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Abstract. We consider the motion of an incompressible magnetohydrodynamics with resistivity in a domain bounded by a
free surface which is coupled through the free surface with an electromagnetic field generated by a magnetic field prescribed
on an exterior fixed boundary. On the free surface, transmission conditions for the electromagnetic field are imposed. As
transmission condition we assume jumps of tangent components of magnetic and electric fields on the free surface. We prove
local existence of solutions such that velocity and magnetic fields belong to HZJFO"lJr”‘m7 a>5/8.
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1. Introduction

We consider a free boundary problem for a viscous incompressible magnetohydrodynamic motion in
1
domain ; bounded by a free surface S;. The motion interacts with an electromagnetic field located in
2
O (Fig. 1).
1
In ; the magnetohydrodynamic motion is described by the following system of equations
) 1 o1 1,
vy +v-Vo—divT(v,p) — i H-VH + §M1VH =,
dive =0,
1 1
i H = —10t F, (1.1)
1 1 1
rot H = o01(E + p1v X H),
1

div H =0,

where v = v(x,t) = (vi(x,t),v2(z,t),v3(x,t)) € R? is the velocity of the fluid, p = p(z,t) € R is

1 1 1 1 1 1 1
the pressure, H = H(z,t) = (Hi(z,t), Ha(z,t), H3(z,t) € R3 is the magnetic field, £ = F(z,t) =

1 1 1
(E1(z,t), Bo(z,t), E3(x,t)) € R3 is the electric field, f = f(x,t) = (fi(x,t), f2(x, 1), f3(x, 1)) € R3 is the
external force field, and x = (x1, x2, x3) are Cartesian coordinates. Moreover, u; is the constant magnetic
permeability, o7 is the constant electric conductivity and T (v, p) is the stress tensor of the form

T(v,p) = vD(v) — pl, (1.2)
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Fi1G. 1. The two dimensional cross section by a plane of the three-dimensional geometrical description of the considered
free boundary problem

where v is the positive viscosity coefficient, I is the unit matrix and D(v) is the dilatation tensor of
the form

D(v) = {viz; + vjz }ij=123- (1.3)
For system (1.1) the following initial and boundary conditions are prescribed

1
n-T(v,p) + pan - T(H) = pont on S,

1 1 ! 1
Vli—o = v(0), Hlmo = H(0), divH(0)=0  in Q, (1.4)
1 1
Qtli=0 = Qo, Stli=0 = So,

1
where 7 is the unit vector outward to ; and normal to S;, the constant exterior pressure py can be
absorbed by pressure p and

1 11 11,
T(H) =\ Hilj — 5 H"0;; : (1.5)
i,j=1,2,3
The boundary conditions (1.4); implies the compatibility condition

1 1
n(0) - D(v(0)) - 7(0) + p172(0) - H(0)7(0) - H(0) =0 on Sp,
where 7(0) = 7i|¢=0, T(0) = T|s=o and T is a tangent vector to S;.

2
In Q; we have a motionless dielectric gas under a constant pressure py. Therefore, we only have an
electromagnetic field described by the system of equations

2 2
poH 3y = —10t F,
2 2
oo FE = rot H, (1.6)
2
div H = 0.
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For system (1.6) the following initial and boundary conditions are prescribed:

2 2 .2 2 2
H|t:0 - H(0)7 leH(O) = Oa Qt't:O = Qo,
2 2
H'%Oc|B:H*o(, 0[21,2, diVHlB:O,

where 7,, @ = 1,2, are tangent vectors to B.

1
The magnetohydrodynamic system (1.1) is composed of two problems. For a given magnetic field F
system (1.1)1 o determines velocity v and pressure p under appropriate initial and boundary conditons

1 1
(1.4). To formulate a problem for H we have to recall that a motion in ); interacts with an electro-
2
magnetic field in ; through the free surface S; by transmission conditions. Therefore, system (1.1345)
1 2
and (1.6) is a problem for H and H which are coupled by transmission conditions on the interface S;.

1 2
Therefore, for a given v, we have the following problem for H and H:

1 1 !

WH = -10t F in Qy,
1 1 1 1

rot H = 01(E + piv x H) in Qq,

1 1
divH =0 in Q,
(1.8)
2 2 . 2
MoH ¢ = —10t in Qy,
2 2 2
rot H =o02F in Q,
2 2
divH =0 in Q,

where
1 1 2 2 2
H‘t:OZH(O)7 H|t:0:H<O)a H'Ta|B:H*a7 a=1,2,

2
divH|g =0,

and 7,, a = 1,2, are tangent vectors to B. Electric vectors i’ and é are auxiliary.

To make system (1.8) complete we have to add transmission conditions. The conditions are recessary
for a proof of existence of solutions to (1.1)—(1.8). Satisfying them we can derive such energy equality
which can imply all necessary estimates for the proof of existence in the Ls-approach.

Lemma 1.1. Assume that near any point of Sy there exists an orthonormal system (71,72, n), where T,,
a=1,2, is tangent to Sy and 1 is normal.
Let a;, 1 = 1,2, be given positive numbers. Let H., =0, a = 1,2. Assume that

2 1 1 2 2
S (1B Falt X To  H = a3 - Tali X 7o - H) = 0. (1.9)
a=1

Then the following energy equality

2
Z[ /Ht Hda:+al/E rotde} =0 (1.10)

i

Qt Qt

holds.
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Proof. From (1.8); and (1.8)4 we have
2 i 2 i
Z/ai,uiH,t-Hda:—&—Z/agotE-Hda:zO. (1.11)
=1 =1
o o

Recall the identity

/rotH wdx—/H rotipdzvf/nx H - dSy, (1.12)
Qy St
where S; = 0, ¢ is a sufficiently regular functlon and 7 is the unit exterior vector to {2; and normal to
St.
From (1.12) we have

11 1 1 101 1
/rotE~de:/E~r0tde—/ﬁ><E-HdSt, (1.13)
1 1 St
Q¢ Qt
2 2 2 2 2 2 2
/rotE~Hdas:/E-rotHd:c—/ﬁxE~HdSt, (1.14)
G G 52
i i 2 1
where n is exterior to Q; and n = —n.

Using (1.13) and (1.14) in (1.11) yields

Z/alqut de+Z/a1E rot Hdz
Qt

_/(

St

(1.15)
11 2 2
X E-H—amnxE-H)dr =0,

3|

1
where 7 = n. Using the orthonormal system (T1, T2, 1) we have

Z TaTa + E-ain, i=1,1. (1.16)
a=1

In view of (1.16) the boundary term in (1.15) equals
1 1 2 2
Z /(alE Tall X T - H — 2 - Tot X o - H)dSy (1.17)

Hence (1.9) implies (1.10) and concludes the proof. O

Remark 1.2. The boundary term in (1.15) needs more regularity than the second term. If the transmission
condition does not hold equality (1.15) does not imply any estimate.

Remark 1.3. (Some discussion of transmission conditions can be found in [1]). There is many different

transmission conditions.
1. Let all’lfl?-?a = agzl%ﬁ'a, a?n x 7"&-[;: as?i X ?Q-IQJ, a=1,2, where v; + 5 = 1 and a4, as
are positive numbers. Then (1.9) holds.
2. Let a1 = a2 =1, ]gj-%a:éfa,ﬁx%a-}l[:ﬁx?a- =1,2. Then (1.9) also holds.
3. Let ay = ay =1, é-i’a :ag‘-?a,ﬁx%a-fll:%

number. Then (1.9) is satisfied too.

, @ = 1,2, where a is an arbitrary positive
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4. We can also define anisotropic transmission conditions.

In cases 1 and 3 we have jumps of tangent components of electric and magnetic fields.
We have to recall that in magnetohydrodynamics the displacement current E ; is omitted.
To prove the existence of solutions to problem (1.1)—(1.9) we transform it into two problems: the
1
problem for the fluid motion and the problem for the electromagnetic field. Therefore, for given H we
have the problem for (v, p):

1 1
vy +v-Vo—divT(v,p) = f + wdivT(H) in Q,
1

dive =0 in Q, (1.18)
1

n-T(v,p) = —mn - T(H) on S,

’U|t:0 = ’U(O) in Qo,

where we assumed that pg is absorbed by p.
Next for a given v, the electromagnetic field is determined by the problem:

1 1 1 1 1

pH = —-rotE, rot H=o01(FE+ v x H), 1
1 m Qy,

divH=0

2 2 2 2 2 2
HoH = —10t E, 0o2F =t1otH, divH =0 in Q,
1 1 1 1
Hli=o = H(0), divH(0) =0 in Qo, (1.19)
2 2 2 . 2
Hl|i=o = H(0), divH(0)=0 in Qg,
2 2
H 7, =H., divH|p=0, 7, a=1,2, is a tangent vector to B,

[e3

transmission condition (1.9).

Let v be a solution to (1.18). Then Lagrangian coordinates are the Cauchy data to the problem

dx
i v(x,t), x|=0 =¢&.

Then
t
z(&,t) =&+ [ o(&, t)at,
/

where 0(&,t) = v(x(£,1),t) describes a relation between Cartesian and Lagrangian coordinates.
Therefore, the transmission condition (1.9) holds on the surface

t
Sy = {xeR?’: x:§+/@(§,t’),dt/, geso}.
0

The structure of problems (1.18), (1.19) suggests an applying a method of successive approximations.
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Eliminating the electric field in (1.19) yields

1 1 51 1 1
i H ¢+ U—rot H = prot (v X H) in Q,
1
1 1
divH =0 in Qq,
2 1 5 2 . 2
poH;+ —10t“H =0 in Q,
02
2 2
divH =0 in Q,
(1.20)
1 1 ! o
Hl|i=o = H(0), divH(0)=0 in Qg,
2 2 2 o2
Hlt=o = H(0), divH(0)=0 in Qg,

2 2
H 7, =H., divH|p=0, 7, a=1,2,
is a tangent vector to B on B,

transmission conditions (1.9) holds.

Now, we formulate the main result of this paper

1 2
Theorem 1.4. Assume that Q = Q; US; U Qy. Assume that f € H*/2(Q), H,5 € H3/?>T:3/4+e/2(pty,
1 i i
So € H32% where 3 < a < 1, B =1,2. Assume that v(0) € H'**(Qq), H(0) € H'**(Qp), i = 1,2.
Then for T sufficiently small there exists a local solution to problem (1.18)—(1.20) such that T €

1 i i 1
H2>roolte2(Q8), H € H>TMe2(0h), i = 1,2, pe,p € Lo(Q), pls, € HYPTMAT/2(Sh) and the
estimate

KO Z 00l oy 1 )+ 181

+ 1Blso | 12 te1/atara g5y < C<HfHawa/2(slzf)
0

: (1.21)

# S MHplsostssnrn + 160,

2 .
+ VO, )
i=1

holds, where t < T and v, H, p, f are equal to v, IZI, p, [ expressed in Lagrangian coordinates. Moreover,
the Sobolev-Slobodetskii space HFTF/2+e/2 | ¢ N, a € (0,1) is defined in (2.2.1).

In this paper we prove existence of local solutions to problem (1.18), (1.20). The formulation of problem
(1.18), (1.20) suggests that the method of successive approximations should be used. The method is
described in Sect. 3 in problems (3.8) and (3.9). The Stokes system (3.8) with the Neumann boundary

conditions determines a relation between v,41, pn+1 at the n + 1-th step of iteration and v, p,, I;’ n at
the n-th step. Similarly, ]}InJrh fanrl are solutions to problem (3.9) for given v, }1[,“ ]?[n The existence
of solutions to problem (3.8) follows from Lemma 2.3.2. Problem (3.9) describes ﬁ]nH and }2]”+1 in
domains 51)0 and 60, respectively. Moreover, }1[ n+1 and jg[ n+1 are coupled through the free surface Sy by

2
transmission conditions (see Lemma 1.1) and H, 1 satisfies some boundary conditions on B. Existence
of solutions to problem (3.9) follows from Lemma 2.5.1. The proof of this lemma exploits the technique
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of regularizer introduced in [2]. Since Lagrangian coordinates are used domains (120, (220 are the initial
domains and Sy is the initial free boundary.

Exploiting Lagrangian coordinates the r.h.s. of problems (3.8) and (3.9) are strongly nonlinear and
complicated.

