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1. Introduction

A complex two-plane Grassmannian G5 (C™%2) consists of all complex two di-
mensional linear subspaces of C™*2, which is the unique compact, irreducible,
Kahler, quaternionic Kahler manifold which is not a hyper Kéahler manifold
(See Berndt and Suh [1,2]). Let M be a real hypersurface of Go(C™*2). The
Kiihler structure J on G(C™%2) induces a structure vector field ¢ called Reeb
vector field on M by £ := —JN, where N is a local unit normal vector field
of M in Go(C™*2). For the quaternionic Kihler structure J of Go(C™%2),
its canonical basis {Ji,J2, J3} induces the almost contact structure vector
fields {&1,&2,&3} on M by &, := —J,N,v = 1,2,3. It is well known that for
the real hypersurface M there exist two natural geometrical conditions that
[€] = Span{¢} or D+ = Span{¢y, &, &3} is invariant under the shape operator
A of M. Denote by ® the orthogonal complement of the distribution ®+. By
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using such geometrical conditions Berndt and Suh proved that the Reeb vector
field ¢ either belongs to ® or D+ and gave the following classification:

Theorem 1.1. ([1]) Let M be a connected real hypersurface of Go(C™*2), m > 3.
If D+ and [€] are invariant under shape operator, then

o (A) M is an open part of a tube around a totally geodesic Go(C™1) in
G2 (C™+2) for € € DL, or

e (B) M is locally congruent to an open part of a tube around a totally
geodesic QP™ in Go(C™*2) for £ € D, where m = 2n.

If the Reeb vector field £ is invariant under by shape operator, M is said to be a
Hopf hypersurface, that is, A = a&, where a = g(A¢, £) is a smooth function.
Based on the classification of Theorem 1.1 Berndt and Suh later gave a new
characterization for the type (B) hypersurfaces of Go(C™*2).

Theorem 1.2. ([6]) Let M be a connected orientable Hopf real hypersurface
in Go(C™*2),m > 3. Then the Reeb vector & belongs to the distribution ® if
and only if M is locally congruent to an open part of a tube around a totally
geodesic QP™ in Go(C™*2), where m = 2n.

For the classification of real hypersurfaces in G(C™*?), the assumption that
the Ricci tensor satisfies certain conditions is key. For example, Suh and Jeong
classified the real Hopf hypersurfaces of G(C™*?) with commuting Ricci ten-
sor and pseudo anti-commuting Ricci tensor, respectively (cf.[5,8]). Also, in
the series of articles Suh studied respectively the real hypersurfaces admitting
a parallel, Reeb parallel, and Reeb invariant Ricci tensor (see [9-11]).

As the corresponding of Ricci tensor, we note that Hamada in [4] defined the
*_Ricci tensor of a real hypersurface in non-flat complex space forms by

Ric*(X,Y) = %trace{qﬁ oR(X,9Y)}, VXY €TM. (1.1)

In [3], we considered a real hypersurface of Go(C™*2) with commuting *-Ricci
tensor and pseudo anti-commuting *-Ricci tensor, respectively. Motivated by
the present work, in this paper we study a real Hopf hypersurface whose *-Ricci
tensor satisfies certain parallel conditions. We first consider the real hypersur-
face with parallel *-Ricci tensor, i.e. VS* = 0, where the *-Ricci operator S*
is defined by Ric*(X,Y) = ¢g(S*X,Y) for any vector fields X,Y on M. We
assert the following:

Theorem 1.3. There do not exist any Hopf hypersurfaces with parallel *-Ricci
tensor in Go(C™*+2),m > 3.

However, by relaxing the parallel condition to Reeb parallel, i.e. V¢ S* = 0, we
have the following result.

Theorem 1.4. Let M be a Hopf hypersurface in Go(C™*2),m > 3 with Reeb
parallel *-Ricci tensor. If S*®+ C D+ then either M is locally congruent to
an open part of a tube around a totally geodesic QP™ in Go(C™+2), where
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m = 2n, or M is an open part of a tube around a totally geodesic G(C™+1)
m G2 ((Cm+2).

Finally we assume that the *-Ricci tensor is Lie Reeb parallel, i.e. £¢Ric* = 0,
where £¢ denotes the Lie derivative along Reeb vector field £, and prove the
following:

Theorem 1.5. Let M be a Hopf hypersurface of complex two-plane Grassman-
nian Go(C™*2),m > 3. If the *-Ricci tensor is Lie Reeb parallel, then M is
an open part of a tube around a totally geodesic in Go(C™*2).

