F» by G; and Go, respec-
tively. In conclusion, we state.

Proposition 3.2. The decomposition W1 = Gy ® Go ® Gz & Gy is orthogonal
and invariant under the action of UT(n) x {1}.
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The characteristic conditions of G; and Gg are (3.2) and (3.3), respectively,
which were obtained in [10]. According to (3.7) and (3.6), the characteristic
conditions of G3 and G4 are as follows:

Gy ={Fed:F(&y 2) =F(2,82) =0, F(z,y,2) = =F(y,z,2)},

6= {Fegireys) = Flees) =0 & Flans) =0},

(z,y,2)

3.2. The subspace W5 of F

In [10] we decomposed Wy into 6 subspaces which are mutually orthogonal
and invariant under the action of U (n) x {1}, i.e.

Wo=F,0FsPFeDTF; P TFs P Fy.

Taking into account the characteristic condition of W5 in (3.1), we rewrite
the conditions of Fg,F7,Fs and Fg in an equivalent form to the one in [10,
Theorem 2.1, p. 124]. Moreover, we denote the subspaces F4, F5, Fs, F7, Fs, Fo
by Gs, Gg, Gy, Gg, Gg, G1g, respectively. So, we have:

0
Gs =54 = {F €5 Flo.n9) = 5 whalion. o) ~ nldalon. o} |
This is the class of generalized a-para-Sasakian manifolds.
g , __0r(9) B
Go =5 = (I € T F(x,y,2) = == > {n(y)g(z, vz) = n(2)g(z, y)} -

This is the class of generalized a-para-Kenmotsu manifolds.
Gr =36 ={F € F: F(z,y,2) = —n(y)F(z,2,§) + n(2) F(z,y,¢),
F(z,y,8) = —F(y,z,§) = —F(ez,9y,£), 0p(§) =0},
Gs =Fr={FeFF(r,y,2) = ) F(z,2E) +nz)F(z,y,§),
F(a,y,) = F(y,2,§) = —F(pz,9y.€), 0r(§) =0},
Go =Fs ={F € F: F(z,y,2) = —n(y)F(z,2,§) + n(2) F(z,y,¢),
F(z,y,§) = —F(y,z,8) = Fez,0y,8)},
Gio=F9 ={F € F: F(z,y,2) = —n(y)F(z,2,§) + n(2)F(z,y,9),
F(z,y,§) = F(y,2,§) = Fez,9y,8)}.
Remark 3.3. We call the classes G5 and Gg the class of generalized a-para-

Sasakian and generalized a-para-Kenmotsu manifolds, respectively, because
0r (&) and 03.(§) are functions in general.

3.3. The subspaces W3 and W, of F
As in [10] we put F19 = W3 and F1; = Wy. Now, we denote F1o and Fi; by

G11 and G19, respectively. These subspaces were represented by
Gll - 9:10 = {F € S'HZF(lL',y,Z) = W(x)F(ﬁaSOy,SDZ)}a
G =91 ={F € F:F(z,y,2) = n(z) {n(y)F(§,& 2) —n(2)F(§,& )} -
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Corresponding to the decomposition in Sect. 3 of the space F into 12 mutually
orthogonal and invariant subspaces, we give 12 classes of almost paracontact
metric manifolds. An almost paracontact metric manifold M is said to be in
the class G; (i = 1,...,12) (or G;-manifold) if at each p € M the tensor F' of M
belongs to the subspace G;. The special class Gg, determined by the condition
F(z,y,z) = 0, is the intersection of the basic twelve classes. Hence, Gy is the
class of the almost paracontact metric manifolds with parallel structures, i.e.
Vp=VE&=Vn=Vg=0.

Finally, by using the characteristic symmetries of the structure tensor F' of
a (2n + 1)-dimensional almost paracontact metric manifold in the classes G;
(i=1,...,12), we obtain

Theorem 3.4. The dimensions of the subspaces in the decomposition of the
space F are as follows:

-2 —1
dim Gy =2(n — 1), dim Gy = (n — 1)(n? — 2), dim G5 = W
Gy = 2= Unln+ 1) G =1, dim Gg = 1,
dimG; =n? -1, dimGg =n? — 1, dim Gy = n(n — 1),
dim Gy = n(n+ 1), dim Gy = n(n —1), dim Gq9 = 2n.

