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Abstract. In this note we investigate the initial-boundary value problem for a Stokes system arising in a free surface viscous
flow of a horizontally periodic fluid with fractional boundary operators. We derive an integral representation of solutions by
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1. Introduction

In this note we investigate a Stokes system on the horizontally periodic domain of the mean depth π
2 :

Ω :=
{

x = (x1, x
′) ∈ R

3 : 0 < x1 <
π

2
, x′ := (x2, x3) ∈ T

2
}

,

where x1 is the vertical coordinate and x′ = (x2, x3) is the horizontal coordinates in the 2-dimensional
torus T

2 = (−π, π]2 ∼= R
2/(2πZ)2. The upper and lower boundaries are denoted by

SF =
{

(
π

2
, x′) : x′ ∈ T

2
}

≡
{

x1 =
π

2

}
,

SB = {(0, x′) : x′ ∈ T
2} ≡ {x1 = 0}.

Our target system is the governing equations:
∂η

∂t
− u1 = 0 on SF × (0,∞), (1.1)

∂u

∂t
− νΔu + ∇p = 0 in Ω × (0,∞), (1.2)

∇ · u = 0 in Ω × (0,∞) (1.3)

subject to the boundary conditions:

p − 2ν
∂u1

∂x1
− g
(
η − π

2

)
− σ(−Δ′)αη = 0 on SF × (0,∞), (1.4)

∂ui

∂x1
+

∂u1

∂xi
= 0 (i = 2, 3) on SF × (0,∞), (1.5)

u = 0 on SB × (0,∞) (1.6)

with Δ′ := ∂2

∂x2
2

+ ∂2

∂x2
3

and the initial conditions: for x = (x1, x
′) ∈ Ω,

(η, u)|t=0 = (η0, a) = (η0(x′), a1(x), a2(x), a3(x)) (1.7)
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satisfying certain compatibility conditions. Here η = η(x′, t) is an unknown graph of the free surface on
SF and u = (ui(x, t))1≤i≤3 is an unknown velocity field of the fluid with a pressure function p = p(x, t).
Furthermore, ν > 0 is a constant coefficient of the viscosity of the fluid, σ > 0 is the surface tension
coefficient, and g ≥ 0 is a constant describing the effect of gravitational acceleration on the fluid. For
simplicity, we assume that only gravity acts on the fluid as an external force.

The motion of a viscous incompressible fluid bounded above by an atmospheric pressure on an upper
free surface and below by a rigid bottom is modelled by the Navier–Stokes equations with appropriate
boundary conditions (cf. [10]), where the effect of the surface tension is taken into account by using the
mean curvature of the free interface x1 = η(x′, t):

σH[η] = σ∇′ ·
(

∇′η√
1 + |∇′η|2

)
, ∇′ := (∂2, ∂3). (1.8)

In [2], J. T. Beale studied the initial-boundary value problem of an infinite layer of a viscous fluid
having a non-compact upper free surface {x1 = η(x′, t)} and a rigid bottom surface {x1 = −b(x)} under
the effect of surface tension at free surface, where he showed by using the contraction mapping principle
that there exists a unique global solution to the free surface Navier-Stokes problem for a sufficiently small
initial data with certain compatibility conditions. For this task, he transformed the Navier-Stokes system
to a linearized system on the infinite layer (−b(x), 0) × R

2 by stretching/compressing on vertical line
segments instead of using the Lagrangian formulation (cf. [2, (2.1)–(2.6) in Sect. 2]).

In [6], Nishida–Teramoto–Yoshihara studied the motion of horizontally periodic Navier–Stokes fluid
with surface tension. Then they showed such a global-in-time existence for small initial data and the
exponential-in-time decay of energy via the linearized problem with α = 1 at the equilibrium domain
(−b, 0) × T

2 (cf. [6, (2.4)–(2.9) in Sect. 2]).
In [9], Tice and Zbarsky introduced the generalized boundary condition of fractional Laplacian type

(1.4) in the Stokes system and then studied the decay rate of energy when 0 < α ≤ 1 in both cases of
the infinite layer (0, b) ×R

d−1 and the horizontally periodic domain (0, b) ×T
d−1 for arbitrary dimension

d ≥ 3.
In this note, we are concerned with construction of solution operator for the initial-boundary value

problem (1.1)–(1.7) constituted of the horizontally periodic Stokes system with fractional boundary op-
erators. Indeed, we show that the problem possesses an integral representation of solutions by making
use of the multiple Fourier series (cf. Theorem 3.1). From the alternative formulation, we demonstrate
the unique solvability, provided that 0 < α < 3/2 (cf. Theorem 4.1).

This note is organized as follows. In Sect. 2, as a preliminary, we review the almost-everywhere con-
vergence results of the multiple Fourier series in the Sobolev spaces and also introduce the Sobolev–
Slobodeckij spaces of L2-type. In Sect. 3, we derive a Fourier representation of solutions to the IBVP
(1.1)–(1.7). In Sect. 4, we establish the unique solvablity of the IBVP (1.1)–(1.7).

2. Preliminaries

Let ∂i = ∂/∂xi for i = 1, . . . , d. We use the standard multi-index notation for the spatial differential
operator: ∂β = ∂β1

1 . . . ∂βd

d with the order |β| = β1 + · · · + βd for β = (β1, . . . , βd) ∈ N
d
0, and ∂0 = Id.

We denote by T
d the d-dimensional torus (−π, π]d ∼= R

d/(2πZ)d, and specially, T := T
1.

Let {F [f ](n)}n∈Zd denote the Fourier coefficients of an absolutely integral function f(x) = f(x1, . . . , xd)
on T

d:

F [f ](n) :=
1

(2π)d

∫

Td

e−√−1n·xf(x)dx, (2.1)
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where n · x = n1x1 + · · · + ndxd and dx = dx1 . . . dxd. The multiple Fourier series is formally defined by
the series

F∗[F [f ]](x) :=
∑

n∈Zd

F [f ](n)e
√−1n·x. (2.2)

Here we recall the celebrated almost-everywhere convergence result of the multiple Fourier series on T
d

(cf. [3,4,7,8]). If f = f(x) lies in the Lebesgue space Lp(Td) with p > 1, the rectangular partial sum

S�
N [f ](x) =

∑
|n1|,...,|nd|≤N

F [f ](n)e
√−1n·x

converges to f(x) for almost every x ∈ T
d as N → ∞. Recently, for the Sobolev (or Bessel potential)

space Hr,p(Td) with the norm

‖f‖Hr,p(Td) =

∥∥∥∥∥
∑

n∈Zd

(1 + |n|2) r
2 F [f ](n)e

√−1n·x
∥∥∥∥∥

Lp(Td)

