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Abstract. In this paper, we consider the generalized surface quasi-geostrophic equation with the velocity v determined by

ol
v=RLAY"10,0 < v < 2. It is shown that the LP-norm of weak solutions is conserved provided € LPT1 <0, T, B;—&-l c(N))

for 0 < v < % or § € Lrt1 (O,T; B ) for any v — 1 < a < 1 with % < = < 2. Therefore, the accurate relationships

p+1,00
between the critical regularity for the energy conservation of the weak solutions and the regularity of velocity for the
generalized surface quasi-geostrophic equation are presented.
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1. Introduction

In this paper, we consider the generalized surface quasi-geostrophic (SQG) equation in (0,7 x R? below

975 +ov- Vo = 0,
v=RAT = (—RoATHO, RIATTIO), v € 0,2), (1.1)
b]i—0 = 0o,

where the unknown function 6(x,t) is a scalar and v(z,t) is determined by 6(x,t). The Riesz transforms
R; are defined by R;f = —%f(f), j = 1,2, where f(§) = ﬁfw f(z)e T dy. Af is defined via

the Fourier transform /@ (&) = [€]*f(€). This model was introduced in [10-12,14] and includes many
classical hydrodynamic equations. In particular, the case v = 0 corresponds to the 2-D incompressible
Euler equations, where the unknown functions = 6(z,t) and v = v(z,t) are the vorticity and the
velocity field, respectively. The case v = 1 corresponds to the following standard surface quasi-geostrophic

equation

Ht +v- Vo = O,
’U(l‘,t) = (—Rz@,Rla), (12)
0li=0 = 0o,

which describes a famous approximation model of the nonhomogeneous fluid flow in a rapidly rotating
3-D half-space (see [15]). In this case, the unknown functions 6 = 6(z,t) and v = v(z,t) represent the
potential temperature and the velocity field, respectively.

The generalized surface quasi-geostrophic equation have attracted a lot of attention in recent years and
important progress has been made (see e.g. [10-12,14,20-22,30-32]). The goal of this paper is to examine
the relationships between critical regularity of weak solutions keeping energy conservation and the regular-
ity of velocity for the generalized surface quasi-geostrophic equation. A classical question involving energy
conservation in incompressible fluid is the Onsager conjecture. In [23], Onsager conjectured that the weak
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solutions with Holder continuity exponent o > % of the 3-D incompressible Euler equations do conserve
energy. This conjecture was proved by Constantin-E-Titi [16] in the Besov space L(0,T}; B?‘im(']l‘3))

with « > 1/3. Subsequently, Cheskidov—Constantin-Friedlander—Shvydkoy [13] sharpened the result
1/3
3,¢(N)

B;{C?EN) ={ve B;,/O‘z tlimg oo 29]|Agu||3 s = 0} and Ao stands for a smooth restriction of v into Fourier

modes of order 29 (see Sect. 2). The space B?l)/cg(N) is usually called as the Onsager’s critical space. Along

of [16] by proving that energy is conserved for velocities in the critical space L3(0,T; B ), where

this direction, there are some progress recently, one can refer to [3,18] for details.

We turn our attention back to the persistence of energy for the surface quasi-geostrophic equa-
tion. A parallel of Constantin-E-Titi’s result for standard surface quasi-geostrophic Eq. (1.2) was ob-
tained by Zhou [34], where the L?-norm conservation for the weak solutions is established provided
0 € L?(0,T; BS . (R?)) with a > . Chae [9] proved that the LP-norm of § is preserved if the weak
solutions (0, v) satisfy

v € L™(0,T; By, o(R?)) and 0 € L"™*(0,T; By

1 P 1
1,00 p+1,oo(R2))’ —+—=1La> 3 (1.3)

1 T2

Very recently, Akramova-Wiedemann [1] presented the following sufficient conditions

~ 1
0 e LP(0,T; BS _(R? - <
€ (07 ) 3,00( ))7 o> 37 pP1 = 2—304,

implying LP-norm conservation of the weak solutions for system (1.2). We would like to mention that
Dai [17] showed that the energy of any viscosity solution of system (1.2) with supercritical dissipation

A% satisfying 0 € L?(0,T; BQ% o(N) (R?)) is invariant. However, we note that all the above results are in
Onsager’s subcritical space other than the Onsager’s critical space, which means the regularity of space
is required to satisfy o > % rather than a = % Hence, our first objective is to obtain sufficient conditions
on the regularity of weak solutions to guarantee conservation of the energy for generalized surface quasi-

geostrophic Eq. (1.1) in Onsager’s critical space. Now, we formulate our first result as follows.