4. The projections of the structure tensor F' in the twelve basic
classes of the classification of the almost paracontact metric
manifolds

The decompositions of F in direct sums of the subspaces W, (5 = 1,2,3,4)
and G; (i = 1,...,12) imply that every F' € F has a unique representation
in the form F(x,y,z) = Zj:1 FWi(z,y,2) and F(z,y,2) = 22111 Fi(z,y,z),
respectively, where FWi ¢ W; and F “ € G;. Then it is clear that an almost
paracontact metric manifold (M, ¢, &, 7, g) belongs to a direct sum of two or
more basic classes, i.e. M € G;®G; @ - - -, if and only if the structure tensor F
on M is the sum of the corresponding projections F, F7, ..., i.e. the following
condition is satisfied F' = F* + FJ + ...,

Following the operators defined in [10, Theorem 2.1, p. 124] and the operator
k defined in this paper in Sect. 3.1, we find the projections FWi (j = 1,2,3,4)
and F'(i = 1,...,12) of F € F in the subspaces W; and G, respectively.
These projections are given below:

FW = F(p%z, 0%y, ¢%2),

FW2 = —n(y)F(ox, ©2,€) + 1(2) F (¢, 9y, §),
FWs = n(z)F(¢, gy, 02),

FWa = n(@){n(y)F (&€ 2) —n(2)F(§,€,v)}-

P (@..2) = 5o (96 on)i (02) = gl 0200 (1)
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— gz, 0y)0p1 (9%2) + gloz, 02)0p (©*y) } ;

1
F(2,y,2) = 5 {F(¢*2, 4%, ¢2) — Floz, 6%, 02)}

1
“3m =1y W@ eyl (92) = (@, 02)0r (9)
— gz, oY) (¢%2) + gz, 02)0p (%) }
1
F3(2,y,2) = 5 {F(*z, 0%y, 0%2) + F(pz, 0y, 2)

+ F(@%y, oz, 9%x) + F(py, ¢°2, o)
+ F(p°2,0°x, 0*y) + Flpz, 0%, 0y) } ;

1

Fi(,y,2) = 5 {F(¢°2, 4%, %) + Flo3, 6%, 02) }
1

-5 {F(¢°z, 0%, 0%2) + F(pz, *y, ©2)

+ F(p%y, 9%z, 0%x) + Flpy, 9z, px)
+ F(@%z, *x, 0*y) + F(pz,9°x,0y) } ;

Fo(z,y,2) = QF;T(LO (W) g(pz, pz) —n(2)g(pr, vy)};
FO(x,y,2) = —a*%f){n(y)g(x, ©z) —n(2)g(x, oy)};
F'(z,y,2) = —in ) {F (@, 0%2,€) — Flpx, 0z,§)

— F(¢*2, 9% £)+F(wz oz, &) }+477 V{F($%z, 0%y, &)

+ m%ﬁ{n(y)g(% pz) —n(2)g(z, vy) };

F(a,y,2) = —ln ) {F (9?2, ¢%2,6) — (s@wcpzé“)

+ F(o%2,¢%1,€) — (wzwx€}+ —n(2) {F(p*z, 9%y, &)

— F(pz, 0y,8) + F(£%y, o2, ) — (@y,ww,f)}
9F5(€)

nW)g(ez, pz) —n(2)g(ez, 0y)};

in ) {F(¢*x, 02,€) + F(pz, 2,€)

—F(sﬂz,erc,f)—F(sozsowé}Jrﬁ ) {F(¢*z, 0y, )
+ F(pz, 0y,€) — F(*y, o*x,€) — F(py, px,£)} ;

1
F'x,y,2) = = () {F(¢*2,9°2,) + F o, 92, f)

+F(wzwx§)+F(w2¢x€}+ —n(2) {F(p*z, 9%y, &)

Fox,y,2) =
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+ F(pz, 0y,€) + F(*y, 0*x,€) + Fpy, oz, £) } ;
F'z,y,2) = n(x)F (&, 0y, ¢*2);
F2(x,y,2) = n(z) {n(y)F (€& 0°2) —n(2)F(E.& 0%y} -

Further in this section, using the characteristic conditions of the twelve classes
of almost paracontact metric manifolds and the projections of the structure
tensor F', we relate the obtained classes with those studied in the literature.

Theorem 4.1. A (2n + 1)-dimensional almost paracontact metric manifold
M(p,&,1n,9) is normal if and only if M belongs to one of the classes Gy,
Go, G5, Gg, G7, Gg or to the classes which are their direct sums.

Proof. Let M belongs to G; (i = 1,2,5,6,7,8) or to their direct sums. By direct
computations we check that for the structure tensor F' of M the condition (2.6)
holds. Hence, M is normal.

