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Abstract. We consider the issue of the small-time global exact null controllability of the axi-symmetric incompressible
Navier—Stokes equation in a 3D finite vertical cylinder with circular section. We assume that we are able to act on the fluid
flow on the top and on the bottom of the cylinder while no-slip conditions are prescribed on the boundary of the lateral
section. We also make use of a distributed control, which can be chosen arbitrarily small for any Sobolev regularity in space.
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(Ann PDE 5(2):1-49, 2019) where the case of the 2D incompressible Navier—Stokes equation in a rectangle was considered.
Our analysis actually follows quite narrowly the one in Coron et al. (2019) by making use of Coron’s return method, of the
well-prepared dissipation method and of long-time nonlinear Cauchy—Kovalevskaya estimates. An extra difficulty here is the
curvature of the uncontrolled part of the boundary which requires further analysis to apply the well-prepared dissipation
method to lower order boundary layer terms.
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1. Introduction, Statement of the Main Result and Some Open Problems

1.1. Setting

We consider a finite vertical cylinder Q = D; x [0, L] C R? where D is the unit open disc in R? and L > 0.
Let us denote by I' = (D7 x {0}) U (D7 x {L}) the union of the bottom and of the top of the cylinder.
This surface I' has to be thought as the controlled part of the boundary while the complementary part
OO\l = (0Dy) x [0, L] of the cylinder’s boundary, that is the lateral part of the cylinder’s boundary,
has to be thought as the uncontrolled part of the boundary. Let us denote by L3, (€2) the space of the
axi-symmetric functions u in L?(Q) such that divu =0 and u = 0 on 9Q\T'.

1.2. Main Result

Our main result is the following theorem.

Theorem 1.1. Let T > 0 and ug € L3, (). For any k € N and for any n > 0, there exists a force f €
LY((0,T); H*(2)) satisfying I f Lo,y e () < 15 and a Leray weak solution u € Cy ([0, T]; L3, (2)) N
L2((0,7); H'(2)) of

Ou+u-Vu—Au+Vp=f and divu=0 in €, (11)

u=0 on OO\T, .
satisfying u(0, ) = ug and u(T,-) = 0.
1.3. Notion of Controlled Weak Leray Solution
Above, the notion of weak Leray solution corresponds to the following weak formulation:

T T T
—/ /u-@tap—i—/ /(u-V)u~g0—|—2/ /D(u):D(gp)
0 Q 0 Q 0 Q (12)

/Qu()~90(0w)+/oT/QU~f,

for any test function ¢ € C°°([0,T] x Q) which is divergence free, tangent to OQ\I', vanishes at t = T
and vanishes on I'. This last condition encodes that one controls the part I'" of the boundary, so that
no boundary condition is there required. Above the notation D(-) stands for the symmetric part of the
gradient.
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1.4. Comparison with the Literature

Theorem 1.1 establishes the small-time global exact null controllability of the axi-symmetric incompress-
ible Navier—Stokes equation in a 3D finite cylinder with circular section in the case where the no-slip
Dirichlet boundary condition is imposed on the lateral boundary of the cylinder, while we are able to
act on the fluid flow on the top and on the bottom of the cylinder, as well as in the interior of the
cylinder through a distributed force which can be chosen arbitrarily small for any Sobolev regularity in
space. This result improves earlier results in [12,13] where the distributed force is small only in a negative
Sobolev space and the recent work [8] where the case of the 2D incompressible Navier—Stokes equation
in a rectangle was considered. Let us also mention the paper [6], and its corresponding proceeding [7], on
the global null controllability of the Navier—Stokes equation in the case where Navier slip-with-friction
boundary conditions are prescribed on the uncontrolled part of the boundary rather than the no-slip con-
ditions. In these references some controlled weak Leray solutions are constructed. This has been improved
into smooth solutions (in the case where the initial data is smooth) in the recent paper [15]. The main
difference between the case of the Navier conditions and the one of the no-slip conditions, when following
the method of proof considered in these references and in the present paper, is the size of the boundary
layers which are involved. Indeed in both cases one considers a small-viscosity regime where a controlled
auxiliary flow which is built for the inviscid limit of the system has to be corrected by some boundary
layer terms on the uncontrolled part of the boundary.

1.5. Difficulty of the Proof

Indeed the proof of Theorem 1.1 below closely follows the analysis developed in [8] to deal with the
case of the rectangle by making use of Coron’s return method, of the well-prepared dissipation method
and of long-time nonlinear Cauchy—Kovalevskaya estimates. One of the main extra difficulty here is the
curvature of the uncontrolled part of the cylinder boundary which requires a more delicate analysis, in
particular to apply the well-prepared dissipation method, because of lower order boundary layer profiles
whose behavior is forced by the higher order boundary layer profiles. This difficulty already appeared in
[15] where the case of the Navier boundary conditions, rather than the no-slip condition, was treated.

1.6. Open Problems

It will be interesting to investigate whether or not it is possible to extend the result of Theorem 1.1 to
the case of smooth solutions or to the case of non-axisymmetric initial data. We refer to Remark 2.10
below for a few more technical explanations regarding the difficulties of these investigations. An even
more challenging issue, as already mentioned in the rectangle case tackled in [8,9], is to get rid of the
“phantom” force f.

2. Strategy of the Proof of the Main Result: Theorem 1.1

In this section we explain the general strategy of the proof of Theorem 1.1.

2.1. A Rapid Reminder on Coron’s Return Method for the Incompressible Euler Equations

Following Coron’s return method, The starting idea is to follow the strategy used by Coron and Glass,
see [11], to prove the small-time global exact null controllability of the incompressible Euler equations.
In this case, the idea is to introduce an auxiliary flow which is compactly supported in time, and around
which the linearized incompressible Euler equations is controllable. To drive the dynamics despite the
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presence of a non-zero initial data these auxiliary flows have to be chosen with a strong amplitude, which
makes them vary quickly. To encode these features we introduce the rescaling

us(t,z) = eulet,x), p°(t, ) :=e?p(et, ), (2.1)

where ¢ is thought as a small positive parameter and we observe that the time interval over which the
control is required is then stretched from (0,7) to the large time interval (0,7/¢).

Some appropriate auxiliary flows can be built for very general geometries of the fluid domain with
involved gluing technics, but can be taken in a very simple form in the present case of the finite vertical
cylinder €2 as

RO (t)es, (2.2)

where {e;}?_, are the unit vectors of the canonical basis of R?. Since whatever is the scalar function h°,
the flow given by (2.2) unconditionally satisfies the incompressible Euler equations in €2, associated with
the pressure —(h°)'(t)x3, while being tangent to the lateral, uncontrolled, part OQ\I" of the cylinder’s
boundary. This tangency condition is the natural counterpart of the no-slip condition, actually of any
impermeable condition, for the Euler equations (instead of the Navier—Stokes equation).

Moreover the linearization of the incompressible Euler equations around this flow is simply the equa-
tion

O+ h(t)03v +Vg=0 and dive =0, (2.3)

where, moreover, the pressure term can be discarded since the divergence free constraint satisfies by the
initial data is propagated by transport along the flow (2.2). Together with the tangency condition on the
lateral boundary, this leads to the even simpler equation than (2.3), that is the pressure-less equation:

O + hP(t)93v = 0. (2.4)

A controlled solution, in the rescaled variables given by (2.1), can be then constructed as an asymptotic
expansion with principal part h°(t)es + cv. It is then only a matter to choose the function h° in order
to flush v outside of Q and to bound the effect of the remainder term of the expansion to conclude the
controllability of the incompressible Euler equations.

2.2. An Almost Returning Solution to the Navier—Stokes Equations Despite the Boundary Layers

Now, the flow (2.2) also satisfies the Navier—Stokes equations inside the cylinder but does not satisfy the
no-slip boundary conditions on the boundary of the cross-section. To adapt to the no-slip condition, some
boundary layers appear near the boundary. Indeed, under the rescaling (2.1) the (unforced) incompressible
Navier—Stokes equations then read as the following small viscosity problem:

Ou® +u® - Vu® —eAu+Vp =0 and divu® =0.

