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Abstract. The two-dimensional Stokes IBVP on (0,7) x Q is investigated under the assumptions that Q C R? is a smooth
exterior domain, the initial datum vo belongs to L>(Q2) and (vo, V$) = 0 for all ¢ € L} (Q) with V¢ € LY(Q). The

Loc
well-posedeness in L*°((0,T) x ) and the mazimum modulus theorem are achieved, in particular one deduces that the

Stokes semigroup on L°°(£2) is a bounded analytic semigroup.
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1. Introduction

We consider the following initial boundary value problem for the Stokes system:

v —Av+Vr=0,V-v=0, in (0,7) x Q,

v=0on (0,7) x 02, v =1vy on {0} x Q, (1)
where 2 C R? is a smooth exterior domain. Following [3,4], we consider vg € L°(Q) with
/vo -Vdr =0, for all ¢ € L},.(Q) with Vo € L'(Q). (2)
Q

We are interested to prove

Theorem 1. (Maximum Modulus Theorem) For all vg € L () enjoying (2), there exists a unique solu-
tion (v, m) to problem (1) such that

lv()lloo + tlve(t) oo < clvollos , for all t >0, (3)
for all g > 2,
1
112& IVo)lze @) + 15 IVVe@lLe @) < clvollo s for allt >0,
for all Ry >0, }5% [o(t) — 'U()HLq(Qm[BRU) =0, (4)
_ 1 (i4E ‘
FE0.3), om0l + 1970l < ol , for all > 0.

where ¢ is a constant independent of (v, 7).

The research activity is performed under the auspices of GNFM-INdAM.
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We conclude the introduction of the result of the theorem with further possible statements.

If the initial datum belongs to L*°(2) N C(Q2), then, for all € Q, lim;_¢ v(¢,2) = vo(x) holds.

If we assume that vo(x) — 0 for large |z|, then, for all ¢ > 0, the solution has the same property and
lim; o0 [0(t)] 00 = 0 holds too.

The pointwise estimate that one could deduce from (3)-(4); for |Vu(t, x)| is sharp in the following
sense: if vg € L(2) no asymptotic decay holds, and just an o(1) for large ¢ provided that vo(x) — 0
for large |z|. Of course, this relates to the nature of the exterior domain . In the case of the Cauchy
problem or IBVP in 2 bounded, one obtains suitable decay properties.

One can proves that the solution (v, 7) is smooth for all ¢ > 0.

Via the same approach proposed in this note, the uniqueness can be deduced in a wider set of solutions.
Roughly speaking, on the “boundary of the uniqueness set” we find the solutions whose associated pressure
field grows as |x;|, ¢ = 1,2, that are not unique.

With the exception of the uniqueness remark, all the statements are considered and proved in [16] for
Q C R™, n > 3, exterior domain. The argument lines work with no change also in the two-dimensional
case. For the sake of brevity we omit any detail. Concerning the non-uniqueness, there is today a wide
literature, we refer the interested reader to the one contained in the recent paper [18].

Last, but not least, Theorem 1 is interesting in order to modify the approach used in the papers [20,21]
for the 2D-Navier-Stokes IBVP in exterior domains in L*°-setting and as a consequence to improve some
related results.

Theorem 1 follows a series of papers concerning with the well posedeness in L>°-setting and developed
by some authors in the last decades.

The first results of the kind stated in Theorem 1, as far as we know, are due to Solonnikov in the articles
[25,27,28]. Succesively, the Stokes initial boundary value problem with an initial datum in L, jointly
with L°-estimates of the solutions, has been considered by several authors, both with homogeneous
boundary data, see e.g. [3-6,13,16], and with non-homogeneous, see e.g. [7].

In the literature devoted to the question, a distinction is made in connection with the nature of domain
Q). The IBVP in Q2 bounded can be considered achieved, whether by means of the methods of the potential
theory (essentially [25-28]) or by means of the methods of functional analysis ([3,4]). Instead, in the case
of the IBVP in exterior domains, the n-dimensional case, n > 2, can be considered achieved (cf. [6,16]
t00), while in the two-dimensional exterior domain the following results hold.

The contributions given in [27,28] related to the non-homogeneous and homogeneous boundary data
respectively, based on the theory of the hydrodynamic potentials, while the quoted literature, based on
methods of functional analysis, achieves some results in a sequence of different papers [3,4] and [1,2].

The result in [3,4] is partial, in the sense that the L>-estimate a priori holds locally in time:

l[u(®)loe < cluofloo , for ¢ €10, To), ()

where the constant ¢ and the size Ty, a priori < +o00, are independent of w.
Subsequently in [1] estimate (5) is obtained for all ¢ > 0, but the result holds losing in terms of

generality. Indeed, in [1] the author considers the set of solutions for which the net force satisfies [ v -
oQ
T(u,m,)dH* = 0, where the symbol T'(u, m,) denotes the stress tensor and v is the normal to 9.

Finally, in [2] the author proves that the Stokes operator is a bounded analytic semigroup of angle
on the subset L3°(€2) of L>°(), in particular estimate (5) holds for all ¢ > 0. The symbol L3°(£2) denotes
the following set:

LE(Q) :={up e L) : V-up=0in Q, up-v =0 on 99},

where v is the normal to the boundary. However, as remarked in [1], L° () coincide with the set of initial
data considered in Theorem 1. As far as we know, the result in [2] is the most complete in the scope of
the 2D-Stokes semigroup results.
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We do not know an estimate of the pressure field , like the one given in (4). In our approach to the
uniqueness, this kind of estimate is crucial. In this regard, we deem it appropriate to make a digression
in relation to the problem of the uniqueness of the solutions to the problem (54).

In the L*-setting the difficulties to obtain a sharp result are connected essentially with the lack of
the Helmholtz decomposition of L>°, decomposition that in L?-setting, for all ¢ € (1, 00), holds. The lack
of the Helmholtz decomposition does not allow to state a posteriori the existence of the pressure field as
in the case of the Li-theory or to define the Stokes operator like in the L?-theory.

In the recent paper [18], the present author proves the existence of solutions (u,7) enjoying (3)-(4)12
with a pressure field 7 := u™(t)-x+7, V7 € LI(Q), that is different from (4)5 of Theorem 1. Moreover, the
field v enjoys the property: lim|,| o |u(t, ) —u*(t)| = 0. But the limit u>(¢) # 0 is not a datum of the
problem. Actually, following [18], one can construct infinite ones. As a consequence a lack of uniqueness
arises.

This critical result is produced considering the two dimensional boundary value problem for steady
Stokes system in exterior domains, which admits the same pathologic solutions. That is, a solution admits
a value at infinity that is not a datum of the problem.

The result given in [18] is not in contradiction with the ones contained in [3,4] (or with the state-
ment of Theorem 1 of the present paper). Actually, the pressure field 7= does not verify the condition
d(x,00)|Vr(t,x)| < ¢ with ¢ independent of z, property exhibits in [3,4] for the solutions (or estimates
(4) of the present paper). Since the solution with limit u°°(¢) obtained in [18] is unique,! as consequence
we get that no solution established in [3,4] admits «*°(¢) as limit at infinity (as well as the one of
Theorem 1).

The present paper is devoted to the memory of Professor Carlo Miranda, he was an Eminent Mathe-
matician in Napoli, this year is the 40th anniversary of his death.

1.1. Outline of The Proof

Before outlining the proof of Theorem 1, we consider useful to recall what approaches the present author
employed in previous papers studying the question in nD, n > 3, exterior domains and the result of
non-uniqueness in 2D.

In n-dimensional case, n > 3, the results are proved by means of a suitable coupling of the results
proved in [3] and in [16], subsequently the same approach is reconsidered in [6]. As already recalled, the
first paper is concerned with local in time estimates and the second paper is concerned with the extension
of the estimates to large time.

In the two-dimensional case the result of the first paper still works, while the result of the second
paper does not work. The result in [16] is based on a technique of duality which does not work in two-
dimension, roughly speaking, because the solution ¢(t, x) of the (local) adjoint problem has the behavior
[o(t)]loo < c|p]1t~t where the exponent —1 is sharp. Actually, in [16] one translates the original question
into the study of the problem

wthw+V7rw:th(1)+G, Viw=0, in (0,7)xQ, w=0o0n (0,T)x02, w=0on {0} xQ,

where F, t(l) and G are suitable functions. In this way the difficulty becomes the fact that GG, with compact
support in & € © and belonging to L*°((0,7") x ©), has no behavior for large ¢. By a duality approach,

I This sentence could seem in contradiction with the previous result of non-uniqueness. For this reason we explain the
meaning of all. The non-uniqueness is with respect the initial datum wug, in fact we find two solutions corresponding to the
same ug but one tends to a limit uso () and another tends to a limit Uso (t) # u®°(t) by letting |z| — oo, not only this,
the pressure fields are different too. Nevertheless, in corresponding to the same up and uco(t) the field v and the related
pressure 7 are unique, but, since us(t) is not a datum, we arrive at an unsatisfactory result.

T Birkhauser



83 Page 4 of 29 P. Maremonti JMFM

in order to obtain an estimate for ||w(t)|-, one has to tackle the estimate related to

/ (G(7), ot — 7))dr | (6)
0

for which, due to the sharpness behavior of [p(s)]e < ¢|¢ollis™!, one at most is able to deduce
O(|pol1log(t + e)). Hence, via this approach, no uniform bound in ¢ holds for the L*°-norm of the
solution w(t, x).