Now, let us assume that M is normal. Then (2.6) is fulfilled. Replacing x and
y with £ in (2.6) we have

F(£,€,2) =0. (4.1)
Replacing x with £ in (2.6) and using (4.1) we get

F(&y,2z)=0. (4.2)
Another consequence from (2.6) is

which we obtain substituting in (2.6) y and z with ¢y and &, respectively. The
equalities (4.1) and (4.2) mean that the projections F"V* and F"W3 of F vanish.
Hence, F(x,y,z) = FVi(z,y,2) + F"V2(z,y, 2). Taking into account (4.3) we
conclude that F"2 = F? or F"2 is a sum of F' (i = 5,6,7,8).

Next, we replace z, y and z in (2.6) with p?z, p?y and @z, respectively. By
using (2.2) and (4.1) we obtain

F(¢%z, 0%y, ¢%2) + F(pz, 0y, ¢°2) + F(z, 0y,€) = 0. (4.4)
We substitute « and y in (4.4) with pz and ¢y, respectively. So we get
F(px, py,¢9°z) + F(¢°x, 9y, 9*2) + F(pz,y,£) = 0. (4.5)

From (4.3) by using (4.1) we derive F'(z, vy, &) = —F(px,y,§). Then (4.4) and
(4.5) imply F(p?z, 9%y, p?2) = —F(px, py, p?z), which shows that FW1 = [
(i =1,2) or F"1 = F! + F2. Summarizing the obtained results we conclude
that FF = F* (i =1,2,5,6,7,8) or F = F* + F? 4+ F5 4+ FS + F7 + F® which
completes the proof. O
Now, by using (2.3) we compute dn for a (2n + 1)-dimensional almost para-
contact metric manifold M belonging to each of the basic classes. We obtain

Lemma 4.2. (a) If M € G;, 1 =1,2,3,4,6,7,10,11, then dn = 0;
(b) If M € Gs, then dy = "5 g(ipw, y);
(¢) If M € Gy, i =8,9, then dn = —F"(x, py,§);
(d) If M € Gua, then dn = 3 (n(2)F(&,€, py) — n(y)F (&€ px)).
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Let G5 be the subclass of G5 which consists of all (2n + 1)-dimensional Gj-
manifolds such that 0 (€) = 2n (resp. 0p(&) = —2n) by é(x,y) = g(ex,y)
(resp. ¢(x,y) = g(x, y)).

Taking into account Lemma 4.2 we establish the truth of the following propo-
sition.

Proposition 4.3. Let M be a (2n + 1)-dimensional Gs-manifold. Then M is
paracontact metric if and only if M belongs to Gs.

Theorem 4.4. A (2n + 1)-dimensional almost paracontact metric manifold
M(p,&,1n,9) is paracontact metric if and_only if M belongs to the class Gs
or to the classes which are direct sums of Gs with G4 and Gqg.

Proof. Let M belongs to Gs. Then from Proposition 4.3 it follows that M is
paracontact metric. If M belongs to a direct sum of G5 with G4, G1g, by using
Lemma 4.2 we verify that M is also paracontact metric.

Now, let M be a paracontact metric manifold. Then dn(z,y) = ¢(z,y) =
g(px,y) and from (2.3) we have

— F(z,0y,8) + F(y, o, €) = 29(px, y). (4.6)
Replacing x and y in (4.6) with £ and @y, respectively, we get
F(&,&y) =0. (4.7)
Moreover, replacing y in (4.6) with py we derive
F(x,y,£) = F(ey, pz,§) — 29(px, 0y). (4.8)
From the condition dn = ¢ it follows that d¢ = 0. Now, do(z,y,£) = 0 implies
B, y,8) = F(y,z,§) + F(&,2,y) = 0. (4.9)

Substituting (4.8) in (4.9) we have F(py, ox,£)— F(px, oy, &)+ F (&, x,y) = 0.
In the last equality we replace x with pz, y with ¢y and by using (4.7) we
obtain

The equalities (4.9) and (4.10) imply F'(¢, z,y) = 0. Also, substituting F'(§, z, y)
=01in (4.9) we get

F(z,y,§) = Fy, =) (4.11)
Since F(&,€,y) = F(€,2,y) = 0, we conclude that F' = FWi + FW2_ Hence
dnp = dnpw, + dnpws . (4.12)

Using (4.11) and taking into account the characteristic conditions of the twelve
classes we obtain F"2 = F5 + F® 4+ F10 From Lemma 4.2 it follows that

05
dnpw, = 0, dips(z,y) = "5 g(p,y), dpps(z,y) = —F5(z,0y,€) and
dngio(z,y) = 0. Then (4.12) becomes

Ors (£)

g(pz,y) = g(pz,y) — F¥(z, oy, £). (4.13)