Thanks to the peculiar form of the flow (2.2), the dynamics of this boundary layer is simply given by
a heat equation, rather than by Prandtl’s equations. Indeed in polar coordinates, for a radial function f,
the Laplace operator is given by the formula
B o%f 10f
o2 ror’
where r := \/2% + 22 represents the distance to the origin.

The following key intermediate result proves the existence of axisymmetric solutions to the heat
equations in the unit disk D; with appropriate Dirichlet data which almost return to zero at the final
time, while the principal part of the Dirichlet data satisfies a flushing condition at an intermediate time.

Af (2.5)

Proposition 2.1. There are h®, k' and h? in C5°(0,T), satisfying the flushing condition

/g RO(t) dt = 2L, (2.6)
0
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such that the solutions (v¢ := v (¢,7))c to

O —eAvt =0 t>0,0<r<1,
V(1) == Y1 gethi(t)  t>0,0<r<1,
ve(0,7) =0 0<r<1,

verifies

T 7
v (5’ ) ll2(py) < Cet. (2.8)

Moreover the function h° has to satisfy the zeroth order moment condition:
T
/ RO(t) dt = 0. (2.9)
0

Let us highlight that despite a right hand side o(¢) in (2.8) would be enough for the sequel, we choose
to keep the explicit exponent which comes for free with our method of proof. The zeroth order moment
condition (2.9) comes from the construction of V° in Sects. 2.5 and 3. Since the source term of the
Eq. (2.14) for V? below is zero, we find that kY satisfies (2.9) from (3.14) in Sect. 3. Indeed the proof of
Proposition 2.1 is based on the well-prepared dissipation method, which was initiated in [17], and adapted
in [6,8,15]. We give below the core of the proof, postponing to the next sections some intermediate results
which are themselves quite intricate.

2.3. A Multi-scale Asymptotic Expansion of v¢

Let x be a cut-off function x(r) = 0 when r < % and x(r) = 1 when r > Z. Given h° h' and A? in
C§°(0,T), we seek for a multi-scale asymptotic expansion of the solutions (v¢). of the form

LI 1—r
vi(t,r) s = —x(r) Vit —— | +erf(t,z1, x2), (2.10)
g () e

where 7 = (22 + 22)2 and Vi(t,z) — 0 as z — 0 for 0 < i < 2 and r¢ is considered as a technical
lower-order corrector. To infer which relevant “profiles” V(t, z) we should consider, we observe that for
a function g(t, z), denoting by a € C*°([4,1];R) the function such that

1

—=1+ (1 —7)+ (1 —7r)alr), (2.11)

NS

we have:
eAg)e(t, ) = {029} (t,2) — e2{0.g}e(t,w) — e{20.9}:(t,2) — e2a(r){z°0.9}:(t,x),  (2.12)
where the notation {-}. stands for
(ohelt) =g (11
Therefore, by inserting the ansatz (2.10) in the Eq. (2.7), and then using (2.12) and equalling by powers
of e, we are led to consider the following three problems:

), r= (2% +22)3. (2.13)

(VO —-092v0 =0, t>0,2>0,
VO(t,1) = hO(t), t>0, (2.14)
V%(0,2) =0, z >0,
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where we observe that the only non-zero source is on the boundary data,
OVt —092Vi=-9,V° t>0,2>0,
Vit 1) = hl(2), t>0,
V1(0,2) =0, z >0,
(2.15)
and
HVE—-02Vi=-9,V! —20,V’, t>0,2>0,
V2(t,1) = h2(t), t>0, (2.16)
V2(0,2) =0, z>0.

2.4. Boundary Forcing and Enhanced Time-Decay of the Free and Forced Heat Equation in a Disk

In this subsection we establish that there exists an appropriate choice of the boundary data, to impose
a rapid decay in time of the solutions to the forced heat equation, such as (2.14)—(2.16), for which the
choice is respectively the one of the function h°, h' and h2.

Let us introduce the following weighted Sobolev spaces.

Definition 2.2. For z € R, we denote (z) := v/1 + 22 and for s and ¢ € N, we set
HyR) = { e B ®): Y [ (22102 ()Pdz < o0}
=0 "R+

endowed with it natural associated norm. In the same way we define H;(R) and the norm

1

2

£l = | - [ @H10i0)Pd:
j=0"%
Observe that by the Plancherel theorem, we have the following equivalence of norms:
‘ ;
g ~ 3 ([ @* 12 0pac) (217)
§=0
where f denotes the Fourier transform of f.

Definition 2.3. Let & € N, > 0 and X a Banach space with norm ||- || x. We define the space C% (R, ; X)
of the functions f € C*(Ry; X) such that

Ifllcxm®y;x) == _ sup. (197 (1)l ()7) < +o,
t>0,0<j<k

where
C*Ry; X):={f:0/f € C(Ry;X), 0< j <k}
The proof of the next proposition is given in Sect. 3.
Proposition 2.4. Let v > 0, k,s,q,n € N satisfy
n>Z4y-l. (2.18)
and we define

=243, §:=s+2k+2n, G:=2n+3. (2.19)
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Given f € CO(Ry; HF(Ry)) when k=0 and f € Cﬂf{“*l(R%Hg(RJr)) when k > 1, we can find a nonzero
function h € C§°(0,T), supported in (0, %} U [%,T), such that the following system
O — d%v = f, t>0,2>0,
v(t,0) = h(t), t>0,
v(0,2) =0, z >0,
(2.20)

has a unique solution v € C,?(RJF; HZ(Ry). Moreover, if f is supported away from t = 0 as a function of
time t, so does v.

2.5. Proof of Proposition 2.1

Let us now see how to conclude the proof of Proposition 2.1 by applying Proposition 2.4 to the three
problems (2.14)—(2.16). Let ko = 0,70 = 23, s0 = 28, gp = 23.

e By Proposition 2.4, there exists h® € C§°(0,7T') supported in (0, %] U [%, T') such that system (2.14)
has a unique solution V°? € C8(Ry; H% (R, )). Moreover VY is supported away from ¢t = 0 as a
function of time t.

e Using Proposition 2.4 again, there exists h! € C§°(0,T) such that system (2.15) has a unique
solution V! € C¥(R,; HI (R4 )). Moreover V! is supported away from ¢ = 0 as a function of time t¢.

e By a final use of Proposition 2.4, there exists h? € C§°(0,T) and V2 € C9(R,; H2(R,)) satisfying
(2.16). Moreover V2 is supported away from ¢ = 0 as a function of time t.

By the definition of {-}., for a profile V defined in R? with V € C(R;; L?(R,)),

KVt )Yellizpy < Ce V(2w (2.21)

for a constant C' > 0. Hence, in view of (2.10),

T 1 T T T
o5 (< Mz oy < Cex (V) ez + VEIVHS ez + eV le2e))

+ellrll2(py)
< Cet +elr 2oy, (2.22)

where we use V' € C9(R; L?(R,)) by construction. Then the proof of Proposition 2.1 is complete up to
the following result on the remainder which is postponed to Sect. 4.

Lemma 2.5. There exists a constant C' such that, for s = 0,1,
3
175l Lo mys22(Dy)) < Cet, (2.23)
_1
17l L2 @y 22 (Dy)) < Ce™ (2.24)

2.6. An Auxiliary Solution of the Navier—Stokes Equations in the Infinite Cylinder

We then consider as an auxiliary solution of the Navier—Stokes equations:
2
Ut = <Z e2hi(t) + v€> es, (2.25)
i=0

where r := \/2% + 22 and h°, h!, h? and v° is the family of functions defined in the proof of Proposition 2.1.
Let us extend the finite vertical cylinder €2 into a cylinder with infinite height:

C:=D; xR. (2.26)
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We also needs an extension wu;, of the initial data ug. Actually, we will need in the sequel to work
with analytic data, due to the difficulty related to a loss of derivatives due to the boundary layers in the
equation satisfied by the remainder. More precisely one will use analyticity with respect to the vertical
variable x3. Therefore we cannot simply extend the initial data ug by 0 outside of {2. The reason why we
use the index b is that we will need a first regularization step to get a large enough radius of analyticity
to completely overrule the effect of the loss of derivative.

