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Abstract. In the present paper we classify the conformally flat contact metric manifolds of dimension 2n + 1
(n > 1) satisfying R(-, £)§ = 7k¢2. We prove that these manifolds are Sasakian of constant curvature 1.
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1. Introduction

Let M?"*1 be a (2n+ 1)-dimensional contact metric manifold and (¢, £, 1, g) be its contact
metric structure. If the characteristic vector field £ is Killing, then M2+ g called a
K -contact Riemannian manifold. Moreover if the structure is normal, M%*t! is said to
be Sasakian. Every Sasakian manifold is K-contact but the opposite is true only for the
dimension 3. We denote by V, R and Q the Levi-Civita connection, the Riemannian
curvature and the Ricci operator on M>"*! respectively. J. Davidov and O. Mushkarov
[5] and S.R. Deng [6] gave results which show that there exist K-contact manifolds with
Q¢ = ¢ QO which are not Sasakian. S. Tanno [11], generalizing the corresponding result
of M. Okumura [8] for Sasakian manifolds, proved that every conformally flat K -contact
manifold is a space form. Z. Olszak in [9] proved that any contact metric manifold of
constant sectional curvature and of dimension > 5 has the sectional curvature equal to 1 and
is a Sasakian manifold. D.E. Blair and Th. Koufogiorgos proved in [4] that a conformally
flat contact metric manifold M?**! with Q¢ = ¢Q is of constant curvature 1 if n > 1
and O or 1 if n = 1. K. Bang in [1] proved that in dimension greater than 3, there are no
conformally flat contact metric manifolds with £ = 0, (¢ := R(-, £)&). The first author and
Ph.J. Xenos proved in [7] that every 3-dimensional conformally flat contact metric manifold
satisfying Vet = 0 (t = Lgg) is either flat or a Sasakian space form. This result extends
Bang’s result.

An open problem in Riemannian Geometry is the classification of the Riemannian manifolds
(M, g) satisfying the conditions: a) M admits a non-vanishing vector field £ b) The Jacobi
operator associated to £ is proportional to the identity on the complementary subspaces.
Motivating the above mentioned problem we study a subclass of these manifolds, i.e.,
contact metric manifolds of dimension 27 4 1 (n > 1) satisfying £ = —k¢?, where k is
a smooth function. The condition £ = —k¢? (which generalizes the K -contact condition)
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implies the condition Vet = 0 for dimensions > 5 and is equivalent to the condition
Vet = 0 for the dimension 3. We have to mention that D. Perrone in [10] gave results
which show that there exist contact Riemannian manifolds with £ = —k¢? where k is not
constant and D.E. Blair in [3] gave examples of 3-dimensional contact metric manifolds
with £ = —k¢?, where k is not constant.

The main result of the present paper is the following: Let M***! (n > 1) be a confor-
mally flat contact metric manifold satisfying £ = —k¢? for some smooth function & on
M?+1 Then M?"+1 is Sasakian of constant curvature 1. The above result generalizes the
corresponding results of S. Tanno [11] for K -contact manifolds and of the first author and
Ph. J. Xenos for the dimension 3.

2. Preliminaries

A contact metric manifold is a (2n + 1)-dimensional differentiable manifold M 2n+1 which
carries a global differential 1-form 7 such that n A (dn)" # 0 everywhere on M?>"*!, Every
contact metric manifold has an underlying contact Riemannian structure (¢, &, n, g), where
& is a global vector field (called the characteristic vector field), ¢ a global tensor field of
type (1,1) and g a Riemannian metric (called associated metric). We note that the set of
all contact Riemannian structures associated to a fixed contact form is infinite dimensional.
The tensor fields ¢, &, n, g satisfy:

nE) =1, ¢*=-I+n®& nX) =g, X),
dn(X,Y) = g(X,9Y), g@X, oY) =g(X,Y)—n(X)n(Y).

ey

From now on we assume M 2"t is a contact metric manifold with contact metric structure

(#.8.1,8).
We denote by L Lie differentiation and we define the tensor fields 4 and ¢ by

h=4%L¢p and €= R(-§)E. )
The tensor field 7 is symmetric and satisfies
Trh¢ =Trh =0, hE =0, h¢ = —¢h. 3)
On every contact metric manifold M2+ the following relations are valid:

