J. Math. Fluid Mech. (2024) 26:49

(© 2024 The Author(s), under exclusive licence to Springer Nature Switzerland AG
1422-6928/24/030001-30 I
https://doi.org/10.1007/s00021-024-00882-3

Journal of Mathematical
Fluid Mechanics

t')

Check for
updates

A Priori Error Analysis and Finite Element Approximations for a Coupled Model
Under Nonlinear Slip Boundary Conditions

Dania Ati(®», Rahma Agroum and Jonas Koko

Communicated by S. Turek

Abstract. We consider the time-dependent Navier—Stokes system coupled with the heat equation governed by the nonlinear
Tresca boundary conditions. We propose a discretization of these equations that combines Euler implicit scheme in time
and finite element approximations in space. We present optimal error estimates for velocity, pressure and temperature.
Numerical examples are displayed to illustrate the theoretical results.
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1. Introduction

Let © be a connected bounded open set in R%, d = 2 or 3, with a Lipschitz-continuous boundary 95
divided in two parts S and I' = 9Q\S with 'S = (. And let [0,7] denote an interval in R where T is
a positive real number.

We consider the time-dependent Navier—Stokes problem coupled with the heat equation,

%—1; —div 2v(0)Du) + (u-V)u+Vp=fin Qx[0,T],
divu = in Qx[0,7], (1.1)
% —div (u(0)VO) + (u. V)0 =k in Qx[0,7].

The unknowns in (1.1) are the velocity u, the pressure p and the temperature 6. The function f represents
the external volumic forces and the function k represents the external heat source. They depends only on
the position vector (z,t) € R? x [0,7]. The functions v and yu represents respectively the viscosity and
the diffusion coefficient, they are both positive, bounded and depends on the temperature.

The first equation in (1.1) represents the balance of forces in the system, while the second equation is
the incompressibility of the fluid. The third equation is the heat exchange in the system.

The force within the fluid is the Cauchy stress tensor o given by the relation o = o (6, u, p) given as:

o =2v(0)Du — pI.
Such that I is the identity matrix in My(R) and Dw is the symmetric tensor defined by
1
Du = i(Vu + VauTr).

The system of equations (1.1) is supplemented by the boundary conditions on the velocity and tempera-
ture. For that purpose, we impose the following initial conditions

u(z,0) = uo, 0(x,0) = 0y on (. (1.2)
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We assume the Dirichlet conditions
u(x,t)=0 on I'x(0,7) and 6O(x,t)=6, on 00 x (0,T), (1.3)

0, being given and non-negative.

On the part of the boundary S, the velocity is decomposed following its normal and tangential part.
We assume the impermeability condition

uy:=u-n=0 on Sx(0,7). (1.4)

Such that m is the outward unit normal on the boundary 992 and uy is the normal component of the
velocity. Then the tangential component of the velocity is defined by w, = u — uyn, such that 7 is the
tangent vector orthogonal to n.

Additionally to (1.4), we also impose on S a threshold slip condition. The threshold slip condition is
formulated through a positive function g : S — (0,00) which is called the barrier of threshold function
and the tangential part of on as follows:

If |(en);|<g then wu, =0,

If |(en):|=g then w, #0 and - (on), = gﬁ
Ur

Ur } on S x (0,7). (1.5)
Many works have been carried out for the system (1.1) with different boundary conditions and different
discretization method. In [1] as well in [6], a similar model provided by the homogeneous Dirichlet
conditions has been studied. And the authors treated the coupled system by using a spectral discretization.
Furthermore, many works have examined the numerical analysis (see for instance [2,7,12]).

In this article, the novelty of our work compared to the existence ones is to propose an unsteady
problem under non linear boundary condition by adding an explicit dependency to the temperature for
the viscosity and the diffusion coefficient. One of the major challenges in this work is the presence of
variational inequality in our problem. Its numerical solutions have been examined by many researchers,
see for example, [9,16,19] for a first breakthrough for a systematic mathematical analysis of problems
formulated as variational inequalities.

The point of departure of this study related to the numerical part is the work of J.K. and Djoko
[8] where some new numerical methods for the Stokes and Navier—Stokes flow driven by nonlinear slip
boundary conditions was discussed. To solve the Stokes system, they first reduced the related variational
inequality into a saddle-point problem for a well chosen augmented Lagrangian. And to solve this saddle
point problem they suggested an alternating direction method of multiplier together with finite element
approximations. The solution of the Navier—Stokes was solved by operator splitting. The numerical ex-
periments showed that these methods are scalable, i.e. the number of iterations required for convergence
is virtually independent of mesh size.

In this article, the problem is discretized in time by Euler implicit scheme and in order to facilitate
its resolution we have used the operator splitting technique. Indeed, it makes it possible to remove the
complexity of a problem by reducing it to several simpler sub-problems.

The outline of the paper is as follows:

e In Sect. 2, we introduce some notations and functional spaces useful for the studies of the problem.
Then, we study the variational formulation.

e Sect. 3 is devoted to introduce and study the descretized problem then perform the a priori corre-
sponding error analysis for d = 2.

e In Sect. 4, we introduce an operator-splitting method based on the Marchuk-Yanenko’s scheme.

e Some numerical experiments are presented in Sect. 5.
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2. Analysis of the Continuous Problem
2.1. Variational Formulation

To write the system (1.1) in a variational form, we need some preliminaries. We use the standard defini-
tions for the sobolev spaces [5] and for boldface characters we denote vector quantities

H'(Q)=(H' ()%, L*Q)=(L*(Q)? and L3(S)=L*(S)NRy.

We claim that H'/2(99) is the space of trace for elements of H'(2). We introduce the space

L3(Q) = {q € L*(); /q(m)daz =0}. (2.1)
Q

And we define the following functional spaces

V(Q) ={ve H(Q) Y| =0, v =0}, (2.2)
r S
And,
Vi) ={veV(Q) divoe=0 onQ}. (2.3)
Lemma 2.1. For d = 2, we have the relation
HUH%‘*(Q) < cllvlpz@)lvlai9)- (2.4)

For the mathematical investigations of (1.1) we assume the following hypotheses:

Hypothesis H1. We assume that the viscosity v(f) and the heat diffusion coefficient 1(#) are two functions
which depend on the temperature § and which satisfy:

VseR, 0<yy<wv(s) <, (2.5)
VseR, 0<po<p(s) <. '
And
VS,tER, ‘Z/(S)—I/(t)|§l/*|5—t|,
[u(s) = p(t)] < p*ls —t. (2.6)

where vy, v1, po, p1, ¥* and p* are strictly positive constants.
Hypothesis H2. We assume that:

feL>0,T;L*Q)), ke L*0,T;H (), 0, € L*(0,T; H/?(09)) and g€ L2(S).  (2.7)

Hypothesis H3. The data 6, belongs to L?(€2) and the data g belongs to L*(Q) satisfying the following
compatibility condition

divug =0 in . (2.8)
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We introduce the following functionals that will be used to write the weak form on the problem in abstract
setting.

ap : H'(Q) x H(Q) — R

0 :u,v) — a1(0:u,v) = /21/(9)Du : Dv dex.
as : HY(Q) x HY(Q) — R *

(0:0,p) — ag(0:0,p) = /M(H)VG -Vp dz.
b : H'(Q) x L}(D) — R ?

(u,q) — b(u,q) = —/divu q dx.

dy s HY(Q) x H'(Q) x H'(Q) — R ? (2.9)

(u,u,v) —  di(u,u,v) = /(u -Vuvde,
dy: HY(Q) x HY(Q) x HY(Q) — R ?

(v,6,p) — dlw.0.0) = [0 V)60 de.
J H'(Q) — R ?

U — J(u) = /g|u,.| ds.

S

where dS being the measure on the surface S.
In order to simplify, we note by

V:=L*0,T;V(Q)NL>®0,T; L*(Q)), M :=L*0,T;L3(Q) and Q:=L*0,T;H (Q)).

We consider the variational problem: For 6, € L*(0,T;HY?(0Q)), f € L>(0,T;L*Q)),
ke 20, T: H1(%),

Find (u,p,0) € V x M x Q such that:
u(.,0) =ug and 6(.,0) =6y in Q,
0(.,t) =6p(.,t) on 02, VO<t<T,
V (v,q,p) € V(Q) x LE(Q) x HE (), (2.10)
(yu, v —u) +a1(0: u,v —u) +b(v — u,p) + di(u,u,v —u) + J(v) — J(u) > (f,v — u),
b(u,q) =0,
(046, p) + as(0 - 0, p) + dau,0, p) = (K, p),

Such that, {.,.) being the duality pairing between H~1(Q) and H}(Q).

