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Abstract. We consider the homogenization of the compressible Navier-Stokes-Fourier equations in a randomly perforated
domain in R3. Assuming that the particle size scales like €, where € > 0 is their mutual distance and o > 3, we show
that in the limit ¢ — 0, the velocity, density, and temperature converge to a solution of the same system. We follow the
methods of Lu and Pokorny [https://doi.org/10.1016/j.jde.2020.10.032] and Pokorny and SkiiSovsky [https://doi.org/10.
1007/s41808-021-00124-x] where they considered the full system in periodically perforated domains.
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1. Introduction

We consider a bounded smooth domain D C R?® which for ¢ > 0 is perforated by random balls Bea,, (2;)
with a > 3, and show that solutions to the compressible Navier-Stokes-Fourier equations in this domain
converge as € — 0 to a solution of the same system of equations in D.

There is a vast of literature concerning the homogenization of fluid flows in perforated domains. We
will just cite a few. For incompressible fluids and a periodic perforation, Allaire found in [1] and [2] that,
concerning the ratios of particle size and distance, there are mainly three regimes of particle sizes €,
where « > 1 and ¢ > 0 is their mutual distance. Heuristically, if the particles are large, the velocity will
slow down and finally stop. This phenomenon occurs if (in three dimensions) « € [1,3) and gives rise to
Darcy’s law. When the particles are too small, i.e., @ > 3, they should not affect the fluid, yielding that
in the limit, the fluid motion is still governed by the Stokes or Navier-Stokes equations. The third regime
is the so-called critical case a = 3, where the particles are large enough to put some friction on the fluid,
but not too large to stop the flow. For incompressible fluids, the non-critical cases o € (1,3) and a > 3
were considered in [2], where [1] dealt with the critical case « = 3. The case a = 1 was treated in [3]. In all
the aforementioned literature, the proofs were given by means of suitable oscillating test functions, first
introduced by Tartar in [4] and later adopted by Cioranescu and Murat in [5] for the Poisson equation.
The results obtained by Cioranescu and Murat and also those of Allaire can further be generalized to
the case of random distributions and random radii r;¢%, r; > 0. This was done for the critical case a = 3
by Giunti, Hofer, and Veldzquez for the Poisson equation in [6] and by Giunti and Hofer for the Stokes
equations in [7], where they recovered Brinkman’s law as in the periodic situation. The case o € (1,3)
was recently treated by Giunti in [8], where they recovered Darcy’s law.

Unlike as for incompressible fluids, the homogenization theory for compressible fluids is rather sparse
and focuses mainly on deterministic radii e® and a periodic distribution of holes. Masmoudi considered
in [9] the case @ = 1 of large particles, giving rise to Darcy’s law. For large particles with a € (1,3),
Darcy’s law was just recently treated in [10] for a low Mach number limit. Their methods can also be
used to treat the critical case o = 3 [11]. The case of small particles (o > 3) was treated in [12-14] for
different growing conditions on the pressure. Random perforations in the spirit of [7] for small particles
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were considered by Bella and the author in [15], where in the limit, the equations remain unchanged as
in the periodic case.

To the best of the author’s knowledge, there are only three works dealing with homogenization of the
full compressible Navier-Stokes-Fourier system in perforated domains, all assuming periodic distribution
of the holes and deterministic radii. The article of Feireisl, Novotny, and Takahashi [16] treats the case
where the radii of the obstacles are proportional to their mutual distance. They showed that, after a
proper rescaling of the velocity and suitable extensions of the density an temperature, the solutions to
the compressible Navier-Stokes-Fourier equations converge to the solution of a Darcy-type law in the
limiting domain. The second work is the one of Lu and Pokorny [17], which focuses on the case the radii
scale like €*, a > 3, where ¢ > 0 is the mutual distance between holes. These results were extended
to the time-dependent case by Pokorny and Ski{sovsky in [18]. Our methods for the case of randomly
distributed holes with random radii r;e®, r; > 0, o > 3, are therefore based on the works of Lu, Pokorny,
and SkiiSovsky.

To obtain uniform bounds with respect to € for the solution functions, a key ingredient is the notion of
the so-called Bogovskil operator B in the domain D, which can be seen as an inverse of the divergence.
Such an operator was first studied in [19] and is known to exist for any Lipschitz domain and satisfies
the norm bound ||B:|| < C. However, the constant C' depends on the Lipschitz character of the domain
D., which is unbounded as ¢ — 0. The key point is to develop uniform bounds for B, as ¢ — 0. In the
case of periodically perforated domains with deterministic radii e®, @ > 1, this was done in [12-14] and
recently generalized to the case of random distributions, random radii and « > 2 in [15]. We will use this
Bogovskii operator for the random case in order to generalize the results of [17].

Notation: Throughout the whole paper, w € (2, where ({2, F,P) is a suitable probability space for
the marked Poisson point process as introduced in Sect. 2 below. We further denote by |S| the Lebesgue
measure of a measurable set S C R3. We write a < b whenever there is a constant C' > 0 that does not
depend on €, a, and b such that a < C'b. The constant C' might change its value whenever it occurs. The
Frobenius scalar product of two matrices A, B € R3*3 is denoted by A : B := Zl<i,j<3 A;i;jB;;. Further,
we use the standard notation for Lebesgue and Sobolev spaces, where we denote this spaces even for
vector- or matrix valued functions as in scalar case, e.g., LP(D) instead of LP(D;R?).

Organization of the paper: The paper is organized as follows:

In Sect. 2, we give a precise definition of the perforated domain D, and state our main results for the
steady Navier-Stokes-Fourier equations. In Sect. 3, we establish uniform bounds for the velocity and
density. Sect. 4 is devoted to extend the temperature in a suitable way to the whole domain D, to give
uniform bounds for it and to establish a trace estimate on the boundary of holes. In Sect. 5, we show
how to pass to the limit ¢ — 0 and obtain the equations in the limiting domain.

2. Setting and the Main Results

In this section we define the perforated domain, formulate the Navier-Stokes-Fourier equations governing
the fluid motion, and state the main results. We start with the definition of the perforated domain.

