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Abstract. We consider here the simplified Ericksen—Leslie system on the whole space R3. This system deals with the incom-
pressible Navier—Stokes equations strongly coupled with a harmonic map flow which models the dynamical behavior for
nematic liquid crystals. For both, the stationary (time independent) case and the non-stationary (time dependent) case,
using the fairly general framework of a kind of local Morrey spaces, we obtain some a priori conditions on the unknowns
of this coupled system to prove that they vanish identically. This results are known as Liouville-type theorems. As a bi-
product, our theorems also improve some well-known results on Liouville-type theorems for the particular case of classical
Navier—Stokes equations.
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1. Introduction

In this paper, we consider a coupled system of the incompressible Navier—Stokes equations with a harmonic
map flow, which is posed on the whole space R3. This system, also known as the simplified Ericksen—Leslie
system, was proposed by Lin in [26] as a simplification of the general Ericksen—Leslie system which models
the hydrodynamic flow of nematic liquid crystal material [11,25]. The simplified Ericksen—Leslie system,
has been successful to model various dynamical behavior for nematic liquid crystals. More precisely,
it provides a well macroscopic description of the evolution of the material under the influence of fluid
velocity field, and moreover, it provides the macroscopic description of the microscopic orientation of
fluid velocity of rod-like liquid crystals. See the book [10] for more details.

From the mathematical point of view, the simplified Ericksen—Leslie system has recently attired a
lot of interest in the research community, see, e.g., the articles [19,27-29,35] and the references therein,
where the major challenge is due to the strong coupled structure of this system and the presence of a
super-critical non-linear term.

In the stationary setting, the simplified Ericksen—Leslie system is given as follows:

—Au+ (u-V)u+diviVeveVev)+ Vp =0,
—Av+(u-V)v—|Vav?iv=0, (1)
div(u) = 0.

Here, the fluid velocity u : R* — R3, and the pressure p : R® — R are the classical unknowns of
the fluid mechanics. This system also considers a third unknown v : R® — S§? (where S? denotes the
unitary sphere in R3) which is a unit vector field representing the macroscopic orientation of the nematic
liquid crystal molecules. For the vector field v = (v;)1<;<3, we denote V@ v = (9;v;)1<i j<3. In the first
equation of this system, the super-critical non-linear term: div(V ® v © V ® v), is given as the divergence
of a symmetric tensor V® v ® V ® v, where, for 1 < ¢, j < 3, its components are defined by the expression
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is explicitly given by the following expression: [div(V®voO V@ V)|, = E - g - 0;(0;vx, Ojvy). We
]: =
may observe that due to the double derivatives in this expression, this super-critical non-linear term is

actually more delicate to treat than the classical non-linear transport term: (u- V) u, and this fact makes
challenging the mathematical study of (1). See, e.g., the works [27] and [29].

. 0;v,0;vk, and then, each component of the vector field div(V@ve V Qv)

Let us introduce the Liouville-type problem for the simplified Ericksen—Leslie system. First, we define
a weak solution of the coupled system (1) as the triplet (u,p,v) where: u € L? (R3), p € D (R?) and

loc

v € L (IR?) (since by the physical model we assume |v| = 1) and V@v € L2 _(R3). Under these hypothesis
all the terms in (1) are well-defined in the distributional sense. Once we have defined the weak solutions,
we may remark that the triplet u = 0, p = 0 and V ® v = 0 (hence v is a constant unitary vector)
is a trivial weak solution of the system (1) and it is natural to ask if this solution is unique (modulo
constants). However, it is interesting to observe that the answer to this question is in general negative
and we are able to exhibit an explicit counterexample. See Appendix A for the computations.

Due to the non-uniqueness of the trivial solution, we are interesting in finding some additional a priori
conditions in order to ensure its uniqueness . This problem is commonly known as the Liouwville-type
problem. To the best of our knowledge, the first Liouville-type result for the coupled system (1) was
recently obtained by Y. Hao, X. Liu & X. Zhang in [19]. In this work, the authors consider a solution
(u, p, v) which verifies Veu € L?(R?) and V@v € L?*(R3) and moreover, under the important assumption:
ue LY2(R%) and V@ v € L?(R?), they obtained the identities u = 0, p = 0 and V ® v = 0. These a
priori conditions are decaying properties on u and V®v given by the L%?— norm; and they are interesting
if we compare this result with a well-known result on the Liouville problem for the the classical stationary
and incompressible Navier—Stokes equations:

—Au+ (u-V)u+Vp=0, div(u)=0. (2)

For these equations, a celebrated result obtained in [16] by G. Galdi shows that if u € L%2(R?) then we
have u = 0 and p = 0, and then, the recent result obtained in [19] can be seen as a generalization of
Galdi’s result to the more complicated setting of the coupled system (1).

Let us recall that the Liouville problem for the stationary Navier—Stokes equations (2) was extensive
studied in different functional settings. Galdi’s result [16] was extended to setting of the Lorentz spaces
by H. Kozono et. al. in [22]. Thereafter, this work was improved to a kind of local Lorentz-type spaces
by G. Seregin & W. Wang in [33]. Moreover, the Liouville problem for the equations (2) has also largely
studied in the more general setting of the Morrey spaces by D. Chamorro et. al. in [9] and G. Seregin
in [31] and [32]. For more interesting works on the Liouville problem for the stationary Navier—Stokes
equations (2) see the articles [5-7,21] and the references therein.

It is natural to improve the Galdi’s-type result for the system (1) obtained in [19] to different functional
settings. Thus, the first aim of this paper is to study the Liouville problem for the coupled system (1) in
a fairly general functional setting.

A kind of local Morrey spaces (see the expression (7) below for a definition) which, roughly speaking,
characterize the averaged decaying properties of functions, have recently attired the attention in the
study of the existence of global in time weak solutions for the classical the Navier—Stokes [3,14], and also
for the coupled system of the Magneto-hydrodynamics equations [12,13]. In this paper we show that the
local Morrey spaces also give us an interesting and general setting to solve the Liouville problem for the
coupled system (1). As a bi-product, since the equations (2) are a particular case of the system (1) (when
we set v an unitary constant vector) we also improve some well-known and recent results on the Liouville
problem for (2).

Our methods essentially rely on some LP— local estimates on the functions u and V ® v, and this
approach also allows us to study the Liouville problem for non-stationary case of the coupled system (1).
Thus, in the second part of this paper, we will focus on the following Cauchy problem for the simplified
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Ericksen—Leslie system:

du—Au+ (u-V)u+div(iVeveVev)+Vp=0,

v —Av+ (u-V)v—|[Vaviv=0, (v(t,z)=1) 3)
div(u) = 0,

u(0,:) =ug, v(0,:)=vg div(ug)=0.

For the non-stationary case the Liouville-type problem reads as follows: if we consider the initial data
uy =0 and V®vy =0, i.e., vg is a constant vector, then we ask if the trivial solution u =0 and Vv =0
(hence is v a constant vector) is the unique one; and thus, we are interested in studying some a priori
conditions on u and V ® v to ensure the uniqueness of the trivial solutions arising from the data ug =0
and V ® vog = 0.

Our general strategy to study this problem is the following: first we look for some a priori conditions
on the data ug and V ® vg, and moreover, some a priori conditions on the solutions u and V ® v to prove
that they verify a global energy inequality (see (17) for the details). Thereafter, with this global energy
inequality at hand, the Liouville-type problem explained above can be easily solved when uy = 0 and
\V4 X vy = 0.

Before to explain this strategy more in details, we need first to overview some previous results obtained
in the particular case for the Cauchy problem of the incompressible Navier—Stokes equations:

{8tu—Au+(u~V)u+Vp:O, div(u) = 0. ()
u(0,-) =up, div(ug)=0.

For this system, J. Serrin proved in [34] that if uy € L?(R?) and if a Leray weak solution u satisfies
the condition u € LP(0,T, L"(R?)), for p > 2 and r > 3 such that 2/p + 3/r < 1, then u verifies the global
energy equality. Thereafter, this result was generalized by H. Kozono et. al. in [22] as follows. Recall
first that the notion of weak suitable solutions for the equations (4) were introduced in the celebrated
Cafarelli, Konh and Niremberg theory [4]. Then, in [22], it is introduced the notion of generalized weak
suitable solution (see Definition 3.1, page 5 of [22]). This notion of generalized weak suitable solution is a
generalization of the well-known weak suitable solutions and the main difference is that it assumes neither

T
finite energy: sup [u(t,-)||7. < +oo, nor finite dissipation / |[u(t, -)HIQL-Ildt < 400. In the setting of the
0<t<T 0

generalized weak suitable solution, H. Kozono et. al. gave a new a priori condition which ensures that the
well-know global energy inequality holds. More precisely, assuming that ug € L?(R?) and moreover, within
the general framework of the Lorentz spaces and for the parameters 3 < pi,r1,p2, 72 < +00 satisfying
some technical conditions related to the well-known scaling properties of the equations (4), the condition
u e L3(0,T, L™ (R3)) N L2(0, T, LP>"2 (R3)) ensures that u € L°L2 N L2H}(]0, T[xR?) and moreover
it verifies the global energy inequality, i.e., u becomes a Leray weak solution.

