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Abstract. We investigate the long-time behaviour of a coupled PDE-ODE system that describes the motion of a rigid body
of arbitrary shape moving in a viscous incompressible fluid. We assume that the system formed by the rigid body and the
fluid fills the entire space R3. We extend in this way our previous results which were limited to the case when the rigid body
was a ball. More precisely, we show that, under appropriate assumptions (in particular smallness ones) on the initial velocity
field, the position of the rigid body converges to some final configuration as time goes to infinity. Finally, we show that our
methodology can be applied in the case of several rigid bodies of arbitrary shapes moving in a viscous incompressible fluid.
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1. Introduction

Consider a homogeneous rigid body which occupies at instant ¢ > 0 a smooth bounded domain S(¢) which
is moving in a viscous incompressible fluid which fills the remaining part of R3. The domain occupied by
the fluid at instant ¢ is denoted by F(t) := R3\S(t).

We denote by h(t) and Q(t) the position of the centre of mass at instant ¢ and the orthogonal matrix

giving the orientation of the rigid body at instant t, respectively. We thus have

St)={h(t)+Qt)x |z € S(0)}  (t=0),
QMQU) e =a(t) x = (t>0, = €R3), (1.1)
Q(0) =13,

where W(t) is the angular velocity of the rigid body at instant ¢. Moreover, the velocity and pressure fields
in the fluid are denoted by @ and 7, respectively. With the above notation, the system describing the
coupled motion of the rigid body and of the fluid is completed by the equations
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ou+ (u-Vu—pAu+Vr=0
divu =0,

U(t,x) = h(t) +&(t) x (x — h(t))

(t>0, z € F(t)),
( )
(
u, (
(
(

t>0, x€F(t)
t>0, z€dF(t)),

t>0), (1.2)
t>0),

y € F(0)),

)

mh(t) = 7]88(1&) o(u,7)vds

Jo(t) = Jo(t) x w(t) — faS(t) (x — h(t)) x o(u,m)vds
(0, x) = up(x)
h(0) = 0, h(0) = £y, &(0) = wo.

In the above equations, the fluid is supposed to be homogeneous with density equal to 1 and of constant
viscosity p > 0. Moreover, the unit vector field normal to 95(t) and directed towards the interior of S()
is denoted by v(t,-). The constant m > 0 denotes the mass of the rigid body and the matrix J(¢) stands

for the inertia tensor of the rigid body at time ¢ > 0, whereas the Cauchy stress tensor field in the fluid
is given by the constitutive law

Ouy, Oy
Oye Oy
with dg¢ standing for the Kronecker symbol. The above equations can be easily adapted to the case of
several rigid bodies, situation which will be studied in Sect. 8.

Over the last two decades, there has been considerable interest in the studying of the initial and
boundary value problem (1.1)—(1.2). We refer to Serre [17], Takahashi [19], Takahasi and Tucsnak [20],
Cumsille and Takahashi [1], Geissert et. al [7] and the references therein regarding wellposedness issues for
(1.1)—(1.2), and we discuss the existing results on the large time behaviour of solutions, particularly the
trajectory of the rigid body, in more detail here. For the corresponding system in two space dimensions
Ervedoza et. al [3] considered the case when the rigid body is a disk. They proved that, under suitable
regularity and smallness assumptions on the initial data, the velocity of the mass centre of the rigid body,
denoted by h(t)7 decays like 71, as t — oo, thus not excluding the possibility of an unbounded trajectory
of the rigid disk. Ferriere and Hillairet [5] studied the same system and they were able to remove the
smallness assumption on the initial data. As far as we know, describing the large time behavior in the
two-dimensional case with solids of arbitrary shapes is still an open question. The large time behaviour,
that we are interested in this work, in the case of three space dimensions, has recently been described in
[4], provided that the rigid is a ball. The main result in [4] asserts that, given ¢ € (0,1/2), under suitable
regularity and smallness assumptions on the initial data, h(t) decays quicker then t~(3/27¢) In particular,
this means that the position of the centre of the rigid ball converges to some ho, € R3, as t — 0o. Very
recently, Galdi [6] proved that, with a rigid body of arbitrary shape in three space dimensions, the velocity
fields of the fluid and of the solid tend to zero (in appropriate norms). The results in [6] contain no decay
estimates so that they cannot be directly used to investigate the potential stabilization of the position of
the rigid body towards a “final” position.

In this paper we consider rigid bodies of arbitrary shapes and we provide decay rates for fluid velocity
@ as well as for the solid velocities i and & (see Theorem 2.3 below). More precisely, we show that, given
€ > 0 arbitrarily small and under suitable regularity and smallness assumptions on the initial data, h(t)
and @(t) decay quicker then ¢~ 3/47%) when t — oo, see Corollary 2.5 below. Due to the necessity of new
estimates (involving, in particular, second order derivatives of the velocity field), these estimates provide
a slower decay than in the case of a rigid ball. Nevertheless, our decay estimates are sufficient to conclude
that the rigid body “asymptotically stops” at some finite distance. More precisely, we show that there

o (@ F)re = —Foye + ( ) 1<k e<3),

exist p > 1 and n > % such that the map t — (1 +¢2)2 B((?)} lies in LP ([0, 00); R%), which implies, in
particular, that h € L°°([0,00); R?) (see Corollary 2.5 below).

We also show that our methodology adapts to the case of multiple rigid bodies. As far as we know,
this is the first result that describes the long-term behaviour of several rigid bodies moving in a three-
dimensional viscous incompressible fluid. In fact, our results appear to be the first to establish global
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existence and uniqueness (for small initial data) in the three-dimensional case with multiple rigid bodies.
For global wellposedness in two space dimensions and with several moving disks we refer to Sabbagh [16].

The plan of this article is as follows. In Sect. 2, we introduce some notations that will be used through-
out the paper. Our main results are stated in Theorem 2.3 and Corollary 2.5. To this aim, we introduce
a change of variables and rewrite system (1.2) in the reference configuration in Sect. 3. The main result
in the reference configuration is stated in Theorem 3.4. In Sect. 4 we introduce the fluid—structure opera-
tor and we recall some of its properties from [4]. Section 5 is devoted to the establishment of the decay
estimates of the fluid—structure semigroup. We recall, in particular, the L? — L" decay estimates already
proved in [4] and then we prove some new decay estimates, which are made necessary by new terms
appearing in the change of variables. In Sect. 6 we prove infinite time maximal type regularity results for
a non homogeneous linear fluid—structure system. Theorems 3.4 and 2.3 are proved in Sect. 7. Finally, in
Sect. 8 we explain how our results extend to the case of several rigid bodies.

2. Main Results

We first introduce several function spaces needed to state our main results. Let G C R3 be an open
set with smooth boundary. For every ¢ > 1 and k € N, we denote the standard Lebesgue and Sobolev
spaces by L9(G) and by W*4(G), respectively. The notation W*4(G), with s € R and ¢ > 1 stands for
the Sobolev-Slobodeckij spaces. The norms on [LI(G)]™ and [W#4(G)]" with n € N, will be denoted by
|- 1lq.c and || - ||s.4.c, respectively. When G = R?, these norms will be simply denoted by |||, and | - |

5,q
respectively. Moreover, the space WéC (@) is defined as the completion of C§°(G) with respect to the
W4 (@) norm. For k,m € N, k < m, and for 1 < p < 00, 1 < ¢ < 00, we consider the standard definition
of the Besov spaces by real interpolation of Sobolev spaces

By ,(G) = (WH(G),W™(G)),  where s = (1 —0)k +6m, 0 € (0,1).

We refer to Triebel [22] for a detailed presentation of the Besov spaces. We denote by CF(G) the set of
continuous and bounded functions with derivatives continuous and bounded up to the order k on G. For
7 € (0, 00] we set

W,.d ((0,7);G) = LP((0,7); W9(G)) N WHP((0,7); LU(G)). (2.1)
For > 0, p € [1,00] and for a Banach space X, we set
L5(10,00); X) = { f | (1 +£2)7/2f(2) € L7([0,00); X) } (2.2)
WP ((0,00): ) i= { £ | (1+ )72 f (1) € LP([0,00); X) for m =0,1}. (2.3)
With the above notation, we define
Wyian((0,00); G) 1= Li([0, 00); W>(G)) N WP ((0, 00); LU(G)). (2.4)

To state our main results we need some Banach spaces of functions defined on time variable domains.

Definition 2.1. Let 1 < p, ¢ < oo, let m be a non negative integer and let 7 > 0. Let h € W1>°((0, c0); R?),
Q € WH((0,00); M3x3(R?)), let S(-) and F(-) be defined by (1.1) and let F(t) := R3\S(t) for every
t > 0. Let X € Wh((0,00); CZ(R3)) be such that for every ¢t > 0 we have that X(¢,-) is a C>-
diffeomorphism from F(0) onto F(t). We say that u belongs to L} ([0,00); W™4(F(-))) (respectively to
WP ((0,00); LY(F(-)))) if v defined by v(t,y) = u(t, X(t,y)) is in L? ([0, 00); W™4(F(0))) (respectively
in W22 (0, 00); L(F(0)).

