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Abstract. In this paper, we prove that the maximum norm of velocity divergence controls the breakdown of smooth (strong)
solutions to the two-dimensional (2D) Cauchy problem of the full compressible Navier—Stokes equations with zero heat
conduction. The results indicate that the nature of the blowup for the full compressible Navier—Stokes equations with zero
heat conduction of viscous flow is similar to the barotropic compressible Navier—Stokes equations and does not depend on
the temperature field. The main ingredient of the proof is a priori estimate to the pressure field instead of the temperature
field and weighted energy estimates under the assumption that velocity divergence remains bounded. Furthermore, the
initial vacuum states are allowed, and the viscosity coefficients are only restricted by the physical conditions.
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1. Introduction and Main Results

The motion of a compressible viscous, heat-conducting fluid is governed by the following compressible
Navier—Stokes system ([35]):

pr + div(pu) = 0,
(pu)¢ + div(pu ® u) — pAu — (p + A\)Vdivu + VP = 0, (1.1)

col0(pf) + div(pud)] + Pdivu — kA = 2u|D (u)|? + A(divu)?,
where u = (u',u?), p, @ and P = Rpf (R > 0) denote the velocity, density, absolute temperature and
pressure, respectively. The constant viscosity coefficient p > 0. The positive constants ¢, and k as the
heat capacity and the coefficient of heat conduction, respectively.
The deformation tensor ®(u) denotes as

1
D(u) = 3 (Vu+ (Vu)').
The constant viscosity coefficient p and A satisfy the physical restrictions

>0, p+A>0. (1.2)

The compressible Navier—Stokes system (1.1) consists of the conservation of mass, momentum and
energy. There is a large amount of literature on the wellposedness and illposedness to compressible vis-
cous flows in multi-dimensional, see [3,4,9-11,13,14,18,19,23,28,29,32,33,35,39,40]) and the references

This research is partially supported by NSFC Grant No. 12171394, the Sichuan Science and Technology program Grant No.
20227ZYD0002, and Guanghua Talent Project of Southwestern University of Finance and Economics.

% Birkhauser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00021-024-00887-y&domain=pdf

51 Page 2 of 21 Y. Wang JMFM

cited therein. The local existence and uniqueness of classical solutions were established in [40,43] in
the absence of vacuum. When initial data close to a non-vacuum equilibrium in some Sobolev space,
Matsumura-Nishida first obtained [39] the global classical solutions. Later, Hoff [14] studied the global
weak solutions with strictly positive initial density and temperature for discontinuous initial data. The
major breakthrough is due to Lions [35], he obtained a global weak solution to 3D compressible barotropic
Navier—Stokes equations, when solutions have finite energy and the pressure P(p) = p7 with v > %, and
Feireisl [13] extended the results with v > 2. Based on the frameworks, Jiang-Zhang [28] constructed
the global existence of weak solution for v > 1 with the symmetric initial data. Hu-Wang [15,16] ex-
tended the Lion’s weak solution to the full compressible Navier—Stokes equations and magnetohydro-
dynamic equations with general large initial data. Moreover, Cho-Kim [3] obtained the local existence
and uniqueness of strong solutions with nonnegative initial density in three-dimensional space. Recently,
Huang-Li-Xin [18,23,33] and Li-Xu-Zhang [31] established the global existence of the classical solution
to multi-dimensional compressible Navier-Stokes equations and magnetohydrodynamic equations when
the initial total energy is small but possibly large oscillations, respectively.

In particular, Xin [50] and Xin-Yan [51] showed that the smooth solutions to the compressible viscous
flows without heat-conductive will blow up in finite time when the initial density has compact support
or contains an isolated mass group. Therefore, it should be noted that one would not expect too much
regularity of Lions’s weak solutions in general. It is thus important to study the mechanism of blowup
and structure of possible singularities of strong (or smooth) solutions to the compressible Navier—Stokes
system. In the recent years, there has been some progress along this lines to the multi-dimensional com-
pressible Navier—Stokes equation. The pioneering work can be traced to the incompressible Euler equa-
tions, Beale-Kato-Majda (BKM-type) in [1] established a well-known blowup criterion, roughly speaking,
that if T* < oo is the life span of a strong (or classical) solution, then

Jim [V < ulpore) =00, (BKM-type) (13)

Later, Ponce [42] rephrased the BKM-type criterion in terms of deformation tensor ©(u) for 3D incom-
pressible Euler equations, namely,

Tli)ﬂ%* ||©(U)HL1((),T;L°°) = OQ. (14)

Recently, Huang and Xin [24] established the following blow-up criterion in a 3-D smooth bounded
domain for compressible Navier-Stokes equations, similar to the Beale-Kato-Majda criterion for ideal
incompressible flows, namely,

TILII’ZI“* HVUHLl(O,T;Loo) = o0, (15)

provided
T > A (1.6)

Very recently, Huang-Li-Xin [22] extended the BKM-type blowup criterion (1.4) to the viscous bara-
tropic Navier-Stokes equations in R? or a bounded domain of R3.

For the non-isentropic compressible Navier-Stokes equations, Jiang-Ou [27] obtained a BKM-type
blowup criterion for full Navier-Stokes equations (1.1) over a periodic domain or unit square domain of
R2.