Proposition 2.1. Problems (2.10) and (1.1-1.5) are equivalent. Indeed, any triplet (u,p,0) € V. x M x Q
is a solution of (1.1-1.5) in the sense of distribution if and only if it is a solution of (2.10).

The following standard results will be used for the analysis of problem (2.10) and its corresponding
finite element discretization [5,9,21].

The following Poincaré-Friedrich’s inequality holds: there is a positive constant ¢ depending on the
domain €2 such that

for allv € V(Q), H'UHHI(Q) < C|’U|Hl(Q)7 (2.11)
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which ensures that the norms |[|.|[z1(q) and |.|g1(g)are equivalent on V/(£2). We also recall Korn’s in-
equality [9]: there exists ¢(£2) such that

| Dvl|r20) > c(Q)||[Vv|L2(q) for all v € V(). (2.12)

We deduce from (2.12) and (2.9) that a1 (. : .,.) is continuous and elliptic on V' (£2). This means that for
(v, w) element of V(Q2) x V(Q2),

ar(0: v,w) < wvilvllgy o llwl g @), ay (0 :v,v) > cu0||v||i,1(m. (2.13)

From (2.11) and (2.9), we deduce that as(. : .,.) is continuous and elliptic on H(€2), this means that for
(6, p) element of H(Q) x HL(Q),

as(0:0,p) < cpllfll @ lolar @)y, a2(0: p,p) > cuollpllingy- (2.14)

The space V qiv(Q2) defined in (2.3) characterize the kernel of b(.,.). One easily check that b(.,.) is con-
tinuous. That is, for all (v,q) € H'(Q) x L?(Q)

b(v,q) < vl @llallrz@)- (2.15)

The compatibility between velocity and pressure require the inf-sup condition for the study of (2.10), its
proof can be seen in [3,13]: there exist a constant ¢ > 0 such that

b(v,
Yv € V(Q), sup 29 o cllall L2 - (2.16)

ueV(Q)H'UHHl(Q)

Lemma 2.2. [17,20] (i) When d = 2, for all w,v,w € H*(Q) it holds that

i (, v, w)| < Cllull2h g el o) [0l @ lw ] ooy 1wl o) (2.17)
(ii) When d = 3, for all w,v,w € H*(Q) it holds that
di (w, v, w)| < Cllull g Iullir o) 10l @ lwll g w5 o) (2.18)
From (2.17) and (2.18), we get
i (, v, w)| < Cllul| gy [0l o [ a1 0y (2.19)

Lemma 2.3. For all u € V 4;,(Q),v € H'(Q) and n, ¢ € H (Q), we have (see [14])

/(u~V)v.v dz =0, /(UoV)ngqS dx =0, /(u~V)n¢ da::f/(u~V)¢77 de.  (2.20)
Q Q Q Q
From (2.20), the trilinear form da(., .,.) enjoys for all (v,0,p) € V4, () x HY(Q) x H*(Q),
da(v,0,p) = —da(v,p,0) and ds(v,p,p) =0. (2.21)

The functional J(.) is convexe, lower semi continuous on V' (€2) but not differentiable at zero.
We define the space

A={a suchas acL>®(S), |a/<laeon S}. (2.22)
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It can be shown that the solution (u,p) of (2.10) is characterized by:

Find (u,p,0,\) € V x M x Q x A such that:
u(.,0) =wuo and 6(.,0) =6y in Q,
0(,t)=0(.,t)on 09, VO<t<T,

V (v.q,p) € V(Q) x L§(2) x H§ (),

(Oyu,v) +a1(0 : w,v) + di(u,u,v) + b(v, p) + /g/\ ‘v, dS = (f,v), (2.23)
5

b(u,q) =0,

A ur = [ugl,

(040, p) + az(6 : 0,p) + da(u, 0, p) = (k, p).

Remark 2.1. The existence of A is proved by using the Hahn-Banach theorem in (see [15], page 80,
Theorem 5.3) and also by an approach based on a constructive regularization in (see [15], page 96,
Theorem 6.3).

Next, we state the following result established in [13]: Let R denote a lifting operator, i.e., a continuous
operator from H'/2(9Q) into H' (). Since 6, belongs to L?(0, T; H/?(99)), we denote by 6 the function
defined for a.e. t, 0 <t < T, by

0y (t) = RO (t).
Clearly 6, belongs to L2(0,T; H'(Q)) and satisfies the following inequality

vt € 10,7}, ||§b||L2(0,T;H1(Q)) < |0l 20,7, 1172802 5 (2.24)

where the positive constant ¢ depends only on {2 and R. By taking a reading on the temperature at the
system (2.10) and setting 6* = 6 — 6, note that 6*|,, = 0 and (u,p,6*) is the solution of the following
variational problem:

Find (u,p,0*) € V x M X Qo such that :

u(.,0) =ug et 6*(.,0) =6y — 6,(.,0) in Q,

v (v,,p) € V(Q) x L3(Q) x H(Q),

(D, v —w) + ar(0* + 0y : u,v —u) + b(v — u,p) + di(w, u,v —u) + J(v) — J(u) > (f,v — u),
b(u,q) =0,

(8,6%, p) + ag (6% + Oy : 0% + 0y, p) + da(u, 6%, p) = (k, p) — (D40, p) — da(w, By, p).

(2.25)

Such that, Qo = L?(0,T, H}()).
Moreover, the pair (u,8*) is a solution of the variational problem:

Find (u,0%) € Vaiy x M x Qo such that :

w(.,0) =ug et 6%(.,0) =0y — 0,(.,0) in Q,

V (v, p) € Vain(Q) x HE(Q), (2.26)
(B, v — u) 4+ ar(0* + 0y : u, v — u) + dy (w,u,v —u) + J(v) — J(u) > (f,v —u),

(8,6%, p) + az (6% + 6y : 0% + By, p) + da(u, 6%, p) = (k, p) — (D10, p) — da(w, By, p).

Such that, Vg, = L2(0,T; V giv(Q)) N L>(0, T; L*(Q)).
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2.2. A Priori Estimates

Proposition 2.2. Assume hypothesis H1-H3, with ug € H*(Q), such that (2.8) hold true. Then the fol-
lowing a priori estimate holds for any t €]0,T7.

(1) MNullz2o,rmr @) < ¢ (lwollp2@) + 1 fllr20.1.020))) - (2.27)
@) N0l Zz0,r:n20)) < IF1720m0200)) + clwollzr ) + gl s) + cllglliecs)- (2.28)
3) V0||V“H2Loo(o T:L2(Q) = ||f||L2(o T:L2(Q) C||UOHH1(Q) +cllglli e sy + cllgllzoes).  (2:29)
(4) Hp”%%o,T;Lg(Q)) <c (Hf”L?(o,T;H(Q)) + HuOHHl(Q) + ||g||L°°(S) + ||g||L°°(S)) : (2.30)

(5) N0 L2 (0,731 () < C[||90||L2(Q) + 1kl 20,5 m-1 () + 19e0bll L2 (0750202

+Héb|\L2(o,T;H1/2(aQ)) + ||0~b||2Hl(O,T;H1/2(BQ)) + ||f||i2(0,T;H—1(Q)) + “0”%(9)]' (2.31)

Proof. (1) We take successively in (2.26) v = 0 and v = 2u. Comparing the two inequalities, we obtain
1d
2.dt

which after dropping the positive term J(.) and application of the proprieties of a1 (. :,.,.) in (2.13) and
Holder’s inequality, we get

lullZe i) + a1 (0" + 6 - w,u) + J(u) = (f,u), (2.32)

d 1
||u||L2(Q) + 200wl ) < ||f||H 10 ol ulE ) (2.33)
It follows that,
d 2 2 1 2
%”UHL?(Q) JrVOH“HHI(Q) < Yo H.f”H—l(Q)' (2.34)
Integrating between 0 and 7', we get
1
s T) 22 + vo / )l s < 1, 0) ey + o / 1 ds. (235)
0 0
Then
c
llwl 20,711 () < A (llwollp2(o) + 1 fllL20.1:02(0))) - (2.36)