In the paper [18], roughly speaking, the previous problem of w becomes
w — Aw 4V, = —Ft(2), V.w=0, in (0,7)xQ, w=0o0n (0,7)x0Q2, w=0on {0} xQ,

F®) plays the same role of F'(!) but with different properties. The function F(?) in [18], for all ¢ > 0, is the

extension of —U (¢, z)jgq + U (t) from 09 into €2, where U is the solution of heat equation corresponding to

vl and U = 09|~ [ U(t,€)dH*, and the Li-norm of F()(t,z) has a “good” space-time decay in (¢, ).
o

For all ¢ > 0, the extension F(® is just the solution to the boundary value problem in § of the steady
Stokes system. Thanks to this construction, for all vg € L* which enjoys (2), we are able to prove the
existence of a solution to problem (1) and estimates (3)-(4)1,2 of Theorem 1 for v. But we are not able to
furnish estimate (4)s for the pressure field, which is substituted by 7 := U(t) - # + 7, with V& € LI(9Q).
Here, we have v{? := vy — vor, with vgg equal to vy in a neighbourhood of 9 and with compact support
in Q. The disadvantage is that for all R > 0 we can construct a different solution (U depends on R).

In this note, the chief aim is to avoid the difficulties arises by the sharpness of the estimates for the
solutions of the two-dimensional adjoint problem.

As it will be clear by the arguments that we develop in the sequel, we realize the task blending the
ideas contained in papers [16] and [18]. It is appropriate to say: in medio stat virtus.

We consider an initial datum vy € L*°(Q2) that enjoys (2). We make the decomposition
vg = v + Vo, with v§ := (1 — g)vg + by, and vy, := gvg — by,

where g is a smooth cutoff function with ¢ = 1 in neighborhood of 92 and g = 0 for large x, and by
is a Bogovskii solution to the problem V - by = Vg - vg. The peculiarity of the decomposition is in vy,
with compact support in Q and v§ with support in © but far from the boundary Q. Of course, this
last property plays an important role in the construction of the solution (see the comments after the
the following items). We consider v = v° + v, and 7 := m,e + m,,. The pairs (v, mye) and (v, 7y, ) are
solutions to problem (1) with initial datum v§ and vg,., respectively.

The solution (v, m,,) is already known from [3,4]. In fact, the compact nature of the support of
the initial datum vy, allows us to employ the result of the L%-setting (cf. [8,9]), thus the estimate
[ve(t)]loo < ot lvoelq < ot [vo] oo, achieving an extension, for all t > Tp, of the one established in [3,4]
on (0,Tp) enjoying (5) together other properties in L> (cf. Corollary 4).

The solution (v¢, m,e) is instead constructed as it follows. We look for

UC::U—bﬁ+F+W+w and 7 :=m, .

In the previous formula:

e U is the solution to the Cauchy problem with initial datum v§ extended to zero on R?,
e [ is a cutoff function with support depending on ¢, and, for all ¢ > 0, h = 1 in a ball including 952,
o U(t):=10Q7* [ U, &)dH*,
oQ
e the trace on Jf) of —U + U has a suitable extension F' from 0f2 into 2 with compact support,
e W is a solution to the Bogovskil problem V - W = VI - U with compact support in €,

) Birkhauser



JMFM On The Two-Dimensional Stokes Problem. .. Page 5 of 29 83

e finally, w is the solution to the Stokes problem with homogeneous boundary and initial datum, but
with a right-hand side given by

0

ot

The chief properties of U are the behaviors in ¢ for the derivatives of U in L (£y,), where Qp D 99
is bounded, which are not singular in ¢ = 0, and U with its derivatives evaluated in L*°(£21,)-norm go to
0, letting t — 0. All this is a consequence of the special initial datum v, cf. sect. 2.1.

The extension F' is obtained by the same technique employed in [16] for F (1), But the new fact is that
the boundary value of F is —U + U, for which U — UllLe=(a0) = Jvo]locO(t~2) holds, that let us to obtain
a decay for AF = |vg|lscO(t~2) (AF has the same meaning of G in (5)) (for the construction of F see
sect. 2.2). This property from one side allows us to find the right estimate to discuss (6), from another side
leads to discuss the additional term —f)ﬁ The role of this term is to realize the homogeneous boundary
value of the solution on (0,T) x Q. We recall that at ¢ = 0 we have U = 0 pointwise on {0} x €, s0 no
correction is due in order to obtain the initial value on {0} x €.

The function b is defined by means of the function h with support in the ball B k4 and Vh has
compact support in the shell {2 < |y| < I} (cf. sect.2.3). The definition of f is given by the scale
factor (R)~! := (R+ /1)~ that is b := h( Rf_’\/{). Hence, b has compact support in the ball B:g, and
Vb has compact support in the shell {z € Q : 2(R+ /) < |z| < I(R+ /t)}. This property ensures
that |Vh|, = (R + V)i~ ! and |Ah|, = ¢(R + V)72, that are decaying in ¢ for ¢ > 2 and ¢ > 1,
respectively. We take advantage this behavior in ¢ in order to discuss the term Af)[? . This is a new fact
with respect to the behavior of the term G of the n-dimensional case, that arose the difficulty of the
estimate (6) in the two-dimensional case. Instead, in the estimates the time derivative of f)lA] , as a matter
of course, go on without difficulties.

However, the term f)fj is not divergence free. Hence, in order to preserve the divergence free of the
solution v¢, we introduce the function W. The function W is a solution of the problem V- W = Vb - U
in the shell Q(R) := {(R+ V1) < |z| < 2(R+ Vt)} D {3(R+ V1) < |z| < L(R + Vt)} =suppVh, with

[~ hU+F+W]+A[-bU+F+W].

homogenous boundary value. The shell Q(R) is variable in ¢, but, for all ¢ > 0, there is the homothety
with the shell S := {1 < |z| < 2}. Considering a solution to V - W*(t) = Vf)s . ﬁ(t) in the shell S,

with homogeneous boundary value on 95, then a solution W in Q(R) is calculated in the following way:

W(t,x) == W3¢, R-f\/f)' We find the suitable estimates for W and its derivatives considering the ones

related to W* and employing the homothety property of the domain Q(R). It is important to stress that
Wy exists, but W, does not solve the time derivative of the Bogowskii problem. Since no interest there
is for this last fact, and since W, is a “linear” combination of the spatial derivatives of W and of the
time derivative of the solution on the fixed shell S, using the homothety property of the domain, we can
deduce all the estimates related to W, (cf. sect.2.4).

The plan of the paper follows the items detected for the construction of the auxiliary function
U, F, b, W. They are discussed and proved in Sect.2. In Sect.3 we give the statement of the results
due to K. Abe and Y. Giga, that furnish Theorem 1 for initial data with compact support. In sect. 4 we
solve the Stokes problem related to w. Finally, in Sect.5 we give the proof of Theorem 1.

Notations.

We assume that the origin 0 € R? — Q.

We set 65(2) := {¢ € C§°(Q2) with V - ¢ = 0}. By the symbol JP(Q) we mean the completion of
%o(Q) in LP(2), p € (1,00), instead, J*P(Q) denotes the completion in W1P(Q), p € (1, 0).

The symbol B,(zo) denotes a ball in R? with center xy and radius p, in the case of 2y = 0, we simply
write B,.

In the following we consider R > 3diam (R* — Q).

We set Qr :=QNBg.

For a Lebesgue’s measurable set D, the symbol |D| denotes the measure.
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By the symbol L(g,0)(2) we mean the G.G. Lorentz spaces and with | - (4., its norm. In particular,
we consider L(g,0)(Q2) = LL(Q), g € (1,00), endowed with the Lorentz norm

1—gq
|l (g00) == sup |D| 4 /|u|dm. (7)
ID| <0
DCQ D
For a function g(t,z) and ¢t > 0, we denote by supp g(¢, z) the support in the variable z.
xT

In the following the symbol ¢ denotes a numerical constant whose value is inessential for our aims.

2. Preliminry Results
2.1. Heat Solution

We denote by H(t,z) the heat fundamental solution and we indicate by H[vg](t,2) the heat solution
(transformation) as convolution of H(¢,z) and vy € L (R?). It is well known that, for k, h € NU {0},

IDEV" Hvo) (8) oo < et % |vo|loo, for all t >0, (8)

where ¢ is a constant independent of vg.

For 1 > 0, ¢ € [1,00] and § > 0, we set

ts
(L4 t2)m

(t,x, L,vg) € RT x B x (R+ 6,00) x {vg € L>(R?) with suppvo C B, 5}.