Furthermore, Fan—Jiang-Ou [12] proved that if the strong solution blows up at 7* to (1.1) in a bounded
domain of R3, then

Aim, (101l o= 0,32y + IVullLr0,130)) = o0,
under the assumption (1.6). More recently, in the absence of a vacuum and 7y > A, Sun-Wang-Zhang
[46] showed that

TET* (H9||L°°(O,T;L°°) + |‘(p717p)||L°°(O,T;L°°)) = 00.
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On the other side, Wang [48] established a blowup criterion only in term of the divergence of the
velocity field in two dimension bounded domain, namely,

i (vl o)) = o0

Indeed, due to the significant works of Xin [50] and Xin—Yan [51] to compressible viscous flows without
heat-conductive, the aim of this paper is to investigate the further blowup mechanism to the 2D full
compressible Navier—Stokes equations without heat-conductivity. We will assume that x = 0, and without
loss of generality, take ¢, = R = 1, the system (1.1) is reduced to

pr +div(pu) =0,
(pu)s + div(pu @ u) — pAu — (4 A\)Vdivu + VP = 0, (L.7)
Py, + div(Pu) + Pdivu = 2u|D (u)[? + A(divu)?.
We consider the Cauchy problem to (1.7) with initial conditions
(p,u, P)(x,0) = (po, uo, Po)(2), = € R, (1.8)
and the far-field conditions
(p,u, P)(z,t) — (0,0,0) as |z| — oo. (1.9)

Before stating the main result, we will use the following notations and conventions. For 1 < r < oo and
integer k > 1, we denote the standard Lebesgue and Sobolev spaces as follows,

/falalc:/R2 fdx,

L"=L"(R?), Whr=wkr(R?), HF=WF*R?), DM ={uel], |VueL}.

and

We denote the material derivative of f by
fi=fitu-VF.

We begin with the local existence of strong (or classical) solutions. The existence and uniqueness of
local strong (or classical) solutions for the system (1.7)—(1.9) are proved recently in [34,36], which the
initial vacuum states are allowed. The strong solutions to the Cauchy problem (1.7)—(1.9) are defined as
follows.

Definition 1.1 (Strong solutions). (p,u, P) is called a strong solution to (1.7) in R? x (0,7), if for some
ro > 2 and a > 1,
p >0, pz» € C([0,T]; L* n H nWhro),
ue C([0,7); D"* N D*>*)N L* (0,T; D>™) ,

1.10
Vpu € L*(0,T; L?), w € L*(0,T; D"?), (1.10)
P>0, PcC([0,T); L' n H' nwhmo),
where (p, u, P) satisfies (1.7) almost everywhere in R? x (0,7). Here
1
T2 (e+|z*)? '™ (e + |z]?), (1.11)

where 19 is a positive constant.
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Without loss of generality, we assume that the initial density po satisfies
/podx =1 (1.12)
Our main result of this paper can be stated as follows.

Theorem 1.1. For given positive constants ng, ¢ > 2 and a > 1, the initial data satisfies (1.12) and

po >0, Py>0, poz € L*NnH nWh4,

_ 1.13
Pye L'nH' nWh, Vuy € H', \/puy € L?, (1.13)

and the compatibility conditions
— uAug — (p+ X\)Vdivug + VPy = /pog, (1.14)

for some g € L?. Suppose (p,u, P) be a strong solution to the Cauchy problem (1.7)~(1.9). If T* < oo is
the maximal existence time of the strong solution, then

T
Tlin%*/o |dives]| 7 dt = 00, (1.15)

for all s > 1.

Remark 1.1. Under the conditions of Theorem 1.1, the local existence of a strong solution was established
in [34,36]. Hence, the maximal time T™* is well-defined.

Remark 1.2. In view of the standard Holder inequality and ||divu| g (o,7;1=) < C for g1 > 1, we obtain
the bound of ||divul| ez (0,15 < C for any ga € [1,¢1). Hence, it suffices to prove the main Theorem 1.1
holds for s = 1.

Remark 1.3. Very recently, the authors [26] establish a blowup criterion in terms of the integrability of
the density for strong solutions to the compressible viscous baratropic Navier-Stokes equations in R?
with vacuum. It would be interesting to study whether the integrability of the density can guarantee the
global regularity of the system (1.7)—(1.9).

Remark 1.4. Recently, Zhong [54,55] obtained a blowup criterion to system (1.7)—(1.9), if T* < oo is the
maximal time for the existence of a strong (or classical) solution, then

A (ol 0,522y + 1Pl (0,752 ) = 00

For the 3D Cauchy problem of non-isentropic Navier—Stokes equations with zero heat conduction, Huang—
Xin [25] proved that
1. oo L], 00 oo L], 00 -
A (ol zoe 0,20y + 1161l o< (0.7:2.¢)) = 00,

under the assumption p > 4. In particular, Duan [8], Zhong [53] and Wang [47] established a some blowup
criteria for the 3D compressible non-isentropic magnetohydrodynamic (MHD) equations with zero heat-
conductivity. It would be interesting to study whether the maximum norm of velocity divergence can
guarantee the global regularity of the 3D system (1.7)—(1.9).

Remark 1.5. We would like to mention the recent works on the well-known Serrin-type blowup criteria
for compressible flows in [17,20,21,52] for more details. The pioneering work can be traced to Serrin’s
criterion was first established by J. Serrin in [44] for three-dimensional incompressible Navier—Stokes
flows. Some similar blowup criteria for the compressible flows and liquid—gas two-phase flow model have
been established in the recent papers, see [5-7,45,49] and references therein.
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We now comment on the analysis of this paper.