2n
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The equality (4.13) implies that either F'® = 0 or F'® = F®. The case F® = F?°
leads a contradiction. Therefore F"2 = F° 4+ F'°. Now, because g is non-
degenerate, as an immediate consequence from (4.13) we obtain 0ps(§) = 2n.
This means that F° = F5, where by F° we denote the projection of F in
Gs. Thus, for F"2 we obtain FW? = F 4 F19 or FW2 = F°. The conditions
dnpw, = dnpio = 0 and (4.12) imply that the case F""2 = F''0 is impossible. In
both cases for FV2 we have S(2,y,2) FW2(x,y,2) = 0. Then from the equality
S(ay,2) F(7,y,2) = Say,2) FWi(x,y,2) + S(a,y,2) FW2(x,y,2) it follows that
S(ayy,2) FW"1 (x,y,2) = 0. Taking into account the characteristic conditions of
the classes G; (i = 1,2,3,4) we conclude that "1 = [4, Finally, for F we
obtain F=F ,or F=F 4+ F* or F=F + F9 or F=F + F4 4 F10,
Since dnps = 0, the case F' = F* is impossible. O
As an immediate consequence from Theorems 4.1 and 4.4 we obtain

Corollary 4.5. A (2n + 1)-dimensional almost paracontact metric_manifold
M(p,&,1,9) is para-Sasakian if and only if M belongs to the class Gs.

Remark 4.6. The result in Corollary 4.5 is the same as that obtained in [13].

It is known that ¢ is Killing vector field if (L¢g)(x,y) = 0. By using (2.4) we
get

Proposition 4.7. The vector field & is Killing only in the classes G1, Go, Gg,
Gy, Gy, Gg, Gg, G171 and in the classes which are their direct sums.

Using Theorem 4.4 and Proposition 4.7 we obtain that among the classes
of paracontact metric manifolds the vector field £ is Killing only in Gs and
Gs ® G4. Then we state.

Theorem 4.8. A (2n + 1)-dimensional almost paracontact metric manifold
M(g&,f,@g) is K-paracontact metric if and only if M belongs to the classes
Gy and G5 & Gy4.

Finally, we check that d¢ vanishes only for normal almost paracontact metric
manifolds belonging to the classes G5, Gg and Gs @ Gg. Thus we establish the
truth of the following theorem.

Theorem 4.9. A (2n + 1)-dimensional almost paracontact metric manifold
M(p,&,1n,9) is quasi-para-Sasakian if and only if M belongs to the classes
G5, Gg and G5 @Gg.

5. The projections of the structure tensor F' for dimension 3

Let (M, p,&,1,9) be a 3-dimensional almost paracontact metric manifold and
{e;}3_1 = {e1,e2,e3} be a p-basis of T, M, which satisfies the following condi-
tions:

pe; = ez, pex =e1, e3=4§,
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9(61761)29(63763):_9(62762):17 g(ei7ej):07 2#36{17273}
We denote the components of the structure tensor F' with respect to the -
basis {e;};_; by Fijx = F(e;,ej,ex). By direct computations for arbitrary
,y,z, given by © = xiei, Yy = yiei, 2z = Z'e; with respect to {ei}:f:l, we
obtain

F(z,y,z) = ! {Fllg(ylz3 - ygzl) + F123(y2z3 - y3z2)}
+ a2 {Fos(y'2° — 1P20) + Fans (122° — 1°2%) )
+ 2 {Fa31(y°2" — y'2%) + Fasa(y®2 — y?2°)} .
For the components 0% = 0p(e;), 05 = 05 (e;), wh = w(e;) of the Lee forms
Or, 0%, wp of F' we have
0 = 0% =03 =032 =0, 0} = Fii3 — Fhas,
9}3 = Flo3 — Fbi3, w}; = F331, w% = F33, w% = F333=0. (5.1)
Proposition 5.1. The structure tensor F' (i = 1,...,12) of a 3-dimensional

almost paracontact metric manifold (M, p,&,m,q) has the following form in
the corresponding basic classes G;:

Fiz,y,2) = F*(z,y,2) = F*(x,y,2) = F!(z,y,2) = 0;
93
Fo(z,y,2) = - {2’ (2" —y2h) = 2?(y%2" — 7)),

93
7F = Fi13 = —Fi31 = —Fa3 = Fo3o;

9*3
Fo(z,y,2) = - {a'(y?2" = y*") = 2%(y"2" = y21)},

0*3
g = Fi93 = —Fi32 = —F13 = Fo3y;
F'(z,y,2) = F¥(x,y,2) = F(2,y,2) = 0; (5.2)

Fz,y,2) = FiYy {a' (y'2® — 321) + 22 (y22° — y32%)}
FE a2 — ') + a5 — )

F11{)3 = *F113?1 = Fé}gg = *le??za Fllgza = *Fllzgz = F21103 = *le?(,)l?
Fll(xvyvz) = 0;
F12(ac7y7z) _ w}:x?’(yszl _ ylz?)) _’_w%‘x3(y322 _ y22’3),
wh = Fy31 = —F313, wp = F330 = —Fso3.

