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Abstract. Consider Yudovich solutions to the incompressible Euler equations with bounded initial vorticity in bounded
planar domains. We present a purely Lagrangian proof that the solution map is strongly continuous in LP for all p € [1, c0)
and is weakly-* continuous in L>°.
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1. Introduction

Let Q be a bounded domain in R? with C? boundary 0€2. Let Ap denote the Dirichlet Laplacian associated
to 2. The vorticity formulation of the 2D incompressible Euler equations is

Ow—+u-Vw=0, (z,1)€x(0,00), (1.1)
where the velocity u is recovered from the vorticity w through the Biot-Savart law
u=VtALlw=Kx*w. (1.2)

Note that u given by (1.2) is parallel to the boundary 9. In the celebrated work [6], Yudovich proved the
existence and uniqueness of global solutions to (1.1) with bounded initial vorticity. This theory includes
the important class of vortex patches [3].

Theorem 1.1 [4,6]. Let wy € L>(2). There exists a unique triple (w,u, Xy) solution to (1.1) such that
w € L*®(R; L (), u(t) = K xw(t), Xt : Q — Q measure-preserving, invertible and

%Xt(x) —w(Xy(2),1), Xo(z)=z Voel, (1.3)
(1) = wo (X (2)). (1.4)

Moreover, the flow X, : Q — 0 is Holder continuous on Q with exponent exp(—Clt|||wol| = (q)) for some

C=C(Q).

The preceding version of Yudovich theory is taken from [4] and is elegant in that the notion of solution
is naturally defined in terms of the Lagrangian flow and does not involve test functions. The purpose of
this note is to present proofs of folklore about the continuity of the solution map for Yudovich solutions
in this purely Lagrangian framework.
To define the inverse of the flow X;, we let X, ;(z) be the solution of
d
dt
In view of (1.3), we denote Xy ; = X;. Then we have

-1
Xt — Xt,()a

XS,t(x) = U(Xs,t(-r)at>7 Xs,s(x) =x. (15)

) Birkhauser
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and (1.4) becomes
w(z,t) = wo(Xyo(z)). (1.6)
We first state the continuity in time of Yudovich solutions.

Lemma 1.2. For all initial data wy € L>®(R2), the unique solution w given by Theorem 1.1 belongs to
C(R; LP(Q2)) N Cy(R; L (2)) for all p € [1,00). Here Cy,(R; L>°(2)) denotes the space of functions that
are continuous in time with values in the weak-x topology of L>°(Q).

Proof. We first note that since the velocity field u is Log-Lipschitz (see (2.5)), X;(z) € C(Q x R) (see
[4]). Therefore, if wy € C(Q) then it is clear that w € C(R; LP(2)) for all p € [1,00]. For p € [1,00)
and wy € L>(Q) C LP(Q), using the fact that C(Q) is dense in LP(2) and X; is measure-preserving, we
obtain w € C(R; LP(Q)).

For any f € C(Q), (1.4) yields

olt) == /Q w(e, 1) f()de = /Q wo(X; (@) f(x)de = / wol@) (X, (2))de.

Q
Thus g € C(R) since X;(z) € C(Q x R). Since C() is dense in L'(2) and X, is measure-preserving, it
follows that t — [, w(x,t) f(2)dx is continuous for all f € L*(Q). Therefore, w € C,,(R; L (12)). O

By virtue of Lemma 1.2, for every ¢ > 0, the solution map
Syt L*°(Q) 3w — w(t) € L™(N) (1.7)
is well defined. We prove that S, is strongly continuous in LP(2) for all p € [1, o).

Theorem 1.3. Let p € [1,00). Let wy, wiy € L>®(Q) such that (w§)n converges to wy in LP(Q). Then for
all T > 0 we have
lim  sup ||Si(wy) — Se(wo)llr (o) = 0. (1.8)

=0 e [—T,T)
Moreover, S; is continuous in the weak-* topology of L*(2).

Theorem 1.4. If wf = wo in L=(), then S.(wi) = S.(w) in L=(Q x (=T, T)) for all T > 0 and
Si(wy) = Sy(wo) in L®(Q) for all t € R.