This paper is organized as follows: In Sect. 2, some basic concepts and formulas
for real hypersurfaces in complex two-plane Grassmannian are presented. In
Sect. 3 we consider Hopf hypersurfaces with parallel *-Ricci tensor and give
the proofs of Theorem 1.3 and Theorem 1.4. In Sect. 4 we assume that the
*_Ricci tensor of Hopf hypersurface is Lie Reeb parallel and give the proof of
Theorem 1.5.

2. Preliminaries

In this section we will summarize some basic notations and formulas about the
complex two-plane Grassmannian G5(C™%2). For more detail please refer to
[1,2,7-9]. Let G2(C™*2) be the complex Grassmannian manifold of all complex
2-dimensional linear spaces of C"™*2. In fact Go(C™*2) can be identified with
a homogeneous space SU(m +2)/(S(U(2) x U(m)). Up to scaling there exists
the unique S(U(2) x U(m))-invariant Riemannian metric g on Go(C™*2). The
Grassmannian manifold Go(C™*2) equipped such a metric becomes a sym-
metric space of rank two, which is both Kéhler and quaternionic Kahler. From
now on we always assume m > 3 because it is well known that G2(C3) is
isometric to CP? and G2(C?) is isometric to the real Grassmannian manifold
G (R%) of oriented 2-dimensional linear subspace of RS.

Denote by J and J the Kahler structure and quaternionic Kahler structure
on G5(C™*+?), respectively. A canonical local basis {Ji, Jo, J3} of J consists of
almost Hermitian structures J, such that J,J,11 = Jy42 = —Jy11Jy, Where
the index is taken modulo three. As is well known the Kéahler structure J and
quaternionic Kahler structure J satisfy the following relations:

JJy = Jpd, trace(JJ,) =0, v=1,23.

We denote V by the Levi;CiVita connection with respect to g, there exist 1-
forms ¢1, g2, q3 such that VxJ, = qui2(X)Jos1 — qui1(X)Jyp2 for any vector
field X on Go(C™*2).

Let M be an immersed real hypersurface of Go(C™*2) with induced metric
g. There exists a local defined unit normal vector field N on M and we write
& := —JN by the structure vector field of M. An induced one-form 7 is defined
by n(-) = g(J-, N), which is dual to £. For any vector field X on M the tangent
part of JX is denoted by ¢ X = JX —n(X)N. Moreover, the following identities
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hold:
¢ =—Id+n®E nop=0, ¢o&=0, 5 =1, (2.1)

where X, Y € X(M). By these formulas, we know that (¢,7,&, g) is an almost
contact metric structure on M. Similarly, for every almost Hermitian structure
Jy, it induces an almost contact structure (¢, 1., &y, g) on M by

&;:*JUN, TIU(X):Q(&;,X), vaX:JvX*nv(X)Na

for any vector field X . Thus the relations (2.1) and (2.2) hold for (¢, 7y, &, 9)-
Denote by V, A the induced Riemannian connection and the shape operator
on M, respectively. Then the Gauss and Weingarten formulas are given by

VxY = VxY + g(AX,Y)N, VxN =—AX.

Also, we have

(Vx9)Y =n(Y)AX — g(AX,Y)§, Vx¢§=¢AX. (2.3)
Moreover, the following equations are proved (see [7]):

Pvt1&o = —Cot2;, Puor1 = Guta, (2.4)
P& = Pu&s M(&w) = 10 (8), (2.5)
PP X = PpdX + 10y (X)E — n(X)&, (2.6)
Vx&o = qui2(X)ot1 — qui1(X)ot2 + 9o AX, (2.7)

(Vx0)Y = —qui1(X)Pv12Y + qui2(X)dyi1Y
+10(Y)AX — g(AX, Y)E, (2.8)

Vx(908) = qu2(X)Pu41€ — qui1(X)Po428

+oupAX — g(AX, )& + (&) AX. (2.9)

The curvature tensor R and Codazzi equation of M are given respectively as
follows:

+9(8Y, 2)0X — g(o X, Z)9Y +29(X, Y )9 Z

+ Z{ (60Y, 2)60X = 960X, 2)00Y —29(6,X, Y )97 |

v=1

Z{ (6,0Y, 2)6,6X — 9(6,6X, Z)6,6Y |

v=1

- Z{U Z)pu9 X — n(X)no(Z)puY '}

v=1

-5 (X )a(66.2) — 00X, 2 e,

v=1

+ g(AY, 2)AX — g(AX, Z)AY (2.10)



Vol. 108 (2017) Real hypersurfaces of complex two-plane Grassmannians... 1161

and

(VxA)Y — (VyA)X = (X)d)Y —n(Y)¢X —29(¢X,Y)E

+ Z {m(X)6uY =1 (V)0 X = 29(60X, V)6, }
+ Z {(6X)0u6Y = 0y (Y )6u0X }

+Z{ o (6Y) (M m(@X) e, (211)

for any vector fields X,Y, Z on M.