,

Ashurov [1] proved that the spherical partial sum

SN [f ](x) =
∑

|n|2=n2
1+···+n2

d≤N

F [f ](n)e
√−1n·x

converges to f(x) in Hr,p(Td) for almost every x ∈ T
d as N → ∞, provided that 1 < p ≤ 2 and

r > (d−1)( 1
p − 1

2 ). Therefore, when p = 2, if f ∈ Hr,2(Td) for r ≥ 0, then we obtain the inversion formula
f(x) = F∗[F [f ]](x) for a.e. x ∈ T

d, where the Fourier series F∗[ · ](x) corresponds to the pointwise limit
of the spherical (resp. rectangular) partial sum when r > 0 (resp. r = 0). Hence, from the Parseval
formula

‖f‖2
Hr,2(Td) =

1
(2π)d

∑
n∈Zd

(1 + |n|2)r |F [f ](n)|2 ,

we get the characterization of Hr,2(Td) = {f ∈ L2(Td) : ‖f‖Hr,2(Td) < ∞}. From now on, we shall use
the shorthand notation Hr(Td) := Hr,2(Td).

For m ∈ N0, we set the Slobodeckij space of L2-type on D = T
d or Ω:

Wm(D) :=

⎧
⎨
⎩f ∈ L2(D) : ‖f‖W m(D) :=

m∑
|β|=0

‖∂βf‖L2(D) < ∞
⎫
⎬
⎭ .

In particular, Wm(Td) (resp. W 0(D)) coincides with Hm(Td) (resp. L2(D)). We also define the space of
the 1

2 -fractional type on T
d:

Wm+ 1
2 (Td) :=

{
f ∈ Wm(Td) :

|f(x) − f(y)|
|x − y| d+1

2

∈ L2(Td × T
d)

}

with the norm

‖f‖
W m+1

2 (Td)
:= ‖f‖W m(Td) +

(∫

Td

∫

Td

|f(x) − f(y)|2
|x − y|d+1

dxdy

) 1
2

.

We should notice that there exists a trace operator γ : Wm(Ω) → Wm− 1
2 (SB ∪ SF ) such that γf =

f |SB∪SF
for m ∈ N (cf. [5]).

Let us introduce the subspace of Wm(T3) (resp. Hr(T3)) consisting of functions with the sine-like
symmetry in x1 ∈ T:

Wm
s1

(T3) :=
{
f ∈ Wm(T3) : f(−x1, x

′) = −f(x), f(π − x1, x
′) = f(x) for x ∈ T

3
}

(
resp. Hr

s1
(T3) :=

{
f ∈ Hr(T3) : f(−x1, x

′) = −f(x), f(π − x1, x
′) = f(x) for x ∈ T

3
})

.
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The space restricted to Ω is denoted by

Wm
s1

(Ω) :=
{
f = f�|{0<x1< π

2 } : f� ∈ Wm
s1

(T3)
}

(2.3)

with the norm

‖f‖W m
s1

(Ω) = ‖f�‖W m(Td). (2.4)

In particular, when m = 2 (resp. m = 3), f ∈ Wm
s1

(T3) satisfies f = 0 on SB (resp. f = 0 on SB and
∂1f = 0 on SF ), since W 2(T3) ⊂ C(T3) (resp. W 3(T3) ⊂ C1(T3)) by the embedding theorem.

For a function f(x) = f(x1, x2, x3) = f(x1, x
′) : T3 → R, we denote the tangential Fourier coefficients

by

F ′[f ](x1, n
′) ≡ f̂(x1, n

′) :=
1

(2π)2

∫

T2
e−√−1n′·x′

f(x)dx′ (2.5)

for (x1, n
′) ∈ T × Z

2, where n′ = (n2, n3), n′ · x′ = n2x2 + n3x3 and dx′ = dx2dx3. The Fourier series of
a given function f̂(x1, n

′) : T × Z
2 → C is denoted by

F ′∗[f̂ ](x) :=
∑

n′∈Z2

f̂(x1, n
′)e

√−1n′·x′
. (2.6)

We define the x1-tangential fractional Laplacian acting on f(x) : Ω → R by

F ′[(−Δ′)αf ](x1, n
′) := |n′|2αf̂(x1, n

′) (α > 0) (2.7)

with |n′|2 = n2
2 + n2

3 and f̂(x1, n
′) = F ′[f ](x1, n

′).
For a function g(x1) : (0, π

2 ) → R, we set the sine-type (resp. cosine-type) Fourier coefficients

S1[g](n1) :=
4
π

∫ π
2

0

sin((2n1 − 1)x1)g(x1)dx1

(
C1[g](n1) :=

4
π

∫ π
2

0

cos((2n1 − 1)x1)g(x1)dx1

)
(2.8)

for n1 ∈ N and the associated Fourier series

S∗
1 [S1[g]](x1) :=

∑
n∈N

S1[g](n1) sin((2n1 − 1)x1)

(
C∗
1 [C1[g]](x1) :=

∑
n∈N

C1[g](n1) cos((2n1 − 1)x1)
)

(2.9)

for x1 ∈ T.
For a function f(x) : Ω → R, we define the coefficients of the hybrid x1-sine-type Fourier series by

Fs1 [f ](n) := S1[F ′[f ]](n) =
1
π3

∫

Ω

sin((2n1 − 1)x1)e−√−1n′·x′
f(x)dx (2.10)

for n = (n1, n
′) ∈ N × Z

2 and the associated series of Fs1 [f ] : N × Z
2 → C by

F∗
s1

[Fs1 [f ]](x) :=
∑

n∈N×Z2

Fs1 [f ](n) sin((2n1 − 1)x1)e
√−1n′·x′

. (2.11)
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Here we note that for f(x) : T3 → R and l1 ∈ Z,

F [f ](l1, n′) =
1
2π

∫

T

e−√−1l1x1F ′[f ](x1, n
′)dx1

=
1
π

∫ π

0

sin(l1x1)F ′[f ](x1, n
′)dx1

=

⎧
⎨
⎩

0 (for |l1| = 2n1),
1
2
Fs1 [f ](n1, n

′) (for |l1| = 2n1 − 1)

for n1 ∈ N0, and thus, F∗[F [f ]] = F∗
s1

[Fs1 [f ]]. On the other hand, thanks to the convergence results as
mentioned above, the inversion formula F∗

s1
[Fs1 [f ]] = f holds on Wm

s1
(Ω) = Hm

s1
(T3) for m ∈ N0 under

the suitable limit operation. Therefore, we may redefine

‖f‖W m
s1

(Ω) :=

⎛
⎝ ∑

n∈N×Z2

((2n1 − 1)2 + |n′|2)m
2 |Fs1 [f ](n)|2

⎞
⎠

1
2

=
∥∥((2n1 − 1)2 + |n′|2)m

2 Fs1 [f ](n)
∥∥

l2(N×Z2)
. (2.12)