Using the above definition we introduce below the concept of solution of (1.1), (1.2) to be used in the
remaining part of this work.
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Definition 2.2. We say (u, 7, h,Q,w) is a global solution of (1.1)—(1.2) if
heC(0,00);R%), Q€ Wh™((0,00);Msx3(R?)), h,&e W"P((0,00); R?),
T € LP([0,00); WHI(F())) VWP ((0,00); LUF (), 7 € LP([0,00), WH(F())),

for some p, ¢ € (1,00), (1.1) holds in a classical sense, equations (1.2); 2 and (1.2), 5 hold in the distribu-
tion sense on (0,00) x F(+), equation (1.2)5 is satisfied in the sense of traces, and the initial conditions
in (1.2)6,7 hold in a classical sense.

We are now in a position to state our main result.

Theorem 2.3. Let p,q € (1,00) and > 0 be such that

q € (2,00), 1<%+%<; 1—%<n<23—q. (2.5)
We assume that
up € B2071P)(F(0)® N LY2(F(0))%, o € R, wo e R, (2.6)
satisfy the compatibility conditions
div ug =0 in F(0), wuo(x)="4lo+wo x z for xz € S(0). (2.7

Then there exists eg > 0 such that for any ug, Ly, wo satisfying (2.6), (2.7) and
ol 21/ (s + 0l araroys + ollgs + lells < o, (2.8

the system (1.1)—(1.2) admits a strong solution, in the sense of Definition 2.2. Moreover, this solution,
denoted by (u, 7, h,Q,®), satisfies

€ Lh([0,00); W2(F(-))) N W, P((0,00); L(F())) N Cy([0,00); B3 P/ (F (1)),

Vi € Lj([0,00); LY(F (),

h € O([0,00);R?), Q € WH>((0, 00); Max3(R)),

1 1, .TR3 ~ 1, .3

h € W P((0,00);R?), @€ W, P((0,00); R?). (2.9)
Remark 2.4. Theorem 2.3 makes regularity assumptions on the initial data that differ slightly from those
in the main result in [4], where rigid body is assumed to be ball. In [4], uy was supposed to be in the
Kato [11] type space L3 N L", with 7 € (1,3/2) and to be small in L? norm. This is due to the fact that
the method of proof in [4] does not appear to be applicable to the case of a solid with a non-spherical

shape. It is an interesting open question whether the global existence and uniqueness of the solutions of
(1.1)—(1.2) hold for non-spherical solids under the assumptions of [4].

As a consequence of the Theorem 2.3 we obtain large time decay estimates for the velocities of the
rigid and of the fluid.

Corollary 2.5. With the assumptions and notation in Theorem 2.3 we have

it M e + RO, + 1E@ s < COA+E772 (2> 0), (2.10)

where C' is a constant independent of t > 0. Furthermore, if p' > 1 is such that % + i = 1 then

he Lz (o, ); R?) and np’ > 1, we have that h € L°(0,00;R3). In particular, the position of the centre
of the moving rigid body converges to some point at finite distance ho, € R3 as t — oco.

Remark 2.6. The best known decay estimate for a spherical solid (see [4]) asserts that ||h(t)||ps =
O(t‘3/2+8) when t — oco. Establishing a similar estimate in the case of non spherical shape is another
interesting open question.
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3. Change of Coordinates

One of the difficulties in the study of the system (1.2) is that the Navier—Stokes equations hold in the
non cylindrical (and a priori unknown) domain

Q:{m €[0,00) x R? | t>0andxef(t)},

where F(t) := R3\S(t), with S(t) defined in (1.1). A way to overcome this difficulty is to perform a
change of coordinates defined by the rigid transformation mapping, at each instant ¢t > 0, the set S(t)
onto §(0). One of the terms in the transformed equations obtained by this natural change of variables
involves a coefficient which is unbounded when the norm of the spatial variable tends to infinity. This
fact raises several difficulties which we are unable to tackle in the context of the present work. We refers,
for instance, to Hishida [8,9] and references therein for a discussion of this methodology when the motion
of the solid is a prescribed one. This is why in this work we rewrite the system (1.2) in the cylindrical
domain (0, 00) X F(0), by using the diffecomorphism from the reference configuration F(0) onto F(t) which
has been proposed in Cumsille and Takahashi [1]. This change of variables has the advantage of providing
a system equivalent to (1.2) where the involved PDE is written in the cylindrical domain (0, c0) x F(0),
without introducing coefficients which blow up when the norm of the spatial variable tends to infinity.
To attain this aim, we begin by denoting

E:=F(0) =R3\S(0), O :=S5(0). (3.1)
Let R >0 and h,w : [0,00) — R3 be such that
diam(O) + [[hll Lo (j0,00);r3) < B>
@ € L*(]0,00); R?). (3.2)
It is easy to see that
S(t) C Bg for all t > 0,

where Bp, is the open ball of radius R and centered at origin. Let ¢ € [C5°(Bag)]” be a cut-off function
such that 1 = 1 on Br. We introduce a function ¢ defined in [0, 00) x R3 by

C(t,z) = h(t) x (z — h(t)) + %w) (t>0, z € R,

and A : [0,00) x R?* — R3 defined, for every ¢t > 0 and z € R3, by

3¢(w) 9y (x)

<3(t7x)7 O3 CQ(tv‘T)
At) = () (o) + 3() x (2 - b)) + | % ool Va0 - By 1,0)] (33
o 90(3)
021 CZ(taf)*TMQ(t,x)

We have the following result, see Cumsille and Takahashi [1]:

Lemma 3.1. Assume that h, & € W,P(0,00) and Let A be defined by (3.3). Then we have

(1) A =0 outside Bapg.

(2) divA(t,z) =0 in [0,00) x R3.

(3) A(t,z) = h(t) +&(t) x (x — h(t)) for all t € [0,00) and = € S(t).
(4) A is continuous from [0,00) x R? to R3.

(5) For everyt >0 the map x — A(t,z) lies in C§°(R3).
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Let X be the flow associated to the vector A, defined by:

(3.4)

9 X(t,y) =A(t, X(t,y) (t>0),
X(0,y) =y € R3.

The following result was proved in [1, Lemma 2.2].

Lemma 3.2. For every y € R3 the initial value problem (3.4) admits a unique solution X (-,y) : [0, 00)
R3, which is a C* function in [0,00). Furthermore, recalling that E and O have been defined in (3.1), we
have

(1) For every t > 0, the mapping y — X (t,y) is a C*-diffeomorphism from R? onto itself and from E
onto F(t).

(2) For every t > 0, we denote by Y (t,-) = [X(t,-)] ", the inverse of X(t,-). Then for every x € R?® the
mapping t — Y (t,z) is a C1 function on [0, 00).

(3) For everyt >0, X(t,0)=38(t) (Thus Y (t,S(t)) = O.).

(4) For every t > 0, we have that X (t,y) =y for every y € R3\ Bar. Moreover, Y (t,x) = = for every
T € RS\BQR.

(5) For everyt >0 and y € R® we have that det (VX (t,y)) = 1.

We consider the change of coordinates and unknown functions defined by

u(t,y) = Cof (VXT(t,y))) u(t, X (t,y)), =(t,y)=mtX(ty) (=0,yeF), (3.5)
() = QM (A1), w(t)=Q ' M)a(t) >0, (3.6)

where, given a square matrix B, the notation Cof B stands for the cofactor matrix of B and B' designs
the transposed of the matrix B. According to [1,12], using the above change of variables and denoting

a:=Cof (VY)", b:=Cof(VX)" (3.7)
so that
u(t,y) = b(t,y)ult, X (t,y)), u(t,z)=a(t,2)ult,Y(t,z)) (t=02,ycR?), (3.8)

the system (1.1)—(1.2) can be rewritten

Ou —dive(u,m) = Flu, m, l,w) (t>0,y€F),
divu =0 t>0,y€FE,
u(t,y) =L0(t) + w(t) x y (t >0,y € 00),
ml = /ao o(u,m)v ds+ G1(¢,w) (t >0), (3.9)
J(0) = —/ y x ou,m)v ds + So(f,w) (> 0),
00

v(0,y) = uo(y) (y € E),
£(0) =4y,  w(0) = wo,

Qt)y = Qu xy (t=0, y €RY),

h(t) = Q(t)L(t) (t>0), (3.10)
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with &, 97 and Gs in (3.9) given by
8u;€ 8Y

6 alk, aazk:
Folu,m, 0, w) —V]me X)ug + 2v ];mbma (X)aym oz, (X
0%u,, oY Yy, Oug 02 Y
_H/sz:k 0y;O0yy, (83@1( )332 (X) = 5“61“) _H/Z dy; Ox?
or (0Y, aY;
— X
5 e (00,00 st
aazk
- Z baz ; aJm(X)ukum - [(u . v)u]a
i,4,k,m
~ @) (Xl — [(Va)@Y)(X)],, e {1.2,3) (3.11)
G1(l,w) =—m(wx£), G2(l,w)=J0)w X w. (3.12)

Definition 3.3. We say (u, 7, ¢,w, h, Q) is a global solution to the system (3.9)—(3.12), if
u € LP((0,00); W24(E)) N WhP((0,00); LI(E)), 7 € LP((0, 00); WH9(E)),
fw € WH((0,001R?),  he W((0,00;R?), Q€ W((0,00); My (RY))

for some p, ¢ € (1, 00), equations (3.9)1 2 holds in the sense of distribution in (0, 7) x F, equations (3.9)45
holds in the sense of distribution in (0, 7), equation (3.9)s is satisfied the sense of traces, (3.10) holds in
classical sense, and the initial conditions in (3.9)¢ 7 are satisfied.

We prove the following existence and uniqueness result for the system (3.9)—(3.12).