It was obtained in [2, Corollary 1] that for the torus T2, the solution map for Yudovich solutions is
continuous in LP when restricted to bounded sets of L°°. Theorem 1.3 dispenses with the restriction to
bounded sets of L> and holds for domains with boundary. The proof in [2] is Eulerian and relies on L?
energy estimates for the velocity and vorticity differences. On the other hand, our proof of Theorem 1.3
is purely Lagrangian: LP estimates for the vorticity difference is deduced from an L! estimate for the
difference of the flow maps. The latter is established by employing an idea in [4] for the uniqueness of
Yudovich solutions. We remark that Theorem 1.4 is stated without proof in [5] and is used to deduce
properties of the omega-limit set of the 2D Euler equations.

On the whole space 2 = R?, the same statement in Theorem 1.1 holds with L>(Q) replaced by
L5°(R?), the space of L>°(R?) functions with compact support. Note however that the flow map X; is
then only locally Holder continuous with exponent exp(—C't|||wo|| 1AL ), where C' is a universal constant
and L' N L>* = LY(R?) N L>(R?) is equipped with the norm

- llzinzee = Il - lzrr2) + || - [ oo (R2)-
We have the following version of Theorem 1.4.
Theorem 1.5. Assume that wy € LZ(R?), (wf), C L(R?) is bounded in L'(R?) and wi — wy in

L>®(R?). Then S.(wf) = S.(wo) in L=®(Q x (=T, T)) for all T >0 and Si(w§) — Si(wo) in L>=(R?) for
allt € R.
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Under the hypothesis of Theorem 1.5, for all p € [1, co] we have that ||.S;(w§)||zr = ||w§]|Le is uniformly
bounded by interpolation. Therefore, the conclusion in Theorem 1.5 implies Sy(w) — Si(wo) in M(R?),
the space of signed Radon measures on R?, and S;(wi) — Si(wo) in LP(Q) for all p € (1,00).

Remark 1.6. As we have mentioned earlier, the notion of solution in Theorem 1.1 does not involve test
functions. On the other hand, if w is such a solution, then for any ¢ € C1(Q2 x [t1,t2]) we have

/t2/w(x,t)8t¢(x,t)dxdt
t1 Q

- [ [ nta@0)xi(o o
/t2/wo )0:[Pp( Xt (), t)]dadt — / /wo WV (X (x),t) - 0, Xy (x)dxdt

- / wo(@)[B(X1y (@), £2) — S(Xo, (2), 1)]de / [ @) V6X; ), 8) - ulXs ) )
Q ty Q
= /Qw(:r,tg)qﬁ(x,tz) —w(x,t)p(x, ty)dx — /tl /Qw(m,t)u(ac,t) -Vo(z,t)dxdt.

Thus w obeys the weak form

/ ’ / w(x,t) [0ed(x, t) + u(z,t) - Vo(z,t)] dedt = / w(z, to)p(z,te) —w(x, t1)d(x, t1)d. (1.9)
t JQ Q

2. Proof of Theorem 1.3
We first recall the following estimates for the Biot-Savart kernel K.
Lemma 2.1 [6]. There exists C' depending only on Q such that for all z, y, a, b € Q, we have
K(z,y)| < Cla —y|™", (2.1)

/ K (2,a) — K(z,b)|dz < Cop(la— b)), (2.2)

where @ is the Log-Lipschitz modulus of continuity
e(r)=r(1—Inr) f0<r<1, ¢(r)=1 ifr>1. (2.3)
As a direct consequence of (2.1) and (2.2), if w € L>°(£2) then v = K *w is bounded and Log-Lipschitz:

[ull Lo (@) < CllwllLe=(e), (2.4)
u(z) —u(y)| < Cllwllzep(le —yl) Vo, y €.