Following these ideas, in Definition 2.1 below, we will introduce first a notion of generalized weak
suitable solutions (u,p,v) for the coupled system (3). Thereafter, assuming that uy € L?(R?), v €
H'(R?), and moreover, using a time-space version of the local Morrey spaces (see the expression (14)
below for a definition), we will give some a priori conditions on u and V ® v to ensure that, for a time
0 < T < +oo arbitrary large, the generalized weak suitable solutions of (3) verify a global energy inequality
(17). As an interesting application, we obtain some Liouville-type results for the non-stationary system
(3). More precisely, using the global energy inequality we are able to prove the uniqueness of the trivial
solution u =0, p =0 and V ® v = 0 for the initial data ug =0 and V ® vo = 0.

This paper is organized as follows. In Sect. 2 below we expose all the results obtained. Then, in Sect.
3 we summarize some previous results on the local Morrey spaces we shall use here. Section 4 is devoted
to a characterization of the pressure term in the coupled systems (1) and (3) which will be useful for the
next sections. Finally, in Sect. 5 we study the Liouville problem for the stationary system (1) and in Sect.
6 we study the Liouville problem for the non-stationary system (3).
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2. Framework and Statement of the Results
2.1. The Stationary Case

Recall first that in [19], in order to solve the Liouville problem for (1), the authors need the additional
hypothesis on the function v: V@ v € L?(R?). In our results we will relax this hypothesis as follows: for
R > 1 we denote C(R/2,R) = {x € R® : R/2 < |z| < R}; and from now on we will assume

sup/ IV ® v’ dz < +oo0. (5)
R>1.Je(R/2,R)

Before to state our results, we recall the definition of the Morrey spaces and local Morrey spaces. For
more references about this spaces see, e.g., the Chapter 8 of the book [24] and the Section 7 of the paper
[15] respectively. Let 1 < p < r < 400, the homogeneous Morrey space MPT (R?) is the set of functions
f €L (R3) such that

loc

1
»
1Flignr = sup R (; / If(w)l”dfv> <+, (6)
R>0, zo€R? B(zo,R)
where B(zg, R) denotes the ball centered at zp and with radio R. This is a homogeneous space of degree
—3 and moreover we have the following chain of continuous embedding L"(R?) C L™4(R?) C MP"(R3),
where, for r < ¢ < +oo the space L™9(R3) is a Lorentz space [8].
We observe that in expression (6) we consider the average in terms of the LP— norm of the function f
on the ball B(zg, R); and the term R describes the decaying of this averaged quantity when R is large.
The local Morrey spaces we shall consider here describes the averaged decaying of functions in a more
general setting. For v > 0 and 1 < p < +00, we define the local Morrey space Mff’(R?’) as the Banach
space of functions f € LY (R?) such that

loc
1 1/p
| f1l a2 = sup 7/ |f(x)|Pdz < +o0. (7)
r>1 \ 7 JB(0.R)

1/p

Here the parameter v > 0 characterizes the behavior of the quantity ( / |f(z)Pdx when R is
B(0,R)

large. Moreover, for 71 < 7, we have the continuous embedding M2 (R®) C M?, (R?). Remark also that

for 1 < p < r < 400, setting the parameter  such that 3(1 — p/r) < -, then we have M”’T(R?’) =

M§(1—p/r)(R3) C MP(R?), and in this sense the local Morrey space MF(R?) is as a generalization of the

homogeneous Morrey space MP" (R?).
Finally, we define the space M? ;(R?) as the set of functions f € MP(R?) such that

1 1/p
lim [ / f@)Pdz|  =o. (8)
R—+o00 (R'Y C(R/2,R) | (

In the setting of the local Morrey spaces Mf;o(R?’) and MY (R3) defined above we set, from now on,
the parameters 0 < v < 3 < p < +00. The condition 0 < v < 3 is required to use some useful properties
of the spaces MP(R?) which we summarize in Sect. 3. On the other hand, since all our results are based
on a Cacciopoly type estimate on the term Veou (for more details see the Proposition 5.1) we also need
the condition 3 < p < 400.

With the parameters 0 < v < 3 < p < 400 above, we introduce now the following quantity:

vy 3 2

77277(%17):;—5+§, 9)
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which relates the decaying parameter v with the local integrability parameter p in the definition of the
spaces M2 (R?) given in (7). Our results deeply depends on the sign of the function 7(y, p). More precisely,
within the rectangular region (v, p) €]0, 3[x[3, +00[, we will consider first the region of parameters (v, p)
where (7, p) < 0, and then, the region of parameters (v, p) where n(y,p) > 0.

In Fig. 1, we draw these regions. In the horizontal (red) axis we have the parameter v, while in the
vertical (green) axis we have the parameter p. Thus, we have n(v,p) > 0 in the blue sky region, we have
7(v,p) <0 in the dark gray region, while n(v,p) is not defined in the light gray region
queryPlease check and confirm the inserted citation for Fig. 1 is correct..

Theorem 1. Let (u,p, v) be a smooth solution of stationary coupled system (1) such that v verifies (5).
For 0 <y <3<p< 400, we assume u € MﬁO(R?’) and V@ v e ME(R?).

1) If (v,p) are such that n(vy,p) <0, then we have u=0, V@ v=0 and p=0.
2) If (v, p) are such that n(~y,p) > 0, and if the velocity u also verifies the following additional decaying
condition:

1/p
: 1
lim R3OP) [ — / |u(z)|Pdx =0, (10)
R—+00 R’Y C(R/Q,R)
then we have u =0, p=0 and V® v=0.

We observe first that among the two unknowns of the coupled system (1), the velocity u must have a
faster decaying than the derivatives of the vector field v, since we have u € MY ((R?) and Vev € MP(R?).

In point 1), for (v, p) such that n(vy,p) < 0, we solve the Liouville problem for the equations (1) in the
local Morrey spaces MY ;(R?) and MP(R?). The main interest of this result bases on the fact that we use
a fairly general framework to solve this problem. Indeed, we have the following remarks.

e First, if n(v,p) <0, then for 3 < r < 9/2 and 3 < p < r we have the large chain of strict embedding
L"(R®) c L"™(R®) C MP"(R?) € MP(R®) C MP ((R?),

involving the Lebesgue, Lorentz, Morrey and local Morrey spaces. Here, the last embedding is due
to point 1 of Lemma 3.1 below, where we the parameter ¢ verifies 3(1 —p/r) < < 7.

e Moreover, for the particular values v = 1 and p = 3, hence we have 7(1,3) = 0, and for » = 9/2 and
9/2 < g < 400, we also have the embedding

LY2(R®) C LY9(R%) € M} o (R?). (11)

Indeed, if f € L%?9(R3) then we have f € M3%2(R3), but due to the identity M3>9/2(R3) =
M3(R3), we get f € Mj(R?). Moreover, by the following estimate:

/ P = /
C(R/2,R) B(O,R

)

: f]lc(R/z,R)f’3 dr <cR H]I(C(R/Q,R)fuig/z‘oo <cR H]l(C(R/Z,R)ing/z,q ,

and using the dominated convergence theorem (which is valid in the space L%29(R3) for the values

1
9/2 < g < 400, see [8]) we obtain: _lim f/ |f|? dz = 0, hence we have f € M ((R?). Due
C(R/2,R)

R—+o00
to the embedding given in (11), we may see that the recent result obtained in [19] for the coupled
system (1) follows from point 1) in Theorem 1.
e Finally, for the values in the threshold n(y,p) = 0, by the expression (9) we have the identity
v =3—2p/3, and then, for 0 < v < 3 we get 3 < p < 9/2. Thus, for these values of the parameter
p, by the first point in Lemma 3.1 below we have the embedding

Ly, (R?) € MY o(RY), (12)

1 . .
=, the weighted Lebesgue space Lf (R3) is defined as LP (R%) =

where, for w,(z) = (EEIE

LP (ws dz).
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In point 2) above, we may observe now that for the values (vy,p) where n(v,p) > 0, the decaying
properties given by the space M$70(R3) seems not to be sufficient to solve the Liouville problem. More
precisely, if we only consider the information u € M'Z;,O(R:S% then the velocity u seems not to decay at

infinity fast enough and we need to improve its decaying properties with the expression R37(7?) in (10).
Moreover, we remark that this improvement on the decay properties (when 7(y,p) > 0) are only needed
for the velocity u and not for the function V ® v.

2.1.1. Some New Results for the Stationary Navier—Stokes Equations. We observe that the stationary
coupled Ericksen—Leslies system (1) contains as a particular case the stationary Navier—Stokes equations
(2) when setting the unitary vector field v as a constant vector. Thus, a direct consequence of Theorem
1 is the following new result for the equations (2).

Corollary 1. Let (u,p) be a smooth solution of the stationary Navier—Stoke equations (2). For 0 < v <
3 <p < 400, we assume u € Mﬁo(R?’), If (v,p) are such that n(vy,p) <0, then we have w= 0 and p = 0.

It is worth mention how this corollary improves some previous results obtained for the Liouville
problem for the stationary Navier—Stoke equations. We observe first that by the embedding (11) our
result improves the classical Galdi’s result [16] given in the framework of the Lebesgue space L%/2(R?) and
some recent results [20] obtained in the framework of the Lorentz spaces L%/24(R?), with 9/2 < ¢ < +o0.
Moreover, due to the embedding M?"(R*) ¢ M? ((R?), with 3 < r < 9/2, our result improves some
previous results obtained in the setting of the Morrey spaces in [9] and [20]. Finally, due to the embedding
(12), our result also improves some results proven in [30] (see Remark 4.9, page 10) in the setting of
weighted spaces.

On the other hand, we are also interested in studying the effects of removing the condition (8) on
the velocity u € MY, (R?); and we consider now u € MP(R?). Within the framework of the larger space
MZE(R?), we have the following result.