2.1. The Perforated Domain

Let D C R? be a bounded domain with a C? boundary. For rescaling arguments, we assume 0 € D.
We model the perforation of D using the Poisson point process, though the arguments can be easily
generalized to a larger class of point processes. For an intensity parameter A > 0, the Poisson point
process is defined as a random collection of points @ = {z;} in R3 characterized by the following two
properties:

— for any two measurable and disjoint sets Si, S, C R3, the random sets S; N @ and S, N @ are
independent;
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— for any measurable set S C R® and k € N holds P(N(S) = k) = %e’”s‘,
where N(S) = #(S N P) counts the number of points z; € S. In addition to the random locations of
the balls, modeled by the above Poisson point process, we also assume the balls have random size. For
that, let R = {r;} C (0,00) be another random process of independent identically distributed random
variables with finite moment bound

E(r"") < oo for some m, > 0, (1)

and which are independent of @. In other words, to each point z; € @ (center of a ball) we associate
also a radius of the ball 7; € (0,00). The random process (¥, R) on R® x R, is called marked Poisson
point process, and can be viewed as a random variable w € 2 — (&(w), R(w)), defined on an abstract
probability space (2, F,P).

To define the perforated domain D, for « > 3 and £ > 0 we set

?°(D) := {z edPn 1D : dist(ez,0D) > 5} , De:=D\ U Beay, (e25). (2)
< z; €D (D)
To simplify the exposition and to avoid the need to analyze the behavior near the boundary, we only
removed those balls from D which are not too close to the boundary 0 D. This is also a common assumption
in the periodic situation, see, e.g., [13, relation (1.3)].
The exact range for the moment bound m, in (1) will be specified later on; we require at least
m, > 3/(a—2). As shown in [15, Theorem 3.1], we then have the following result, which we state in form
of a lemma:

Lemma 1. Let (P, R) = ({z:},{r:}) be a marked Poisson point process as defined above and D. be as in
(2). Let « > 2, m, >3/(a—2),0<d<a—1- miu k € (max(1,d),a—1— %), and T > 1. Then there
exists an almost surely positive random variable eo(w) such that for every 0 < e < &gy holds

max Te%; < eltr
ZiEQSE(D)

and for every z;,z; € (D), z; # z;,
B-,—El-m (521) N BT€1+K, (€Zj) = @

2.2. The Navier-Stokes-Fourier System

We consider the stationary compressible Navier-Stokes-Fourier equations in perforated domains D., which
describe the steady motion of a compressible and heat conducting Newtonian fluid. For ¢ > 0, the
unknown density o. : D. — [0, 00), velocity u. : D. — R3, and temperature 9. : D, — (0,00) of a viscous
compressible fluid are described by

div(geu:) =0 in D, (3)
div(geue ® ue) + Vp(e,9:) = divS(de, Vue) + oL+ g in D, (4)
diV(QsEus +P(195, Qe)ue - S(ﬂs; us)us + qs) = (Qef+ g) s Ug in D, (5)
div (gsu + g) =0 in D, (6)
where S denotes the Newtonian viscous stress tensor of the form
2
S(¥, Vu) = u(9) <Vu + VT - 3 div(u)H) + n(9) div(u)L, (7)

and the entropy production rate o € M*(D.) is a non-negative Radon-measure satisfying

S(W,Vu): Va q-VY

o=
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Further we assume the viscosity coefficients p(-),n(-) being continuous functions on (0, 00), u(-) is more-
over Lipschitz continuous, and

Ci(1+9) < p() < C2(1+9), 0<n@) < Ca(1+9). (9)
We impose boundary conditions on 0D, as

u. =0,

@ n= L. — o), (10)

where ¥y > Ty > 0 is a prescribed temperature distribution in D and L > 0 a given constant, and fix the
total mass by

D,

where M > 0 is independent of ¢.
For the constitutive law of the pressure, we assume

p(9,0) = ag” + cu(y — 1)0V, (12)

where ¢ > 0, v > 2 is the adiabatic exponent and ¢, > 0 is the specific heat capacity. Note that the
thermodynamic part of the pressure is just the ideal gas law pV = R¢J with V = 1/0 and universal gas
constant R = ¢, — ¢, = ¢,(y — 1) > 0. The heat flux is governed by Fourier’s law

q(9, V) = —k(9) V9, (13)
where we assume the heat conductivity x to satisfy
C3(1+9™) < k(9) < Cyg(1+9™?) (14)
for some my > 2. The total energy is given by
1
B=e+ P, (15)

where the specific energy e satisfies Gibb’s relation
1 1
5 (pe+a0.00(1)) = Dsten0) (16)

Assuming the entropy for an ideal fluid as s(p,9) = ¢, log (%), this leads to

ot
e(0,9) = ¢,9 + o—r (17)

Further, the entropy s fulfils formally the balance of entropy

. q S:Vu q-V¥
d1V<gsu—|—?9>:a: 5 o

Since weak solutions are expected to dissipate more kinetic energy than indicated from the momentum
balance (4), we should for the entropy production rate o expect inequality rather than equality, which
is precisely the notion of (8); see [20, Chapter 2] for details. Finally, we assume the external forces
f,g € L>°(R3).

Since the existence of classical solutions to (3, 4, 5) is known only if the data are in a certain sense
“small” (see, e.g., [21,22] and the references therein), we will work with weak solutions, which are known
to exist under even weaker assumptions of my and v as made above.
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2.3. Weak Formulation and weak Solutions
Here we state the weak formulation of the problem in D.. To simplify notation, we will identify a function

with D, as its domain of definition with its zero extension to the whole of R3.
First, the weak formulation of the continuity equation reads

/ O<Ue - Vi/) =0 (18)
R3
for all 1 € C}(R?). We will moreover work with a renormalized version of this, that is,
[ bleue 96+ (be) — o (02 div(u)w =0 (19)
R

for any ¢ € C}(R?) and any b € C*(]0,0)) such that &’ € Cy([0,00)). We remark that the assumptions
on b can be relaxed, see Remark 3 below.
The weak formulation of the momentum equation reads

/ p(0e,9:)divp + (geu. ®u.) : Vo — S(¥.,Vu,) : Vo + (0f+g) -9 =0 (20)
D.

for any ¢ € C}(D.;R?).
The weak formulation of the energy balance reads

- / (0:Eu. + p(9e, 0 )ue — SO, Vao)u. +q.) - Vob + / L(9. — o) = /D (0f+g)-ue (21)

€ €

for all 1 € C'(D.). Farther, we also have the balance of entropy

<05,¢>M+ +/ L190¢ = - /D (Qas(ﬁaa Qa)ua + qE) Vi + L (0 (22)

0D, 795 195 OD.
for all ¢ € CY(D.) with ¢ > 0.