Vx& = —¢X — ¢phX and hence V& =0, 4)
Vep =0, 5)
Tre = g(Q&, &) = 2n — Tri?, (6)
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$Ly — L =2(¢" + 1), ©)

Veh = ¢ — ¢l — ph?, ®)

M?*1 is said to be K -contact manifold if £ is a Killing vector field. M?*+! is K -contact

iff h = 0 oriff £ = —¢? [2]. On M?"*! x R (R is the real line) we can define an almost

complex structure J by J(X, fd/dt) = (¢X — f&, n(X)d/dt), where f is a real valued

function. If J is integrable, the contact structure on M 2n+1 s called normal and M2"+1 is

said to be Sasakian. A necessary and sufficient condition in order to M?"+! be Sasakian
is [2]:

R(X,Y)§ =n(¥)X —n(X)Y. ©))

A Riemannian manifold (M", g) is said to be conformally flat if it is conformally equivalent
to a Euclidean space. A necessary and sufficient condition in order that M" is conformally
flat is [4]:

1
R(X,.Y)Z = nTz(g(Y, 2)0X —g(X,Z2)0Y +g(QY, 2)X — g(QX, Z)Y)

, (10)
——(g(Y, )X — g(X, 2)Y), 3
e ¢ DX — g X DY) for n >

and

(VxP)Y = (VyP)X, for n=3,
where r = Tr(Q is the scalar curvature of M" and P = —Q + ;1d.
3. Auxiliary results
Let M?"*1 be a contact metric manifold satisfying

€= —k¢?, (11

where k is a smooth function of M>*+1, We prove the following

PROPOSITION 3.1. On every contact metric manifold M*'*' satisfying (11) we have
k < 1. Ifk < 1, then M*"* admits three mutually orthogonal distributions D(0), D(})
and D(—\), defined by the eigenspaces of h, where .. = /1 — k.

Proof. The operator h is symmetric and hence diagonalizable, i.e., there exists an ortho-
normal frame of eigenvectors. Furthermore, 2§ = 0, and hence £ is one of these eigenvec-
tors. Now, let X L & be another eigenvector with associated eigenvalue 1, i.e., 1 X = A X.
Then, ¢ X is also an eigenvector of & with associated eigenvalue —X. Also, on the one hand

X = A2X.
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On the other hand, it follows from

2(¢% + h2) = plp — € = —kd* + k¢p? = 2kep?

that
W= (k- 1¢?,
and hence
X =1 -k)X.
The result follows immediately. O

PROPOSITION 3.2. Let M*"*! be a contact metric manifold satisfying £ = —k¢? for
some smooth function k on it. Then, the distributions D(A) and D(—\) are parallel
along &.

Proof. Suppose X is a unit vector field belonging to D()), i.e., iX = AX. On the one
hand, we see that
Ve(hX) = (- MX +AVeX

while, on the other hand,
Ve(hX) = (V)X +h(VeX) = o X — Pl X — ¢h2X + h(VeX) = h(VeX),

and hence

h(VeX) = (£ - M)X +AVeX.
Taking the inner product with X and using the fact that g(X, V¢ X) = 0, weseethatf -1 =0
and that V¢ X again belongs to D(1). O
Let{er, ..., en, ent1 = ey, ..., €2, = Pey, £} be an orthonormal frame, formed from the
unit eigenvectors of h: e; € D(X), ¢pe; € D(—X) and &.

A consequence of Proposition (3.2) is that

n
Vee; = Zai/e-/’ (12)
j=1

i

n
Vg(bei = Za,;/qbej, (13)
yor
where
ajj = —aji (14
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If we differentiate the inner products g(e;, e;), g(e;, §),i, j =1, ..., 2n with respect to e,
k=1,...,2n we obtain

n n
Veei =Y Awer+ Y Ander + Aie;,
k=1 k=1
k#i ki
n n
Ve pei = Z Bixer + Z Bjxper + Biei,
ot ot
n n «
Veej = —Ajei+ ) Clew+ ) Cyder. i # ],
k=1 k=1
i#Fk#E]
n n X
Voo e = —Bjpei + Y Dier+ Y Dyder. i# j.
k=1 k=1
i#k#]
n . .
Vepej = —Ajei — Y Cpex — Clie;
k=1