Let (w?,u’, X}), 7 = 1,2 be two solutions of (1.1) with initial data w} € L>(Q). For notational simplicity
we shall write LP = LP(Q). Fix p € [1,00). We have the elementary inequalities

(a+b)P <207 a? +bP), (a+b+c)P <207 1aP 4 22P72(bP + ¢P) Va,b,c € Ry. (2.6)
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Since the flow maps Xg,t are measure-preserving, we have
o) = P01 = [ b (Ko@) — B (XEp(a)) P
<27 [ ul(xlole)) o (XEo(o)Pda
+271 [ ub(Xo(a) — (X (w) P

<! /Q Jwo (Xi0(2) — wo (X (@) [Pda + 277 lwg — willZ

We extend w} to zero outside © and approximate wg by w} * p., where p. is the standard mollifier. It
follows from (2.7) that

lw' (1) = w* @)1 < 27wy — wilTs + 277 |lwg * pe — wo |7

+ 2% / (@6 % pe) (X (2)) = (w5 * pe) (X o (@) [P

< 27— Bl + 272 ¢ — =
+ 2w, [ 1Xola) — XEof@)lde
Set F(z,t,r) = |X}, (x) — X?,(z)|. Integrating (1.5) with respect to ¢ we deduce
Plat,r) < Lo(o)os) =02 las| + | [ (o)) O s
= Ii(x,t,r) + Iy(z,t,r).
The Log-Lipschitz bound (2.5) yields
|1 (z,t,7)] < Cllwh| L= /tT o(F(x,t,s))ds|. (2.10)

As for I, we use the definition u/ = K * w’, (1.6) together the fact that the maps X7, are measure-
preserving, giving

Lyt < / KX, (@), y)wd (XL o)) — K (X2 (2), ) (X2 <>>dy\ds
- / K(X2,(2), X2 ()b (9) — K (X2 (2), X2(9))? (4)dy]| ds
<|f ' [ 1CE 0). X20) = K2, o), X2l )l s

=19+ I3

tr [ KO ), X2 0) ~ 0 lduds

Integrating I» in x and using the fact that Xf)s is measure-preserving, we deduce

/ \I5(x, £, 1) d =
Q

< CHWo”Lw

/ K (2, X (y) — K (x, X (y))|derlws (y)|dyds

/ / F(y,0,s))dyds|,

where we have used (2.2) in the second estimate. Since ¢ is concave, Jensen’s inequality implies

o (G frwnm)a.

/ |15 (z,t,7)|dr < C||wd || p- (2.11)

]
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On the other hand, (2.1) gives

[ 13t <
Q

/tr /Q /Q X2, (@) - ) Lol W) — wow)ldyds
I [ omgdeteton - stlapas

< Clt = rfllwg — willzs-

s (2.12)

A combination of (2.9), (2.10), (2.11) and (2.12) implies that n(¢,r) := |Q|~! [, F(x,t,r)dz satisfies

0t ) < Oft — rlllwh — Bl + Clldllz~ { / " on(t, s))ds| + / " o((0, ))ds } (2.13)

for all t,r € R, where C' = C(Q).

Let T > 0 be arbitrary. We first consider ¢ = 0 in (2.13). We choose w}, such that CT|w} —w?2||: < 1.
Since 1(0,0) = 0 and (0, -) is continuous, there exists a maximal time 7} € (0, 7] such that 1(0,s) < 1 for
all s € [0, T7). Consequently, in (2.13) we have ¢(n(0, s)) = 1(0, s)[1—1In(n(0, s))] provided that s € [0,T7).
An application of Osgood’s lemma [1, Lemma 3.4] yields

1 ex — T (.Ul oo
n(0,7) < elfexp(*CITHIwollLoo)(CT”wé — W) p(=Clrllwollze=) . o [0,71]. (2.14)
Using (2.14) with r = T} we find that if
CT||wd — w1 < e~ POTlwslizoe) (2.15)

then 7(0,71) < 1, and hence T} = T and (2.14) holds for all r € [0, T]. By the same argument, we obtain
(2.14) for all r € [T, T]. Since ¢ is increasing, inserting (2.14) into the right-hand side of (2.13), we
deduce

(2.16)

N(t.7) < O g e (lwo — willze) + Cllwgllze

/ e(n(t,s))ds
t
for all t,r € [-T,T], where
xp(— L o
D i oo (2) = CTz + CT|lwi || L= (e(CTz)e p(~OT|wjl|z >)

with C' depending only on . Clearly ®(z) — 0 as z — 0. Similarly to (2.14), we can apply Osgood’s
lemma to (2.16) and obtain

n(t,r) < elfcxp(fc\tfr\Hwéllmo)q,iﬂwéHL&(||wé — W )P Cl=rlllwg o) (2.17)
for all ¢t,r € [-T,T] provided that
B g (I — whllLr) < et mexPECTlgllie), (2.18)
By virtue of (2.17), (2.8) yields

Il () = w? (O < 27§ = s + 2%l = pe — Wil )10
=TI gy (i — )Ty (21

+ 2272 |uwg * pe |
for all t € [-T,T].