Definition 1. The triple (o, u,?) is said to be a renormalized weak entropy solution to problem (3)—(17)
if 0> 0,9 >0 ae. in D, o0 € LY(D.), u € H{(D;R?), 972/2 and log € H'(D.) such that olu|?,
IS(9, Va)u| and p(¥, o)|u| € L' (D), and the relations (18)—(22) are fulfiled.

For ¢ > 0 fixed, the existence of weak solutions is guaranteed by the following result, see [23] for
details:

Theorem 1. Let f,g € L>(R?), ¥y € L' (8D;), 9o > Ty > 0 a.e. on 8D, L > 0 and M > 0. Let v > 3
and my > 1. Then there exists a renormalized weak entropy solution (o, w, V) to problem (3)-(17) in the
sense of Definition 1.

2.4. Main Result

Before giving our main theorem concerning the Navier-Stokes-Fourier system (3, 4, 5), we want to state
a result on the existence and boundedness of an inverse to the divergence operator, which is proven in
[15, Theorem 2.1].

Lemma 2. Let ($,R) be a marked Poisson point process as defined in Sect. 2.1 and D, be as in (2). Let

a>2 and my > 3/(a—2). Then, for all 1 < q < 3 satisfying
3 3
o——>— (23)
m, 3—q
there exists an almost surely positive random variable eo(w) such that for all 0 < e < gq there exists a
bounded linear operator

B.: LY(D.)/R — W,9(D.;R%)
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such that for all f € LY(D,.) with st f=0
diV(BE(f)) = fin D, ||Bs(f)||wolvq(DE) <C Hf”Lq(Dg)a

where the constant C' > 0 is independent of w and €.
We are now in the position to state our main result, which generalizes [17, Theorem 2.2]:

Theorem 2. Let (B,R) = ({z:},{r:}) and D. be defined as in Sect. 2.1. Let f,g € L=(R3), M >0, L > 0
and 99 > Ty > 0 in D be defined such that it has finite L1-norm over all smooth two-dimensional surfaces
with finite surface area contained in D for some q¢ > 1. Let (p<, u-,¥:) be a sequence of renormalized weak
entropy solutions to problem (3)-(17), extended in a suitable way to the whole domain D as shown in
Sect. 4 below. Let o > 3, v > 2, my > 2 and m, > max{3/(a — 3),3} satisfy the relation

2y —3 3my —2
el e O 24
> { 2120, 20— 21 29

o —

my

Then, there exists an almost surely positive random variable eo(w) such that for all 0 < e < gq there
hold the uniform bounds

ol Lrve (D) + 1uell i 0y + 19ell 1 (pynLme () < Cs

where © := min{2y—3, 73%3;5 }. Moreover, the corresponding weak limit as e — 0 is a renormalized weak

solution to problem (3)—(17) in the limit domain D, i.e., 0 > 0 and ¥ > 0 a.e. in D and the equations
(18)-(22) are fulfiled.

Remark 3. Due to the DiPerna-Lions transport theory (see [24]), for any smooth domain D C R?, any
r € LA(D) with 3 > 2 and any v € H}(D) such that

div(rv) =0 in D'(D),
the couple (r,v), extended by zero outside D, satisfies the renormalized equation
div((b(r)v) + (r¥'(r) — b(r)) divv = 0 in D'(R?),
where b € C([0,00)) N C*((0,00)) satisfies
V(s) <Cs™ for s € (0,1], b'(s) < Cs™ for s € [1,00)

with constants

C>0, XM<I1, —1<)\1§§—1.

Thus, the renormalized continuity equation (19) is satisfied for any function b satisfying the weaker
assumptions b € C*([0,00)) and b € Cy([0, 0)).

3. Uniform Bounds

In this section, we give uniform bounds on the velocity and the density. We will always assume that the
requirements on «,m,, my, and v as made above hold and that the moment bound m, in (1) satisfies
the additional assumption m, > 3 in order to control the measure of the boundary 0D, and the measure
of D, itself.

The entropy balance (22) together with (8) enables us to get several bounds on the sequence (o, uc, 9;)
in D.. Before stating these bounds, we need the following form of the Strong Law of Large Numbers (see
[7, Lemma C.1]):
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Lemma 3. Let d > 1 and (®,R) = ({2;},{r;}) be a marked Poisson point process on R? x Ry with
intensity A > 0. Assume that the marks {r;} are non-negative i.i.d. random variables independent of ¢
such that E(rg-"r) < 0o for some m, > 0. Then, for every bounded set S C R? which is star-shaped with
respect to the origin, we have almost surely

. d —1 _ : d My M
lime'N(e™'8) = AlS|,  lime GZISTJ. = AE(r™)|S].
zjEee™

Remark 4. Assuming the boundary of the set S from the previous lemma is not too large, the same
argument also shows

: d —1 _ : d My my
lim c/N(e7'S) = AS|,  lime >l = AE(@™)|S]. (25)

e—0 J
z;€Pe(S)

In particular, it is enough that S has as D a C2-boundary.

Together with Lemma 3, we obtain for € > 0 small enough

0D = 10D|+| | 0Beor(ez)| < CH O3 Y 2<c
2 €P=(D) 2, €®°(D) (26)
|D\ D.| = U Beor, (e2;)] < G313 Z rd < Cedla1)
z; €D (D) 2,685 (D)

which implies |D.| — |D| as ¢ — 0 and thus |D,| < 2|D| for € > 0 possibly even smaller. This yields for
the entropy balance (22) with ¢ =1

— L
o-(D.) +/ Yo < L|dD.| < C.
OD¢ 796

and in view of (8), (13) and (14) also

. my 2 _
/ S(ﬁgvzus) ‘U + (1 +?95192)|v195‘ < Co.(D.)<C.