ey

., (15)
— Zjgei + Y Nider, i+ ],
fors®
Voeej = —Ejjei — Bijpei — Djpe;
n "
— Y Djgec+ Y. Fler. i#j.
iif;&j fikz#lj
Vedei = —Aiei — Y Cyex+ Y Zigder + (1 + VE,
ot i
n n
Vooei = —Bige; — Y Dier +  _ Eier — (1 — A&,
s i
where
NE=-Nj. Ck=-ch Ff=-F], Dj=-Dj. o

i joke{l,2,....n), i#k#]j
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4. Conformally flat contact metric manifolds with ¢ = —k¢?

Let M?"+! be a conformally flat contact metric manifold satisfying £ = —k¢2. If n = 1
the manifold is either flat or a Sasakian manifold of constant curvature 1 [7]. We will
investigate the case thatn > 1.

LEMMA 4.1. Let M**t! (n > 1) be a conformally flat contact metric manifold. A nec-
essary and sufficient condition in order that the conditions ¢ = —k¢? and Q¢ = ¢ Q are
equivalent is that Q& is collinear with €. In this case k = 1.

Proof. We suppose that £ = —k¢?. The relation (10) for ¥ = Z = & takes the form

1

,
—(@X —n(X) Q8 + TreX — n(QX)E) — m(X —n(X)5). (A7)

X =

2n

Furthermore, from the relations (6) and (11) we have
(X = ——¢°X. (18)
2n

Comparing the relations (17) and (18) we obtain:

r—1Tre QCn—DTre +r

> X +n(X)0§ +n(@X)§ — ——— n(X)&. (19)
n 2n

QX:

Suppose that Q& is collinear to £. Then for every Z € kern we have that n(QZ) =
g(Z, Q&) = 0. This relation and (19) yield
r—Tr¢

07 = Z, VZ e€kern.
2n

The above relation and Q& = Trf& imply Q¢ = ¢ Q. Hence k = 1 [3]. On the other
hand it has been proved in [4] that on every conformally flat contact metric manifold
M2+ (n > 1) the relation Q¢ = ¢ Q implies the relations Q& = Trf& and £ = —¢>.
O

From now on we suppose that k < 1.

If we calculate the curvature tensors R(e;, pe;)&, R(e;, e;)é, R(¢e;, pe;)& and R(e;, pe;)é,
i #j,i,j=1,...,n, once using (10) and (19) and secondly by direct calculation using
(11), (13), (14), (15) and the relation A = /1 — k we obtain:

ei -, =(1+X)Dj— (1B, (20)

ek =(1+ 1A, — (1 — )Ty, @
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S—1(Qei) = (1 + M (Bji — E) + 23.Cy;,

o — 1n(Q(zbej) = (1 — W)(Z;j — Ay) + 22D},

(I +2)Df — (1 =MD + (1 = CE = (1= )NF =0, i #k#j,
(1 =1)Cj — A+ MTh + L+ WDy — L+ NFE =0, i#k+# ],
ei-A=1+0(A; —Zp),
ej-A=14+0(A; - Zy),

i

n(Qej) = (1+ MA; — (1 = )T} — 20C};,

2n — 1
Ci—Ci— N+ Ny =0, i#k#j
1+ 0T —Ch) + (1= (Tl —Thy =0, i £k ],
pei - = (1 — M (Eji — Bjp),

pej - r = (1—A)(E; — By),

5 1(Q¢er) = (1 +1)Dj, — (1 = ) Bji — 24D}

—k —k . .
Ff—Fy —D;+Dj; =0, i#k#j
(1 =)Dy = D) + (1 + 1D — D}y =0, i #k # j,
(1= 1A — 1+ 1)(Cj; — By + Ey) =0,

(I+M0)B;j — (1 —=M)(Z; — Aj + Dll]) =0,

n(Qei) =21A; — de; - A,
2n —1

n(Qde;) =20B; —e; - A.
2n —1

81

(22)

(23)

(24)

(25)
(26)

27

(28)

(29)

(30)

3D

(32)

(33)

(34)