In Sect.4 and 5 we derive the inequality (see Corollaries 4.5 and 5.4)

Xnt+1(t) < (1 X, (t), data), (1.22)
where
Xn(t) = [Onllyzte oy + Z || nllyaea ) (1.23)
where V2T*(Qt) is defined by
Hu||V22+°‘(Qt) = Slip w(®)| zr1+a(a) + ||u||H2+“v1+“/2(Qt)a
a > 5/8, ¢ is a strongly nonlinear increasing function and a > 0.
Thanks to the coefficient ¢t* and ¢ sufficiently small we derive the estimate (see Lemma 6.1)
Xn(t) < ¢(data) for any n € N. (1.24)

2

1
Using differences introduced in Lemma 6.2 we prove in Sect. 6 that the sequence (v,,, H,, H,,) converges.
Hence, we prove the existence of solutions to problem (1.18), (1.20).

We should explain some points of the proof of Lemma 2.5.1 which needs the technique of regularizer.
This technique needs to examine the following local problems derived from (3.9):

1
near an interior point of g,

2
near an interior point of g,
near a point of Sy,
4. near a point of B.

W=

The local problems in cases 3 and 4 are considered in Sects.7 and 8, respectively. To solve the local
problems we need Besov spaces H2t®1+2/2 oxpressed in the Fourier-Laplace transforms. This is possible
because H2T1+2/2 are [,-Besov spaces.

The equations of magnetohydrodynamics (mhd) can be found in [3,4].

The first result on solvability of mhd equations appeared in [5]. Later free boundary problems to
incompressible viscous mhd with resistivity were considered in [6].

Free boundary problems for mhd equations were also considered in [7,8]. In [7,8] the external magnetic
field satisfies the elliptic system

2 2
rot H =0, divH=0

However in those papers the boundary condition on the free surface contains the surface tension.

The existence of local solutions to problem (1.18), (1.20) has been already considered in [2,9,10].
Comparing to [2] in this paper we proved existence of solutions with the lowest possible regularity.
Moreover, we used the Lo-approach because we are going to prove global existence of solutions using
appropriate differential inequalities (see [11]). In [9,10] the existence of solutions to problem (1.18),
(1.20) is proved by the Faedo—Galerkin method. The applied energy method to solutions to problem
(1.20) in [9,10] implies very strong restrictions on the transmission coefficients. In this approach the
proof of existence with optimal regularity is not possible.

In this paper we express the results in [9] in a more explicit and appropriate way.

In [12,13], using the Weis theory of Fourier multipliers, two different mhd fluids inteacting through a
free surface are considered.

The result similar to Lemma 2.5.1 is also proved in [14].
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In [15-17] the global existence of solutions to problem (1.18), (1.20) is proved by the energy method
so only Sobolev spaces are used.

Moreover, the methods used in [15-17] imposes strong restrictions on the transmission coeflicients. In
the forthcoming paper we will relax the restrictions.

2. Notation and Auxiliary Results
2.1. Partition of Unity

To prove the existence of solutions to problem (1.18), (1.20) we need a partition of unity. We consider

1 2
two collections of open subsets {w®)} and {Q*)}, k& € MUMN, such that o® < QK C Qy = Qo U Qo,
Uk wk) = U QF) = Qy, QFINSy = ¢o, where ¢y describes the empty set for k € M UM, QFINS, # ¢,
where ¢q describes the empty set for k& € 9, and Q*) N B # ¢, where ¢y describes the emnpty set for

k€ My, N =Ny Uy, Moreover, subdomains with k € 91; are contained in (220, i=1,2.

We assume that at most Ny of the Q%) have nonempty intersections, sup;, diam Q) < 2, supy,
diam w® < X for some A > 0. Let ((*)(x) be a smooth function such that 0 < (¥ (z) < 1, ¢(*F)(z) =1
for z € w®), (W () = 0 for z € Qo \ Q¥ and |DLCF) ()] < ¢/AVI. Then 1 < 37, (CW)(2))2 < N.
Introducing the function

¢® (x)
2(CW (@))?

we have that 7% (z) = 0 for z € Qo \ Q%) 3>, ) (2)¢®) (z) = 1 and |DYn®) (2)] < c/AIV.

We denote by %) an interior point of w®*) and Q) for k € 9 and an interior point of @®*) N Sy
and of Q%) NS, for k € My and an interior point of @*) N B and of Q*) N B for k € N,. For k € M;,
£k ¢ Qb,i=1,2. Let x = (21,22, 73) be the Cartesian system of coordinates with the origin located in
the interior of €.

Then by translations and rotations we introduce a local coordinate system y = (y1, y2, y3) with the
origin at £ € QF) N Sy, k € My, such that the part S’ék) = SN Q% of the boundary Sy is described by
y3 = Fr(y1,y2). We denote the transformation as y = Yj(z). Then we introduce new coordinates defined
by

" (x) =

zi =y, =12, z3=y3— Fi(y1,92), keMNi.

We will denote this transformation by Q®) 3 2 = ®(y), where y € QF),
We assume that the sets @), Q%) are described in local coordinates at £) by the inequalities

|yi|<)‘7 i:172a |y3_Fk(ylay2)|<)‘>
|yl| < 2Aa 1= 172a |y3 - Fk(y17y2)| < 2Aa

1 2
respectively. Moreover, (y1,y2,y3) € Qo if y3 > Fi(y1,y2) and (y1,y2,y3) € Qo for ys < Fr(y1,y2). Let
Uy = &p 0 Y. Then z = ¥y (z) and
W) (2, 1) = u(W M (2),1), @M (z,8) = 4P (2,6) (W (2, 1).
For k € M we have
d(k)(m,t) = u(k)(a:,t)g(k)(m).

For k € 91y we introduce new local coordinates with origin at ¢ e BN QW such that ys = Fi(y1,92)
describes locally BN Q®*). We also introduce the transfomation z; = v;, i = 1,2, 23 = y3 — Fj, (y1,y2) and
assume that z = ®(y) belongs to QF) for y € QK.
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Finally, &®*), Q) are described by the inequalities
il <A, =12, 0<ys— Fi(yi,y2) <A,
lys) <2X, i=1,2, 0<ys— Frp(yi,y2) <2A,
respectively.
Moreover, we introduce the notation: r.h.s. (Lh.s.) right-hand side (left-hand side).

By ¢ we denote an increasing positive function such that ¢(0) # 0 and it can change its form from
formula to formula.

2.2. Spaces

We prove the existence of local solutions to problem (1.18), (1.20) in Lg-Sobolev-Slobodetskii spaces with
the norm

[ull e nsovarsigry =" D IDIBul,0r)
|8|+2i<k
T |Dﬁ ( / ) Dﬁ ( 7 )|2
ou(r' t) — Du(x”, t Lo
> /// o/ — a/|3+2 da’dx" dt o)
\5\=k0 23
Oy, ) — O Ay ey
Jr/// |t/—t”‘1+04 dxdt'dt”,
Q00

where a € (0, 1), [{] is the integer part of I,
D} = 00197205, |8l =B+ P2+ Bs.

Ty Tx2 T3

We need the Hilbert type spaces because their norms can be expressed in the Fourier-Laplace transforms.
We also need the Hilbert type spaces because a proof of global existence of solutions to problem (1.18),
(1.20) will be made by the energy method.

In this paper we also need the L,-Besov spaces. Hence we recall some properties of isotropic Besov
spaces which are frequently used in this paper. Next, we define anisotropic Besov spaces and formulate
some imbedding theorems which we need.

Let us introduce the differences

A;(h)u(z) = u(z + he;) — u(x),

where x € R™ and e; i = 1,...,n, are the standard unit vectors. Then we define inductively the m-
difference
AT (hyu(z) = Ai(h)(AF (h)u()) = Y (=1)™ ejm(@ + jhes),
j=0

Moreover, we introduce the difference

AWfly) = fle+y) - fz), =yeR",

where ¢, = (7]”) = m

and inductively

A™(y) f(z) = Ay) (A" (y) f ().

Since

T Birkhauser
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we have
A Z A™((x — Z A (h

where the last equality holds for (x — y) ce; = h;.
We define the isotropic Besov spaces by introducing the norm (see [18, Ch. 4, Sect. 18])

ho
~ AT (h)OF ulP p
follagceey = e + 30 ([ [ S ) (2.22)
i=1 V) pn

where m > 1 —k, m,k e NU{0}, le R, I £Z, p € (1,00).

It was shown in [19] that the Besov spaces defined by (2.2.2) all coincide and have equivalent norms
for all m, k satisfying m > [ — k.

Next we define the L,-scale of Sobolev-Slobodetskii spaces by introducing the norm

n o 1] 1/p
3 A (R) D5 ul?

”uHW},(R") = Hu”Lp(Rn) + </dh Bi+p(—[1]) dx ) (223)
=1 5 Rn

where [ € Z, [I] is the integer part of [.
We frequently write l = k+«a, k e NU{0}, « € (0,1),s0 k =[l] and o = — [I].
By the Golovkin theorem (see [19]) the norms of the spaces B, (R") and W/(R™) are equivalent.
We also define the norms

|Mx— )Dguy)\ "
Jul g1 ey = ey + 3 ( / / IR (2.2.)

o=k

for any m > — k and

|A(z — y)Dyu(y)[P\/*
el gy = Nllzpny + (/dw |x_y|n+pziz7[z1) ) : (2.2.5)

la|=([1] Rn Rn

Now we introduce the partial derivatives

) " 41y|p 1/p

(Waepat = (/dt // |u(z’ . ,/‘ﬁpa )l dx’dx”) ,
|u .Z' t//)| 1/p
< 7t,p,Q = (/d$// ‘t/ t//‘1+po‘/2 dt/dt// )

Lk Z [D2ullL, @) < oo}
o] =k

Let

We also need the following seminorms

"\ |p 1/p
<u>a,$7p~,9 = (// |u //|3+pi dx ,dx”>
t t
/p
|u t/ t// |p !/ " !
<u>a J6,p,(0,8) = (// 7 — t”|1+Pa/2 dt'dt ,
0 0

and

where ) C R3.
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Lemma 2.2.1. The following imbeddings

<Dku>ﬂ,w,p,ﬂ < CHU'”HH'“(Q)y

where
3 3
375 +k+08<l4+a ape€(0,1), pell,oo], kleNU{0},
<6t u>g,t7p7(07t) < C||U||H1/2+a/2(0,t)a
where
1 1 p I «
T A G Rt
2 p + 2 th= 2 2
and
lullLs@) < cllullmi+a g,
where
§ § +k<Il+a,
2 p
hold.

We recall the following theorems of imbedding freguently used in the paper

Page 11 of 52 50

(2.2.6)

(2.2.7)

(2.2.8)

Lemma 2.2.2. 1. Letl,l; € Ry, p,p1 € (1,00), p1 > p. Let QCR3. If 3/p—3/p1 + 11 <1 then

Wi(Q) c WiH(Q).

2. 1f%—§+a§z,aeNu{O},qe[l,oo}.
Then

W) C Ly(9).
Consider anisotropic Sobolev-Slobodetskii spaces Wé’f/ *(Q x (0,T)) with the norm
||uHW”/2(Q><(OT ||u||qu(QT)+<D[] >l [1,z,p,q,2T

+ <8£2u]u>%7[é]yt’pyq’ﬂj",

where [{] is the integer part of I,p, ¢ € [1, o0],

|u JJH t)| q/pq1/q
< >oz 2,p,q,QT = |:/dt<// |:L’ —:L'//|3+pa dx /dl‘// 7

where a € (0,1) and

T |u x t”)| p/qq1/p
(U)o 1t,0,0,2 |:/ (// |t/ t"|1+qa dt’dt”) ] .
Q 0 0

Lemma 2.2.3. Let [,I' € Ry, p,q,p',q € [1,00], p' > p,q¢ > q, Q CR3. Let
3 2 3 2

7+7————+l'<l

p q P

Then the imbedding
WEY(Q % (0,T)) € W, /2(9 % (0,T))
holds.

Now, we recall the trace theorems from [20].

T Birkhauser
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Lemma 2.2.4. (Trace theorem) Let S = 99Q. Let u € Wéjlq/z(ﬂ x (0,7)), 1 € Ry, (p,q) € (1,00). Let
© = u|gr be the trace of u on ST. Then ¢ € Wéfql/p’l/%l/zq(S x (0,7)) and

llys-rarz=srza g o.myy < el axom)
where ¢ does not depend on u.