€

=

If we take also 1) = 1 in the weak formulation of the energy balance (21), we obtain
L - e < C’(l +/D (0e + 1)u5|) <C(1+ (”QEHL%(DE) + )|[uclrs(p.))-

Hence, due to the form of the stress tensor in (7) and Korn’s inequality, we have

0e(De) + |lucl gy oy + IV10g Vel L2 (b, + IV N1 r2p.y + 192 21 0m0) < C

(27)
[PellLrop.) < C(L+ [loc|l

Li,)
Note that the bounds in (27) imply, by Sobolev inequality, that the norm [|Yc || f3my () is controlled
by lleell, D)’ However, we do not know whether 9, is uniformly bounded. To prove this, we need some

additional tools. We will do this in the next section independent of the following results. For now, we will
assume that 9. is uniformly bounded in L*>™?(D.) and prove this fact later on in Sect. 4.
To get uniform bounds on the density, we will use Lemma 2 and proceed similar to [12,15,17].

Lemma 4. (see [17], Lemma 3.3) Under the assumptions of Lemma 2, assume additionally that |0
||Lamﬂ(DE) s uniformly bounded. Then, for ¢ > 0 small enough, we have

llocllLv+e(py < C,
where C' > 0 is independent of € and

3m19 -2
= i 2 — —_—— . 2
&) mln{ y 3’73m19+2} (28)
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Proof. In the weak formulation of the momentum balance (20), we will use the test function

|D|/ 957

where B. is the operator from Lemma 2, and © to be determined. We then have for any 1 < ¢ < 3
satisfying (23)

P = BE(Q?_ <Q?>)7 Qe

IVl Lap.) < C@) 1162 | Ls(p.)-
Using ¢ as test function in (20) and recalling the pressure as p(¢, 0) = a0” + ¢, (7 — 1) 0¥, we get

/ agl*® = / p(9:, 0:)(02) — e (v = 1)o€ T + S(V., Vu.) : Vo
D. D.
(29)
- / (que ®us) : VSD - (QefJF g) C Q.
D,

We will estimate the right hand-side term by term and start with the most restrictive terms, which will
give bounds on @. First, we take the convective term to estimate

/ ‘(‘que ®u.): V‘P‘ < ”uEH%G(DE)HQEHLW“')(DE)||V‘PHL‘11(DE)

< Clar) el Zo .y llocll e (o€ llzar o,
= C(q1) el Zo ooy llocll oo oy llecl Tare .y,

where ¢; is determined by

@ 6 v+6°

In order to get as high integrability of p. as possible, we choose @ such that ;@ = =y 4+ ©. This together
with v > 2 leads to

3(y—1 3 3 2y —3
3v-1) € (2,3), _ 79

2y -3 2 3—q1 v—2
Using Sobolev embedding and the uniform bound on u. from (27) to obtain [|u.||zs(p,.) < C[[uc|| g1 (p.) <
C, we deduce

6:@1::2’7—3>17 Q=

/ [(oue ®u.) : V| < Cllec 0%,

€

where C' > 0 is independent of € and 1 + &1 < v+ 6.
Second, we consider the diffusive term to obtain

/D [S(9e, Vue) : V| < C(1+ [0l oma (0 IIVUel L2 (D) IVl Loz (.

< Cl@) [Vuellza o102 o2 (0.)
— C(@2) IVucll 2o l0:1 e -
where we set (recall my > 2)

6 3 3my — 2
T € (2:3), = 2

2= By — 2 3—qn  mg-—2
As before, we choose © such that ¢go©@ = v + ©, which leads to

3m19—2
O=0y:=y—— > 1.
2 7377%9—{-2
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This yields

[ 180,90 : Ve < Clecl 2100,

=

In particular, if we set

3 2v—3 3 -2
O :=min{O1,02} >1, «— — > max L ,mﬂi > 3,
- Y—2 my—2

then ¢; and ¢ satisfy (23) and we infer

/|(Qeu5®u5):V<p|+/D S(¥e, Vu,) : w}<c(1+||g€||1Lt?eD)).

= =

Since my > 2, we have @ < 7?22;; < 7, yielding 260 < v+ O. Thus we infer

/ (e +8)- 0| < C ez + Dllellzon

€

< C2) (lellzr+o(p.) + Dlleel|Feo ()
< C(2) (llellrve .y + DloclZrre(p,)
< C() (el 28 ., + 1)s

where in the last inequality we used

, 11
abv < b+ aP \m,bzo,7+—,:1, (30)
p

which is a consequence of Young’s inequality, for b = ||Q5||LW+9(D y and p = (1+0)/6.
Farther, the estimate for the pressure reads

[ o) <c [ @+ o006)
D. D.
(1621 0.y + el 8 191002 ) e o,

< Ol o,y + el el o,

Here we assumed that . is bounded in L3 (D.) C L5(D,). Using (30) for b = ||Q5||1W(DE) and p = 7,
together with @ < v, which implies ||QE||L9(D y S 1+ llo:117 L4 (D. )HQEHLQ(D > interpolation between the
norms of L'(D.) and L"*®(D.), and the fact that we control the L'-norm of g. (i.e., the total mass),
we end up with

[ 006 < 0(1+ el 5o,

< C(l + ||QE||’Z/’Y(DE)||QE||?@(DE))

< c<1 ; ||gs||2w+@<Ds>)

for some A < v + ©. Lastly, we estimate

O+1 O+1 O+1
16880 < 10 oo lle g, < ClecIE oo

€
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where we set ¢ := (v + ©)/(y — 1). Recalling that © < v and v > 2, this yields ¢ € (1,4), which entails
in [[9c]|La(p.) < C since we assume [|Uc|[f3my(p.y < C and my > 2.
Finally, we obtain from (29)

||g€||2ff9(DE) < C(l + ||Q5||27+@(DE)> for some 1 <A< y+ 0O,

which yields the uniform bound on g in L"*®(D,), provided 9. is uniformly bounded in L3™(D,).
U

Combining the uniform estimates on g. with these from (27), we obtain

el a1y (o) + llecllzase o, + 1V 10g Vell 2. + V196 = [|z2(p.) < C,
19\l 2102y + 192 |22 (om0, < C.

Note that these bounds are obtained by using the assumption that 9. is uniformly bounded in L™ (D,).
This assumption will be proven in the next section.

4. Extension of Functions

In order to work in the fixed domain D instead of the variable domain D., we can extend the functions
u. and o, as well as the measure o, simply by zero, which will preserve their regularity and their norms.
In particular, the extended functions are still uniformly bounded. In the sequel we will denote this zero
extension of a function f by f.