Theorem 1.1. Suppose 0 € C([0,T]; LP(R?)), p € [2,00) is a weak solution of system (1.1) in the sense
of Definition 2.1, then the LP-norm of 0 is preserved, that is, for any t € [0,T],

10(t)]| Lrr2) = 160l e (r2),

provided one of the following conditions is satisfied

7 3
6 € LPTH0,T; B}, () (R?)) with 0 < v < 3 (1.4)
or
3
0 € LP*H(0,T; BY | o (R?)) forany v — 1 < a < 1 with 3 <y <2 (1.5)

Remark 1.1. Theorem 1.1 extends the result in [13] on the 3-D Euler equations to system (1.1) with
0 <y < % Besides, a special case of this theorem with p = 2 and 7 = 1 is novel and improves the
corresponding result in [34]. However, since system (1.1) with % < 7 < 2 is more singular than the case
0<y< %, we only get the subcritical criterion for energy conservation. It would be an interesting problem

to study the persistence of energy for system (1.1) in Onsager’s critical space for the case % <y <2

Remark 1.2. This theorem reveals how the regularity of the velocity field influences the critical regularity
of the weak solutions preserving the energy in generalized surface quasi-geostrophic Eq. (1.1).

Moreover, when p = 2, the condition 6 € L3(0,T; L3(R?)) in Theorem 1.1 can be removed. Precisely,
we have
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Corollary 1.2. Let 0 < v < 3. Assume that 0 € C([0,T]; L*(R?)) is a weak solution of system (1.1) in

the sense of Definition 2.1 satisfying 6 € L3(0,T; BEC(N) (R?)), then the L*-norm of 0 is preserved, that
is, for any t € [0,T],

16@) | L2r2) = l16oll L2 (r2)-
Inspired by the persistence of energy criterion (1.3), we have

Theorem 1.3. Let p € [2,00), 71 € [1,00] and ro € [p, 0] be given, satisfying % + 2 = 1. Assume
that 6 € C([0,T]; LP(R?)) is a weak solution of system (1.1) in the sense of Definition 2.1 with v €

1 1
L0, T5B) ) (R?)) and 6 € L™ (0,T; B}, . (R?)), then the LP-norm of 6 is preserved, that is, for
any t € [0,T7,

10() | r r2) = |00l Lr(R2)-

1 1
Remark 1.3. The same result also holds if v € L™ (0,T; B}, | ., (R?)) and 6 € L"(0, T} Bl 1 e (R?)) by

a slightly modification of the proof of Theorem 1.3, which refines criterion (1.3).

Remark 1.4. Owing to the boundedness of Riesz transforms in homogeneous Besov spaces, Theorem 1.3

1
guarantees that the L?-norm of weak solutions of system (1.2) satisfying 6 € L?(0,T; By . (R?)) is
constant.

We will provide two approaches to show Theorem 1.1. One is an application of the Littlewood-Paley
theory developed by Cheskidov—Constantin—Friedlander—Shvydkoy in [13]. The second one relies on the
Constantin-E-Titi type commutator estimates in physical Onsager type spaces (see Lemma 2.3). For the
periodic domain T?, by means of the Constantin-E-Titi type commutator estimates in Besov VMO spaces
in Lemma 2.4, one can further relax the spaces B5+1,C(N) (T?) to the larger space §§+1,VMO(T2) in the
above sufficient conditions for keeping the energy for the generalized surface quasi-geostrophic equation.
We formulate the energy conservation criterion of weak solutions of generalized surface quasi-geostrophic
Eq. (1.1) in Besov VMO spaces below.

Theorem 1.4. Suppose § € C([0,T); LP(T?)), p € [2,00) is a weak solution of system (1.1) in the sense of
Definition 2.1, then the weak solution 0 conserves the LP-norm provided one of the following conditions
18 satisfied

(1) 0 <~ <3,
0.€ L0, T3 B 4y ago(T2) NP0, T3 By o (T2));
(2)0<y<2 t+E=1m>1+,
v e L0, T BS, , y1o(T2) and 0 € L(0,T; B, | _(T));
(3) 0<y<2, =

2=

+E=1Lrm>1+,

(T2)) and 0 € L™(0,T; BS, , 110 (T2)).

P

1
ve L"(0, 7B} «
1 1
Remark 1.5. Owing to the inclusion relationship B ey S B3 v o in [3,18], this theorem is an improve-
ment of corresponding result in Theorem 1.1 for the periodic case.