Lemma 2.2.5. (Inverse trace theorem) Let ¢ € Wé;zl/p’lm_l/Qq(S x(0,7)),l € Ry, (p,q) € (1,00). Then

there exists a function u € W;l;;é/Q(Q x (0,T)) such that u|gr = ¢ and there exists a constant ¢ independent
of p such that

lellws 2o,y < llellwgzrmiziansor):
Lemma 2.2.6. (Time trace theorem) Let u € WZI,ZZQ(Q x (0,7)),l € Ry, p,qg € (1,00), to € (0,T). Then
the time trace ¢ = uli—, belongs to Wé_2/q(Q) and there exists a constant c independent of u such that
lllyi-2raqy < ellllyiiz oy o,ry:

Lemma 2.2.7. (Inverse time trace theorem) Let ¢ € Wzl,_Q/q(Q), leRy, p,q € (1,00). Then there exists
a function u € W,l,:éﬂ(Q x (0,T)) such that
u|t:to =, tO S (OaT)7
and
lellyws 2@ oy < ellelipi-2/a)
Finally, we introduce the energy type space

||u||v22+a(m) = Slip lu(@)llmrve ) + ull mzvantarz -

2.3. The Stokes System

We consider the following Stokes problem in a bounded domain €2 in R? with boundary S,
wy —divT(w,p) = f in Q7 =Qx(0,7),

divw =0 in QF,

(2.3.1)
w|s =b on ST =8x(0,T),
wli—p = wp in Q.

Lemma 2.3.1. (see [21])
(a) Assume that f € H®*/2(QT), b € H3/>ta3/4+a/2(§T) 4y € H'H(Q), a € (0,1). Then there exists
a solution to problem (2.3.1) such that w € H>T1+e/2(QT) Vp € H**/2(QT) and there exists a
function ¢(T, S) such that

Wl grta1tarz2(ey + I VD| goarz (st
< (T, ) ([ f |l zrovarz ey + bl gsrzas/atarz (s (2.3.2)
+ lwo || g1+ (0))s
where t < T.

(b) Assume that f € Ly(QT), b € H3/23/4(ST), wy € H'(Q). Then there exists a solution to problem
(2.3.1) such that w € H>Y(QT), Vp € Ly(QT) and there exists a function c(T,S) such that

w21ty + IVPllLyey < (T S)(1f | 2ot

2.3.3
bl o smrse) + ol s ey (2:3.3)

where t < T.
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Consider the Neumann problem to the Stokes system

vy —divT(v,p) = f in Q7

diveo =g in QF,
(2.3.4)
n-T(v,p)=d on ST,
v]i=0 = Vo in
To apply [21] we introduce a function ¢ satisfying the Dirichlet problem to the Laplace equation
Ap=yg
2.3.5
¢ls =0 (2.3.5)
Then we introduce the divergence free function
w=v— Vo, (2.3.6)
where w is a solution to the following problem
wy + Vo —vAw —2vVg+Vp = f in QT
divw =0 in OF,
(2.3.7)
n-T(w,p)=d—n-D(Vy)=h on ST,
wli—o = vo — Vi (0) = wy in Q.
The existence of solutions to problem (2.3.7) is described by the following lemma
Lemma 2.3.2. Let T be a positive  arbitrary  finite  number, S € H3/2te
a € (1/2,1).  Let  f,Vg,V; € H2(QT), € H'T(Q),

h € HY/2tal/4+a/2(8TY - Assume the compatibility conditions
divwg = 0, fg'T(’LU())'mS:h'?g‘t:o, 6=1,2,

where 1 and Tg are normal and tangent vectors to S.

Then there exists a unique solution to problem (2.3.7) such that
w € H¥Felta/2(Qf) p e HY/2(QY), Vp € H/2(QY), plg: € HY/2Hel/44e/2(8) and the inequal-
ity holds

||w||H2+a,1+a/2(Qt) + ||Vp||Ha,a/2(Qt) + Hp”Ha,a/Q(Qt)
+ 1ol a1/2vansarars(gey < c(O)([Verl aarz e

(2.3.8)
+ V9l zasarz ey + [1f | ovarz ey + Rl 1240070107250
+ llwolli+e ) = H(t),
where t <T.
In view of (2.3.6) we can write (2.3.8) in the form
0]l g2 +artarz ey + IVDI goarz ey + 1Pl eacarz e (2.3.9)

+ ||p||H1/2+a,l/4+a/2(St) S ||V(p”H2+a,l+a/2(Qt) + H(t)7

where H(t) is defined in (2.3.8).

Proofs of Lemmas 2.3.1 and 2.3.2 can be found in [21], where definitions of Besov spaces introduced
in [22] were used.

Existence of solutions to the Stokes system can be also found in [23-25].

T Birkhauser
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2.4. Transformation Between Eulerian and Lagrangian Coordinates

Let v = v(x,t) be given. Lagrangian coordinates are the Cauchy data for the problem
dx
— =v(x,t), x|=0 =2E¢,
T = u(et), oheo=¢
where © = (x1, x2,x3) are Cartesian coordinates.
Integrating the above problem with respect to time yields

t

r=£&+ /v(m,t')dt’ =x,(&,t).

0

Then we define

u(€, 1) = v(xy (&, 1), ).

Then the transformation between Cartesian coordinate x and Lagrangian coordinate ¢ is described by
the relation

t

r=E&+ /u(f,t’)dt' = x,(£,1). (2.4.1)

0

The Jacobian of this transformation is the matrix

t

A=A{rig;} = {ai} = {5@' + /Uz;fj (E,t')dt’}-
0

We have A™' = {&.,} = {a’'}, det A = exp fot div,udt’ = 1, A = (AT)~! is the matrix of cofac-
tors. Denoting A = {A;;} we have a™ = Aj,,. Since incompressible motions are considered, we have
Ek Aik,fk(é.vt) =0 and Vu =A- Vg = Vg '.AT.
Assume that S; is given, at least locally, by the equation F(x) = 0 and Sy by F(£) = 0.
Then the normal vectors to S; and Sy are given, respectively, by
VoF(x)  _  VeF(§)

ng = ————=, Ng=

VLE@)] 0T [VeF©
Then

_ Vo l'(24(§,1))
Vo F(zu(&51)]

Ny

1

Since § =z~ we obtain

t
r-el< | [ustetrar
0

t
¢(M/wd&ﬂﬁ’ )
Lo ($2) ) Lo ()

where ¢ is an increasing positive function such that ¢(0) # 0. ¢ will play a role of the generic function
because it can change its form from formula to formula.
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By imbedding we have

t
| [ucte ], / ) e

1/2
< C/H”& Mir+a@ydt’ < ct1/2</||u ||H2+Q(Q)dt>

— ’U. ’

where o > 1/2.
In view of definition of §,(t) we have

”I - gm”Lw(Q) S 5u<t)¢(5u(t))

Continuing, we have

6ol < Jag ] < 6(0u(2)),

t

eas) < o) el < | [ e a6

0

2.5. Problem for the Magnetic Field

Page 15 of 52 50

(2.4.2)

(2.4.3)

(2.4.4)

(2.4.5)

In this paper we restrict our considerations to transmission condition described in the case 2 of Remark 1.3.

Then problem (1.20) takes the following form

1 11 . 1
MlHt + fI“Ot H = - 1“01:( X H) in Uﬂt’
! t
1 1
divH =0 in UQt’
t
2 1 2 2
MQH’t+;rOt2H:0 in UQt7
2
t
2 2
divH =0 i {J O,

2 2
H Ta =Hi, divH|p=0, 7o, aa=1,2

is a tangent vector to B on B!

1 1 1 1 2
(rotH—u1v><H)~Ta=rotH-Tm a=1,2 on US“

g1 g9
1 2
HﬁZHﬁ, 5:172733 on LJSt7
t

1 1 1 o1
Hli—o = H(0), divH(0)=0 in O,
2 2 2 .2
Hl|t=o = H(0), divH(0)=0 in Qo,

i i
Q=0 = Qo, 1=1,2, Silt=0 = So.

Recall that problem (2.5.1) is formulated in Cartesian coordinates.

(2.5.1)

T Birkhauser
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To examine problem (2.5.1) we have to consider first the following problem with constant coefficients
formulated in Lagrangian coordinates

1 1 5 L 1 . 1np
mH+ —rot;H = M, in O,
01
1 1 . 1
div,H = N, m Qq,
2 1 2 2 2
poH 4+ —rot2H = M, in OF,
02
div,H = N, in O, (25.2)
1 L 2 o
(rotzH— r0t$H> Ta=K,, a=1,2 on SOT,
g1 g9
12
(H—H) nXTo=0La, a=1,2 on S¢,
2 2
H-7olp=Huo, a=1,2, div,H|g=0 on BT,
H|i—o = H(0), i=1,2 in Q.

To prove the existence of solutions to problem (2.5.2) we exploit the technique of regularizer described
in [26, Ch. 4, Sect. 7] and also utilized in [2, Sect. 5 and Sect. 10].

Introduce function i), 1 = 1,2, as a solution to the problem
A<I> - N in QOa
; : (2.5.3)
(I)|So :07 52i(I)|B :07 1= 1a2a

where do; is the Kronecker delta.

i i i i
Lemma 2.5.1. Leta € (0,1) and let T > 0 be given. Assume that M € H®/2(Q}), V® € H>to+a/2(gf),

VN € Hu/2(O), H(0) € H*o((), i = 1,2. Assume that H,; € H2to—1/21+a/2-1/4(pgt) B ¢
HY2recl/Avel2(Bl) [ € HY2el/Ate/2(Gh) L, e H3/2Ted/Atel2(Gh) i = 1,2, t < T. Then there

L i
exists a unique solution to problem (2.5.2) such that H € V22+Q(Qg), i=1,2, and
2 2 ; .
i . 1. i
g Iz gy < c;(HMHHw/Q(%) FIVR vy

FIVN iy IO )

2 (2.5.4)
+ CZ ||H*j||H3/2+a,3/4+a/2(3t) + ||B||H1/2+a.1/4+a/2(3t)
j=1
2

+ ¢ (1Kl rzransararzisy) + 1Ljll grorzsasssrarz(sy)),
j=1

where t <T.

Proof. The proof is divided into the following steps:

1. First we introduce a partition of unity connected with the four kinds of subdomains:

1
1; a neighborhood of an interior point of )y located in a positive distance from Sy,
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15 a neighborhood of an interior point of (220 located in a positive distance from Sy and B,
13 a neighborhood of a point of Sy,
14 a neighborhood of a point of B.
There is constructed a partition of unity with supports corresponding to mentioned above subdo-
mains.
2. Using the partition of unity problem (2.5.2) is localized to the above neighborhoods. The local
problems in subdomains 1; and 15 can be easily solved.
The local problem in subdomain 13 is solved in Sect.7 and in 14 in Sect. 8.
3. To solve problem (2.5.2) we collect results of all above defined local problems by using the key idea
of resularizer (see [26, Ch. 4]). Using the proofs of existence of solutions to problem (2.5.2) in Sects.
5 and 10 from [2] we conclude the proof of the lemma.

O

The result similar to Lemma 2.5.1 is also proved in [14].

2.6. Spaces Defined by the Fourier-Laplace Transforms

In this subsection we follow [25]. Assume that u € H**/2(R? x R ). Assume that u can be extended by
zero for t < 0 and the extended u € H**/?(R? x R).
We define the Fourier-Laplace transform for functions vanishing sufficiently fast at infinity by

= /e‘“ds/u(x,t)e_”'fdx,
0 R3
where Re s > 0.

For any u € H%/ 2(R? x R) the Fourier-Laplace transform is a holomorphic function for Re s > 7,
v > 0. We introduce the norm

1ull ooz g ey = / dg / @&,y + i€o)|?(|s] + €2)“dgo, (2.6.1)

R3 —0o0

where s = v + i&p.
Lemma 2.6.1 (see Lemma 2.1 from [25]). There exist constants ci, ca such that

1l o2 g ey < il sroeages i

< CQHu”f[ff‘aﬂ(RsXR)'

Finally, we recall

Lemma 2.6.2 (see Lemma 3.1 from [25]). Let e(z3) = e 7, 7 = 05+ £2, s = v +i&y, v > 0. Then

2

J
d dl‘g

7 Fe(x?))
/

|2j—1

=
.

7
de(rz+2z) de(xs)

dxg dmg

L3

2
dxsdz
Z1+2% —

C| |2 (G+32)— 1

o—y °
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3. Method of Successive Approximations
1
Let v = v(x,t) be given, where = € ().