(2) Taking successively in (2.26) v = u — dyu and v = u + Jyu. Comparing the two inequalities,

|00t 2 ) + a1(6" + B w, D) + T(Dyu) = (f O, (237)
Then
1 [y
”atuHL?(Q) + - dt [ 20(11(- tu,u) + J(U)] ||f||L2(Q) +5 ||atu||L2(Q) (2.38)
So
1
10l + | Bl ) + )] < 11 (2.39)

Integration over the time interval (0,7) yields
1 1Zs)
101 12y + (-2 (D), () + T ()
1 9 Vo
< §||f||L2(0,T;L2(Q)) + 5“1(- tuo, uo) + J(uo). (2.40)
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Owing to the positivity of ai(-: -,-) and J(-) defined in (2.9), we get

18vwel| 72072200y < IF I 720,7,020) + Vol Vato 20y + 2/9 (luo,r[+1) dS. (2.41)
s
So
||atu||L2(o T:L2(Q) = HfHL2(0TL2(Q)) + CHUOHHl(Q) +cllgllf(s) +cllgll L= s)- (2.42)

(3) Back to (2.40), we have

ol Dul| e (0 7:12(cy) + 2 (w(T)) < £ 7207020 + Yol Vatollg 20y + 2/9 (lwo,r| +1) dS.  (2.43)
5
So

V0||VUH%oo(o,T;L2(Q)) < ||f||2L2(o,T;L2(Q)) + c||u0||§{1(m +llgl e sy +cllglln=s)- (2.44)

(4) As for the pressure, we take successively in (2.25) v = 0 and v = 2u, such that u € H{(Q). Comparing
the two inequalities,

b(u,p) = (f,u) — (Bru,u) — a1 (0" + 0 : u,u), (2.45)
which with the inf-sup condition and the proprieties of a;(. :,.,.) in (2.13) gives

b(u,p
ez < sup P

T < [ Flla-10) + 10l p2q) + 2v1]|ull g1 (q)- (2.46)
veH})(Q)H'u’HHl(Q)

(5) Concerning the temperature, by taking p = * in (2.26) we find
(0:07,0%) + az (0" + 0y, : 0" + 0,,,0%) + do(w,0%,0%) = (k,0%) — (3,00, 0") — da(u, 0,,0%).  (2.47)
From (2.20) and application of the proprieties of as(. :,.,.) in (2.14), one finds
(0:07,0%) + (u(0 + 0,)VO*,VO") = (k,0%) — (040 ,0%) — ((w - V)0, 0%) — (u(0" + 0,) V0, VO").
Using Holder’s inequality on the right-hand side yields

3107 )+ nacl B < e 1L 10° sy + 10l 10

+|UH1(9)||5b||H1(Q)||9*|Hl(fz)+#1||5b||H1(Q>||9*||H1(Q)>~ (2.48)

Young’s inequality yields the following bounds

el e 16 1y < [nan 1(Q)+||9*H1(9>] (2.49)
10606l L2 107 (| 22 2y < 110606l L2() 107 | 1 02) < 2(||3t§b||2L2(9) + 9*”%11(9))7 (2.50)
i * d 2 o112 HG*H%”(Q)
lallers oy 1ol s e 101 < 5 [l gy + 1600 oy |+ ——5—2 (2:51)
and
10l o 16° L0y < B 1861202 ) + 116711 (2.52)
11Ol H1 () HY(Q) = bl 1 (Q) HY(Q)| - .

So returning to (2.48), one gets
2
10 B+ "y < (1K1 oy + 101y + ol + 5 [l + WolBrnen) ).
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Integrating between 0 and T and recalling (2.24), we obtain

16°(. >|\L2<Q+c/||9* ) s < e | 167, 0)[25q /||k )21 s
+ / 108, )2yl + / 180 5)1127172 i
0

T T
d ~
5| [t s + [ 1005 ooy
0 0
Thus from (2.36), it results

10 L2021 () < c[naonwm Tkl sty + 10050 ez

JrH@bHL?(O,T;H“%BQ)) + ”éb”?{l(O,T;Hl/Q(BQ)) + ”f”iz(O,T;H—l(Q)) + HUOH%Q(Q) : (2.53)
Which completes the proof. O

Theorem 2.1. Assume that the data (f,k,0,g) satisfying (2.7) and the initial velocity ug belongs to
H'(Q) and checks (2.8). That the initial temperature in L*>(Q) and the temperature on the boundary 6,
in H'Y2(0Q). Then the problem (2.10) admits at least one solution (u,p,0) such that

we L=(0,T;V(Q), peL*0,T;L3(Q), 6¢€ L*0,T; Hj(Q)),

%’t‘ € L2(0,T:V' () if d=2, (2.54)
and
%’t‘ L300,V () if d=3. (2.55)

Proof. Step 1: Regularization:
Problem (2.10) is equivalent to
Find (u,0*) € Vgiv X Qp such that:
u(.,0) =ug and 6*(.,0) = 0y — 0,(.,0) in €,
V (v,p) € Va(Q) x H} (), (2.56)
(Oyu, v —u) + a1 (0" + 0y : u,v — u) + dy(u,u,v —u) + J(v) — J(u) > (f,v—u),
(0:0%, p) + az(6* + 0y : 0% + 6y, p) + da(u, 0%, p) = (k, p) — (8:0s, p) — da(w, 0y, p).
We introduce the functional
Je:V(Q) —R

v— J.(v) = /g\/ -2 +e2dS, 0<e<<l. (2.57)
S

We observe that
(a) J. is convex and differentiable, with Gateaux-derivative J. : V() — V/(Q) given by

(2.58)

T Birkhauser
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(b) J. is monotone, that is
Yu,v € V(Q), (J.(u)—J.(v),u—v)>0.
(c¢) Forallv e V(Q), J.(v) —— J(v).

e—0
Indeed,

Je(v) —

2
€
v)= [ g ds
) S/\/vf|2+s2+|vf|

The regularized problem then takes the following form:

Find (uc,0%) € Vaiv X Qp such that:
UE(.,O) = Ug and 9:(,0) :00 —éb(.,O) in Q,
V (v, p) € Vaie(Q) x HF (), (2.59)

(Ovue,v) + a1 (0 + Oy : ue,v) + di (ue, ue, v) + (J.(u:),v) = (f,v),
(at9:7p) + GQ(Q: + 9[) . 9: + 01)7 )+ d2(u67957p) < > (atebv ) (uaveba )

Step 2: Galerkin approximation:

The spaces V g;, () and H}(Q) are separable, there exists an increasing sequence (Vi (£2)),, of finite
dimensional subspaces of V 4;,(€2) and an increasing sequence (W™ (£2)),, of finite-dimensional subspaces
of H}(Q2) such that |J Vi, () x W™(Q) is dense in Vg;y(Q) x Hd(2). The Galerkin Problem is

meN

Find (u™,0:™) € L*(0,T; V5, (Q)) N L>=(0,T; L*(Q)) x L*(0,T; W™(Q)) such that:

u?(.,O)E— ':0 and 6*™(.,0) =0y — 0,(.,0) in Q,
V (v, p) € V() x Wm(Q) (2.60)
(Oru, ) + a1 (0:™ + 0 : ul, v) + dy (ul, ul, v) + (J.(ul), v) = (f,v),

(8t9; 7p) + aq (0™ + 0, : 0’6”" + 6, p)+ d2( ul”, 01", p) = (k,p) — (8t§b7p) - dz(u?,éb,p).

The mapping

w,z) — _f+div (QV(_ZJrg)Dw)*(_w'V)’ij;(w)
( ) ) <k—at0b_ (wV)é)b—dfv (/_L(Z+9b)V(z+6‘b)) _ (’UJV)Z> (261)

is locally Lipschitz in H'(Q) x H*(Q). It follows then from Cauchy-Lipschitz’s theorem that (2.60) has
a unique solution (w”*, 0X™).

g r7e
Step 3: A priori estimates and passage to the limit:
The a priori estimates obtained in proposition 2.2 will also hold in the discrete setting Vi, (Q) x
W™ (). Hence one can pass to the limit exactly as in reference [1] with respect to m.