By using (5.2) we have

Proposition 5.2. The 3-dimensional almost paracontact metric manifolds be-
long to the classes Gs, Gg, G1g, G2 and to the classes which are their direct
sums.

We note that the assertion in Proposition 5.2 follows also from Theorem 3.4.
Taking into account Proposition 5.2, Theorems 4.1, 4.4, Corollary 4.5, Propo-
sition 4.7, Theorems 4.8 and 4.9 we state:
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Theorem 5.3. (a) The classes of the 3-dimensional normal almost paracon-
tact metric manifolds are Gy, Gg and Gs @ Gg;
(b) The classes of the 3-dimensional paracontact metric manifolds are Gs
and Gs @ Go;
(c) The class of the 3-dimensional para-Sasakian manifolds is Gs;
(d) The class of the 3-dimensional K-paracontact metric manifolds is Gs;
(e) The class of the 3-dimensional quasi-para-Sasakian manifolds is Gs.

Remark 5.4. Well known result in the literature is that every (2n + 1)-
dimensional para-Sasakian manifold M is a K-paracontact metric manifold
but the converse is true only if M is 3-dimensional. The assertions in Corol-
lary 4.5, Theorem 4.8 and (c), (d) from Theorem 5.3 agree with this result.

6. 3-Dimensional Lie algebras corresponding to Lie groups with
almost paracontact metric structure

Let L be a 3-dimensional real connected Lie group and g be its Lie algebra
with a basis {E], Fa, F3} of left invariant vector fields. We define an almost
paracontact structure (¢, £, n) and a semi-Riemannian metric g in the following
way:
pE1 = Ey, 9By =FE1, ¢E3=0
f = E37 77(E3) = 13 77(E1) = T](EQ) = Oa
g(El7E1) = g(E37E3) = _g(E27E2) = 17
9(Ei, Ej) =0, i#je{1,23}
Then (L,¢,&,n,g) is a 3-dimensional almost paracontact metric manifold.
Since the metric g is left invariant the Koszul equality becomes
29(Vay, 2) = g([z, 4], 2) + 9([z, 2], y) + 9([2, 9], ), (6.1)
where V is the Levi-Civita connection of g. By using (6.1) we find the compo-

nents Fy;, = F(E;, E;, Ey), (i,7,k € {1,2,3}) of the tensor F:
2Fii = g ([Es, 0Ej] — ¢|Ei, Ej), Ex) + g ([Ex, 0E;] + [pEx, Ejl, E;)

+ 9 ([Ey, Ei] — ¢|Ex, Eil, Ej) . (6.2)
Let the commutators of g be defined by [E;, E;] = C’ijk, where the structure
constants C’fj are real numbers and ij = *Cﬁ Then from (6.2) for the non-

zero components Fj;;, we obtain
1
Fr13 = —F131 = 5(05’2 + Cfy — Cgy),

1
Fhrz = —Fhzp = 5(0123 — C3y — Ci3),

Flos = —Fi3p = —Cl3, Foiz = —Faz; = C3s,
Fiyg1 = —F313 = C3;, Fi30 = —F33 = C}s. (6.3)
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Taking into account (5.1) and (6.3), for the non-zero components of 0, 6%,
wp we have

9?«“ = C%zv 9}3 = *0113 - C’2237 W}«“ = CSS) W% = Cf:s- (6.4)
Using (5.2), (6.3), (6.4) and applying the Jacobi identity

Ei’ngk [[Ew Ej]a Ek] =0

we deduce the following

Theorem 6.1. The manifold (L,p,£,n,g) belongs to the class G;(i € {5,6,
10,12}) 4f and only if the corresponding Lie algebra g is determined by the
following commutators:

G5I [El, EQ} = 0112E1 + 0122E2 + C?ZE:&, [El, Eg] = 0123E2,

[Ea, B3] = 013E1 9%5 = sz # 0, 01120123 =0, 01220123 =0; (6.5)
Ge: [Er, Eo] = ClyEy + CLEs, [El, B3] = O3By + O Fs,
[Ey, E5] = 013E1 + Cl3Ey: 03 = —2C15 # 0,
012013 - 013012 =0, 01120123 - 0113052 = 0; (6.6)