The rest of the paper is organized as follows. In Sect.2, we present some notations and auxiliary
lemmas which will be frequently used throughout this paper. The energy conservation of weak solutions
for the generalized surface quasi-geostrophic equation is considered in Sect.3. Concluding remarks are
given in Sect. 4.
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2. Notations and Some Auxiliary Lemmas

Sobolev spaces: First, we introduce some notations used in this paper. For p € [1, oo], the notation
L?(0, T; X) stands for the set of measurable functions on the interval (0, T') with values in X and
|l f(t,)|lx belonging to LP(0, T). The classical Sobolev space W*P?(R9) is equipped with the norm

k
I fllws.p (ray = | ;0 1D fll Lo (mey-

Besov spaces: We denote S the Schwartz class of rapidly decreasing functions, S’ the space of tempered
distributions and §’/P the quotient space of tempered distributions which modulo polynomials. We use
Ff or fto denote the Fourier transform of a tempered distribution f. To define Besov spaces, we need
the following dyadic unity partition (see e.g. [2]). Choose two nonnegative radial functions g, ¢ € C°°(R?)
supported respectively in the ball B = {¢ € R? : [¢| < 3} and the shell C = {¢ € R? : 2 < [¢] < £} such
that

+Z¢ gy =1, VEeR% Zw e =1, VE#o.

7>0 JEL

Write h = F 1 and h=F ~1p, then nonhomogeneous dyadic blocks A; are defined by
Aju:=0if j < -2, A_ju:=o(D)u = / h(y)u(z — y)dy,
Rd
and Aju = (Q_jD) u =274 /d h(29y)u(z — y)dy if j > 0.
R
The nonhomogeneous low-frequency cut-off operator S; is defined by
Sjui= Y M=o D)u=2" [ hZy)ute - y)dy, j € NUO.
k<j—1 Rd

The homogeneous dyadic blocks Aj and homogeneous low-frequency cut-off operators Sj are defined for
Vj € Z by
Aju = p(27 D)u = 2jd/ h(2y)u(x — y)dy, j € Z
Rd

and Sju:= (27 D)u = 2jd/ (2 y)u(x — y)dy, j € Z
R4

Now we introduce the definition of Besov spaces. Let (p,r) € [1,0]?, s € R, the nonhomogeneous Besov

space
and the homogeneous space
B, = {f e S (RY) /P (R [l = (27| As f leollprizy < oo}.

Moreover, for s > 0 and 1 < p, ¢ < co, we may write the equivalent norm below in the nonhomogeneous
Besov norm || f||z. of f €S as
pP,q

By, = {f €8 (®RY):Ifls;, = |2

1Ly = 171e + 11l -
Motivated by [13], we define Bg‘c(N) to be the class of all tempered distributions f for which

[fll g« < oo and lim 27¢
p,o0 j—o00

Aij =0, for any 1 <p < o0. (2.1)
Lr

It is clear that the Besov spaces ng are included in B;‘ e(N) for any 1 < g < oo. Likewise, one can define
the Besov spaces B;“C(N) similarly.

) Birkhauser



JMFM Energy Conservation for the Generalized Surface Quasi-geostrophic Equation Page 5 of 15 70

A function f belongs to the Besov-VMO space LP(0,T; By v p0(T?)) if it satisfies

£l Lo 0, 7;0 (1)) < 00,

iy ( / L ][ [ )| dydz] dt>é
= (/ /Td ][ - y)lqdydx} 5dt> =0.

Mollifier kernel: Let 7. : R? — R be a standard mollifier.i.e. n(z) = Cpe = for |z] <1 and n(z) =0
for |z| > 1, where Cj is a constant such that [, 7(z)dz = 1. For € > 0, we define the rescaled mollifier
Ne(z) = &n(%) and for any function f € L, (R?), its mollified version is defined as

Fo(@) = (f 1)@ /fx— Dne()dy, € RE

Next, we collect some Lemmas which will be used in the present paper.

and

"=

Lemma 2.1 (Bernstein inequality [2]). Let B be a ball of RY, and C be a ring of RY. There exists a positive
constant C such that for all integer k>0, all1 < a <b< o0 and u € L (Rd), the following estimates
are satisfied:

SUP| o= [|0%U| o (Ray < Ck+1>\k+d(i7%)||u||La(Rd), supp 4 C A\,
CRFDNF [l po oy < supjaj—p 07U o gy < CFN ]| oy, supp i C AC.