Notice that Berndt and Suh [1] proved the following two properties for the real
hypersurfaces of types (B) and (A).

Proposition 2.1. Let M be a connected real hypersurface of G2(C™+2). Suppose
that AD C ©, A = af, and & is tangent to ©. Then the quaternionic dimen-
sion m of G2(C™*?) is even, say m = 2n, and M has five distinct constant
principal curvatures

a = —2tan(2r), [=2cot(2r), v=0, J=-cot(r), p=—tan(r)
with some r € (0,7 ). The corresponding multiplicities are
m(a) =1, m(B) =3=m(y), m(d)=4m—4=m(n),
and the corresponding eigenspaces are
T, =R, Tg=3JE, T, =3¢ Ts, Ty,
where

Ts®T, = (]HIC@)L7 Ils =Ts, JT, =T, JI;=T1T,

Proposition 2.2. Let M be a connected real hypersurface of G2(C™+2). Suppose
that AD C D, A¢ = af, and € is tangent to D+. Let J; € J be the almost
Hermitian structure such that JN = JiN. Then M has three(if r = 5 )or four
(otherwise) distinct constant principal curvatures

o = V8 cot(V8r), =V2cot(V2r), A= —V2tan(v2r), p=0
with some r € (0, f) The corresponding multiplicities are
m(a) =1, m(B)=2, m\)=2m-2=m(u),
and the corresponding eigenspaces are
T, =R¢ =RJN,
Tz =Ct¢=CtN
T\ ={X|X LH, JX =, X},
T, ={X|X LH{JX = -1 X},
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Recall that the *-Ricci operator S* of M is defined by

g9(S*X,Y) = Ric*(X,Y) = 1trace{qzﬁ oR(X,¢Y)}, forallX,Y € TM.

The *-Ricci operator S* is expressed as follows([3]):

3
S*X = —(4m +6)°X — (pA)°X +2) {m(cbX)qbé‘v = 1 (X)&w

+n(£v)nv(X)£+nv(€)</>¢vX} (2.12)

for all X € TM. Making use of (2.12), a straightforward computation gives
the following formulas:

3

(69" = 5"0)X = ¢[(Ag)* — (¢A)*]X — 4 nu(En(X)Ey, VX € TM,

(2.13)
§¢ = —(64) 5+4Z{ )€+ (€I ()¢} (2.14)

From now on we always assume that M is a Hopf hypersurface in Ga(C™+2).
As in [1], by taking the inner product of the Codazzi equation (2.11) with &,
we have

APAX = %a(AqﬁX + AX) + ¢X

*22{ (En(0uX)E +nEn(X)nt }

3
T Z_; { X))o + n(duX)&0 + n(év)sb,,X}. (2.15)

From this we assert the following

Lemma 2.3. ([1]) If A = a& and X € D with AX = A\X, then
2\ — a)ApX — Ma+2)0X

= =23~ {20(E)n(6uX)E = n ()8, — 06, X)&, — n(E)6uX |-

Here D denotes the orthogonal complement of the real span [£] of the Reeb

vector & in T M.

Moreover, by (2.6) and (2.15), a straightforward computation leads to
(9A)2X = (Ag)2X (2.16)

for all vector field X on M.
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3. Real hypersurfaces with parallel *-Ricci tensors

In this section we first assume that M is a Hopf hypersurface admitting parallel
*-Ricci tensor, i.e. V.S* = 0. Using (2.3) and (2.7), we compute the covariant
derivative (VyS*)X for all vector fields X, Y.

(VySM)X = —(4m + 6)[g(¢AY, X )€ + n(X)pAY] — [Vy (64)*]X

3
23" {002V )m41(6X) = gusa (V) mu2(6)

+ 9(duAY, 9 X)|0€, + (X )1, (AY)

— g(AY, X0y (§)]9€0 + 1o (X)) [qo42(Y)dv41§

= qu1(Y) v 428 + 9 AY — g(AY, )€ +n(&y) AY]

= [qor2(Y)104+1(X) — qor1 (V) o42(X) + g(d0 AY, X)]E,

— Mo (X)[qu+2(Y)Eo+1— o1 (Y)Eor2+ 00 AY [+ (9AY )1, (X)E
+ [Go+2(Y)n(&ot1) — o1 (Y)N(Eo2) + 1(duAY )]0 (X)E

+ 1) [qv+2(Y)004+1(X) = Goi1 (Y )00 42(X) + (¢ AY, X)|E
+1(§) 0 (X)PAY + (o2 (Y)N041(8) — qu1(Y)no12(€)