1
Definition 3.1. The Lagrangian coordinates in Qg are initial data to the Cauchy problem

dzx

1
i v(z,t), x)i=0 =& € Qo (3.1)

1
Hence the domain (), is defined by
t
1 1
O = {a: ER®: x=a(6t) =&+ /ﬁ(f,t’)dt’,f € Qo},
0

where 0(&,t) = v(x(€,1),t).
In free boundary problems in hydrodynamics the free boundary is built from the same fluid particles
as at time ¢ = 0 because v|g, is tangent to .S;. Then

Sy ={reR¥ 2 =u(£t),£ € S}

2
To formulate problem (2.5.1) in Lagrangian coordinates we have to introduce them in ()g. Since there

2
is no velocity in ;, we have to introduce it artificially.

1 1 2 2
Definition 3.2. Let v = v in ); and construct v in ); as a solution to the nonstationary Stokes problem

2 . 2 . 2
vy —divT(v,q) =0 in Qy,
.2 . 2
dive =10 in Q,
2 1 2
U‘St :v|st7 U|B =0,
2 2 .2
]i=0 = ©v(0) m o,
2
where ¢ plays the role of pressure but it is not important for any estimate for v. It is introduced to have

2 ..
v divergence free.

2
Finally, we construct v(0) as a solution to the stationary Stokes system

2
— AB(0) + Vq(0) = 0 in Qo
2
div 0(0) = 0 in Qo (3:3)

0(0)]5, = 0(0)] 55, 0(0)] = 0.

12
Having b constructed by problems (3.2) and (3.3), we can introduce Lagrangian coordinates &, & by the

Cauchy data to the problems

di i i i
dit” =02, 1), T|p—o=EEQ, i=12. (3.4)
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Then

)7566(%@.: 172
1.18) and (2.5.1) in Lagrangian coordinates yields

where 5(€, 1) = 0(2(E, 1), t
Expressing problems (

_ 1 1
’lj,t - le{)Tf}(@,ﬁ) = f + MldiV 5T(H) in Qg;,

L
divyzo =0 in Qp,
1 (3.6)
Ny - Ts(0,p) = —putiy - T(H) on Sér,
1
]t=0 = o in Qo
and
1 1 5 L 1L 1 L . lp
pwiH, + —rot1H = pyrot 1 (0 x H) + 110 - Vi H in Qp,
g1 v v
. L . 1T
div,iH =0 in Qp,
2 1 52 2 2 . lp
poH ¢ + —rot 5 H = pov - Vo H in Qp,
2 .o 1p
divoH =0 in Qp),
2 (3.7)
1 1 2 L
(rotlH—rotgH>Tw:,u1v><H-Tw, a=1,2 on SOT,
01 v g9 v
12
(H—H) fig X Tga =0, a=1,2 on ST,
2 2
H-7o|lp = Heo, a=1,2, divoH|g =0 on BT,
Hlmo = H(0), i=1,2 in Qo

102
where v = v =v on Sy and Vi = %h:z(g@a&c.

Moreover, any operator with subscript ¥ means that it contains the transformed gradient V; and any
operator with subscript £ contains derivatives with respect to &.
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To prove existence of local solutions to problem (3.6), (3.7) we apply the following method of successive

approximations

Upt1,e — div ¢ Te(Ung1, Prgr) = —(div ¢Te(On, Pn)

1 _ 1
—div g, Ty, (On, Pn)) + padive, T(H,) + f = F, in O,
1
div ¢Upq1 = div ¢y — divg, Un = gn in Qg,

777’5 : TE(@H-ﬁ-l)pn-‘rl) = (’ﬁf : T{(’Dn7pn) - ﬁﬂn ' T'Dn (anaﬁn))
1
— pfg, - T(Hy) =G, on S¢,

Unt1lt=0 = v(0) in Qo,

1
where v,, = v,,, and

1 1 1 1 L L
mHpp1e + —rotanH = —(rotan - rot% H,)
01 g1 v

n

1 1 1 1 1 .l
+u1rot% (Un, an)—&-ulvn-V% n=Mn in Q,
L L 1 1 1
diveH gy = diveHy —divy Hy =N in O,
2 1 2 1 2 2
poHp 1 + *rOtan-ﬁ-l = 7(r0t§Hn — 10t 2 Hn)
g9 g9 Un
2 2 2 2
+/~L2'l_)n‘v2 anMn in an
2 2
d1v5Hn+1 —d1v5H —le% H,=N in Qg,
11 2
(rotanH — —rot H,. ) Ty
01
2
(rotgH @an) To — —(rot gH — 1ot g, Hpy) - Ta
(71 02
1 1 1 2
+ —rot f,an . (’fa — ’ﬂjna) — —r1o0t 1—)an . (77'04 — %ﬂna)
g1 g2
1
+ iy X Hy, T 0 = Kan, a=1,2 on SOT7
L 2
(Hn-l—l - Hn+1) n X Ty
L 2
=(H,—Hp) (0 XTo — Ny, XTo,a) = Lan a=1,2 on Sy,

o S

2

< _ . ]

Hn+1‘Ta|B:]1*oz 04:]-727 le% H’ﬂ+1|B:0
n

%

'L7
Hoqili=o = H(0), i=1,2.

12 L2
In problems (3.8) and (3.9) vy, Uy, Hy, H, are treated as given.

Moreover, T,, @ = 1,2, are tangent to Sp, 7 is normal and 7/, o = 1,2, are tangent to B.
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4. Estimates for Solutions to Problem (3.8)

Let ¢,, be a solution to the problem
1

Ay, =g, in Qo, (41)
¢nls, = 0.
There exists the Green function to problem (4.1) such that
on(@,t) = /G(x, Y)gn(y,t)dy. (4.2)
Q0

Lemma 2.3.2 yields

1 1
Lemma 4.1. Assume that F, € H“*/2(Q}), Vg, € H®/2(Ql), G, € HY*rol/4+a/288) 4(0) €
1 1 1
HY(Qo), Vo, € H>tol+a/2(Q8) Vo, € H¥*/2(O}). Then there exists a unique solution to prob-
1 1
lem (3.8) such that v,41 € V22+a(96), VDni1,Pnt1 € Ha’o‘/z(Qf)); Pn+1 € H1/2+°"1/4+°‘/2(56) and the
estimate holds

||17n+1||V22+a(5126) + [[VDn sl ,t 1Pl

Ha,oc/Q((lzé Ha,a/Q((lzé)

F1Pntallzreconsavara sy < el Fall

+ 1Vl , H Vel

Ho-o/2(0f)

).

(4.3)

Ha,cx/Z(é(t) H2+a,1+a/2(§126 Ha,a/Z(é(t))

+ HGnHH1/2+a,1/4+a/2(Sé) + HU(O)||H1+Q(§120)

1
The expressions on the r.h.s. of (4.3) depend on v, p, and H,,. Therefore we estimate them using

the dependence.

1 1 1
Lemma 4.2. Assume that v, H, € H>T*F/2(O) p, ¢ € HY*/2(QF).
Assume that o > 5/8, a > 0.

Then
ol oy < GO0 OV sy e) T DU o
. (4.4)
- ) 5, ) H, :
+ ||p ||L2(O,t;H1(Qo)) + Hp ,§||Ha,a/2(96) + H HH2+a,1+a/2(gl)6))

where 8z, (t) is introduced in (2.4.2).

Proof. We have
F, = —(div ¢T(n, Pn) — div 5, Ts,, (T, Pn))

. 1 o N - (4.5)
+mdivy, T(Hy) + f = Fo+ Fn+ f.
In this proof we drop the index n and introduce the simplified notation
1
V="Tp, p=pn, H=H,. (4.6)
First we consider
1
< I— 2 xSxx
1Bl gy < €I = E)oce + Enbanetell at o

el = &pell iy
0
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1
The norm of space H**/2(Q}) can be expressed in the form

1

FE) .+ (F)

||F|| Lo (Qt o,z,2,0Q oz/2,t,2,§126.

Ho,o/2 Qt ||FH

Using Sect. 2.4 we have

1
11, g < €l = EDveel, g, + lotoumevel, s,

Foll - el g < 006,00 / ve(r)druee

L2(9)

+ co(d, H /vggdﬂ)g + (8 H /vngpg

LZ(QO)

1/2
< ct'/2¢ 2 )
< 006, ( / oI g dr) el s

L2(Qo)

1/2
2
d 1
o / eI ar) il

Sct”2 P8 (®)) (vl )-

+ el

L2(0,:H2 ($0)) L2 (0,:H1 ()

The second term on the r.h.s. of (4.8) is bounded by

1

(F)

2
<(I-& )v55>a,x,2,3123 * <£w£mx£v£>a,x72,§6

(I =&pe), o, =L+ LT+ LY.

o x,Z,Qf -

First, we examine

OTE =

Qo Qo

- e, ) ) 2 df,,dt,> i

|§/ _ 5//|3+2a

t
€2(€ 1) — (€ )P loee (€ ) s o >/
S(0/1‘/1/ ‘5/_5//|3+2a f 5 t

Qo Qo

t
[T — 2(&" ) |vge (&, ') — vee (6" ), .0 /) 1/2
" (0/1/1/ & — g]3t2a dg'de" dt

Qo Qo
=J| + Jo.
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In view of properties of matrix &, we have

| Jo (0e(€',7) — ve(§”, 7))dr|?
J1<¢ (/// fO f|§/ 5//‘3/£2+2a '

Qo Qo

Jvee(€ )
|£1 75//‘3/2

1/2
dg’dg”dt’) =Ji.

The Holder inequality implies

| U — U (g// ))dT|2p ! 1600 1/2p
JE< 606, (/:/ Jolee(€ o gwiam/ d&df) :

Qo Qo

Jvee (€, )P )2 et e 111 712
U (/ / Tl B B

Qo Qo

where 1/p+1/p' =1,p' <2,d =a+ 5 (2p 3).
By the Minkowski and Holder mequahtles we get

/ / "oyt 1/ 1/2
JI <R, [ / ( / / el §|§, g//T?f—i(-Epa/ )|2pd€’d§“> pdt’]

Qo Qo

1/2
< e not0,0) / o)

where the above imbedding holds under the condition

3 3 3
5—%—5—0/31—1—0[ o o+

YY)
SRS

However p > 2 the last restriction can hold for p close to 2.
Since p’ < 2 we obtain

L , 1/p'71/2
<ol [(frecorae) | el
0

1
Qo

where the last inequality holds for

N w

Conditions (4.11) and (4.12) imply

ool ot
IA
Q

Summarizing,

50

<1 (4.11)

3
—55 Sa (4.12)

(4.13)

Ly < t°¢(8u(t))[lv]? (4.14)

L2(0,t; H2+°‘(Q ))

where we used that J, is also bounded by the above bound.
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Next, we examine

- (] [ eenstonse o

Qo Qo
"o "o "ogr "oary|2 1/2
&l ,t)fm(fgfgff;i;t)vg(g )P, e dt,)
(///UO ve(€7) — vele”, T)dr>
|£/ 5//|3+2a
Qo Qo

1/2
(€ 1) Pde df"dt)

‘ / 1)55 dT

1/2 |fo vee (€', 7) — vge(§",7))dr |?
e (/// o ep

Qo Qo

1/2
. |U£(€/,t/)|2d§/d€”dt/> +t1/2¢((5v(t))

|y vee(€”, r)dr2 o (€ 1) = ve (€ ), ')1/2
</// |& — g|3t2o dg'dg" dt

Qoﬂo
= H1 +H2 +H3

First, similarly as in the estimate of J{ we derive

Hy < t%¢(8,(t))[|v]?

Lo (0,6 H2 4o (00))

Next
H, < /2
2 0200wl oy, aoleell, o
Finally, Hj is estimated by the same bound as H;.
Summarizing,
L < t°¢(8,(1)) ||| (4.15)

L (0,6 H2+2((0))

Finally, we estimate the last term on the r.h.s. of (4.10),

i / [ [ WO ) o€ e O dt,>”2

& — g
% G0
t
6 (€, ) — &€ ) Plpe(€ N2 )
= (/// & — grpptaa : dgdg dt)
% o o
- fz EH gl t §H7tl 2 ISP, 12
(///| |§|/ |p£§//|3+2)o¢ el ) S dt)
QO Qo
= Ml + Mg.
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Using the form of &, we have

M; < 6(6,

Existence of Local Solutions to a Free Boundary Problem

7))dr|?|pe (&', )|

QOQO
= 1
= Ml .