Theorem 3.4. Let p € (1,00) and n > 0 satisfy the assumptions in Theorem 2.3. Then there exists g > 0
such that for any ug, Ly, wo satisfying (2.6), (2.7) and (2.8), the system (3.9)—(3.12) admits a unique
solution (u,m, €,w,h,Q) in the sense of Definition 3.3. Moreover, this solution satisfy

u € LA([0,00); WH(E)) N W, #((0,00); L4(E)) N Cy([0,00); B~V (E)),

Vr € Ly ([0,00); LY(E)),

1, .3 1, LTR3
e W, P(0,00;R?), we W, P(0,00;R?),
he Wh((0,00);R?), Q€ WH>((0,00); M3x3(R)). (3.13)

In fact, the equivalence between Theorems 2.3 and 3.4, follows from the following proposition, whose
proof is obvious.

Proposition 3.5. A quintuplet (u, 7, h,Q,®) satisfying (2.9) is a solution of (1.1)—(1.2) in the sense of
definition Definition 2.2 if and only if (u,m, ¢, w, h,Q), defined by (3.5)—(3.6), satisfies (3.13) and is a
solution to (3.9), in the sense of Definition 3.3.

The remaining part of this work is devoted to the proof of Theorem 3.4. The proof relies on a fixed
point theorem and a linearization. The idea is to replace in the above system, the nonlinear terms &, G,
and Go by given source terms f, g; and go, More precisely, we obtain the following linear system

ou—pAu+Vr=f, divu=0 (t=0,y€E),

u=Cl4+wxy (t >0,y € 00),
m€+/800(u,7r)l/dsfg1 (t >0), (3.14)
Jo+ [0y x o(u,m)vds = ga (t>0),

u(0) = ug (y e E),

E(O) = €07 (.4)(0) = wy-

T Birkhauser
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We refer to the above equations as the linearized fluid—structure system. We can say the considered
system is “monolithic”, in the sense that this linearization preserves the coupling between the equations
describing the fluid and those describing the solid. In the sections below, we will study the regularity and
decay properties of this linear system.

Let us remark that, when the fluid-rigid body system fills a bounded cavity €, i.e. E = Q\O, regularity
as well as decay properties of the above linear system were studied in [14,19].

4. Some Background on the Fluid—Structure Semigroup

In this section we introduce the fluid structure semigroup, which plays an important role in the remaining
part of this work. We first recall, following Ervedoza et al. [4], the definition and some important properties
of this semigroup. Note that these properties have been proved in [4] for a solid of arbitrary shape, so
that they are directly applicable in the context of the present paper. Nevertheless, in order to tackle the
nonlinear problem for arbitrary shape solids, these estimates have to be completed with new ones, see
the forthcoming sections. In the second part of this section we state a maximal regularity property for
this semigroup, which is an adaptation to the context of this paper of the proof of the maximal regularity
property which has been given in Maity and Tucsnak [14] for the similar semigroup in a bounded domain.

Throughout this section we use the notation O for an open bounded set of R? with smooth boundary.
Moreover, we denote by v the unit normal vector on 0O oriented towards the interior of O. Given ¢ > 1
we define the space

X9 ={®eLl|D® =0in0O}, (4.1)

where

T 1.z
1y ={eelcr®P lave=0} ",

and the strain rate tensor field D(yp) is defined by

D(p)y; = % (gfj + ?)ij) (<p e WhaRH]® i, je {1,2,3}) . (4.2)

/ 1 1
Note that, for every ¢ € (1,00) the dual (X?)* of X7 can be identified with X7, where — + — = 1, with
q ¢
the duality pairing

(fs 9 xa’ xa z/opf-gdwﬂL/Ef-gdx (f €XY, g €X),

where p > 0 is a constant (standing for the density of the rigid body). Since every ® in X7 satisfies
D(®) =0in O, there exists a unique couple [ﬂ € C3 x C3 such that

(y) = oy lely) + ((+wxy)lo(y) (yeR?),

where 1y stands for the characteristic function of the set U (see, for instance, Temam [21, Lemma 1.1]).
Denoting E = R3\O we can thus use the identification:

¥
X¢~ || e [LYE)]? x C® x C?, with div (p) =0 in E,
w

e(y) - v(y) = (t+wxy) v(y) fory € 00}. (4.3)

) Birkhauser
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We recall from [4, Section 3] that the fluid—structure operator A, : D(A,) — X7 is defined, for every
q>1, by

D(ag) = {pe WHR)) nxt | gpe[w2i(m)’}, (4.4)

Agp =PgAyp (v € D(A)), (4.5)

where P, is the projection operator from [LQ(R?’)]S onto X7 and A, : D(A,) — [L4(Q)]” is defined by
D(A,) = D(A,) and for every ¢ € D(A,),

1A in E,

—2um~! D(p)rdy — <2Mj_1/ y X D(p)v d’y) xy in O.
00 00
The mass of the rigid body m and its inertia tensor J appearing in the above equations are defined in

terms of the constant density p of the solid by

m = / pdy, = (Tk,0)k0e{1,2,3) With Tk e = /o P (Ok.elyl® — ykye) da. (4.7)

(Agp) = (4.6)

Recalling the function space defined in (2.1) and by slightly adapting the methodology used in [19,20],
we can obtain the following equivalence:

Lemma 4.1. Let 1 < p,q < oo, and let 7 < co. Assume

u € W;’QQ((O,T);E), T e Lp((O,T);Wl’q(E)), [ﬁ] e WhP((0,7); R, (4.8)
is a solution of (3.14), then
U(t) = AU(t) + F(t), U(0) = Uy, (4.9)
where
Ult,y) = u(t,y)Le(y) + (€(1) + w(t) x y)Lo(y) (telo,7), y e R?),
F(t,y) =Pg (f(t,y)1e(y) + (m~'g1(t) + T )loly)) (t€[0,7), y €R?), (4.10)
Uo(y) = uo(y)1e(y) + (lo +wo X y)Lo(y) (y € R?).

Conversely, assume that U € LP([0,7); D(A,)) N WLP((0,7); X?) satisfy (4.9). Then there exists m €
LP((0,7); WH4(E)) such that (u,,l,w) satisfies the system (3.14), where

u="U|g, Ezi/Udy, w=-J" /UXydy,
o
f="Flg, 91:%/ dy, g2=-J" /FXydy, (4.11)
up = Uo|E, 502%/(]0012/7 wo=—-J" /onydy
o

We describe next some properties the operator A, which will be essential in the remaining part of this
work.

Theorem 4.2. For every 1 < q < oo and 0 € (g,ﬂ) there exists Mg g > 0 such that the operator A,
satisfies

| AT = Ag)~ <My (M€ X9). (4.12)

e <

Consequently, A, generates a bounded analytic semigroup T9 = (T})¢>¢ on X9.

For the proof of the above theorem we refer to [4, Theorem 6.1]. In the remaining part of this work T¢
will be designed as the fluid—structure semigroup. A second important property of A, and of the generated
semigroup is given in the result below.

T Birkhauser
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Theorem 4.3. Let 1 < p,q < oco. Then A, has the mazimal LP regularity property, which means that for
every T > 0 the maps

t
Fro g [ TS (e o, Fe (o)),
0

t
Froty [ TLFO)s (€ [0,7],F € L2(0,71:0),
0

are bounded from LP([0,7];X?) into LP([0, 7]; X2).
Proof. For F € LP([0,7]; X?) we denote

1
f=Flg, g1=*/de, gzz—Jfl/FXydy-
mJo o

[ f
Then |g1| € LP([0,7]; [L9(E))® x R® x R3) and, according to [7, Theorem 4.1], there exists a unique
| 92
[u
triple | ! | with
|w
we WHP((0,7); [LY(E)*) N LP([0,7]; [VVQ"’(E)]?’)7 (4.13)
r € L7 ([0, 7); Wh(E)), m € W((0,7);RY), (4.14)

satisfying the system (3.14) with (ug, ¢, wo) = (0,0,0).
We set

Ult,2) = ult, 2)Lp(@) + (00) + w(t) x 2)lo(z) (te [0,7], = € R).
From (4.13)—(4.14) it follows that
U € LP([0,7]; D(Ag)) N WHP((0,7); X7)),
and, according to Lemma 4.1, U solves (4.9) with Uy = 0.
Since the unique solution of (4.9) with Uy =0 is
t
U = [ TS (e 0.7, F € (0.7 %),

0

we obtain the conclusion of the theorem. O

Remark 4.4. Alternatively, one can directly show that the operator A, is an R-sectorial operator on X9 of
angle 6 > /2. For the fluid-structure semigroup on a bounded spatial domain, R-sectoriality was proved
in [13, Theorem 3.11]. By slightly modifying the arguments of [13], it can be shown that the operator A,
considered here is also an R-sectorial operator. Then according to [23, Theorem 4.3], the operator A, has
maximal LP regularity property.

By combining Theorems 4.2, 4.3 and [2, Theorem 2.4] we obtain:

Corollary 4.5. With the notation and assumptions in Theorem 4.2, for every A > 0 the operator Ay — A
generates and exponentially stable C° semigroup T* on X9. Moreover, A, — X has the infinite time
mazimal reqularity property, which means that the maps

d t
f &/0 TN f(s)ds (¢t =0, f e LP([0,00); X9),
f A, /t T f(s)ds (t =0, f € LP([0,00); X9),
0

) Birkhauser



JMFM Motion of Rigid Bodies of Arbitrary Shape... Page 11 of 29 74

are bounded from LP([0,00);X2) into LP([0,00); X?).