; (9)

_1 _ 82
Mg (t,z, Lyvo) ==t 4 |vo|LaBL(x))e” 5 + [voloo

Lemma 1. Let v € L>(R?) with suppvg C B, 5 and MS as given in (9). Then, for all k,h € NU{0},
there exists a constant ¢(6, L) such that

|DEV" Hvo](t, )] < e(L? + )™ 2 M(t, 2, L,vo) ,
| DEV U (1) o @) < llvolloot? - (10)
Proof. By the definition of M, we recall that the left hand side of (10); has to be considered for
(t,z) € RY x Br(O). For k,h € NU{0} and p > 0, we have the well known estimate
IDFV"H (2, 1) < et % (|2] + t2) 2720, (11)

If L> R+ 6 and x € Br(0), we get that |x — z| € [R+ ¢, 2L] implies |z| € [§,3L], as well as |z — z| > 2L
implies |z| > L. Hence, applying Holder’s inequality, by virtue of the definition of the support of vy, we
deduce

\DEV H o] (t,2)| < / \DEVRH(E, 2)[vo(z — 2)|d= + /|vahH(t, llvole — 2)|dz

R+6<|z—z|<2L |z—z|>2L
=3
2

< |1D;V*H ()] Lot (52 <3y W0 La(Bar ) + [V0llse /

t
(2| 4 t2 )pt2+h+2k
|z|>L

< ¢(6, L)(L* + t)_k_%Mg(t, x, L,vp),
Estimate (10)2 is a consequence of the previous estimate and of definition of Mg (¢, x, L, vo). O
Lemma 2. Let ug€ L™ (R?) and let u:= H|ug|(t,x). Then, for all g€[1,00) and Ro>0, we get

tim [u(t) — | o5 5, = 0. (12)

) Birkhauser
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Proof. We set
usRy (t, @) := H(x2pouol(t,z) and u?(t,z) := H[(1 — xar,)uo](t, ),

where Ya2r, denotes the characteristic function of the ball Byg,. Of course, we have u = usg, + u?%0 too.
Hence we get

lu(t) = woll Laery) < luary(t) = wollLapy) + 14 (6] LB ry)
< Jluzro (t) = ol La@sny) + 14> ()] L@, -
From the L7-theory we deduce that lim¢ .o [u2r,(t) — w0l Le(B,p,) = 0. Since for all (z,y) € B, x (R? —
Baog,) one has |z —y| > |y| — |z| > % > Ry, by virtue of (11), for x> 0, we deduce

2 n 1, _
”u2Ro (t)”L‘I(IBRO) <cR§ ||u2R0 (t)”LOC(IBRO)tg (RO + t2) B

Hence, letting ¢t — 0, we achieve (12). O

2.2. The Extension F'

We recall some results concerning the boundary value problem in a smooth bounded domain D of the
steady Stokes system:
AV =Vry, V-V =0, in D,

V:aonaD,/wndJ:O. (13)
oD

Lemma 3. Let a € szé’q(aD), q > 2. Then, problem (13) has a unique solution (V,7y) € W24(D) N
C>(D) x Wh4(D) N C*>(D), such that

IVli2,q < Mlalo—z 4, (14)
with M independent of a. In particular, we deduce (V,my) € C*(D) x C(D).
Proof. The proof of lemma can be found in [10] Ch.IV Lemma6.1. O
The following is an a priori estimate
Lemma 4. Let u € W™+24(Q) N J14(Q), for some m € Ny. Then there exists a field m, such that
D™ 2ully + [ D™Vl < c[| D™ PAulq + ulzan)] (15)
where ¢ is a constant independent of u.

Proof. This result is contained in [10,22]. Actually, in our hypotheses, for u we can consider the Helmholtz
decomposition of Au, hence, formally u is a solution to the boundary value problem

Au—Vrmy, =PAu, V-u=0,inQ, u=0on 0.

Then the estimates and regularity follow from the result in [10,22] for solution to the Stokes problem in
exterior domains. ([

We recall some results concerning the Bogovskii problem. Let E be a smooth bounded domain and
V-v=g, in E,v=0o0n dF, (16)

with the compatibility condition / gdx = 0.
E

Lemma 5. If g € C§°(E), then there exists at least a solution v € C§°(E) to problem (16) such that, for
m €N and r € (1,00),
[Vl < elglm—1,r - (17)

T Birkhauser
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For the proof of the Lemma we refer to [10].
O
It is known that one solves problem (16) by considering the domain F as a union of domains Cj, k =
1,..., N, star-shaped with respect to the balls B(k) of a fixed radius; moreover, using a smooth partition

N
of unity, say > ¢r(z) = 1, with suppyyr, C Cj. Then, a vector field satisfying (16) can be written in the
=1

form
v(z) =Blg) = k), (18)
where

v(x) = B [eg] = / B (2 — 4, y)tk(v)9(y)dy
Ck

B"(z,y) = |z|n/q’“(y+£
I2]

¢* () € C5°(B(k)) and / ae(y)dy = 1.
B(k)

Z el

2]

We also recall that, for each k = 1,..., N, BF is an operator with weakly singular kernel. Actually, Bf[ -]
is the integral operator with the kernel

r—y 9 & T—Y \n-1
)| ) |z —yl Ay, ( Iw—yl) 19)
lz—yl
and %Bk is an operator with singular kernel of Calderon-Zigmund kind. O

Lemma 6. Let A(z) € W27%’q(8Q), q > 2, with /A(x) -ndo = 0. Then, the function A admits an
89
extension F into ), such that F € W24(Q)NC>(Y), F(x) has compact support in Qi and is divergence
free in Q, with
[Fll2,q < c(R)[Allp-1 4, (20)

with ¢(R) independent of A. In particular, we get F(z) € C*(Q).

Proof. Let us consider the boundary value problem (13) for D = Qpg, with boundary data a = A on 99
and a = 0 on |z| = R. By virtue of Lemma3 there exists a unique solution (V,7y) € W24(QR), such
that

V2. < c(R)[All2-1 4- (21)

Moreover, we consider a Bogovskil’s solution V to the equation (16) assuming £ = {x : % < |z| < %R},
g=—Vhr-Vin E and V = 0 on OF, where hy is a smooth cut-off function with hg = 1 on Qp/3 and
hr =0 on Qr — Qsr/3. By virtue of the estimate of Lemmab, we get

Vlizg < clAlp-1 - (22)

Setting F' = Vhg + V we have proved estimate (20). The regularity in €2 is a consequence of the ones
doable for V' and V (see [10]). O

) Birkhauser
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Corollary 1. Let A(t,x) be a one parameter family of functions with DFA(t,z) € WQ_%”(@Q) and

/A(t, x)-ndo =0, for allt > 0. Then, fort > 0, denoted by F(t,x) the extension obtained in Lemma6,

a9
there exist DFF with

IDEF(#)]24 < c|DFA®) -1 41t >0, (23)
with ¢ independent of t.

Proof. For all t > 0, we consider the extension ' = Vhp —1;7 given in Lemma 6. Hence, recalling the
definition of V' and V/, there existinF = DFVhg + DFV. Hence, via estimate (21) for DFV and
via representation formula (18) for Vi, in our hypotheses estimate (23) follows by the same arguments
developed for the estimates (20). O
We set
U := H[v|(t,x), and U := |09 /U(t,g)cml, for all t >0, (24)
o9

where U is the solution to the heat equation furnished in Sect.2.1 and corresponding to vy with supp
vg C Q@ — Bgris and enjoying (2).

Lemma 7. Let A= —U + U in Corollaryl with U given in (24). For k € NU {0}, we get
IDEF(t)2,q < (L2 + )72 F|vofloo , for allt >0, (25)
with ¢ independent of vy.

Proof. By Virtue of Corollary 1, estimate (25) easily follows achieving the estimate |[DfA(t)]]; 1, <
.
(L2 +1)" 2 F||vg||so , for all £ > 0. Then, estimating | DFA(t)],_ 1 o » the task is to justify the exponent
T

—5 on the right hand side of estimate (25). The assumption  smooth exterior domain leads to assert

8(2 = Li 0Q,,. For any continuous function g, the mean value? is
1 1 _ 1 |th‘
09|~ Z £)dH Z |an\ Z €)dH Z a0 ¢ (26)
h=1p0, h=1p0,

In order to estimate |DfA;(t)|rsa0) = |DF(—Ui(t,€) + Ui(t))”Lq(aQ), i = 1,2, we initially remark that,
by virtue of (26), for i = 1,2 and for all k € NU {0} there exist ,, h = 1,...,p, such that

— DFUI(t.€) + DT (t) = 09 12[ DYUit,€) + DEUL(,€,) |09 (27)

where DFU;(t,€,) is mean value of the integral on 9. Hence, by virtue of Lagrange’s theorem and
assumptions on U, from (27) we get

IDEU(t, €) = DET(1)] = |09~

S VD 0) - @ —€)

h=1
< | VDFU )]s < (L2 +1)"2 F|ug|oo, for all € € 0Q, and t >0,

where in the last step we take (10) into account. This justify the estimate for the L(9€2) norm of DF A.

Instead, for the seminorm we have < VDFA >1_1 =< V(DU — DFU) >i_1 =< VDFU >i_1

Hence, considering again estimate (10), a fortiori there is for the exponent the increment —% . O

2 We recall that in our notations we denoted by |D| the measure of any Lebesgue’s measurable set.
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2.3. The Function f

Let h(o) be a smooth cut off function such that k(o) = 1 for o € [0,2], h(c) = 0 for o € [£,2] and

1
h(c) € [0,1] for o € [, I]. For all 7 > 0 and p > 0, we define h(7, p) := h( R_fﬁ). One easily verifies the

following properties:

=1, fOI‘pS%(R+ﬁ),
h(r,p) § €10,1], for p € [F(R+v7), f(R+V7)],
=0, forp>2(R+ 7).
We set b, := %h(r, p) and h,(T,p) = a—ih(ﬂ p). A computation gives
1 1 R+ 7 2R+ 7)
h‘l’ } = 7777h ) f d ) 9
(1,p) NN (0), for7>0and p € | 5 3 ]
he(r,p) =0, for 7 >0and p e Ry — [Rzﬁ,Q(R?;ﬁ)],
(28)
1 — 2
hy(T,p) = RJrﬁhl(a)’ for 7> 0and p € [R—;ﬁ, (R—g ﬁ)] ,
hp(t,p) =0, for7>0and pe Ry — [R—;\E,Q(R—gﬁ)]
For p := |z|, we set
b(t,z) := h(t,p). (29)
Recalling that R > 3diam Q°¢, by our position we have f(t,z) = 1 in Br N for all t > 0. We have
Vh(t.a)| < e(R+ V1) (30)
and via (28)1
bu(ta)| et 2R+ VDT (31)
Finally, via (28) we get
1 1
vh,(t,z)| < |D? h(t,p)| < c— —-——,
| bt( $)|_| t,p ( p)‘_c\/E(R+\/7E)2
d p 1 p 112—n
ta) <el—|—F—— ||+ —|"1n" ()], 32
buttn)l < el g |t vl + el i v ) 1@ (32)

N %E’] < o(R+ VD)2

2.4. A Special Bogovskii Problem

For all t > 0, we consider the Bogovskii problem
V-W=vh-U®t), inQR), W=0ondUR)={z|=R}U{|z| =2R}, (33)
where we set R := R+ +/t and Q(R) := QN {R+Vt < |z| < 2(R + V1)}. Of course, for all R > 0

the domain Q(R) is homothetic to the shell S := 1 < |z| < 2. For problem (33), since the compatibility
condition holds, Lemma5 holds too. However, here we are interested to state the result employing the

following approach, that is more suitable for the special domain Q(R).