Then, by setting

P == > e (B (t)as, (2.27)

i=0
we obtain that
atuaux + uaux . vuaux o EAuaux + vpaux — O in (0, I) % C,
divu2™> =0 in (0,L) x ¢,

2.28
M =0 on (0,L) x ac, (2.28)
W,y =0  inC.
and
T
o (20 ooy < €2, (2:29)

We also define (the index “fi” stands for “flushed”):

ul(t, ) == p(t)up (;p - ( /O t h‘)(s)ds> e3> , (2.30)

where p(t) € C*(R) is a cut-off function which satisfies () = 1 when ¢ < £ and p(t) = 0 when t > 2L
We observe that u'! satisfies
Opull + h00suft = ¢ 4 1 in (0,7) x C,
divufl =0 in (0,7) xC,
ul =0 on (0,T) x oC,

ufl =y on {0} xC,

(2.31)

where 05 := 0, and by virtue of (2.6),
€'t w) : = ptyu(z - 2Les)leva, (2.32)
A, x) . = p(t)up(z — 2Les)|q. (2.33)

We also introduce a domain
G := Dy x [-2L,-1], (2.34)
and a space

L3, (C) := {v € L*(C) : v is axi-symmetric, divv = 0,v = 0 on dC}. (2.35)

It is easy to observe that the control profile ¢ is supported in C\2, the phantom profile f# is supported
in , and for any k € N,

1M 2oy o) < Tllusll e cy- (2.36)
Now consider any Leray weak solution

T s

@ € Cull0. T B el 22 (0. D10 )

€
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of the rescaled system

duut +u -Vt —eAu +VpE =€+ f< i (0,1) xC,
divu =0 in (0,L)xc,

uf =0 on (0, %) x OC,
Um0 = euy in C.
(2.37)
We decompose u® and p° into
uf = ut™ 4 eyl + eR® (2.38)
p° = p*™ +en®, (2.39)
then we take
e =e"  and  fF=eff, (2.40)
and we observe that the remainder R° satisfies
O RE — eAR® +uf - VRE + R® - V(u*™ + eufl) + V& = F*,
div R® =0,
RE|3C = 07
RE|t:O = Oa
(2.41)
where
Foo= —(=x{V e + Ve(h! = x{V'}o) + e(h? = x{V?}o) + er®)dsu”
+ul (VO 4+ eV +eV?}es — ull . )_( 7A{zaz‘/o +VE20. VY +20.V?} e3
—eulld,rfes — eu - Vull + Al (2.42)

where ufl is the e, component of uf given by (2.55). By construction, u is supported in [0, 7], so does
Fe.

Indeed, because of the fast variation due to the boundary layer terms in u*"*, the term R® - Vu®"™ in
(2.41) is singular with respect to €. A classical trick here is to treat this singularity in € against a loss of
derivative, see for example [18,19], and (5.18)—(5.20) below, which leads to consider analytic regularity
in order to bootstrap some estimates.

Proposition 2.6. Let T' > 0. There exists p, > 0 such that, for every u, € Laiv (Q) for which there exists
Cy such that

vm =0, (|07 upllmacc) < %Cb, (2.43)
||Ub||L;3(H2(D1)) < Cy. (2.44)

for every k € N, we have the following estimate for R®, there exists a constant C' such that

2

T/e
sup || R°(t)[|z2(cy + (/ €||VRE||2L2(C)> < Cer. (2.45)
0

te[0,T/¢€]

The proof of Proposition 2.6 is postponed to Sect. 5.

Let us now explain how to deduce Theorem 1.1 by following the strategy of [8]. It is a matter to glue
together three steps, each of which corresponds to a subpart of the time interval which is imparted to
realize the control. To explain this, we go back to the original scaling and first recast the result obtained
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so far, which will be used as a second step (explaining the notation b as an index for the “initial” data
below). Setting, for € € (0, 1),

us(t,z) = eulet,x), p°(t,x):=e?p(et, ), (2.46)

E(t,x) :=e%¢(et,x)  and  fo(t,x) =2 f(et, x), (2.47)

we deduce from Lemma 2.5, the definition of uf! and Proposition 2.6 the following result about the

possibility to drive a large analytic initial data with a sufficiently large analyticity radius can be driven
approximately into the null equilibrium.

Proposition 2.7. Let T > 0. There exists p, > 0 such that, for every o > 0 and each w, € L3, (C)

for which there exists Cy such that (2.43) and (2.44) hold, for every k € N, there exist two forces
€€ C™(0,T] x C\Q) and f € C>=([0,T] x Q) satisfying

I Fll L o,mysme @) < Crlluslallax (e (2.48)

supp £ C (0,T) x C\Q, (2.49)

where the constant C, depends only on k, and a Leray weak solution u € Cy([0,T]; L3, (C)) N L*((0,T);

H(C)) to (2.52) associated with the initial data wp, such that there exists 0 < T, < T such that u, :=
u(T,,-) satisfies

[uclallzz) < o (2.50)

Since this result requires some analytic initial data, we use as a prequel the following result regarding
the regularization of any finite energy initial data into an analytic function with arbitrary analyticity
radius.

Proposition 2.8. Let T > 0, p, > 0 and ug € L3, (Q) with ug-n =0 onI'. For any k € N and n, > 0,
there exists an extension u, € L3, (C) of ug to the domain C, a control force & € C*([0,T] x C\Q), a
phantom force f € C>([0,T] x Q) satisfying
£l 0,1y m% () < My (2.51)
a Leray weak solution u € Cy([0,T7]; L3, (C)) N L((0,T); H'(C)) to
Ou+u-Vu—Au+Vp=E+ f in (0,T) x C,
divu =0 in (0,T) x C, (2.52)
u=0 on (0,T) x OC,
associated with initial data ug, Cp >0 and 0 < T, < T such that uy, :== u(Ty,-) € L3, (C) satisfies
luslcllmeay < mps (2.53)
(2.43) and (2.44).

Let us emphasize that for L3, () initial data, we can find 71 € (0,7 such that u(Ty,-) € H' ().
Now for this new H! “initial” data, we can find a small time Ty € (7%,7T] and a solution u to (2.52)
with zero force, such that v € C°°((T1,T3) x C), the rest of the proof is almost the same as the proof of
Proposition 1.7 of [8] and is therefore left to the reader.

Last, we use that small enough states can be driven exactly to the rest state.

Proposition 2.9. Let T > 0. There exists o > 0 such that, for any u. € L3;, () which satisfies
[ucllz2(e) < o, (2.54)

there exists a Leray weak solution u € Cy ([0, T); LZ;, (2))NL2((0,T); H'(()) to (1.1) with the associated
initial data u. and f =0, which satisfies u(T,-) = 0.
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We refer to Theorem 2 of [10]. Actually, the original theorem of [10] requires the initial date to be small
in L*(Q)N L3, (Q). While if we only have the smallness of the initial data, by using the energy inequality,
we can find a Ty € (0,%) such that u(7}) is small in L2(Q2) N H'(Q) hence small in L*(Q) N L3, (Q).
Therefore we only require the initial data small in L3, ().

Theorem 1.1 is then implied by combining the three propositions above.

Remark 2.10. We observe that in the strategy above we only make use of analyticity in the vertical
direction. One can wonder if a use of analyticity in the orthoradial direction could be helpful to extend
the the result of Theorem 1.1 to the case of smooth solutions or to the case of non-axisymmetric initial
data. Unfortunately this does not seem to be the case. One difficulty is that, to deal with the nonlinear
feature in the remainder estimates, see Sect. 5, one typically needs to replace the space L? by the
Sobolev space H 2 to bootstrap some estimates. This requires to construct yet more accurate asymptotic
expansion. Then one observes that the lower order boundary layer profiles which would be natural to
consider depend on the vertical variable and satisfy some equations which couples the terms of a heat
equation with respect to the fast variable z, like the ones considered above, and some transport terms
in the x3 direction with a prefactor which corresponds to the principal term of u*"*. Unfortunately the
well-prepared dissipation method seems to be delicate to adapt to such problems.