+(60AY )66, X + 1y (GAY )66, X + 1u(§) Ty (660)X . (3.1)

Putting Y = ¢ in (3.1), by (2.8) and a straightforward computation, we derive

3
(VeS )X = —¢(VeA)pAX — pAG(VA)X =4 an(&)n(X)¢t,.  (3.2)

v=1
Moreover, taking X = £ we obtain
3
(VeS™)6 = =4 amy(§) . (3.3)
v=1
Thus the parallel condition VS* = 0 yields
3
Z any(§)€s = 0. (3.4)
v=1

Taking an inner product of (3.4) with ¢Y for ¥ € © gives
3
an(Y) Z no(€)? = 0.
v=1

That means that £ € D or ¢ € DL for a # 0. If a = 0, as the proof of [5,
Lemma 3.1], we can get the same conclusion. Namely we prove the following
lemma.

Lemma 3.1. Let M be a Hopf hypersurface of Go(C™+2). If the *-Ricci tensor
of M s parallel, then the Reeb vector field & either belongs to ® or D=.
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Proof of Theorem 1.3. According to Lemma 3.1, the Reeb vector field £ either
belongs to ® or . When & € ©, by Theorem 1.2, M is locally congruent
to an open part of a tube around a totally geodesic QP" in Go(C™*2), where
m = 2n.

In the following we need to check wether a hypersurface of type (B) in
G2(C™*2) admits a parallel *-Ricci tensor or not. For £ € ®, the formula
(3.1) becomes

(VyS*)X
= —(4m + 6)[g(pAY, X )& + n(X)pAY] — [Vy (¢A)*|X

3
+23 " a2V )0041(6X) = G (V)mo12(6X) + 9(6,AY, 9 X6,
v=1

+ U(X)Uv (AY)(bgv + nv(¢X)[QU+2 (Y)¢v+1€ — Qu+1 (Y)(bv-i-?f
+ v AY — g(AY, §)&0] = [qu2(Y)Nu41(X) — qui1 (Y )nu12(X)
+ 9(¢u AY, X)[&w — 10 (X)[qut2(Y)Ev+1 — qu1(Y)Eur2 + 90 AY]

(@AY 1 (X)E + (00 AY 0 (X)E + 20 (0AY )66, X } = 0. (3.5)

Letting X = £ and using (2.3), we have
3
— (4m -+ 6)DAY + (64 +2 " {1, (AY )66, — 3.(6AY )6} = 0. (3.6)
v=1

Now by Proposition 2.1 we consider the formula (3.6) with ¥ = & € T, then
since Ap&; = 0 we obtain

3
— (4m +6)0A& + (946 +2 {m(A€1)9€, — 3n.(9481)¢ |

v=1

3
= —(4m+ 6)80&1 +2{ Bog1 — 36 m(6€1)6. |
v=1

= —(4dm +4)B¢p& = 0.

This means 4m + 4 = 0 since 8 # 0. It is impossible, thus M can not be a real
hypersurface of type (B).

Next let us assume & € D+ = Span{¢y, &, &3}, without loss general we thus
may assume ¢ = &;. Applying (2.7), it is easy to get ¢,(§) = 0 for v = 2,3.
Furthermore, from (2.4) we have

P& = 9261 = —&3,  P1&2 =&3,  9&3 = 9381 = &a. (3.7)
In this case the Eq. (2.15) becomes

AGAX = Zo(A6X + 6AX) +6X +m(X)e —m(X)es + 61X (38)
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Because for all X € TM, by (2.7) we obtain

9(PAX, &) = 9(Vx& &2) = —9(§, Vx &) = ¢3(X) — g(&2, 9AX),
ie. g3(X) = 2ma(pAX) = 2n3(AX) from (3.7). Similarly, ¢2(X) = 2n2(AX).
Making use of (3.7) and (3.8) we compute the formula (3.1) with X = ¢.

3
(Vy§7)§ = —(4m + 6)6AY + (94)Y +2 ) {m.(AY)g6,

v=1

- [QU+2 (Y)nv-i-l (5) — qu+1 (Y)nv+2 ('f)]fv
— 30, (PAY S } — 261 AY +20AY +2Vy (661)¢

= —(4m +6)0AY + (64)°Y +2{ — [(V)& — 6s(V)&]

— GLAY + AY — 25(AY )6 + 2m(AY )¢5 — Go10AY |
= —(4m +4)PAY + (pA)’Y —2[g2(Y)& — g3(Y)&2]
— A3 (AY)& + dn2(AY )&

S (4m +5+ iaQ) PAY — ia2A¢Y
1
- %O@Y —a{—m2(Y)& +n3(Y)&} — 50@11’

1
- §O¢A2Y = 2{n2(Y)pAL +n3(Y)PAL} + dAgg Y. (3.9)
Since V.S* = 0 putting Y = & and Y = &3 respectively in the formula (3.9)
yields

1 1 1
0= <4m +6 + 4Ol2> A&y — Zazd)A(be + aés + 50414252,

1 1 1
0= (4m +6+ 4a2> Abs — ECYQ(bA(bfg + ks + 50414253.