The result will give us now a sequence depending only on ¢, that is

Find (ue,0}) € Vaiv X Qo such that:
u.(.,0) =ug and 07(.,0) =0y — 0,(.,0) in Q,
VY (v,p) € Vai(Q) x Hy(), (2.62)
(@ua,'v — ug) +ar(0F 40y ue,v —u.) + di (U, ue, v —u) + Jo(v) — (Fyv —u) > J(ue),
(0002 + 0b), p) + az (0% + 0y = 02 + Oy, p) + d2(us, 0% + Oy, p) = (k. p).
which is equivalent to (2.59).
Again the a priori estimates obtained in Proposition 2.2 are valid. Hence one can pass to the limit as

e — 0 with the same process in [10]. And by arguing as in [11] (see p 56-57), we ensure the existence of
solutions claimed in Theorem 2.1. (]

) Birkhauser
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3. Discretization

In this section, we propose a space-time discretization of the problem (2.10), derive and prove an a priori
error estimation. To discretize the time derivative of velocity and temperature, we did call to the semi-
implicit Euler method. We introduce a partition of the interval [0, 7] into intervals [t"~1,¢"], n > 1 and
we denote by

At =" — "t

the time discretization step such that t" = nAt. We approximate the derivative d;u(t") and 0:0(t") by
the differential quotient of order At,
n n—1 n n—1
8tu" ~ % and 8759” ~ %
For the space discretization, we propose the finite element method. We assume that €2 is a polygon when
d = 2 or polyhedron when d = 3, so it can be completely meshed. We denote by 7} a regular family of
triangulations of Q by closed triangles K. The elements 7}, is a set of closed non degenerate triangles or
tetrahedra, satisfying,

(3.1)

e For each h, €2 is the union of all elements of 7},

e The intersection of two distinct elements of 7, is either empty, a common vertex, or an entire
common edge or face,

e The ratio of the diameter of an element K in 7; to the diameter of its inscribed circle or ball is

bounded by a constant independent of h such that h = nax diam K denotes the mesh size.
€7p

We define the space P;(K) of polynomials of degree less than or equal to [ on K. And we use “P2/P1”
pair of finite element, that is

Vi(Q) = {v, €C(Q*NV(Q), for all K € Ty, vy|x € Pa(K)?},
L} (Q :{qheL2( )NC(Q), for all K € Ty, qn|x € P1(K)},
HA(Q) = {pn € H' () NC(Q), for all K € T, pn|x € P1(K)}.
We let
L () = L) N L§(Q)  and  Hg),(Q) = H(Q) N Hg(Q).
We introduce the interpolation operator Ij, such that, for any function ¢ continue on €2, Ij, checks
Inp(z,.) = p(x,.)
We note 7 hQ the lagrange interpolation operator such that, for any function ¢ continue on 052, 129 checks
ihlo(e,) = p(@,.)

There exists an approximation operator P, € L(H (), V4 (Q)) and Q, € L(H' (), L2, (2)) such that
(see for instance Takahito in [22] and V.Girault and P.Raviart in [14])

Yo € Hy(Q), Y < Li(Q),/qhdiv(Ph(v) —v)dx = 0. (3.2)
Q
For k=0or k=1,
Vo € [HH’“(Q) N Hé(ﬂ)], (| Pr(v) — U||L2(Q) < Clh1+k|v|H1+"(Q)' (3.3)
Forallr>2 k=0or k=1,
Yo € (W (Q) N HAQ),  [Pu(v) — vl i) < Coholy i o). (3.4)
Vg€ H'(Q), 1Qnq— dllrz2(0) < Cshlglm(o)- (3.5)

T Birkhauser
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In addition, there exists an approximation operator Ry, in L(WP(2), H}(12)),(see for instance, Scott and
Zhang [18]) such that for m =0,1,1 = 0,1 and for all p > 2,

Vp e WHIP(Q),  |Ru(p) — plwmr@) < Csh! T plyrisrn (o). (3.6)
In order to introduce the discrete scheme, we define the following forms:

For all up, vy, wy, € Vi(Q) and 6y, pp, € H,ll(Q)

1 .
dip (Up, v, wr) = di (Up, Uy, Wh) 3 ((divup) vp, wp) ,

NJ\)—I +

don (Wn, On, pr) = da (Wp, On, pr) + = ((divusr) On, pn) -

The finite element problem reads;

Findu}! € V,(Q), pi € L2, (Q) and 6™ € H},(Q) such that:
u% = I,ug and 92 =10y in Q,

or =907 in 99, V1<n<N,

Y (Vn, qn, ) € V() x L3;,(Q) x H, (),

up, vy —up) + a1(9;"_1 sup,vp —up) + b(vy, —up,py) (3.7)

+dip(up~tup, on —up) + J(vp) = J(up) > (f" 0, — ujl) -
b(“mQh) 0

1
Al
1 n—1 n
E(uh L VR — Uup),

Al (9h7ph> +ax (05" 07 pn) + dan(u, 03, pr) = (K", pr) — AL (Hn L, on)-
where f" and k™ are given as
tr e
= é / f(s)ds and k"= é / k(s)ds. (3.8)
n=1 tn=1

with
Remark 3.1. The trilinear forms dy (-, -,-) and dap(-, -, ) enjoys due to the stability relations
dup, (un, vn, vn) = dop (W, O, 0n) = 0V (un,vn) € Vi (Q)%, 0, € Hy,(Q).

> We recall that the discrete version of inf-sup condition (2.46) holds: there exists C' > 0 independent of
h such that

b(vn, qn
sup M > Cllanllre) Van € L, (). (3.9)

vREV H(Q) ||vhHVh ()

Theorem 3.1. Under hypothesis HI-H3, at each time step n, for a given uzfl € Vh(Q)7pzfl €L, ()
and 071 € H}(Q), the variational problem (3.7) admits at least one solution (u}l,p},0%) which verifies,
form =1,..., N the following bounds

n 27At -
[u™ ||H1<Q)+2WocszAtZ||Du 720y < ”uO”Hl(Q)Jr ZIW HIZ - (3.10)
n=1 n=1
and
107 32 ) +CnqutZ 107131 0y < 160ll3 () + m— Corto Z &l -1 (q)- (3.11)
n=1

) Birkhauser
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Similar to the continuous problem, the following characterization of the solution (w,p,#) of the problem
(2.23) holds. Then, problem (3.7) is equivalent to

Findu} € V,(Q),pp € L2, (Q), 07 € H;,(Q) and A} € Apsuch that:
u) = Iug and 6) = 1,0, in Q,

0p =407 in9Q, V1<n<N,

Y (Vs an, pn) € V() x Lg, (@) x Hey (),

7(“’27 Uh) + al((g}?_l : 'U}Z,’Uh) + b('Uh,pZ) + dlh(uz_l’u;z?vh)

Al
— (o) — / A, dS — (),
: Al
b(u’quh) = Oa
WA = AR

1
E( I?vph) + 0,2(0271 : Hi?uoh) + d2h(u2702aph) = <k7ph> -

And we let A, = AN Ly,.
Such that,

L
At

(9}?71>Ph)~

L, = {ah|ah,ah = ZaeIe,ae € R?, Yedge e in S},

where Z. is the characteristic function of edge e.

3.1. A Priori Error Estimate

In this section, we establish the a priori estimates corresponding to the proposed numerical schemes. We
begin by establishing the error estimates corresponding to the temperature, and then we will establish
the corresponding to the velocity and the pressure.

In all the rest of the paper, we denote by u" = w(t"),p" = p(t"™) and 0" = 6(t"™). And for the
simplicity of the establishment of the a priori error estimates, we consider from now on 69 = R;0(0) and
0
uy = Ppu(0).