Proposition 1. Let (u,p) be a smooth solution of the stationary Navier—Stoke equations (2). For 0 < v <
3<p<+oo, we assume u € M,’Y’(RB), and moreover, we assume that (v,p) are such that n(~,p) < 0.

1) In the case when n(vy,p) < 0, we have u= 0 and p = 0.
2) In the case when n(vy,p) = 0, if there holds w e B3, (R?), then we have uw =0 and p = 0.

We observe here that, on the one hand, when 7(v, p) < 0 the condition (8) actually is not required to
solve the Liouville problem. On the other hand, when 7(vy,p) = 0 we need a supplementary hypothesis
on this vector field to ensure its vanishing; and this fact suggests the acuteness of (8).

The supplementary condition is given in the framework of the homogeneous Besov space Bgofoo(R3),
defined as the set of distributions f € S (R?) such that | fll gz, = SuPso t1/2||hy % f|| L~ < +o0, where
h; denotes the heat kernel. This space plays a very important role in the analysis on the Navier—Stokes
equations (stationary and non stationary) since this is the largest space which is invariant under scaling
properties of these equations. See, for instance, the article [2] and the books [23] and [24].

2.2. The Non-stationary Case

From now on, let us fix a time 0 < T" < 4o00. We start by introducing the notion of generalized weak
suitable solution for the non-stationary Ericksen—Leslie system (3).

Definition 2.1. Let uy € L?(R?) such that div(ug) = 0 and let vo € H'(R3). We say that the triplet
(u,p,v) is a generalized weak suitable solution of the coupled system (3) if:

1) ue L} ([0,T[xR?), Veue L}, ([0, T[xR?) and p € L/2([0, T[xR?).

loc loc loc

2) ve L2 ([0,T[,L®(R?)), Vav e L} ([0,T[xR?) and Av € L} ([0, T[xR3).

loc loc

3) The triplet (u,p,v) verifies the first three equations of (3) in D'(]0, T[xR3).
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4) For every compact set K C R?, the function u(t,) is continuous for ¢ €]0, T in the weak topology
of L?(K) and strongly continuous at ¢t = 0. Moreover, the function v(t,-) is continuous for ¢ €]0, T'[
in the weak topology of H'(K) and strongly continuous at ¢ = 0.

5) The triplet (u,p,v) verifies the following local energy inequality: there exist a non-negative, locally
finite measure p on 0, T[xR? such that:

2 2 2 2
o <u| Ve ) + 1V @u? = —|Av]2 + A ('“ Hvey )
2 2 3
—div ({W +p} u) — Z@k([u V)] Ov) — [V vy Av — p. (13)
k=1

Observe that in point 2) we assume v € L5 ([0, T'[, L>°(R?)) due to the fact that by the physical model
we have |v(t,2)] = 1. Observe moreover that by the hypothesis given in points 1) and 2) we have that
1 is well-defined in the distributional sense. However, the most important fact in this definition is the
positivity assumed on p which is the whole point in the notion of suitable solutions.

This notion of generalized weak suitable solution is close to the definition of a weak suitable solution for
the coupled system (3) given in [28] (for the case of a bounded and smooth domain 2 C R3). In comparison
with [28], it is worth to remark that here we suppose neither u € L{°L2 N L?H;, nor v € L;’OH};, and we
consider here only locally integrable properties. Moreover, we assume on the pressure term a local L3/2—
integrability, while the authors in [28] assume a L%/?— integrability.

We introduce now a time-space version of the local Morrey spaces, for more references on these spaces
see always the Section 7 of [15]. For v > 0 and 1 < p < 400, we define the space Mg’Lp(O,T) as the

Banach space of functions f € L7 ([0,T] x R3) such that

loc

1T 1/p
flgzory =swp (5 [ [ Ureopdear) < oc, (149
r>1 \ 7 Jo JB(o,r)

Moreover, we define the space M (LP(0,T') as the set of functions f € MPLP(0,T) which verifies

1 T 1/17
lim —/ / f(t,x)|Pdx dt =0. 15
R%oo(m [ 00 ) (15)

In Definition 2.1 we observe that we need to handle the pressure p and for this, before to state our
next result, it is useful to give first the following characterization of the pressure term.

Proposition 2.1. Let (u, p, v) be a solution of the coupled system (3) such that, for0 < v < 3,2 < p < +00,
it verifies w € MPLP(0,T), p € D'([0,T] xR?) and Ve v e MPLP(0,T). Then, the term Vp is necessary

related to u and V ® v through the Riesz transforms R; = \/ajj by the formula

3 3
Vp=V Z RiRj(ui Uj> + Z RiR; (aﬂjk 83'1};9) . (16)
=1 i k=1

Here, in the general setting of the time-space local Morrey spaces, we show that the pressure p is always
related to the velocity u and the derivatives of the vector field v. This results has also an independent
interest when seeking for very general frameworks in which the pressure is related to the other unknowns
in the equations (3). See, for instance, [1] and [15], for related works in the case of the Navier—Stokes
equations (4).

As mentioned in the introduction, in our next result we give some a priori conditions on the generalized
weak suitable solutions defined above to ensure that these solutions verify a global energy inequality.

Theorem 2. Let ug € L*(R?), with div(ug) = 0, and let vy € H'(R?) be the initial data. Let 0 < T < 400,
and let (u,p,v) be a generalized weak suitable solution of the non-stationary coupled system (3) given in
Definition 2.1.
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For 0 < v <3 < p < +00, we assume u € MY ,LP(0,T) and V ® v € MPLP(0,T). If (v,p) are
such that the quantity n(7y,p) in (9) verifies n(7,p) < 0, then we have u € LPL2 N LZHL([0,T] x R?),
v € LHL([0,T] x R3), and moreover, for all t € [0,T] the global energy inequality is verified:

t
lat, )72 +2/0 s, MG ds + ot < lluollZz + ool (17)

As a direct application of the global energy inequality above we have the following Liouville-type
result.

Corollary 2. Within the framework of Theorem 2, let (u,p, v) be a generalized weak suitable solution of
the non-stationary coupled system (3) given by Definition 2.1. Moreover, let uy and vy be the initial data.
If up = 0 and vy is a constant vector field, then we have wu =0, p=0 and V@ v=0 on [0,T] x R3.

To close this section, let us make the following comments. As for the stationary case, we may observe
that if we set vo and v two constant unitary vectors, then Theorem 2 and Corollary 2 hold true for the
classical Navier—Stokes equations (4) provided that (u,p) is a generalized weak suitable solution in the
sense of Definition 2.1 (with V @ v = 0) and u € MY ,L?(0,T), with (v,p) such that n(y,p) < 0. In this
setting, it is interesting to observe that the space Mf;,OLp (0,T) generalizes some spaces in which these
kind of results have been obtained in previous works [34]. More precisely, for 3 < p,r < 9/2 such that
2/p + 3/r <1, we have the following chain of embedding

L (O,T, LT(R3)) crr (o,T, LT’Q(R3)) C MPLP(0,T), (18)

with r < ¢ < +00, which is proven in the Appendix B.

3. The Local Morrey Spaces

In this section, for the completeness of the paper, we summarize some previous results on the local Morrey
spaces MP(R?) and MA’;}O(RS) given in (7) and (8) respectively, and its time-space version MPLP(0,T)
and MY (LP(0,T) defined in (14) and (15) respectively.
These kind of local Morrey spaces are strongly lied with the weighted Lebesgue spaces Lg’;W (R3) which
are defined as follows: for v > 0 we consider the weight
1
wa(r) = ———
e
and then for 1 < p < 400 we define the space L, (R*) = LP(w., dx). Thus, we have the following useful
result.

(19)

Lemma 3.1. [Lemma 2.1 of [13]] Let 0 <y < § and 1 < p < +o0.
1) We have the continuous embedding: LY, (R?) M,I;O(RB) C MP(R®) C LE, (R?).
2) Moreover, for 0 <T < 400 we also have the continuous embedding:

v ([QT],L{';V (R3)) C MP,LP(0,T) € MPLP(0,T) C LP ([0, T), L, (R)) .
Thereafter, a second useful result is the following one.

Lemma 3.2. [Lemma 2.1 of [12] and Corollary 2.1 of [13]] Let 0 < v < 3 and 1 < p < +00.