Gio: [Er, Bs] = OBy + C3Es, By, E3) = Ci3Fy + O3By,
[Ea, B3] = Cp3 By — Cl3E»: C3 # Ca3 or Ci3 #0,
Cl,Cl5 + 01003 =0,  C1,0f; — C1,C15 = 0; (6.7)
Gi2: [E1, By] = CloEy + C4HEs,  |Ey, E3) = C33Fy 4 O3 Es,
[E2, Es] = C123E1 + C§3E31 C?s #0 or Cg?; # 0,
(0112 - 033)0123 =0, (0122 + C?B)C%S =0
(Cla — C35)Cf3 + (Cta + Cf3)C35 = 0. (6.8)

7. Matrix Lie groups as 3-dimensional almost paracontact
metric manifolds

Let (L, p,&,m, g) be a 3-dimensional almost paracontact metric manifold from
Sect. 6 belonging to some of the classes G;(i € {5,6,10,12}). By G we denote
the simply connected Lie group isomorphic to L, both with one and the same
Lie algebra g. Further, we find the adjoint representation Ad of G, which is
the following Lie group homomorphism

Ad: G — Aut(g).

For X € g, the map adx:g — g is defined by adx(Y) = [X, Y], where by
adx is denoted as ad(X). Due to the Jacobi identity, the map

ad:g — End(g): X — adx

is Lie algebra homomorphism, which is called adjoint representation of g. Since
the set End(g) of all K-linear maps from g to g is isomorphic to the set of all
(n x n) matrices M(n,K) with entries in K, ad is a matrix representation of
g. We denote by M; the matrices of adg, (i=1, 2, 3) with respect to the basis
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{E1, E3, Es} of g. Then for an arbitrary X = aEy + bEs + cE3 (a,b,c € R) in
g the matrix A of adx is A = aM; + bMy + ¢Ms. By using the well known
identity e” = Ad () we find the matrix representation of the Lie group G.

7.1. Matrix Lie groups as manifolds from the class G5
Let g5 be the Lie algebra obtained from (6.5) by Ci, = C3, = C% =0, i.e.
[El,EQ] = O(Eg, [El, Eg] = O, [EQ’ Eg] = 0, (71)

where o = 9:}5 = C%,. Then from Theorem 6.1 it follows that (L, ,&,n,9),
where L is a Lie group with a Lie algebra gs, belongs to the class Gs. In
particular, the manifold is paracontact metric if and only if & = 2. The Levi-
Civita connection V is given by

VE1E1 = Oa vElEQ = %E33 vEI‘E3 = %E27
VEQEI = _%E37 VE2E2 = 07 sz‘E‘3 = %El’
Vg Bh = GFEy, Vg By =5E), Vg E3=0.

It is not hard to see that the Ricci tensor Ric is equal to

Ric(z,y) = scalg(x,y) — 2scaln(x)n(y),

where scal = %2 is the scalar curvature. Consequently, L is an n-Einstein

manifold. For the matrices M; (i=1, 2, 3) and A we have:

0 0 0 0 0 0 0 0 0
Mi=[0 0 o), M= 0 o0 of, Ms=[0 0 o],
0 a O —a 0 0 0O 0 O
0 0 0
A= 0 0 o (7.2)

I
S
Q
o
Q
s}

Theorem 7.1. The matriz representation of the Lie group G5 corresponding to
the Lie algebra g5, determined by (7.1) and having the matriz representation
(7.2), is

Gs=er=1 0 1 0fp. (7.3)

Proof. The matrix A is nilpotent of degree ¢ = 2. Therefore we compute e

directly from
A2 A3 Ad—t

A =FE+A+ 4+t

2l 3l (- D’ (7.4)

i.e. e = £+ A. So we obtain (7.3). O
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7.2. Matrix Lie groups as manifolds from the class Gg

We consider the Lie algebra gg obtained from (6.6) by Cl, = C%, =0, i.e.
[E1, Eo] =0, [Ey, B3] = aBy + fEs,  [Es, B3] = BEL + aby, (7.5)

where a = —% = Cl;, 3= C% #0. Then from Theorem 6.1 it follows that

(L,,&,1m,9), where L is a Lie group with a Lie algebra gg, belongs to the class
Gg. The Levi-Civita connection V is given by

VElEl = —OéEg, VElEQ = 0, vElEg = O[El,
Ve, E1 =0, Vg,FEy=aFE;, Vg,E3=aky,
Vg, By = —08E;, Vg Ey=—-8E, Vg FE3=0.