We end this section by recalling the following estimate from [4], which gives a characterization of the
norm in D(A}").

Proposition 4.6. [4, Proposition 7.3 and 7.4] Let 1 < ¢ < oc.
(1) For every m € N, if Uy € D(A}"), then Uo|p € W?™(E) and

1oz, g5 < C (145" Toll, + IWollxs)  (To € D(AT). (4.15)
(2) For any m € N, there exists a positive constant Cy, > 0 such that

|47 0ol < Con (100 llam g+ Wollz) (Vo € D(AT)). (4.16)

5. Decay Estimates for the Fluid—Structure Semigroup

In this section we continue to use the notation introduced at the beginning of the previous one, namely for
the spaces X, the fluid-structure semigroup T, and its generator A,. Moreover, we refer to the beginning
of Sect. 2 for the definition of the various function spaces and norms appearing in the estimates below.

We begin by recalling that in [4, Theorem 7.1], we have obtained several decay estimates for the fluid—
structure semigroup that were sufficient to tackle the nonlinear problem for a rigid body of spherical
shape. However, at least within the methodology proposed in this paper, these estimates have to be
completed in order to study the case of a rigid body of arbitrary shape. More precisely, we need decay
estimates for the second order derivatives with respect to the space variables, the derivative with respect
to time and of the associated pressure term.

We first remark that we have the following estimates on the fluid—structure semigroup which follow
from classical properties of analytic semigroups, together with Theorem 4.2 and Proposition 4.6.

Proposition 5.1. Let 1 < g < oo. Then for any T € (0,00), there exists a constant C' > 0, depending on 7
and q, such that

ITUolge < C Vol (¢ > 0,Up € X, (5.1)
|ASTIUol|y, < Ct™* |Uollxe  (t> 0,k € N,Up € X9), (5.2)
H (00| +T00l g < C (ol + 1W0lxs) (€ 0700 € DAY (53

The main result of this section is the following:

Theorem 5.2. Let 1 < ¢ <r <oo ando = % (% — %) Then there exists a constant C' > 0, depending on
q and on r, such that:
IT¢Uollgr < O+ [Uollgs (¢ >0, Uy € X9), (5.4)
IV (T7U),. 5 < CE S| Uly, (8> 0, Up € X9),
V2 (Telo)|, < CEE0 Uy, (¢8>0, Up € X9), (5.6)
H (T Uo)|| <Ot H|Upllga (t>0, Uy €X). (5.7)
where
1 .
— 40 ift<1
71(t7qar) = (58)

1 3
inq = — ft>1
m1n{2+a,2q} ift>1,

T Birkhauser
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V2f denotes the hessian of the function f and
l+o ift<1,

5.9
min{1—|—0,3} ift > 1. (5:9)
2q

Y2 (t7 q, T) =

Moreover, estimate (5.4) also holds for r = oo, in the sense that there ezists a constant C' > 0, depending
on r, such that

TVl < Ct 3 |Upllya (£ >0, Up € X9). (5.10)

The remaining part of this section is devoted to the proof of Theorem 5.2. We first show that the
estimates in Theorem 5.2 hold for small time. More precisely, we have:
3(1_1

Proposition 5.3. Let1 < g <r <ooando =3 (E — ;). Then for each T € (0,00) there exists a constant

C > 0, depending on T, q and r, such that

IT{Uollx- < Ct™7 [Uollxs (¢ €[0,7], Up € X7), (5.11)
IVTiUll,, 5 < Ct772 [Uollgs (€ [0,7], Uo € X7). (5.12)
V2T{Uol|, , < Ct7 Uollgs (t €0, 7], Up € X9), (5.13)
”AngUOHXT < ct=o ! ||U0||X<1 (t € [077—]’ Uy € Xq)> (5-14)
d
Hdt (T{Uo)|| < Ct 7 M Uollxa (t€0,7], Up € X9), (5.15)
XT‘
Proof. Let N = [20], where [20] denotes the integer part of 20 and assume that N is even. Using

Proposition 4.6, (5.3) and (5.2), it follows that there exists a constant C' > 0, depending on 7, ¢ and r,
such that, recalling from the beginning of Sect. 2 that |- || v 4,z stands for the standard norm in W"¢(E),

ITUs g0 + 16O + ()] < © (|[AN/2TE0|_ + 1T 00l

<C (% Vollgo + %% [Uollz ) <O F Wolla (¢ € (0,7),Up € X9). (5.16)
In a similar manner, we obtain that
_ N+44
IT{Uo | g g + )] + [w(t)] < Ct™ 72 |[Uolly, (€ (0,7],Up € X9). (5.17)

The above estimates, combined with standard Sobolev embeddings and interpolation inequalities, imply
that for every j € {0, 1,2} we have

|V TiU,|

z <C (ITIVoll .+ 1668) | + (8)])
<O (ITUollag s, + 18 + (1))
q 20+j—N q N+4—j—20
<C (Il 14 0.6 1Tt Vol + 1O+ l(0)])
SOt | Uolly, (€ (0,7),Up € X9).

This proves the estimates (5.11), (5.12) and (5.13). We next combine (5.11)—(5.13) and Proposition 4.6
to obtain that

140 Tollye < C (IT{olly, 5+ I TUs ) < CE77H [Tollye (2 € (0,7, Uo € X).

This proves (5.14), and the estimate (5.15) also follows. O

We next recall the following local decay estimates from [4, Theorem 7.10]:
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Proposition 5.4. With the notation and assumptions in Theorem 5.2, let Ry > 0 be such that O C Bg,,
d>Ry+5, meN, and Eg ={y € E | ly| <d}. Then there exists a positive constant C, depending only
on E, d,m and q, such that, for every t > 0 and every Uy € Ran(T{), denoting U(t) = T{Uy, we have

it Yz ., + 1£0)] + ()] < C(1+ 1) (||uo|\3/q]+2m+zq,E+wo|+|wo|) (5.18)

190t Vo g, + 1O + 100 < CO+ 07 (ol g yompaqs + 1ol +lwol) . (5.19)

where [s] denotes the integer part of s € R, ug, ly, wo and u,l,w are defined from Uy, respectively from
U, by (4.11). Moreover,

17 Mz r.g,80 < CO+D73 (lolli g1 2m 4,5 + ol + el ) (5:20)
where T is the pressure field associated to (u,l,w) via the system (3.14) with (f,g1,92) = (0,0,0).

The result below provides decay estimates for the restriction of u(t,-) to the exterior of the bounded
set Ey.

Proposition 5.5. With the notation and assumptions in Theorem 5.2 and Proposition 5.4, for every q €
(1,00) and r € [q,00) there exists a positive constant C, depending only on E, d and q, such that

lu(t, g1y say < CA+)77 <||U0||[3/q]+[20]+7,q,E + ol + |W0|> ) (5.21)
IVt )y gy sy < CL 1)~ min{(1/250).3/20} (Iluoll[g/qH[QUHg,q,E + || + |w0|) , (5.22)
Hv u H Lyl S C(l + t) min{(1+0),3/2q} ( Hu0||[3/q]+[20]+101q,E + |£O| + ‘WO‘)7 (523)

for every t > 0 and Uy € RanT¥.

Proof. The proof of the estimate (5.21) follows from [4, Proposition 7.11]. We focus on the remaining two
estimates.

Let x € C*°(R®) be such that x(y) = 1 for |y| > d and x(y) = 0 for |y| < d — 1. It follows that
for every t > 0 we have that supp div(xu(t,-)) C {d —1 < |y| < d}. Then there exists v3(t,-) such that
div vg = div(xu), supp vs(t,+) C {d — 1 < |y| < d} and for every m € N, we have

3
03(t, Mg < C(L+8) 77 (uuoll[s/wz,q 5+ lfol + lwol ) (5.24)

10605t Y < O+ 85 (ol gm0 + Vol + o]} (5.25)

for some constant C' > 0 depending on m and q. We refer to [4, Proposition 7.11] for a proof of the
existence of v3 satisfying the above two estimates.
We now define

U4(tay) = X(y)u(tvy) - U3(t7y) (t > Oa Yy € Rg) (526)
Note that div v4 = 0 so that v, satisfies

{am —pAvy +V(xm)=h, dives=0, (t>0,y€R3), (5.27)
v4(0, z) = vao(z) (y € R?),
where
= —2(Vx - V)u(t) — p(Ax)u + dpvs — pAvs + 7V, (5.28)
and
vao(y) = x(2)Uo(y) —v3(0,y) (y € R?). (5.29)

T Birkhauser



74 Page 14 of 29 D. Maity, M. Tucsnak JMFM

Moreover, the function y — h(t,y) is supported in the annulus {d — 1 < |y| < d} and from (5.24), (5.25)
we obtain

1000l < € (t0llamn g + o] + o), (m € W), (5.30)
1ROl g < OO+ (ol + ol +leol)— (m € N). (5.31)

Let S be the Stokes semigroup in R3. According to well known estimates of the heat kernel (see, for
instance, [10, Lemma 5.1]), for any m € Z, there exists a constant C,, > 0, depending on ¢ and r, such
that

vaSter < Cm(l + t)—O'—m/2 Hf||[20']+m+1,q (t 2 0) (532)

With the above notation v4(t,-) can be written as
t
’U4(t, ) = Siva0 —|—/ St_sh(s) ds := vy (t, ) + U42(t, ) (533)
0
From (5.32) we have, for j = 1,2

HVJ’U41 H ].-l-t —(§/2+7) H’U40H [20]+7+1,q ° (534)

In order to estimate v42(t,-) we consider three cases.
Case 1:3/2q > 1. Using (5.32) and (5.31) it follows that

t
ijmz(ta )HT < C( ||u0||[3/q]+[20-}+j+57q + |lo| + |wo|) /0 (I+(t— s))*(]/%")(l + 5)73/2‘1 ds.