Compared with [27,48] for 2D the full compressible Navier—Stokes equations in bounded domain, some
new difficulties arise for the Cauchy problem of the compressible non-isentropic Navier—Stokes equations
with zero heat conduction. First, it seems difficult to bound the norm ||u| z.4(g2) for any ¢ > 1 just in terms
of ||\/pul|2(r2) and ||Vul|L2(g2), since the Brezis-Waigner’s inequality [2] fails for unbounded domain R?.
Inspired by [37,38], one way to overcome this difficulty is to estimate the momentum pu instead of the
velocity u provided that p decays for large . Moreover, in order to estimate L7°LS°-norm of P, we first
show a priori estimate L Li-norm of P for any 1 < ¢ < co. Next, we use logarithmic type Gronwall’s
inequality and a finer estimate for p, u and P, and obtain the estimates L{°L2, L° Li-norm of (Vp, VP)
(G > 2). Finally, we can obtain the spatial weighted estimate of density. Furthermore, the initial density
vacuum is allowed in this paper. bound the norm [|u||zq(rz2) for any ¢ > 1 just in terms of ||\/pul|z>®2)
and ||Vu| p2(r2), since the Brezis-Waigner’s inequality [2] fails for unbounded domain R?. Inspired by
[37,38], one way to overcome this difficulty is to estimate the momentum pu instead of the velocity u
provided that p decays for large z.

The remain of this paper is organized as follows. First, some important inequalities and auxiliary
lemmas will be given in Sect. 2. Moreover, we prove the main result Theorem 1.1 in Sect. 3.

2. Preliminaries

In this section, we will recall some elementary lemmas and inequalities that will be used later.
First, we will give the result on the local existence of the strong solution to the full Navier—Stokes
system (1.7)—(1.9), and the proof can be found in [34].

Proposition 2.1 (Local existence of strong solution). Assume that the initial data (po,uo, Po) satisfy (1.13)
and (1.14). Then there exists a positive constant Ty and unique strong solution (p,u, P) to the Cauchy
problem (1.7)-(1.9) on R? x (0,Tp).

Next, the following well-known Gagliardo-Nirenberg inequalities, which will be used later frequently
(see [41] for the detailed proof).

Lemma 2.2. Forp € [2,00), m € (1,00), and n € (2,00), there exists a generic positive constant C' which
may depend on m, n such that for any f € H*, g € L™ N D", there holds

2 _
I£117 < CIFIZ IV FITR (2.1)
and
9l < Cllgllm + ClIVgllLn. (2.2)
The effective viscous flux GG, and vorticity w are defined as follows.

G=2u+Ndivu— P, w=V xu=0,u®—0,,u". (2.3)

It follows from the momentum equations (1.7)y that we can obtain two key elliptic system of G and

AG =div(pu), pAw =V x (pa). (2.4)
In view of the standard LP-estimate of elliptic system (2.4), we obtain the following estimate.

Lemma 2.3. Let (p,u, P) be a smooth solution of (2.4) and p > 2. Then there exists a generic positive
constant C' depending only on u, A and p, such that

IVGlze + [[Vwlize < Cllpillre, (2.5)

1=2 2
1Gllze + lwllize < Cllpallp.” (IVullzz + [[Pllz2)7 (2.6)
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and
L 1-2 2
[Vullze < Cllpill . ” ([[Vullzze + [[Pllr2)? + ClIP| Le- (2.7)

Proof. The standard LP-estimate for elliptic system (2.4) yields (2.5).
In view of (2.1), (2.3) and (2.5), one has (2.6).

Using the similar arguments as Lemma 2.5 in [33], we obtain the desired estimate (2.7).
O

The following Hardy-type inequality plays a crucial role in the estimate, the detailed proofs can be
found in [32].

Lemma 2.4. Let T and ny be as in (1.11) and By, = {z | |z| < N1} C R? with Ny > 1. Assume that
p € LY(R?) N L>°(R?) is a non-negative function such that

ol By = M, ol @) < Mo,
for positive constants My and Ms. Then there exists a positive constant C' depending on My, My, v, Ny
and ng such that

[0z~ 12 < C (lyllze + [ VollL2) (2.8)

for any v € D2 2 {v € HL (R?) | Vv € L*(R?)}. Furthermore, for ¢ > 0 and n > 0, there ezists a
positive constant C depending on €, n, My, My, vy, Ny and ng such that every function v € DV? satisfies

2ee < C([[Vpvllze +[[Vollz2) (2.9)

loz="]
L7

with 7 = min{1,n}.

In addition, in order to estimate ||[Vu||Lr, we introduce the following inequality, which is crucial to
the velocity field for 2D Cauchy problem (see [30] for the detailed proof).

Lemma 2.5. Suppose that u € C5°(R?) for any p € (1,00). There exists a constant C' depending only on
p, such that

IVl e < C (|ldivaLe + [l L) (2.10)

In order to improve the regularity of the velocity field, we introduce some regularity estimates to the
following so-called Lamé system,

pAU + (p+ \VdivU = F, x € R?,
(2.11)

Ulx) =0, 2| — oo,

where U = (U, Us), F = (Fy, F») and pu, A satisfy the condition (1.2). The following Lemma can be found
in [17,45].