However, the extension of the temperature is more delicate since an extension by zero will in general
not preserve its regularity. Since this extension was previously done in [17, Section 3|, we will not repeat
the full arguments of the proofs. First recall that, by Lemma 1 and for € > 0 small enough, the balls
{Bacar,(€2i)} 2, cqe (D) are disjoint. The first lemma we need thus follows by a trivial modification of the
proof from [17, Lemma 3.1J:

Lemma 5. Let D, be defined as in (2) and let the assumptions of Lemma 1 hold. Then there is an almost
surely positive random variable €o(w) such that for all 0 < e < g there exists an exlension operator
E.: HY(D.) — HY(D) such that for any p € H*(D.) and any z; € ®°(D),

E.p = in Dx,
IVE@lL2(B.a,,(c2)) < CIVOlL2(Bacar, (e2:)\Bear, (e20))
and hence [|[VE-¢| r2(py < C|V@l L2(p.). Farther, for any 1 < q < oo,
1Be@lla(B.a,, (2 < CllLa(Baa,, (c20\Beo, (e20))

and therefore ||Ecp|papy < Cllollpa(p.), where the constant C' > 0 is independent of € and i. Fur-
thermore, there exists an operator E. : HéO(Dg) — HéO(D) with the same properties as above. Here
Hio denotes the Sobolev space of all non-negative functions in H'. In particular, one may choose

E.¢ := max{0, E.p}.
With the help of the extension operator E., we can bound the temperature uniformly w.r.t. e:

Lemma 6. For ¢ > 0 small enough, we have HE519£||H1(D) + ||E~5195||Lam,9(D) < C for some C > 0 inde-
pendent of €. In particular, we have ||Uc| g1 (p.) + Vel Lsmos (p.y < C uniformly in e.

We further need to estimate the trace of ¥ on dD.. Indeed, for fixed € > 0, the trace of 9. belongs
to L?™2(9D,). The next lemma enables us to control its norm in a quantitative way:
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Lemma 7. Under the assumptions of Theorem 2, we have for any z; € (D) and for e > 0 small enough

2m oo 3m
192122, 0y < C (1101 o + 100520y + 1050 e )
where we set B; := Beay,(2;) and 2B; := Baga,, (€2;).

The last ingredient we need is a trace estimate for the whole boundary of the holes, which was given
in [17, Corollary 3.1].

Corollary 1. Under the assumptions of Lemma 1 and Theorem 2, we have for any z; € ®¢(D) and for
€ > 0 small enough

__1
||195||L2m19 (UZiE¢E(D)aBEa”(€Z¢)) S C€ 2m.

Proof. For z; € &¢(D), we set again B; := B.o,,(€2;) and 2B; := Ba.a,, (7). Then, using Holder’s
inequality and Lemma 7, we get

/ |19 |2m19 _ Z / |’l9 |2m0
Uzq',EfI)E(D)aB

zi€P(D)
3
< X ([ wem)
zieds(D) 7 2Bi\B:
+ 0y / !VI&I% + 0y / 9>
z;€PE(D) 2,€®¢(D) Bi\B;
2
3 3
(X foulr) (X 1)
ziede(D) Y 2Bi\Bi 2 €P¢(D)

+f \vwﬁf + [ o
D, D,

< (#{z € (D)} +1,

where in the last inequality we used the uniform bounds on 9. and V|9.|2". From Remark 4, for £ > 0
small enough, the number of points z; € @°(D) is bounded by Ce~3, which immediately implies our
desired result. (]

Summarizing all the above results, we know the existence of an almost surely positive random variable
eo(w) such that for all 0 < e < g¢ the solution (g, ue, ¥¢) to (3)-(17) and the measure o, suitably extended
to the whole of D, satisfy

G<(D) + [l zrg 0y + 18l Lo+0 (D) + I Eedellmr1(pynramo (py + [ Eelog(We) |y <€, (31)

where © is defined in (28). Further, 9. has a well defined trace on each 0B.«,,(£2;), the norm of which
is controlled by Corollary 1.

5. Equations in Fixed Domain

In this section, we will show the homogenization result for Navier-Stokes-Fourier equations in a randomly
perforated domain in the subcritical case v > 3. The proof of such result in the case of periodically
arranged holes is given in [17, Section 4]. Since their methods apply almost verbatim to our situation,
we will just focus on the differences due to the random setting. Again, we will always assume that the
moment bound m, > 3 in (1) to bound the measures of D, and 0D..
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First, the bounds in (27) and (31) enable us to extract subsequences such that
i, — u weakly in H}(D), 1. — u strongly in LY(D) for all 1 < ¢ < 6,
0. — o weakly in L9 (D),
E.9. — ¥ weakly in H'(D), FE.9. — 9 strongly in LY(D) for all 1 < ¢ < 3m.y,
E.log(0.) — log(¥) weakly in H'(D),
where we denote by log(¥) the weak limit of E. log(1.) in H'(D).

5.1. Limit Passage in the Energy, Continuity, and Momentum Equation

To pass to the limit in the energy balance (5), we use its weak formulation (21) and the fact . = 0 in
D\ D, to write

- / (ésE(ésa u., és)ﬁs er(@s, ’gs)ﬁs - S(ﬁsa Vﬁs)ﬁs - H(ﬁs)VE5196> -V
D

i /d (0= o) - /D (G4 g) i) )

/ K(92) VI, - Vip — L/ (Ve — o)
D\D.

Uz, ede(p)0Bear, (€2i)

= .[1 +IQ

for any 1 € C1(D), where E(o.,u.,9.) is the total energy from (15). We want to show that both integrals
on the right hand-site vanish as ¢ — 0. For I;, by Hélder’s inequality, we get

m 1
(L] < OV Lo ) (14 191750 (o p) Vel L2(0\D) D\ De|® — 0,

where we used that |D \ D.| — 0 by (26). For I, let us set B; := B.o,,(£2;). Using Corollary 1 and that
U0l a(ap.y is uniformly bounded for some ¢ > 1 w.r.t. €, together with a > 3, m, > 2 and Lemma 3,
we obtain

2mg—1 q—1
2m
ol S [Wellzmo o, cormony| | 0B 190l Lo0, cae pony| U OB
2;€0¢(D) zi€d° (D)
2my —1 q—1
1 2m.y a
- 2c¢,,2 2c¢,,2
Se 2"%9( E € rl) —|—< E € ri)
Ziedss(D) Z,;G@E(D)
(2a—3)(2my—1)—1 (2a—3)(g—1)
e 2m.y +€ q _)07

~

where we used that (2a—3)(2my —1) > 1 due to our assumptions a > 37297’:22 and my > 2. Hence, letting

¢ — 0 on the left hand-site of (32), we get by the strong convergences of u. and 9.
1 -
— / ((Qe(ﬁ, 0) + §Q\u|2 +p(9, 0) — S(¥, Vu))u — /1(19)V19) -V
D

w1 [ (@=v0w= [ (of+e)-u.