For ρ, r > 0, we define the fractional differential operator |∂1|ρ|∇′|r acting on f ∈ W 0
s1

(Ω) ∼= L2(Ω)
by

Fs1 [|∂1|ρ|∇′|rf ](n) := (2n1 − 1)ρ|n′|rFs1 [f ](n) (2.13)

for n = (n1, n
′) ∈ N × Z

2.
We finish this section to provide basic properties regarding the heat semigroups.

Proposition 2.1. For f : Td → R, let

eνtΔf := F∗[e−ν|n|2tF [f ]] (t ≥ 0). (2.14)

Then {eνtΔ}t≥0 is a strongly continuous semigroup on Hr(Td).
Moreover, for every m ∈ N, there exists a constant C = C(m) > 0 such that

sup
t>0

t
m
2 sup

|β|=m

‖∂βeνtΔf‖L2(Td) ≤ C‖f‖L2(Td),

and v := eνtΔf is a smooth solution to the heat equation ∂tv = νΔv on T
d×(0,∞), where Δ = ∂2

1+· · ·+∂2
d.

In addition, ‖eνtΔf‖Hr(T2) ≤ ‖f‖Hr(T2) for t ≥ 0.

Proof. We can verify the main statement by using the inversion formula and the Parseval formula. We
omit the detail of the proof. �

Proposition 2.2. Let m ∈ N0 be arbitrary. For f : Ω → R, let

eνtΔs1 f := F∗
s1

[e−ν((2n1−1)2+|n′|2)tFs1 [f ]] (t ≥ 0). (2.15)

Then {eνtΔs1 }t≥0 is a strongly continuous semigroup on Wm
s1

(Ω) such that v := eνtΔs1 f is a smooth
solution to the heat equation ∂tv = νΔv in Ω × (0,∞). Moreover, the solution v = v(t) satisfies ∂2k

1 v = 0
on SB and ∂2k+1

1 v = 0 on SF for all t > 0 and every k ∈ N0.

Proof. For f ∈ Wm
s1

(Ω), let f� ∈ Wm
s1

(Td) with f�|{0<x1< π
2 } = f . Let v := eνtΔf�. Since v = eνtΔs1 f ,

the main assertion follows from Proposition 2.1. Furthermore, it is easily verified that ∂2k
1 v|x1=0 =

∂2k+1
1 v|x1=

π
2

= 0. �
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3. Fourier Representation of Solutions

In this section, we present a Fourier representation of solutions to the IBVP (1.1)–(1.7).
For a function z = z(x2, x3) = z(x′) : T2 → R, we set the heat semigroups:

eνtΔ′
z := F ′∗[e−ν|n′|2tF ′[z]], |n′|2 = n2

2 + n2
3, (3.1)

and

eνtΔs1 (x1z) := F∗
s1

[
4
π

(−1)n1−1

(2n1 − 1)2
e−νκ(n)tF ′[z]

]
, (3.2)

which is consistent with the semigroup (2.15) when f = x1z(x2, x3).
For a set of functions {η(x′, t), η0(x′), u(x, t), a(x), p(x, t)} in (1.1)–(1.7), we set⎧

⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

η̂ = η̂(n′, t) := F ′[η],
η̂0 = η̂0(n′, t) := F ′[η0],
û = (ûi(x1, n

′, t))1≤i≤3 := F ′[u] = (F ′[ui])1≤i≤3,

â = (âi(x1, n
′, t))1≤i≤3 := F ′[a] = (F ′[ai])1≤i≤3,

p̂ = p̂(x1, n
′, t) := F ′[p].

(3.3)

Theorem 3.1. Consider the initial-boundary value problem (1.1)–(1.7) with the additional boundary con-
dition:

∂2
1u = 0 on SB , ∂3

1u = 0 on SF . (3.4)

Let

κ(n) := (2n1 − 1)2 + |n′|2, λα(n′) := g + σ|n′|2α, (3.5)

and let

h(x′, t) := η(x′, t) − π

2
, ĥ(n′, t) := F ′[h](n′) = η̂(n′, t) − π

2
. (3.6)

We set the auxiliary functions:

z0(x′, t) = eνtΔ′
a1(π

2 , x′) −
∫ t

0

eν(t−s)Δ′F ′∗
[
|n′| tanh

π

2
|n′|(2νẑ1(n′, s) + λα(n′)ĥ(n′, s)

)]
ds, (3.7)

z1(x′, t) = e3νtΔ′
∂1a1(π

2 , x′) +
(
g + (−Δ′)α

)
Δ′
∫ t

0

e3ν(t−s)Δ′
h(s)ds, (3.8)

and

Q1(x, t) := F∗
s1

[
4
π

(−1)n1−1|n′|4
(2n1 − 1)2κ(n)

∫ t

0

e−νκ(n)(t−s)
(
2νẑ1(n′, s) + λα(n′)ĥ(n′, s)

)
ds

]
, (3.9)

Qi(x, t) := F∗
s1

[
4
π

√−1ni|n′| (−1)n1−1(2(2n1 − 1)2 + |n′|2)
(2n1 − 1)κ(n)

tanh
π

2
|n′|

×
∫ t

0

e−νκ(n)(t−s)
(
2νẑ1(n′, s) + λα(n′)ĥ(n′, s)

)
ds

]
(3.10)

for i = 2, 3. Then the solution (η, u) satisfies the equations

η(x′, t) = η0(x′) +
∫ t

0

z0(x′, s)ds (3.11)

and

u1(x, t) = x1z1(t) − eνtΔs1
(
x1∂1a1(π

2 , x′)
)

+ eνtΔs1 a1 + Q1(x, t), (3.12)

ui(x, t) = −x1∂iz0(t) + eνtΔs1
(
x1∂ia1(π

2 , x′)
)

+ eνtΔs1 ai + Qi(x, t) (3.13)

for i = 2, 3.
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Proof. We have that the initial datum a = u|t=0 satisfies the conditions:
{

∇ · a = 0, a|x1=0 = 0, ∂2
1a|x1=0 = 0, ∂3

1a|x1=
π
2

= 0,

∂1ai|x1=
π
2

= −∂ia1|x1=
π
2

(i = 2, 3).
(3.14)

Set ⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

v = (vi(x, t))1≤i≤3 := (∂1ui)1≤i≤3,

v̂ = (v̂i(x1, n
′, t))1≤i≤3 := F ′[v] = (∂1ûi)1≤i≤3,

z1 = z1(x′, t) := v1|x1=
π
2

= ∂1u1|x1=
π
2
,

ẑ1 = ẑ1(n′, t) := F ′[z1] = v̂1|x1=
π
2

= ∂1û1|x1=
π
2
,

z0 = z0(x′, t) := u1|x1=
π
2
,

ẑ0 = ẑ0(n′, t) := F ′[z0] = û1|x1=
π
2
.