( / / / | fy (e (€ _§U§(§:,|3+2a

1/2
dgldé-//dt/>
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M has the same structure as J{, where vg is replaced by pe. Therefore, instead of (4.14) we derive the

estimate

My <76 (8,(1)) |0l

Finally Mj is estimated by the same bound as Mj.

Summarizing,

LY <t (8,(1)) |||

Lo (0,6 H2+o ()

Using estimates (4.14), (4.15) and (4.16) in (4.10) yields

1
< a
B,y SEOGON,
Hlpell o vtz
The last term on the r.h.s. of (4.8) can be bounded by
L _ 2
(F)jpindy = (T =& 66)3775290
<£r£rxl‘§v5>g
20
=A;+ As+ As.

First, we estimate

Lo (0,t; H2+o( Q )

WPEll o 4.7 By

T .

(I[oll

1
L2(0,t:H?T(Q0))

+ (I = &)pe)

1
5.,6,2,Q8

0 < / / /W(Isi(f,t'»vgg(s,t')us.z@,t"))vgf(s,

|t/ _ t//|1+a

#1)]2 1/2
)| dtldt”df)

26 1) — " 1/2
<///|£ it — t//ls-at Ik |U§§(§7t’)2dt'dt”d§)

|7 — §2 (&t | |’U€5(§ ) — U&(g t”)‘ o 1/2
(/// it — |+ dt'dt df)
Qo

EA% —I—A%.

(4.16)

(4.17)

(4.18)
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Using the form of &, yields

1 ‘f/ d7'| |U££(§ t/)| o 1/2
A=l (/// : |t/ |1+ dt'dt dé‘)
))(///t/_t”a/h}g(g”)2dT|U§s(£,t')2dt’dt”df)
1 0 0 b

<2206, (1))Ivll,

1/2

OtHQ‘*'“Q)) 0tH2Q))

Exploiting the form of ¢, and the imbedding

loell, 5,y = cllvl for a>1/2

H2t« (Q

we obtain

AT < 206, (t) 0|l

Lo (0,8 H2+( Q ))H §§||L2(Q Ha/2(0,t))-

Summarizing, we have

Ay <198, (1)) ]|

24 (D HUHza.lazlt'
La(0,t;H2F2(Qo)) " H2Fe1+a/2(Qf)

Expression Ay has the form

|£a: f t gzm 5 t)xg(f,tl)vg(&t/)
A - </// |t/ t//|1+a

_ 595 (E’ t”)fm; (57 t”).’L‘g (57 t”)vf (5’ t//) |2 dfdt/dt”> 1z

‘tl 7t//|1+a
=(/

1
Qo

4
4l
/

S—_ .

! " ’ / 1/2
[ ety e )P l6ns (€, )P hre (€ )P Ioe(€ OF v dg)
0

|t, _ t/l|1+o¢

|t/ _ t//|1+a

/I ’ " / / 1/2
/ /m 6Pl ) Gl I ORI OF g

[ 16al&, )P Eua (6, 8") e (.1) —xg(&t”)|2|”5(5’t/)|2dt’dt"d§>1/2

|t/ _ t//|1+a

60 & )Pl (&) PLre (€ 1) v (6. ) _“5(€’tll)|2dt’dt"d§>l/2

|t/ _ t/l|1+a

i}

= ZAZQ
i=1

o
o\“
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First, we estimate

t’ ’ 1/2
AL < o060 ( / / /|L, ve(& TP Jy vee €, DT Pluc(€ )P )

It/ _ t//‘1+o‘

< p/2al2gs, ( / / lvec (€, 7)2dr / ve(&,7)] dv)
1/2 1/2
§t1/2_a/2 </v Hj—ﬂ*‘l(ﬂ) ) </|U§§ 2 1 dT)

< t1/2—0‘/2¢( ( ))H “i (OtH2+a(Q ))

/2

Next, we estimate

| [ vee (&, m)drPlue (€, 1) 1/2
A2<¢ (/// ft 5E|t/_ﬁ//|1+of dr’ dt” d¢

1/2
< 1 o0, 0l g / oty )

< 202008, (6) v Hiz(otmw(sz )

Next A3 < A} and finally

t ot t
Ve(E, 1)) — ve (€, 1" 2 1/2
A4 t1/2¢ (////ME& 57 ‘ dT| £(§|t’)—t”|igi )‘ dt/dt//df)
1O 0 0 O

— 41
= AL,

Applying the Holder inequality with respect to & yields

4172 12
AsH <t / dT> .
( [[vge (- pmo)
; ||U§('7t)*vg( )12 1/2
L (Qo) 442
! <// |t/ _ t//|1+a 2 dtldt//> = A2 9

00
where 1/p+1/p = 1.
In view of imbeddings

3 3
S <

logell,, gy < Molmragy, ¥ 5= 50 <

) " L < ) - ! .
o ) -0, < ot s Miscin

which holds for 3/2 — 3/2p’ < 1, we finally obtain the estimate for a > 1/2

42 1/2
A3* < EPOOWDNN o prsio oy 1P iz araig)’

50
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Summarizing,

Az < t°9(6,(1))l[vll

0 t: H2+a(Q ))” ||H2+a 1+a/2(QP)

Since pe in Ag plays the same role as vee in A; we obtain from (4.19) the estimate

Az <108y (1)) ]| e

La (0,520 (00)) 1+ Ho0/2(h)

Using estimates (4.19), (4.20) and (4.21) in (4.18) implies

(F). 1, <t°(8,(t)]o]

262,08 — La(0.6:H? 2 (0))
(||U||H2+a,1+a/2(§126) + HngH“’“/Q(SlZé)).

Exploiting estimates (4.9), (4.17) and (4.22) in (4.8), we obtain

04l < 1968, (1)) o]

+ [zl

Laoitrre oy I asesarn )
+ [Ipell ),

1
He/2(0f)

1 1
L3(0,t;H(0)) Hea/2(Qh)

where a > 5/8.
Next, we estimate the norm

—1Fl, g FOE) o+ )

”FH 0) z,2 Qf a/2,t,2,$126'

Ho, a/2

It is sufficient to estimate the last two term on the r.h.s. of (4.24) only. First we examine

i ([ [ (R

Qo Qo
1 1
fz ﬁll,tl H f”ﬂf/ Hé“”,t’ 2 R 1/2
- ( )|£/£_(§/l|34)-2a( ) >d§ dg dt)
(///U’o ve(&',7) —ve(§”,7))dr[?|
|§/ é‘//|3+20¢
Qo Qo
éWﬂwé@ﬂﬂw@wﬁutwwm(j//
£ P P v
% G0
He(€ ) — He(€" 1) 1 12
’ : |’€/ _ §/I|3i2a : |H(§/,t/)|2dfld€“dt/)
t
)(///ﬁ&%mz
O 1 1
Qo Qo

1 1
H(é’,t’ _Hgl/at/)2 1 3¢ 340 1z
S k)

EP1—|—P2—|—P3.
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(4.21)

(4.22)

(4.23)

(4.24)
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Applying the Holder inequality with respect to &', £” in Py yields

B " gl 2p1 1/p1\ 1/2
][5 ) )

Ao Q0
[/<// = e Ep 5’d§”>1/p2.
Ao o
(//|H§ t 2p3d£)1/”3]1/2
Ao Qo

EPl,

where 1/p1 +1/pa +1/p3 =1, p2 <2, &/ = a+ 5-(5p1 — 3).
we use imbeddings

el by < M0l oty 5~ g+ FLE 240
1 3 3
HH£||L2P2(§120) < CHHHHHQ(;ZO)’ 27 %, +1<2+aq,
and
1 1 3 3
1, g Sl 5 =5 <150

From (4.25)—(4.28) and the form of o/ we obtain the restrictions

3 3 3 3 3
- ——4+-<1, 3—— <2420, 3—— <24 2a.
2 p 4 P2 P3
Eliminating p1, p2, ps yields the restriction
3
g=¢
Hence
1
< pl <¢/? :
G ) IR UN - MO
1
. ||H||Loc(07t;H1+a(S120))
Next, we examine P,
Py < ¢(d, ( )
! 1
|H£ gl tl Hg(é-// /)|2p1 dg/dé-// /pl.
|£/ 5//|3+2p1a’
0 Qo QU
1 1/172 1/2
. (/ |H(§’,t’)|2p2d§’) dt’} =Py,
5120
where 1/p1 + 1/p2 =1, p2 < 2, —a—&—f—%
We use the imbeddings
1 3 3
- - <1
76l gy < M 5~ gpr #2100
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(4.26)

(4.27)

(4.28)

(4.29)

(4.30)
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S_2 <iqa

1
< —
110, o <Mt 5~ 3

L2p2(

Since restrictions (4.30), (4.31) can hold together we obtain the estimate

1 1/2 :
h < Py < v 2t (O .
Py, < Py <t/%¢(0 (t))HHHLQ(O,t,H T2 (Q0))

”H” oo (0,5 H1+0 ((0))

Finally,

/2
2
( / IFeC )2 )dT) V0 rre oy

/2x
@ 2X
<196(0, ( / lEe(DI ) ELPRPNES)

a 2
< COBNIAI,, e
where A < 8/3 and a > 5/8.
Using estimates (4.29), (4.32) and (4.33) in (4.25) implies the estimate

(F2) < %08 () ([lvll,

aw,Q,Q’ - OtH2+‘1(Q )

P
H2+«, 1+n/2(Qt)

Finally, we examine

<F2> 1

t

+1).

(/ |§I 8 t H§<£ t) (57t/)—fw(f,t”>11{§(f,t”)[lf(f,t”>|2

|t/ 7t/l|1+a
1 O 0

IN

=Q1+Q2+Q3-

) Birkhauser

1/2
dt’dt”df)

(///'fw = t“glai(fat”)| He(e )21 H(E )Pt dt”d5>1/2

<///|€$ (&) |2‘H§( |t') tﬁi(f,t i |EL(E, )2 v de

" " H ft” ! g4t 1z
<///|£w§t )2 \H (&t )|2| (€ It’) o ) dt' dt dg)

JMFM

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)
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First, we estimate

Q1 < 66, (///t | /|v557 Par-

: H5<at'>2|H<s,t'>Zdt’dt"df) QL.

Performing integration with respect to t” gives

1/2
Q1 < QF <t'/272/24(s, (/ll ve (- d7> :
Loo( 0)

1
2 /
H dt H
(/H 5 H )Sgpﬂ ||L2(5120)

(4.36)
1
< 41/2-a/2 .
<t SOV o 4omrove o L o ssrrosen o)
1
M0 ooy
< $1/2-a/2 L2
GO RPN - NS
The second term Q5 is bounded by
1 1
< .
Qo < GONHE, g o VL, 0r i
1
<0G, 4 sormom M e reosngi (4.37)
a 2
STCHONT: (S
where 8 > and 8 <1+ a.
Finally
Q3 < t"¢(0,(1))
1
- sup IIHgHLz(;IO) Sup |l z10/2(0,1 (4.38)
< 41/2 2
<200 NN g e Vs
where 8> «, < 1/2+ .
Using estimates (4.36)—(4.38) in (4.35) yields
< a 2
(P2 g S OGO o FDIFIE, (4:39)
Using (4.34) and (4.39) in (4.24) we obtain the estimate
a 2
Bl oy < OOV iy ¥ D Vs (4.40)

From (4.23) and (4.40) and recalling the index n we derive (4.4). This concludes the proof of Lemma 4.2.

From the properties of the space trace operators we have
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Lemma 4.3. Let the assumptions of Lemma 4.2 hold. Then

||Gn||H%+a,%+% (S8) < 19 (0u,, (t))(”@n||H2+(,)1+(,/2(§116)

1
+ 1Pl /2401 sa4as2(sg) + I1Hn 1P )-

H2+a,1+|1/2(§12’6)

In the next lemma we estimate norms of Ve, in the r.h.s. of (4.3).

1
Lemma 4.4. Assume that v, € V3 T*(Q}), a > 0.
Then solutions to problem (4.1) satisfy

IVeon , = Vel < 00, OTal ., o1,

H2+a,1+o¢/2(§126) V22+Q(QD)

Hoc,a/2(s126
where gy, is defined in (3.8)s.
Proof. In the proof we use the simplified notation

Y =Pn, V=17Upn

The aim of this proof is to find an estimate for the expression

Vel Lo H (b))
+ IVl Ly mr+er20,.0)) = 11 + 12 + I,

prvantarshy) |V PR FIVE

where

pl(a,t) = /G(%y)g(y,t)dy,
0

where G is the Green function to the Dirichlet problem

Ap=yg in .