Noting that
¢/2 J p J t/2 b
/ (14 (t—s))"ET (1457320 ds < O(1 + )~ (5F9) / (145)73/20ds < C(141)~ 5+,
0 0

and that
t

t ) ,-
/ (1+(t—s)"Gt)(1+5)7320 ds < O(1 +t)73/2q/ (14 (t—s)" 3+ ds
t/2 +/2

C(1+t)=3/2 ifj/2+0>1,
SO +)~ 0249 if j=1,0<1/2,
C(1+t)~* ifj=2,0=0(g=r).

it follows that for j € {1,2} we have
||v2v42(t7 )HT < C(l + t)—min{%+0,3/2q} ( ||u0||[3/q}+[20}+j+57q + |£0‘ + |w0|) (535)
Case 2: 3/2¢ < 1 and r > 3/2 if j = 1. We take 1 < ¢p < 3/2, and let o9 = 3/2(1/qo — 1/r). Thus for

Jj €{1,2} we have j/2+ 09 > 1, so that, using (5.32), (5.31) and the fact that h is compactly supported,
it follows that

IVo0oa(t, )|, < C / L+ (= )70/ ()30 1550100 95
<C / (14 (= 5))79/240) [1(8) | ot s 45

t
< C( ||u0||[3/q]+j+8,q + |£0| + |W(]|) A (]. + (t — s))_(]/2+00)(]_ + s)—3/2q ds.
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We next note that

t/2 _ _ t/2
/ (14 (t — 5))~0/2F90)(1 4 §)73/29ds < O (1 + t)~U/2+00) / (1+s)7%/%
0 0

cc (1+t)=0/2Ho0)n(1 4 t) < (14 t)~0/2+9) if & =1,
S (A4 t) G 2e0) (1 4 4)13/20 (1 4 £)~ () if <1
and
t
/ (14 (£ — 5))~G/2400) (1 1 5)=3/20 ds < O(1 + )3/,
/2
Consequently,

[V7vsa(t, )|, < C(1 +t)~ minlla/2F0).5/203 ( [uoll(3q4j+8,4 T 1ol + |w0|> (je{1,2}). (5.36)

Case 3: It remains to consider the case j =1 and ¢ = r = 3/2. We take ¢o < 3/2. Then

ds

t
IVuia(t, Vs < C / (L (£ — ) 920172 (s,

t
<c / (14 (¢ — 5)~3/205172 | (s) |, . ds
0

t
< C(Huou[:ﬂ/q]%ﬂ+|€0|+|w0|)/0 (14 (£ — 5))-3/20+1/2(1 4 -1 g

<O+ (Nuolig/gpac.g + 1ol + wol ).
Combining the above estimate with (5.30), (5.31), (5.34), (5.35) and (5.36), we deduce that
Vv (t, )|, < C(1 + ¢)~ mindG/2+0).3/20} ( ollis g1 o s48.q + 1ol + |w0|).
We can thus conclude the proof of the proposition by combining the above estimate and (5.24). ([l
We are now in a position to prove the main result in this section.

Proof of Theorem 5.2. For every Uy € X9, we have T Uy € D(AZ) for all k& € N. Thus combining (5.12),
(5.13), (5.22) and (5.23) we obtain (5.5) and (5.6).
Finally, we apply (5.2) and (5.4) to obtain that for every ¢t > 0 and Uy € X7 we have

d — - o
X (Telo)|| = AqTUolly, < Ct™! | T:/2U0| w SO ) | Us o -
X’r
This proves the estimate (5.7), and the proof the theorem is complete. O

6. Regularity of the Linear Non Homogeneous System

In this section, we study the regularity and the decay properties of the solutions of the non homogeneous
linear system
dU
dt
We continue here to use the definitions of time weighted Sobolev spaces from Sect. 2 and we recall that
the operator A, has been introduced in (4.4), (4.5). We essentially study maximal regularity (in infinite
time) properties of these system. Let us recall the time weighted spaces from (2.2)—(2.4),
The main result in this section is:

() = AU + F(t) t>0, U(0) = U (6.1)
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Theorem 6.1. Let p,qo,q € (1,00) and n > 0 satisfy

qo < ¢, (62&)
1 3/1 1
1< +<(—). 6.2b
T 2\w (6:20)
Then for every Uy € X% N (Xq’D(Aq))l,l/‘np and for every F € Lb([0,00); X9 NX?), the system (6.1)
admits a unique solution U € LF([0,00); D(Ay)) N W,P([0,00); X9). Moreover, there exists a positive
constant Cr,, (the index L coming from “Linear”) depending only on p,qo,n, E and O such that

1125 0 0oyt @ooyzn < €L (IWolluonges piagy, . + Iy oopmmnzny) - (63)

The guiding idea in proving the above result is borrowed from Shibata [18] (see also Murata and
Shibata [15]). More precisely, we look for a solution to the system (6.1) in the form

U=U; +Us, (6.4)
where U, satisfies
dU;
3 O = A —DU) + F(@), U(0) =T, (6.5)
and Us satisfies
dUs
E(t) =AUs(t) + U1(t), Uz(0) =0. (6.6)

From Corollary 4.5, we know that, A, — I has the infinite time maximal L? regularity property and
generates an exponentially stable semigroup. Thus, for any p,q € (1,00) and 1 > 0, and for every Uy €
(Xq,D(Aq))lfl/p’p, F € L([0,00); X9), we have that U; belongs to L ([0, 00); D(A4)) "W, P((0, 00); X)
(see Theorem 6.2 below). Using Duhmael’s principle we have that

Uz(t):/o T,—sUi(s) ds (t

In order to estimate Uy and its derivatives with respect to the space and time variables, we are going to
use L% — L9 with gy < ¢, decay estimates of the fluid—structure semigroup (see Theorem 5.2). To do this,
we need to have U; € L ([0, 00); X% ), which can be ensured by taking Uy € X% and F' € L1([0, 00); X%).

We pass now to the detailed proof of Theorem 6.1. We first prove a maximal L? type regularity of the
system (6.5).

WV

0).

Theorem 6.2. Assume 1 < p,q < oo, and letn > 0. Then for any Uy € (X9, D(A,))
F e L3(]0,00); X7), the system (6.5) admits a unique strong solution

Ur € IA([0,00); D(A,)) N W7 (0, 00); X9).

Moreover, there exists a constant C > 0 such that

1=1/pp and for every

UL 23 (10,0000 (a0 )22 ((0,00)530) C( 1Woll s, agy,_y ., + I 28 10,0009 ) (6.7)

Proof. We first note that, since n > 0, we have F € LP([0,00); X9). Therefore, by Corollary 4.5 and [13,
Theorem 2.7, the system (6.5) admits a unique solution

Uy € LP([0,00); D(Aq)) N WHP((0, 00); X7). (6.8)
In particular, this proves the theorem for n = 0. Let us now assume that n € (0, 1] and set
V(t)= (1 +t)"2U(t) (t=0).
Then V satisfies
— ()= (A, =DV () +G(t), V(0)="Uy, (6.9)
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where
G(t) = (1+t3)"2F(t) — (i(l + t2)"/2) U ().

Therefore, using the hypothesis of the theorem, (6.8) and the fact that 0 < n < 1, we obtain G €
L?([0,00); X?). Therefore,

(141320, =V e LP([0,00); D(A,)) N WHP((0, 00); X9). (6.10)
The result for n > 1 can be obtained by repeatedly using the above argument. This completes the proof
of the theorem. O

As a consequence of the above theorem, we have the following result.

Theorem 6.3. With the assumptions in Theorem 6.1, for every Uy € X% N (X9, D(4,))
every F' € L1 ([0,00); X% N XY) the system (6.5) admits a unique strong solution

Uy € L¥([0,00); D(Aq)) N W, P((0, 00); X9) N LA ([0, 00); X%).
Moreover, there erists a constant C > 0 (possibly depending on n) such that

1—1/p.p and for

U 21 10,00)D(8g)) W2 ((0,00) 0 AL (0,00 %70

g O( ”UO||quﬁ(xq7D(Af1))171/p,p + HF||L§,([O7OO);XQQXQU) )a (611)

Jor every Up € X N (X9, D(Ag)),_,,, and F € LE([0, 00); X7 1 X40).

Proof. Tt only remains to show U € Lf,([O, 00); X9). We note that Uy = Uy + Uy, with

dUsy
dt

(t) = (A =DUn(E), U(0) = U,

and

ddUt12 (t) = (Ay — DU12(t) + F(t), Uia(0) = 0.

Recall that for every ¢ > 1 the operator A, — I generates an exponentially stable semigroup on X? (see
Corollary 4.5). Thus there exists C' > 0 and Ay > 0 such that
10U (B)llxa0 < Ce™ | Ubllygar (> 0,Up € XP).