1) The Riesz transform R; = is bounded on LY, (R3) and we have ||R;f|

7
\/jiA Lﬁ;,y < va'Y”f”qu,y :
2) The Hardy-Littlewood mazimal function operator M is also bounded on the space LY, (R?) and we

have | Myllzg. < cpall s,

3) The points 1) and 2) also hold for the local Morrey space MA’/’(R?’).
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Proof. We start by proving the points 1 and 2 above. The main idea to prove these points is to verify
that the weight w, (z), defined in (19), belongs to the Muckenhoupt class A, (IR?). For this, we recall that

w~ (z) belongs to A,(R?) if and only if it satisfies the following reserve Holder inequality:
1 1—%

1 Y 1 1
sup w (z)dx 7/ —dx < +o0. (20)
z0€R3, R>0 (B -TO7 )‘ B(zo,R v ) |B<-’L’O,R>| B(zo,R) w’;;%l (l‘)

For more details on the Muckenhoupt class A,(R?) see the Section 9.2.1, page 293 of the book [18].
In order to verify (20) we write

1
1 1-2

1 Y 1 1
sup w (z)dx 7/ —
<B w0 Bl oo ) B, B a0, w7 (a)

1—1
< / (z)d p . —d
< sup S — wa (x)dx T ar
20€R3, 0< R<1 |B(xo,R)| B(z0,R) K |B(x07 )| B(zo,R) w,ﬁ’iil(x)
1 ’ 1 1 -
+  sup wy (2)dx ——du
zo€ER3, R>1 <|B(5170, )| B(wzo,R) K |B(,I0, )| B(zo,R) wé)%l (Jj‘)

= Il + 127
where, we must find un upper bound for the term I; and I5. For the term I, as we have 0 < R < 1

1
then, for |z — x| < R, we can write 5(1 + |xo|) < 1+ |x| < 2(1+ |zo]). Hence, by definition of the weight

w (), we get the upper bound I; < 47 . For the term I we write

1 v 1 1
I, < sup 7/ wy (z)dx 7/ ——dx
20| <10R, R>1 <3(3307R) Blzo,R) | |B(z0, R)| JB(20o,R) wi%l (x)

1—1
P

4 ! ()| ! L
sup w~(T)axr ———ax
|zo|>10R, R>1 |B($07 R)| B(zo,R) K |B($0, R)| B(zo,R) Wpll ()

=11+ I,
where we study now the terms I ; and I 5. To treat the term I, using the polar coordinates (p = |z|)
and the definition of the function w,(x), where 0 < v < 3, we write:
1 P 1 1 >
Iy <sup | ———— wy (x)dx _ ——dx
r>1 \ [B(0,11R)| Jp@o11r) |B(0,11R)| Jp(0,11R) wi T (z)

1—1
1 11R dep 1 11R ) 5
<sup | — S 14 )71 d
A (R/ o) (), Farora

1 R , 1 [UR , -3 1R -5
Scwﬁpgg ﬁ/o p~dp ﬁ/o pdp + ﬁ/o p* T dp

< Cyp < oo
Finally, to treat the term Iy 2, we remark that for all R > 1 and |z¢|10R we have

9 11
1o+ l@ol) < 14z < 751+ |zo]),

10 0
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s R

and then, always by definition of the weight w.(z) we get Iy o < (%1)
Gathering all these estimates we finally verify (20). Then, for 1 < v < 3 the weight w,(x) belongs to
A, (R3) with 1 < p < 400.
Thus, the boundness of the Riesz transforms and the Hardy-Littlewood maximal function operator
directly follow by the basic properties of the Muckenhoupt class A,. See the Theorem 9.1.9, page 287 of

the book [18]. The points 1 and 2 are now verified.

We prove now the point 3. For this, we will use the real interpolation theory. More precisely, for
7 < d < +o0, by the Proposition 7.1 of [15] we have that the local Morrey space M2 (R3) can be obtained
by interpolation between the Lebesgue space LP(R?) and the weighted Lebesgue space LF, (R?):

ME(R®) = [LP(R®), LE, (R®)] 7 oo
Moreover, the norms | - [|az and || - [[z» 2,1, _ are equivalents. Here, we recall that the interpolation
7 00

space [LP(R®),LP (R3)}%,oo is defined as the space of measurable functions f that can be written as
f= Z fi, where this series converges in LP(R?)+ L? (R?). In addition, we have f; € LP(R*)NLE, (R?)

and (2 73 max (HfJHLp, 27| £51 ng)) € £>°(Z). Moreover, the interpolation norm | - ||(z» 2z, 1, _ is
jez L1
defined by the expression:
' min sup 2773 || £ + su 21(1=3) |1, )
||fH[Lp’L55]%’°° (f])gE?GLP-i-L (JGIZ) ||f]||Lp ]EIZ) ||fj HLﬁys

Thus, the point 3 follows directly from this fact and the points 1 and 2 verified above.

4. Characterization of the Pressure Term
4.1. Proof of Proposition 2.1

First, we define ¢ given by the expression

3
q= Z RiRj(u; u;) + Z RiR; (Osvr Ojvr) , (21)
i k=1

1,j=1

where, for 9/4 < § < 3 we have ¢ € LP/2([0, T, Lﬂ/f (R?)). Indeed, since we have assumed u € MPLP((), T)
and Vov € MPLP(0,T), with 0 < v < 3/2, then by point 2) of Lemma 3.1 we get u € LP([0,7T7], L P (R%)
and V@ v € LP([0,T], L%, (R*)). With this information we are able to write u @ u € LP/2([0,T7, Lp/2( )
andVevoVeve Lp/2 ([0, 77, L%Q(R‘?)), and moreover, as by point 1) of Lemma 3.2 the operator R;R;
is bounded in LP/2(]0, T}, L%Q(R:g)), then we obtain ¢ € LP/2(]0,T], Lﬁ{sQ(Rg)).

Now, we will prove the identity Vp = Vq. For this, let & > 0 (small enough) and let a € C3°(R)
be a function such that a(t) = 0 for |t| > . Moreover, let ¢ € C§°(R?). We may observe that we
have (o) * Vp € D (Je,T — e[xR?) and (o) * Vg € D (Je, T — e[xR?) and then, for t €le,T — ¢] fix,
we define the expression A.(t) = (ap) * Vp(t, ) — (ap) * Vq(t,-) € D (R?), where we must verify that we
have A.(t) € S (R3). We write A.(t) = (ayp) * Vp(t,-) — (aV) * ¢(t, -). Moreover, since (u,p,v) verify
the coupled system (3) then we have

Vp=—-0u+ Au—divlu®u) —div(VveoVev),



50 Page 12 of 29 O. Jarrin JMFM

and thus we obtain
A:(t) = [(= (i) + alyp) xu] (t,-) — [(a* V) x (a@u)] (¢ )

—[lax V)« (VavoVav)(t) - [(aVe) «q &) (22)
In this identity, we will prove that each term in the right side belong to the space Lﬁ/{f(Rls) (where
9/4 < & < 3). For the first term to the right in (22), recall that we have u € LP([0,T], L, (R?)).
Moreover, since for ¢ € C§°(R?) and a function f we have the pointwise estimate |(¢* f)(z)| < ¢, M ()
(where M always denote the Hardy-Littlewood maximal function operator) then by point 2) of Lemma
3.2 we obtain that convolution with test functions is a bounded operator on L% (R?). Thus, we have
[(—(0r)p + alp) xu (t,-) € LE, (R*). On the other hand, for 9/4 < § < 3 we have the continuous
embedding L%, (R®) C Li/f (R?). Indeed, by definition of the weight ws(x) given by (19) and using the
Cauchy-Schwarz inequalities we write

1/2

1/2
/S |fIP Pwsde = / |f|p/2w3/4w573/4 < (/ |f|pw3/2d33) (/ w253/2d$) ;
R RS RS RS

where, as we have 9/4 < § < 3 then the last integral in the right side convergences. Thus we obtain
[(— (@) + aAp) +u] (1, ) € LV/2(RY).

For the second and third terms to the right in (22), recall that we have u @ u € LP/2([0, T7, L{;/f (R%))
and Vove Veve LP/2(0,T], L{’U/f (R?)), hence, always by the fact that convolution with test func-
tions is a bounded operator on the space qu/f(R?’), we obtain [(ax V) * (u®u)](t,-) € L’U’j/f(R?’) and
[(a* V) * (VRveVav)(t,-) e LF/2(R?) respectively.

Finally, for the fourth term to the right in identity (22), as we have ¢ € L/?([0,T), Lﬁ/f (R?)) then we
obtain [(aV) * g] (t,-) € LP/2(R?).

Getting back to the identity (22) we get A.(t) € L%Q(R:s) and then we have A.(t) € 8 (R?). On the
other hand, since we have div(u) = 0, taking the divergence operator in the first equation of (3) we obtain
A(p—q) = 0. Then we have AA.(t) = 0 and since A.(t) € S/(R?’) we get that A.(t) is a polynomial. But,
recalling that A.(t) € Lﬁ/f (R?), we necessary have A.(t) = 0. Finally, we use the approximation of the

1 t
identity o <€> ® (g) to write V(p — ¢)(t,-) = glil(l) A:(t) = 0.

5. The Stationary Case
5.1. Proof of Theorem 1

Let (u, p, v) be a smooth solutions of the coupled system (1). We assume now that for 0 < v < 3 < p < +00
we have u € M? ((R*) and V@ v € MP(R?).

Our starting point is to use the Proposition 2.1 to characterize the term Vp in the first equation of
(1). For this, we observe first that as u, p and v are time-independent functions then they are also a
smooth solution of the coupled system (3), since all the terms concerning the time derivatives are equal
to zero. Moreover, as we have u € MY ((R?) and V @ v € MP(R?) then, for a time 0 < T' < oo fix,
we have u € MPLP(0,T) and V® v € MPLP(0,T). Thus, by the Proposition 2.1 we have the identity
Vp = Vg, where ¢ is given in formula (21). From now on we will consider the equation (1) with the term
Vq instead of the term Vp.

We study now the following local estimate, also know as a Cacciopoli-type estimate.