Lemma 2.2 ([26]). Let Q denote the whole space R or the periodic domain T?. Suppose that f €
LP(O,T;BZOO(Q)) e Lr(0,T; BfC(N)(Q)) with o, B € (0,1), p,q € [1,00], then there holds that, for
any k € N*, ase — 0,

(1) |lfe - f”LP(O,T;Lq(Q)) < CO(EQ)”fHLp(o,T;B;x‘OO(Q));

(2) Hkas”LP(&T;L'I(Q)) < OO(Eafk)||f||Lp(o,T;Bg’OO(Q));

(3) 6° ~ glloozicn) < CoE)al ooy oy

(4) IV g llromszaey < Co Mgl oo rse )

Remark 2.1. The results still hold for g € L?(0, T’ E’ZVMO(Td)), whose proof is proposed in [3,27,28].

Next, we will state the Constantin-E-Titi type commutator estimates in physical Onsager type spaces
(see also [33]).

Lemma 2.3. ([26]) Let Q denote the whole space R? or the periodic domain T, Assume that0 < a, 8 < 1,
1<p,q,p1,p2 < 00 and % = p% + p%, then as € — 0, there holds,
I(f9)° — 9% lLr(o,1:0(02)) < Co(e*P), (2.2)
provided one of the following three conditions holds
(1) £ €17 O.T: B (@), 9 € 0.7 B, o (O)1 S gy S0 = &+ &

q2,00 q
(2) Vf € LP(0,T; By, (), Vg € LP2(0,T; BS C><>(Q)), 2 + .= —1 + q%’l < qu,qo < d;
(3) f € LPl(O T Bql c(N)(Q))’ vg € LP2(O T; Bqﬁz OO(Q))7 d + P 71 + qi271 S q2 < d7 1 S q1 S 0.

The Constantin-E-Titi type commutator estimates in Besov VMO spaces was initiated by Bardos,
Gwiazda, Swierczewska-Gwiazda, Titi and Wiedemann in [3]. The readers may refer to [27,28] for the
proof of the following version.
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Lemma 2.4. ([3,27,28]) Assume that 0 < o, < 1,1 < p,q,p1,p2 < o0 and % = p% + p%' Then, there
holds

1(f9)° = £°9° oo, pacrayy < 0(e*™7), ase — 0, (2.3)
provided that one of the following conditions is satisfied,
(1) feL™(0,T; 2, 2varo(T), g € LP2(0,T; qu vairo(TH), 1< qi,q2 <00, ¢ = -+ o
(2) 1 € 10.13 B rasol T, 8 € PO LB T, 1 e S 060§ =+ o > gl and
p2 = - . 1

For the convenience of readers, we present the definition of the weak solutions of the surface quasi-
geostrophic Eq. (1.1).

Definition 2.1. A function 6 € Cyeax ([0, T]; LP(R?)) is called a weak solution of the 2-D quasi-geostrophic
equation with initial data 0y € LP(R?) with p € [2,00) and v € L7~ ((0,T) x (R2)) if there holds

/]Rz [0z, t)p(z,t) — 0(x,0)p(x,0)]dze = / 0(x, s)(0pp(x,s) + v(z,s) - Vo(z, s))duds (2.4)

]RZ
and

v(z,t) = REAT10, (2.5)
for any test function ¢ € C§°([0,77]; C*°(R?)).

3. Energy Conservation of Weak Solutions for the Surface Quasi-Geostrophic Equation
3.1. Energy Conservation in Besov Spaces

In this subsection, our main task is to prove Theorem 1.1. Two different approaches will be provided.
One is Littlewood-Paley theory developed by Cheskidov—Constantin—Friedlander-Shvydkoy in [13] and
the other is mainly to use Constantin-E-Titi type commutator estimates in Onsager type spaces (see
Lemma 2.3).

Proof of Theorem 1.1.

Approach 1: Littlewood-Paley theory.
Multiplying the first equation of system (1.1) by Sy (Sn0|Sy0[P~2) with p > 2 (see the notations in
Sect. 2), together with the incompressible condition and using integration by parts, we see that

pdt_/ ‘SNg‘pd.’E_ —1 / SN vg0)8g5N0|SN9\p 2d(E

Since the divergence-free condition of the velocity field v(z,t) helps us to derive that
/ SNUgagSNQSN9|SN9|p72dI =0,
R2

we conclude that

pdt / |SnO|Pde = (p — 1)/ [Sn (vef) — SnveSn0]0eSnO|SNOP~2d.
Taking advantage of the Holder inequality, we discover that
‘/ [SN(UZH) —SNUgSNe]aésNe‘SNe‘p—de‘
R2