Thus we clearly have Uy; € LE([0,00);X%). On the other hand, since F' € LE([0,00);X%), we can
argue similarly to the proof of Theorem 6.2 to obtain that (1 + t2)7/2U;5 € LP([0,00);D(Ag,)) N
WhP((0,00); X%). In particular, Uiz € LP([0, 00); X9). This completes the proof of the theorem. O

We are now going to show that, under the assumptions in Theorem 6.1, the solution Us of the system
(6.6) lies in L2([0,00); D(A4)) N WP ([0, 00); X7).

Consequently, the conclusion of Theorem 6.1 follows from Theorems 6.3 and 6.4 below.

Theorem 6.4. With the assumptions in Theorem 6.1, let Uy be the solution constructed in Theorem 6.3.
Then the solution Uy of (6.6) belongs to L ([0,00); D(A,)) N WP([0,00); X?). Moreover, there exists a
constant C' > 0 such that

+ ||F||Lg([o,oo);xquqo) ) (6.12)

Proof. To simplify the notation and when there is no risk of confusion, the fluid-structure semigroup will
be simply denoted by T. In what follows, we will set

1021125 0 ceyipianmi» ooyze) < C( IWollxiones oy

1-1/p,p

+ HFHLI,';([O,OO);quX%) . (6'13)

The constants C appearing in this proof depend only on p,q,qo,n7 and O, and may change from line to
line. In some cases it will be precisely stated that C' also depends on a fixed time 7. The proof is divided
into several parts.

T = [Uollxs0r(xa, D))

1-1/p,p
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Step 1: Reformulation of the problem
By virtue of Duhamael’s principle, Us can be written as

Us(t) = /Ot T,_,Ui(s) ds (¢t = 0). (6.14)

Moreover, for t > 2, we express Uy as

t/2 t—1 t
Us(t) :/ T,_sUi(s) ds —|—/ Ty_sUi(s) ds+/ T,_Ui(s) ds
0 t/2 t—1
= Ugl(t) + Ugg(t) + Ugg(t). (6.15)

Step 2: Small time estimates Let 7 € (0, 00). According to Proposition 5.1, there exists a constant C' > 0,
depending on 7, such that for every ¢ € (0, 7] we have

102(O)llxe < CNUL(E)Ixa (6.16)

|G+ 0t < C(IORE M+ IO ) (617)

Combining the above estimates and (6.11), we obtain that

dU,
(P A r—

. + 102z 0,752 q(E))) <CJ.  (6.18)
7 (10,7];Xe

Step 3: Estimates of Us in LP(L?) norm For t > 2 we consider the decomposition of Us given in (6.15).
In view of (6.2b), there exists 8 > 0 such that

1 . 3 /1 1
1< T]+ - < ﬂ < mln{ ( - ) 771(taQO7Q)a72(taq07q)} ’ (619)
P 2\q0 ¢

where 1 (¢, qo, ¢) and ~2(¢, o, q) are defined in (5.8), (5.9). Note that, the condition (6.2b) implies that
1 1

np' > 1, where — + — = 1.
p P

To estimate Us; we note that for every t > 2 we have

2
|U21(t) HXqJFZHVjU?l ||qE

< C/ ( (t—s) "(qo ) + (t—s)7nla0D) 4 (¢ — s)‘“"“"”) 1U1(5)lxca0
q.(5.4),(5.5),(5.6)

< Ot ﬂ/ 1+ 537721+ 8572 | Ur(5)|lyao ds
(6.19) 0

00 1/p’
gCtiﬂ ||U1||Lp([0,oo);xq0) <A (1 +t2)77ﬂ7 /2 dt)

< Ct™ ﬁ”UlHLP Xq0)<0(1+t2) ﬁ/ZHUIHLP ([0,00);X90) *
(np’>1)

Consequently,

/(1+t2)m |U21(t) +Z||V7U21 ” g 4
2 j=1,2

< C”UlHig([o,oo);xqo)/z (1482072 dt <C UL 0,00y 00 - (6.20)

) Birkhauser



JMFM Motion of Rigid Bodies of Arbitrary Shape... Page 19 of 29 74
In order to estimate Uso, we note that for every ¢t > 2 we have
2
HUQQ(t)HXq + Z HVJU22(t)Hq7E
j=1
=1 _§(L_l)
Tl B (e R e e R ) | AT
Eq.(5.4),(5.5),(5.6) t/2
t—1
< C (t—5)" (1472 (1482 UL (5)| a0 ds
6.19)  Jis2
t—1
<C(+e7)? / (t =) P14 2O (8) o ds (a5 4(1+ %) > (14 7))
t/2
t—1 1/p' -1 1/p
<o)y ([ e tas) ([ - s ), ds
/2 t/2
t—1 1/p
<O+ ( [ =97 U ds> .
/2
Thus
> M
| o (ml + ¥ [vvaol;, | a
j=1,2
<c/ / (t = 8) (1 + 2P/ U (5) [y dsdt
t/2
<o [Tae o)L, ( / = ﬁdt) s < omyany - (6:20)
To estimate Uss, we first note that for j € {0,1,2} and t > 2 we have
103 (8)llxca + [V U (B)]],, 5
t
< O (1)l + U2 ()) ds
Eq53 t—1
t
<O +2)72 / (145272 (|UL(3)],0,5 + 102 (5)]0 ) s
t—1
where the last inequality follows from the fact that 3(1 + s?) > (1 + t?) for every s € [t — 1,1].
Proceeding similarly as in the estimate of Uss above we obtain
[Faser (omlg + X [0ao, |
2 j=1,2
L (A [ e B (6.22)
Combining the estimates (6.20)—(6.22), (6.18) (for some fixed 7 > 2) and (6.11), we obtain
HU2||LP [0,00);W 292 (E)) + ||U2||LP ([0,00);Xa) X <0J. (6-23)

Step 4: Estimates of the derivative with respect to time in LP(L?) norm From (6.14), we have

dU, td
E(t):Ul(t)+/0 I (T;_sUy(s)) ds (t>0).
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Then using the similar arguments as in step 3 above, we obtain

H dts <CJ. (6.24)

L ([0,00);X9)

Final step Finally, combining the estimates (6.23), (6.24), we get the estimate (6.12). This completes the
proof of Theorem 6.4. O

7. Proof of the Main Result

The aim of this section is to prove Theorems 3.4 and 2.3. The main ingredients of the proofs are the
estimates on the linearized problem which we proved in the previous sections, combined with a fixed point
argument. Due to the fact that the estimates on the linearized system include second order derivatives
with respect to the space variables and pressure terms we can use a maximal regularity based fixed point
argument which is slightly simpler than the Kato type one used in [4].

We begin by replacing the nonlinear terms F, G; and G2 in (3.9) by given source terms f, g1 and go,
and study the regularity and the decay properties of this linear system. More precisely, we first consider
the system:

ou—pAu+Vr=f, divu=0 (t>0,z¢€E),

u=F+wxzx (t >0,z € 00),

ml + Joo o(u,m)vds = g1 (t>0), (71)
TJo+ [z x o(u,m)vds = go (t >0),

u(0) = ug (x € E),

£(0) = £y, w(0) =uwyp.

In the spirit of Lemma 4.1, the above system can be seen as an alternative manner of writing the Eq. 6.1
studied in the previous section. The reason for which we prefer to write the linearized system in the form
(7.1) instead of (6.1) is that our fixed point procedure requires estimates on terms explicitly involving
the pressure. Due to this fact it is important for our approach to rephrase the results in Theorem 6.1 in
terms of the solution (u,w,l,w) of (7.1).

We are going to apply Theorem 6.1 to the system (7.1) with suitable choice of exponents. To this aim,
let us take p,q € (1,00) and i > 0 such that

1 3 3 1 3
€(2,00), 1I<-—+—<5, 1-—=-<n<—. 7.2
(2,00) PR ’ 5 (7.2)

For p,qo,q € (1,00) and 7 > 0, satisfying the above conditions, we define
W, = {(u,ﬂ',é,w) | u € L2([0, 00); W24(E)) N WP ((0, 00); LY(E)),
7w e L2([0,00); WH(E)), Lowe W$7P([O,oo);R3)}7 (7.3)
equipped with the norm

I(w, 7, £ u.))||W = ||uHLp [0,00);W2a(E))3 T ”atu”L” 0,00);La(E))? T Hu”Loo((o 00); B2 ~1/P) ()3
VTl Lo 0,000 za(mne + 1l L (10,00 m3) + el r (0,00)m3)
Hlwllzge o,00pme) + Iwllwir (0,000 -

(7.4)
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We introduce the set of initial data
7= {(umeo,wo) | up € LY*(E)* N B2I-YP(E)3, 4y € R?, wg € R?,
div ug =0in E, wug=/{y+wy X T on 3(9}, (7.5)
equipped with the norm
(o, 0,90} 2= lltoll a1/ s + ol sy + Neollgs + ol (7.6)
Finally, we introduce the space of source terms
Ry = {(f.01,92) | [ € L1([0,00); LV2(E)*) 0 L ([0, 00); L4(E)°)
g1 € L5 (0,005 R?), g2 € L3 ([0, 00); R?) }, (7.7)
equipped with the norm

||(fvglvg2)||’R77 = Hf|
We have the following result:

r(osoza(mys + e o.00)a2 (2 + 1911 L2 (0,009 + 1920 L2 ((0,00)82) - (7-8)