Proposition 5.1. Within the framework of Theorem 1, there exists a constant ¢ > 0 such that for all R > 1
we have:
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2/p

2/p
/ IV ® uf2dz < / Wrdz |+ / IV ® ofPds
By C(R/2,R) C(R/2,R)

1/p

2/p
+ / lqlP/2da « R29/p / wpde |+ S / W2ds. (23)
C(R/2,R) C(R/2.R) R? Je(r)2.R)

Proof. We start by introducing the following cut-off function. Let 6 € C5°(R?) be a positive and radial
function such that 6(z) = 1 for |x| < 1/2 and (x) = 0 for |z| > 1. Then, for R > 1 we define the function

Or(x) = 0(z/R). (24)

Remark that this function verifies the following properties: we have 0g(x) =1 for |z| < R/2, Or(x) =0

for |x| > R, and moreover we have |VOg| = < % and ||Abg|pe < %
For R > 1, we multiply the first equation of the system (1) by fgzu and integrating on the ball Br
(since we have supp(6r) C Br) we obtain:

- Au - Orudzx + div(u®u) - fgudz + div(Veve Vev) - fgudx
Br Br Br

+ Vg - Orudz = 0. (25)
Br

Moreover, we multiply the second equation of the system (1) by —0rAv, then we integrate on the ball
Bp to get:

Av - OrAvdr — /

div(v@u)~9RAvda?+/ |V @ v|*v-0rAvdx = 0. (26)
Br

Br Br

At this point remark that as u, ¢ and v are smooth and locally integrable functions then all the terms in
equations (25) and (26) are well-defined.

Now, we need to study each term in these equations. We start by equation (25). For the first term in
the left-hand side, by integration by parts we have

3
Z/ 8 u;)(Oru;)d = Z 0;u;0;(Oru;)dx

f/ Au - fgudr = —
Br

7,7=1 i,j=1 Br
7,7=1 Br ij=1
1 3
=3 Z/ (8j9R)3j(u?)dx+/ IV @ u|*0pdx
2i,j:1 Br Br

|
:_7/ |u|2A0Rdx+/ IV @ ul?0nda.
2 /s,

Br
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For the second term in the left-hand side of (25), by integration by parts and moreover, as we have
div(u) = 0, we can write

3
div(u®@u) - gudr = Z 0;(uwuj)0rudx

Br ij=1 Br
3 3
= — Z / uin(ajth)uidZ‘ — Z / uiujHR(ﬁjui)dx
i,j=1"BRr z’j*l Br
= —/ lu?(u-VOg)dzr — = Z / u;j0r0;(u
Br L] 1
= —/ lul?(u- VOg)dz + = Z/ 0;(u;0r)uidx
Br zg 1

—/ |u|2(u-V9R)dx+f/ (- VOg)|u>dx
Br 2 Br

1
—7/ lu*(u- VOg)dx
2 /By

In order to study the third term in the left-hand side of (25), we need the following technical identity:

1
div(VevoVev)=V <2|V®v|2) + Av(V V).

Indeed, recall that for i = 1,2,3 each component of the vector field div(V ® v® V ® v) is given by

3 3 3
(d’iv(v VOV ® V))i = Z aj(ai’uk aj’Uk) = Z 8j(8ivk)8jvk + Z 8ﬂ)kajzvk
Jk=1 jk=1 Jk=1
3 1 3
kz 18vk8vk+;8vkm;kf8 ikzlavk ZAvkavk
=1 G k=

< IV ® v|2) + (AV(V @ V));.

With this identity at hand, we get back to the third term in the left-hand side in (25) and, by
integration by parts and the fact that div(u) = 0, we write

3
1
/ div(VeveoVev)-frudr = g / 0; (|V®v|2> OrU;dx
i=1

3

1
+ Z AVJ(@VJ)GRuzdx = —= / |V & V|2(ll . V@R>d.’£
i,j=17Br 2 Jbn
3
+ Z Avj(aivj)GRuidx.
i,j=17Br

Finally, for the fourth term in the left-hand side in (25), always by integration by parts and since div(u) =

0 we have
/ Vq - Ogudx = Z/ 0:q)0pu;dr = 7/ q(u-Vog)dx.
BR BR
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Once we dispose these identities, we get back to equation (25) and then we obtain

2 \V4 2
/ IV @ u|*Opdz = / ('“2 + % + q> (u- VOgp)dx
Br Br
3

+1/ lu?AOrdr — Z Av;(0;v;)0ru;dx. (27)
Br

2
i,j=1"7Br

We study now the terms in the left-hand side in equation (26). For the first term we write directly

/ Av - OrAvdx :/ |Av[*0rdz.
Br

Br

For the second term, integrating by parts and as div(u) = 0 then we get

3
- div(veu) - OgAvdr = — Z 0;(viu;j)0rAvY;
Br i,j=1"Br
3 3
= Z / (ajvi)ujeRAUi = - Z Avi((‘)jvi)HRujdx.
i,j=1"Br =17/ Br

For the third term we write
3
/ |V ®v|]*v-OrAvdr = Z/ IV @ v[*v;0p Avidx = / IV @v[*(v-Av)frdz.
Br i—1 7 Br Br

Thus, with these identities at hand, from equation (26) we obtain:

3
/ |AV[*0rdr = Z Av;(0;v;)0pujdr — / IV @v[*(v-Av)drdz. (28)
Br

ij=1"Br Bz

Now, adding the equations (27) and (28) we get

2 2
/ \V®u\29Rdx+/ |Av|203dx:/ <|U|+W+q> (w- VOg)dx
Br Br Br

2 2
|u|2 3 3
+/ — Alpdx — Z Avj(aivj)GRuidx+ Z Avi(ajvi)GRujdas
Br 2 i,j=17Br i,j=17Br

(a)
—/ IV @ v[*(v- Av)fgdz,
Br

but, we may observe that we have (a) = 0 and then we write

2 \V4 2
/B \V@u\QQRdm‘—i-/B |Av|293dx=/B (|112|+M€29v|+q) (u-Vlg)dz
R R R

[u?

+/ 7A03d££7/ IV @v[*(v-Av)Ordz.
BR 2 BR

Moreover, the last term is estimated as follows:

—/ |V®v|2(v-Av)0Rdx§/ |Av|*0rdz.
Br

Br
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Indeed, recall that by hypothesis we have |v|> = 1 and then we get %A|v|2 = 0. Thus, we can write

3 3 3

1
—[VovP == (0)* == (Bw)* ==Y (9iv;)*+ S A
i,j=1 i,j=1 i,j=1
3 1 2 3 3 1
— 2 2(,,2 2 2
D ICTEED SR NCIORD S EL
i,j=1 i,j=1 i,j=1 i,j=1
3 3 3 3 3
= — Z ((91'1}]')2 -+ Z 8]'(1)1‘83"01') - Z (81'Uj)2 + Z (8jvi)2 + Z ’U78]21)1
i,j=1 i,j=1 i,j=1 i,j=1 i,j=1
3
= Z viaﬁui =v-Av. (29)
i,j=1

With the identity —|V ® v|? = v - Av at hand, and moreover, as we have z > 0 and as we have |v|? = 1,
we obtain

—/ IV & v[2(v - Av)fndz — / v Av[20pds < / V2| AV[20pde < / AV[20ndz.
Br Br Br Br
Once we have this estimate then we can write
2 2
/ IV ® u\QGRdx +/ |Av|203dx < / <|u| + M + q) (u-VOg)dx
Br Br Br 2 2
2
+/ ﬁAQRd!E—F/ ‘AV‘ZQRdLU,
Br 2 Br

hence we get

2 2 2
/ |V @ u|?0rdr < / <|112| + @ + q) (u-Vlg)dz +/ %AQRdaz.
Br Br B

R

Recalling that we have Oz (z) = 1 for |z| < R/2, then we obtain

/ IV @ ul?dr < / |V ® u|?0rdz,
Bry2 Br
and from the previous inequality we are able to write
2 2 2
/ IV ®ul?dr < / <M+W+q> (u~VHR)dx+/ ﬂAt9Rd1:.
Brys Br \ 2 2 B, 2

R

Moreover, recalling that we have supp(VOg) C C(R/2, R) and supp(Afr) C C(R/2, R), then we obtain
the following estimate

2 U@y 2
/ |V ®ul?dr < / (112|+ MG;H,'—&-(]) (u~V63)dx+/ %AHRdx
Br)» C(R/2,R) C(R/2,R)

2 2
g/ ﬂ(u-veR)dﬁ/ VovE . vop)de
C(R/2,R) 2 c(rR/2,R) 2

2
+/ q(uVGR)daH—/ &AQRCL’E:I1 + Iy + I3 + 14. (30)
C(R/2,R) C(R/2,R) 2

From this estimate we will derive the desired inequality (23) and for this we will study each term I;
for i = 1,---4. For the term Iy, by the Holder inequalities (with 1 = 2/p 4+ 1/¢ ) and moreover, as we
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have [|[VOr||L~ < ¢/R, we get

2/p 1/q
I < / [ul?|u- VOg|dzx < / [u|Pdx / lu- VOgr|%dz
C(R/2.R) C(R/2.R) C(R/2,R)
2/p 1/q
< / [uPdz < / [u?dx .
C(R/2,R) R\ Je(r)2,R)

But, since we have 3 < p < 400 and 1 = 2/p + 1/¢ then the parameter g verifies ¢ < 3 < p and thus, for
the last expression we can write

1/q 1/p 1/p
< / lu|9dx < £ Rp3/a=1/p) / lu|Pdx < cRZP / lu|Pda 7
R\ Je(r)2,r) R C(R/2,R) C(R/2.R)

hence we have

2/p 1/p
I <c / [u|Pdx R279/» / lu|Pdx . (31)
C(R/2,R) C(R/2,R)

Following the same computations, the terms I5 and I3 are estimated as follows:

2/p 1/p
L<c / |V @ v|Pdx R279/p / lufPdz | (32)
C(R/2,R) C(R/2,R)

and

2/p 1/p
I<c / |q[P/2da: R279/p / luPdz | . (33)
C(R/2,R) C(R/2,R)

Finally, for the term I, always by the Holder inequalities, with 1 = 2/p+1/q, by the fact that [|Abg| L~ <
¢/R? we obtain

I < c/ [u?| A0 |dx < — u|2dz.
C(R/2,R) R* Je(ry2.R)

With the estimates, we get back to the inequality (30) to obtain the desired estimate (23). Proposition
5.1 is verified.
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Once the Caccioppoli type estimate (23) is verified, for 0 < v we write:

2/p
/ IV @ulde < — / lu?dz + Cg / [ulPdz + / |V @ v|Pdz
Bry» R? Je(r)2,R) R»” C(R/2,R) C(R/2,R)
2/p 1/p
+ / gP2dz) | x REVES / ul? da
C(R/2.R) C(R/2.R)
2/p 1 2/p
= — lul?dz + ¢ lulPdz + —/ IV @ v|Pdz
R? /C(R/2,R) C(R/2 R) R Je(ry2,r)
1 1/p
+ 7/ |Q|p/2dﬂc x R37T23 / lulPdx .
R Je(ry2,r) C(R/2,R)
1 2/p 1 2/p
C
= — lu?dz+c || = [u|Pdz + —/ |V @ v|Pdz
R? /C(R/2,R) R” C(R/2.R) RY Je(ry2,r)

1 1 e
+ —/ |p/2dx x RyYT27% 7/ [u?dz .
(RV C(R/2,R) RY Je(r)2,r)

3 2 3 9
At this point, recalling that by (9) we define n(~v,p) = T2 + —, then we have —v + 2 — — = 375(v, p),
p P

3 D D

2/p

C

and we obtain

1 2/p 1 2/p
|V ®ul?dr < lul?dz + ¢ —/ [u|Pdz + —/ |V @ v|Pdx
/BR,2 RQ C(R/2.R) RY Je(ry2,r) RY Je(r/2,r)

1 2/p 1 1/p
+ —/ |q\p/2d:1: x R31(7:p) / [u|Pdx . (34)
(R7 C(R/2.R) R Je(rjo.m)

Here, as we have u € M? ;(R?) and V @ v € MP(R?), for all R > 1 we have the uniformly bound

1 2/p 1 2/p
— ulPdx + —/ V ® v[Pdx <c(lul2,, +1IVev|?,.).
(Rv /WQ,R) ) (Rv N ) (Iall3es + 19 © VI3 )

2/p
1
Moreover, in order to estimate the expression (R’V/ |q|p/2dac> , we recall that the term g is
(

C(R/2,R)
defined through u and V ® v in (21), and then, setting the parameter 0 < v as 0 < v < 3, by the point
3) of Lemma 3.2 we also can write

2/p
1 / 2 2 2
= 2 ) < lall e < (Il + 1V 9 vI3e) (35)
(R” C(R/2.R) My M M

Getting back to (34), we have the estimate

1/p
IV ® ulfde < / a2de + ¢ ([[u]2,0 + |V @ V]2, ) RECP) / ufde)
/Bm R R) (1 ) " Jewnm ™
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where, we still must study the first term in the right. Precisely, as R > 1 we have

2/p
c 1
< luf2de < ¢ R2000) | L / ap| (36)
R? /C(R/Q,R) R Je(rj2,r)

Indeed, we write

2/p 2/p
%/ luf2dz < cRS(/2-1/p)=2 / ul? < ¢RO(/2-1/p)=2+27/p L/ ul? ’
R? Je(r)2,R) C(R/2,R) RY Je(ry2,R)

where, always by (9) we can write 6(1/2 —1/p) —2+2v/p < 2(v/p—3/p+1/2) < 2n(y,p), hence the
estimate (36) follows.
Thus, we obtain the following estimate

1 2/p
/ Veude < ROV | oo / [l
Bry2 RY Je(r/2,r)

1/p
1
2 2 31(7,p) P
\ R d , 37
e <HHHM$ tive VHM5> (R7 /C(R/2,R) v x) (31)

and now, we will consider the cases when 7(vy,p) < 0 and n(y,p) > 0 separately.

1) The case when 7(vy,p) < 0. Here, as R > 1 then we have R>rP) < 1 and R*"OP) < 1. Thus, by
the estimate (37) we can write

1 2/p 1 1/p
IV @ul?de <c —/ [ul? +c (||u||2 » + IV p) —/ [u|Pdx :
/BR/2 RY Je(ry2,r) My M)\ RY Jerya,r)

Moreover, as u € M ((R?), taking the limit when R — +oco in each side of the estimate above
we obtain / |V ®u|2dx =0 and thus u is a constant vector. But, always by the information
R3

u e M? ((R?) we necessary have the identity u = 0.

2) The case when 7(v,p) > 0. Here, always as R > 1 then we have R21(vp) < RO1VP): and thus, by
the estimate (37) we write now

1 2/p
/ |V (024 u|2d{I; S cR677(’Y:p) . / ‘u|p
Basa RY Je(ry2,r)

1/p
1
+e (lully + IV @ v ) R0 (m /C(R/2 R) |updx>

1/p] 2
1
< ¢ | R3NP (RV/ |u|p>
C(R/2,R)

1/p
1
tc (||l + |V V|%» R31(v:p) —/ ulPdx
(Ihali3e + 1V @ vIl3,z ) T Joan

Hence, as u € u € MWP’O(R?’)7 and moreover, assuming the supplementary decaying condition (10),
have the identity u = 0.
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Until now we have proven that u = 0 and then it remains to prove the identities V®v = 0 and ¢ = 0.
We start by proving that V ® v = 0. As u = 0 then by (1) we have that v solves the following elliptic
equation

~Av — |[V@v/*v=0.
In this equation, we multiply by 0g((x - V)v), where for R > 1 the cut-off function g (z) was defined in
(24), and integrating on the ball Br by [19], page 6, we have the following local estimate:

/ |V @ v|?dz < c/ IV @ v|*dz. (38)
Br/2 C(R/2,R)

Now, recall that v verifies (5) and then we have

/ IV®@vPde <c sup/ IV @ v[2dz < +o0,
Bry» R>1Jc(R/2,R)

hence we obtain / |V ® v|2dx < 4o00. With this information, we get back to (38) and taking the limit
R3

when R — +00 we get / |V @ v|?dx = 0. Hence we have V ® v = 0. Once we have the identities u = 0
R3

and V ® v = 0, the identity ¢ = 0 follows directly from the estimate (35). Finally, always by the identity
Vp = Vq given by Proposition 2.1, we conclude that p is a constant vector.

To finish the proof of Theorem 1, we will verify now that we necessarily have the identity p = 0.
Indeed, in the equation

—Au+ (u-V)u+div(iVeveVev)+ Vp =0,
we apply the divergence operator, and moreover, as we have div(u) = 0 then we get
div((u-V)u) +div(div(VeveVev)) +Ap=0.

Thereafter, using the fact that the vector fields (u- V)u and div(V® v ® V ® v) are defined compo-
nent by component as

3 3 3
u]lzzaj(ujui), [div(iVRve Vev) -ZZZGJ(?vk@vk i=1,2,3,
j j=1k=1
in the last identity we have

3 3 3 3
SN 005 (uju) + > Y

i=1 i=j i=1j=1

818] 8vk8 Uk) —|—Ap— 0.

=
I w0
—

Hence, the pressure p can we written as

3.3, 5.3
p=2_0 —x @d(wu)) + Y Y — (0:0;(9rvn yvw))
i=1i=j i=1 j=1k=1
3.3 0, 3 3 3 o,
Z;Z (\/7 \/7( ]U1)> + Z;Z; — (\/7 m(aﬂ)k 8j’0k)) s

1 1
where the operators —— and
P —A VA
9;

respectively. Moreover, recalling the definition of the Riesz transforms R; = 75 e have

3 3 3 3 3
=YY (RiRj(uju;)) + Y D > (RiR;(Owe Do) = q. (39)

i=1 i=j i=1 j=1 k=1

can be defined in the Fourier variable by the symbols [¢|~2 and |¢| 7!

At this point we remark that all the terms in the second expression above are well defined by the third
point of the Lemma 3.2. Finally, as ¢ = 0 we have p = 0. Theorem 1 is proven.
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5.2. Proof of Corollary 1

We observe first that if (u,p) is a smooth solution of the equations (2), then, for a constant vector field
v € S"! the triplet (u,p,v) is also a smooth solution of the coupled system (1). Thus, assuming the
velocity u verifies u € M570(R3), where 0 < v < 3 < p < +00 are such that n(y,p) < 0, and moreover, as
we have V ® v = 0 and consequently Veve MP (R?), the result stated in this corollary directly follows
from Theorem 1.