¢ls, = 0.
Hence the Green function satisfies the condition

G(z,y)lyes, = 0.
Moreover

9 = O[(1 =& )vl.

In view of (4.45), (4.47), (4.48) and the Calderon-Zygmund estimate we get

Lo (Q2)

I = [Velog = Hv / G, ) (I — &, yude
i
< APHGUNIO g e i P

) Birkhauser
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(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)

(4.48)

(4.49)
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Using definition (2.2.3) of the Besov space equivalent to definition (2.2.5) and applying the Calderon—
Zygmund estimate, we obtain

= |Vl < || Vgl

L2(0,t:H ($20))

() (e

Qo Qo

"o "o 1/2
o (I_gm(f )t ))véi(f )t )2>df/d§”dt/>

‘6/ _ E//|3+2a

+c( / / / (fm (¢, /%S}gllﬁ“l’t/)

Qo Qo

"o "o "o 1/2
_ (€ ) (€7, 1) (€ ’t)|2)d£’d§”dt’) =i+ Ja.

|§/ _ f//|3+2a

Ly (OtH2+a(Q )

Considering Ji1, we have

_ 7 2 141\ |2 1/2
Jy <¢ <///|fo UE U&(g ))dT| "Ugg(f,t)‘ d{’dg”dt’)

|§ é‘//|3+2a
Qo Qo
t))(///‘]v ( " T)dT 2 (€I7t/) _vfﬁ(gl/vtl)ng/dg//dt/) Yz
) J 3 ’ |§/_§//‘3+2a
Qo Qo

= Jl1 + J12,
where

Tt < 266, (t) 0|l o]

1 1 .
L2(0,t;H2+2(Q0)) L2(0,t;H2+2(Q0))

To estimate J{ we use the Holder inequality with respect to &', £ and the Minkowski inequality.

Then we obtain

/ 1/p'11/2
Jl < - 1/2p¢ |: ( |’Ugg(§/,t/)|2p/d§’> :| .
I
t
ve (€', 7) —ve (€, )P, 0 />1/p T/Q
[0/ (// |§' ¢r[3+2a7 dg'ag’dt’ | dr

Qo Qo

< 17V g(3, (1)) 0]

La(0,6:H2 4o ()

where 1/p+1/p' =1,p' <2,d =a+ 5 (zp 3).

T Birkhauser



50 Page 34 of 52 P. Kacprzyk, W. M. Zajaczkowski

Next, we examine

_ " 24 1/2
Jy < t12¢(5, ( / / / Jo e« |§, Jﬁgi 7 T|vg(€’,t’)|2d§’d£”dt’>

QOQU
ve (€, 1) — ve (€, 1 2 , 1/2
+t1/2¢ <////|UE§ 1 7_ ‘ d | f( |§/1§//|§S_2a )| dfldg//dt
01 1

=Jy+J3,
where

Jy < t26(6,()o))?

Lo(0,6:HZ ()

Finally, JZ can be treated in the same way as J{. Then we obtain

J22 < t1_1/2p¢(5v(t))HvH2 2 (0,t; H2+’*(Q N

Summarizing,

Iy < 0 (8,(1)) |lv]]?

La(0,6:H> e (20))
Finally, we examine I3. The Calderon—Zygmund theorem implies

1/2
BT = €00l g ey = ([ 10~ €00l

1
Qo

1/2
- ( [ =g - gmvn%{a(o,t)dg)
i

t t
(I — (&) ue(€,) — (I — E(E (&P, >”2
< (/0/0/ 7 dt'dt" d¢

'—t"|1+o‘
Qo
[ a6, 0006, 1) — Ent(€, 170 E, 1) 1/2
+(/// ALY ’|t t,,rf+a dt dt”d§>
1 0 0
Qo
EL1+L27

where

_ 7y(2 1/2
" 1/2
(/// (8 |t’ t//|1grat ) |Ut(§,t”)2dt'dt”d§)

EL% —l—L%.

Estimating L} yields

1 41/2
Lt < t2¢(5,(t))|jv || 2 (0,8 H2 o (dh0) ||thL2(Q;Ha/2(o,t)).
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Next, L? is estimated by

. , d 2 1/2
L < ¢(8( ( / / / I U§§,|1+QT| |t(§,t”)|2dt’dt”df)

g

| 1/2 4.52
t))<1/0/0/|tlt”|at//Ug(gvT)d7'|”t(§,t'/)|2dt’dt”d§> ( )
Q

0
< 127025, (1)) |10l
Finally, (4.51) and (4.52) imply

Mol

Lo (0,6 H2+o () La(0)

L <90, e (4.53)

Finally, we estimate L,

Y2 1/2
(///'gwt = tuﬁﬁ(it ) |v(§7t’)|2dt’dt”d§)
Qo
t

v v(€, )2 1/2
<///|££t f t” |2| ( |tl) tl,|§ia )| dt/dt//d€> EL%—’-L%

0 0

First, we consider
v v f,t” 1/2
13 < 6(6,(1) (///'Et,ﬂﬁL ”l@fW%MW%) = L.

By the Holder inequality we get

v t — ,t” 2p a/p 1/2q
e

0 0

t ; ’
)20 q'/p 1/2q
. |:/ (/ |’U(€7 >|1 /dt/dt//) d€:| = LéQ
|t/ _ t//|§p
Q 00
@ 1 /(1
where 1/p+1/p'=1,1/g+1/¢' =1, p' <2,/ = § + 5,(3p— 1).
Performing integration with respect to t” in the second factor yields
L% < L%Z < tb/2p 71/4¢(5U(t))||U§||L2q(Q;W§I;(O,t))||UHL2,1/(Q§L2P/(0$))

< A6, () |l

V2+a

(4.54)

where we need the following restrictions

5 3 2 1 1 2 3
- —— — ———41<2 ——— =<1,
2 2 2p+ +2 + +a so 3 b 2

5 3 1

————-=<2

2 2 ta

We see that the above inequalities do not imply any restriction.
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Finally, we estimate

[ o(6.t) (6, 1) 2
o ([ ] e M e
0 0

1
Qo

| IR |2p a/p’ 1/2¢’
s [ ( / / ) Ca|
1
Qo
t
[o€.#) = w& )PP L\ ] 2 g
U(// \t' t”|1+2pa' arat” ) dg) =1L,
1 0 0

Qo

@ 1 1
where 1/p+1/p'=1,1/g+1/¢ =1,p' <2,/ =5+ — 5.
If the following restrictions hold
5.3 1
2 Qq/ p/ — ’
2
B2,
2¢ p
we obtain the estimate
L3 </ G0, ). g, (4.55)
Qt
Estimates (4.54) and (4.55) imply
L < Ol . o (4.56)
Qb))
From (4.53) and (4.56) we derive the bound
I3 < t"¢(8u () [lVII?, yate ey’ (4.57)
Using estimates (4.49), (4.50) and (4.57) in (4.44), we obtain
2
V60 s soragiy < OGO (45)
Recalling notation (4.43) in (4.58) gives (4.42). This ends the proof. O
Corollary 4.5. Using estimates (4.4), (4.41) and (4.42) in (4.3) yields
||Un+1\|vzz+a(;23) + ||Vpn+1||Ha,a/2(5126) + Hp"“”Hwﬂ(ég)
+ Pl r/2tan/arars gy < 9005, (1)) - ||77nHHHQ,HGM@B)[||77n|\v22+a(§126)
5 5 5 4.59
+ ||anHa$a/2((126) + ||Pn,5|\Ha,a/2(§126) + |Pnll g2 ren/avars(sp) (4.59)
1
2
R i) O g+ 10O )

5. Estimates for Solutions to Problem (3.9)

Lemma 5.1. Assume that én, H, € ‘/22+a(§26), i=1,2anda > 0. Assume also that H,; € H3/?t:3/4+a/2
(BY), i =1,2, H(0) € H*o(), i = 1,2.

) Birkhauser
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Then
2 g
ﬁn 1 < t? 01 t762 t))-
;H P R UROR )
2 i . i
| " ' 1 5.1
(gn sy + 1l 1l ) -
2 ) i
+Ci:21||H*i||H%+a,%+%(Bt)+C;||H(O)HH1+&(60).

Proof. Applying Lemma 2.5.1 to problem (3.9) yields the existence of solutions such that H,.; €

Vf*%é@) satisfying boundary conditions (3.9)5 7 and initial conditions (3.9)s. Moreover, Lemma 2.5.1
implies the estimate

2 i 2 i
Z o<ey :
L PRETRRUIETS (A
=1 1=1
7
+ ||VNn||H”‘°‘/2(fLZB) + ||K’in||H%+a,%+%(Sé)

+ ||LinHH3/2+Q,3/4+0</2(53) + ||V(I)nH

H2+a,1+a/2(66)

+ ||H*i||H3/2+a,3/4+|1/2(Bt)

+H©O)]| [+ 1Bollri/z+ansasarz(py,

H1+a(éo)

where ®,, is a solution to (2.5.3) with ]<]n which replaces j{[, 1=1,2.

Recalling the forms of quantities ]\2 s ]{7 n, & = 1,2, and repeating the estimations appeared in the
proofs of Lemmas 4.2 and 4.4, we obtain

1
([ M|

1
porachyy 17N

Hew0/2(0f) (53)

1 1
< 1465, (D)1l 0 g, + DI

1 1
(28 V(@)

and

2 2
IMall gy + 19Nl

How0/2(0f)
2
DI Hp, .
+ )” ||V22+”(§2)6)

Ha,a/’z(éé
2
< %60z (1))(|[vnl

Repeating the proof of (4.58) we obtain

W2
vEteQh)

: <165, ()6, L, i=1,2.
V| o(0: (t)llv HV;M(%), i=1

H2+a,l+a/2(é(t)) — %n
Moreover, Sect. 7 implies the estimates

1
| Kinll ri/2vensavarzsey + | Linllgsrzvas/svarz sy < @00 (OOl ppu 1, -
Un Vs (©Q6)

1

2
N e gy + 1l e )

The above estimates imply (5.1). This concludes the proof. O

2
Vot (Ql)
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2 1
A solution v to problem (3.2) appeared in problem (3.7) can be estimated by appropriate norms of v.
Expressing (3.2) in Lagrangian coordinates we obtain

2 2

2 . 2 2 2 . 27
0y —div T2 (0,7) =0 - Va0 in Qp,
v v

2
v
2 2

div.v =0 in OF,

: (5.5)
2 1 2
U|s, = Uls,, v|B=0,

2

oo = B(0).
where 12)(0) is a solution to problem (3.3)
~A¢t(0) + Veq(0) =0
dived =0 (5.6)
5(0)|s, = 2Oy, 5(0)]5 =0

We prove existence of solutions to problem (5.5) by the following method of successive approximations

2 . 2 _ . 2
Unt1,t — diveTe(Ung1, Gni1) = —(div e Te (O, Gn)
. 2 2 2 . 27
—dive T2 (Un,Gn) +0n- V2 Uy n Qp,
Un Un Un
di 2 di 2 di 2 . (22,5
IV ¢Unt1 = divetp —divy On in Qp, (5.7)

2 1 T
Un+1|So :v|307 on SO N
2
Unt1lB =0 on BT,
2 2 .2
Un+1|t:0 = U(O) n Qp.

1 1 2 1
Lemma 5.2. Let v € H2To1+e/2(Ql, 12)(0) € H'(Qq). Let o > 5/8. Let D = c(||v||
2

[o(0)]]

2
(Q), t <T and the estimate

H2+a,1+(x/2(66)

2
fibe(d )). For T sufficiently small there exists a solution to problem (5.5) such that v € H?*+e1+a/2
0

2
51 el <D (53)

H2+a,1+a/2(58 Ha,a/2(§223

where v > 1 holds.