2.7. Organization of the Rest of the Paper

The rest of the paper is devoted to the proof of the intermediate results which were admitted above in the
course of the proof of Theorem 1.1. The two next sections are devoted to the proofs of the intermediate
results used to prove Proposition 2.1, that is Proposition 2.4 in Sect. 3, and Lemma 2.5 in Sect. 4. Next, in
Sect. 5 we give the proof of Proposition 2.6. Once again, the proof is quite technical, and we will use two
technical intermediate results: Proposition 5.4 and Lemma 5.3 whose proofs are postponed respectively
to Sects. 6 and 7.
Notations: For any x € C defined by (2.26), let ©; = rcosf,x9 = rcosf, n = %(zl,xz, 0). Let {e;}3_;
be the unit vectors of the canonical basis of R?. Let e, = (cosf,sin®,0),ey = (—siné,sinf,0). For a
vector a € R3, we write
a = aie1 + ases + ages = a,e, + agey + ases. (2.55)

We always denote Vy, := (9y,,0s,), 0; := 0,, for 1 <i < 3,0, := e, -V and (a,b) = [, a(z)b(x)dz the
L?(C) inner product of a and b.

3. Proof of Proposition 2.4

This section is devoted to the proof of Proposition 2.4. We will rely on the following result from [15,
Lemma 3.4] where, for n € N and = € R, we set

k

%@%:E:%r (3.1)
k=0

Lemma 3.1. Lety > 0 and k, s,q,n € N satisfying (2.18) and 7, 5, and q as in (2.19). Let vy € H;*Qk(R)
and f € C’,QY(R_,_;H(?(R)) when k=0 and f € Cg_l(R+;H§(R)) when k > 1, such that

(22(00() + /0 st f (1)) )
Then the following Cauchy problem
{@v@vﬁ t>0,2 €R,

=0, for0<j<2n+1. (3.2)
¢=0

3.3
Vlt=o = vo, 2z €ER, (33)
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has a unique solution v € CJ(Ry; H;(R)).
We are now ready to start the proof of Proposition 2.4.

Proof of Proposition 2.4. We first observe that it is sufficient to deal with the case where k = 0, since
the general case follows by using that for 0 <4 < k, for z in R and t > 0, djv = 920, ‘v + 9, ' f.

Assume that h € C§°(0,T). Let jo = [5—51]7

Ao(t) :=h(t), Aj(t) =0 A;_1(t) — 0272 f|.—o+ for 1 < j < jo. (3.4)
For z > 0, we denote
Jo 52

A(t,z) = ZAj(t)@Xl(Z)a (3.5)
=0

where x1(z) € C§°(Ry) is a cut-off function which satisfies y;(z) = 1 for z € [0, 1] and x;(z) = 0 for

2
z > 1. One can check that
A€ CYRy: OF (). (3.6)

Then the function V := v — A satisfies, for t > 0,z > 0,

oV — 0’V = F,
V(t,0) =0, (3.7)
V(0,2)=0
where
Fi=f—0,A+02A. (3.8)

It follows from the construction of A;(t), that 9% F|,_o+ = 0 for 0 < j < jo — 1. Thus, extending F by
F(t,z) = —F(t,—z) to the whole line z € R, we have

F e CY(Ry; Hi(R)). (3.9)

Moreover, if f is supported away from ¢t = 0 as a function of time ¢, so does F, and by using the energy

method it is easy to find that V is also supported away from ¢ = 0.
Now, let us observe that, to prove Proposition 2.4, it is sufficient to find a function h € C§°(0,T),
supported in (0, %] U [%, T), such that the associated function F satisfies the condition:

(ag(/ooo sn(tgz)F(t,C)dtD‘ =0, for0<j<2n+1, (3.10)

¢=0

where s, is defined in (3.1) and F denotes the Fourier transform of F with respect to z. Indeed, then
by the result of Lemma 3.1, we obtain that V' € C9(Ry; H;(R)). Moreover, by (3.6), it follows that
v e CY(Ry; Hi(Ry)). Actually, since F is an odd function with respect to z, it suffices to guarantee
(3.10) for odd integer j with 1 < j < 2n+ 1. O

By the definition of A4;(t) in (3.4), for 0 < j < jo,

j—1

Aj(t) = 0lh(t) = > 0 7102 flmor (3.11)

i=0
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Then, by combining (3.5), (3.8) and (3.11), we arrive at

F=f- Z@ j ,Xl +Z ),Xl(z))

Jo—1 ~2jo

=f- Z 0 fl.— =0+ ),Xl( z) - aAjo(t)mXﬂz) + Ao(t)x7 (=)

JO 2j—1

+2Aj<t>(fjjﬁ< X (2) + Z XU (2))

j=1
B Jo+1 _
= f+ ) dlh(t)a,(2),
j=0

where
Jjo—1 jo—1 240

-f: = f Za f|z 0Jr )'XI + Z(Q)Jo z(Q)Ql.ﬂz 0*( )]Xl( )

joJl -1

) L 0+( )(2x1(2)+27><1(z))’

7j=114=0
ao(z) = = x7(2),
aj(z): = W(QXQ(Z) + 279(1(2))7 for 1 < j < jo,

~2Jo
ajo41(2) 2 = @ ),Xl( z).

Next we odd extend f, x1(z) and x/(z), and even extend Y/ (z) with respect to z to get a odd extension

of F.
When j = 1, the condition (3.10) becomes

0= o ([ s F .0 e
= /Ooacﬁ’(t,())dt

/ 8<ft0dt+<

Since h € C§°((0,T)), we have that, for ¢ > 1,

/ ih(t)dt =
0

9cip(0) = —i / zag(2) dz = —2i / 2x!(z) dz = —2i,
0

— 00

Jo+1

Z/ Aih( dt) 9 (0).

On the other hand,

where we denote i = /—1. Thus (3.12) is equivalent to

) 1 [ =
/0 h(t)dt:co.zi/o 0 £ (£, 0)dt

(3.12)

(3.13)

(3.14)
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When j = 3, the condition (3.10) becomes

0= o ([t .0 e

- /Oo(6t8<f(t,0) + 02 f(t,0))dt
oo Jot+1
/ Z (6£0:h(£)D.:(0) + D h(£)02a: (0)) . (3.15)

Observe that

/ tﬁth(t)dt:—/ h(t)dt = —co,
0 0

/ toih( / I h(t)dt = 0.
0

We find that (3.15) is equivalent to

and for i > 2,

/ T h(t)dt = e, (3.16)
0

where
1 o0

= g

S S 1 R
(60 f(t,0) + OF f(t,0))dt — Zcoagal(O) + 15

Generally, we can find some constants ¢;,0 < ¢ < n, such that when j = 2i 4+ 1, (3.10) is equivalent to

/oo t'h(t)dt = ¢;. (3.18)
0

We can prove it by induction. We already know it holds for ¢ = 0,1, assume 2 < ¢ < n and assume that
(3.18) holds for 0 < < i, then when j = 2i + 1, the condition (3.10) becomes

0= 02 ([Tt ) oo

- Z / o3t Bl vor o)

Jo+1

+Z / ch lZa" ()92 a0, (0)dt. (3.19)

Note that, for I,v € N,

> 0 ifl < v,
torn(tydt = 3.20
/0 t () {(1 V(l y)| fO tl Vh( )d lleI/ ( )
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Using (3.20) and the induction assumption that (3.18) holds for 0 <! < ¢, (3.19) is equivalent to (3.18)
with

S S ( [T st oar) -

o 2i(m+1y< 0 " ’ =0

(21) 2i+1-21 ~
R ,ZZO Oty e (0)
=0v

i

1
2i

u:l
Thus the condition (3.10) is equivalent to (3.18) holds for all 0 < ¢ < n. Given function f, we can define
constants ¢; as above, the rest of our task is therefore to find a nonzero function h € C5°(0,T), supported
in (0, 2] U [2L,T), such that (3.18) holds for all 0 < i < n.
We introduce a nonnegative cut-off function xo € C§°(0,T) such that x2(t) = 0 for t € [£, 2] and

x2(t) = 1for t € [T, 2] U[ZE, 8L, we seek a function h of form

+ i (0). (3.21)

n+1

= Bit'xa(t), (3.22)
1=0

where 3;, 0 < i < n+ 1, are constants to be determined. Then (3.18) holds for 0 < i < n is equivalent to

Bj =c, (3.23)
where 8= (80, .-, Bnt1)T",c = (co,...,cn)T" and
f%o Xa(t)dt fgo txa(t foz "t xo(t)dt
B tmmﬁ Oﬂm0ﬁ~~ft“%@w ' (3.24)
o thxa@)d J5° ()t - [ (s

We denote B’ the sub-matrix of B made of the first n row, b’ the vector of (n + 1) — th row of B. It is
obvious that b’ is a nonzero vector. In order to find a nonzero vector 3 such that (3.23), we first show
that B’ is a nondegenerate matrix. Otherwise, there exists a vector y = (4o, ..., ¥n)’" # 0 such that

yI"B'y = / lyo + yit + - - - + ynt™[*xa2(t)dt = 0. (3.25)
0

Hence yo+y1t+---+y,t" =0fort € [:g, 25] U[%, %], this contradict to y # 0. So B’ is a nondegenerate
matrix. If ¢ # 0, we can take (Bo,...,3,)7" = B''c, On+1 = 0. If ¢ = 0, we can take G411 = 1,
(Boy .., Bn)T" = —B’~'b’. Either way, we have found a nonzero vector  such that (3.23) holds true.
This means we have hound a nonzero function h € C§°(0,T) supported in (0, T]U[2L, T) such that (3.18)
holds for 0 < ¢ < n. This concludes our proof.