Lemma 8. There exist a constant ¢ and a smooth solution W (t,z) to problem (33) with compact support
in Q(R) and such that, for all t > 0,

€ (1,00), [VW()llg < e[V -T(®)]q

~ (34)
[V2W (t)llg < el V2h - T )],

) Birkhauser
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and with
IV - Tl , IVVh - T@)ls A
(R+VOIWi 0l + VW0l < e e a v AURZCI]
WOz < 5[99 DOz + 5z ) + 1990 Tl 3

FVVH - Tt } + |V - Use ()]

Proof. For all z € S, we set [)S = h(|z]). We consider the following problem
V-WS(t, z) = h (2) - U(t), in S, WS=0on{|z|=1}U{|z| =2}. (36)

Taking into account that f] (2) =1on |z =1 and f)s(z) = 0 on |z| = 2, since U is independent of
z, for the Bogovskil problem (36) the compatibility condition holds, and so, by virtue of Lemma5, we
establish the existence of a solution W¥ (t,z) with compact support in the shell S. Easily one verifies
that W (t,z) := W3(t, Rf\/f) is a solution to problem (33) with compact support in Q(R). Being Q(R)
homothetic with the shell S, via estimate (17) for m = 1 and via the following trivial chain, we deduce
(34)1:

/|VW(t,x)|qdac :R“/W WS(t, 2)|dz

Q(R) (37)
< (R? /\v b (2)-0()|%dz = ¢ )0 (1) “dar
\/
Q(R)
Analogously, via (17) for m = 2, we get
—2_9 —2_9 S = ~
IV2W ()| =R [VEWS(t)|pasy < cR[V2H7 - Ut)|zacsy = c| V2 - U(t)] 4 -
Deriving W with respect to t, we get
0
Wit x) = S(t,6) + WS t,
1 1 (38)

_ S
- NRM& VWS (t,6) + WS (L,6),

we point out that the last term has to be considered as the “Eulerian derivative” which arises via formula
(18) written for solution we (t,z) where, thanks to the static position, we transport the time derivative
on U(t). Now, let us consider VW;. From (38) it follows that

1 1 < 1 2
ENAT TG 68 =5 (R+ V1)

Since W and VW have compact support in Q(R)

VWi(t,z) = — VeVeWS(t,€) + VWP (t,6).

1
R4+t

| = [¢] <2, via (17), we get

Rf\/f
VWS @) Lacsy | IVeVeWS ()] Lacs) N I\Vths(t)lqu(sq

VWil = IPWe)lsacomy < e 7o i + o + S e

_ IVeb® - TWlaus) | 1VeVeh® - TOluus) | [Veh™ - Tutt Olisis]
T OWVHR VY VIR VDM R+ VD'
= o[ 7280 190 T 0Ly 1o G0

where, taking the homothety between the sets (R) and S into account, we argued as made in estimate
(37). Hence, we arrive at (35); for VW, and thanks to the Poincaré inequality we complete the proof of
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(35)5. Finally, from (38) it follows that
1

1
4t3 (R + V/1)? " AR+ /)3
x - VWS, €) + WiE(t,€),

1

Walt,2) = ( TRV

o VeWS(t,€) + r@x-VeVeW9(t,€)

1
AR+ ViR

where again we stress that the last term is meant as the “Eulerian derivative”. We set

1 1
A48 = (TR v T R+ VP

€ - VEWtS<t7€> s

)a - VWS (t,€) + z@a-VeVeWS(t,€)

1
4t(R + V1)
1
ViR~ ViR
and
K(t,&) == Wi (t,€).

Hence, recalling that || = \/\ < 2, employing the homothetic transformation for the coordinates, via

(17), we get
IVeW S (1)) L2 1 IVeVeW S (t)lle2s) | IVeWE O)llz2(s
t \f R+t t(R+ V1) Vit
then, first via (17), and subsequently applying the homothetic change of variables, we arrive at
S 13 S 5
IVeh™ Ut)llr2cs 1 IVeVeh® - U)lliags) | 1Veh™  Tult)llzas
4@l < ¢ © (4 )+ ) 4 2l
t Vi R+VE t(R+ V1) Vit
:C{IIVfJ'U(t)HQ(L 1 ) IVVh-U®)l2 , IVh- Ui (t ”2]
t Vi R+Vi t Vi
Since Wy has compact support and the sets Q(R) and S are homothetic, we get
K200y = K2 0m) = B+ VOIWE 2,5 < c(B+ VDIV Un(®)11(s)
= c|Vh - Un(t)]1,

where again we consider the “Eulerian derivative”, that is, via formula (18) written for solution W¥9(t, 2),
we transported the time derivative on U(t), and then, for the estimate of the Bogovskii solution, we toke

into account that the kernel in (18) is weakly singular with exponent e = 1. This completes the proof of
(35). O

Lemma 9. Let W be a solution to the Bogovskii problem (33) stated in Lemma8 and U = Hluvg] as in
Lemmal. Then we get

(R+ VO "I [VW ()] + (R+ VD' ™[V (#)]g + W ()| < clvoos (39)

and
[We(®)llg < (R + VEE1 () [vo]loo

VWi @)lg < k1@ lvolloo » (40)

IWee ()2, < k3(t)|volloo ,
for all t > 0, where we set

Bi(t) = e[t R+ VB2 4 (L2 ) (R VDT,
Ba(t) i= e[t (7% + (R4 VD™ 4 VL2 4 0)7) + (R+ VO + )

and where ¢ is a constant independent of vy and t.
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Proof. We have
T®)] < volloo » 10:(8)] < e(L? +8) " voloo s [Tua()] < (L2 +8)*[vo]loc , forall ¢ >0, (41)

where all the estimates are consequence of (10). Moreover, as a consequence of (10)q, for all x> 0, we
have

T()] + |U(t)] < ct? [voloc - (42)
For ¢ > 1, we get
2_ 2_
VBl ey = R+ VD7, VYD oy = c(R+VE)a ™2, forall ¢ > 0. (43)

Hence, as a matter of course, the right hand side of (34); is bounded by ¢(R + \/i)%71 |vo]lso and the one
of (34)5 is bounded by ¢(R + \/f)%_2||”u0|\oo. Hence we get (39) for VIW and VVW.

Employing Gagliardo-Nirenberg inequality, for ¢ > 2, we get [|W ()]s < cHVW(t)H2||W(t)H}I*b, with
exponent b := %. Since estimate (39) is achieved for |[VW (t)||,, via the Poincaré inequality, we obtain
W (Bl < (R+ VO IVW(t)]g < cllvolo.

Moreover, by means of the estimates (43) for Vh and VVh, via (41), the right hand side of (35); is
bounded by c[t_% (R+ \/i)%72 + (L2 +t) YR+ \/7?)%71} [vo] oo, which furnishes (40)q, and then, again
via (35)1 we arrive at (40);.

Estimate given in (43) of VI in L?morm is a constant ¢, instead the one for VVbh in L?norm
is ¢(R + v/t)~!'. Hence, for the terms involving the L?-norm on the right hand side of (35); we get
Mt 4+ (R+ V)™ + VE(L2 + t) 1) |vo|se. For the estimate of the term involving the L2-norm on
the right hand side of (35)z, being |VH|1 = (R + V1), we get the estimate c(L? + ) "2(R + V) vo] oo-
The sum furnishes (40)s. O

Lemma 10. Let U be the solution of Lemmal. Then, for p > 0, for all ¢ € (1,00) and k = 0,1,2, the
following holds
3

IDEF (@) |20 + IDEOT )]oo + W @)oo + [DeW (D) + [DFW () 2,00) < cllvolloct® ™2, (44)

and
|AF®)q + [AGT0)]loo + 1AW (©)]l4 < clvo]ot? | (45)
both the estimates evaluated for all t € (0,1).

Proof. Since U verifies (10), and U is defined by (24), then, for all y > 0, we have

IDET @) + 1D (U =T @), 2 cluolct? , € (0,1). (46)

Y <
0Q) ~

Function F' is the extension furnished by Corollary 1 with A := —U + U. As a consequence of (23)
and (46) we have (44) and (45) for F.

Function b is the cutoff function defined in (29), hence estimates (31) and (32)s,3 hold. Then, by
virtue of (46) and R > 0, we deduce (44) for D¥(hU) and (45) for AhU.