It not hard to see that the Ricci tensor Ric is equal to

) scal
RZC(:C, y) = Tg(z7 y)v

where scal = —6a? is the scalar curvature. Consequently, L is an Einstein

manifold.

For the matrices M; (i=1, 2, 3) and A we get:
0 0 « 0 0 g —a —0 0

M1 = 0 0 ﬁ y MQ = 0 0 « s Mg = — ﬁ — 0 y
0 0 0 0 0 O 0 0 0
—ca —cfB aa+b0
A=| —¢8 —ca ba+ab|. (7.6)
0 0 0

Theorem 7.2. The matriz representation of the Lie group Gg corresponding to
the Lie algebra gs, determined by (7.5) and having the matriz representation
(7.6), is as follows:

o [fc#0, B=a and b= —a, then

14200 —1ge2c0
2 2 0
-2 -2
GG = eA = 714’; o 1+e2 o 0 . (77)
_]ge2c0 —14e2c0
2 2
e Ifc#0, B=a« and b # —a, then
1+e—2ca _1+e—2ca (a+b)(1—e’2c"‘)
2 2 2¢
Ge =1 et = | —ire=®  1ye2e  (akb)(I—e ) |} (7.8)
2 2 2¢

0 0 1
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o [fc#0, f=—a and b= a, then

14e—2c 1_eg—2ca
2 2 0

GG _ €A 1762_26(1 1+e2_2"(y 0 . (79)

—2ca —2ca
—1+e 1—e 1
2 2

o [fc#0, B=—a and b # a, then

1+62—2co 1762_260 (ll*b)(127672ca)
Go={et = | 1z 1pee (azhclre ) |} (7.10)
2 2 2c
0 0 1

o Ifc#0, 0 # *a, then

e~ cosh C/B — e ““ginh Cﬁ a(l—e @ coshcf)—‘—bcfea sinh ¢3
Gg = —e~“ginh Cﬂ e~ cosh Cﬂ b(l—e™ ““ cosh c€)+ae_°a sinh ¢ . (711)
0 0 1
o [fc=0, then
1 0 aa+b0
Gs=<{er=10 1 ba+taB]|,. (7.12)
0 0 1

Proof. The characteristic polynomial of A is
Pa(A) = M—ca+cf—N(ca+cB+ ) =0.
Hence for the eigenvalues \; (i = 1,2,3) of A we have
A =0, X=c(f—a), A3=—cla+p).
First, we assume that ¢ # 0. If § =« (resp. f = —«) we obtain
AM =X =0, \3 = —2ca (resp. A1 = A3 =0, Ay = —2ca).
Let us consider the case § = «. Then the eigenvectors
p1=(—1,1,0), p2=(a+b,0,c),

corresponding to A\; = Ao = 0, are linearly independent for arbitrary a and b.
The coordinates (x1, 2, 23) of the eigenvector ps, corresponding to A3 = —2ca,
satisfy the following system:

a+b

.’)31—.’1?2—‘1-71‘3:0

—T1 + X2+ QT—H).’Eg =0.
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If we suppose that b = —a, then py,ps = (0,0,¢) and p3 = (1,1,1) are linearly
independent and for the change of basis matrix P we get

-1 0 1
P= 1 0 1
0 ¢ 1

By using that e = Pe’/ P~!, where J is the diagonal matrix with elements
Jii = \; and P~1 is the inverse matrix of P, we obtain the matrix representa-
tion (7.7) of Gg. When b # —a the vectors py, pa = (a+b,0,¢) and p3 = (1, 1,0)
are linearly independent and the matrix representation of Gg is in the form
(7.8).

In the case 8 = —a, by analogical computations, we obtain (7.9) and (7.10).

Now, if we take 5 # «, then the eigenvalues \; (i = 1,2,3) of A are different
and hence the corresponding eigenvectors

b
p1 = (Ccl’c71>7 P2:(1;_170) and p3:(1,1,0)

are linearly independent. Then the matrix representation of Gg is (7.11).

Finally, the assumption ¢ = 0 implies that A is nilpotent matrix of degree
q=2 and by using (7.4) we obtain (7.12). O

7.3. Matrix Lie groups as manifolds from the class Go
We consider the Lie algebra gio obtained from (6.7) by Cl, = C%, = C%; =
Ci =0, ie.