Proof. We use the method of successive approximations described by (5.7). Using the techniques from
the proofs of Lemmas 4.2 and 4.4 we obtain

2
||v"+1“V22+”(5226) + an+1,5HH(,,a/2(56)
2
< t@ o . .
<90y (f))(||vn||vzz+a(56) + H%,fHHa,a/z(gzé)) (5.9)
1 2
+ ||| + c[[v(0)]] 2

1
H2ta1+a/2(Q) Hl+e(Qq)

where a > 0.
Let v > 1. Assume that
2
X (t) = [Jonll <9D, (5.10)

el

2 2
V5T (@b Heoo/2(0)

) Birkhauser
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where

1
D= c(l0l sy * 10Oz

Then (5.9) yields
Xnt1 < t*¢(yD)yD + D. (5.11)
Let ¢ be so small that
t*o(yD)y <v—1.
Then (5.11) yields

X1 < D. (5.12)
Assuming that Xy = 0 estimate (5.12) implies
X, <D for any n € N. (5.13)
Introducing differences
2 2

Xpn=Up —Up1+ Qn,f - anLf
we can show convergence of the constructed sequence. This concludes the proof of Lemma 5.2. (I
2
In D introduced in assumptions of Lemma 5.2 we have the term v(0) which is a solution to problem
(5.6). Therefore, we need

Lemma 5.3. Assume that 111(0) € HY?%(Sy). Then there exists a solution to (5.6) such that 121(0) €

2
HY*(Qqo) and the estimate holds
2

1 1
HU(O)HHHQ(S?ZO) < C||U(O)||H1/2+a(so) < C||U||H2+a,1+a/2(51)5)' (5.14)
Corollary 5.4. Using (5.8) and (5.14) in (5.1) yields
2

Hn i < ta 61 t N

Dl e gy, < £1005,0)
. 1 Un, H, i 5.15
S+ Il g M ey (5.15)

).

2 .
+ c;(HH*iHH%+a,%+a/2(3t) + HH(O)||H1+“(£L)0)

6. Existence of Local Solutions to Problem (1.18), (1.20)

We prove existence of local solutions to problem (1.18), (1.20) by the method of successive approximations
defined in Sect. 3.

Lemma 6.1. (uniform boundedness of the sequence introduced in Sect.3) Assume that the quantity

Do = |If]] ) HIoOaroq0)

1
Ha,a/2(Q(tJ

2 ; (6.1)
T ({1 S P —— ()]

: H+e(0p)
=1

is finite, where o > 5/8.

T Birkhauser
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Let
S U A T I
2.
Il ey + 3 W

Then for t sufficiently small the following bound holds

Xn(t) < covDy Vn € N,

where v > 1 and ¢y is the constant which estimates constants in (4.59) and (5.15).

Proof. Inequalities (4.59) and (5.15) imply
Xnt1(t) <to(t* X, (4) X0 (t) + coDy.
Let v > 1. Assume that
Xn(t) < yeoDy.
Let ¢ be so small that
t*P(t*ycoDo)y < v — 1
Then (6.4) implies
Xnt+1(t) < veopD,.
Assume that Xy = 0. Then (6.5) and (6.7) imply (6.3). This ends the proof.
To show convergence of the above sequence we need

12
Lemma 6.2. Let the sequence {Ty, Pn, H,. Hn} be examined in Lemma 6.1. Let

Yu(t) = HV"“v;(ég) + Hpn’f"Lz(slzB) * ”p””Lz(Sllé)
1 Poll a2 ragsg) + sz:l H;{HHVf({ZB)
where
Then

where a > 0.

) Birkhauser
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Proof. Taking the difference of (3.8) for n and for n — 1 we obtain

Vag1,t — diveTe(Vig1, Prg1)
+ [le Un Tﬁn (@n—l ) ﬁn—l) - le ﬁn,lTT)n,l (’Dn—lapn—l)]

1 1

+ pa[div gy, T(H,) — divg, T(H,—1)]
1 1 4
+ m[div o, T(Hp1) = dive, \T(Hno1)] = Jo =Y T,

div Vg1 = div ¢V, — [divg, 0y — div g, Uy—1] (6.10)
= [div g, Op—1 —divy, _Tp_1] = Gy
= dngVn + Is + I,
¢ - Te(Vs1, Pay1) = g - Te(Vo, Pr)

- (ﬁ'DnTT)n ('Dnaﬁn - ﬁﬁn,lTT)n,l (@n—laﬁn—l))

1 1
—p1(ng, - T(Hp) =05, , - T(Hp-1)) = Ly,
Vn+1|t:0 =0
Taking the difference of (3.9) for n and for n — 1 yields
1 1 o L 1 5 L 1 , L 5 1
K ny1e+ —rot Ky = —rot ¢ Ky — —(roty Hp—roty Hp 1)
01 01 g1 Un Un—1
1 1 1 1
+pa(rots (Up X Hy) —10t1  (Un—1 X Hpo1)
Un, Un—1
1 1 1 1 1
+/~/J1(Un'v% Hy — Uy v%} Hn—l) = Mn,
n n—1
1 1 L L 1
dive K41 =diveK, — (div. H, —div. Hp_1) = Np,
Un Un—1
Ig( +1t212( 1t2fg(1(t2;’1 t I%[ )
—T10 = —r10 —(ro — 10 _
U2 n+1,t oy ¢ n+1 o9 ¢ oy %n n %n—l n—1
2 2 2 2 2
+M2(UnV% Hn_vnfl'vi% 1Hn71)—Mna
2 2 2 2 2
diveKyq1 =diveK, — (dive H, —dive Hp,_1) = Np,
U, Up—1
1 2
(I‘Ot ¢Kpy1 — —rot EKn+1) Ta
01 2
1 1 2
= (rot ¢K, — —1ot 5Kn> Ta
1 02
1 1 1
—(rot o, Hpn — —10t 5, (Hp_ 1) Ta
01 g1
2 2
——(roty, H, —10t 5, Hp—1) - Ta
o2
L 1
—&-;rot s (77'& - %ﬁnoc) rot g, Hp 1 (7o — ?77'71.71(1)
1 1

T Birkhauser
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1 2 1 2
——rotg, Hy - (Ta — To,a) + —10t 5,  Hp1 - (Ta — To,_1a)
02 g2
1 1 1
+/~L1'Dn X Hn To,a /~L1'l_)n71 H : '7__6"_104 = Pn;
1 2 1 2 1 2
(Kn+1 Kn+1) TN X T = (Kn — Kn) N X T — (Kn — Kn) . ’Ijll—)" X To. o
1 2 2
—(Hp-1—Hp—1) - (05, X Ty, g,y X To,_1a) = Pn,
2
RnJrl ' 77_04|B = 07 o = 1727
2 2 2
dng Kn+1:—(dng Hn—dng Hn)EQru
Un, Un Un—1
Kniili=o = 0. (6.11)
First we examine problem (6.10)
Let ®,, be a solution to the problem
1
A(I)n = Gn in Qo, (6 12)
®,=0 on Sy.
There exists the Green function G(z,y) to problem (6.12) such that G(z,y)|s, = 0 and
®a(a.t) = [ Gla )Gl . (6.13)
1
Qo
Applying Lemma 2.3.2 with estimate (2.3.9) to problem (6.10) yields
V., <c(||V®P,
sl ) < 09000 o
+ HJnIILz(IE) HIVGll gy F 1 Enllmrzarcsy)-
We estimate a few terms from the r.h.s. of (6.14)

|div ¢ Te (Vi, P) — div 5, T, (Vi, P ||

t
< ¢<6un<t>>(H [ el it n
) L2 (Qf

t t
+ H/’l_)mgg({,T)dTVn’g .t H/Q_}n,E(S,T)dTPn,g .
L2 () Lo ()

1/2
< a
H (0 (/H ol “(6) T) Vel 0 s dyy * 1Pl )

Continuing the considerations we derive

La(02)

|| n+1||

vecdy 1Pl

La(dt) + ([Pt
< t*@(coDo) (|| Va |l

Eah) + | Patall zrasacsy)
IR o (6.15)
. 1
1 Pallgssonssgsy + “K"“v;(ém)'
) Birkhauser
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Applying Lemma 2.5.1 in the case a = 0 to problem (6.11) yields

2 ; 2
z i
Kn i S C Mn i
DKl ) < SOl g

i 1 2 (6.16)
+ IIVNnIILz(;lé))+C(|\PnIIH%,%(SS) 1 Pnll 3.3 6y
1 @Qnllg1/2.1/4(51))-
We shall estimate some terms from the r.h.s. of (6.16). Hence, we examine the term
T > * >k
I =|rot ¢ K, — (rot%an —rot %nlen_l)HM(leB)
9 5 1 9 1 1
t:K, —rot7 K, Hy 1—rot7 Hy,-
Irotefin —xoty Hon = {roty Hnoy—xoty  Hnoa)ll, g
2 5 1 L
< _
lrot £ K, —rot 7 K, +||r0t%an,1 rot 1n,1Hn71”L2(512’)
1 1
<006y, @) [bncte.narne|
o La(Q6)
t
1 1
oty ) [Sneclenartng
Un La(Qf)
t
1 1
o0y 0.0, O) [Valenarte
Un Un—1 B L2 (Qf)
t
1 1
o0y 0.0, O) [Vaceleniriag
" nt 0 La(Q)
4
-y
i=1
where
1/2 1
I < 2 / [neCaDIE g dr) UKl
’ (Qo) L2(0,t;H2(Q0))
and applying the Holder inequality with respect to £ yields
1/2
I < t12¢( / vy, 2 d :
([ et ar
1 1/2
: Koell? dt’ =1},
(/ A2 i) =1
0
where 1/p 4+ 1/p’ = 1. Using the imbeddings
3 3
[[ull <cul o 55 <a
Lo (Q) H~(Qo) 2 2p
s 3 (6.17)
;1 < 1 - — —<1.
Il gy < Mol 3 3 <

T Birkhauser
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The above imbeddings can hold together because they imply the restriction

3
§§1—|—0¢

which holds for o > 1/2. Then

1
1< 817265, (1)) / 16 (7)1 dr ) Kl
vn H2+ ($0) VZ(Q8)

Next, we estimate

p 1 1/2
I < tY2¢(6, /f/ T L d .
3= (b( Un sz/(Qo) T
0

P 1/2
. Hy 1 ee(-,™)? at’ =TIk
([1tnseecre o) =1
0

Applying imbeddings (6.17) yields

Finally,

t
) 1/2
< $1/2 ) ) 7n . 2 1 ’
1096y 0.8, O [1Wasct.nl? , dr)
0

A 1/2
: Hp 1682 ') .
([, )

0

Summarizing and using Lemma 6.1 we obtain

1 1
I <" (coDo)(|| K + [[Vall )-

L2(0’t;H2(5120)) L2(07t;H2(§120))

Similar considerations can be applied to other terms from the r.h.s. of (6.16).
Estimating the terms from the r.h.s. of (6.16) we obtain

2

D 1Kl g, < t0le0Do) <Z||K I,

i=1

Vn i ’
*l ”Vf(n&))

where a > 0. Estimates (6.15) and (6.18) imply (6.9). This ends the proof.

) Birkhauser

JMFM

(6.18)



JMFM Existence of Local Solutions to a Free Boundary Problem Page 45 of 52 50
7. Problem (2.5.2) in a Neighborhood of Sy

In this Section we consider problem (2.5.2) localized to a neighborhood of any pooint of Sy. The problem is
complicated because it describes interaction of magnetic fields through the free surface Sy. The localization
means that problem (2.5.2) is multiplied by a function ¢ from the partition of unity with a support in a

i
neighborhood of a point of Sy. Then we obtain a problem for functions H(, ¢« = 1,2. Next, we apply a
transformation which makes Sy locally flat. Moreover, we consider a more general transmission condition.
Therefore, we derive the problem

gty — —Asu=f 23>0,
g

divu = 23 > 07

(7.1)
2 1 2 2
paty — —Ajii=f 2 <0,
o2
L2
divu = z3 < 0,
with transmission conditions
1 2 -
(arrot ,u — agrot Lu) - To = ko, a=1,2, z3 =0,

(7.2)

blqu,a - ana = lom o = 1323 23 = Oa
where a;, b;, i = 1,2, are some constants, 7; = (1,0,0), 7 = (0,1,0) and with the initial conditions
Ulemo = 1(0), i=1,2, (73)

where 13(0)7 1= 1,2, are divergence free.

Since problem (7.1)—(7.3) is derived by the localization all data functions (f, k;, [;, &(0),1' =1,2) have
compact supports.