O

4. Proof of Lemma 2.5

This section is devoted to the proof of Lemma 2.5.

4.1. Equation Satisfied by the Remainder

By using the equation for V¢, for 0 < i < 2, see the systems (2.14)—(2.16), the Eq. (2.7) and the
composition rule (2.12), we obtain that the remainder r¢ := (¢, x1, x2) satisfies
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Or® — eApr® = ¢° t >0, (z1,22) € Dy,
Ts(t,ml,fﬁQ):O tzov(xlvxZ)EaDh
r(0,21,22) =0 (w1,22) € Dy,

where
=02 + 92,
and
! !
= -0+ X7){VO FVEVY 4 eV + fr{zazvo + V20V 4 e20.V?),

+\£XO‘(T){Z282VO}6 + \/gX{Zazvl}s +exa(r ){226 vt te + {a V2}€

JMFM

(4.3)

Moreover, since V?, for 0 < i < 2, are supported way from ¢ = 0 as a function of time ¢, so is the forcing

term ¢°.

4.2. Estimate Satisfied by the Forcing Term of the Remainder’s Equation

In this subsection we prove that ¢° satisfies, for a constant C,

3
lg°ll(z1nr2) (s xDy) < Cet

By definition of the cut-off function x, see Sect. 2.3, there exists a constant C such that

l /

X
<C — = | <
R e R e
Thus by virtue of (2 21), we find
_ X/ \[
(X" + ){V Yellpinr2y@esz2pry) = (X" + ) {ZV Yell(Linr2y®ys22(Dy))

IN

Cet ||ZV l(z1nL2)(® 522 (RL))

A

3
< Cet |VOllogr smo ey
Similarly, one has

X/
IO+ “VEV + V2 el winpn @, z2on)

3
< Cet (IIV legmysmg ey + VEIVEllogm, smge, )

and
2 0.V 4 V20V 4 20,V
Hl—r{z VO +Vez0. V! 4+ €20V e || (nrnr2y R, s2 (D))
3
< Cei (IIV0llegmysmyeyy + 1V oy, mp ey + VeIV Iegm, it ey )
and
3
IVex{z0:V"' }el(Linrzy®asz2 (D)) < Cet IV Icom, s my )
and

|| {3 VAl mine) @2 (or) < Cef |V lcg @yt (®y))-
Since a(r) € C*°([$,1]), recalhng that the definition is in (2.11),
IVexa(r){z20:-VO} l(trnrey @y r2 (o)) < CeIVOloom, mi(ry)):
5
||€X04(7"){Z23ZV1}5\|(LlnL2)(R+;L2(D1)) < Cex ||V1||03(R+;H21(R+))-

(4.6)
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By summarizing the above inequalities, we conclude the proof of (4.4).

4.3. Parabolic Estimates

Now we are ready to prove (2.23) and (2.24). By using energy method, we find that

1
§3t||7‘5||2L2(D1) + gthTEHQLQ(Dl) <N le2o Iz (pyys (4.13)
where Vy, = (04, ,0s,). Thanks to (4.4),
3
7\l oo vy L2 (1)) < N llr Ry z2(Dy)) < Cet. (4.14)
While by taking L?(D;) inner product of (4.1) with 9;r¢, we obtain

ed
107 ()1 72 (pyy + §%thre(t)“%2(Dl) <ll¢°llr2(p1) 19| 2 (Dy)

1 1
§§||q5||2L2(D1) + §||3t7"6||2L2(D1)a
from which and (4.4), we infer
(> 15 ' 3
e[[Vur ||%°°(R+;L2(D1)) + [0 H%Z(R+><D1) < liq ”%2(R+><D1) < Cez. (4.15)
Thanks to (4.15), we deduce from the r° equation of (4.1) that
3
elAnTllL2®, xDy) < 10722, x D)) + 167 lL2 Ry x D1y < CcF,
which together with the homogeneous boundary condition of ¢ on 0D, ensures that
1
IVErell L2, xpyy < Ce™3 (4.16)

Since r¢ vanishes on the boundary dD; and thanks to Poincaré inequality and interpolation inequality,

1 1
17128, <Dy < CIVur ace ) < O Iaga o IV g, (1.17)
Therefore,
17511 22y x D1y < ClIVEF |l L2, x 01y < Ce™ 1. (4.18)
By summarizing the estimates (4.14), (4.16), and (4.17) and (4.18), we finish the proof of Lemma 2.5.

5. Proof of Proposition 2.6

The section is devoted to the proof of Proposition 2.6. As already explained, despite we only desire to
obtain a L? estimate of the remainder term R®, the singular feature of the problem satisfied by R¢, due to
the large variations in the boundary layer, combined with the nonlinearity of the Navier—Stokes system,
leads us to consider analytic estimates in the spirit of Cauchy—Kowaleskaya estimates. As we need a
nonlinear long-time version of such Cauchy—Kowaleskaya estimates, we follow the method initiated by
Chemin in [3], see also [4,19], which makes use of Fourier theory and Besov spaces. We introduce, for
s=0and s = %, the Besov spaces B* respectively endowed with the norm

lall gs == Z 25| AgallL2(c) (5.1)
kez

where the dyadic operator Ay, is defined by
A def _ _ ~ .
Ara % F2 (027 M€ (a1, 2, €)) with

3 8 ;
SuppgoC{TER/ Z§|T|§§}and v >0, Z@(Q’]T):l,
JEL
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where ]—'g_lwsa denotes the inverse Fourier transform of the distribution a with respect to the third
variable, and @(z1, x2,&) = Fuy—e(a)(z1, 22,£). One may check more details on Littlewood-Paley theory
from [1].

For any locally bounded function ® on R™ x R, we define

Vp ‘= ]:_1 (e¢(t’5)ﬁ(t,x1,x2,§)). (52)

§—s
Then it follows from (2.41) that, for any function ® of the form:
D(t,€) == p(t)I¢] = B(D), (5.3)
the vector field R, satisfies the Navier—Stokes type system:

i RS — plos| RS + BRS + (u - VRE + R* - V(u®™ + cufl))g
—eARS + Vr§, = FS,

div RS =0, (5.4)
R%|ac =0,
R0 = 0.

We recall that the source term F* is defined in (2.42). Such a form of the exponential Fourier multiplier
make appear two possible gains through the second and third terms in the first equation above. The
purpose of these gains is to help to deal with the singular part of the convective term, that is the fourth
term of the same equation. The choices of 3(t) and p(t) are therefore crucial. We first define 3(t), by

B(t) = Cixo,m(t) + C*(EHVh@'OOI%‘UﬂHZ% + [|at - X{V1}6||200(D1)
+ellh? = x{V2}elZoe (py) + IVOlzee + 120:VO |2 +ellrll e (py)), (5.5)
p(0) = 0,

where C, is a constant which will be determined later.
Proposition 5.1. If u, satisfies (2.43) for a constant Cy > 0 and py > po, there exists 5. > 0 such that
sup B(t) = B(T/e) < B, (5.6)

te[0,T /]

Proof. Since h! is compactly supported in (0,7, x is a cut-off function which satisfies 0 < x < 1,

T T

/O I = XAV el it < 2T 2 + 2 / VL2 . dt.