5.3. Proof of Proposition 1

As mentioned above, the stationary Navier-Stokes equations (2) can be observed as a particular of
the coupled Ericksen—Leslie system (1) when the unitary vector field v is a constant vector. Then, the

Proposition 2.1 holds true for the equations (2), and we write the term Vg instead of the term Vp, where,
3

V ® v =0, the term ¢ is given by the identity ¢ = Z RiR;j(u;uj).
i,j=1
We also observe that Proposition 5.1 holds true for the equations (2), and, always as we have V®v = 0,
then we are able to write the following estimate:

2/p 2/p
/ IV ®ul2ds < c / upPdz|  + / gl 2dx
By C(R/2.R) C(R/2.R)

1/p
« R279/p / [uPdz —I—%/ [u|*dz.
C(R/2,R) R? Je(r/2,r)

Hence, following the same computations performed in the estimate (37) we obtain

2/p
1
/ IV @ul?de < ¢ R*MOP) —/ [ul? dx
By B Je(rj2.m

1/p
1
+c (||u||2 )R?’"(W’) —/ ulPdx :
My Ry c(R/z,R)l |

and moreover, recalling the definition of the quantity [luf|» given in (7) we finally have the following
estimate:

| IVeukdr< cBIOP i + e B0l (10)
R/2

In this estimate, we will distinguish two cases when 7n(v,p) < 0 and when 7n(v,p) = 0.
1) The case n(v,p) < 0. Here, in each side of the estimate (40) we take the limit when R — +oo
3
to obtain the identity u = 0. Moreover, by the identities ¢ = Z RiR;(u;u;) and Vg = Vp, we
i,j=1
conclude that p is a constant.
2) The case 1(7y,p) = 0. In this case, by the estimate (40) we have

/ IV @ ufds < el + cllul,
Bry2

and taking the limit when R — 400 we obtain /
R

ue Hl(R?’). We will use now the additional hypothesis u € B;O%OO(R?’) to conclude the identity u = 0.

IV ®@ul?dr < ¢ ||u||?\45 +ec ||u||§v15, hence we can write
3
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Indeed, with the information u € Bgo{oo (R?) we can apply the improved Sobolev inequalities (see the
1 1
article [17] for a proof of these inequalities) and we write [[ul[rs < c[luf %, [lul[} . . Once we dispose of

the information u € L*(R?) we can derive now the identity u = 0 as follows: multiplying equation (2) by
u and integrating on the whole space R® we have

/RS(—Au)mda:: / (u-V)u) udz+ [ Vp-udz,

R3 R3
where due to the fact u € H' N L*(R?) each term in this identity is well-defined. Indeed, for the term in
the left-hand side remark that as u € H'(R?) then we have —Au € H~(R?). Then, for the first term in
the right-hand side, as div(u) = 0 we write (u- V)u = div(u ® u) where, as u € L*(R3) by the Holder
inequalities we have u®u € L?(R?) and then div(u®@u) € H~'(R3). Finally, in order to study the second
term in the right-hand side, we write the pressure p as p = —xdiv(div(u ® u)) hence we get p € L?(R?)
(since we have u® u € L?(R?)) and then Vp € H~(R?).

Now, integrating by parts each term in the identity above we have that [, (—Au)-udz = [;, |V®u|*dz,
and moreover [p;((u-V)u)-udz = 0 and [;, Vp-udz = 0. With these identities we get [o, |[V@ul*dz =0
and thus we have u = 0. Moreover, following the same ideas used to prove the identity (39) we have
p = q = 0. Proposition 1 is now proven.

6. The Non-stationary Case
6.1. Proof of Theorem 2

Recall first that by hypothesis of Theorem 2 we have u € MWP’OLP(O, T)and Veve MPLP(0,T), where
the parameters 0 < v < 3 < p < 400 are such that 7n(,p) < 0. Then, by Proposition 2.1 we have the
identity Vp = Vg, where the quantity ¢ in defined in expression (21); and from now on we will consider
the equations (3) with the term Vg instead of the term Vp.

We will apply the local energy balance (13) to a suitable test function and for this we will follow
some of the ideas of [14]. Let 0 < tg < t; < T. For a parameter ¢ > 0, we will consider a function

d
Qe ty,t, (t) which converges a.e. to Ty, 4,)(t) and such that 2 Fertosts (t) is the difference between two

identity approximations: the first one in ¢y and the second one in ¢;. For this, let « € C*°(R) be a function
such that a(t) =0 for —oo <t < 1/2 and «a(t) =1 for 1 < t < +o00. Then, for € < min(ty/2,T — t1) we

€
On the other hand, for R > 1 let Or(x) be function test given in (24).Then, we consider the function
test o i1, (t)0r(z) and by (13) we can write

t—1 t—t
set the function a4, 4, (f) = @ ) — o ! )
€

2 2
\Y
—// —|u| +1V ey 63a6’t0,t193d$ds+/ |V®u|2a5,t0,t19Rdxds+/ |Av|2a5,t0’t193dxds
R JR3 2 R JR3 R JR3

2 \Y 2 2 \v4 2
< / / (w) e 1o 12 Al da ds + / / ([ul+l2®l+q} u).%to,hwRdmds
R JR: R JR:

3
/ / Z([u -V)v] - OkV)e 1y 1, Okbrdr ds — / IV @v[*v-Avae 4, ¢, 0rde ds.
RJR3

R JR3

Now, taking the limit when ¢ — 0, by the dominated convergence theorem we obtain (when the limit in
the left side is well-defined)
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2 2 t1 t1
—lim// masagtotleRdde/ \V®u\20Rdxds+/ / |Av[?0rda ds
e—0 R3 2 Y R3 to R3

to

t1 2 2 t1 2 2
/ / <|u| IV ®v| >A03dxds+/ / <|:u|—’_|2mw|+q:|u>.v9Rdxds

ty
/ / E |- Opv)OrOrdx ds — / |V @ v|*v- AvOrdx ds.
]R3 R3

to

2 2
u Vv
At this point, we must study the expression — gli%/ /RS —| "+ ‘2 2Vl 0s0e 1.+, 0r dx ds. To make the

2)|* + V@ v(s z)?
2
suming that ¢ty and ¢; are Lebesgue points of the function Ag(s), and moreover, since

u? +|Vevp? 1
/ /3 %880‘6,%,1‘1191% drds = —3 / AR(8)0s0 14,1, ds,
R3 R

writing more simple, let us define the function Ag(s) = / [u( Or dz. Then, as-
R3

then we have

2 2

1

—lim// W VOV e Onduds = S(AR(t) — Ante)).
e—0 R JR3 2 B 2

On the other hand, recall that by point 4) in Definition 2.1 we have that the functions u(t, -) and V®v(t, -)
are strong continuous at ¢ = 0 and then we can replace ty by 0. Moreover, for 0 < ¢ < T', always by point
4) in Definition 2.1 we have that the functions u(t,-) and V ® v(t,-) are weak continuous at ¢ and then
we obtain Ag(t) < hggntlf Ag(t1). Thus, we can also replace ¢; for t.

With this information, for every 0 < ¢ < T we can write

)12 K t k
/ u(t, )] + Ve v(t, )| eRda:+/ |V®u|29RdwdS+/ / |AV[*0pdz ds
R3 0 JR3 0 JR3

2

2 2 t 2 2
g/ [uo[” + [V & vo| 9Rdz+// [+ IV EVEN Ny ds
R3 2 R3 2

t 2 2
+// <{|“+|2W®V| ] > veRdxds+// )V - Ov) OO pda ds
0 JR3 ]R3

t
—/ |V @ v|*v- AvOgdz ds.
o Jrs

¢
In this inequality we must study now the term —/ |V @ v|*v - Avfrdx ds. Recall that by (29)
0_JR3

we have the identity (in the distributional sense) |V ® v|* = —v - Av, moreover, as we have |v| = 1, then
we can write

¢
—/ IV @ v|*v - AvOrdz ds
o Jrs

t t t
:/ |v - Av|*0rdz ds g/ / IvI*| Av[*0gdzx ds S/ / |Av|20rdz ds.
o Jre 0 JR3 0 Jr3
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By this estimate and the previous inequality we get

2 2 t 2 2
/ me da +/ IV @ ul QRd:cds</ [l +|V®V0‘ Op du

//R3(|u|2+|V®v2>A9Rdzd8+/ /R3([|u|2+|mv2 }u)wRdxds
*/O /Ra;&c([umv] - Okv)Orda ds.

Now, as we have uy € L2(R3) and vy € H'(R?), and moreover, recalling that supp(dr) C Br, supp(VOg)
C C(R/2,R) and supp(Afr) C C(R/2, R), then we write

u?+|VevP? ¢
/ w@]{ dx —|—/ / IV ® U‘ZQRdde < H’LLOH%z + ||V0Hi-(1
Br 0 Br

2

t 2 2 t 2 2
+/ / (|11|+|V®v> AOpdx ds +/ / ({WW + q} u> VOgrdzr ds
o Je(Rr/2,R) 2 o Je(r/2.R) 2

t
+ / / Z u- V) V] 0,v)kfrdr ds
0

C(R/2,R) 12}
= lluoll72 + [[Voll % + I + Lo + I, (41)

where we will show that we have Rlir4r_1 I, =0 for i = 1,2,3. Indeed, for the term I; recall that we have

[AOR| L <

2/p
L < — / / (Ju)* + |V @ v|*)dzds < c R'™ 6/"/ / (lul” + |V @ v[P)dx ds,
R C(R/2,R) o \Je(r/2,R)

thereafter, by the Holder inequalities in the temporal variable (with 1 = 2/p+ (p — 2)/p), and moreover,
recalling that we define n(~,p) = v/p — 3/p + 2/3, we have

' 2/p
ch—G/P/ / (0P + |V @vP)de | ds
o \Jc(r/2,R)
" 2/p
< ¢R-6/P / / ([ + |V @ v[P)deds | @2/
0 JC(R/2,R)
1 : 2/p
< cRYS/pt2v/p 7/ / (Ju]? + |V @ v|P)dz ds t(p=2)/p
RY Jo Je(ry2.R)
‘ 2/p
< ¢ R2(1/2=3/p+~/p) L/ / (|u]? + |V @ v|P)dz ds tp=2)/p
RY Jo Je(ry2,R)

" 2/p
< ¢ R2(2/3=3/p+~/p=1/6) N / / (|u]? + |V @ v|P)dz ds t(P=2)/p
N R Jo R/2,R)

t 2/p
< ¢ R21(vp)=1/3 S / / (Ju]? + |V @ v|[P)dz ds T(P=2)/P
RY Jo Je(ry2,R)

—5» and the we get
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Hence, as n(y,p) < 0 and R > 1, we finally write

T(—=2)/ T(®—=2)/p

P
2 2
L <c TRB lallaz o) + € R1/3 V& V||MfL3(0,T)-

But, as we have the information u € MY LP(0,T) and V ® v € MPLP(0,T), taking the limit when
R — 400 we obtain _lim I; = 0.