In this Section we find estimates for solutions to problem (7.1)—(7.3) assuming that f € H®*/?(R? x
(0,7),R} = {z: 23 > 0}, R3 = {z: 23 < 0}, k; € H' T~ 1/21/24a/2-1/4(R2) [, ¢ [2Ho—1/21+a/2=1/4(R2),

R? = {z: z3 = 0}, u(0) € H'T*(R?), i = 1,2, a € (0,1).
Remark 7.1. Functions f, i = 1,2, are divergence free. This follows from the following construction of

1 2
problem (7.1). Multiply equations (2.5.1)1—(2.5.1)4 by cut-off functions ¢ and (, respectively. Introduce

the notation v = IfIC, i =1,2,. Then (2.5.1)3 and (2.5.1)4 take the form
i i
divo=H-V(, i=1,2.
Introducing function <,ZO as a solution to the problem
Ap=H-V( i=12,
©'=0 on dsupp(, i=1,2,

we construct the function

T Birkhauser
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which is divergence free and satisfies the equation

i 1 . i 1 i
il — ;AU =—LVP:+ ;AVSD
1 ' i i i i 2 1 1.1 4 i (7'4)
- ;(2VH -V{+ HAQ) + dyrot (v X H)CVY = f,
where
i i 1 91 1 i i i i
A = i AY 4 — ;A ® + ;(QV]‘H]CV;CV]'C + HiViAQ)
1 [
—d;rot (v x H) -V,
=0 on Jsupp(,
i
1 = 1,2, §y; is the Kronecker delta and f, i = 1,2, are divergence free. Passing to such coordinates that

7 i 1
So becomes flat we derive system (7.1). Functions ¢ depend on VH, H, i = 1,2, so the dependence is not
important in the proof of existence of solutions by the technique of regularizer. This ends Remark 7.1.

i
To make the initial data homogeneous we construct divergence free extensions 4, i = 1,2, of initial
data 13(0)7 1 = 1,2, such that
i i
tlio = u(0), i=1,2. (7.5)

Set

b=ti—d, i=1,2. (7.6)
Then problem (7.1)—(7.3) takes the form

i %

Gipity — A =0 f — (oipity — AG) = f, i=1,2,
divli) =0,

(a1r0t11) — asrot 12)) Ty (7.7)

_ 1 2
= ko — (arrot @ — agrot ) - 7o = k., a=1,2, 23 =0,

1 2 - 1 2
blva — bg”Ua = la — (blﬂa — bg’aa) = l:)u o = 1,2, Z3 = 0.

Expressing the transimission condition explicitly and extending (7.7) for ¢ < 0 we have

1 1 1 1
o1V —Av = f, dive =0, z3 >0,
2 2 2 L2
ooV — Av = f, dive =0, z3 <0,
1 1 2 2 , 78
ai (v2,23 - ’U3722) - a2(v2,z3 - v3-,z2) = kl’ z3 =0, ( )
1 1 2 2
!
01(03,21 - vl,Z3) - a2(v3,zl - U1,23) = ks, 23 = 0,
1 2 .
blvi — bQ’Ui = l;,, 1= 1,2, zZ3 = 0.

) Birkhauser
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Since f € H**/2(R? x R,), a € (0,1), we can extend them by zero on R, respectively. We denote the

K3
extnsions by f’, i = 1,2. Then we are looking for solutions to the problems

1 1 1 1
oy — A = f) dive’ =0 in R3,
2 2 2 2 (7.9)
oapv’ s — AV = f') dive’ =0 in R3.
Then the functions
i
w=v—0v, i=1,2, (7.10)
are solutions to the problem with vanishing initial data
1 1
opw s —Aw =0, divw =0, z3 > 0,
2 2
ooy — Aw =0, divw =0, z3 < 0,
1 1 2 2
ai (w2723 - w3722) - a2(w2723 - w3722)
1 1 2 3
/ / / / / —
Zk‘l —al(v 2,25 —U3722)+a2(1} 2,25 _U1722) = ky, z3 =0, (711)
1 1 2 2
a1 (W32, — W,z,) — a2(W3,2, — W1 zy)
1 1 2 2
/ / / / / —
=ky —ar1(v'32 —V'12) Faa(v's3., =V 2) = ke, 23=0,
1 2 ’ v 2 :
blwi—bgwi:li—(blvi—bgvizli, ’L:1,27 Z3:0.

Lemma 7.2. Assume that (1}),5}) is a solution to (7.11). Let o € (0,1). Assume that k; € H'/?+a1/44a/2
(R?2xRy),i=1,2, [; € H¥/?ta3/4ta/2(R2 x R,), i =1,2.

Then there exists a solution to problem (7.11) such that W e H¥reol+a/2(R3 x R,), 1j)|t:0 =0,1=1,2,
and

2

7
>l s o2 e k)
i=1

2
S CZ ||ki||H1/2+a,1/4+a/2(R2><]R+) (712)
i=1
2

+ Y illgarasas/srars g iy -
i=1

Proof. Apply the Fourier-Laplace transform

(Ff)(& 23,8) = f(& 23,8) = /6_“/f(Z',zs,t)e_if'z/dz’dt, (7.13)
0 R2
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Re s >0,s =i+, { = (§,&), 2 = (21,22), 2 - § = 2161 + 2282, 2 = (21, 22, 23), to problem (7.11).

Then we have
1 1

101
T — Wy 0y = 0, i€aWa + W3 ., =0, 23 >0,
22 2 2 2
ToW — Wyyzy = 0, €aWq + W3 2, =0, z3 <0,
1 1 2 2
a1(Ws, -, — 1€2W3) — ag(W2 4, — 1&oWs) = k1, 23 =0,
1 1 2 2
a1 (161 W3 — W1 2y) — a2(161W3 — W1 25) = k2, 23 =0,
1 2
b1wi—b2ﬁji:li, i=1,2, 2320,

where 712 = pwoys+ £, 722 = 2025 + £,
Solving (7.14)1,2 and using the Shapiro-Lopatinskii condition we obtain

11 2 2
W= Ae T*3, W= Ae™*,

1 1 2 o2
—T1A3 + 1o Aa =0, T2 A3 + i§a Ao = 0.
Inserting (7.15); in the transmission conditions (7.14)3 45 yields
1 1 2 2 -
ar(—T1 A2 — 162 A3) — az(T2 A2 — i§2A3) = ki,
1 1 2 2 -
a1(i€1As + 11 A1) — a2(i§1 A3 — 1o A1) = ko,
1 2 .
b1A; —b2A; =1, j=1,2.
Using (7.15), we get
a 1 1 a 2 2 ~
711[(55 — 1) Az + &16A41] — ?j[(TQQ — &) Ay — &6 A1) = Ky,

%[(712 - f%);h - 5152;12] - %[(f% - 7’22)121 + 5152122] = l~€27

1 2 -
biAj —baAj=1;, j=1,2.
Using (7.17)3 in (7.17)1,2 and setting

b b
di =22 4 22 gy = aybym + ashim
T1 T2
we obtain
2 2 ~
— (do — d1€3) Az + d161&2. A1 = ha,
2 2 _
— di&1€0 Az + (dz — d1€7) Ay = ho,
where

ill = b1/;'1 — ﬂ(fg - 7'12)Z2 - ﬂ§1§21~1,
T1 1

~ ~ a ~ a ~
ho = biks — *1(7'12 —&h + —L&1650y.
T1 T1

Solving (7.19) yields

2 hidi&16 — ho(dy — di€3)
' —da(dy — d1€?)
ha(ds — di€2) — l”mdlfl&.

2
A =
? —dy(dy — d1€2)
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We have the qualitative relations

C ~ ~ ~
|d1|NH’ |da| ~ c|[, |h]~ |k|+|7[|l],
) |/~1| ) ‘m (7.22)
|A1|N77 |A2|N7a
7] |7
where h, 7 replace (ﬁl, ﬁg), (71, T2), respectively.
From (7.15) we have
1 1 by 2 1-
ﬁ}a - Aae_ﬁzg - (bzAa + bla) 6_71z37 o = ]-, 27
. 1 1 (7.23)
W = Aae™®, a=1,2.
Continuing,
1 TN i€a (b2 2 1.7\ =
R (;Aa + bla>e
1 1 1 1
, s (7.24)
W3 = ——= Aq e,
T2

where the summation over o € {1,2} is assumed. Using Lemmas 2.6.1 and 2.6.2 we conclude the proof
of Lemma 7.2. (]

8. Initial-Boundary Value Problem Near B

In the proof of Lemma 2.5.1 we distinguish a local problem near B (see 14). To examine the problem we
localize (2.5.2) to a neighborhood of some point of B using an appropriate function from the partition of
unity. Introducing a new system of coordinates with the origin at the point of B and flattening locally B
we obtain

vy—Av+Vdive=f t>0, 23>0,
diVU|w3:0:h, Ui|x3 :bi, 12172

(8.1)

1 1 1 1 1
First we construct a function v such that divv|,, = hso V1,5, = h1, V2,5, = ho, V3 4, = h3, h = hi+ho+hs

on x3 = 0.

2
Next, we construct a function v as a solution to the problem

2 2 1
vy—Av=f—-Vdivi=g, t>0, z3>0,

2 losco = Balosco = 0, divFay—o = 0. &2
Introducing the function
w=v—0—b (8.3)
we see that it is a solution to the following initial-boundary value problem
wy — Aw + Vdivw = 0, 23>0
wli=o = 0, z3 >0, (8.4)
wj=aj, =12, divw=0 on z3=0.

Lemma 8.1. Let R? = {x € R3: 23 = 0}. Assume that h € H2T*3+5 (R2 x R,). Then b e HFteltal?
(R3 xR4) and

1
[0l r2+antarzrs xry) < cllhll (8.5)

H3t* 1% R2xR,)

T Birkhauser
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Assume that g € H**/%(R3 x Ry). Then there exists a solution to (8.2) such that be H2Felte/2(RS x
Ry) and

2
HU||11r2+a,1+a/2(RSF xR.) < C||9||Hﬂ’a/2(]R3+><R+)' (8.6)

Lemma 8.2. Assume that a; € H3/2+e3/442/2(R2xR,), j = 1,2, a € (0,1). Then there exists a solution
to problem (8.4) such that w € H*+*1+2/2(R3 x Ry), w is divergence free and
2

Hw||H2+a,1+a/2(RiXR+) < CZ ||aj||H3/2+a,3/4+a/2(R2XR+). (8.7)
j=1

Proof. Applying the Fourier-Laplace transform (7.13) to (8.4) yields
SWg — W2z + E2Wp + ip(i6y Wy + W3,2,) = 0,
W3 — W32z, + EWs + Oy (16410 + W3 2,) = 0, (8.8)
@50 = (1, a2, ),
where the summation convention over repeated Greek indices from 1 to 2 is assumed.
Simplifying (8.8) yields
(s + &g — Wp 2525 — Eplytly + i€aD3 25 = O,
(s + &)3 + i€y 2 = 0, (8.9)
W] 25—0 = (a1,az,b).
Multiplying (8.9); by {3 and summing with respect to [ gives
(s + &) Epte — Ephp 2yzy — E2Ephp + 1673 2, = 0. (8.10)
Introducing the quantity
G = &3 (8.11)
we obtain from (8.10), (8.9)1 2 the following problem:

(s+ fg)é - G,Zst - £2é + ifgw?’,zs =0,

(s + &)y +iG ., = 0, (8.12)
Gz4=0 = Eplp.
From (8.12)5 we have
. i
w3 = _WGVZ?’. (813)
Inserting this in (8.12); yields
5(s + €3G — 5@ ., = 0. (8.14)
Since Re s > 0 we get
(s + )G =Gz =0 Gloymo = Epap. (8.15)

Solving (8.15) gives
G = c1exp(V/s + €223) + caexp(—v/s + £223), 23 > 0. (8.16)

Since Rey/s+ &2 > 0, we have to assume that ¢; = 0. From boundary condition (8.15)2 we obtain
cp = {pag. Hence

G = Epapexp(—/s + €223). (8.17)
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In view of (8.11) we have

§pp = Epag exp(—/s + §%23),

SO

€s(tg — ag exp(—/s + €223)) = 0.

Hence

Wg = agexp(—v/s+&%z3), f=1,2. (8.18)
In view of (8.13) and (8.17) we have

W3 = \;%exp(—\/s—i—g%g). (8.19)

Differentiating (8.19) with respect to z3 and projecting on the plane z3 = 0 we obtain
W32, —€gag =0 on z3 =0. (8.20)

Applying the inverse Laplace-Fourier transform we obtain condition (8.4).
Finally, applying Lemmas 2.6.1 and 2.6.2 we derive (8.7). This ends the proof. O
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