Write T' = (dm + 6 + iaz)A — %0[2(2514(25 + %ozAQ, then T is a linear trans-
formation on ®+ with T¢; = T¢ = (4m + 6 + ioﬂ)a{l,ng = —afy and
T¢3 = —ags. We further find AT = TA by (2.16). Thus there exists a ba-
sis Xl,XQ,Xg of @L with AX,L = )\le and 71)(Z = AiXia 1= 1,2,37 which

satisfies
X &
Xo | =S0B) | & |,
X3 &3

where SO(3) denotes the special orthogonal group. Accordingly, we prove that
g(AD,D4) =0.

In terms of Proposition 2.2, we let Y € T\, A = —v/2tan(v/2r), i.e. Y = ¢,Y,
AY =AY and A¢Y = A\@Y, then it follows from (3.9) that

(4m +4+ 2tan2(\/§r))¢Y =0.
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Namely 4m + 4 + 2tan2(\/§r) = 0, which is impossible. This shows that &
can not belong to the distribution ®+. Therefore we complete the proof of
Theorem 1.3. O

Proof of Theorem 1.4. Let M be a real Hopf hypersurface of G5(C™*+?) with
Reeb parallel *-Ricci tensor, i.e. V¢S* = 0. By the proof of Lemma 3.1 we also
know £ € D or £ € D,

In the following we consider these two cases respectively. When £ € ©, by
taking Y = £ in (3.5) and using (2.11), we obtain
(VeS™)X = =p(VeA)pAX — pAG(Ve A) X

3
= @APAX +2(¢A)*X +20AX =Y {0, (pAX)E,—3n, (AX)$E, }

v=1
3
+ ozngAQX - Z{nv (X)pAE, + 31, (¢X)¢A¢§v}
v=1

Namely if the *-Ricci tensor is Reeb parallel, the following equation holds:

3
QAGAX +2(6A)*X + 204X = 3 {n(9AX)&, — 3. (AX)06, }

v=1

3
+agA?X -y {m(XM)Afv + 317,,((;5X)¢A¢§v} —0. (3.10)

v=1
Now by Proposition 2.1, we check the formula (3.10) as follows:

Case I X =¢ €. It is obvious.
Case II X = ¢, € T, then A¢¢, = 0 for p = 2,3. Making use of (2.7) and
(2.8), we have

3

QAGAG, +2BA) G, + 2048, — Y {1 (6486 — 30, (A8,)06, }

v=1
3

+a0A’6, — 3 {m(§)0A + 3n.(66.)0 406, }

v=1
= (48 + af?)¢g,.

Since a8 = —4 the above equation is zero.
Case IIl X = ¢, € T,v=0,ie. Ap, =0. Then

3
QAGAGE, + 2DAV 06, + 20406, — D {m(6486.)8, — 3n,(406,)6. |
v=1
3

+a0A%06, — > {m(66,)0A8, + 30, (6%¢,)0 A0k, |

v=1
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3
== " nu(¢€u)pAE, = 0.

v=1

The last equality is followed from (2.4) and (2.5).
Case IV X € T5,0 = cotr. Then AX = 0X, ApX = u¢X. The left-hand side
of (3.10) becomes

adpupX — 262 udpX + 260X + ad?pX
= (adp — 2621 + 26 + ad?)pX
= (—a+46 + ad?)pX.

Substituting & = —2tan(2r) and § = cot(r) into above formula, we
find that it is equal to zero.

Case V X € T),,p = —tanr. Then AX = pX and ApX = 0¢X. In a same
way we know the formula (3.10) holds as Case IV.

On the other hand, when & € © the formula (2.12) becomes

S*X = —(4m +7)¢*X — %a(A¢2X + ¢pAPX)

3
+ > {m(0X)06, — nu(X)¢ |-
v=1
By Proposition 2.2, putting X = ¢, € 1 for pn = 1,2, 3, we have

S*¢, = — (4m + 7)¢%¢, + %aﬁfﬂ — &, = (dm +4)¢,,.

It shows that the condition S*D+ C D+ holds for a hypersurface of type (B).

Next we consider the case where ¢ € D+. We first prove

Proposition 3.2. Let M be a Hopf hypersurface in Go(C™ 1), m > 3. If¢ € D+
then its *-Ricci tensor is Reeb parallel.