Theorem 3.2. Let (u,p,0) be the solution of problem (2.10) and (u},py,0}) be the solution of problem
(3.7). Under hypothesis H1 — H3, there exist two positive constants C{ and CY§ independent on h and At
such that, for allm < N,

1 m m |2 S n n|2
§H9h — Rnb0™(|72(0) +NOZAt|9h = Rpb" 310

n=1

1 m
+§ Z ”‘92 — Rp0" — (‘9271 - Rh9”_1)||iz(n)
n=1

< O (W + A) +C3 ) At |uf — Pou”|7 g (3.12)

n=1

Proof. We consider the heat equation of the continuous variational problem (2.10), for all p, € H}, (Q):
00
¢ P +a2(0:0,pn) + da(u,0,pp) = (k, pp). (3.13)

T Birkhauser
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Setting p, = pi = 0 — R,6™ in (3.13) integrated over [t"!,¢"] by the definition of the operator Ry,
gives

t" t" t"
(0" —0m ' p0) + / WOV, Voo | + / W)V - 0)dt, pp | = / k)t pr | (3.14)

Then, we subtract (3.14) with the third equation of (3.7) after multiplying it by the time step At and by
using the definition of k™ by (3.8), we obtain

n

((Op —0;7") = (0" —0™1) , pft) + { Atas(0)" 2 0}, pf) — / n(0)Vo(t)dt,Vpy:

n—1
i
9 Atdan(ui )~ | [ 09) -0t pp | § <o (3.15)
n—1
We denote respectively by by, by and bs the terms in the left-hand side of (3.15) as following:
b= ((0h=0n") = (0" =0""").pp),
i
by = Atax (07" 07, o) — / w(@)VO(t)dt, Vi |,
n—1
and
t’fL
b = Atdan(u 05 07) ~ | [ (a(9) 00101,

n—1

The first term by can be bounded by inserting +R; 6™ and :I:RhH"’l, we obtain

— n n— n 1 n 1 n —
(0 =037 = (0" —0"7") ,pp) = 3 ”thiQ(Q) 5 ||pn 1HL2(Q) T3 ek = ph 1||2L2(Q)
+ (0" = Rp0™") — (0" — Ru0™) , pjt) . (3.16)

Noting that (Rh(‘))/ = Rp0’, the last term of the previous equality can be bounded for any €; > 0 as
follows:

o
‘((en_l - RhH"‘l) — (0™ — Rp0™) 7pZ)| = |- / (Rp0" — 0" (t)dt, p},
n—1
Até 81
S ||H1(Q dt + —— ||ph||L2(Q
tn—1
2n2 | 00 || Até
< 3= |5 + Ca =5 okl
28, || Ot L2(tn—1 47 H1(Q)) ol
where C}, is the square of the norm of the imbedding of H{(£2) into L?(12).
The second term by can be bounded, by inserting
o o
+ (Atp (077 VRO, V) , £ / 1 (0771) VRy0(t), Vpji | and £ / w(0(t))VRLO(t)dt, V plt
n—1 n—1
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Then
by = Atu 9” 1 G”—Rh9”)7VpZ)

m

(Aw (677" VRy0™ — / u(e;;—l)VRho(t)dt,vpz)

tn—1

tn n

p (0771) VR, 0(t)dt — /u(ﬂ(t))VRh‘)(t)dthpZ)

n— 1 tn—1

fTL t!L
H(O(t))V Ry 0(t)dt — / u(f)(t))ve(t)dt,vf)z)
n— 1 tnfl
=0by1+0b22+b23+b2a.
Thus,

oy = (At (07") Vor, Vop) > At o |ph|H1

For the term b9 o,

t" "
|b2,o| = / I (9,7:_1) VR,0" dt — / i (92_1) VRy0(t)dt, Vpﬁ)
n—1 tn—1
t’”. t"L
= / 1 (6,7:_1) /VR}LH/(S) dsdt, VpZ) ,
n—1 t

by applying Fubini’s theorem and using Hoélder’s inequalities

b2,2] < g1 / [Rh0'(5)] gy 10 pr gy (s = 1"71) ds.

tn—1

The Cauchy Schwarz’s inequality yields for any &1 > 0

1 Até 52
|b2,2| < = M1C§At2 HG/HLQ(t" L HYQ) T T |ph|H1(Q)
We now deal with the term b273 :
t" t"
By inserting + / 1 (071 VRL0(t)dt, vpz) , then + / (L (6771 = (0771)) Vo(t)de, vpg) and

n

+ / (1 (0;71) = 1 (0(t))) VO(t)dt, Vpy |, we get

n—1
T

[ a6 = (67 ) ¥ (Rab(0) — 600 e, Vi

n—1

n

+ / (n(op 1) M(enl))ve(t)dt,vpﬁ)

n—1
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H{ [ W) = mewn) v (®o - 00) dt. Vi

H{ [ )~ o) vewa v

Since p satisfies the propreties (2.5) and (2.6) we get for any €3 > 0 and &, > 0 the following;:

At&d

1
|ba3| < gglﬁcghQ||9||2L2(0,T;H2(9)) +— |Ph|H1(Q)

At€4

1 2 . _
+254 (1") At||9HQLoo(o,T;VVLd(Q)) H‘gh Lo 1HL4(Q) Pk |H1(Q

+“*//‘H(x’tn_l>_9($7t)|'|V9($,t)\-IVpZ(x)‘dtdx

Q ¢n—1

For the last term,

,u*/ / |6 (z,t"7 1) = O(x,t)| - [VO(z,t)] - IV pji ()| dt da

Q tn—1
tn
< /L*(ng)l/Q||9||L°°(O,T;W1’4(Q)) \91(3)|H1 o) 1on o) @ — s) ds.
() ()
tn—l

From Cauchy Schwarz’s inequality for any €5 > 0

w [ ] 1 @)~ bl (98w 0)] [V ) deda

Q tn—1

< AL (CSEAD 210 oo 0, 7w 112 10l L2 n 1 gmerr )y 108 210

1 2 2 At€5
< 2. (%) C AP0 T o 0,714 () 102 om0y + —5— |ph|H1(Q
Such that, C§! is the norm of the imbedding of H}(2) into L*(Q). It résult
1 .., Ate Ats
|b2,3] < gS(M )2C§h2”9||L2(t'ﬂ LpnigzQ) T 5 . |Ph\H1(Q + = \Ph|H1
(/’[’*)4 At n—1 n—1 n—1 n—1|2
+ 16~2 ||9HL°°(OTW14(Q)) 2 H‘gh -0 HL2(9)+7|9h -0 ’Hl(ﬂ)
At€5 1

* Q 2 2 2
R0 + 5 (147) CEAL IO o s o 10 s sy -

Furthermore, for the term b 4 can be bounded for every positive real number £¢ > 0 as:

n

[b2,4] < 1 / IV (Ri6 = 60) (D)l 20y 107 | 1 )
tn—1
(M1)2 cih? At e 56
g T;HGHLz(t"’lyt";HQ(Q)) + _— |ph|H1(Q

) Birkhauser
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Finally, the third term bg

"

At : n n 7 T
by = Atds (uf, 05, o) + S ((div ) 67, of) — / (u(t)V) - 6(¢)dt, o},

n—1

can be bounded by inserting
At
+Atdy(up, Rp0",py) and =+ - ((divup) Rp0™, p1) -

bs becomes

At : n n s 7
by = Aty (uf, B, )+ 5 (divaeg) Ruf, pf) / (W(t)V) - 6(t)dt, o

Furthermore, by inserting £At (P,u"VRy0", p}), :I:% (div (Pru™) Rp0™, py) ,
tTlr 1 tTl,
+ / ((Pru”V) - 0(t), pp) dt and i§ / (div P,u™0(t), pp) dt, we obtain
tn—1 tn—1
o
xbg = At (((uy — Pyu") V) - Ry0", py) + / (Pou™V) - (Rp0" = 0(1)) , p) dt
tn—1
" A
t 3 n n n '
[ (P = w@) V)00 ) e+ 5 (v i — Pra) R )

tn—1

+% / (div (Pru™) (RRO™ — 0(t)), pj,) dt + % / (div (Pru™ —u(t)) 6(t), pjy) dt. (3.17)

We denote by b3 1, ...,bs¢ the terms of the right hand side of (3.17) which can be bounded as following:
The term bz ; can be bounded thanks to Holder’s inequality for every positive real number &; > 0 as:

E7At

C5 (&% ) 1011% o (0.7, £11 () [why — Prus” i)+ —5— |ph|H1(Q

The term b3 » can be bounded for every positive real number €g > 0 and €9 > 0 as:

1 2 EAL? 2 c2h?
|bs2| < =cg (ng) HUH%W(O,T;Hl(Q)) (%58 ||9/||Loo(o,T;H1(Q)) + 21~ H9||L2 gn—1 gn, H2(sz))>

At (Es+E€9) | 12
L S 011 (@) -

t"