(35)

(36)

(37)

(38)

(39)
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If we calculate the curvature tensors R(e;, §)ej, R(¢e;, E)pe;, R(pe;, E)ei, R(pe;, §)pe;
and R(e;, §)pei, i # j,i,j = 1,...,n, once using (10) and (19) and secondly by direct
calculation using (11), (13), (14) and (15) we obtain:

n
£-Aj= 2n1— [1(Qej) —ei-aji + (L+ M Ej — aijAji + kz; ajk Ak
) ) ik 40)
+ Y anCh— > ayCl;.
ey iy
n
§-Dl=a;Bj+ (1 —NAj+aiBj+ Y agDj,
k=1
) ) ik @
— Z clijjki—a,'jD;i-l— Z ajkD;fi,
ey iy
n n
£ Ej=de-a;+ Z aiy Fj, — Z akj Eig — (1 — M)A
k=1 k=1
i#knaej' i#h] @2)
— a;iEji + Z aikaj,-»
ey
— 1 A “ —
§ - Bij =5 —n(Q¢e)) + pei - aj + ; ai Dy — ; akj Bix
) ik ik @3)
~ (1 =MZj—agBi+ Y ayDy,.
red
n n
& Zij=e-aj+ Z a,‘kNl{( — Z akj Zix + (1 + )»)E,]
k=1 k=1
i#k#i ik a4
—a;Zji + Z a,-kN,fi.
orsd

LEMMA 4.2. There are no conformally flat contact metric manifolds of dimension > 5
satisfying £ = —k¢? for some constant k < 1.
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Proof. K. Bang proved in [1] that there are no conformally flat contact metric manifolds of
dimension > 5 satisfying £ = 0. Hence A2 # 1. Using the relations (14), (26), (29), (32),
(40), (44) and A2 # 1 we obtain

+ A
m(ﬁej )\. aljl + Z

re

1
§-Aj—§-Z;= n(Qej) +

2n —1

The above relation, using (14), takes the form

%-'Aij_é'zij— U(Q])‘i‘ ¢€J A—i—Zajk

k#/

(45)

2n 1+)\'

If we differentiate with respect to £ the relation (27) we obtain using the relations (4), (12)
and& - A =0,

E-ej-A—ej-&E-A é,ej]-)»_(vgej—vejg)')v

A —E 7= =
§-Aj=5-2Zy 1+ A 1+ 1+
> it ajk(ex - A)
k-t
Hence,
Z’Ilczlv Cljk(ek - A)
E-Ayj—& Zj=—T"——— + $e; - L. (46)

14+ A
Comparing the relations (45) and (46) we obtain

22(2n — 1)

n(Qej) = -~

pe;j - A. 47
Similarly, using the relations (4), (13), (14), (27), (31), (34), (42), (43) and & - A = 0, we
obtain

21(2n — 1)
n(Q¢ej) = ———— e
If k is a constant, then A is constant. Hence n(Qe;) = 0, n(Q¢e;) =0,Vj € {1,2,...,n},
i.e., Q& is collinear with £. Using Lemma4.1 we obtain Q¢ = ¢ Q, which means that /> +!
is a Sasakian space form [4]. Hence k = 1. A contradiction. O

(48)

LEMMA 4.3. Let M*'*! (n > 1) be a conformally flat contact metric manifold satisfying
0 = —k¢? for some smooth function k < 1 on M*" . If{e, ..., en dei, ..., en, £} is
an orthonormal base formed from the unit eigenvectors e; € D(A), ¢pe; € D(—A) and &,
then
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1
Veiei = ZA’kek+2k(1 (¢e; - Moe;,

k=1 )
k#i
1434
Ve pei = Zsz¢ek + N —H»)( i Aei,
1\#1
Veej = —Ajei + Z Cpex + Z CU¢ek
re fbrey

1 1
+ Z(Wi “Mpej — m(fﬁej -Moe;,

and for the same couple {i, j} we have:

1
Vejei = —Ajiej + Z ek + Z ¢6’k - m@é’i “Aej

z#k#; t#k#/
142
- . )\’ i
2.(1 — )(¢ej e,
1
Ve, pei = —Bjide; + Z Dfey SRR e R

t#k#/
+ Z Du¢ek’