To obtain Theorem 1.3, let wy, w{ € L*°() such that (wf), converges to wg in LP(£2). For n > N
sufficiently large, the smallness conditions (2.15) and (2.18) hold for wy — w{j, so that (2.19) holds for
St(wo) — Se(wf). In (2.19), taking the supremum over ¢ € [0, T, then letting n — oo followed by € — 0 ,
we conclude that

p
C1/p

lim  sup ||Si(wy) — Se(wo)llLr() = 0. (2.20)
N7 te[—T,T)

The proof of Theorem 1.3 is complete.
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3. Proof of Theorem 1.4

Assume that wf = wg in L>=(Q). Let (W™, u™, X}*) (vesp. (w,u, X;)) be the Yudovich solution of (1.1) with
initial data wy (resp. wo). Fix T' > 0 arbitrary. With M = sup,, [|wi||=~ < oo we have sup,, [|w” || Lo x(—1,1)) <

M. Thus there exists a subsequence w™ -~ w™ in L>(Q x (=T, T)). Define
u™(t) = K *w™(t),
%X;’O(z) =u®(X;°(2),t), XF(r)==x VYzel.
Note that > is divergence-free and Log-Lipschitz, whence X7° is measure-preserving. We claim that
w™(x) = wo(Xﬁf)(m)). (3.1)

1. To prove (3.1), we first use the L bound (2.4) to have

d
7X”
dt t (.I')

sup
n

<CM VxeQ, C=CQ).

Recall in addition from Theorem 1.1 that each X' is Holder continuous with exponent
exp(=Cltl[|lwollL=(0)) = exp(=CMT), C=C(Q).

It follows that the sequence X[*(z) is uniformly bounded in C*(Q2 x [~T,T]) for some o = a(M, T, ).

By the Arzela-Ascoli theorem, the subsequence X" has a subsequence X™¢ — Y in C(Q x [T, T)).
Using this strong convergence, we now prove that

Wi (Xpg' (@) = wo(Yeo(x) in L¥(Qx (<T,T)), Yi(x) =Y (z,1). (3.2)

Indeed, for any f € C(Q x [T, T]), we have

/ / o (X[ (@) f(x, t)dxdt = / / 0" (@) (X" (), t)dudt
/ / e (), t)dwdt

Since wf = wp in L>(Q) and f(Yi(-),t) € L1(),
elim wy " () f(Yi(x), t)dx = / wo(x) f(Ye(x), t)dx.
—.Jo Q

In addition, we have

< M| fC )l € LH(=T,T)),

[ et @ity s
Q

so that the dominated convergence theorem gives

hm I = / / wo(x ), t)dxdt.
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Since X™¢ — Y in C(ﬁ x [=T,T]) and |wy " ()] < M, I converges to 0 by uniform convergence on the
compact set Q x [T, T]. Consequently,

e W e
B /_T/Q‘*’O(Yt,o(w))f(m)dx.

Since C(Q x [T, T]) is dense in L'(Q x (=T, T)) and w§(X[(x)) is uniformly bounded in L>(Q x
(=T.T)), (3.3) implies (3.2). On the other hand, w(* (X:S’ (z)) = we(z,t) = we(x,t), so that (3.2)
implies

(3.3)

w(z,t) = wo(Y,0(x)). (3.4)
Thus (3.1) would follow from (3.4) provided that
Yilw) = X7°(2). (3.5)
To prove (3.5) we start with
%X"(m) — (X)), () = K w0 (1), (3.6)

Using that w™ = w™ in L®(Q x (=T,7)) and [, |K(z,y)|dy < C(Q), we deduce u™ = u> in L=(Q x
(=T,T)). Arguing as in the proof of (3.2) we obtain

u™ (X (x),t) = u(Yy(e),t) in L2(Q x (=1,T)),
whence (3.6) gives 4Y;(z) = u™(Y;(z),t). Therefore, Y;(z) = X{°(z) by the uniqueness of trajectories
generated by Log-Lipschitz velocity fields. This finishes the proof of (3.5) and hence of (3.1).