(3.15)

The boundary condition (1.4) can be rewritten as

p|x1=
π
2

= 2νz1 + gh + σ(−Δ′)αh, (3.16)

which gives

p̂(π
2 , n′, t) = 2νẑ1(n′, t) + λα(n′)ĥ(n′, t).

Applying the divergence operator ∇· to the second equation (1.2), we obtain that Δp = 0, i.e., (∂2
1 −

|n′|2)p̂ = 0. Therefore, p̂ = C1(n′, t)ex1|n′| + C2(n′, t)e−x1|n′|. Here we impose the boundary condition on
SB: ∂1p|x1=0 = 0, that is, ∂1p̂|x1=0 = 0. We thus deduce from the two boundary data that

p̂(x1, n
′, t) =

cosh x1|n′|
cosh π

2 |n′|
(
2νẑ1(n′, t) + λα(n′)ĥ(n′, t)

)
. (3.17)

Since the second equation (1.2) yields

∂tvi − νΔvi + ∂i∂1p = 0 (i = 1, 2, 3), (3.18)

we deduce from the additional boundary condition ∂3
1u|x1=

π
2

= 0 in (3.4) that the function z1(x′, t) =
v1(π

2 , x′, t) satisfies

∂tz1 − νΔ′z1 + ∂2
1p|x1=

π
2

= 0, Δ′ = ∂2
2 + ∂2

3 . (3.19)

On the other hand, we can see from (3.18) with the pressure (3.17) that v̂1(x1, n
′, t) is a solution to the

IBVP of the 1-D heat equation:

∂tv̂1 − ν∂2
1 v̂1 + ν|n′|2v̂1 + |n′|2p̂ = 0 (3.20)

for (x1, n
′, t) ∈ [0, π

2 ] × Z
2 × [0,∞) subject to the boundary conditions

v̂1|x1=
π
2

= ẑ1, ∂1v̂1|x1=0 = 0, ∂2
1 v̂1|x1=

π
2

= 0 (3.21)

and the initial condition v̂1|t=0 = ∂1â1. In particular, it follows from (3.19) with the pressure (3.17) that

dẑ1

dt
+ ν|n′|2ẑ1 + |n′|2(2νẑ1 + λαĥ) = 0, ẑ1|t=0 = ∂1â1|x1=

π
2

(3.22)

for (n′, t) ∈ Z
2 × [0,∞), which yields

ẑ1(n′, t) = e−3ν|n′|2t∂1â1|x1=
π
2

− λα(n′)|n′|2
∫ t

0

e−3ν|n′|2(t−s)ĥ(n′, s)ds. (3.23)

Therefore, we obtain (3.8).
Set ŵ1 := v̂1 − ẑ1. We deduce from (3.20)–(3.22) with (3.17) that

∂tŵ1 − ν∂2
1ŵ1 + ν|n′|2ŵ1 + |n′|2

(
cosh x1|n′|
cosh π

2 |n′| − 1
)

(2νẑ1 + λαĥ) = 0 (3.24)
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subject to the boundary conditions

ŵ1|x1=
π
2

= 0, ∂1ŵ1|x1=0 = 0, ∂2
1ŵ1|x1=

π
2

= 0 (3.25)

and the initial condition ŵ1|t=0 = ∂1â1 − ∂1â1|x1=
π
2
. By using the Fourier method and the Duhamel

formula, we get

ŵ1(x1, n
′, t)

= C∗
1

[
e−νκ(n)tC1[∂1â1 − ∂1â1|x1=

π
2
]
]

− |n′|2C∗
1

[
C1

[
cosh x1|n′|
cosh π

2 |n′| − 1
] ∫ t

0

e−νκ(n)(t−s)(2νẑ1(s) + λαĥ(s))ds

]

= C∗
1

[
(2n1 − 1)e−νκ(n)tFs1 [a1]

]− C∗
1

[
4
π

(−1)n1−1

2n1 − 1
e−νκ(n)t∂1â1|x1=

π
2

]

− C∗
1

[
4
π

(−1)n1−1|n′|2
(

2n1 − 1
(2n1 − 1)2 + |n′|2 − 1

2n1 − 1

)∫ t

0

e−νκ(n)(t−s)(2νẑ1(s) + λαĥ(s))ds

]

= C∗
1

[
(2n1 − 1)e−νκ(n)tFs1 [a1]

]− 4
π

C∗
1

[
(−1)n1−1

2n1 − 1
e−νκ(n)t∂1â1|x1=

π
2

]

+ C∗
1

[
4
π

(−1)n1−1|n′|4
(2n1 − 1)κ(n)

∫ t

0

e−νκ(n)(t−s)(2νẑ1(s) + λαĥ(s))ds

]
,

since

C1[∂1â1] = (2n1 − 1)Fs1 [a1], C1[1] =
4
π

(−1)n1−1

2n1 − 1
,

and

C1

[
cosh x1|n′|] =

4
π

(−1)n1−1(2n1 − 1)
(2n1 − 1)2 + |n′|2 cosh

π

2
|n′|.

On the other hand, we have

û1(t) =
∫ x1

0

v̂1(y1, n
′, t)dy1 = x1ẑ1(t) +

∫ x1

0

ŵ1(y1, n
′, t)dy1, (3.26)

since ∂1û1 = v̂1 = ẑ1 + ŵ1 and û1|x1=0 = 0. We compute
∫ x1

0

ŵ1(y1, n
′, t)dy1 = S∗

1

[
e−νκ(n)tFs1 [a1]

]− S∗
1

[
4
π

(−1)n1−1

(2n1 − 1)2
e−νκ(n)t∂1â1|x1=

π
2

]

+ S∗
1

[
4
π

(−1)n1−1|n′|4
(2n1 − 1)2κ(n)

∫ t

0

e−νκ(n)(t−s)
(
2νẑ1(s) + λαĥ(s)

)
ds

]
.

We apply F ′∗[ · ] to the both sides in (3.26) to obtain (3.12).
We deduce from the first component in equation (1.2) with the pressure (3.17) that

∂tû1 − ν∂2
1 û1 + ν|n′|2û1 + |n′| sinh x1|n′|

cosh π
2 |n′| (2νẑ1 + λαĥ) = 0.