By construction, V1 € CY(R,; HI(R,)), and recall Definition 2.3, we find that
T

/0 I = XAV el () d < 2TIRY 3 + CIV 2 a i)

for a constant C. Similarly

T

/0 1h? = x{V}ellZoe (pyy dt < 2T 1R |[T + ClV 20w, i ey ))-

and

T

/0 (VOlls + [120:V°] ) dt < OV lopaanz -
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By Proposition 2.5 and Sobolev imbedding inequality,

IN

T T
g/ 17| e (o cg/ 7= a2y dt
0 0

Nl=

:T

IA

1
CellrllZe e, ar2(01))®
< Ces.
T
It remains to estimate [;° €th€p°‘83‘uﬂ”2Bl dt. Since ul!
2
that

T

/E £ Vaerl sl )2, gt
0 B2

IN

T||Vh€p°‘83lub||23%

2
T (Z 2% ||Athe”0|63|ub|L2(c)>

kEZ

IN

ARVAN

CT||eP0|63|ubH§p(c).

Since uy, satisfies (2.43) for py > p,
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is supported in [0, 7] as a function of ¢ we have

CT(||Vhep0|83|ubHL2(C) 4 HaBVhepo\@aIubHLz(c))z

T 2
/ e[| Vnerel P32 | dat < cTC} ( Py > .
0 Bz Py — Po
Eventually, gathering the above inequality concludes the proof of Proposition 5.1. (I
Remark 5.2. From now on, for simplification, we shall denote the norm || - |[z2(¢y by || - || if there is no
ambiguity.
Now we are in a position to complete the proof of Proposition 2.6.
Proof of Proposition 2.6. We define p(t) as the solution of the nonlinear ODE:
1) — 2 0
§O) = ~CulelVaRG I3, + 120V 0llL2), ¢>0, o)
p(o) = pPo;
where
po =2+ C*/ ||28ZVO(t)||L§edt. (5.8)
0
and C, is a constant which will be determined later. We set
. T
T* :=sup{t € [0, ;] cp(t) > 1} (5.9)
We apply the operator Ay, to (5.4) and we use energy estimates to find that
3 I ARRS |12 + [5](10s|AKRS, ApRS) + B AL RS ||? + €| VAL RS |2
+(Ap(us - VR + R - V(u™ + eu)) g, Ay RS) = (ArFg, AxRS), (5.10)
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which implies

1
S iaeraol+ 3 ([ 2l1aer as)’

keZ kEZ

1 t 1
3 [ onacms)e as)’ 3 | i pas)’
€7
<cy /|Aqu>,AkRE)|ds)

keZ

[N

e /|Aku VR RVt cu))o, ARy ds) (5.11)
kEZ

Since F* is supported in [0, T], the first term on the right hand side can be bounded by

1
2

S ([ xom18emi6as) +§;< [ aers )||2ds> | 6.2

kEZ keZ

It remains to estimate the last term in (5.11). It is easy to observe from (2.10) and (2.25) that u*" is
independent of x3 variable. By using integration by parts and div «®"* = 0, we find that

(Ap(u*™ - VR®)g, ALRS) = (u™™ - VALRS, ALRS) = 0. (5.13)

While due to divuf! = div R® = 0, one has
(Ap((eu + eR%) - VR )¢, ArRS) = —(Ar((eul + eR®) @ R%) g, VALRS). (5.14)
Next we use the following lemma: O

Lemma 5.3. For any azi-symmetric functions a,b and ¢ in C, assume that function a vanishes on the
boundary OC, then for any constant cog > 0, there exists C' > 0, such that

(/ | Ak ab @,Akccp |ds) < COZ </ Ak6@||2ds>

kEZ kGZ

oy ( / Vuaal, |Akbq>||2ds)

keZ

Nl

When a = b and both vanish on the boundary, we also have

</ [(Ak(a®)e, Axce)) 8) ' < COZ (/ | Arca? ds)

keZ

SIS

keZ

+cz(/ 2 Va0 | Apaa ds> .

keZ

The proof of Lemma 5.3 is postponed to Sect. 7. Then by Lemma 5.3, for any ¢y > 0, there exists a
constant C' > 0, such that

3 t 3
(/ |(Ag((eu + eR?) - VRE)q,,Aqu))ds) <COZ(/ s||VAkR%||2ds)
0

kEZ keZ

2

+CZ</ (IVnuh]1%y + 25V Rs | ~0)||AkaI>||2ds) (5.15)

kEZ
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Again, by integration by parts, we find
(Ak(Rg . v(uaux + Euﬂ))¢>, AkR%) = —(Ak(RE X (uaux + €Uﬂ))q>, VA]CR%)

By Lemma 5.3, for any ¢g > 0, there exists a constant C' > 0, such that

>

t 3
/ e|(Ar(RF @ u)g, VALR?)| ds)

kez O
%
<y, </ s|VAkaI>||2ds> +CY </ sHthgHg% |AkR§>2ds) . (5.16)
k€EZ keZ
and
%
S ([ 1R (s — 10 (V) Jese, VARG ) s
keZ
<co Y. (/ s|VAkaD||2ds>
kez
3
+C) (/ IARRS (1A — xAV el T (py) + elh® = x{VYell T (py) + ellrli~) d8> :
kez
(5.17)
where in the last step, we used (2.10) and (2.25).
It remains to estimate (A (R - V(h? — x{V°}.))e, AkRg’q)). Observing that
(Ap(R - V(R = x{V°}o))e, Ax RS p)
= —(ABE o (V) 4+ T2 {20V 1), AR5 ),
which implies
[(Ap(B - V(R = x{V°}.))e, Ak RS <p)|
< VOl ARG I* — (ArRS o= {20:V}e, Ax RS ) (5.18)
1
Since R® vanishes on the boundary of C, we have
ALRE 1
ke _ —/ OV ARRE ) (61— (1— 1), 25)ds. (5.19)
_ 0 :
By the divergence free condition div R® = 0,
ARe )
Or Aerq) =— — — 03ALR3 4. (5.20)
Note that x(r) =0 when r < %, we find
(AR X (2000, ARS )
/ 0 AkRTq> — (1 =17)s,23)x(r){20.V }(t, r)AkRg,q)(tx)dsda:

< GlIAGR; ol + 105 A1 R5 6 ) 120:V° || L | Ak RS 6
< O +29))20:V° L= | Ak RS 1%,
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which implies

( / (Aw(RE - x{VO}s»@,AkR;@)ws)

keZ

<OZ(/ (Vs + <1+2k>|zazv°||L;o>||AkR;||2ds) . (5.21)
kEZ

Finally, by summing up the estimates (5.13), (5.15)—(5.17) and (5.21), for any c¢o > 0, there exists a
constant C' > 0 such that

2

(/ [(Ap(u® - VR + R - V(u™ + eu))g, ApRS))| dS)

keZ
<co Y. (/ a||vAkR3>2ds)
keZ
+C> (/ (2" VL RS 1% + 27)|20.VO | L + K.) ||AkaI>||2ds) : (5.22)
kEZ

where
Ke: = el Vaugl’y + 10" = x{V' el p,) +elh? = x{V?}eli=p,)
HIVOllLe + 120:VOllLee + el py)- (5.23)
In view of (5.11) and (5.14), there exists a constant C, > 0 such that, for any ¢ € [0, 7%,

> IAcRs(®) +Z(/ 25|l Ak RS | ds)

kEZL keZ
+Z</ ﬂ||AkR¢ds> +Z(/ 5||VAkaI>||2ds)
keZ keZ
<c. Z(/ |AkF¢||2ds> +Z(/ oo + Ko Be 5| s
kezZ kEZ
| / C.2 TG + 120V i ALRS P ds) (5.24)
kEZ

Recall the definition of 8(¢) in (5.5) and p(¢) in (5.7), we find that, for t < T™,

D IIAKRS (1) +Z(/ 5||VAkR¢|2ds) <0y

' AR5 (/ |ALFE]? ds> . (5.25)
kEZ kEZ kEZ

Let us admit the following proposition for the time being.