Lemma 2.6. Let r € (1,00), q € (2,00). Suppose U € DV N D*4 is a weak solution to the system (2.11).
Then there exists some constant C' depending only on X, u, q and r such that the following estimates
hold:

(1) If F € L", then

IV2U|Lr < C|IF |- (2.12)
(2) If F = divf with f = (fij)2x2 € L" N DY4, then
VUL < C|lfllLr (2.13)
and
[VU|ze < C (A +In(e+ [V fllLa)lfllee +[IflLr) - (2.14)

) Birkhauser
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3. Proof of The Main Results

Let (p,u, P) be a strong solution of (1.7)-(1.9) on R? x [0,7*). Suppose that (1.15) was false, for s = 1,
namely, there exists a constant M > 0 such that

T
lim / ldivu|| peedt < M < 0. (3.1)
T-T* Jo
First, we have the following upper uniform estimates of the density.
Lemma 3.1. Under the assumption (3.1), it holds that for 0 <T < T*,
and
sup |lplloiare < C. (3.3)
0<T<T*
Here and after, ¢, C and C; (i =0,1) denote generic positive constants depending only on M, p, X\, T*
and the initial data.

Proof. The particle path can be defined before blowup time as follows:

d
%X(;m) = u(X(z,t),t),

X(x,0) = x.

(3.4)
It follows from the continuity equation and along the particle path that the density can be expressed
by
—p(X(z,t),t) = —p(X(, 1), t)divu(X (z, 1), 1),
implies
p(X (x,t),t) = po(x) exp {— /Ot divu(X (x, s), s)ds} )

which together with pg > 0, (3.1) and Lemma 2.1 in [22] implies p > 0 and (3.3).
Indeed, in view of the continuity equation, we obtain ||p||L1 = ||pollL1-
Furthermore, one has

P, +u-VP = —2Pdivu + F, (3.5)

where F' = 2u|®(u)]? + A(divu)?.
Thus, along particle path (3.4) and (3.5), we obtain

d
%P(X(x,t), t) = —2Pdivu + F,
which implies

P(X(x,t),t) = (Po + /O t exp (2 /0 ) divudr) Fds> exp {—2 /0 t divuds} > 0. (3.6)

Hence, we finish the proof of Lemma 3.1.

Next, we will give the standard energy estimates as follows.

T Birkhauser
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Lemma 3.2. Under the assumption (3.1), there exists a positive constant Ny such that

T
sup (1Pllos + [v/7ulZe) + / IVul22dt < C, (3.7)
0<t<T 0
and
inf v > 1 (3.8)
oy [, P2 T :

forany 0 <T < T*.

Proof. Indeed, multiplying (1.7)2 by u, we obtain after integrating over R? and integrating by parts that

1d
—— [ plulPdz + [ (u|Vul* + (p + A)(divu)?) dz = | Pdivudz
2dt
(3.9
< C||divu|| g /Pdw.
Integrating the pressure equation in (1.7)3 over R? yields to
d
— [ Pdx = f/Pdivudx + / (2u|D (w)|* + A(divu)?) dx
dt
(3.10)
< C||divu| /de+Co/|Vu|2dx.
Set Cy = %, adding (3.9) multiplied by C; to (3.10), one has
d C] 2 2
dt/<P+ ?p\u| )dm+/|Vu| dx
<C|ldivu| /Pda:,
which together with (3.1) and Gronwall’s inequality gives
Ch 2 g 2
sup P+ —plul® ) dz+ |Vu|*dxdt < C. (3.11)
0<t<T 2 0
Next, for N7 > 1, a cutoff function ny, (x) € C5°(R?) is defined by
—an(z)— ) UNl(SC)— 0, Zf |$|22N1, | nN1|—ﬁ1'
Multiplying (1.7); by 1, and integrating by parts give that
d
df/pmvldrv= /pwvmvldw
t
H H
> 2N, ! (/ pda:) (/p|u|2dm> > —CNfl,
due to Holder’s inequality and (3.11). This gives
OgirtléT/pandz > /poando:—C'lelT,
which together with (1.12) imply that
1
. . i
), e o
for Ny suitably large.
Therefore, in view of (3.11) and (3.12), we complete the proof of the Lemma 3.2. O
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We can prove the following key estimate on Vu, which is crucial for deriving the higher order estimates
to the solution.

Lemma 3.3. Under condition (3.1), it holds that for 0 <T < T*,
T
sup ([[VullZs + IPlZ2 + [lz%|2:) +/ Ivpil7-dt < C. (3.13)
0<t<T 0

Proof. Multiplying the momentum equation (1.7)s by 1, integrating the resulting equation over R? and
integrating by parts yield to

/p\u|2daj = /(uAu + (g + N Vdivu) ade — /VP - udx
2
=> I
i=1

Indeed, for V*+ £ (=8,,0;), and —Au = —Vdivu — V4w, integrating by parts, we have the following
estimates to I;.