Thus ẑ0(n′, t) = û1(π
2 , n′, t) is governed by

dẑ0

dt
+ ν|n′|2ẑ0 + |n′| tanh

π

2
|n′|(2νẑ1 + λαĥ) = 0, ẑ0|t=0 = â1|x1=

π
2
. (3.27)

since ∂2
1 û1|x1=

π
2

= 0 (cf. (3.4)). That is,

ẑ0(t) = e−ν|n′|2tâ1|x1=
π
2

− |n′| tanh
π

2
|n′|
∫ t

0

e−ν|n′|2(t−s)
(
2νẑ1(s) + λαĥ(s)

)
ds, (3.28)

and we get Eq. (3.7). Furthermore, Eq. (3.11) follows from the first equation (1.1).
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Let us derive integral representations of ûi = ûi(t) for i = 2, 3 similarly as above. For v̂i for each
i = 2, 3, we deduce from (3.18) with the pressure (3.17) the governing equation

∂tv̂i − ν∂2
1 v̂i + ν|n′|2v̂i +

√−1ni|n′| sinh x1|n′|
cosh π

2 |n′| (2νẑ1 + λαĥ) = 0 (3.29)

for all (x1, n
′, t) ∈ [0, π

2 ] × Z
2 × [0,∞) and from (1.5) and (3.4) the boundary conditions

v̂i|x1=
π
2

= −√−1niû1|x1=
π
2
, ∂1v̂i|x1=0 = 0, ∂2

1 v̂i|x1=
π
2

= 0 (3.30)

and from (1.7) the initial condition

v̂i|t=0 = ∂1âi. (3.31)

Set

ŵi := v̂i +
√−1niẑ0 (i = 2, 3).

From (3.27)–(3.31), we have the IBVP of the 1–D heat equation on [0, π
2 ]: for i = 2, 3,

∂tŵi − ν∂2
1ŵi + ν|n′|2ŵi +

√−1ni|n′|
(

sinhx1|n′|
cosh π

2 |n′| + tanh
π

2
|n′|
)

(2νẑ1 + λαĥ) = 0

subject to the boundary conditions

ŵi|x1=
π
2

= 0, ∂1ŵi|x1=0 = 0, ∂2
1ŵi|x1=

π
2

= 0

and the initial condition

ŵi|t=0 = ∂1âi +
√−1niâ1|x1=

π
2
.

Again, by using the Fourier method and the Duhamel formula, we get

ŵi(x1, n
′, t)

= C∗
1

[
e−νκ(n)tC1[∂1âi +

√−1niâ1|x1=
π
2
]
]

− C∗
1

[
C1

[
sinh x1|n′|
cosh π

2 |n′| + tanh
π

2
|n′|
]√−1ni|n′|

∫ t

0

e−νκ(n)(t−s)(2νẑ1(s) + λαĥ(s))ds

]

= C∗
1

[
(2n1 − 1)e−νκ(n)tFs1 [ai]

]
+ C∗

1

[
4
π

(−1)n1−1

2n1 − 1
e−νκ(n)tF ′[∂ia1](π

2 , n′)
]

− C∗
1

[
4
π

√−1ni|n′|
(

(−1)n1−1(2n1 − 1)
(2n1 − 1)2 + |n′|2 +

(−1)n1−1

2n1 − 1

)
tanh

π

2
|n′|

×
∫ t

0

e−νκ(n)(t−s)(2νẑ1(s) + λαĥ(s))ds

]
,

since

C1

[
sinh x1|n′|] =

4
π

(−1)n1−1(2n1 − 1)
(2n1 − 1)2 + |n′|2 sinh

π

2
|n′|.

On the other hand, we have

ûi(t) =
∫ x1

0

v̂i(y1, n
′, t)dy1 = −x1

√−1niẑ0(t) +
∫ x1

0

ŵi(y1, n
′, t)dy1, (3.32)
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since ∂1ûi = v̂i = −√−1niẑ0 + ŵi and ûi|x1=0 = 0. We compute∫ x1

0

ŵ1(y1, n
′, t)dy1

= S∗
1

[
e−νκ(n)tFs1 [a1]

]
+ S∗

1

[
4
π

(−1)n1−1

(2n1 − 1)2
e−νκ(n)tF ′[∂ia1](π

2 , n′)
]

− S∗
1

[
4
π

√−1ni|n′| (−1)n1−1(2(2n1 − 1)2 + |n′|2)
(2n1 − 1)κ(n)

tanh
π

2
|n′|

×
∫ t

0

e−νκ(n)(t−s)
(
2νẑ1(s) + λαĥ(s)

)
ds

]
.

Therefore, (3.13) is obtained by applying F ′∗ to the both sides in (3.32). �

4. Unique Solvability

In this section, we establish the unique solvability of the IBVP (1.1)–(1.7) under the condition 0 < α <
3/2.

Theorem 4.1. Assume 0 < α < 3/2. Let an integer m ≥ 2 and T > 0 be arbitrary. Suppose that
η0 ∈ Hm+1(T2) and that a = (ai)1≤i≤3, ai ∈ Wm

s1
(Ω) satisfies the compatibility conditions:

∇ · a = 0 in Ω, ∂1ai + ∂ia1 = 0 (i = 2, 3) on SF . (4.1)

Then there exist unique functions h, z0, z1 and Q = (Qi)1≤i≤3 in (3.6)–(3.10) such that

h ∈ L∞([0, T ),Hm+1(T2)), h|t=0 = η0 − π

2
, (4.2)

z0 ∈ C([0, T ),Hm−1(T2)), z0|t=0 = a1|SF
, (4.3)

z1 ∈ C([0, T ),Hm−2(T2)), z1|t=0 = ∂1a1|SF
, (4.4)

|∂1|ρ|∇′|m−2Q1 ∈ L∞([0, T ), L2(T3)) (∀ρ < 3/2), Q1|t=0 = 0, (4.5)

|∂1|ρ′ |∇′|m−2Qi ∈ L∞([0, T ), L2(T3)) (∀ρ′ < 1/2), Qi|t=0 = 0 (4.6)

for i = 2, 3, and the velocity field u = (ui(x, t))1≤i≤3 given by

u1(x, t) = x1z1 + eνtΔs1 a1 + Q1(x, t), (4.7)

ui(x, t) = −x1∂iz0 + eνtΔs1
(
x1∂ia1|SF

)
+ eνtΔs1 ai + Qi(x, t) (i = 2, 3) (4.8)

is a solution with η(x′, t) = h(x′, t) + π
2 to the problem (1.1)–(1.7).