< ClSn(veh) — SnveSnOIl egs o, 106Nl Loa ey | SO~ gl 55 ey
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< C||Sn(veh) — stsNauL%(Rz)||azsN9HLPH(R2)||5N9|\g;31(R2). (3.1)
Note that
SN(’UgG) — SNUgSNH

— 92N /R (2N y)[ve(z — y) = ve@))[0(z — y) = 0(@)ldy — (ve — Swve)(0 - Sxb),  (3.2)

where we used 22V [0, h(2Ny)dy = F(h(-))|e=o = 1. By the Minkowski inequality, we get

||SN(1)29) — SNU@SNHHLPQLl(]W)

<2 /R2 RV [ve(@ = y) = ve(@) || Lo @2) |0(2 = y) = (@) Lo+1 r2)dy
+ llve — SnvellLo+1r2) 10 — SO Lo+1 (r2)
=I1+1I.

Now, we estimate I. In view of the mean value theorem and the Bernstein inequality in Lemma 2.1, we
know that

loee = 9) = we(@) oy < C( 3 P WllAgvllion ey + 3 MAgolirms).  (33)
J<N j>N

Furthermore, using the Bernstein inequality again and the boundedness of Riesz transforms on Lebesgue
spaces yields that

||AjUHLp+1(R2) = |\RLA7*1Aj0||Lp+1(R2) < Czj(’yil)HA]‘eHLerl(RZ), for 0 < p < o0.
This together with (3.3) means that
[ve(z = y) — ve(@)| Lo+r m2)

< C(QN(V_Q)M > 27NN YA L (g2
J<N

49(y—1-a)N Z Z(N’j)(o‘“’“’)?“||Aj9||Lp+1(R2))- (3.4)
Jj=N

Before going further, in the spirit of [13], we set the following localized kernel

e [P <0,
1(.7) - 27(770‘”—’ 1f] > 0’ (35)

and we denote d; = 2jo‘||Aj9||Lp+1(R2). As a consequence, we get
lve(z = y) = ve(@) s o2y <C [2¥0-Dy| + 207N (K xdy) (N)
<C@Yy| + 1207 (K dj) (N).
To bound [|0(z — y) — 0(x)|| r+1(r2), We denote
27 if j <0,
K> (j) = {2_(1_@]»7 itj>0. (3.6)
Using the same procedure to obtain (3.3) and (3.4) yields
10(z —y) — 9($)||LP+1(R2)
<C( X DA oy + 3 1850 o)

J<N jzN

T Birkhauser
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< C(2N(17a)|y‘ Z Qf(ij)(lfa)gjaHAJ_QHMH(RQ) L g-aN Z 2(N7j)a2ja||Aj9||Lp+1(R2))
J<N jzN

C@Ny| + 1)27oN (K2 x d'j) (N). (3.7)
Notice that
sup2? [ Ryl + 1)7dy < oc.
N R2
Hence, we deduce from (3.4) and (3.7) that
[ < Co0—1-a)N (Kl * dj) (N)2-oN (K2 * d'j) (N).
In light of the Bernstein inequality, we infer that

[ve = Snvell o1 (r2) < Z |Aj0]|ppsr < C2OTI7N (Kl *dj) (N),
Jj=N

where we used N > 0. Likewise,
10 — SN0 o1 ey < C27°N <K2 x d'j) (N),
from which it follows that
11 < 020—1-aN (Kl * dj) (N)2~oN (K2 * czj) (N).
Consequently, we know that

1S (ve0) — SnveSnb|| wpr _, < C20-1mON (K1 x dj) (N)2~oN <K2 * dj) (N). (3.8)

(R?)

We conclude by some straightforward calculations that

||aZSN0HLP+1(R2) < Z 2jHAj6‘||Lp+1(]R2) < oN(1=a) (K2 xd;) (N), (3.9)
J<N

where d; = 27%(|A;0|| p+1(r2). Inserting (3.8) and (3.9) into (3.1) gives

‘ [Sw (ve0) — SnveSy0] 8gSN9|SN9\p_2dx‘
]RZ
< Co0-3N (K1 * dj) (N) (K2 * d'j) (N) (2 % dy) (N)[1Sn011%02 1 g
< 003N <K1 * dj) (N) (K2 * d'j) (N) (K2 dy) (N)|0172, - (3.10)