Proposition 5.4. If uy satisfies (2.43) and (2.44) for a constant Cy > 0, there is a constant Cr such that
for any € € (0,1),

r }
Z(/ ||AkFg||2dt) < Cpet. (5.26)
0

keZ



JMFM Global Controllability of the Navier—Stokes Equations

The proof of Proposition 5.4 is postponed to Sect. 6.
We then deduce that for ¢t < T*,

1
2

t
S 1aR01+ 3 ([ VAP ds) < C.opet
0

kEZ kEZ

For t <T*, by the Minkowski inequality,

2
t t
/EIIVR%H%MS = / €<ZIIANR%|I> ds
0 0

kEZ

(5 ([ ascomata)’)

kEZ
1
C2C%ex.

IN

IN

So that
p(T*) > 2 — C3C3et.

T
Ve

Thus, for & small enough, p(T*) > 1 and thus T* = % and we have, for ¢t € [0

t 3
Rz<t>||+( / e||Vpr||2) < cet,
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(5.27)

(5.28)

(5.29)

(5.30)

which implies (2.45) since 3(t) < S, by Proposition 5.1 and p(t) > 1 for ¢ € [0, Z]. This completes the

proof of Proposition 2.6.

6. Proof of Proposition 5.4

O

This section is devoted to the proof of Proposition 5.4. We start with the following observation.

Lemma 6.1. For any axi-symmetric function f in Dy, if f vanishes on the boundary 0D, and Vynf €

L3(Dy), where Vy, = (9y,,0z,), then there exists a constant C' such that
[flzee(py) < ClVnfllLz(py)-

Proof. For r € [0,1], since f vanishes on dD1,

f(r)]? = /T1 2f (1)0, f(7) dr < 2 (/1 an(T)FTdT)% (/1 F@r -

T

On the other hand, one has

! 2
flr
19013200 =27 [ (10es0R + L5 )
so that
1
Hf”Loe(Dl) < FHVthLz(DI)’

which leads to (6.1).

(6.1)
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First, for any profile V € L?((0,T) x D;), any axi-symmetric function v defined in (0,7) x C, vanishes
on the boundary C, and function g € L?((0,7T); L>°(D;)), we deduce from (2.21) and Lemma 6.1 that

T 2 T
Z(/ |Ar@{V}e) ||2dt> <3 o Aoz, (/ ||{V}E||ighdt>

kez kez t€l0;

2

< Cet |V 2o,y xRo) Z IVhArvell Lo ((0,1):22(c))s (6.2)
kez

and

[N

T
Z (/0 ||Ak(vg)<l>||2dt> < CZ |Akva || Lo (0,12 )19l L2 ((0,7): L (D1))- (6.3)

keZ keZ
We recall from (2.42) that

Fo= x({V e + VE{V 4 e{V?)0su — (\fhl +eh? + er®)dsu”
+ull ' (VO + eV +eV2) ez — ult {28 VY4 Vez0, V! +20.V?}ce3

—eulld,rfes — eu - Vull 4 eAuf (6.4)
. 1
Now we estimate ), ., (fOT |ARFg|?dt)? term by term.
We first get, by applying (6.2) to V := Vj and v := xdsufl, that

2 </0 ||A’“(Xa3“ﬂ{vo}s)4>||2dt>

2

kez
< CeT ||Vl 20,y xes) Z IV Ak (xOsu) || o< ((0,1:22(C))- (6.5)
kEL
Note that
ul(t, ) = p(t)uy(z — /t h(s)dses).

So that O

Z IVa Ak (x03ul) || Loe 0,1y £2(c) < C Z | Are1% 15w || 1 c)- (6.6)

keZ =

Thanks to Cauchy inequality and the properties of operator Ak,
> 1 Aker15 05| 1 e
keZ
S C Z 2k||AkePO|83|ub||H1(c)
kEZ
< OO lArer P lupl|zp ¢)* + O 2% | Axer P lug||fp )2
k<0 k>0
S C’||e”°|63|ubHHs(c)

where we used (2.43) by taking p, = 2pp.
By inserting the above estimates into (6.5), we obtain

2

T . L
Z(/ IIAk(Xazuﬂ{Vo}s)q>||2dt> < et (6.8)

kEZ
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Similarly, one has

1
2

T
Z( / |Ak<xaguﬂ<ﬁ{v1}s+e{v2}s>>¢2dt> < Cet, (6.9)

keZ
We apply (6.3) to v = dzu! and g = \/eh! +eh? + er®,

1
2

T .
> (/0 |Ak((Veh + eh? 4 er®)osu) 52 dt)

keZ

< CZ HAkaiiugHLOO((O,T);L2(C))H\Ehl + €h2 + €T€||L2((O7T);LOO(D1)). (6.10)
kEZ

In the same way as (6.6) and (6.7), we obtain that
Z ||Ak33u1;1,||Loo((0’T);L2(c)) < ch (611)
keZ

While it follows from Sobolev imbedding inequality and Lemma 2.5 that

1
17\ 20,1y 200 (D1)) < Clre I L2(0,1);H2(Dy)) < Ce™ 1. (6.12)
We deduce that
T 3
. 1
> (/ | Ak((vVeh! + eh? + er®)dsu) 5|2 dt> < Cez. (6.13)
kez \’0

We apply (6.2) to v = ufly’ and V = V? to obtain that

> (/0 1Ak (ufx'{V }e)a? dt)

kEZ

< CeF VOl 2 (0myrs) D IIVRARUIX el Lo 0,1 22(C))
keZ

1 .
< (Cet ||VOHL2((O,T)><R+) Z ||AkepolaslubHL%B(Hl(Dl))- (6.14)
keZ

2

Thanks to Cauchy inequality and the properties of operator Ap,

3 :
. Ll 1kl .
Z ||thkepU|63|Ub||L2(C) S (ZQ 2 ) <22 2 |€p083Akub”2LgS(H1(D1))>
keZ keZ kEZ

2

<C (/R(Iﬁé + |g—é)ezpo|s|||fub(§)|%11(D1)d5) : (6.15)

where Fuy(€) is the Fourier transform of u; in the direction of x3.

e For low frequencies, by (2.44),

/ (€% + €152 Fuy (€) |20, e
[€1<1

1 _1
< 62p0||.7:ub||%go(Hl(Dl))/ (€12 +[5172) d¢ < CHUbH%;S(Hl(DI)) < CCy. (6.16)

l€1<1
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e For high frequencies, by (2.43),

—

| (1€]% + |17 %)l Fuy (&) 31 o, dE

< / (€] + 12206l Fuy (€)1, de
[£1>1

< Clle?®luy |3 ) < CCE. (6.17)

g1z

Gathering the estimates (6.14)—(6.17), we get

Nl

Z(/O IIAk(ufx’{V°}€)¢ll2dt> < Cef, (6.18)

keZ
Similarly, one has

2

T
Z(/ ||Ak<u§x’<ﬁ{v1}e+s{v2}s>>¢n2dt> < Cet, (6.19)

keZ

We apply (6.2) to v = 20,V? and v = uf! X~ and use (2.30):

T
> ( | 18ut X T{zazv0}€>¢n2dt>

kEZ

1 A X
< Ce |20,V 120m)xry) D Ve Ak (ur =)ell (01220
kEZ

1 A .
< Ot VOl ogmymiryy D | Ake™!?!
kEZ

1
2

up
Tz, o o)

Since u; vanishes on the boundary of C,

1—r _/0 (Orup) (L — (1 —7)s)ds.

Proceeding in the same way as for the treatment of (6.15)-(6.17), and by using (2.43) and (2.44), we find
that

. up
I;Z | Ageroles! 1—r ||L53(H1(D1))

=¢ </R('5'% + [l el ( /0 IF @) (1 = (L= 1)) o d3)2 d§>

1
2

<c ( JIGE: |£-%>e2p°'f||farub|%ml>d£)

< Cllusllr, (1)) + Clle™®up| s ey
< CCy.