Proof. Let us redefine the Hr-norm of a function z(x′) = z(x2, x3) : T2 → R for r ≥ 0 by

‖z‖Hr(T2) := |F ′[z](0)| +

⎛
⎝ ∑

n′∈Z2\{0}
|n′|r |F ′[z](n′)|2

⎞
⎠

1
2

≡ |F ′[z](0)| +
∥∥|n′|rF ′[z](n′)

∥∥
l2(Z2)

. (4.9)

We have from Eq. (1.1) that {ĥ(n′, t)}n′∈Z2,t>0 is governed by

ĥ(n′, t) = ĥ0(n′) +
∫ t

0

ẑ0(n′, t), ĥ0(n′) := η̂0(n′) − π

2
, (4.10)

where

ẑ0(n′, t) = e−ν|n′|2tâ1(π
2 , n′) − |n′| tanh

π

2
|n′|
∫ t

0

e−ν|n′|2(t−s)
(
2νẑ1(n′, s) + λα(n′)ĥ(n′, s)

)
ds (4.11)
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associated with

ẑ1(n′, t) = e−ν|n′|2t∂1â1(π
2 , n′) − λα(n′)|n′|2

∫ t

0

e−3ν|n′|2(t−s)ĥ(n′, s)ds, (4.12)

corresponding to equations (3.28) and (3.23) respectively.
For n′ = 0, we deduce from (4.10) with (4.11) that

ĥ(0, t) = ĥ0(0) + tâ1(π
2 , 0) = η̂0(0) − π

2
+ tâ1(π

2 , 0). (4.13)

For every n′ �= 0, by substituting (4.11) into (4.10) and integrating by parts, we obtain that

ĥ(n′, t) = ĥ0(n′) +
1 − e−ν|n′|2t

ν|n′|2 â1(π
2 , n′) − 2

tanh π
2 |n′|

|n′|
∫ t

0

(
1 − e−ν|n′|2(t−s)

)
ẑ1(n′, s)ds

− λα(n′)
ν|n′|2 tanh

π

2
|n′|
∫ t

0

(
1 − e−ν|n′|2(t−s)

)
ĥ(n′, s)ds.

Substituting (4.12) into the above equation, we get

ĥ(n′, t) = I0(n′, t) + 2λα(n′)|n′| tanh
π

2
|n′|
(∫ t

0

e−3ν|n′|2s

∫ s

0

e3ν|n′|2σĥ(n′, σ)dσ

− e−ν|n′|2t

∫ t

0

e−2ν|n′|2s

∫ s

0

e3ν|n′|2σĥ(n′, σ)dσ

)

− λα(n′)
ν|n′|2 tanh

π

2
|n′|
∫ t

0

(
1 − e−ν|n′|2(t−s)

)
ĥ(n′, s)ds

= I0(n′, t) + 2λα(n′)|n′| tanh
π

2
|n′|
(

1
3ν|n′|2

∫ t

0

(
1 − e−3ν|n′|2(t−s)

)
ĥ(n′, s)ds

− 1
2ν|n′|2

∫ t

0

(
e−ν|n′|2(t−s) − e−3ν|n′|2(t−s)

)
ĥ(n′, s)ds

)

− λα(n′)
ν|n′|2 tanh

π

2
|n′|
∫ t

0

(
1 − e−ν|n′|2(t−s)

)
ĥ(n′, s)ds

= I0(n′, t) − λα(n′)
3ν|n′| tanh

π

2
|n′|
∫ t

0

(
1 − e−3ν|n′|2(t−s)

)
ĥ(n′, s)ds,

(4.14)

where

I0(n′, t) := ĥ0(n′) +
1 − e−ν|n′|2t

ν|n′|2 â1(π
2 , n′) − 2

ν

tanh π
2 |n′|

|n′|3
(
1 − e−ν|n′|2t

)
∂1â1(π

2 , n′)

+
2 tanh π

2 |n′|
|n′| te−ν|n′|2t∂1â1(π

2 , n′).

Let

μα(n′) := λα(n′)|n′| tanh
π

2
|n′| =

(
g|n′| + σ|n′|2α+1

)
tanh

π

2
|n′|.

Differentiating the Eq. (4.14), we obtain that ĥ = ĥ(n′, t) satisfies

Dtĥ(n′, t) = DtÎ0(n′, t) − μα(n′)e−3ν|n′|2t

∫ t

0

e3ν|n′|2sĥ(n′, s)ds

with Dt = d/dt. Multiplying the above equation by e3ν|n′|t, we get by differentiation,

Dt

(
e3ν|n′|2tDtĥ

)
= Dt

(
e3ν|n′|2tDtÎ0

)− μα(n′)e3ν|n′|2tĥ.

Thus we obtain the governing ODE of {ĥ(n′, t)}n′ 
=0,t>0:(
D2

t + 3ν|n′|2Dt + μα(n′)
)
ĥ = Dt(Dt + 3ν|n′|2)I0 =: DtJ0(n′, t) (4.15)
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with the initial conditions

ĥ(n′, 0) = ĥ0(n′), Dtĥ(n′, 0) = ẑ0(n′, 0) = â1(π
2 , n′), (4.16)

where
J0(n′, t) :=

(
Dt + 3ν|n′|2)I0(n′, t)

= 3ν|n′|2ĥ0(n′) + (3 − 2e−ν|n′|2t)â1(π
2 , n′)

+
2 tanh π

2 |n′|
|n′|

(
e−ν|n′|2t + 2ν|n′|2te−ν|n′|2t − 3

)
∂1â1(π

2 , n′).

Since the characteristic equation ξ2 + 3ν|n′|2ξ + μα(n′) = 0, we set

ω1(n′) :=
3
2
ν|n′|2(1 −

√
Rα(n′)

)
,

ω2(n′) :=
3
2
ν|n′|2(1 +

√
Rα(n′)

)

with

Rα(n′) = 1 − 4μα(n′)
9ν2|n′|4 = 1 − 4 tanh π

2 |n′|
9ν2

(
g

|n′|3 +
σ

|n′|3−2α

)
.

Then we can find a number N0 ∈ N, a sum of two squares such that

(i) Rα(n′) > 0 for |n′| ≥
√

N0 (ii) Rα(n′) ≤ 0 for |n′| ≤
√

N0 − 1, (4.17)

since tanh π
2 |n′|/|n′|3−2α is a decreasing function in terms of |n′| for every α < 3/2. Furthermore, thanks

to the discreteness of n′, there exists a constant ε0 = ε0(ν, g, σ, α) ∈ (0, 1) independent of n′ such that

Rα(n′) ≥ ε0 > 0 for |n′| ≥
√

N0.

