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Abstract. In this paper a characterization of PG(r, q), r ≥ 4, in terms of planar spaces is given.
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1. Introduction

In a recent paper [3] finite planar spaces (S, L, P) with no disjoint planes and (k, q)-regular,
that is such that any line has cardinality k + 1 and any pencil of lines has cardinality q + 1,
have been studied.

Obviously in such a planar space, besides lines, also planes all have the same cardinality
and hence through every line there is a constant number, say n + 1, of planes. Under
these hypotheses, in [3] the authors prove that |L| ≥ |P| and equality holds if and only if
(S, L, P) is PG(4, q).

Hence in [3] the authors obtain a characterization of PG(4, q) as a (k, q)-regular planar
space.

Now, in order to get a characterization of PG(r, q), r ≥ 4, we again investigate finite planar
spaces (S, L, P) without assuming that lines and planes all have the same cardinality but
supposing only that:

(i) Every pencil of lines has size q + 1.
(ii) Every pencil of planes has size n + 1.

Such a planar space is said regular with parameters q and n.

Recall that if the planes of the planar space (S, L, P) pairwise intersect in the empty set or
in a line, then (S, L, P) is said a locally projective threedimensional space.

The following remarks are useful to illustrate the ideas behind this paper.
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The projective spaces PG(r, q), r ≥ 3, are examples of regular planar spaces with param-
eters q and n (with n = qr−2 + qr−3 + . . . + q). Moreover if r ≥ 4, then in the projective
space there are lines and planes disjoint from each other and for such pairs the following
property holds.

(iii) For any given line � and plane π disjoint from each other, the number s = χ(�, π)

of planes through � disjoint from π is a constant.

Indeed it is

s = χ(�, π) = (qr−2 + qr−3 + . . . + q + 1) − (q2 + q + 1).

The integer s is obtained subtracting the number of planes through � meeting π from the
total number of planes through �.

Let (S, L, P) be the planar space obtained from a projective space PG(r, q), r ≥ 4, by
deleting a point p0. Then (S, L, P) is again a regular planar space with the same parameters
q and n as PG(r, q) but Property (iii) does not hold. Indeed, in such a planar space, if � is
a line of length q + 1, then either

χ(�, π) = (qr−2 + qr−3 + . . . + q + 1) − (q2 + q + 1)

or
χ(�, π) = [(qr−2 + qr−3 + . . . + q + 1) − (q2 + q + 1)] + 1

according to |π | = q2 + q + 1 or |π | = q2 + q.

Above observations show that if a planar space satisfies Property (iii), then it cannot be
obtained from a projective space PG(r, q) by deleting “some” points. Hence if it is embed-
dable in PG(r, q), then it is PG(r, q).

In this paper, as a verification of this idea, we obtain the following result.

THEOREM I. Let (S, L, P) be a finite regular planar space with parameters q and n

satisfying Property (iii). Then it is n ≥ q. If n = q, then (S, L, P) is a locally projective
threedimensional space. If n > q, then (S, L, P) is PG(r, q), r ≥ 4, if and only if it
contains a projective line, that is a line of maximal length q + 1.

Hence in this paper we obtain a characterization of PG(r, q), r ≥ 4, in terms of regular
planar spaces with parameters q and n.

2. Regular finite planar spaces with parameters q and n

In this section (S, L, P) will denote a finite planar space. If π is a plane of the planar space
and p is a point of π , the set of lines of π through p is called pencil of lines with center p.
If � is a line, the set of planes containing � is called pencil of planes with axis �.
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From now on, we suppose that (S, L, P) fulfils the following properties of regularity:

(i) Every pencil of lines has size q + 1.
(ii) Every pencil of planes has size n + 1.

Such a planar space is called, as previously said, a regular planar space with parameters
q and n.

Next we investigate some properties of finite regular planar spaces with parameters q and n.

From Property (i) the following result follows easily.

PROPOSITION 2.1. |�| ≤ q + 1 for every line �, and hence |π | ≤ q2 + q + 1 for any
plane π .

A line of maximal size q + 1 is called a projective line.

PROPOSITION 2.2. Let (S, L, P) be a finite regular planar space with parameters q and
n. Then n ≥ q, and equality holds if, and only if, any two planes meet in the empty set or
in a line.