Thus, we obtain

[N

Z(/OTIIAk(UE X {232V0}5)<1>||2dt> < Cet. (6.20)

1—r
kezZ
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Similarly, one has

[

1—r
keZ

We apply (6.3) to v = cull and g = 9,7°,

T . %
> (/0 HAk(Sufaﬂ“e)@Hth)

kEZ

<Ce Z ”Aku{:,fb||L°°((0,T);L2(C)) ”&"TsHLQ((O,T);LOO(Dl))'
kez

Notice that

S ARl gl o.ryiL2ey) < D 1AK%y 12 ).
kEZ kEZ

In the same way as (6.15)—(6.17), we can get
Z ||Ak6p0|63|ubHL2(c) < ch
keZ

By using Lemmas 6.1 and 2.5, we obtain that

I

”87"7'8HL2((0,T);L°°(D1)) < OHvllaTTE||L2((O,T)><D1) <Ce™

Therefore, we achieve

[N

T
Z(/ Ak(euﬂﬁrr5)¢|2dt> < Cet.
0

kEZ

In view of (2.30), one has

1

t 2
Z(/O ||AkAug|2dt> <Y [ ArerP | .

kEZ keZ

In the same way as (6.15)—(6.17), we can get

D M1Ake”%huy ey < Cllusny 2 (pyy) + Cll (D) €1 up | 2 ) < CC,

k€EZ

Thus we obtain
. :
> (/ |AR(eAuY) o2 dt) < Ce.
kez N0
It remains to estimate the last term euf! - Vuf! of F¢. By using (2.30), we find

1
2

T
Z(/ ||Ak(uﬂ~Vuﬂ)¢||2dt> <O 1 Aw(uy - Vuy)allz2c)-
0

keZ kEZ
In the same way as (6.15)—(6.17), one has
D 1Ak - Vel 2

keZ
< Cllup - V|l (L2(pyy) + C|l (93) e”1% (- V)| 12(c)-

Z(/O [N — (\/E{zazvl}g+a{zazv2}5))¢||2dt> < Cet.
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(6.21)

(6.22)

(6.23)

(6.24)

(6.25)
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It follows from Lemma 6.1 that

lus - V| Ly z2c)) < lusllzz, oo IVuslze e

<
< O Vwus|| 2oy | Vusl z2(c)
Yoo (6.26)

By the Plancherel theorem and the inequalities

€l < Inl + 1€ =l and (L4 [€*) <21+ n*) A+ € —nl*)  VEnER,

we get
11(03) 19! (- V) ey = / ()% €I F (- V) 3y
= [1er ) [ Fun)- FTun)e = midnl e, e
< [l [ e iE )@l (€ = e F D)€~ mldnl p, e

=C /R ( /R ) e F Cup) D] e o, | 46 = ) €1 F (V) (€ 77)|HL2(D1)d77) de

< C|| (&) el | F(wp) (€) &) e” | F (V) (€)

2 2
|||L§(Loo(D1))H< |||L§(L2(D1))'

By using again the Plancherel theorem and Lemma 6.1, one has

1€) e NF @) 1] 13 1)) <C / () e NP (Tnun) )] 12y 4

<c</|| )2 ePolel| £ (V) (€ |HL2(D) 5)

§C||ep0|83‘ub”H3(C)a

2

so that we deduce from (2.43) that

[ (05) €019 (uy, - Vuy) || £2c)
< Clle”Pluy || s )|l (O5) €717 IV uy || 2 (c)

< Clle”Pluy |35 ) < CCE. (6.27)

By combining the estimates (6.24)—(6.27), we arrive at

T 3
> (/ AR (eut - Vull)g|? dt) < Ce. (6.28)
0

keZ

Finally, by gathering (6.4) and inequalities (6.8), (6.9), (6.13), (6.18)—(6.22) and (6.28), we obtain that
there exist a constant Cr such that

1
2

T
Z(/ IIAquillzdt> < Cpet, (6.29)
0

kEZ

Bl

which finishes the proof of Proposition 5.4.
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7. Proof of Lemma 5.3

This section is devoted to the proof of Lemma 5.3. As in Remark 5.2, we always denote the norm |- || z2(c)

by || - || in this section.

Proof of Lemma 5.3. We first get, by using Bony’s decomposition from [2] in the a3 variable, that

ab=T)b+ R"(a,b) + T} a,

where

def

b = ZSk_laAkb, and R (a, b) dzefZAkagkb, Withgkb def Z Apb.

keZ kEZ [k—k'|<1
For a function a € L?(C), we introduce the notation as in [8],

at = fgim3|&|.

It is easy to observe from Lemma 6.1 and Bernstein’s inequality that
18k-103 ey < C 3 NAwad ey
k' <k—2

’L/ .
<C Y 27| ViApasl < C||Vhas| .3,
k' <k—2

so that we get, by a similar proof of Lemma 5.7 of [8] and Proposition 5.1 that

(Ae(Tyb)e, Arca)l < C D (19010 |[L=(o)l Ak ba || Arce|
I —kI<1

ClViasl sy D [1Awbsl||Axcall

|k —k|<1

IA

Hence for any ¢y > 0, there exists C' > 0 such that

Z </Ot (AR(TYb) s, Arcs)| d3> ’ < COZ (/Ot |Akcq>||2ds>é

kEZ keZ

: 3
+CZ</O ||Vha¢,|2%||Akbq>||2ds> :

keZ
Similarly, by applying Bernstein’s inequality and Lemma 6.1, we find

(Ap(RY(a,b))e, Ages)| < C22 > ||Ak’a$||LgS(Lw(D1))||Ak/b<1>|\||AkC<I>||
K >k—3

<28 Y [ViAwasll|Awball|Arcall

k'>k—3

k—k’ . .
C Y 277 ||[Vaas| 43 | Awbs|l[Arcall.
K >k—3

IN

(7.5)
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Then we use the Minkowski inequality and the Holder inequality to get

S ([ 18k 00 Ao )

keZ

t
<co )y, (/ Ak0¢||2ds>
0

kEZ

1
2

t , )
+CY / > 277 | Viaell 4y | Awbel
0

kEZ k'>k—3

t 3 t 3
<coz</0 Akc<p||2ds> +cz</0 ||Vhaq>2§||Akbq>|2ds> . (7.6)

kEZ kEZ
For the last term, we observe that
|(Ak(TgIG)<I>,Aqu>)| S C Z ”Sk’flb'@”Lih(L;@B)||Ak/a$”Lg‘fl(L§3)HAqu)”
|k/—k[<1
2 . .
C Y Y 25| Ade]lVeAras]Arca|

|/ —k| <1 0<k/—2

u . .
C Y 27 Al Vaas] 1 Akcs].
1<k—1

IN

IN

Thus we get

1
2

S ([ 8tz are, Al as)

kEZL

1
2 2

t 3 t
< ¢ Z (/ ||Ak6¢>||2 d5> + CZ / Z Q%HV}IG@HB% 1Abs || ds
0 0

kez keZ <k—1

t 3 t 3
§COZ(/O ||Akc<1>||2ds> +CZ</O ||Vha¢||2%||Akbq>||2ds) : (7.7)

kez keZ

By combining the estimates (7.4),(7.6) and (7.7), we conclude the proof of the first part of
Lemma 5.3. 0

Let us now turn to the case where a = b. First, observing from (7.2) that

k
1Sk—1a3 || L= (c) < C22 | Vhas|| o,
we get, by a similar derivation of (7.3), that
. . 5 : .
(AK(Tya)e, Ages)| < C27 | Vias| goll Arcall Y Awas],
b —k|<1

which inplies
1
3

> (/Ot (AR(TY a)e, Akca)| dS)

kEZ

1
2

t 3 t
§COZ(/ ||Akc<1>||ds) +cz(/ 2k||vhaq>|230||Akaq>|2ds> : (7.8)
0 0

kEZ kEZ
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We deduce from the third inequality of (7.5) that
(Ak(RY(a,0))e, Axca) < C Y 25| Viaa | go| Aras ||| Arcal.
k'>k—3
Then we can use the Minkowski inequality, again, to find that

S ([ 18uR @ )on Arc)as)

1
2

keZ
¢ 3 t 3
<co Y. (/ | Arcal| ds) +C> (/ 2% Vwas |14, | Avas | ds) , (7.9)
kez N0 kez O
which finishes the proof of the second part of Lemma 5.3. (I
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