Here, f(¥,0) denotes the weak limit of a function f(¥.,0.) in some suitable L?-space. Further, the
temperature ¥ > 0 a.e. in D and log(?¥) = log(¢#}), which can be proven as shown in [17, Lemma 4.]. For
convenience, we repeat the proof here:

Lemma 8. The limiting temperature 9 > 0 a.e. in D and further log(9) = log(¥).
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Proof. First, since E.J. — ¥ strongly in, say, L?(D), we can extract a subsequence (not relabeled) such
that E.9. — ¢ a.e. in D, which yields that the limit temperature cannot be negative. It thus suffices to
proof that it can be zero just on a set of measure zero. To this end we assume the contrary, that is, there
exists a § > 0 such that [{0 = 0}| = 6. For | € N take a subsequence &; < min{},e¢(w)}, where g9(w) > 0
is as in Lemma 1, and consider the sets

Dl[) = U U Bgzxm (Elzi).
I=lp z;€P°1 (D)
Since for £; > 0 small enough we have

- c
— [3(a—1)

U Bepr,(e12i)

z; €PEL(D)

by (26) and o > 3, we can find Iy € N such that |D;,| < 3.

We have E, log(ve,) — log(¥) weakly in LI(D) for all 1 < ¢ < 2, in particular log(J) > —oo a.e. in
D. Since we have also 1§El — ¥ a.e. in D and thus a.e. in D\ D, , we infer by Vitali’s convergence theorem
log(e,) — log(®) in LI(D\ Dy,) for some g > 1. Since by definition of E. we have log(d.,) = E., log(¥.,)
in D\ Dy,, we have log(9) = log(¢) a.e. in D\ Dy,, which yields log(¢) > —oo a.e. in D\ D;,. This means
that 9 can be zero at most on the set D;, which has measure less than 6/2, which is a contradiction.

Thus ¢ > 0 and log(¥}) = log(¢¥) a.e. in D. O

It remains to show the energy balance for the limit functions, which is in fact a consequence of the
strong convergence of the density o. to o at least in L'(D). More precisely, the strong convergence holds
in L9(D) for any 1 < g < 7+ ©. Since the proof of this fact is nowadays well understood and applies
verbatim to our case of a random perforation, we refer to [17, Section 5.3]. v+ 6 >~y +1 > 3.

We now turn to the continuity and momentum equation. Recall that the continuity equation holds in
the weak and renormalized sense (18) and (19), so we obtain by the strong convergence of u. to u

div(pu) = 0 in D'(R?) (33)

and

div(b{)) + (@V(e) — () div(w) = 0 in D'(R?),
where we denote by f(o) the weak limit of a function f(p.) in some suitable Li-space. Moreover, by
Remark 3, (33) implies that the couple (g, u) fulfils the renormalized continuity equation (19) for any
b e C([0,00)) N CL((0,00)) satisfying the conditions of Remark 3.
To pass to the limit in the momentum equation, we need to construct suitable test functions. To this
end, we recall a lemma from [15]:

Lemma 9. Let a > 2, D C R3 be a bounded C? domain with 0 € D, and (®,R) = ({2}, {r:i}) be a marked
Poisson point process with intensity X > 0 and r; > 0 with E(r]"") < oo for m, > max{3/(a — 2),3}.
Then for any 1 < q < 3 such that (3 — q)a — 3 > 0 and for almost every w there exist a positive eo(w)
and a family of functions {g:}e~o C WH4(D) such that for 0 < ¢ < &,

ge =0 in U Beay,(e25), ge—1 inWY(D) ase —0 (34)
zj€P=(D)

and there is a constant C > 0 such that

3(a—1) 3(a—1)

11— gcllrapy < Ce v, ||Vge|lpapy < Cea . (35)
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Proof. By m, > 3/(a —2) and Lemma 1, all the balls {Bacar;(€2;)}.,ea-(p) are disjoint. Thus, there
exist functions g. € C°°(D) such that

0<g:.<1, ¢g-=0in U Beay(25), g-=1in D\ U Bacar,; (€2;5),
ZjEQSE(D) ZjG@E(D)

IV gell o (Baear, (e2y)) < C(e%75) 7" for all z; € &°(D),

where the constant C' > 0 is independent of € and ;. Moreover, since m,. > 3, (25) yields ilir(l) s szebs(D)

7“;-’ = C, thus implying

U Baeor, (e25)

Zj ep= (D)

< |BQ|53a Z ’l";-’ < CEB(a—l)
ZjE@a(D)

for € > 0 small enough. This together with direct calculation yields that for any 1 < ¢ < 3,

3(a—1) 3(a=1)

11— gellpapy < Ce @, ||Vge|lpapy < Ce™ s

O

Using the cut-off functions from Lemma 9, the proof of Lemma 4.2 in [17] applies verbatim to our
situation, yielding the following result:

Lemma 10. Under the assumptions of Theorem 2, there holds
div (gt ® @) + Vp(ED,, o) — divS(E., Vi) = pf+ g+ F- in D'(D),

where F, is a distribution satisfying

(Fey 0dpr ) p(m)| < O (IVell e v ) + 10llr ()

for all ¢ € D(D), where O is defined in (28), and v,&,r are defined such that the following conditions
are fulfiled:

-1
0<€&<1, 0<h(§):3(a—1)(A/—g@+£> —a,

1 [(v+6 ! e
1 S (A -
<r < oo, 'r+< o +§) EE

0 < v < oo, V:min{g(ar_l),h(f)}.

Let us remark that the conditions on &, r, and v occurring in [17] are only valid for the case © = 2y—3,

where we have 2(‘1(12(5)23 = 32(3:;) = %, see also (37) below. For this reason, we repeat the proof here.