For the term b3 3, we insert + / ((PhuV Rp0(t), pp) dt . It results for every positive real number €19 > 0

t"_l
and €17 > 0:
1 2 2
|bs,3| < 6210 (Cz) CgAt2H9||%°°(O,T;H1(Q)) ”u/HLZ(tnfl,t";Hl(Q))
1 O\ 2 At (610 +€11)
+2§11 (02 ) CghQHQH%x(O,T;Hl(Q))HuH%?(t"*l}t";H%Q)) + - 9 loh Hl(Q) .
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The term bz 4 can be bounded for every positive real number €12 > 0 as:

Cr 2 At
|b3,4] < EAt (C2) N0 o (0,711 (0 |k — Prve 310y + - €12 o7 3110

The terms bs 5 and b3 ¢ can be treated exactly like b3 2 and b3 3 and we get for every positive real numbers
513 > 0, 514 > 0, 515 > (0 and 6:16 > 07

Cg(oﬂ) At h2
|b3,5] < 22 [l o0 (0,701 (02)) ||9/||L2(0 o) T a”uH%m(O,T;Hl(Q))
At (513 + 614)
"’f ‘ph|H1(Q)7
and
co(CR)2 NG n2
|b3,6] < T2||9HL°°(OTH1(Q)) ||u 1% OT:HY(Q) T aHuHLZ(O,T;HQ(Q))

At (€15 + €16)
PG ) e

Finally, by using the obtained bounds and summing over n from 1 to m < N, we get

1 1 m m
3 HPZL”?F(Q) T3 Z ok — PTIHE(Q) + o Z At |pm?‘fl(ﬂ)
n=1

n=1

<& (P4 A1)+ & Z At [uj — Phun‘iIl(Q)

n=1
_ o
+&3 Z At |pi | (o)
n=1

where &1, &, and &3 depending of &;,7 = 1...16. After a suitable choice of &;, we conclude the following
bound

1 “ 1 &
3 IIpZLIIiz(Q) + 1o Z At |PZ\§{1(Q) T3 Z | — PTIH;(Q)

n=1 n=1

< CY (W + A) +CF Y Atfuy — Pou™ (31 - (3.18)

n=1

O

To establish the a priori error estimates corresponding to the numerical scheme (3.7), we use Lemma 2.1
which is valid only for d = 2.

Theorem 3.3. Let (u,p,0) be the solution of problem (2.10) and (u},py,0y) be the solution of problem
(3.7). Under hypothesis H1 — H3, there exist three positive constants Ci*, C%¥ and C¥ independ on h and
At such that, for allm < N,

1 m m||2 - n n|2
5 i’ = P 720 + 0 Y At |up — Pou"li o)

n=1

Z U’h - Phun) - (uz_l - Phunil)Hig(Q)

m=1

l\D\H

< CF (R4 AR) + CF ST AL|OF — 06" 31 + O3 S AL~ o(tn*1)||;(m (3.19)

n=1 n=1
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Proof. We consider the fluid inequality of the continuous variational problem (2.10). Let w € H{(Q), we
take v — u = £w in (2.10) and obtain

0
(Gw) + (0 ww) + b p) + i) = (F. ), (3.20)
We denote by Hp,(Q) a conforming finite element discretization of H{ (). In a similar way we have

from (3.7), for all wy, € H{,(Q)

1 — n n — n n 1 —
E(u’ﬁ,wh)ﬂwl(@ﬁ Vi wy) + b(wp, pi) + dip(u) T up,wy) = (f ,wh>_ﬂ(u2 Lwy), (3.21)

Setting wy, = wy = ul! — Pu”, in (3.20) integrated over [t"~!,¢"] by the definition of the operator P
gives

tn t'ﬂ t"L
(u" —u" 1 wh) + / v(@)Vudt, Vwy | — / p(t) dt,divwy | = / f@t)dt,wy | (3.22)
n—1 n—1 n—1

Then, we subtract (3.22) with (3.21) after multiplying it by the time step At, we obtain
((up — T N (A T } wy) + At ar (071wl wy)
m m

_ / W(O)Vudt, V! | + Atb(wn, p}) — / p(#) dt, div ]

2 2
1 "
+AEdy (u) ™ g, wi) + 3 (Atdiv(u}~Hup, wi) — / (w(t)V) - u(t)dt,w} | =0
n—1
We denote respectively by Aj, Az, As and Ay the following terms
Ay = ((up — ul ™) — (u" — u"_l),wﬁ) ,
tn
Ay = Atay (07" ull,wy) — / v(0)Vudt, Vwy |,

n—1

tn

Az = Atb(wy, pp) — / p(t) dt,divwy |,

n—1

and
1 "
Ay = Aty (g uf ) + 5 (Atdiv(ug g wh) - / (W(®)V) - u(t) dt, w!

The term A; can be expressed as

_ _ 1 1 _1y2 1 _1p2
((uh —up™) = (u" —u"7") wp) = 5 ”wZ”i?(Q) 5 [w} 1||L2(Q) T3 [wh — w), 1||L2(Q)

+ ((u" ' = Pyu" ) — (u" — Pyu) ,w}) .
And similar to by, for any 1 > 0:
2 At €1

+Co
L2(tn=1 ¢ms H 'L (Q))

cih?
261

ou
ot

(W = Pa™) = (" = P wf)| < ol
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To bound the term A, we follow the same approach in by to get:

(1/1)2 2 At&‘g C1 At€3
[As| < 6752&2 w22 0,00 0y + 5 Nwh Iz o) + £V12h2”u”%,2(0,T;H2(Q)) +— Wil o
€2 /N2 A9, 12 n—1 n—1y |2 L1 n—1y|2
+a ()"0 ||U||Loo(o,T;WL4(sz))At (2 HGh -0 (t )HL2(Q) + 92 ’9h -0 (t )’Hl(ﬂ))
2
At€4 (V*Cgl) 2 At85
+7 |wh\H1(Q) + 75”””%00(0,T;W1v4(9)) ||9l||L2(t"*1,t";H1(Q)) Y |wh|H1 Q) -
For the term As, since Qpp € LZ,,(Q) and p} € L2, (2) then
(Qnp(t), div(wy)) = (py, div(wy)) = 0.
Hence,
o
: n €5At
|As| = (Qup(t) — p(t), div (w})) dt| < ||pHL2(o i) T 5 Wil o)

n—1

1
The term A4 can be bounded by inserting £A¢ (u) VP,u™, w}) and £A¢ (div uZ_lPhu",wZ) then
i
insering + / Pou" 'V - Pou” ,wyp | and if / Pou" "V - Poun ,wp |. We have

n—1 n—1

A=At (w7 = P (7)) V) Pra () i) + [ ((Pra(77) 9 (P (e) — w(0) wf)) e
+ (((Phu (71) — u(t) V() wp) dt + 5 (div (™! — Py (#°1)) P (7). )
3 / (div (Prw (177)) (P (17) — w(t)) ) dit + / (div (Pyaw (1) — w(t)) u(t), w}) dt

The terms Ay, Ay 3, Ass and Ay can be treated exactly by following the steps of the corresponding
terms in the proof of Theorem 3.2. Then, we have to treat only the sum of the first term A4; and the
fourth term A, 4 as following:

At
Asq+ Asa = At (((uﬁ_l — PLu (t”_l)) V) - Pou (t"),w}) + - (div (uZ_l — PLu (t”_l)) Pru (1), w})

= S = Pr () V) P () ) — 5 (] = Pra (7)) 9) w0 P (6)

Then, for every positive real number &7,
|Agn + Ag 4l
< st [[up ™ = Puw (87 || pagy [wi e ) 1o () [y

< esllullpeo,7;m1 ()
(B o At n— T
{267 ( [ '_pu (t 1)‘H1(Q) + = Hu — Pou (t 1)“132(9)) + 57 wh'ill(ﬂ):|
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By collecting the above bounds and summing over n from 1 to m < N, we get

1 1 m B m
5 ||w2n||3:2(9) + 5 Z ||wZ —wy, lHiz(Q) + 1o Z At |U’Z|fql(9)
n=1 n=1

m

At
<& (WP +a8) + &3 S0 =0 (" ey
n=1
m At m m
63D 510k — 0 (") Era () + & 3 At i) + & D At[willzr o)
n=1 n=1 n=1

where 1€, £3,&4 and &5 depending of €;,7 = 1..7. The last term can be bounded following the relation

m m m
Z [wh [ 1) < Z [ wh — wzﬁbilHHl(Q) + Z HwZAHHl(Q) ’
n=1 n=1 n=1

After a suitable choice of ;,7 = 1..7 and &;,7 = 1..5 and applyication of Gronwall’s lemma, we get