Being W a solution to problem (33), for W we consider (34) and for DFW we consider estimates
(35)1,2. Since we estimate in neighborhood of ¢ = 0, the right hand sides of (34) and (35);,2 admit a
bound of the kind ¢~ 2 H(?(t)”oo, for t € (0,1). So that, applying (46) to the right hand side, we arrive at
(44). Analogously, estimates (34)y and (46) lead (45) for AW. The lemma is proved. O

Of course, since (44)-(45) are stated in a neighborhood of ¢ = 0 and since p > 0 can be chosen as we
want, estimates (44) and (45) are not given in sharpness way, but they are given functional to our aims.
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2.5. Some Integral Estimates

The symbols F, ), and W have the same meaning given in previous section. We recall that we assumed
R > 3diam(R? — Q) and L > R, as well in Lemma 1 we assumed suppvo C B}, 5, 6 > 0.

In this section, for all n > 0, the function ¢ € C(n, T; JH4(Q2), ¢ € (1,2], is such that

7k»+l7177

€(1,2], r>qe(1,2], k=0,1, [VDFo(t)], <c { ;Hl ;I ||<|po||q,
" $Poll1,
47)
T
r>q, s€[l,00], or r>q, and s€[g, ], k= 0,1, [DFo(t)|,s < c PN ool @
" Poll1,
for all ¢ > 0, for r = co we just consider L*°, and ¢ is a constant independent of .
We set
t t ¢
AW == [E @t =i+ [0,000) ~ [(Weiplt = m)drote - r)dr
0 0 0
t ¢ t
72(t) = [(AF() ot = m)dr — [(Qb@T ()0t ~7)dr + [(AW(). e = ).
0 0 0
Lemma 11. For all g € [1,2), there exists a constant C := C(R) such that
|71 (8)] < CH 0 Jugllscllgollg . for allt > 0. (48)

Proof. We separately look for the estimate of each integral term, called I;(t),i = 1,2,3, of the sum.
Applying Holder’s inequality, we get

t

L ()] s/|\FT<T>||2||w<t—T>\|2drsc||vo||oo|\soo||q/<L2+T>-%<t—f>% vdr
0

_ 1
< Rt 7 [|vo]|so||0llq »

where increasing we employed (25) for F, R < L and (47)2 for ¢. Applying Holder’s inequality and
employing (31), we get

()] < ¢ [ [T elsupp bir, o) b7 (Rt V) iplt = 7)adr

Since |supp h| = ¢(R + /7)2, via (47)2, we get

t
_1 1,1
a(6)] < cloollioly [ 75— 1)+ har.
0

Applying Holder’s inequality, we get

t
B0 < [ 1IW0lallott - 7)ladr
0
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By virtue of estimate (40)2 for W; and estimate (47)y for ¢, we obtain

t

_1 1,1 _1
[3(1)] < Cllvo\lool\wol\q/T 2(t—7) a2 dr < et v uollsololly
0

The above estimates furnish (48). (]
Lemma 12. For all g € [1,2) there exists a constant ¢ such that
_1
| A2()] < et~ e volloollolly  for allt >0, (49)
where constant c is independent of vy and @g.

Proof. We look for separately the estimate of each integral, called I;(t),7 = 1,2,3, of the sum. Via
Holder’s inequality, we get

t
) / St — 7)ldr < / IAFE)]alo(t - 7)adr
0

t

_1 1_1
§C||U0||oo“<P0Hq/(L2+T> 2t — )% adr < o3 v oo ol »
0

where increasing we employed (25) for F' and (47); for . Via Holder’s inequality, and employing (43) for
Ab and (47); for ¢, we obtain

t

t
_ 1_ 1 _1
ILa(t) / DAl ||w—7>||2<c\|vo\|oo||soonq/<3+ﬂ> Ut — r)tFdr < et % Joolscloll.
0

0

After applying Hélder’s inequality, we get

I(1)] < / AW (D)allp(t — 1) adr

t

_ 11 _1
< cluollloly [ (R4 VAt = )2 dr = et unlelgol
0
where in the last step of the estimate we taken into account (47)q for ¢ and (39) for AW. Collecting the
estimates for I;(t), we arrive at the wanted one for #5(¢). O

Lemma 13. The following estimate holds:
p>1, AW+ [0 < cvollsclpolit= ", fort e (0,1). (50)

Proof. Applying Holder’s inequality, for all ¢t € (0,1), we get
t

A (B)] < / [1E- ()2 + 1D (0T (1) ll2 + [Wr (1) 2] [ (t = 7)lodr

0
t

v_3 -1 B
< cluolllinl [ 755t = 1) Edr = clunlclionlstt .
0
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where increasing we applied (44) for the terms in | - [a-norm and (47) for ¢. Analogously, for all x> 0,
we obtain the estimate

A2 (t) / IAF(T) 2 + [AGBT )]z + 1AW ()l2] (¢ = 7)2dr
0

t
22 _1 w1
< cluolalleols [ 7%~ 7)"3dr = luolelonlitt
0

where increasing we employed (45) for the terms in | - |2-norm and (47), for ¢. O

We set

- [@XE@ - 50 + W), elt - T)dr

— [(AD(F() = b0 () + W)t~ )

Lemma 14. For all q € [1,2], there exists a constant C' := C(R) such that
1
|Z3(8)] < Ct™afvollc lpollq , for all t>0. (51)
Proof. We initially point out that g > 0 can be chosen in Lemma 10 in such a way that the integral is

well posed. Moreover, we recall that L > R. In order to deduce (51) we look for separately the estimate
of each integral, called J;(¢), i = 1,2, 3, of the sum. Integrating by parts we get

Jl(t) = _(Ft(%)750(%)) +/(FT(T)’<IDT(t_T))dT_ /(FTT(T)ﬂO(t —T))dT,
0 t

where in ¢ = 0 we used the bound (44) for x> 3. Applying Holder’s inequality, we get

Lofe+

RO < IRkl + [ 1FOlalor(t = ledr

+ / 1 ()2t — 7)adr

Q

%
< cluolloliol [(2 40 Feb 5 4 [(22 4 1) F - ) har
0

t

+ [ viyinitian).

Nl

where for F' we toke estimate (25) into account, as well estimates (47)2 for ¢. Since R < L we arrive at
(51) for Ji.
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After integrating by parts, applying Holder’s inequality, we obtain

5] < 1D BTN ele()l+ / 1D (b()T ()2 lr (t — 7)ladr
/ ID2(b(r)T (7)ot — 7)lladr = J2 + 72 + 2.

where in ¢t = 0, we toke the bound (44)s for 1 > 3 into account. Recalling that < 1, employing (31) for
b, (10); for U and Uy, and (47) for ¢, since |supp fj| = ¢(R + /7)?, being R < L, we have

_1
Jy < ct” v Jvollsclolly
Recalling that |supp h| = ¢(R + /7)?, since, < 1 the estimate (31) for  and (47)3 for ¢, furnish

3 < dolly [ [(R+VDIT-(lloe + 10 (D) |oo72] (¢ = 7) 7 vdr .

(=]
[SIEN

Now, applying (10); for the term ||Uy(t)||oe and for the term |[U] o, being R < L, we realize

t

2

_1 _1_ 1 _1
J3(t) SCHvoHoollellq/T 2t —m)72 wdr < et fvoloofpollg -
0

For the last term we have D2(hU) = b__U + 2h, U, + hU,,. Recalling that |supp h| = ¢(R + /7)%, via
estimates (10) for U and developing (32)2 for b

t
1_1 _
3 < cloly [t =784

k3
2

we get

TT?

W

.
U (g)llood7<ct “leollglvolos

where increasing we used the semigroup property of U. Collecting the estimates related to Ji, we arrive
at

1
Ta(8)] < ct™ oo loolpolgs for all £> 0. (52)
Integrating by parts, applying Holder’s inequality, we get

t

2O < IWGlale (e + [ 1Wr(0)lalior(t = Dlladr

+ [ Wiz lolt = Dl
3
where in ¢ = 0 we toke the bound (44). Employing (40); 3 for W, we get
3 t
1 _1 11 11
(0] < clololiool 4 + [ 773 har 4 773 ni-iar],
0 t

where we considered (47)s for . O
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Lemma 15. For g € [1,2], there exists a constant C := C(R) such that
|Za(t)] < Ct™ 4 [vollollpolly for allt > 0. (53)
Proof. Integrating by parts, we get

t
Iu(t) = /(VF —-Vh. (1)@ U(r) = V@ U () + VW.(7), Vo(t — 7))dr .
0
We separately look for the estimate of each integral, called J;(t), i = 1,2,3,4, of the sum. Applying
Holder’s inequality, we get
t
_3 St
[I1(t)] < /llVFT(T)Hzllvw(t —7)|l2dT < cllvol\OOIIonIq/(LQ +7) 2t —7) adr
0 0
1
< ct™#|[volloo0llg

where we toke estimate (25) for F, and (47); for ¢ into account. Being R < L, we arrive at (53) for Jj.
An integration by parts on (0, 2) x 0 and Hoélder’s inequality furnish

92(0) + Ja(0)] < 18B(HTGllele = Dl + [ 1ADEATElalor (e = ladr

t

+ [ 99,0+ 19T (D] IV (¢ — 7)lad

Lofe+

where we employed (10) in ¢ = 0. From (10); |U(t)| 4 (L% +1)|U;(t)| < ¢|vo]lso, via (43) for VH, A and
(32); for Vh,, employing (47) for ¢, we get

[T2(6) + o (0] < clvolec ol [t + / [t =n) i Rdr o+ [ (T (B ) (- 1)
0

Nl
-

1
<ct « ||U0||ooH<POHq :

Inequality (34) for VIW and (10)3 for U ensure that lim .o [VW (t)[2 = 0. Integrating by parts on (0, £)
and applying Holder’s inequality, we obtain

t

401 < IVW (DIaTe Gl + [ 1Vl T (Dladr

4 / [OW, (1) |2 T (t — 1) adr

Recalling estimate (39) for VIW and (40)s for VIV;, employing estimate (47); for ¢, we get

% t
[74(8)] < ellvolocliolla |t + / (t—7)""Tdr + / PRV () () dr
0 3
< ct™ 7 ool [0l -
Collecting the above estimates J;, i = 1,2, 3,4, we arrive at (51). O
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2.6. Some Results of The LP-Theory for The IBVP

Now, we recall some results concerning the Stokes initial boundary value problem:
Y —AY=—-Vmy+ f, V-9=0, in (0,T) x Q,
Y(t,z) =0on (0,T) x 00, (54)
(9(0), ) = (wo, ¢) for any ¢ € €o(€2).