[El,Eg] = 0, [El, E3] = aEl, [EQ, Eg] = —OzEg, (713)

where o = Ci; # 0. Then from Theorem 6.1 it follows that (L,¢,&,n,9),
where L is a Lie group with a Lie algebra g1, belongs to the class Gyg. The
Levi-Civita connection V is given by

Ve B =—al3, Vg Ey=0, Vg FE3=al,

Ve, E1=0, Vg,Ey=—als, Vg,E3=—aky,

Ve, 1 =0, Vg,Ey;=0, VgFE;=0.
It is easy to see that the Ricci tensor Ric is equal to

Ric(z,y) = scaln(x)n(y),

where scal = —6a2 is the scalar curvature.
For the matrices M; (i=1, 2, 3) and A we have:
0 0 « 0 0 0 —a 0 O
My=(0 0 0}, My={(0 0 —-—a], M= 0 a 0],
0 0 0 0 0 0 0 0 O
—ca 0 aq
A= 0 ca —ba (7.14)
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Theorem 7.3. The matriz representation of the Lie group G1o corresponding to
the Lie algebra g1, determined by (7.13) and having the matriz representation
(7.14), is as follows:

e [fc#0, then

a(l—efco‘)

e—ca O -
Gip={e'= b(1—e®)
10 = e = 0 ece € . (715)
0 0 1
e Ifc=0, then
1 0 ax
Go={e=10 1 —ba]s}. (7.16)
0 0 1

Proof. From the characteristic polynomial of A
Pa(N) = (—ca—X)(ca —AN)A=0
we find
Al =—ca, Ml =ca, A3=0.

If ¢ # 0, then the eigenvalues \; (i = 1,2,3) of A are different and hence the
corresponding to A; (i = 1,2, 3) eigenvectors

b1 = (17070)7 P2 = (07170)? b3 = (CL, b7 C)

are linearly independent. For the change of basis matrix P we have

1 0 a
P=|0 1 b
0 O

Then for the matrix representation of G19 we obtain (7.15).

In the case when ¢ = 0 the matrix A is nilpotent of degree ¢ = 2. Using (7.4)
we establish (7.16). O

7.4. Matrix Lie groups as manifolds from the class G5

Let g2 be the Lie algebra obtained from (6.8) by CZ; = 0, i.e.
[Er, Eo] = aBy + BE2,  [En, B3] = —(Es, [Es, B3] = aks, (7.17)

where a = wh = 03, = Cly, # 0, B = —wi = —C}3 = C%, # 0. Then from
Theorem 6.1 it follows that (L, p,&,n,g), where L is a Lie group with a Lie
algebra gio, belongs to the class Gi3. The Levi-Civita connection V is given
by

VE1E1204E2, VElEQZQEl, VE1E3=O,

Vg, b1 =—pEy, Vg, Ey=—-pFE, Vg,E3=0,

VE3E1 = ﬂEg, VESEQ = —CkEg, VE3E3 = —/BEl — O[EQ.
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Hence the matrices M; (i=1,2,3) and A are:

0 « 0 —a 0 0 0 0 O
Mi=10 g 0, Mo=|-8 0 0|, Mz=|0 0 0],
0o 0 -p 0 0 « 8 —a 0
—ba aq 0
A= b8  ap 0 . (7.18)

cf —ca ba— af

Theorem 7.4. The matriz representation of the Lie group G2 corresponding to
the Lie algebra g12, determined by (7.17) and having the matriz representation
(7.18), is as follows:

o [fba—afB #0, then

aﬁ—baeaﬁiba aa(eaﬁ_bafl) O
afB—ba afB—ba
_paB—ba bataBetf—be
G12 = 6A = bﬁ(laﬁfba ) b Iﬁéba 0 ) (719)
cﬂ(l—eba*aﬂ) ca(eba*aﬁ—l) eba—aﬂ
afB—ba afB—ba
where (a,b) # (0,0).
o Ifba—af =0, then
1 - ba aq 0
G={er=| —b8 1+aB 0], (7.20)

cf — cx 1
where both a and b are zero or non-zero.
Proof. From the characteristic polynomial of A
Pa(A) = XA A+ ba—af)(ba—af —X) =0
we find
A =0, X=-ba+af, AI3=ba—af.

First, we assume that ba — af # 0. From this condition it follows that
(a,b) # (0,0) and the eigenvalues \; (i = 1,2,3) of A are different. Then
the corresponding to A; (i = 1,2, 3) eigenvectors

b1 = ((L,b, C)v b2 = (a7570)7 b3 = (0707 1)

are linearly independent and the change of basis matrix P is

a o 0
P=1|b (5 0
0 1

By straightforward computations we obtain that in this case (7.19) is the
matrix representation of Gys.
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If bao — a3 = 0, then both a and b are zero or non-zero. In this case the matrix
A is nilpotent of degree ¢ = 2 and the matrix representation of G5 is in the
form (7.20). O
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