Theorem 7.1. Let p,q € (1,00) and n > 0 satisfying (7.2). Let Wy, T and R,, be the spaces defined in
(7.3), (7.5) and (7.7), respectively. Then for every (uo,lo,wo) € Z and every (f,g1,92) € Ry, the system
(7.1) admits a unique solution (u,w,¢,w) € W,. Moreover, there exists a positive constant Cr,, depending
only on p,q,n, E and O (as in Theorem 6.1, the index L comes from “linear”), such that

s, £,0) < Cr (l10, fo,w0)llz + [1(F, 91, 92)]I, ) (7.9)
for every (ug, o, wo) € T and (f,91,92) € Ry.
Proof. Let us set

Up=uole + (o +wo X y)lo, F =Py (fleg+ (fe+ foxy)lo).
Then
Uo € X920 (X9, D(Ag))1_1 pp
and
.xa/2
F € L2([0,00); X9/2 0 X1

Moreover, since p, ¢ € (1,00) and n > 0 satisfy (7.2), it is easy to see that (p, ¢,n) satisfies the condition
(6.2) with go = ¢/2.
Let U be the solution to
dU

W =AUB+E@) (t>0),

U(0) = Up.
By applying Theorem 6.1, we have U € L}([0,00); D(A4)) N Wnl’p([O, 00); X9). According to Lemma 4.1,
there exists m such that (u, 7, ¢, w) satisfies the system (7.1), where
1
u=Uls, t=o [ Vg w=-g [Uxya,
mJjo o
which gives the desired regularity of u, ¢ and w. Finally, from (7.1);, we obtain
Ve L([0,00); LY(E)).
This completes the proof of the result. O
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We are now in a position to prove the fixed point argument. We assume that, p,q € (1,00) and n > 0
satisfy (7.2). Let us also fix R > 0 such that

diam(0) < g (7.10)

Recalling the definition of W, from (7.3), we define, for every v > 0, the ball W, , in W, by
Wy = {(u,ﬁ,@,w) €Wy | (u,m,6,w)lyy, < 7}. (7.11)

We are now going to derive various estimates for the nonlinear terms F,G; and Go defined in (3.11) -
(3.12), beginning with X and Y : (Recall that X, Y, a and b have been defined in Sect.3 (see (3.4).).

(3.7)).

Lemma 7.2. There exist constants o € (0,1) and C > 0, both depending on p, qo,q1,q2 and 1, such that
for every v € (0,7) and for every (u,m, {,w) € W, , the functions h,a,b, X and Y defined in (3.6),
(3.7), (3.4) and Lemma 3.2, satisfy

17l 2os ((0,00)R%) < g (in particular (3.2) holds)
VX Lo (0,00 xR2) T VY (X)) £oo (0,00 xr3) < C,
a(X)l oo ((0,00)x2) T VOl Loo ((0,00)xRE) < C

VX = T3]l o (0,00 xr2) T VY (X) = I3]| Lo ((0,00) xr2) < €5
a(X) = Il foc ((0,00) xr2) F 10— T3]l oo ((0,00) xR < C75
[0ea(X)| Lo ((0,00)xr2) T 108Y (X Loo ((0,00) xr2) < C-

Moreover, for alli,j, k € {1,2,3}, we have

Oa; 0%a; 0%Y;

H S (X) S (X) + H (X) <O,
E L=((0,00)xR?) T Lo ((0,00) xE9) i Lo ((0,00) x3)

oY; Y]

H 3 % ( )5 E(X) = 87,0 < Or.
Li Li L= ((0,00) xR3)

Proof. Recall the definition of h from (3.6). Since Q(¢) is an isometry for every ¢t > 0 and np’ > 1, we
deduce that for every ¢t > 0 we have

t 00
hO1< [ 1lds < [ @+ e < Co 00 < Con
0 0

for some constant Cy > 0 depending only on 1 and p’. By setting

Yo :min{l,;éo}, (7.12)

we have that

R
Al o< (f0,00)m2) < 5

The rest of the proof follows easily from the definition of X (see for instance proof of Proposition 6.3 of
[13]). O

We next provide estimates of the term F defined in (3.11).
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Lemma 7.3. Let v is defined in (7.12). There exists a positive constant Cy, depending on p, qo, q1, g2 and
n, such that for every v € (0,70), (u, 7, l,w) € Wy, 4, and (u', 7%, *,w’) € W, , i = 1,2, we have
||SF(’LL T, ﬁ W)HLP( 0 oo) Lq/2( 3 + ”g:(’u”ﬂ—’€7w)||Lﬁ(O,oo;L‘1(E))3 < Cg"y2,
1 2
||3: u-, T ’E W )_3:(“ y T 76 , W )||L$([0,oo);LQ/2(E))3
11 91 1 2 2 2 2
+ ||f7"(u yml wh) — Fu o 5w )HL?,([O,oo);L‘I(E))s

< C;;’Y H(ulvﬂ-laglawl) - (u277'(‘2,€27w2 HW :
n

Proof. Note that, in view of Lemma 3.2, all the terms in the definition of F, with the exception of the
seventh one are supported in Byg. Thus for these terms it is enough to estimate L ([0, 00); L?(£)) norm
only. Using Lemma 7.2, we estimate the first term of F by noticing that for « € {1,2,3} we have

2
I/me%(_X u

i,k J LE((0,00); L9 (E))
32aik
<O baill oo (0,00) x25) 52 X) g 0,000y < CV*-
0,5,k J L>*((0,00) xR?)

The other five compactly supported terms can be estimated in a similar way.
Concerning the seventh term of F, we use Holder’s inequality to obtain that

2
1€ - V)l g o,00y529r2)) S Nl e 0,009529 () 1Vl g 0,000 29)) < 77
3 3 . . . "
Slnce -+ 2— o0 we have the following embeddings (see for instance [7, Proposition 4.3], [12, Eq.
p q
(6.5), (6.7)] )

LP((0, 00); W24(E)) N WHP((0,00); L1(E)) — L*(0, 00; L*(E)),
LP((0,00); WH1(E)) N WP ((0,00); LY(E)) < L*/2(0,00; WH31/2(E)).

Using the above embeddings, we get
G- )l 10,0000 (1)) < el e 10,0030y 1 V0l L0720 0072y < €
which ends the proof. O

Concerning Gy and Go defined in (3.12), it can be easily checked that we have:

Lemma 7.4. Let ~y is defined in (7.12). There exists a positive constant Cg, depending on p, qo, q1, g2 and
n, such that for every v € (0,70), (u, 7, ,w) € Wy 4, and (u’, 7%, *,w') € W, ., i = 1,2, we have
||91(€aw)||y’(o coiR3) T 152(¢, W)HLP(O ooR3) N Cg’y )
Hgl(fl, N =61 w HLP (0,00R3) T H92 0w — 92(42#}2)‘
< Cgv“(u I AR R (TR O A

L7(0,00,R3)

M, -

We are now in a position to prove Theorems 3.4, 2.3 and Corollary 2.5.
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Proof of Theorems 3.4 and 2.3. In view of Proposition 3.5, it is enough to prove Theorem 3.4. We take
(v,9,€y,wy) € W, , and consider the system

Opu — pAu+ Vi = F(v, ¢, by, w,), dive=0 (t=0,2€ E),
u=~l+wxz (t >0,z € 00),
mé—l—/ o(u,m)vds = G1(Ly,wy) (t = 0),

90 (7.13)
Jw +/ x X o(u,m)vds = Ga(ly,wy) (t > 0),

a0
u(0) = ug (x € E),
E(O) = Eo, OJ(O) = wy-

Let
. 1 1 v
= — .14
’y<m1n{70,4CLC?,4CL09} and &g 50, (7.14)

where 7 is defined in (7.12), and C,, Cy and Cg are the constants appearing in Theorem 7.1, Lemmas 7.3
and 7.4 respectively. Assume that, p,q € (1,00) and n > 0 satisfy (7.2). Moreover, suppose that

[[(wo, o, wo) ||z < €0,
where g satisfies (7.14). Let us define the map N : W, , — W, , by
N(va'l/}aevvwv) = (u,mﬁ,w) ((vavgvawv) € Wn,’y),

where (u, 7, ¢,w) is the solution to the system (7.13). We are going to show that A is a strict contraction
inW,,.

Since (v, v, Ly, w,) € Wy, we can apply Theorem 7.1, Lemmas 7.3 and 7.4 to the system (7.13) and
using the choice of v and ¢y above, we deduce

||(U77T,€,(JJ)||W" S CL (H(U’OvéOawO)HI + H(H:(Ua 11[}36117"‘)1})7 91(&)"‘)1)); 92(61)7"‘)11))”7{”)
< Crep + CrCsy* + CrCqy? <y

Therefore N' maps W, - into itself
For j € {1,2}, we take (v?,¢7, 03, wl) € W, ., and we set

N @I a7 03 w7) = (ud, 7 09 W), (7.15)
Using Theorem 7.1, Lemmas 7.3, 7.4 and (7.14), we obtain
||(u177rl’€1,w1) ~ P2, 2,0 HW,,
<vCL(Og+Cg H WY b wy) — (07,97, 6, W),

Lt et ) - (R 2 ),
Thus N is a strict contraction of W, .. This completes the proof of Theorem 3.4. (]

Proof of Corollary 2.5. Since p > 1, the estimate (2.10) follows easily from the proof Theorem 2.3. Note
1

that, the condition (2.5) implies that np’ > 1, where — + — = 1. Therefore, for any ¢ > 0
p P

t
Ol < [ (142204 527 i), as
0
00 , e
< (/ (1+ ¢2)~mw'/2 dt) Hh’ (7.16)
0 L7 ([0,00);R3
Thus indeed h € L*°([0, 00); R?). O
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A few remarks are in order:

Remark 7.5. Let us set hy := lim;_,o h(t), and recall that we have assumed h(0) = 0 in (1.2)7. Then
according to the estimate (7.16), ||hy — h(0)||gs can be made arbitrary small by choosing sufficiently small
initial data. This is necessary to extend our result to the case of several rigid bodies.