(3.14)

I :/(ut +u - Vu) (pAu + (u+ ) Vdivu) de

1d
=—35% (1| Vul® + (u + A)(dive)?) do
(3.15)
+u/u~Vu~VJ‘wdx+(2u+)\)/u~Vu~Vdivud:c
1d
< g [ (Ul + (et X)(eliva)?) do + Cldivadll o~ / IVuldz,
where we have used the following facts.
/u -Vu - Viwde = / (D2 (u'Out) — 0 (u'Oyu?)) wdz
L / *divud
=—— i
5 | widivuds,
and
/u - Vu - Vdivudx
. . 1
=— /&»ujﬁjuzdivudm + B /(divu)3dx.
On the other hand, using Young’s inequality and integrating by parts, one has
I, = /(Pdivut — (u-Vu)-VP)dz
d
=2 /Pdivudx - / (Pdivu + (u - Vu) - VP)dx
(3.16)

d . .
= %/Pdivudx—k/(P(divu)? — 20D (u)[divu — A(divu)® + Poju’du’) da
< %/Pdivudﬂc—l—C/(P\Vu\ + |Vu\2) |divu\dx+0/|vu|2de_

T Birkhauser
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Furthermore, using Young’s inequality, Lemmas 2.2, 2.3 and 2.5 lead to

/ P|Vul*dz <C||P||:||Vull2

<C|Pllzz (IdivulZs + llwlZa)

<C|P[|> ([[dive L~ |divul 2 + [w]| 2 [ V] £2) (3.17)
<C||P||zz (ldivu] L= [[Vul L2 + [[Vu] 2 [Vl 2)

<C|P||zz (divu] L [[Vul L2 + [[Vu] 2 ([v/pill£2)

<C (Idivullz= + [IVulZ2) (IPIZ + [IVull2) + Cellv/puli.,

which together with (3.16) and choosing ¢ suitable small yields to

1
L < %/Pdivudw 4 C (Idivall = + | Vall22) (/ Vul2dz + /P%;) +3lvAilEe. (318

Substituting (3.15) and (3.18) into (3.14), we obtain

% (1| Vul® + (4 A)(dive)® — 2Pdivu) de + /p|u|2dm

(3.19)
<C (||divul[ L~ + HVUH%Z) </ |Vu|?dx + /Pde> .

Next, we will estimate the term | P||2,. Multiplying (1.7); by P, and integrating it over R?, after
integration by parts together with (3.17) show that

1
5%/P2dx :/ (2u/D (w)|* + A(divu)? — div(Pu) — Pdivu) Pdz
= / (2,u|@(u)|2 + A(divu)? — iPdivu) Pdzx (3.20)
<C (||divul|ge + [|[Vull2) (/ Vul2de + /P2dx) + Cel|y/pti|72,

due to Holder’s inequality.
Noting that

‘ / Pdivudx

Then, adding (3.20) multiplied by 2(C; + 1) to (3.19) and choosing ¢ suitable small, we obtain that

< %/|Vu|2dx+ %/Jﬂdm. (3.21)

% (1| Vul® + (4 A)(dive)? — 2Pdivu + (Cy + 1)P?) dz + %/p|1l|2dx

<C (|[divul|z~ + [Vul2) ( / Vulde + / P%l:c) ,

with together with (3.1), (3.21) and Gronwall’s inequality yields

T
sup / (Vul® + P?) dx —|—/ /p|it|2dxdt <C. (3.22)
0

0<t<T

) Birkhauser
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Finally, multiplying (1.7); by #% and integrating the resulting equation over R? and integrating by
parts yield that

d
pn pZdx < C/p\u|:ﬁa_1 In'*" (e + |z|?) dz

< c/pé%ifaiila zsta julz st It (e + |2)?)dw

T+a

—a 8+4a
Lete </ pT dz)

<C Hx_W Int o (¢ W)H ‘ua-:—s%

|
T+a
8+a

< C(lvpulze + | Vull2) ( / pmadx)

< C(1+Vul32) (/ pTdx + 1) ;

due to (2.9). This together with Gronwall’s inequality and (3.7) gives

sup /p:iadaz < C.
0<t<T

This completes the proof of Lemma 3.3. (]
Next, we have the following estimates on the material derivatives of the velocity.

Lemma 3.4. Under the condition (3.1), it holds that for 0 <T < T*,
T
sup (|lv/pullz: + | Pll74) +/ IVall72dt < C. (3.23)
0<t<T 0

Proof. Applying @/ (9; + div(u-)) to the j-th equation in the momentum equations (j = 1,2), integrating
the resulting equation over R? and integration by parts, we get

%% plif2de = — /uj(ajpt + div(ud; P))dz + u/uﬂ' (Auf + div(uaw’) ) dz
+(n+N) /uj (0jdivu, + div(ud;jdivu)) dx (3.24)
3
= Z J;.
j=1

For the first term on the right-hand side of (3.24), using (1.7)3, Young’s inequality, and integration by
parts yields to

Ji= — / @ (9, P, + div(ud; P)) dz
= / 950 (20D (u)|* + A(divu)? — div(Pu) — Pdivu) dz + / ! 0 Pub da
= / 91! (20D (w)[* + M(divu)? — Pdivu) dz — / POyl 9jubda (3.25)
gc/|vu||w|(|w| 4+ P)da

g%/|Vu|2d:v+C/|Vu|4dx+C/P4dx.