In problem (54) the initial condition is given in the weak form (9(0), ¢) = (wo, ), ¢ € €o(Q2), in order to
state the initial boundary value problem with an initial data wy belonging to the weaker Lebesgue space
LP(Q), p > 1. With the weak formulation in LP, p € (1,00), the continuity of the equation of divergence
(also in weak form) at ¢ = 0 is lost, as well as the zero value of the normal component of the solution
at the initial instant ¢ = 0. Of course, if the datum is an element of JP(Q2) C LP(2), p > 1, then, the
problem is just the classical one.

For our aims the case wg € CF(2) C L(Q) has a special interest. Actually, we look for an estimate

in L*°(£2) by means of the variational formulation |a|- = sup (a,)
oeci 10l
duality argument, the quoted weak formulation of the 6 solution allows us to give the estimate |w(t)] o =
(w(t),0)
seci) 10l
In Theorem 2 the initial boundary value problem (54) can be considered for 2 bounded or exterior,
indifferently.

. In Lemma 22, by means of a

of the auxiliary solution w(t, z) to problem (67).

Theorem 2. Let be f =0 in (54). Let wg € CH(Q). Then, to the data wq it corresponds a unique solution
(1, my) of problem (54) such that ¢ € 91C([0,T); JUQ)), forn >0, € Qqu(n,T; W2a(Q) N Jh(Q))
q a

and Vmy, ¥ € Qqu(n,T; L1(QY)). Moreover, for q € (1,00] and r € [1,¢],
a

lo@®)llg < clwollt™,  p =71, >0
L uifte(0,1],

IV ()ly < clwolt 1, =4 b +pift >0 and g € (1,n), (55)
o ift >1 and g > n;

le()lg < cllwollrt™2, po =1+ p, t>0;
where the constant ¢ is independent of wo. Finally, tlir%(d)(t), ) = (wg, @) for any ¢ € €p(Q).

Proof. For the proof of the above theorem see [17] Theorem 2.1. Actually, the quoted reference is the
two-dimensional version of Theorem 3.2 given in [14]. O

Remark 1. We stress that the property v € C([0,7); J9(£2)) is meant in the sense that lim;_q | (¢) —
Py(wo)]q = 0. In the case of wy € C}(£2) in ¢ = 0 at most the weak limit property holds, the one stated
in the theorem. Of course, if we assume wy € J9(Q), ¢ € (1,00), the result becomes the classical one, in
particular the continuity in norm holds.

Corollary 2. In the same hypothesis of Theorem 2, for q € (r,00), o € [1,00] we also get

- 1 1
for allo € [1,00], thyu(®lig.0) + [¥Ol(a.0) < clwolet™p = == =, >0 (56)

Proof. We recall that problem (1) can be considered in L(g, o)-setting (e.g. cf. [29] or [15]). In particular
for all ¢ > p > 1 one obtains the estimate

OO o) + DO (g < et = )G [0(5) | ooy < et — )G 3 [eb(s)], for all £ > s > 0.

Thus, setting s = % and employing (55)1 3, for r < p, one arrives at (56). O
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Lemma 16. In problem (54), assume f € L9(0,T;L%(R)), and wy = 0. Then, there exists a unique
solution (9, my) to problem (54) with ¥ € C([0,T); J1(2)),

T T
[ 19018, + iolg + [Vo(oglae < ex) [ 170120t (57)
0 0

Proof. For a proof of the above theorem see [12,22,23]. O

Let us consider the equation for the pressure:
d
AIl =0 in Q, d—H:VXVxN~Von3§2, IT — ¢ for |z] — oco. (58)
v
We set

<u>;‘:: [/ 7\11( z) — uly)] dH*dH? %

|z — y[ITha
90 09

For \=1-— é we get the seminorm of trace space Wl—%)q(aa) .
We set a := V x N. The following result holds:

Lemma 17. Assume that Q' C Q bounded with 9(Q— Q' )N = 0. Assume that a € Wl_%’q(ﬁﬁ). Then
a solution of problem (58) is such that

1

Ae(0,1), |Mpegen <c<a>) and VI, <c<a>, °, (59)
where ¢ is constant independent of a.
Proof. Estimate (59) is due to Solonnikov in [25], recently, it is also reproduced in [19]. O

In the following Lemma 18 and Lemma 19 we assume that ' C Q is a bounded domain with (2 —
QYNoN=10.
By virtue of trace theorems, for any element of a € Wl_%’q(aﬂ) admits an extension from 9€ into ¢’

which is an element of W14(Q)'). We denote by the same symbol a the element of space trace Wl_%’q(aﬂ)
and its extension as element of W1 4(Q).

Lemma 18. Assume that a € Wl—%ﬂ(aa). For a solution of problem (58) the following estimate holds:

1-1)(-a) IVa ||(

—-)+1 )(1—a)+a
La(Q) }

1— 11—« 1—a)ta )
Mo, < eflalfodX ™ IVali o™ + lal o) )
1 1 g1 1
+ C(HaHLq(Q’) + ||Va||zq(ﬂ,)||a||Lq(“Q,)) ¢ ||Va||£q(gf) )

where ¢ > 2, a:= =, d:= 1+>\q , A€ (0,1 — %), and c is a constant independent of a .

Proof. For q > 2, by virtue of Lemma 17, we obtain
1—% a l—a
Mg < VT Iy + Mlza@y) < c[(<a>y ) (<a>)) "+ <a>}]
—a . 2
< C|:||va||%q(ﬂ/)( <a >2 )1 +<a >2 } , with a = 7
We have

A 1-3 -3 \% 1-3 o]
<a>y < C”a”Lq(aQ)( <a>q ) < C”aHLq(aQ) ”va”Lq(Q’)

q
1+ Mg’

SN RO e
< C(”a”L‘I(Q’) + Hva’“LQ(Q/)HaHLq(Q/)) ¢ HVaHZq(Q/) , with d =
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Hence, we get

(1 a )(1— )1 )

1-3)(1-a)
Moy < <[l 1TalE ey ™ + el Ival(ils

+%)(1—a)+a
sy’ ]

1—1

+e(lal go + 1Vl g lal o) 1Val e -

O

Lemma 19. Assume that a(t,€) in Lemma 17 is a smooth one-parameter family of function in Wl_é’q(aﬁ) ,
the time t > 0 is the parameter. Assume that t%||a(t)||; + t7||Va(t)||, < A, for some v > 0 and for
€ (0,1), and ||a(t)||q + ||Va(t)||q < A fort > 1. Then, we get

=G+, fort € (0,1
MOl < caf {70 ot SO0 (61)

where c is constant independent of a, exponent fi € (0, 3), and Q' C Q bounded with J(Q1—Q" )N = 0.

Proof. We have to estimate the right hand side of (60). Estimate (61); is the behavior of [II(?)] g, in
a right neighborhood of t = 0. Hence, we limit ourselves to consider the terms with the major singularity
in t = 0. This is conditioned by the greater exponent for t~!. Recalling that in estimate (60) we have
a = V x N(t,z) and the domain Q' is bounded, employing the assumptions ||a(t)||, < cAt~2 and
[[Va(t)||q < cAt™7, then we get

IO le@n < eAt™7,

with exponent 3 := —2(1 — %)(1 - -a) - (%(1 — 1)+ 1)1 —a) — a. By a computation we obtain
1 « 1 1 1 1
=+ Y - )+ )= -+T
B=5+5+( a)[2q( )t ogl =g TR

q
14+Aq

7€ (0,%). Estimate (61), is immediate from (60) and assumptions. O

where we recall that a = %, q>2,d= and A\ € (0,1 — 7) For large ¢ and small A\, we arrive at

2.7. A Nonlinear Generalization of The Gronwall Inequality

Lemma 20. Let y(t) be a nonnegative function that satisfies the integral inequality
t
y(t) < Ao+ /(G(S)y(S) +b(s)y7(s)ds, Ag =0, o €[0,1), (62)
to
where a(t) and b(t) are continuous nonnegative functions for t > to. Then, the following inequality holds

t t t
1

y(t) < [A};Uexp [(1—0)/a(s)ds} —I—(l—a)/b(s) exp [(1—0)/ (r )dT]ds} Tot>t. (63

to to s

Proof. This result is a particular case of a more general result due to A.I. Perov. A proof of the result
can be found in [24], Theorem 1, p. 360. O

Corollary 3. Assume that y( ) and a(s) are continuous functions on [0,T), b(s) = As~2 7, A a nonneg-
ative constant and Tt € (0, 3). Also, assume that the inequality (62) holds for t >ty >0, Ag = A(to), with
A(top) continuous functzon Then, inequality (63), initially achieved for t > ty > 0, holds for t € (0,T)
and tg = 0.