Remark 7.6. Let us point out that Theorems 2.3 and 3.4 hold for more general class of initial data. Let
D,qo,q € (1,00) and 1 > 0 satisty the following conditions
1 3 3 1 3/1 1
I<q@<g¢g -+ o<, l-—-<n<g|——~],
P 2q 2 p 2\ ¢q
||f9Hqu(E) S Hf”WlMZ(E) H9HB2<1*1/P>(E) :

Then Theorem 2.3 is valid for ug € LT (E) N By (1 1/p)( E). To simplify the presentation, in Theorem 2.3
we have chosen go = ¢q/2.
Another interesting choice is p=¢g=2and ¢g = 1 + ¢.

8. The Case of Several Rigid Bodies

In this section, we briefly explain why our main result in Theorem 2.3 can be extended to the case of
several rigid bodies moving in a viscous incompressible fluid. We insist only on the adaptations needed in
the definition of solutions and, most importantly, in the change of variables used to write the governing
equations in a fixed spatial domain. With the exception of the above mentioned adaptation of the change
of variables, the proofs are very close to those we presented above for a single immersed body, we will
not provide their details.

Let m € N be the number of rigid bodies. We assume that they are homogeneous and that at instant
t > 0 they occupy the smooth bounded domains S;(¢), with ¢ € {1,2,...m}. We assume that the viscous
incompressible fluid fills the remaining part of R?. The domain occupied by the fluid is denoted by

F(t) := R\ UL, Si(t).

We also suppose that initially there is no contact between the rigid bodies, i.e., that

SONSO =0 (hje{L2...,m}, i4)). (8.1)
We denote by h;(t),w;(t) and Q;(t) the position of the centre of mass, the angular velocity, and the or-
thogonal matrix giving the orientation of the i*? rigid body at instant . We thus have, for i = 1,2, ..., m,
«S'():{h'()+Qz‘( Jelzesi(0)} (= 0),
QiHQi(t) e =ui(t) x x (t>0, v € R?), (8.2)
Qi(0) = Is.

Moreover, the velocity and pressure fields in the fluid are denoted by u and 7, respectively. With the
above notation, the equations modelling the evolution of several rigid bodies in a viscous incompressible
fluid can be written:

Bt + (- V)i — pAT + V7 =0 (t>0, z € F(t),
divﬂ:O (t>0, zeF(t)),
( hi(t) + @i(t) % (z — h(t) (t >0, = € dS;(t)),

s o(u,T)v; ds (t>0), (8.3)

T5:() = Jis(t) x wi(t) - / (x — h(t)) x o(@, Fids  (t>0),
0S8 (t)

(0, x) = ug(x) (y € 7(0)),
hi(0) = hoi, hi(0) = Lo, @;(0) = wo ;.
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In the above equations, v; denotes the unit normal to 9S;(t) directed towards the interior of S;(¢). The
constant m; > 0 denotes the mass of the i'" rigid body and the matrix J;(t) stands for the inertia tensor
of the i*? rigid body at time t > 0.

We now introduce the notion of strong solutions to the system (8.3). To this aim, we first define

3(t) = min dist (si .S, (t)) . (8.4)

§,€{1,2,...,m} i

Notice that, our assumption (8.1), i.e., there is no contact initially between the rigid bodies, imply that
0(0) > 0.
Definition 8.1. We say (u, 7, (h;)!;, (Qi)™,(w;),) is a solution of the system (8.2)—(8.3) if
hi € C([0,00);R?), Qi € W™(0,00;May3(R?)) s, @ € W'P((0,00);R%), i€ {1,2,...,m},
i € LP([0,00); W29(F())) NWHP((0,00); LU(F()), 7 € LP([0,00), WH(F()),
for some p,q € (1,00), (8.2) holds in a classical sense, equations (8.3)1 2 in the sense of distribution in

(0,00) x F(+), equations (8.3)45 are satisfied in the sense of distributions on (0, o), equation (8.3)3 holds
in the sense of traces, the initial conditions (8.3)¢,7 hold in a classical sense and §(t) > 0 for every t > 0.

We now state the main result of this section.

Theorem 8.2. Let p,q € (1,00) and n > 0 be such that
1 3 3 1 3
ge(2,0), l<-+2<2 1-Z<p<—, 8.5
(Qoc), 1345 <5, 1-o<n<y (85)
Let ho1,ho2,--- hom € R3, be such that 5(0) > 0. We assume
uo € By VP(F(0))* N LY*(F(0))%,
b, €ERY wo; €R® i=1,2,....m (8.7)
satisfying the compatibility conditions
div ug =0 in F(0), wo(x)="Vlo;+wo; x x for x € 0S;(0), i =1,2,...,m. (8.8)
Then there exists £g > 0 such that for any (ug, (€)1, (wo:)i%,) satisfying (8.7), (8.7), (8.8) and
m
ol 2170 a5 + 140l zarz oy + D (o,illgs + llwn,illzs) < o, (8.9)
i=1
the system (8.3) admits a unique solution (u,m, (h;)Tq, (Qi), (Wi),) in the sense of definition Defi-
nition 8.1. Moreover, this solution satisfies
@ € Lh([0,00); W2(F(-))) N WP ((0,00); L(F())) N Cy([0,00); BRG P/ (F (1)),
T € Li((0,00); WHI(F())),
hi € C([0,00);R?), Qi € W(0,00; Ms3(RY)),
hi € WP(0,00;R?), @; € WhP(0,00;R?), i =1,2,...,m.

The proof of the above theorem is similar to the proof of Theorem 2.3. The main difference is in
the construction of flow X that allows us to reformulate the problem in a fixed cylindrical domain.
Thus we limit our presentation to the description of the adaptations needed for the construction of
X. In order to be coherent with the notation used for the single rigid body case, we begin by setting
E = F(0) = R*\ U™, S;(0) and O; := S;(0). For i € {1,2,...,m}, let R; > 0 and h; : [0,00) — R? be
such that

diam O; + ||hiHL°°([O,oo);R3) < R; < %0)7 (810)
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It is then easy to see that
S(t) C B(hi, R;) for allt >0
where B(hs, R;) is the open ball of radius R; and centered at h;. Let 1; € [C5°(Bag,)]” be a cut-off
function such that ¢; = 1 on Bg,. For i = 1,2,...,m, we introduce a function (; defined in [0, 00) x R?
by
Gt x) = hi(t) x (x — hi(t)) + f’wi(t) (t>0, z€R?),
For i € {1,2,...,m} and t > 0 we define A;(t,-) : R® — R? by

i () 31/%( )

Gis(t, ) — Gia(t, @)

Aultsw) = vilo) (hel0) + 30) x (@ = () + |22 x)cz-l(t,x)—a?—ﬂcﬁ(t,x). (1)
—%cﬂ(t,m

for every x € R? and we set
Alt,z) =D Ai(t,z) (t>0, z€RY). (8.12)
=1

By obvious adaptations of the proof of Lemma 3.1, we can easily check that A has the following properties:

Lemma 8.3. Assume that h;,&; € W,}’p((), o0) for every i € {1,2,...,m} and that & satisfies (8.4). Let A
be defined by (8.12). Then we have

(1) A =0 outside Bapg.

(2) divA(t,z) =0 in [0,00) x R?.

(3) A(t,z) = hi(t) + @s(t) x (z — hy(t)) for every t € [0,00) and z € S;(t).
(4) A is continuous from [0,00) x R to R3.

(5) For everyt > 0 the map x — A(t,z) lies in C§°(R3).

Let X be the flow associated to the vector A, defined by:

{@X(t,y) = At X(t,y) (t>0), (8.13)
X(0,y) =y € R3. .

Using Lemma 8.3 and following line by line the proof of Lemma 3.2 we obtain

Lemma 8.4. For every y € R? the initial value problem (3.4) admits a unique solution X (-,y) : [0,00)
R3, which is a C' function in [0,00). Furthermore, we have

(1) For every t > 0, the mapping y — X (t,y) is a C*°-diffeomorphism from R® onto itself and from E
onto F(t).

(2) For every t = 0 we denote by Y (t,-) = [X(t,-)]”" the inverse of X(t,-). Then for every x € R? the
mapping t — Y (t,x) is a C* function on [0,00).

(3) For everyt >0 andi€ {1,2,...,m} we have X (t,0;) = S;(t) (Thus Y (t,S;(t)) = O;.).

(4) For everyt >0 and y € R we have that det (VX (t,y)) = 1.

The rest of the proof is similar to the proof of Theorem 2.3. We can define a change of co-ordinates
similar to (3.5)—(3.6). The system in new variables will satisfy a system similar to (3.9)—(3.12). Then
we can define the associated fluid structure operator. This new operator has the same properties as the
fluid—structure operator associated with the single rigid body. Then one can mimic the steps given in
Sects. 4-7, to obtain the proof of Theorem 8.2. In particular, in the spirit of Remark 7.5, we can choose
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the initial data sufficiently small in order to avoid contacts between the various rigid bodies. Since the
calculations are almost identical, lengthy and too much of a repetition, we omit the details here.
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