T Birkhauser
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Next, after integrating by parts, it follows from Young’s inequality that
Jo :u/uj(Au{ + div(uAuv?))dzx
= _ M/ (ﬁmjaiuf + Avlu - Vdj) dx
=— u/ (|vu|2 — 0,00 uFOL0u — 9,07 B;ut AT + aiaiuju’“akuj) dx (3.26)
/ (|Vu|2 + 81 8;u? divu — 8; 0 D;uF A’ — 8kujaiukaiuj) dx
<— %‘/ (Va2 dz + C/ Vul*dz.
Similarly,
J3 < —g(u + ) /(divql)zda: + c/ |Vu|*dz < C’/ \Vu|*dz. (3.27)
Putting (3.25)—(3.27) into (3.24), we obtain
p|u|2d1:+u/|Vu| dx < C/|Vu\4dx+C/P4dx (3.28)

dt

Furthermore, we multiply (1.7)3 by 4P3, and integrating it over R?, after integration by parts, Holder’s
inequality, (3.13), Lemmas 2.2, 2.3 and 2.5 yield to

o Ptdx =4 / (2u|D(w)]* + A(divu)® — VP - u — 2Pdivu) PPdx
:4/ <2u|©(u)|2 + A(divu)? — ZPdivu) P3dx
gc/ ((divu)?P? + |divu|P* + |Vu|*P?) dz
<C||divul| g ( |Vt dx—i— P4dx) + C||Vul|2s||P||3 +
<C|divul[ L~ (/IVuI“der P4dw) +C (|ldivul|s + wlZe) [Pl
<C||divul| e (/ |Vu|*dz + P4dx) + C (||divul|7s + ||wlZs) |1 P34
<C||divu| g~ (/|Vu|4dx+ P4da:)
+C (ldival g divlle + [l 22 19w ) 1PI
<O||divul| o~ (/|Vu|4d:c+/P4dx)
+C (HdiVUHLw IVul| s + IIVUII%QII\//?M@) 1P|74
<C||divul| - </|Vu|4dm+/P4da:) +C (Ivpul72 +1) (| P74 + 1)
<C (||divul| g~ + ||vpul[72 + 1) </ |Vul|*dx + /P4dq: + 1) .
This together with (3.28) gives that

) Birkhauser
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d
o (pluf® + P*) dz + u/ |Va|2dx

(3.29)
<C (||divul| g~ + ||v/pul /72 + 1) (/ |Vu|*dz + /P“dx + 1) .
To deal with the right-hand side of (3.29), using (2.7) and (3.13), one has
/|Vul4d33 < Cllpal7= (IVull 2 + 1Pllz2)* + C[| P74
(3.30)

< O/p\u|2dx+c/P4dx.
This together with (3.29), we obtain

d
= (plu)® + P*) dx+u/\vu\2da:

<C (||divul| g + ||v/pul72 + 1) (/p|a2dzzz + /P4d9:+ 1> ,

which together with (3.1) and (3.13), we immediately obtain (3.23) by applying Gronwall’s inequality.
The proof of Lemma 3.4 is finished.

O
Next, in view of Lemmas 3.1-3.4, we will prove the higher order integrability of P.
Lemma 3.5. Under the condition (3.1), for any 0 <T < T* and q € [2,00), it holds that
sup [|P()lze < C, (3.31)
0<t<T
and
T
/ |1P(-,t)||Leedt < C. (3.32)
0

Proof. For any q € [2,00), multiplying (1.7)3 by ¢P?~! and integrating by parts over R? lead to

% /qux :/ (2ug|D (w) PP~ 4+ Ag(divu)* P9~ — w - VPI — 2qPYdivu) d
=(1-2q) /quivudz + q/ (2u|D (u)? + A(divu)?) P dx
§C’/Pq\divu|dz+Cq/ ((divu)? + [Vul?) P7 'da
<C||divul| o~ (/qux—l— / Vu|qdw) + O\ Vul 2 || P %"
<C|/divul (/ qu:c+/Wquw> +C (divull7ze + [wll7=d) 1PIT (3.33)
<C||divul| e </ qux+/Vu|qu)
+0 (Il vl -+ ol 219152 ) 11"
<Clavile ([ P+ [19uras ) + clyl et
<C (|[divuf = + 1) (/ Plda + / Vultdz + 1) 7
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where have used (2.1), (2.5), (2.10), (3.13), (3.23), Holder’s inequality and the following facts.
1=2 2
IVulle < Cllpill2 * (IVullzz +[[Pllz2)® + C||P|La
< C+C|P|Ls,

due to (2.7) and (3.23). This together with (3.33) yield that

d .
Z1Pllze < C (ldivelpee + 1) ([Pllze +1), (3.34)

with constant C' only depending on pu, A and gq.
Combining (3.34) with (3.1) and using Gronwall’s inequality, one has

sup [|P(-;t)|lra < C.
0<t<T

Moreover, for some ¢ > 2, in view of (2.1), (2.5), (2.9), (3.3), (3.13), (3.23) and Hdlder’s inequality,
we have

|Gz~ < ClG|z2 + ClIVG La
<C|VG||La +C
< Clpi||pa +C

2(4—1) a(@d—=2)
FRE) =2

<Clveil " Vel 2" +C

i(g—2)

e, (3.35)
L24

a(4—2)

e,

L24?