2. With (3.1) established, the triple (w*,u>, X7°) is a Yudovich solution of (1.1) with initial data
w™®|;=0 = wp. By the uniqueness part in Theorem 1.1, (w™,u>, X°) = (w,u, X;). In fact, the above
argument shows that every subsequence of w™ has a subsequence converging weakly-* to w in L>(€ x
(=T, T)). It follows that the entire sequence w”™ > w in L=(Q x (=T, T)).

Now for each t € R, w™(t) is well-defined in L>°(2) by virtue of Lemma 1.2. Moreover, ||w"(t)|| L~ < M,

whence w™ = h(t) in L>®(Q) for some subsequence ny, which a priori depends on ¢. For any f € C(Q)
we have

/w"(z,t)f(x)dx = / wy (@) f(X(z))dx — / wo(x) f(X¢(z))dx
Q Q Q
in views of the facts that wj = wp in L>(Q) and X}* — X = X; in C(Q). It follows that

/hxt m—/w@ﬂﬂ@“=4w@ﬂ@ﬂ%&

and thus h(z,t) = wo(Xio(z)) = w(x,t) a.e. x € Q. In fact, we have proved that every subsequence
of w™(-,t) has a subsequence converging weakly-* to w(-,t) in L>°(f2). Therefore, the entire sequence
W (-, 1) = w(-,t) in L®(€). This concludes the proof of Theorem 1.4.

4. Proof of Theorem 1.5

We follow closely the proof of Theorem 1.4 and use the same notation whenever possible. We note that
w™(t) has compact support for all ¢ € R but X;* does not in general. Since X is uniformly Holder
continuous on any compact set of R2 x Ry, any subsequence nj, has a subsequence ny, such that

VR>0, X" —Y inC(Bgx[-T,T]) (4.1)

by the Arzela-Ascoli theorem and a diagonal procedure. Here Br denotes the ball of radius R centered
at 0 € R2. To prove (3.2) we take f € C.(R? x (=T, T)), a dense subspace of L'(Q x (=T, T)), and only
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consider I, since the above argument for I; does not make use of the boundedness of €. If supp f C
Bgr x (=T,T) then

T
- PO (2),6) — F(Yal), )] dadt,
-T Xt,,o[(BR)UYto(BR)

where M = sup,, ||w§ || L. We have
[u[[zee < Cllw™[lL1nLe = CllwgllLinre < CN,
where N := sup,, [|wif||r1nze + ||wollL1nze. This implies
X, 6 (Br)UY0(Bg) C Breren V[t < T,

whence
L) < M / / X (2),0) — F(Yil(w), 0)|dadt.
BR+TCN

Therefore, limy_, o, Iz = 0 by the uniform convergence (4.1) on the compact set Brircon X [—T,T]. This
yields (3.2).

Regarding (3.6), we prove that w™ > w™ in L%°(R? x (~T,T)) implies u™ = u*>® := K % w™ in
L>(R2 x (=T,T)). Note that the Biot-Savart kernel for R? is

(—z2,71)

K(z,y) =Kz —y), K(z)= W,

and K does not belong to L*(R?). For any f € C.(R? x (=T, T)) we have

/ /]R? (1) f (@, t)dadlt = / /R2 vt) | K@ =y)fe tdedydt

(4.2)
= [ gty
-7
Since K ¢ L'(R?), we do not have g(t) € L'(R?) to use the weak-* convergence of w™ . On the other
hand, upon splitting the z-integration in g into |z —y| < 1 and |z — y| > 1 and applying suitable Young
inequalities, we deduce ||g(t)|s < C||f(t)||z1~rs and thus g € L>((=T,T); L3). Now, w™ is uniformly
bounded in L*°(R; L2) by interpolation, whence w™ — w®™ in L% (R2 x (=T, T)). It then follows from

(4.2) that
klim / / Mz, t) f(z,t)dedt = / / (y,t)g(y,t)dydt
—00 R2 R2

:/J /R w (2, ) f (x, O)dadt

for all f € C.(R? x (—T,T)). Using this, the fact that u,, is uniformly bounded in L>°(R?) and a density

argument, we conclude u™ — u> in L®(R? x (=T, T)). The remainder of the proof follows along the
same lines of the proof of Theorem 1.4.
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