1 1 m 3 m
5 me\i?(ﬂ) + ) Z sz —wy, 1”12(9) + % Z At |’wﬁ|§11(9)
n=1

n=1
= At — n— u G At n n
<OF (1 + AP) +03 3 087 =0 (") oy + O D 5 108 = 05y -
n=1 n=1

O

Theorem 3.4. Under the assumptions of Theorems 3.2 and 3.5, and by choosing 6 € L*>=(0,T, H%(2)),
there exists constants ko, C* and C?, independent of h and At, such that for At < kg

N
sup (|05 — 0(t")|[72(q + 1o D At[0F — 0(t™) |31 ) < C7 (h* + AL?) . (3.23)
1<n<N n—1
N
n ny|2 n ny(2 A
1<su1<)N luh — w(t")||L2) + 11 Z At |uy — u(t")|gi ) < C* (R* + A%) . (3.24)
SN n=1

Proof. We insert £R,0""1 in (3.19), use Theorem 3.2, choose 6 € L*(0,T, H?*(Q)), and apply the
properties of the operator Rj, to get the following bound

1 Ul 1 «— e
3 ||P7f||iz(g) + 1o ZAt |P2\§11(Q) t3 Z:l ok = pp 1Hi?(ﬂ)

n=1

- 112 - 1112
< C1 (R + A8) + Ce Z At |ph 1|H1(Q) +Cs Z At th 1HL2(S2) :
n=1 n=1
with pp = 0 — Rp6" and Cy, Cy and C5 are constants independent of h and At. From the continuous
injection from H!(f2) into L?(£2), we obtain

1 m - n ! - n—1(2
5 loh HiZ(Q) + Mo z:lAt \Ph|12q1(9) <Gy (h2 + Atz) + G, Z;At ||ph 1||1:2(Q) :
n= n=

It follows from the discrete Gronwall Lemma the following inequality

1 m (|2 - n2
5 10 Iy + 10 D Atlpli ) < Cr (W + AF).
n=1

To get the relation (3.23), it suffices to apply
10 — 0(t")| 1) < |08 — Rn0" |11 () + [Rab™ — 0(t")| 1 ()
Finally, the bound (3.24) can be directly deduced from Theorem 3.3. O
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4. Operator Splitting

The operator splitting is a decomposition technique that consists, as its name suggests, in treating each
of the operators of a partial differential equation separately, in order to facilitate its resolution. Indeed, it
makes it possible to remove the complexity of a problem by reducing it to several simpler sub-problems.
We recall that (2.10) can be decomposed as variational equation, an inequality and a variational equation
for the heat. The two variational equations are written as the following initial value problem:

Find ¢ and 1 such that

#(0) = o, 1(0) = to.

@ + Zq:Aiqﬁ =0 on(0,7),
at = (4.1)

dp &
T + ;Biw =0 on(0,7),

Let ¢, ~ ¢(t,,) and ¥,, =~ 1(t,,). Then Marchuk-Yanenko’s method to solve (2.10) borrows mainly from
[15]:

¢° = o, ¥’ =1 (4.2)

for n > 1, knowing ¢,,, ¥, and for i = 1,2,3,...,q we compute ¢"*! via

¢n+i/q _ (bn-i—(i—l)/q ( +i/q +1)
i QT =0. 4.3
N +4i (0 (13)
Then compute ¢t via
n+i _ ,nti—1 )

VoV g, (Pt vty = 0. (4.4)

At

For n < 0, with t"*® = (n + a)At and for non negative y; and 7, such that v; + 2 = 1, we compute
w12 (w1 pnth) then 0 F! as in the following Algorithm:

Algorithm: Marchuk—Yanenko operator splitting algorithm

n = 0 : Initialization: u©° = ug, 0° = 6,
n >0 : Knowing u” and 6" compute u"+1/2 and (w1, p"*1) as follows:

Step 1. Linear step without a constraint: compute «™'/? such that, for all v € V(Q)
1
E(u"“/2 —u™, ) Fyar (0" w2 ) 4 dy (u, w2 v) = (f,v). (4.5)

Step 2. Nonlinear elliptic variational inequality step with a constraint: compute (w"*1, p"*1) such that,
for all (v,q) € V() x LE(2)

1
(Y2 Y oy (07wt w — ) (4.6)

At
+b(v — " " + J(v) — J(u ) >0,

b(u"tt q) = 0. (4.7)
Step 3. Knowing 6™, compute §"*! such that, for all p € H}(Q)
1

g (0" = 0" p) + ax(07,0", p) + dp(u 0" p) = (. p). (4.8)
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Theorem 4.1. Suppose that wg € L*(Q); then the scheme (4.5)-(4.8) is unconditionally stable in the

following sense: forn =0,1,...,m there exists a positive constant Cq such that
m Caqt
[u™ |72y < lwollzag) + ﬁ”f”i%g)v (4.9)
i, 1 Cot
n+1/2y2 2 Qim 2
At nZ;J [(Du Mz < 30 <|u0||L2(Q) + o ||f||L2(Q)> (4.10)
1 Cat
w1 2 m 2
&S D < o (ool + ZE2 1)
m—1
n n Cat
Do ™Y —wFa ) < lluollF ey + TU:HfH%Z(Q) (4.12)
m—1
n n Oth
Dol — w22 o) < luolF 2 ) + W”f”%z(ﬂ) (4.13)
m—1
n 1 Cat
263 1) < 3 (ol + 22617 (414)
n=0
m Caotm
[ +1/2”1:2(9) < HU0||L2(Q) +— % ||f||3:2(9) (4.15)

Proof. Let v = u™*t'/2 in (4.5), one has
2w 2 — ™ wY2) 4 29 At ay (07 w2 W TY2) = 2AL(f, v). (4.16)

The second term on the right hand side of (4.16) can be treated with Cauchy—Schwarz, Korn and Young
inequalities as follows

CQAt

20L(f,v) < ||f||L2 (@ T oAt Du | (4.17)
Throughout
n n n 1 n n n n

(u 2w +1/2) = 5(”“ +1/2H%2(Q) = [lw ”%2(9) + |u Ry ”%Q(Q)) (4.18)

Dropping (4.17) and (4.18) in (4.16), we find that

n n n n CQAt
[ —H/QH%Q(Q) — [lw H%?‘(Q) +[Ju 2w H%Q(Q) + 3’)’1V0At||DUn+1/2||?:2(Q > HfHLZ(Q)

(4.19)

Next, we take successively v = 0 and v = 2u"*! in (4.6), and after comparison of the resulting relations,
we find
1
E(un+1 _ un+1/2’un+1) + Yo (en : un+17un+1) + J(un+1) -0 (420)

Applying 4.18 we find
(| n+1||L2(Q) ||un+1/2||L2(Q) + [l - unﬂ/z”%%m + 4’72V0At||Dun+l||3:2(Q) + 2488 (u™) <0

(4.21)
We do (4.19)+(4.21) for n =0,1,2,...,m — 1, we obtain
m—1 m—1
||u’”||%2(n) + 3nrAt Z ||D“n+1/2”i2(n) + 4y At Z ||D“n+1||i2(sz)
n=0 n=0
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m—1
+ Z Hun+1/2 _ un”L?(Q) + Z ||u’l’l+1 n+1/2||%2(ﬂ) +2At Z J(un+1)

n=0 n=0
< 2 J 2 4.22
= ||UO||L2(Q) + 1o ||f||L2(Q) ( )
O

From which we obtain (4.9)-(4.14).
By adding the relation (4.19) for n = 0,1,2,...,m and dropping some positive terms, we obtain

Z ”un+1/2“L2(Q) Z Hun||L2(Q) Yo ||f||L2(Q) (4.23)

By adding the relation (4.21) for n = 0,1,2,...,m — 1 and dropping some positive terms, we obtain

m—1

m—1
Z HUHIH%’A‘(Q) - Z ||Un+1/2||%2(9) <0 (4.24)
n=0

Adding (4.23) and (4.24) gives (4.15).