By choosing «a satisfying

Ty-1l<a<y,
{0<a< 1, (3:11)
we know that K, Ky € I1(Z).
Case 1: If we choose a = %, then by (3.11), 0 < v < 3. It follows from (3.10) that
/ [Sn (ve8) — SnveSn0]0eSNO|SNO[P~2dx
<C <K1 « dj) (N) (K2 % dj) (VIO ey (3.12)

) Birkhauser
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Since § € LP1(0,T; B

p+1,c(N) (R?)), we have

T
/ ‘ / [SN(UZQ) — SN’UgSNG] 8gSN9\SN0|”’2d:1: dt
0 R2
T
< C/O (B dy) (V) (K dy ) (N)I013" eyl

T
+1
< 0/0 105!, eyt < oo

Hence, we conclude by the the dominated convergence theorem that

T
/ | / [Sw (veh) — SnveSn0] Sy 0] Sy 0|7 2da|dt
0 R2

T
< C/ (Kl « dj) (N) (K2 x dj) (MO eyt — 0, as N — +00
0 p+1,00
Case 2: When % < 7 < 2, we choose a satisfying 2 <y —1<a < 1. From (3.10), we get
‘ / (S (vef) — SnvpSn0] aeSN9|SN9|P*2dm‘

R2
< (v=3a)N p+1
<C2 16115,

1,00 (R2)?

which gives
T
/ ‘ / [SN(WG)—SNWSNG]8gSNH|SN9|p_2da:‘dt
0 R2

T
< 003N / 10O gyt — 0, as N — +oc.
0 p+1,00
Hence, no matter in which case, we have
T
‘ / / [SN(UZG) — SN’UgSNe]8@SN9|SN9|p_2dl‘dt — 0, as N — 4o0.
o JRr2

Then we can complete the proof of Theorem 1.1.

Approach 2: Constantin-E-Titi type commutator estimates in Onsager type spaces.
Mollifying system (1.1) in spatial direction (see the notations in Sect.2) and using the divergence-free
condition, we know that

07 + div(v0)® =0,
which yields that

1d
—— | |6°|Pdz=(p—1 0)0,0°|6°|P~2d.
S = =) [ woyosleras
The incompressible condition allows us to formulate the above equation as
1d
—— |0°1Pdx = (p— 1) / [(WH)E - v§05]8295|95|”*2d:17,
pdt R2 R2

which immediately means

1 t
’ (6% (@, )l Lo grzy — 16° (2, 0) | Lo ze)) = (p — 1)/ / (o) = vi6%) 0,6%|0° [P~ *dads.  (3.13)
0 JR2

The Holder inequality enables us to get
t
‘ / / [(v0)7 — v56°] 8¢95|05|p_2dxd3‘
o JR2

T Birkhauser
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< Cll(ved)® = vzl 2

L% (0,705 (R ||840 [Lr+20,sr s 2y 16717 2” pHl .(3.14)

53 (0,1iL 503 (m2))

Since B, , = B;’q N LP for s > 0, the hypothesis § € LPT1(0,T; By, C(N)(R )) means § € LPt+1
0,T; B;‘H (N )(RQ)). This together with the boundedness of Riesz transforms in homogeneous Besov

spaces glVGS

v=REATTI0 € LPTHO, T By (R?)).

Combining € LP1(0,T; B e (R?)) with v € LPHH(0, T Bo‘_s_l"’:&) (R?)) and invoking Lemma 2.3, we
see that, as ¢ — 0,
[(0e8)7 = vi6°|  ppa < o(e?* 77, (3.15)

LB (0,107 (R2))
where « is selected to satisfy 0 < o < 1 and 0 < o — v+ 1 < 1. Using Lemma 2.2, we know that, as
e — 0,

||a€06||LP+1(O’T;L1J+1(]R2)) < 0(50‘71). (3.16)
Moreover, in view of the definition of Besov spaces, we have
|||9€|p 2” C'||9€HL,,+1(OT LP+1(R2)) = CHG”LP‘H(O T;By,, . (N)(R2))' (3'17)

= (0,15L» = (R2))

Then substituting (3‘15)7(3.17) into (3.14), setting a = ¥ with 0 <y < 2, we have

t
[ Tty = oiolo0r o p=2ads| < o) I052, oy = 0 352 =0

Then we have completed the proof of the first part of Theorem 1.1. By using a similar argument to get
(3.15)-(3.17), we can conclude the second part of Theorem 1.1 for 6 € LP*1(0,T; By, . (R?)). O

Proof of Corollary 1.2. By a slight variant of the above proof, one can show this corollary. Indeed, we
conclude by (3.13) with p = 2 that

10°(z, )| 2 r2y — 10°(2,0) || 2(r2) = 2/ / ((ve0)° — v76°) 040° dzds. (3.18)