G—2
pq2ja 24(42-2)

gc‘

. _a_
‘uf 272

Lt

< Clpa" 5

L _a_
‘ui 242

a(q—2)
<o (1+ivand™)
< O+ Vi),
-2

due to ‘Zg‘f—; < 1. This together with G = (2u + A) divu — P and (3.23) yield to

G2 —

T T
/ 1P|l dt < c/ (ldivae]| e + |G|z ) dt < C.
0 0

Hence, the proof of Lemma 3.5 is completed. O

The following lemma is to prove the higher-order derivatives of strong solution (p, u, P). In particular,
we obtain the second spatial derivatives of u and the L? N L9-norm (¢ > 2) of the first spatial derivative
of p and P.

Lemma 3.6. Suppose that the conditions (3.1) holds, and let § > 2 be defined in Theorem 1.1, we have
that

T
sup ([[Vull o + llplrawra + [Pl rawr.a) +/ IV2ul|74dt < C, (3.36)
0<t<T 0
and
sup ||Pllr~ < C, (3.37)
0<t<T

for any 0 <T < T*.
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Proof. Indeed, |Vp|" (2 <r < §) satisfies
(IVpI")e + div([Vpl"w) + (r — 1)| Vo] divu
+ 7|V | "2(V )" Vu(Vp) 4 rp|Vp|""2Vp - Vdivu = 0,

which together with integrating the resulting equation over R? and Holder’s inequality gives that

d
Vel < C+Vule=) Vol + C[|V?u] (3.38)
Furthermore, in view of (1.7)3, |[VP|" satisfies
(IVP|")e + div(|[VP|"u) + (2r — 1)|VP|"divu
+7|VP|""2(VP)""Vu(VP) + 2rP|VP[""2VP - Vdivu
— 2ru|VP|" VP - V|D(u)]* — \r|VP|"2VP - V(divu)? = 0,
which together with effective viscous flux G = (21 + A) divu — P yields
(IVP|"); 4 div(|VP|"u) + (2r — 1)|VP|"divu + r|VP|""2(VP)"Vu(VP)
2r 2r
P|VP|"?VP.VG P|VP|"
+2M+)\ |VP|""*VP -V +2M+)\ |VP|
—2ru|VP|"2VP - V|D(u)|? — \r|VP["2VP - V(divu)? = 0.
In view of (2.5) and (3.31), one has
d T T T—
VPl <ClIVull [VPILr + ClIPll 2 VG o [V P
+ C|| V| o= [ V20l - |V P 7 (3.39)
<C|Vull g | VPl + Cllpt] 2 VPN + ClIVul oo [[V2ul| - | VP
<C|[Vullz (IV%ullr + IV Pler) [P + Cllpil o [ VP
where have used the fact
/P\vprdx > 0.
It follows from (3.39) that
d .
VPl < ClIVullze (IV2ullpr + [VPr) + Cllpi] 2r (3.40)
Combined with (3.38) and (3.40) gives directly that
d
—_— V i V.P r
= (Illzr + IV Pllze) G

<C(IVulz= +1) (IV?ullz- + IVPllz- + IVpllz-) + Cllpi] 2.

In order to estimate ||Vu|/~, we decompose the velocity field into two parts, namely v = v + w,
which satisfy the following equations with null boundary Dirichlet conditions, respectively,

pAv + (p+ X\)Vdive = VP, (3.42)
and
wAw + (u 4+ N)Vdivw = pa. (3.43)
In view of Lemmas 2.6, 3.3-Lemma 3.5 and (3.35), we obtain
IV2wlLr < Cllpilr < C(llpillzz + llpilpe) < € (1 + [Vl Le), (3.44)
[Vol|Lr < C||P|r < C, (3.45)

T Birkhauser
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and
Vol < C(1+1In(e+ VPl La) | Pl + [[Pllzr)
< C(1+In(e+[[VP||La)[|PllLe) -
It follows from (2.2), (3.35), (3.41), (3.44)—(3.46) that

(IVoller +IVPLr)

IVullze +1) (IV?ullr + VPl + [[VpllLr) + Cllpil -

a
dt
C
C(IVwlze + Vol +1) (IVullr + VP + [[Vpllrr) + C (1 + [Vl 2)

<
<

IA 1A

C
C (lpillza + IVolloe + [IVallzz + 1) (IV2ullz- + [IVP][Lr + [ Vollz- +1)
<C(n(e + VP L) Pllze + IVallz2 + 1) (IV?ulle- + VP2 + [ Vpll- +1).
Set r = g, the standard Li-estimate of elliptic system (1.7), (2.9), (3.23) and (3.42) give to
IV2ullza < C(llpill s + VPl 2a)
< C A+ (Va2 + VP La) -
Inserting (3.48) into (3.47), one has

& (19l + IV Pl)
<C (in(e + VPPl + [Witlze + 1) (IVPla + 9l +1)
O (Infe+ VP a) [Pl + [ Vil + 1) | Vil
<C (in(e + VPl a) P~ + [ ¥illz2 + 1) (IVPllss + | Vpllza +1)
+C(Infe+ [VPY5a)(1 + [ VPl 2a) + Vil z2 +1) Vi
<C (U4 Pl + [Vl3a) (e + Vol s + VPl o) (e + [Vloa + [V Plsa).