Proof. By assumptions, the right hand-side of (63) is convergent for ¢, — 0. Hence, letting ty — 0 we
achieve the result. (]
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3. A Result by K.Abe and Y.Giga

In this section we recall the following fundamental result due to Abe and Giga in [3] and related to the
Stokes IBVP in exterior domains.

Theorem 3. Let us consider the initial boundary value problem (1). Then there exists a Ty > 0 such that,
for all vg € L*(Q) enjoying (2), there exists a solution (u,m,) € C%((0,Tp x Q) x C1((0,Tp x Q) to the
Stokes problem (1), with u(t,x) *-weakly continuous in t = 0. Also the following estimates hold

lu(t,z)] < c|lvo|oo, for all (t,x) € C([0,Tp) x Q),

2
lal | o
7 D% u(t) oo + tur() oo + V()00 < clvolloo s for all t € [0,Ty]

la]=1
where ¢ is independent of vo and |x||Vm,(t,z)| < c for all x € Q.

Lemma 21. Let vy € L>®(Q)NJP(Q), p € (1,00). Denoted by (u,m,) and (v, m,) the solutions correspond-
ing to vy by virtue of Theorem3 and Theorem?2, respectively. Then the solutions coincide up to function
of t for the pressure fields.

Proof. This result is an immediate consequence of the approach employed in [3,4]. O

Corollary 4. Let vy € L*>(Q) enjoying (2) and with compact support. Then, for all T > 0,
we C(0,T); 17(9),

[u®)lloo + tlut(t)|oo < €lvolloc, for allt >0,
2 Lo

: t (65)
Y D%l + thue (Ol + == IVmu(®)lp < clvolloc , for all t >0,
jaj=1 1 ¢ Lot
where p € (1,00) and the constant ¢ depends on the support of vo. Moreover, for i € (0, %), we get
mu(t, )| < clvollat™ 277, for all (t,2) € (0,1) x Q, (66)

|7 (L, 2)| < cllvg]oo, for all (t,x) € [1,00) x Q.

Proof. The result related to estimate (65); is an immediate consequence of Lemma 21. Actually, due to
the compact support of the initial datum of the solution, in order to estimate |u(t)|o. we take advantage
of estimate (64) in (0,7Tp) and, for ¢ > Tp, of the ones related to the LP-setting, see [8,9]. Instead, estimate
(65)2 is deduced from the results in LP-setting.

In order to prove estimates (66), we start remarking that the pressure field 7, is a solution to equation
(58) with N = —u. Moreover, for the nature of compact support of the initial datum, such a solution is
such that (u, Vm,) belongs to L1(Q2), ¢ € (1,2), in the sense specified by Theorem 2. This fact ensures

that [ v-V x V x udH' = 0. Hence, for all ¢ > 0, letting |z| — oo, we get that m, — 0. Thus, by virtue
o0
of maximum principium for harmonic solutions, we get

|7 (8, )| < max |7 (t, )|, for all (t,z) € (0,00) x R? — Q.

On the other hand, via (65), we satisfy the assumptions of Lemma 19 with A := |Jvg|s and v = 1. Hence,
in a neighborhood €' of 9 the max value of 7, satisfies estimate (61). In this way we arrive at (66); in
a neighborhood of ¢ = 0, and (66), for large ¢. O
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4. An Auxiliary Stokes Problem

In this section we consider the following problem

0 ~ ~
wt — Aw + Vm, = _ﬁ(F_ hU + W) + A(F —hU + W), in (0,T) x €,
V-w=0, in (0,7) x Q, (67)
w=0o0n (0,T) x 02, w=0on {0} x Q,
where the functions F), [’Jﬁ , W are defined in the previous Sects. 2.2, 2.3 and 2.4. In particular, we recall
that, for all ¢ > 0, they have compact support.
We are interested to the following

Lemma 22. There exists a unique solution (w,m,) to problem (67) such that, for p € (1,00), w €
C([0,T; JP(Q))NLP(0, T; W2P(Q)NJLP(Q)) and wy, Vr, € LP(0,T; LP(Q)). Moreover, for p > 2, we get
(1+ 7 2)w®)llp + @)oo < clvollos , for all t >0,
172w () + ter®) oo < clvole s for all t >0,
I D2t + [V ()]l < e(t7 ™ + Dfvollos , for all t >0,

lim Jw(#)], = lim Jw(t)]oc = 0.

(68)

Proof. By virtue of Lemma 7 and Lemmas 9-10, and definition of b, for all "> 0 and p € (1,00), we get
that the right hand side of (67) belongs to C([0,T; LP(Q2)). Hence, the existence and the uniqueness are
a consequence of Lemma 16. We prove that estimates (68) hold. We denote by (s, x) the solution to the
Stokes problem ensured by Theorem 2 with initial datum wo € C§(2), and, for all ¢t > 0, p(t — 7,2) is
the solution ¢(s, ) written backward in time on interval (0, ¢). Multiplying equation (67) by o(t — 7, ),
and integrating by parts on (0,t) x Q, we get?

(w(t), wo) = A1 (t) + H(t)) . (69)
Taking into account that we consider p € (2, 0c], employing Lemmas 11, 12 and 13 with ¢ = p/, we arrive
at

1
[(w(t), wo)| < e(1+t7)]volloofwollp -
This last, for p € (2, 00|, furnishes

(L+ 3wl + [w(®) o < clvoloo s for all ¢ > 0. (70)

3 Just for the completeness, we justify the limit in end point ¢ for the subsequent formula (69). First of all, in order to

achieve (69), we can restrict our considerations to p € (2,00). By Lemma 16 function ¢ € Jr' () for all ¢ > 0 and reaches
the initial datum in weak form with test function in %p(£2). Hence, we argue in the following way:

lim (w(t — 5), ¢ (s)
= lim [t — ) — w(t), 0($)) + (1) =™, (s)) + (@™ 0(5))
=: lim [I1(s) + I2(s) + I3(s)]
where {w™} C %0(Q2) is convergent to w(t,z) in JP (). Applying Holder’s inequality, we get
lim | 11(s)] < lim w(t = 5) = w(0)lple(s)ly < lim Jw(t = 5) = w(®)lplwol,y,
lim [I2(s)] < lim o () =™ [ple(s)]p < Jw(t) =™ [plwol,
lm (W™, 9(s)) = (@™, wo),
where we employed the properties of ¢ stated in Theorem 2. Hence, letting before s — 0 and then m — oo, we arrive at

(69).
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Analogously, deriving with respect to ¢t equation (67) and then multiplying by ¢(t —7, x), after integrating
by parts on (0,t) x Q, we get
(wt(t)7w0) = j3(t)+j4(t)a (71>

where for the limit in ¢ we argue as in the case of (69) (actually, for all n > 0, wy € C((n,T); JP(R))
holds, hence we can argue as made in footnote 3). We justify the last formula in s = 0. Actually, via the
equation of w, we obtain

lim (w (5). (¢t — 5)) = lim [13(s) + o(s) + Ls(s)] =0,
with

Li(s) := lim(Aw(s), ot = 5)) = (W(s), Ap(t = 5)) ,

I(s) := lm(Fy(s) + Ds(h(s)T(s)) = Wi(s), (t = 5))

I5(s) == Hm (A(F() + ()T (s) ~ W(s). gt~ 5)).
Applying Holder’s inequality, the first limit is zero thanks (70). For the second limit, applying Holder’s
inequality, by virtue of (44), we get

[ im Lo(s)| < Tim [|Fu(s)lz + DTz + W)l folt — )| = 0.
Analogously to the limit of the term I;(s), integrating by parts, we obtain
(F(s)+b(s)U(s) = W(s), Ap(t — 9)) ,

that, by virtue of (44), leads to zero limit. Now, from (71), taking into account that for .#3(t) and .#4(t)
estimates (51) and (53) hold, for ¢ = p/, for all p > 2, we obtain

141
|(we(t), wo)| < et 7 [Jugllocwolly , for all ¢ >0, (72)

which furnishes (68). In order to complete the proof of (68), we set G := Dy (F—hU+W)—A(F—hU+W).
By virtue of Lemma 4 we deduce

|D*w(®)], + [Vru @)l < c[lwc®lp + GO, + lw®)] o )]
<[t olloe + IG®) | + c(R)|w(t)]oo]
< e[t + 1)vofleo + |G(®)],] , forall £ > 0.

We estimate |G(t)|, by means of the results of Sect.2. We get |G(t)|, < ¢l|vo]loc, for all t > 0. Thus,
via the above estimate of w in L*>(Q) and of w; in LP-norm, we arrive at (68)3. We conclude considering
the limit property. The one in LP-norm follows from (68);. In order to deduce the limit in L*°-norm is
enough to consider for .#(t) and #5(t) estimates given in Lemma 13. Actually, from (69) we get

[(w(t),wp)] < c||vo|\oo||wo||1t}2i_1 , for all t € (0,1).

Hence, it follows that |w(t)]s < ct? ', which achieves the zero limit for t — 0, provided that u > 2.

O

Corollary 5. Let (w,7.) be the solution of Lemma?22. For i € (0,3), we get
P € (2,00), |mu(t, )] < cvollaot 7 VEFP | for all (t,2) € (0,1) x Q, (73)

|7 (t, )| < clvollos » for all (t,x) € [1,00) x Q.