With the help of Holder’s inequality, we discover that

‘//R2 w@ —v?@e}aﬂadxds‘

< CO|(vel)* —vi0°| s 1060°(| L3 (0,7; L3 (R2))- (3.19)

L2(0TL2(R2))
A combination of § € L3(0,T; B?C(N) (R?)) and the boundedness of Riesz transforms in homogeneous
Besov spaces yield v = RYAY"10 € L3(0,T; Baz&;rl(RQ)). Hence, by applying Lemma 2.3 to § €
L3(0,T; B?c(N) (R2)) and v € L3(0,T; B 11 (R2)), we derive that, as ¢ — 0,

3,¢(N)
< o(e** T, (3.20)

)" =000, 3 708 ey <

where 0 < @ < 1 and 0 < a — v+ 1 < 1 are required. Moreover, according to Lemma 2.2, we observe
that, as ¢ — 0,

1066° || 30,7515 (m2)) < 0(* ). (3.21)
By plugging (3.20)-(3.21) into (3.19) and taking o = 3 with 0 <~ < , we end up with

’ / / [(ve0)° — vj@e]aﬂgdmds‘ <o(e377) =0, as e — 0.
R2
At this stage, this corollary is proved. (I

) Birkhauser
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Next, we present the proof of Theorem 1.3. To prove Theorem 1.3, it suffices to replace (3.4) by

lve(z = y) = ve(@)|| o1 (r2)

< C | 2Ny Y 2 N=DA=200 | A o ey + 27N Y 2NV A || i ey
j<N j>N

< ¢ [V 427N (K wdj) (V)

< 0@yl + D2 Ky d; ) (N),

_ 27 if § <0,
R PR TS S

where

and dj = 27%||A;v||Lr+1. We omit the details here. We only outline its proof by Constantin-E-Titi type
commutator estimates in physical Onsager type spaces in the following.

Proof of Theorem 1.3. Based on the second proof of Theorem 1.1, we just give the key estimates. It
follows from the Holder inequality that

t
‘ / / [(00)° — v6°]3:0°|6°|P~2dxds
0 JR2

< Cll(ved)” = vi0°|| iz 10661 2 0,1; 2+ (r2)) 16772

, (3.22)
L T1tr2 (OTL (R2))

+
LPa(0,T;L =2 (R?))’
T1+T2 1
where et Ly = 1.

From v € L™ (0,T; Bp+1 o(N)

€ 5 2
— < . .
|[(veB)® — vz 0 ||LT1+T2 S . Co(e3) (3.23)

)and 0 € L™(0,T; B ), we deduce from Lemma 2.3 that, as ¢ — 0,

p+1,00

From Lemma 2.2, we infer that, as ¢ — 0,

_2
10607 | .72 (0,T;Lr+1(R2)) < CO(e™5). (3.24)

According to the definition of Besov spaces, we have
o°|P—2 <O|6° <oloP? 3.25
||| | ||LP4(OTLF 2([R2) ” ||Lp4(p 2)(0,T;LP+1(R2)) || HLT?(OTB:JA Oo)a ( )

where we used p4(p — 2) = ro, which means % + % =1andp>2.
Then substituting (3.23)—(3.25) into (3.22) and letting e — 0, we have

t
[ty — cioJouseioep-2dads| < coo)” ? R
0 JR2

Lra(P—2)(0,T; B2 o)

Then we have completed the proof of Theorem 1.3. (I

3.2. Energy Conservation in Besov VMO Spaces

We address the energy conservation of weak solutions of the generalized surface quasi-geostrophic Eq. (1.1)
in Besov VMO spaces in this subsection.

Proof of Theorem 1.4. (1) With (3.13) in hand, it suffices to show that [ [, [(vef)*—v56°]9,6°|6°[P~2dzds
converges to 0 as € — 0. We deduce from (3.14) that

t
‘ / / [(00)° — v6°] 0,6°|0° [P~ 2dxds
0 T2

T Birkhauser
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< Cll(0e0)7 = vg6°|  pga

p—2
R PR gy e (326)

000°|| 1p Ip 0°
+1 2))|| 0% || Lot (0,7 0+ (12)) || B 0 1 p B g2y’

We conclude from 6 € LP1(0,T; B;H «(T%)) that 0 € LPTY0,T; BZ;Jrl +(T?)). A combination of this
and v = R+AY"10 implies that v € LP+1(0, T} Ber1 Oo(']I‘2))