(
(
(IVwllzz + [IV2wl L + [IVUll e + [Vl r2 + 1) (IV2ullz- + [V Pllz- + [Vollz- +1)
(

JMFM

(3.46)

(3.47)

(3.48)

(3.49)

Set f(t) =e+ |[Vplra + [[VP|za and g(t) = 1+ || P||L= + || V4|22, together with (3.49), we obtain

ft) < Cg(t)f(t) In f (1),
which implies
(In f(t))" < Cg(t)In f(t).
This together with (3.23), (3.32) and Gronwall’s inequality yields to
sup ([VpllLa +[[VP|La) < C.
0<t<T

It follows from (2.2), (3.13), (3.48) and (3.50) that
IVullze <C ([Vullz2 + [V?ul 1a)
<C (4 [IVillzz +[[VPllLe)
<C(L+[IVallz:) ,
which together with (3.23) yields to
/T IVu| pedt < C.
0

Taking r = 2, we obtain

d .
7 Vol +IVP(r2) < C A+ [IVul ) (IVollzz + VP22 +1) + Cl[ Vil 2,

) Birkhauser
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where we have used the following facts.
IV2ull 2 < C(llpillrz + IV Pl z2)
SC(A+|IVPz2).
Using (3.23), (3.51) and Gronwall’s inequality yield to
sup ([ Vpllrz +[[VP|r2) < C,
0<t<T

which together with (3.53) yields to

sup ||VZul|z2 < C.
0<t<T

In view of (3.48), (3.23) and (3.50), we obtain

T T
/0 V202 0dt < © / (14 Vil e + VP, de

<0 [ (e IVl + VP i
<C. ’
Finally, due to (2.2), one has
[Pl < ClIP|[L2 + CVP| 1,
which together with (3.50) gives to

sup ||Pllr~ <C.
0<t<T

Page 17 of 21 51

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)

Thus the desired (3.36) and (3.37) follows from (3.50), (3.54), (3.55), (3.56) and (3.57). We complete

the proof of Lemma 3.6.

We have the following spatial weighted estimate on the density.

Lemma 3.7. With the assumption (3.1), and let ¢ > 2 be defined in Theorem 1.1, it holds

sup_||pZ%|| grapra < C-
<t<T

Proof. Indeed, in view of (1.7)1, pZ® satisfies
(pz®), +u-V (pz*) — apz®u - VInz + pzdive = 0.
Thus, |V (pz%)|” (p € [2,7]) satisfies
(IV (pz®) [P)e + div([V (pz?) [Pu) + (p — D[V (pz?) [Pdivu

+[V (pz%) [P72(V (7)) Vu(V (p2%)) + ppz®|V (p7°) |72V (pz°) - Vdivu

O

(3.58)

—ap|V (pz%) |Pu - VInz — appz®|V (pz®) |P~2(V (p:E“))” (VuV Inz + uV? ln:f) =0.

Integrating this equality over R?, using (2.1), (2.9), (3.13) and (3.36), we obtain
d,_ . ) -
IV (0z%) lle <C A+ [[Vullz= + Jlu- VInz|pe) IV (pz) [[£»

+ Cllpz®| > (|IVuV Ina|| e + [uV? In || Lo + || V2ul[ )
<C A+ [Vullwrr) [V (p2%) [| e

+ Cllpa e (19ulls + Juz ™o + [ V2], )

(3.59)

<C 1+ [|V2ull o, + IVullwer) A+ 1V (02 [|e + 1V (p7%) 1) ,

T Birkhauser
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where we have used the following facts. In fact, it follows from (2.1), (2.9) and (3.36) that

o)

- VInz|e < Clluz™ 2| L

<C (Hui_%HLG + HV (uy’c_%)‘

< O (lluz ™4 o + | Vullus )

< O+ [Vulla)
é C7

and

1p7%[Loe <C ([lpT[ L2 + IV (pZ)] a)

1 _a 1 _a
<C (llpz®[|2: 1T\ 2o + IV (pT )”L«i)
<C(lpz®lr +ellpzlze + IV (p7)] La)
<C (1 +ellpz®|[pe + IV (pZ*)l| £a) »

choosing ¢ suitably small yields to
192 < C (L +[IV (p2) ] 12) -
Letting p = ¢ in (3.59), together with Gronwall’s inequality and (3.36) gives
LS, IV (pz?) [lLs < C.
Furthermore, taking p = 2 in (3.57), we deduce from (3.36) and (3.60) that

sup ||V (pz?) |2 < C.
0<t<T

This combined with (3.60) gives (3.58). This finishes the proof of Lemma 3.7.

Proof of Theorem 1.1 Suppose that (1.15) was false, namely, (3.1) holds.

JMFM

(3.60)

With the aid of the a priori estimates Lemma 3.1-Lemma 3.7, the functions (p,u, P)(z,T*) =
lim 7+ (p, u, P)(x,t) satisfy the conditions imposed on the initial data at the time ¢ = T*. Hence,

we obtain pi € C([0,T*]; L?), which implies

pu(z, T*) = tli% pu(x,t) € L2

It follows from (3.36) that
(—pAu — (p+ N)Vdivu + VP) |y=p+ = /p(z, T)g(x, T7),

where

p_%(l',T*)(p’L.L)(x,T*), for x € {z|p(z,T*) > 0},

0, for x € {x|p(z,T*) = 0},

satisfying g € L?. This implies that (p, u, P)(z, T*) satisfy compatibility conditions (1.14). Therefore, one
can take (p,u, P)(x,T*) as the initial data and apply Proposition 2.1 to extend the local strong solution

beyond T, which contradicts the assumption on 7. We thus finish the proof of Theorem 1.1.

) Birkhauser
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