Proof. By assumption, as before we may set ¢ = &;. First by the Codazzi
equation (2.11),

(VeA)X = apAX — APAX + ¢ X + ¢1.X + 2n3(X)&2 — 2n2(X)Es,
then we compute the formula (3.2):
(VeS)X = —ap(dA)? X + ¢p(Ap)?AX + pAX
+ 0P10AX — 2n3(PAX )P + 2n2(PAX) Ps
— apAP*AX + §(AP)*AX — AP’ X — pApp1 X
—2n3(X)pAPE + 22 (X) P APEs. (3.11)
Moreover, making use of (3.8) and (3.7), the Eq. (3.11) is simplified as
(VeS)X = 14X — 2np(AX)Es + 2n3(AX)E2
+ PAGP1 X — 2n3(X)PAL3 — 22 (X)PAL. (3.12)
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On the other hand, by (2.8) we get
0= Vx(1§) = ¢3(X)p2§ — q2(X) P3¢
+ ¢10AX — g(AX, )& + (1) AX
= —23(AX)Es — 2m2(AX)&s + 010AX — ¢ AX,

that is,
P1pAX = 23(AX)Es + 2mp(AX )6 + ¢°AX. (3.13)
Substituting (3.13) into (3.12) gives
(VeS*)X = —¢?AX + Add1 X — 213(X) A&z — 2n2(X) Ay (3.14)

for all X € TM. By (2.3) and (2.7), for all vector field X we have
PAX = Vx&=Vx& = q3(X)62 — q2(X)& + 91 AX.

It is well known that the distribution ® can be decomposed as ® = D1 Do,
where

D, ={X € D[pX = 1 X},

Dy ={X €D[pX = -1 X }.
Thus we can decompose the tangent bundle TM as TM = D+ & D, & D,.
Taking the inner product of the above equation with Y € D5, we conclude that
ApY =0, i.e. AY = 0 since ¢ leaves ©o invariant for all Y € ®5. Therefore

(VeS*)X =0 for all X € Dy. As for X € DL @D, it is easy to check that the
right side of formula (3.14) vanishes. We complete the proof. O

When ¢ € D+, by (3.7) and (3.8), we have
1
S*X = — (4m + 7)p*X — §a(A¢2X + $pAPX)

- 2{772(X)£2 + 773(X)§3} + ¢ X. (3.15)
Since S*D+ C DL, for p = 1,2,3 we can set S*E, = A,€,. The formula (3.15)
with X = &, implies
1
My = (4m + )8, + 5a(Ag, — 6A86,), =23,

ie. TE, = —(4m—+6—\,)E,, where T := fa(A— ¢Ap). Using (2.16), we have
AT = TA. Furthermore, T¢, = T¢ = 1a?¢. As the proof of Theorem 1.3 we
thus prove that g(AD,D+) = 0. By Theorem 1.1, M is a hypersurface of type
(4).

Finally we remaind to check whether the condition S*®+ C ®+ holds or not
for a hypersurface of type (A). For p = 2,3 we put X = £, in the formula
(3.15), then by Proposition 2.2 we have

56, = (4m + 6)6, + (A, + 9AE,)
= (4m + 6+ aB)E, = (dm + 4 + 2 cot?(V2r))E,.
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On the other hand, S*¢; = S*¢ = 0. Hence the condition holds for hypersur-
faces of type (A).

Summarizing the above discussion we complete the proof of Theorem 1.4. [

4. Real hypersurfaces with Reeb Lie parallel *-Ricci tensors

In this section we suppose that the *-Ricci tensors of Hopf hypersurface M is
Lie Reeb parallel, i.e. £¢Ric* = 0. For all X,Y € T'M we have

(LeRic™)(X,Y) = Le(Ric*(X,Y)) — Ric" (£¢X,Y) — Ric* (X, ££Y)
= g((VeS™)X, V) + g(S6AX,Y) — g(A$S™X,Y) = 0.
This implies (V¢ S*)X = ApS*X — S*¢AX for any X tangent to M. Thus by
(3.3) taking X = £ gives

3

0= (VeST)¢ — ApS™¢ = =4 {an(§)9€, — m(§)AsE. }.

v=1

That is,
3 3
A Z Mo (§) 9w = Z M0 (§) €
v=1 v=1

We write Y = Z _1Mi(&)&, then ¢Y € ® and A¢Y = a¢Y. Replacing X in
Lemma 2.3 by ¢Y, we have