I#k#J

. —k —
where i # j and C;; = —Cl. D} Dy = —D}, D} = Dj’;,c = ﬂ,z;ék;é]

Proof. Since k < 1 we have that A # 0. Hence, from the relation (38) we obtain
A = ﬁﬂ(Qei) + %W:‘ A
The above equation and (47) yield
A= = e
20(1 =)

Similarly we obtain from the equations (39) and (48)

1+3x
IR

The relations (32), (36) and A2 # 1 imply

i =

(1 —MA; — (1+ )»)Eij —

+ A
_)\¢ej~)»:

J. Geom.

(49)

(50)

D
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Comparing the last relation with (21) we obtain
Aj=0, i,j=1,2,....n, i #j.

The relations (51) and (52) yield

— 1

i 1— A

pej - M.

From the last relation and (28), (47) and (52) we obtain

—i 1+ A

T

85

(52)

(33)

(54)

Using the relations (22), (31) and (47) for the same couple {i, j} we have

_; 1
Cjj= 57 0ei .

The relation (37) can be written in the form:

(1+1)Bji — (1 = M)(Zji — Aji + D})) = 0.

Comparing the last relation with (26) we obtain

i1
(1= /
(+ 0B = (1 = WD+

The above relation and (20) give
Bij=0, ji=1,....n, i #].
If we compare the last two relations we have

!'_1.)\
AT T

Using the relations (23), (27) and (48) we obtain

Di = —l e A
Ji ) ) Jorhe
At the end we Will pro\/e that Dllk L)jli’ Cj

The relations (24) and (35) yield

(1+m)Dj — (1 =)Dy = (1 = H(N = C}).

—A
e,~k=0.

= —le» and Dij = Dji, C

(35)

(56)

(57)

(58)

(39)

k —k . .
j=Cipl #k#J.

(60)
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Using the relations (16) we obtain from (60)
(1+ 1Dk — (1 =)D = —(1 = WV}, — Ch). 61)
The relation (24) yields
(1= M)(Nj, — Cj) = (L + D) — (1 — V)DL (62)
Comparing the relations (61) and (62) we obtain
D}, = -Dk. (63)

Similarly, using the relations (16), (25) and (30), we obtain

—i —k
C;k =—Cj. (64)

Using the relations (35) and (63) we have
D = Df. (65)

Similarly using the relations (30) and (64) we have

ol

ij =

—k

Cj;- (66)
O

THEOREM 4.1. Let M*"*! be a conformally flat contact metric manifold satisfying

0 = —k¢? for a smooth function k defined on it. Then M*'*' is a Sasakian space form if
n > 1 and flat or Sasakian space form if n = 1.

Proof. If n = 1 then M 3 is either flat or a Sasakian space form [7]. O

Letn > 1. Ifk = 1, M***1 is K-contact. S. Tanno proved in [11] that every conformally
flat K -contact manifold is of constant sectional curvature and J. Olzak proved in [9] that any
contact metric manifold of constant sectional curvature and of dimension > 5 is Sasakian
of constant curvature 1. Hence in the case that k = 1, M2"+! is Sasakian space form.

We suppose now that k < 1.

Using the relations (41), (52), (57), (63) and (65) we obtain

n
Z a,-ijjk + al-ij —£- Djjl- + aj,‘D]l-l- =0.
k=1

ikt
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The above relation and (14), (50), (58), (59), & - . = 0 yield

R e ) + 1431 )
T & T 201 + 1) 10
itk#]
1 1
_1—|-_)\[$’ el A — ﬁaij(ej -A) =0,
or because of (4) and (12)
R 1+ 3x
. - (e -\
Y - ajk (ex )+2A(1+A)al](e] )
itk#]
 JE— 1
_1+_)» 2 ai(ex - LX) — pe; - A — ﬁaij(ej -A)=0.
ki

From the last relation we obtain
de; - X =0. (67)

The above relation and & - A = 0 imply:
§-gei-h—¢gei-§-1=0.

Hence,
(&, dei] - A =0,

or because of (4), (13) and (67)
ei-A=0. (68)

Hence A is a constant which means that k is a constant. This is a contradiction because of
the Lemma 4.2.
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