Theorem 4.2. Suppose that wy € L*(Q); then we have the following heat stability results: for n =

0,1,...,m there exists a positive constant Cq such that
m tm
10™ %1 () < 1160l () + m”Mﬁrl(Qy (4.25)

X n n tm

Z 16"+ = 613y < 1160110y + m“k”%{*%ﬂ)' (4.26)
m—1 1

At Z 107 |7 0y < mlleolﬁp(m + bl Fr-1 () (4.27)
n=0

Let p = 0"*! in (4.8), one has

1
A 0" =070 an(60 0 0m) = (0. (4.28)
We have
1 1
k,0m Ty < = | ———||hl]?% . Capoll0™ %1 o0 |- 4.29
(K, >_2 c uo” [77-1(0) + Capol| 71 (o) (4.29)

Thanks to Cauchy-Schwarz and Young’s inequalities and the proprieties of as(. 1, .,.) in (2.14),

167 7 ) = 10" 10 ) + 1077 = 071131 @) + Capo A" 7 ) < mllklli—l(m (4.30)

For n =0,1,2,....,m — 1, we obtain

m—1 m—1
o™ ||H1 ot Z (A 9"||H1(Q + CapoAt Z ||0n+1||H1 @ = ||90HH1 () + Hk”H 1(Q)
n=0 n=0

(4.31)

This completes the proof of the theorem.
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5. Numerical Results and Discussion

All computations were performed using Matlab on DELL 47 with 16 GB RAM. The test problems used
are designed to illustrate the behavior of the algorithm more than to model an actual phenomenon. For
the discretization, w use the the MINI-element (P;-Bubble/P;) for the velocity-pressure pair and the
P, element for the temperature. The algorithm described will be tested computationally. We stop the
computations when the following condition is satisfied

n n—12 " S
[u" —u 1HLz(Q) + 6" ¢ 1||L2(Q) < Tol =107°.

2 2
w72 + 10" 72 (0

5.1. Test Case with Stationary Solution

We consider the unit square 2 = (0,1)? and we assume that its boundary consists of two portions I' and
S defined as follows

I = {0} x (0,1) U (0,1) x {0} U {1} x (0,1)
S =(0,1) x {1}.

‘We consider

NG
B~ w

1
v(0)=-e ¥+ I for which one has
and
1
w(0) = 5 +1.70 646 x 107362

In order to obtain a stationary solution of the problem

gu _ div 2v(0)Du) + (u-V)u+Vp= fin Qx[0,T],

Js (5.1)

5 div (u(0)VO) + (u. V)0 =k in Qx[0,7],
the right-hand side is adjusted accordingly, i.e.
fi(z,y) = 802%(1 — x)? — 20(2 + 1222 — 122)y(1 — 2y) + 2(2y — 1), (5.2)
fol,y) = 20012 — 6)y° (1 — y)? + 202(1 — 20)(1 — 2)(2 + 12> — 12y),
k(z,y) = 22(1 —z) + 2y(1 — y). (5.4)

We take the time step At = 0.01. Figures 1, 2 show the velocity fields and the heat distribution for g = 0.5
and g = 1.75. One can notice in Fig. 1 (left) that the friction occurs on S for g = 0.5.

Since we do not have the exact solution, we assume that the solution obtained for h = 1/512 is the
reference solution. For the velocity-pressure pair, we compute the following error

en(w,p) = [[tret — wn | g1 () + [|Pret — Pall22(0)-

For the MINI-element or the stabilized P;/P; element, e (u, p) converges linearly, see e.g. [4]. We report,
in the Tables 1, 2, the errors and convergence rates for both stick/slip cases. From the obtained results we
can conclude that the convergence rates are almost independent from the stick bound g. We also notice
that the convergence rates are linear for all components.
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Fic. 1. Velocity fields for g = 0.5 and g = 1.75 with h = 1/16
3 Temperature g Temperature
0.9 042 0.9 012
0.8 0.8
0.1 0.1
0.7 0.7
0.6 0.08 0.6 0.08
0.5 0.5
0.06 0.06
0.4 0.4
0.3 0.04 0.3 0.04
0.2 0.2
0.02 0.02
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0 0 0 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

F1G. 2. Heat diffusion for ¢ = 0.5 and g = 1.75 with h = 1/16

5.2. Test Case with Time-Dependent Solution

In order to verify time convergence rates, we consider a test problem with the same data as in the previous
section except the right-hand side (now time-dependent)

fl(mvyat) = tzfl(x,y)v
fg(l’,y,t) = t2f2($7y)v
k(z,y,t) = tk(z,y),
where (f1(z,y), fo(z,y), k(z,y)) is the right-hand side (5.2)-(5.4). We compute a reference solution using
At = 2710 as time step and h = 1/256 as mesh size. To check the results of Theorem 3.4 we compute the
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TABLE 1. Conwergence rates for (u,p,0) with g = 0.5

h en(u,p) Rate 16ret — Onll 1 (o) Rate
1/8 4.68523e—01 1.91945e—02

1.0486 0.9821
1/16 2.26496e—01 9.71706e—03

1.2191 0.9780
1/32 9.72887e—02 4.93324e—03

1.2417 0.9861
1/64 4.114120e—02 2.49056e—03

1.1974 0.9924
1/128 1.79401e—02 1.25186e—03

1.1926 0.9960
1/256 7.84930e—03 6.27667e—04

TABLE 2. Convergence rates for (u,p,0) with g = 1.75

h eh(uvp) Rate ||9rcf - gh”Hl(Q) Rate
1/8 5.14279e—01 1.91938e—02

0.9161 0.9821
1/16 2.72539e—01 9.71702e—03

1.1830 0.9780
1/32 1.20033e—01 4.93320e—03

1.2689 0.9861
1/64 4.98103e—02 2.49054e—03

1.2719 0.9924
1/128 2.06278e—02 1.25185e—03

1.2457 0.9960
1/256 8.69858e—03 6.27661e—04

following errors at T' = 0.5.

N
en(w) = sup || up = Upes [l2(0) FAALY | [uf — trer| 11 (o), (5.5)
1<n<N —
N
eh(a) = sup || 05 — Gref ||L2(Q) + oAt Z |92 — erelel(Q). (5.6)
1<n<N —

where (Wref,8rer) is a reference (computed) solution. In (5.5-5.6), 11 = 1/4 and py = 1/2, assuming
0 > 0. Figure 3 shows the velocity fields for g = 0.1 and g = 0.5 at T" = 0.5. We notice that the slip occurs
for g =0.1.

To investigate experimentally the convergence rates for ep(u) and e (6), we compute a reference
solution with h = 1/256 and At = 271°. We report in Tables 3, 4 ep,(u), e, () and convergence rates for
various time-steps. We notice again that the convergence rates are almost independent of the stick/slip
bound g. Moreover, e, (u) and e, () converge linearly as predicted by Thorem 3.4.

6. Concusion

The purpose of this work was to deal with the elements finite approximation of the time-dependent
Navier—Stokes system coupled with the heat equation and governed by the nonlinear Tresca boundary
conditions where both the viscosity and conductivity depend on the temperature. We present optimal error
estimates for velocity, pressure and temperature. We have formulated and established the convergence of
the Marchuk-Yanenko’s algorithm associated to the finite element equations. And finally established some
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F1a. 3. Velocity fields for g = 0.1 (left) and g = 0.5 (right) at T'= 0.5

TABLE 3. Convergence rates at T = 0.5 with g = 0.1, At =2"1¢ and h = 1/256

4 ep(u) Rate en(0) Rate
1 2.48187e—03 2.21158e—03

0.7434 0.3903
2 1.48253e—03 1.68737e—03

0.9607 0.7995
3 7.61719e—04 9.69494e—04

1.0209 0.9290
4 3.75377e—04 5.09215e—04

1.0362 0.9944
5 1.83038e—04 2.55599e—04

1.0983 1.0718
6 8.54908e—05 1.21591e—04

TABLE 4. Convergence rates at T = 0.5 with g = 0.5, At =271 and h = 1/256

4 ep(u) Rate en(0) Rate
1 1.18213e—03 2.21160e—03

0.4826 0.3903
2 8.46044e—04 1.68737e—03

0.8565 0.7995
3 4.67252e—04 9.69494e—04

0.9759 0.9290
4 2.37555e—04 5.09215e—04

1.0340 0.9944
5 1.16014e—04 2.55599e—04

1.0947 1.0718
6 5.43232e—05 1.21591e—04
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numerical simulations which confirm the theoretical estimate. The extension of this work is in process,
we aim to proceed for experiments on realistic examples, such as a lake heated by the sun.
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