Proof. The pressure field solves the equation (58) with boundary condition
Ciii; =—[VXxVxw—-VxVxU+VxVxF+]-v, on o (74)
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We justify (74). The normal component deduced from (67) is the following:

[Awf%(th[7+W)+A(F7bU+W)] .

Since, on (0,T) x 99, we have F = —U + U and b = 1, we deduce
F,—bU, = —U, = =AU, on (0,T) x 99,

where we toke the equation of U into account. For all £ > 0, the field W = 0 on 912, hence W; = 0 holds.
Since f) = 1 and W = 0 hold in a neighborhood of 99, we get A(—f)ﬁ + W) = 0. Hence, being the fields
w, F and U divergence free, we arrive at (74).

Since, for p € (1,2) and ¢t > 0, V&, € LP(Q), letting |z| — oo, we get 7, (t,z) — 7(t) (cf. [10] §IL.5).
On the other hand, the right hand side of (74) has integral zero on 9. Hence we determine a solution
T, on ) that, letting |x| — oo, tends to zero. Since the difference between 7, and 7, on ) is at most
7(t), we consider as solution to equation (1) and, as matter of fact to the Neumann problem (74), the one
which tends to zero. Since in the sequel there is no confusion, we denote 7, by the symbol m,. Hence, by
virtue of mazimum principium for harmonic solutions, we get

|mo (t, 2)] < %@x\ﬁw(t,xﬂ, for all (¢,x) € (0,00) x R? — €.

By virtue estimate of Lemma 17, Lemma 18 and then (61), assuming Q' D Q N Bg, for some 1 € (0, %),
we get

7w (D)l < cllvolloo (87 + 172 + £73)3 17 for all t € (0,1).

In the last estimate, we consider v; := —1 + % for Aw, thanks to (68)3; 72 = § for U, deduced from
(10)2; v3 = —3 for F, deduced from (25) setting k = 0 and L = 0. Since the estimate with ~; holds for
p > 2, we arrive at (73);. Estimate (73)s is a consequence of the same previous estimates evaluated for
t > 1, so that, for the sake of brevity, we omit the details. (I

5. Proof of Theorem1
5.1. A First Result

We premise a result. We consider the initial boundary value problem (1) with initial datum vy € L ()
enjoying (2) and with suppvy C 2 — Br45(0). We are going to prove Theorem 1 for this kind of initial
data.

Theorem 4. For all vy € L>(Q) enjoying (2) and with suppvy C Q — Br4s(0), we get the existence of a
solution (v, ) to problem (1) such that, for all q € (2,00),

lo@)lloo + tlve (D)oo < cllvolloo , for all t >0,

t3 t
! Vo, @ + 157

for all Ry >0, lim [[v(t) —vo[ La(anzr,) = 0-

IVVut)lLe @) < clvolle  for allt >0, (75)

Finally, for the pressure field we have, for all ¢ € (2,00),

t 1
m“vw(t)”q < ctivolls s for allt >0,

t(l—%)(%—&-ﬁ) (76)
N < .
-~ t(lfé)(%+ﬁ) [7(t)] oo < cllvolloo, for allt >0
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Proof. We consider the initial datum vy extended to 0 in R?. We define the pair (v, 7) as
vi=U—-hU+F+W+w and 7:=m,,, (77)
where we set
e the field U := HJvy] is the solution to the Cauchy problem enjoying the properties stated in (8) and
(10),
e the field U, defined in (24), is the mean integral on 9 of U, -
e for all t>0, the field F' is the extension from 92 into Q with compact support in 2 and with value
~U+U on 0f), whose existence is ensured by Lemma7
e the field f)U is the product of h defined by (29) and U,
e the field W is a solution to the Bogovskii problem (33) given by Lemma8 and, for ¢ > 0, it enjoys
the estimates of Lemma 9,
e the pair (w,m,) is the solution to problem (67) furnished by Lemma 22.

By construction the pair (v, 7) solves equation (1);. Moreover, the following estimate holds:

[v(t)]loo < clvo]oe for all ¢ > 0, (78)

which proves (75); for v. For estimate (78) we check the L°-norm of each term which appears in (77)
for the definition of v. From estimate of Lemmal we get |U(t) — BU(t)|se < clvolloe, t > 0. From
estimate (25), recalling that in our hypothesis we have R < L, via the embedding Sobolev theorem, we
get |[F(t)]oco < ¢|vollocs t > 0. For the last terms W and w we recall estimate (39) and estimate (68)1,
respectively. Analogously, for |v(t)]|. we employ the estimates related to the time derivative of each
term. Hence, we consider (8) to estimate Uy, (31) and (8) to estimate D;(hU), (25) to estimate F; and,
via the Gagliardo-Nirenberg inequality |Wi|lso < ¢|VW|S[Wi]|2~%, a = % , employing (39)2 3 we achieve
completely the estimate (75);.
The initial value is assumed in the following sense:

for all ¢ € (2,00) and Ry >0 }irr(l) lv(t) = vollLa(mp,) =0
Actually, by virtue of the bounds in L>°-norm stated in (44), choosing u > 3, we have zero value limit of

F, f)ﬁ and W, and then of w as in (68)4. Instead, the limit property of U to vg is ensured by (12).
Finally, we point out that, for all ¢ € (1,00) and ¢ > 0,

veWEIQ), v € LY (Q) and Vrr € LI(Q). (79)

The property (79) is a consequence of the special construction.

To prove the behavior in ¢ claimed in (75)2, we employ the estimates given in Sect. 2, and we take into
account that at ¢ = 0 the behavior of U is predominant over that of the other terms of (77). In contrast,
for large ¢ the behavior of w becomes predominant over that of the remaining terms in (77).

The integrability on Q of Vr is a consequence of the fact that 7 = 7, and of Lemma 22. Instead, the
estimate of 7 in L°-norm is a consequence of (73).

The theorem is completely proved. (I

5.2. Proof of Theorem 1.

For the initial datum vy € L®(£2) that enjoys (2), consider the following decomposition:
vo = v + Vo, where v§ := (1 — g)vg + by and vo. := gvg — by ,

where, for R > 3diam(R? — ), g is a non-negative smooth cutoff function such that g = 1 for |z| < R+§
and g =0 for |z] > 2(R+4), § > 0, also by is a solution to the Bogovskil problem

V-bg=v-VginQ, g=0on {|z|]=R+}U{|z|=2(R+9)}.
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We tacitly consider v§ extended to zero on R2—suppwv§, as well as vg. extended to zero on R?—suppuvg,.
Being in particular vo. € L°°(Q2) N J4(§2), by virtue of Corollary4, there exists a solution (v, m,,) to
problem (1) with initial datum vg. enjoying estimates (65).

Since v§ € L*>(2) verifies the hypotheses of Theorem4, there exists a solution (v¢, mye) to problem
(1) with initial datum v§ enjoying estimates (75).

Thanks to the linearity of the Stokes system, considering v := v°+ v, and 7 := mye + 7y, by (v, 7) We
solve the value boundary (1), and (v, 7) enjoys estimates (3)-(4); as a consequence of (65) and (75). The
initial datum is achieved by means of (4)s, which is a consequence of the fact that solution v, enjoys the
limit property from the Li-theory, and solution v° enjoys the limit property (75).

The limit property at ¢ = 0 allows us to claim that the equation of the divergence is satisfied in weak
form up t = 0.

We conclude the existence result claming that the pointwise estimate (4)s for the pressure field 7 is a
consequence of the estimates (73)-(76), for m,, and 7, respectively.

For the uniqueness of the solution we consider a pair (u,m,) solution to the homogeneous initial
boundary value problem (1), and enjoying properties (3)-(4)1,3 and (4)2 substituted by, for all Ry > 0,
lim¢ o [|u(t)|La(anBg,) = 0. The goal is to prove that u = 0. Firstly, we prove that u € L%(Q) for all
t > 0. Subsequently, we realize the uniqueness. For the first goal we are employing the so called weighted
energy method (in this regard cf. [11]), that goes back to the first results of stability and uniqueness of
solutions in L*™-setting for the IBVP in unbounded domains. We multiply the Stokes equation of (u, )
by exp[—a|z||u(t, z), where a > 0, integrating on (s,t) x ), we get a weighted energy inequality:

¢
et a et
Jut) expl=5 ol < Ju(s) expl—5 el) + [ Juexp(-Glelldr
t (30)
o a
+a [ I expl= lallaluexpl— lalladr.
Since for all Ry > 0 we have limy_.o [u(s)|r2(@rBy,) = 0, with no difficulty one deduces that the limit for
s — 0 of the first term on the right hand side is null. Instead, thanks to estimate (3) for v and (4) for

the pressure field, which furnishes |7, exp[—§|z[]]2 < cavg|laet ™27 , both the integral terms admit
limit in s = 0. Hence, we arrive at

t t
(&% (0% « «
Ju(t) exp[—5 (][5 < a2/Huexp[—g\xl]l\gdf+a/|\7fu exp[— 5 [ellz|uexp[— |z[]]2dr. (81)
0 0

The validity of (80)-(81) allows us to apply Corollary 3 related to the Gronwall inequality that furnishes

t
« «
Ju(t) expl= lellz < exp [a*t]a [ [, expl G ollfadr
0

Recalling the above estimate for the pressure field, applying the Beppo-Levi theorem, we deduce
lu(®)]2 < c|volloct® F, for all t > 0.

This last easily leads to discuss the uniqueness in L2-setting. The theorem is completely proved. ([l
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