R—+00

For the term I, by the estimates (31), (32) and (33), we have

t 2/p 1/p
Iy §/ / |u|Pdx R279/p / lulPdx ds
0 \JC(R/2,R) C(R/2,R)
¢ 2/p 1/p
+/ / |V @ v|Pdx R279/p / [u|Pdx ds
o \Jer/2,R) C(R/2,R)
t 2/p 1/p
+/ / \q|P/?da: R2-9/p / [u|®dx ds,
o \Je(r/2,R) C(R/2,R)

hence, since 7(y,p) = v/p — 3/p + 2/3 then we write

t (1 2/p 1 1/p
A N I = N )
o \ B Jers2,r) RY Je(rs2,r)
t /1 2/p 1 1/p
—I—/ 7/ |V @ v|Pdz R279/p+37/p —/ lu|Pdz ds
o \ B Jers2,r) RY Je(ry2,R)
. ) 2/p , 1 , 1/p
+/ —/ |q|p/2dz R29/p+3v/p —/ [u|®da ds
o \ B Jers2,r) RY Je(r/2,R)
’ 2/p 1/p
30(7,p) 1 1
< R — [u|Pdx — [u|Pdx ds
o \ B Jery2,r) RY Je(r)2,r)
t 2/p 1 1/p
_|_/ 7/ V ® v|Pdz —/ u|Pdz ds
o \ B Jers2,r) | | RY Je(ry2,r) o
L . 2/p 1 , 1/p
. R I = N I
/0 Ry /C(R/z,R) R Je(rya,r)

Using first the fact that n(vy,p) < 0, and moreover, applying the Holder inequalities in the temporal
variable (with 1 =2/p+1/p+ (p — 3)/p), we obtain

1/p

t 2/p ‘
1 1
I, < // [ulPdx ds —// luPdz ds +(2=3)/p
RY Jo Je(ry2.R) RY Jo Je(ry2.R)

1/p

1 ¢ 2/p 1 .
+ 7/ / |V @ v|Pdz ds —/ / [ulPdz ds tp=3)/p
RY Jo Je(ry2,R) RY Jo Je(ry2,r)

1/p

1 : 2/p 1 .
+ 7/ / q|P/*dx ds —/ / [ulPdz ds tP=3)/p
(R7 o JC(R/2,R) | RY Jo Je(ry2.R) |
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1/p
I _
< (HUH?\/[!?LP(O,T) +IV @l roor + ||Q||Mg/2Lp/z(o7T)> (m/o /C(R/2 " [u|Pdz ds) TP=3)/p,

At this point, as we have u € M ;LP(0,T) and V ® v € MPLP(0,T), the by the point 3) of Lemma 3.2
we get

lallyere ooy < € (I zo0my + 19 © VIRiz ooy -

Thus, getting back to the previous estimate we can write

1/p
I -
I, <c (”uH?Wﬁ’LP(O,T) + ||V ® VH?W}Y)LP(O,T)) (_R'Y/O /C(R/2 ® ‘u|pdl‘ dS) T(p 3)/P7

and then, taking the limit when R — 400 we have Rlim I, =0.
— 400

Finally, for the term I3, applying the Hélder inequalities in the spatial variable (with 1 =1/p+2/p+
(p — 3)/p), we have

3 t t
I; = Z / / (uj0;v;) (0kv;)Oxbrde ds < c/ / [u||V @ v|*|VOg|dz ds
0 JC(R/2.R) 0 JC(R/2,R)

0,4, k=1
(p=3)/p

t 1/p 2/p
<c / / lulPdx / |V @ v|Pdx / IVOR[P/P=3) dz ds.
0 C(R/2,R) C(R/2,R) C(R/2,R)

Moreover, in the last term, as [|[VOg|/z~ < £ then we can write
2/p

[ 1/p
Is<c / / [ulPdx / |V @ v|Pdx ds| R?79/p
0 C(R/2,R) C(R/2,R)

t (] 1/p 1 2/p
<c / 7/ [ulPdx —/ |V @ v|Pdx ds| R2~9/p+37/p,
o \ B Jers2,r) RY Je(ry2,r)

Then, recalling that n(vy,p) = 2/3 — 3/p + v/p, and moreover, as we assume 7(y,p) < 0, we obtain

t (1 1/p 1 2/p
pse|[ (g [ wia) (g [ wesa) as| w0
o \ B Jer/2,r) RY Je(ry2,R)
t(q 1/p 1 2/p
<o [ (g [ wew) ([ weww) e
o \ B Jers2,r) R Je(ry2,r)

We apply now the Holder inequalities in the temporal variable (with 1 = 1/p+2/p+ (p — 3)/p) to write

2/p

1 t 1/p 1 :
Iz3<c 7/ / lufPdz ds */ / |V @ v|Pdz ds t=3)/p
RY Jo Je(ry2.R) RY Jo Je(ry2.R)

1/p
: /t/ 2 h
<c|—= [ulPdz ds IV & vz TP=3)/p,
(RV 0 Je(Rr/2,R) ) M3 L2 (0.T)

Hence, as u € MS oLP(0,T), taking the limit when R — 400 we obtain Rlim I3 =0.
; o

Once we have proven that lim I, =0 for i = 1,2,3, we get back to (41) where we take the limit

R—+oc0
when R — 400, and thus for 0 < ¢ < T we get the global energy inequality (17). Theorem 2 is proven.
(]
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6.2. Proof of Corollary 2

This proof is straightforward. We just observe that by the global energy inequality (17) if the initial datum
verify ug = 0 and V @ vy = 0 then for all time 0 < ¢ < T we have [Ju(¢,-)[|2. = 0 and ||v(t, )||§{1 =0,
hence u = 0 and V® v = 0 on [0,7] x R3. Moreover, always following the computations done to obtain
the identity (39) we have p = ¢ = 0.
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A Appendix

Consider the velocity field u, the pressure term p and the vector field v defined as follows:

u(zy, 22, x3) = (221, 229, —4x3), p(a1,T2,23) = —(230? + 295% + 8333),
(.T],J?Q,O), if l‘% +$% = 17

(F5:d5:55) it ot +ag 1

and  v(xy,xe,x3) = { (42)
We have |v| = 1, and using some basic rules of the vector calculus we easily get that the triplet (u,p,v)
defined as above is also a solution of the system (1). Indeed, for the first equation in the system (1), by
definition of the vector field v(xy,z2,22) above we observe first that we have div(V@voVev)=0.
Thereafter, if we set the scalar field 1(z1, 22, 23) = 27 + 23 — 223 we may observe that we have u = Vi
and moreover we have Ay = 0. With these identities we can write the following computations. First,

1
we have Au = A(Vy) = V(Ay) = 0. On the other hand we have (u-V)u= §|u| +(V Au)Au, and as

1
u = V¢ then we get (u-V)u= §\u| With this identity and the definition of the pressure term p given

above we find that (u, p,v) verify the first equation of (1). Moreover we have div(u) = 0.

For the second equation in (1), we observe first that for the case 27 +x3 # 1 the vector field v(x1, 22, 23)
defined above is a constant vector and then the second equation in (1) trivially holds. For the other case,
when 2?3 + 23 = 1, we have v(x1,22,23) = (21, 72,0) and then we get Av = 0. Moreover, by definition
of the vector field u(xy, o, x3) is easy to see that we have the identity (u-V)v = |V ® v|?v. Then, the
second equation in (1) also holds true.

B Appendix

Here we give a proof of the embedding (18). It is enough to prove the last inclusion in this embedding,
and for this, for all R > 1 and ¢ > 0 fixed, we have the estimate

/ |f(t, @) Pde < cR*TPI| £t ) [F e < eRPTPIOF(2, )1 s
Br

with 7 < ¢ < +00. For a proof of this estimate the Proposition 1.1.10, page 21 of the book [8]. Then, for
0 < v < 3 we write
1

ﬁ/s |f(t,x)|Pdx < cR3P/I=Y| £(8, )5,
R
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In the right side of this estimate we impose now the condition 3(1 — p/r) —~ < 0, which is equivalent
to the inequality 2/3 —3/r <~/p—3/p+2/3 = n(vy,p). Moreover, as we assume 7(v,p) < 0 we get
2/3 — 3/r < 0 which give us the restriction on the parameter r: r < 9/2.

Thus, when 3(1 — p/r) —~ < 0 holds, we can write

1 o
7 | e < BT < e
R

hence, integrating in the interval of time [0, 7], and moreover, following the same to prove (11), we finally
obtain the last inclusion in (18).
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