Proof. (Proof of Lemma 10) For legibility, we will identify functions [0c,uc, ¥c], defined on the domain
D., with their extensions [g., 0., E.9.] to the whole of D.

Let ¢ € D(D) and decompose ¢ = ¢g. + ¢(1 — gc), then @g. is a proper test function in the second
equation of (4). Hence,

/ 0:u: ® e : Vo +p(0z,9:)dive —S(Ve, Vue) : Vo + (0f+8) - ¢
D

= / Qe ® U : v(@ga) +p(Qaﬂ95) div(@ga) - S(ﬁm Vua) : V(‘PQE) + (st+ g) : (‘Pge) + I
D.
= Iea
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where the remainder is given by

I = le,s 5:/ Qe @ U : (1 *gg)VQO — 00 ¥ U, (v.ge ®<P)
D

j=1

+/ P(0e,9:)(1 — ge) div — p(0e,9:)Vge - @

D

+/ =S, Vue) : (1 — g )V + S(¥:, Vu.) : (Vg: ® )
D

+ /D(stJr g) (1 —g:)p.

We start with I, o, which is the most restrictive one. We split the integral due to the definition of the
pressure as p = agp” + ¢,(y — 1) 0¥ into

Lo— / p(0s,9)[(1 - g2) divep — Vg - o]
D
=/ apl[(1 —g-)dive — V. - ¢
D

+ /D co(y = 1oV [(1 = go) divp — Ve - ¢
= I'+ 1%

For I', we estimate

1 ¥y _ : . .
1< Cll, e ) (10 = ge)divepl age )+ 90l e )
=C ||Qs||7;w+@(D) (”(1 - ge)VSDHLJ?T@(D) +1IVge - 90||L:%9(D))
< C (L= Vel age ) + IV ¢l g

<C (- gsHLr(D)||V<PHLv56+§(D)

(D))

+ V8, 250 ve 91100

=]

where we used the uniform bound on . in L"*®(D), and ¢ € (0,1) and r € (1, 00) are determined by

1, (v+0 e
r o\ o =L 1o 36
r " ( e - E) v+ 6 (36)
From (35), we obtain
3(a—1) o O 71—04
11— gellLrpy <Ce 7, HVQEHL%H(D) < 0¥ 1 (252 +¢)

as well as

= >0
e v+ 6 v+ 06

— (20 — v) > 36.

3(a_1)<v+9>l_a:3<a—1>@—a<w+@> (20 —7) - 30

We distinguish two cases of © from its definition in (28). First, assume
3m19 -2
O =min<2y -3,y —— =27 - 3.
min { % 73m19 5 } v
Then

2y -3
y—=2’

a(20 —v)=a(3y—-6)>30 =32y —-3) <= a >
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which is true by condition (24). Second, if

@:min{?y—?;,’y

3m19—2}_ 3m19—2

3mg+2)  3my+2
then
6m19 —4 9m19 —6
20 — ) = — 1) >30=y——
(26 ) O”(smﬂm ) T3mg + 2
3m19 —6 9m19 —6
o >
3my + 2 3my + 2
3m19 -2
o> —,
my — 2
which again holds by (24). We therefore may choose £ € (0, 1) small enough such that

h(€) = 3(a—1)<729+§)1—a>0.

For this &, let r be defined by (36), and
-1
V= min{g(a),h(ﬁ)} >0,
T
then we may estimate I' by
1 < O (1ol aze e py + Iolro):
Let us further note that
3(v+0) <O o
2y+©)-3~ ©
which is always true by the definition of © in (28). Now, we get for I?

<= 30<2(y+60)-3< 6 <2y-3,

1% < Clleellzrso ) I19:lso) (I = g) diveell sser +||Vge el

2(v+6)-3 (D ( +9) 3(D)

<C(||(1—96)V<P|| Jtte) +||Vg€ ol ster )
2073 (p LZGH6)73 (D)

SC(II(l—ge)VWIIng@ +|| ge ol 2se

(D) (D))

JMFM

(37)

where we used the uniform bounds on g. in L"*®(D) and on 9. in any L9(D) for 1 < ¢ < 3my. Hence,

we may proceed as for I' to eventually get for I. o the bound

[Leo| < I+ [P < Ce (Vo] 2z

))-

For I. ; and I. 4, we use the uniform bounds on g, and u. as well as (37) to get
e,

+§(D)

||L7+@(D)||u5||2L6(D)(”(1 - ga)VQOHL%(D) +1IVge @ ol _srs

L2y +9) 3 (D)

<O (Il —ge)Veell 2z oy IV @l oo (D))?
and also
Feal SO+ lleel 2o I =)ol 250 )
< C 1+ |lecllzv+e )1 = ge)wl\L%(m <O = go)pll 2ge

For I. 3, we estimate

leal S OO+ el s Vel (1L = 90V, 25 )+ 1902 © 6], 2z

<C (1= o)Vl 2z ) + VG @0l aze ),

(D)’
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where we used the uniform bound on ¥, in L9(D) for any 1 < g < 3my, and the fact that

2 e 3 -2
M§3m,9<:>27+28§37m19—39m19<:>9§q/m197,
y—06 3my + 2

which is true by (28). Finally, we may proceed for I. i1, I. 3 and I. 4 similar to the estimates of I. 5 to
finish the proof. O

5.2. Limit Passage in the Entropy Equation and Entropy Inequality

We want now to pass to the limit in the entropy balance (22) and show that the limits (o, u, ?) fulfil also
(8). Since this point is missing in [17], we follow the proof of [18]. We first show that the entropy balance
(22) is satisfied for the extended functions “up to a small error”:

Lemma 11. Under the assumptions of Theorem 2, we have
- Ly . -
<0571/)>M+(5) +A 0'1/) = _/ («965(796798)“5 — K(0:)VE, log(¥ )) v¢+L/ Y+ (R, ) (38)
D. D

with (Re,v) — 0 for any v € CY(D) with ¢ > 0. Here, we denote 3.5(J, 8:) = ¢ydeE-log(¥.) — cy(y —
1) 0. log(g.) with the convention 0 -log(0) = 0.