3
QAPYY = (0 +2)¢°Y =2 {20(&)n(¢udY)E — 7u(0Y)6E,

n(PudY )& — (Z))‘bv@by}
= (2+a%)¢%Y - 42{ n(&)¢ — (¥ In()é }

+2 Z {n(@Y)ot, +n(E)o6,Y }

+2Z{ Yy + n(6)na(Y )€}

By a straightforward computation, the above formula becomes

3 3
QAGY = (4+a% =43 (&) D ()%,
v=1 v=1
3
_ (4 +a? -4y nv(g)Q) $%Y.
v=1
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If o = 0 we know that & belongs to ® or D+ (see [5, Lemma 3.1]). Next we
assume « # 0, then A¢p?Y = \¢?Y, where

440 -4 Zi:1 T (6)2

" .
Since Ap?Y = ¢2AY we further derive that AY = AY or AY — \Y € R¢. The
former shows AD+ C ©+. For the latter we set AY — \Y = f¢&, where f is a
smooth function. So AY = AY + f€£. In the following we compute the formula
(3.2) with X =Y as follows:

>\:

(4.1)

3
(VeS™)Y = —¢(VeA)pAY — pAG(VA)Y — 4> an(&)n(Y)gé,

v=1
= —Ap[lapY + apV Y — ApV. Y]
— QAP[(EN)Y + AV Y — AV, Y] — dan(Y)pY
= —£(A0)@%Y — [aAG*VeY — pAGAVY] — dan(Y)sY.

Since
3 3

N(VeY) =Ven(Y) =Y €mu(€)?) =2 &(mu(&)mu() =0,

v=1 v=1

the above formula becomes
(VeSH)Y = —£(Aa)@*Y + [aAVeY + ¢pAPAVY | — dan(Y)¢Y. (4.2)
On the other hand, by (2.12) we compute
AGS*Y — §*GAY = ApS*Y — AS*6Y
= a(dm + 4+ Aa)pY — A [(4m +6)6Y + AagY

3
+23 " { = (V)66 + 20V 0 (€) 86 — m(9Y),

+ 20(80)n (9Y )€ — m(é)%YH
= a(dm+ 4+ Aa)dY — A[(dm + 6)9Y + AagY
—20Y +4n(Y)eY]
= [(a = N(@m +4+ra) - 4>\77(Y)} oY, (4.3)
Moreover, since
9(PAPAVY, ¢Y) = g(VeY, APpAG’Y) = —ag(VeY, ¢Y),

from (4.2) and (4.3), taking the inner product of the relation (V¢ 5*)Y =
ApS*Y — S*¢AY with ¢Y gives

{(a — N)[4m + 4+ Aa + 4y(Y)] }g(¢Y, $Y) =0,

ie. {(a —A)(4m + 8 + OzQ)}g(d)Y, ¢Y) = 0 by (4.1). That shows o = X or
oY = 0.
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When o = A, using (4.1) again we have 3°_, 7,(€)2 = 1, which implies
£ e DL If Y =0 it is easy to see that £ € D.

Therefore we assert

Lemma 4.1. Let M be a Hopf hypersurface of Go(C™2) with Reeb Lie parallel
*_Ricci tensor, then the Reeb vector field & belongs to ® or D+.

Proof of Theorem 1.5. For all vector field X on M we first compute
ApS*X — ST pAX

3
= (4m -+ 6)ApX + AZ6AX +2 3 {n, (8X)[- A&, + 2am, ()¢

v=1

= (X)AdEy — 1u(§) A, X | — [(4m + 6)pAX — (94)°X
3
Z{ 00 (AX) + 201, (E)n(X)]6€, — 1. (PAX)E,

+ 20(6)m(9AX)E = u(E)du AX }]. (4.4)

In view of Lemma 4.1, we know £ € ® or £ € ©=. In the following we consider
these two cases respectively.

When & € D, by (4.4) the condition £;Ric* = 0 is equivalent to that the
following formula holds:

3
(VeST)X = (4m+6)A0X + AZ6AX =23 {nu(8X) A&, +n(X)A06, }

- [(4m+6)¢AX— (pA)*X -2 i {m(AX)%v + m(¢AX)€UH :

By virtue of Proposition 3.2, the left side of the above formula vanishes, thus
we need to check whether the right side also vanishes or not.

By Proposition 2.1, we put X =&, € T, then A¢,, = 0 for p = 2,3. Making
use of (2.7) and (2.8), we have

3

(VeS™)6u = (4m+ 6)Agg, + A%6A8, — 2" {m(6€,) A& + 10 () A0E, |

v=1
~ [+ 6)p48, — (94)%,
—2 23: {m(A«EH)qbﬁv + nv(qugu),gUH

— —B(dm + 4)66,.