Proof. Let π be a plane, and let p be a point of π and r be a line through p which is not
contained in π .

Let �0, �1, . . . , �q be the q + 1 lines of π through p. Since through the line r there are the
q+1 planes spanned by r and by the lines �0, �1, . . . , �q , respectively, we have n+1 ≥ q+1,
and the assertion follows easily. �

Next we prove the following properties.

PROPOSITION 2.3. Through any point p there is a constant number θ of lines.

Proof. Let p be a point and r be a line through p. The lines through p, different from r ,
are partitioned on the n + 1 planes through r , and so the number θ of lines through p is:

θ = (n + 1)q + 1. (2.1)

PROPOSITION 2.4. Through any point p there is a constant number η of planes.

Proof. Let p be a point. Counting in two ways the line-plane pairs (�, π) both passing
through p and with � contained in π gives θ(n + 1) = η(q + 1). It follows that

η = θ(n + 1)

q + 1
= ((n + 1)q + 1)(n + 1)

q + 1
. (2.2)

�

Notice that, as already seen in Proposition 2.2, if n = q, then (S, L, P) is a locally projective
threedimensional planar space, and we refer the reader to the literature on this topic [1],
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[2], [4], [5], [7], [8]. Thus, from now on we may suppose that

n > q. (2.3)

Under this assumption there are pairs of planes intersecting each other just in a point.
Moreover the following result holds.

PROPOSITION 2.5. Let π be a plane and p be a point of π . The number k of planes
through p and intersecting π exactly in p is a positive number and it is independent of p

and π .

Proof. The planes through p different from π and intersecting π in a line are, by using (i)
and (ii), (q + 1)n, and so

k = η − 1 − (q + 1)n. (2.4)

�

Let π and π ′ be a pair of planes intersecting each other just in a point p. Then every line
contained in π ′ and not containing p is disjoint from the plane π . Hence there are disjoint
line-plane pairs (�, π). For such pairs we assume that the following property holds.

(iii) For any given line � and plane π disjoint from each other, the number s = χ(�, π)

of planes through � disjoint from π is a constant.

In the next section we will prove that if (S, L, P) is a regular planar space with parameters
q and n with n > q, satisfying Property (iii) and containing a projective line, then the
space is PG(r, q) with r ≥ 4 and hence Theorem I will be completely proved.

3. The characterization theorem. The proof.

In this section (S, L, P) will denote a finite regular planar space with parameters q and n

with n > q and satisfying Property (iii).

We will prove Theorem I by showing that if the planar space contains a projective line, that
is a line of length q + 1, then it is PG(r, q), with r ≥ 4.

We will prove the following proposition.

PROPOSITION 3.1. If there is a projective line, then (S, L, P) is PG(r, q) with r ≥ 4.

Proof. Let L be a projective line and let � be a line disjoint with L. The line � is skew with
L and since n > q there exists at least a plane π through � disjoint with L.

Since the line L has length q + 1, by (i), it meets every coplanar line, and so each plane
through L meeting π , intersects π just in a point. It follows that there are as many planes
through L meeting π as the points of π , hence |π | = n + 1 − s.

We will now prove that � has size q + 1.
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Assume, by way of contradiction, that |�| ≤ q. Let π ′ be a plane through �, different from
π , let p′ be a point of π ′ \ � and let �′ be a line through p′ parallel to � and contained in π ′.
Such a line does exist from (i) since |�| ≤ q. In π \ � there are at most n − 1 − s points
and all of them, connected with �′, give at most n − 1 − s planes through �′, different from
π ′ and meeting π . It follows that there would be at least s + 1 planes through �′ disjoint
from π , that contradicts (iii).

Next let � be a line meeting L and let π be the plane spanned by the lines � and L. Let p be
a point of π and let π0 be a plane through p intersecting π just in p. There is such a plane
since n > q. Let now t be a line of π0 not through p. Since the line t is disjoint with π , it
is disjoint with both L and �.

From the above argument it follows that t ∩ L = ∅ and thus |t | = q + 1, hence from
t ∩ � = ∅ it follows again |�| = q + 1.

This proves that every line of the space is a projective line. So every plane is a projective
plane and then the space is a projective space PG(r, q) with r ≥ 4 since it is n > q . �
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