Proof. Let 1 € C'(D) with ¢ > 0, then Yxp. is a proper test function in the entropy balance (22) in
D.. We further have ¢ = 1)xp_+ ¥xp\p. and hence

B L, AN 5
<0’57¢>M+(ﬁ) + /dD 19 'lp + / ( OcS (195, Qg)ug — 5(79 )VE log( )) Vw L 8Dw
- N LYy -
= <Usvw>M+(DE) + /BDE . P JF/DE (955(796796)116 (19 )VIOg( )) Vi — L oD, P
~ ~ 7
Oc, +(\D 0:5(V¢, 0: )0, — K(V:)VE,1 A\ L =: I;.
et + [ (Gl 0~ KTV Edog(0) - VoL [ >

Clearly E I; = 0 because of (22). Further, I5 = 0 since o, has been extended to zero outside D.. For I;

we obtaln I7 — 0 by (26). By 0. = 0 outside D, we get

Is = —/ k(9:)VE. log(¥.) - Vi
D\D

< OV 1o (00 IV 108 (0| 27 D) [1K(9e) | 3\ Dy [P\ De|& — 0,
where we used that ||Jc||f3my(p) < C and k(J) < C(1 +9™?) for some my > 2 as well as |[D \ D[ — 0
by (26). O
Remark 5. Note that due to the mere low control |97 11sp.) < C, we are not able to prove faDe\aD

LYop/9. — 0 as e — 0, which would finally yield that the weak-* limit of 6. in M™* (D) would satisfy
the balance of entropy in the limiting domain D. Due to i&De\aD LYo /9. > 0 we rather have that
limsup,_,( 0. < o in the sense of measures, where o € M1 (D) is defined as the entropy production rate
for the limiting system in D.

We turn now to the limit ¢ — 0 in (38). We will again follow the arguments given in [18, Section 3.2].
First, by the uniform estimates developed in (27) and (31) and the strong convergence of the temperature
and velocity, we have

0:5(0:,9:) — 0s(0,9) = cy0log(v) — ¢, (v — 1)olog(o)
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weakly in LP(D) for some p > 1 as well as
0-5(0c, ﬁe)ﬁe — 0s(0,9)u = c,olog(d)u— cy(y — 1)olog(o)u

weakly in LP(D) for some p > 1. The term (0.)VE. log(d.) can be handled by d. — ¥ strongly in
L4(D) for any 1 < q < 3my and VE.log(d.) — Vlog(¥) weakly in L?(D). As mentioned in Remark 5,
we infer

Caemy+ [ oz /D (@500, 27~ k(0) log(@) - Vo + L [

Last, let us prove that o fulfils inequality (8). To this end, we notice that

8(1957 vus vus _ ‘\/> . + VTﬁs —— le HEH)

and use weak lower semi-continuity of the L2-norm to infer

S(¢,Vu) : Vu < liminf S(ﬂE,VI}E) : Vi,
9 e—0 I,

+ ’ 10s) iy i,

€

in the sense of distributions. Let us now focus on the second term in (8), which by Fourier’s law (13) and
extension of Y, to the whole domain D is of the form

k()| V E: log(d.)[2.
By assumption (14), it is enough to consider this term for k() = 1 +9™?. In this case, we get
K(0:)|VE:log(0.)|* = |VE: log(d.)|* + 977 2|V, |2,

where we used that E.¢o = ¢ in D, and 155(33) = 0 whenever z € Bea,,(cz;).
Let us focus on the first term and fix 6 > 0. Then, along the same lines as in [18, Section 3.2],

/ |VE. log(¥.)|?

> —/ |V E log(0:)]*°x|v . log<«95>|>1}+/ [VE: log(9.)]*~° 39
D\D. D (39)
3
+/ <|VE log(de)|* — |V E. log (! )|26>X{|VEElog(195)§1} =: ZL’-
e =1

We now estimate, using Holder’s inequality,

|Il| = /; ‘VEE 10g(§5)|276X{\VE5 log(¥c)|>1} < HVEE log(ﬁa)ng(D ‘D\D |o .

Hence, for fixed 6 > 0, we have Iy — 0 as ¢ — 0 since |D.| — |D| by (26). Further, we get |I3| < C(6) — 0
1

as § — 0 uniformly in ¢, since the function z — |2% — 2?~°| obtains in (0, 1) its maximum at zo = (1—3)°.

Thus, I35 is bounded independently of €.

Let us now pass to the limit ¢ — 0 in (39). Due to the strong convergence of the temperature, the fact

that the second term in (39) is bounded in L%(D) for some ¢ > 1 and the weak lower semicontinuity of
the LY-norm, we obtain

timinf [ |VE. log(d.) > / IV log ()2~ + C(5).
e D D

Since |V log(19)|?>~? converges for § — 0 a.e. in D to |Vlog(¥)|? and is bounded by

[V 1og(9)>~° = [V10g(9)]* X {1v 10g(0) > 1} + |V 108(9) >~ X{|¥ 10g(9) <1}
< |Vieg(9)|* + 1€ LY(D),
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together with Lebesgue’s convergence theorem, we infer in the limit 6 — 0

liminf/ |VEalog(19€)|22/ |V log(9)]?.
D D

e—0

Seeing that the above inequalities remain valid if the integrands are multiplied by arbitrary v € C'(D),
¥ > 0, and that the term 972 ~2|V¥.|? can be handled similarly due to the fact that V|d.|"2" is bounded
in L?(D), we achieve at

liminf/D/1(155)|VE510g(195)\22/ #(9)|V log(9))?,

e—0 D

which eventually yields for any 1 € C*(D) with ¢ > 0
S(¥, Vu) : Vu
[ (BB o) ioeo) )

< liminf/ (SWE’VE‘E) : Vi + k(D) VE. log(ﬁa)2>¢
D

e—0 195
< liminf(5.,¥) < (0,9).

To finish the proof of Theorem 2, we have to show

oe(V, 0) = oe(V,0), 0s(V,0) = 0s(9,0), 0s(,0u=0s(0,0u, p(J,0)=0p,o).

By the strong convergence of 9. to ¥ in any L9(D) for 1 < ¢ < 3my, it is sufficient to show the strong
convergence of g. to p, which is proven in [17, Section 5.3]. To summarize, we finally have that the
weak limit (p,u, ) is a solution to problem (3)—(17) in the limit domain D. This completes the proof of
Theorem 2.
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