It is clear that (V¢S*)E, # 0 since B # 0. This shows that there do not exist
any real hypersurfaces of type (B) with Lie Reeb parallel *-Ricci tensor.
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When ¢ € D1, as before we may assume & = ¢, then the formula (4.4) becomes

ApS*X — S*pAX

3
= (4m + 6)AGX + A26AX — 23 {0, (6X)Ag, +1u(X) 406, | — 2461 X

v=1

~ [(4m + 6)04X — (94)°x

2y {m(AX)0¢, + . (9AX)S, | — 201 AX |

v=1

= (4m + 6)AdX + A2AX — 4{n3(X)A§2 - nQ(X)Agg} ~ 246, X
- [(4m +6)pAX — (pA)PX — 4{ — a(AX)Es + ng(AX)gQ} - 2¢1Ax}
= (4m+7)ApX + %aA%X — 2{—ma(X) A& + n3(X) A} — Ap1 X
— JABATX — 2ma(X)BAE + 1s(X)BALs) + DAY X
- [(4m FT)PAX — 4{ — p(AX)Es + 773(AX)§2} - 2¢1Ax} .
From this we see that the condition £¢Ric* = 0 yields from (3.14)
(4m + 7)(ApX — pAX) + %a(A%X — QA’X) 4+ 1 AX — A X

+ 2{ —n2(AX)Es + 773(AX)§2} - 2{ —m2(X)A&3 + 773(X)A§2} =0.
(4.5)

By (3.13), we get ¢1AX = —213(AX)E2 + 2m2(AX)Es + AX. Thus substi-
tuting this into (4.5) gives

(4m +7)(ApX — ¢AX) + %a(A%X — ¢A%X)

+ PAX — A1 X — 2{ —n2(X) AL + 773(X)A§2} =0. (4.6)

Now we decompose the tangent bundle T'M as follows:
TM =Dy & D,

where D7 = D1 @ Span{{s,&3} and Dy = Do @ RE. We know ADo = {0} then
ADy C D,, which yields AD; C D;.

Next we assume X € Dy, since £ = £ € D1, we may write X as
X =m(X)& +n3(X)& + DX,

where ©1 X denotes the orthogonal projection of X onto ©;. Hence using (3.7)
we find

—Ag1X —2{ —m(X) A& +ns(X) A& | = —A9X.
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So the relation (4.6) becomes
1
(4m + 6)(ApX — pAX) + ia(AQd)X — ¢A?X) =0. (4.7)
Let Y € Dy with AY = pY, then we obtain from Lemma 2.3

4
AQY = 50 with 6 = 22 i

p—a
It yields from the formula (4.7) that

(4m+6—|—%a(p+5))(p—6)=0.

From this we get p*> — pa — 2 = 0 or ap? + 2(4m + 6)p — (4m + 4)a = 0.

We choose some real number r» with 0 < r < % such that o = \/gcot(\/gr),
then 8 = v/2cot(v/2r) and A\ = —\/ﬁtan(\/ir) are the solutions of equation

2% — za — 2 = 0. Moreover, we know p # «. Hence we prove

Proposition 4.2. Let M be a real hypersurface in Go(C™* 1), m > 3, with Lie
Reeb parallel *-Ricci tensor. Suppose that A = af and € € D+ Let J, € J
be the almost Hermitian structure such that JN = JN. Then M has five(if
r = 3 )or six (otherwise) distinct constant principal curvatures

o =+8cot(V8r), B=+v2cot(vV2r), \=—V2tan(v2r),
p=20, p1, p2,

where

o1y —Um6) = /T 6P+ (Am + 4)a?)

We denote T, = {X € TM|AX = pX} then
D=ThaT\aT,&T, &1,
As in [2, Section 6] we denote ¢, by the geodesic in Go(C™*2) for p € M with
¢p(0) = p and ¢,(0) = N, and by F' the smooth map
F: M — Go(C™2) prcy(r).
Its differential d,F' can be computed using Jacobi vector fields by means of
d,F(X) = Zx(r).
Here, Zx (r) is the Jacobi vector field along ¢, (r) with Zx (0) = X and Z(0) =
—AX. In the present situation we get
cos(V/8r) — * sin(v8r) ) Ex(r), X €T,
Zx(r) = cos(v/2r) — % sin(v2r) ) Ex(r), X € T, and p € {B, A, p1, p2}
Ex(r), Xel,,

where Ex (1) denotes the parallel vector field along ¢, with Ex(0) = X. This
shows the kernel of dF is T, @ T3 and F is of constant rank dim(7y & 7T}, ®
T, ®T,,). So, locally, F is a submersion into a submanifold P of G5(C™"2).
As the proof of theorem in [2] we can prove that P is a totally geodesic in
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G2 (C™*+2). Rigidity of totally geodesic submanifold implies that M is an open
part of totally geodesic submanifold P of Ga(C™%2). We complete the proof
of Theorem 1.5. O
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