In the case (i), we set

g1(n′, t) := e−ω1(n
′)t, g2(n′, t) := e−ω2(n

′)t

with the Wronskian

W (n′, t) := g1(n′, t)Dtg2(n′, t) − Dtg1(n′, t)g2(n′, t)

= −3ν|n′|2
√

Rα(n′)e−3ν|n′|2t. (4.18)

By the solution formula for the 2nd order linear ODE:

ĥ(n′, t) =
(

C1 −
∫

DtJ0(n′, t)
g2(n′, t)
W (n′, t)

dt

)
g1(n′, t)

+
(

C2 +
∫

DtJ0(n′, t)
g1(n′, t)
W (n′, t)

dt

)
g2(n′, t)

=
(

C1 +
∫

J0(n′, t)Dt

(
g2(n′, t)
W (n′, t)

)
dt

)
g1(n′, t)

+
(

C2 −
∫

J0(n′, t)Dt

(
g1(n′, t)
W (n′, t)

)
dt

)
g2(n′, t),

(4.19)

we obtain the general solution to (4.15) given by

ĥ(n′, t) =

(
C1(n′) − ω1(n′)

3ν|n′|2√Rα(n′)

∫ t

0

eω1(n
′)sJ0(n′, s)ds

)
e−ω1(n

′)t

+

(
C2(n′) +

ω2(n′)
3ν|n′|2√Rα(n′)

∫ t

0

eω2(n
′)sJ0(n′, s)ds

)
e−ω2(n

′)t.
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We also have that the initial conditions of ĥ(n′, t) imply C1 + C2 = ĥ0(n′) and −ω1(n′)C1 − ω2(n′)C2 +
J0(n′, 0) = â1( π

2 , n′), that is,
(
C1

C2

)
=

1
ω2 − ω1

(
ω2 −1

−ω1 1

)(
ĥ0(n′)

J0(n′, 0) − â1(π
2 , n′)

)

=
ĥ0(n′)

2

(
1 + 1/

√
Rα(n′)

1 − 1/
√

Rα(n′)

)
+

â1(π
2 , n′) − J0(n′, 0)

3ν|n′|2√Rα(n′)

(
1

−1

)
.

Since

|J0(n′, t)| ≤ 3ν|n′|2|ĥ0(n′)| + 3|â1(π
2 , n′)| +

6
|n′| |∂1â1(π

2 , n′)|

and

|C1(n′)| + |C2(n′)| ≤
(

1 +
1√
ε0

)
|ĥ0(n′)| +

2
3ν|n′|2√ε0

|â1(π
2 , n′) − J0(n′, 0)|

≤
(

1 +
3√
ε0

)
|ĥ0(n′)| +

3
ν|n′|3√ε0

|∂1â1(π
2 , n′)|,

we deduce from (4.19) that

|ĥ(n′, t)| ≤ |C1(n′)| + |C2(n′)| +
2 − eω1(n

′)t − eω2(n
′)t

3ν|n′|2√ε0
sup

0<s<t
|J0(n′, s)|

≤
(

1 +
3√
ε0

)
|ĥ0(n′)| +

1
ν
√

ε0

(
2
|â1(π

2 , n′)|
|n′|2 + 7

|∂1â1(π
2 , n′)|

|n′|3
)

(4.20)

for all |n′| ≥ √
N0. Therefore, it follows from the above estimate that
∥∥|n′|m+1|ĥ(n′, t)|∥∥

l2({|n′|≥√
N0})

≤ C3

(∥∥|n′|m+1|ĥ0(n′)|∥∥
l2({|n′|≥√

N0})
+
∥∥|n′|m−1|â1(n′)|∥∥

l2({|n′|≥√
N0})

+
∥∥|n′|m−2|∂1â1(n′)|∥∥

l2({|n′|≥√
N0})

)
(4.21)

with a constant C3 = C3(ν, g, σ, α) > 0. If N0 = 1, then we have

‖h(t)‖Hm+1(T2) ≤ C3(1 + T )
(
1 + ‖η0‖Hm+1(T2) + ‖a1‖W m

s1
(Ω)

)
, (4.22)

since (4.13). On the other hand, if N0 > 1, we must divide the case (ii) in (4.17) into the two cases
separately:

(a) Rα(n′) < 0 for |n′| ≤
√

N0 − 1 (b) Rα(n′) = 0 for |n′| =
√

N0 − 1.

In the case (a), a set of solutions {ĥ(n′, t)}1≤|n′|≤√
N0−1,t>0 is obtained by the solution formula (4.19)

with

g1(n′, t) := e− 3
2ν|n′|2t cos

(
3
2
ν
√

−Rα(n′)|n′|2t
)

,

g2(n′, t) := e− 3
2ν|n′|2t sin

(
3
2
ν
√

−Rα(n′)|n′|2t
)

,

associated with the Wronskian W (n′, t). Similarly as above, since there exists a constant ε1 = ε1(ν, g, σ, α) >
0 independent of n′ such that

−Rα(n′) ≥ ε1 > 0 for |n′| ≤
√

N0 − 1,
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we can find a constant C4 = C4(ν, g, σ, α) > 0 such that
∥∥|n′|m+1|ĥ(n′, t)|∥∥

l2({|n′|≤√
N0−1})

≤ C4e
− 3

2ν|n′|2t
(∥∥|n′|m+1|ĥ0(n′)|∥∥

l2({|n′|≤√
N0−1})

+
∥∥|n′|m−1|â1(n′)|∥∥

l2({|n′|≤√
N0−1})

+
∥∥|n′|m−2|∂1â1(n′)|∥∥

l2({|n′|≤√
N0−1})

)
.

(4.23)

In the case (b), a set of solutions {ĥ(n′, t)}|n′|=√
N0−1,t>0 is obtained by the solution formula (4.19) with

g1(n′, t) := e− 3
2ν|n′|2t and g2(n′, t) := te− 3

2ν|n′|2t. We also have
∥∥|n′|m+1|ĥ(n′, t)|∥∥

l2({|n′|=√
N0−1})

≤ C5(1 + t)e− 3
2ν|n′|2t

(∥∥|n′|m+1|ĥ0(n′)|∥∥
l2({|n′|=√

N0−1})
+
∥∥|n′|m−1|â1(n′)|∥∥

l2({|n′|=√
N0−1})

+
∥∥|n′|m−2|∂1â1(n′)|∥∥

l2({|n′|=√
N0−1})

)
(4.24)

with a constant C5 = C5(ν, g, σ, α) > 0. Therefore, we get
∥∥|n′|m+1|ĥ(n′, t)|∥∥

l2(Z2)
=
∥∥|n′|m+1|ĥ(n′, t)|∥∥

l2({|n′|<√
N0−1})