L2y
According to 6 € LPT1(0,T; ES—H,VMO(T ), v € LPTL(0, T B;+1?OO(T2)) and Lemma 2.4, we obtain,
as e — 0,

2
|(ve0)® — v;6° H il (OTL ('Jl‘z)) < 0(51 3). (3.27)
From Remark 2.1, we know that, as ¢ — 0,
1066° || o1 (0,7 Lo+ 1 (r2y) < 0(€3 7). (3.28)
Inserting (3.27), (3.28) and (3.17) into (3.26), we end up with
¢
’/ / [(ve0)° — v;60°]0,6°|6°|P~2dads| < o(1)]|0]|P~ 2 — 0, e—0.
0 JT2 Lr+1(0,T; Bp+1 0o (T2))

This yields the desired energy balance.
1 1
(2) ve L™(0,T; B} vao(T?)), 0 € L™(0,T; B, (T?)) and Lemma 2.4 guarantee that

ol

[(0e8)7 = vg6°||  rira < Co(e

), as € — 0, (3.29)
r1+7‘2 (O T;L 2 (TZ))

where we have to require ro > 1 + %.
Plugging (3.29), (3.24) and (3.25) into (3.22), we arrive at, as € — 0,

t
[ Tty = vior] o o7 -2 dads| < o) o172 .
o JT2 L2 (0,T; Bp_*_1 (T2))

This implies the desired energy law.
1 1
(3) It follows from v € L™ (0,T; B}, .. (T?)), 6 € L™ (O,T;§;+1$VMO(T2)) and Lemma 2.4 that

€ 5 2
[[(vel)® — vGO%|| rira L 0P g2y < Co(e?), ase — 0, (3.30)
where we need r; > 1+ %.
Thanks to Remark 2.1, we discover that
_z2
[|0e6° || 1, (0,T;Lr+1(R2)) < Co(e73). (3.31)

Making use of the definition of Besov VMO space, we calculate

6= 1P=2| pi1 Clle°II%.

p—2
LPa(0,T;L P2 (’]1‘2)) LP4(P 2)(0,T;LP+1(T2)) < C||9H 1 (332)

L72(0,T; §p+1 varo(T? ))

and 2 + - = 1. Substituting (3.30)—(3.32) into (3.22), we infer that, as ¢ — 0,

t
| / / [(00)° — v565] 9:0°|6° [P~2drds| < o(1) 0]/~
0 T2

L72(0,T% B p+1, VMO(Tz))

This means the desired energy relation. The theorem is thus proved. (]

) Birkhauser
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4. Conclusion

We apply the Littlewood-Paley theory as [13] and the Constantin-E-Titi type commutator estimates in
Onsager type spaces to study the energy conservation of weak solutions for the generalized surface quasi-
geostrophic equation with the velocity v determined by v = RTAY~10 with 0 < v < 2, respectively. For
the case 0 < v < %, the sufficient conditions for the energy conservation of weak solutions of this equation
in Onsager’s critical space are derived. For the more singular case % < 7 < 2, we obtain the corresponding
results in subcritical spaces. For periodic domain, we consider the energy conservation of weak solutions
in Besov VMO space recently introduced by Fjordholm-Wiedemann in [18]. As pointed in [3], the space
1

ng Mo is an almost optimal regularity class for the conservation of energy. It is worth remarking that
the sufficient conditions for implying the conservation of LP-norm for p € (1,2) are unknown in the
generalized surface quasi-geostrophic equation.

A natural question is to extend our results to other models which modify the velocity field. A possible
candidate is the inviscid Leary-a or Euler-a system. After we completed the main part of this paper, we
learned the energy conservation of these models recently studied by Beekie-Novack in [4] and Boutros-
Titi in [6]. Compared with their results, the results here give how the critical regularity for the energy
conservation of the weak solutions depends on the the parameter v of the velocity. It seems that the
arguments in this paper can be applicable to other fluid models such as the surface growth model without
dissipation

he + Ope(has)? = 0, (4.1)

where h stands for the height of a crystalline layer. The background of the surface growth model (4.1) can
be found in [5,24,25,29]. The energy conservation in the Besov space L*(0,T; B (T?)) with o > 1/3
was considered in [29]. One can establish the persistence of energy criterion in the Onsager’s critical
spaces for the inviscid surface growth model (4.1).

The non-uniqueness of weak solutions to the standard surface quasi-geostrophic Eq. (1.2) can be found
in [7,19]. It would be interesting to show that the weak solutions to the generalized quasi-geostrophic
Eq. (1.1) are not unique.
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