+
∥∥|n′|m+1|ĥ(n′, t)|∥∥

l2({|n′|=√
N0−1})

+
∥∥|n′|m+1|ĥ(n′, t)|∥∥

l2({|n′|≥√
N0})

≤ C6(1 + T )
(∥∥|n′|m+1|ĥ0(n′)|∥∥

l2(Z2)
+
∥∥|n′|m−1|â1(π

2 , n′)|∥∥
l2(Z2)

+
∥∥|n′|m−2|∂1â1(π

2 , n′)|∥∥
l2(Z2)

)

with C6 = C6(ν, g, σ, α) := max{C3, C4, C5}. Hence, it follows that

‖h(t)‖Hm+1(T2) ≤ C6(1 + T )
(
1 + ‖η0‖Hm+1(T2) + ‖a1‖W m

s1
(Ω)

)
(4.25)

for all 0 < t < T .
For the Eq. (4.12), we have

|ẑ1(n′, t)| ≤ |∂1â1(π
2 , n′)| + (g + σ)|n′|2α−1

∫ t

0

e−3ν|n′|2(t−s)ds sup
0<s<t

(|n′|3|ĥ(n′, s)|),

which yields that for all 0 < t < T ,
∥∥|n′|m−2|ẑ1(n′, t)|∥∥

l2(Z2)
≤ ∥∥|n′|m−2|∂1â1(π

2 , n′)|∥∥
l2(Z2)

+
g + σ

(3ν)α− 1
2

∫ 1

0

dτ

(1 − τ)α− 1
2

t
3
2−α sup

0<t<T

∥∥|n′|m+1|ĥ(n′, t)|∥∥
l2(Z2)

.

Therefore, we deduce from (4.25) with ẑ1(0, t) = ∂1â1(π
2 , 0) that

‖z1(t)‖Hm−2(T2) ≤ C7(1 + T
5
2−α)

(
1 + ‖η0‖Hm+1(T2) + ‖a1‖W m

s1
(Ω)

)
(4.26)

for all 0 < t < T with a constant C7 = C7(ν, g, σ, α) > 0. Furthermore, one can see that such a solution
z1 lies in C([0, T ),Hm−2(T2)).

Substituting (4.12) into (4.11), we have that for every n′ �= 0,

ẑ0(n′, t) = e−ν|n′|2tâ1(π
2 , n′) − 2ν|n′| tanh

π

2
|n′| te−ν|n′|2t∂1â1(π

2 , n′)

− μα(n′)
∫ t

0

e−3ν|n′|2(t−s)ĥ(n′, s)ds,
(4.27)

which implies
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|ẑ0(n′, t)| ≤ |â1(π
2 , n′)| +

2|∂1â1(π
2 , n′)|

|n′| + (g + σ)|n′|2α−1

∫ t

0

e−3ν|n′|2(t−s)ds sup
0<s<t

(|n′|2|ĥ(n′, s)|)

for all 0 < t < T . Thus,

∥∥|n′|m−1ẑ0(n′, t)
∥∥

l2(Z2)
≤ ∥∥|n′|m−1â1(π

2 , n′)
∥∥

l2(Z2)
+ 2
∥∥|n′|m−2∂1â1(n′, s)

∥∥
l2(Z2)

+
g + σ

(3ν)α− 1
2

∫ 1

0

dτ

(1 − τ)α− 1
2

t
3
2−α sup

0<s<t

∥∥|n′|m+1ĥ(n′, s)
∥∥

l2(Z2)
.

Therefore, we have that for all 0 < t < T ,

‖z0(t)‖Hm−2(T2) ≤ C8

(
1 + T

5
2−α
)(

1 + ‖η0‖Hm+1(T2) + ‖a1‖W m
s1

(Ω)

)
(4.28)

with a constant C8 = C8(ν, g, σ, α) > 0, since ẑ0(0, t) = â1(π
2 , 0). Furthermore, one can verify that z0

belongs to C([0, T ),Hm−1(T2)).
As for Q1 in (3.9), we estimate for any ρ < 3/2,

∥∥|∂1|ρ|∇′|m−2Q1(t)
∥∥

L2(T3)

=
∥∥(2n1 − 1)ρ|n′|m−2Fs1 [Q1](n, t)

∥∥
l2(N×Z2)

≤ 8
π

(∑
n1∈N

1
(2n1 − 1)2(2−ρ)

∥∥∥∥
|n′|m+2

κ(n)2
(1 − e−νκ(n)t) sup

0<s<t
|z1(n′, s)|

∥∥∥∥
2

l2(n′∈Z2)

) 1
2

+
8
π

g + σ

ν

(∑
n1∈N

1
(2n1 − 1)2(2−ρ)

∥∥∥∥
|n′|m+2+2α

κ(n)2
(1 − e−νκ(n)t) sup

0<s<t
|h(n′, s)|

∥∥∥∥
2

l2(n′∈Z2)

) 1
2

≤ Cρ

(
1 +

g + σ

ν

)(
sup

0<s<t

∥∥|n′|m−2ẑ1(n′, s)
∥∥

l2(Z2)
+ sup

0<s<t

∥∥|n′|m+1ĥ(n′, s)
∥∥

l2(Z2)

)

≤ Cρ

(
1 +

g + σ

ν

)(
sup

0<t<T
‖z1(n′, t)‖Hm−2(T2) + sup

0<t<T
‖h(n′, t)‖Hm+1(T2)

)

≤ C ′
ρ

(
1 +

g + σ

ν

)(
1 + T

5
2−α
)(

1 + ‖η0‖Hm+1(T2) + ‖a1‖W m
s1

(Ω)

)

for all 0 < t < T , where Cρ, C
′
ρ are positive constants depending only on ρ, ν, g, σ, α. Similarly, we can

see that that for any ρ′ < 1/2, Qi for i = 2, 3 satisfies

∥∥|∂1|ρ′ |∇′|m−2Qi(t)
∥∥

L2(T3)

≤ Cρ′

(
1 +

g + σ

ν

)(
sup

0<t<T
‖z1(n′, t)‖Hm−2(T2) + sup

0<t<T
‖h(n′, t)‖Hm+1(T2)

)

≤ C ′
ρ′

(
1 +

g + σ

ν

)(
1 + T

5
2−α
)(

1 + ‖η0‖Hm+1(T2) + ‖a1‖W m
s1

(Ω)

)

for all 0 < t < T , where Cρ′ , C ′
ρ′ are positive constants depending only on ρ′, ν, g, σ, α. Hence, we complete

the proof of Theorem 4.1. �
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