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Abstract. We consider smooth solutions to a relaxed Euler system with Oldroyd-type constitutive laws. This system is
derived from the one-dimensional compressible full Navier-Stokes equations for a Newtonian fluid by using the Cattaneo—
Christov model and the Oldroyd-B model. In a neighborhood of equilibrium states, we construct an explicit symmetrizer
and show that the system is symmetrizable hyperbolic with partial dissipation. Moreover, by establishing uniform estimates
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1. Introduction

Euler and Navier-Stokes equations are two important models in fluid dynamics. There are rich litera-
tures on the mathematical analysis around these equations. We refer to [11,23-26] and references therein
for mathematical results. There are deep relationships between Euler and Navier-Stokes equations. It is
well known that the Euler equations can be derived from Navier-Stokes equations through the vanishing
viscosity limit. Meanwhile, the Navier-Stokes equations can also be approximated by first-order partial
differential equations using different kinds of constitutive laws for non-Newtonian fluids. These approx-
imate equations are referred to as relaxed Euler systems or hyperbolic Navier-Stokes equations, see for
instance [10,16,30,33,34].

In the paper, we study the global-in-time convergence from relaxed Euler-type equations with Ol-
droyd’s constitutive laws to compressible full (non-isentropic) Navier-Stokes equations by letting relax-
ation times tend to zero. Let ¢ > 0 be the time variable and x = (21, -+ ,24) € R¢ be the space variable.
The compressible full Navier-Stokes equations are of the form

Op + div(pu) =0,
O(pu) + div(pu @ u) + Vp = divr, (1.1)
Ot(pE) + div(puFE + up) + divg = div(ur),
in RT x R%, where p > 0 is the density, u = (ug,--- 7ud)—'— € R is the velocity, 6 is the temperature, p is
1
the pressure function, ¢ € R? is the heat flux, 7 is the stress tensor and E = e + —|u|? is the total energy

per unit mass with e being the specific internal energy. The symbols T and ® represent the transpose
and the tensor product, respectively. In (1.1), p, u and 6 are independent variables, e and p are functions
of (p,#). In particular, for the ideal fluid, we have

e=c,b, p= Rpb, (1.2)
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which satisfy the thermodynamic equation

p*e, =p — Opo, (1.3)
where R and ¢, are positive constants, and e, = g—z etc. Generally speaking, the heat flux ¢ satisfies the
following Fourier’s law

q = —krV0, (1.4)

where k > 0 is the heat conduction constant. For Newtonian viscous fluids, the stress tensor 7 takes the
form

T = po(u) + A(divu)l4, (1.5)
with
o(u) = Vu + (Vu) T — g(divu)ld.

Here I; denotes the unit matrix of order d. The parameters u > 0 and A > 0 are the shear and bulk
viscosity coefficients, respectively, which are all assumed to be constants.

For the full Navier-Stokes equations (1.1) with constitutive laws (1.4) and (1.5), the construction of the
corresponding relaxed Euler systems depends on the way how to decompose the second-order derivatives
divr, div(ur) and divg into first-order derivative terms. Clearly, there are lots of ways to do it, among
which the most natural one is to replace (1.4) and (1.5) by the following Maxwell’s constitutive laws [28]

€10+ q = —K V0, (1.6)
€20, + 1 = po(u) + A(divu)Iy, (1.7)

where €1 > 0 and 2 > 0 are the relaxation times. Equations in (1.1) together with (1.6)-(1.7) form a
relaxed Euler system. Formally, letting (€1, e2) — 0 recovers the Navier-Stokes equations (1.1) with (1.4)
and (1.5). This idea is not recent. It dates back to 1860s, see for instance [3,4,28]. These approximations
have not only the mathematical sense but also physical interpretations. Relation (1.6), also known as the
Cattaneo’s law, gives rise to heat waves with finite propagation speed. Relation (1.7) describes motions
of viscoelastic fluids. The laws are combinations of the Newtonian’s law of viscosity and the Hooke’s law
of elasticity.

The existence of smooth solutions to system (1.1) with Maxwell’s constitutive laws (1.6) and (1.7) and
their convergence to the classical non-isentropic Navier-Stokes equations (1.1) with (1.4) and (1.5) have
been studied in previous works. In the case where €1 = 0, the authors of [15] proved the global existence
of smooth solutions near constant equilibrium states for fixed e, > 0 and the local-in-time convergence
towards the Navier-Stokes equations as g3 — 0. Similar results are obtained in [14] in the case where
g = 0 and €1 > 0. In these results, only one of the constitutive laws within (1.6) and (1.7) is used. Hence
the systems studied in [14,15] are of mixed hyperbolic-parabolic type in the sense of Shizuta-Kawashima
[19,39]. The local-in-time convergence is based on the error estimates between the original system and
the limiting system. For the isentropic Navier-Stokes equations with constitutive law (1.7), the author
of [42] obtained the local existence and the local convergence to the classical isentropic Navier-Stokes
equations under condition tr(7) = 0, where tr(7) means the trace of matrix 7. In [30], the first author
of the present paper constructed approximate systems with vector variables instead of tensor variables
by using Hurwitz-Radon matrices in both compressible and incompressible cases. He proved the uniform
(with respect to £; and e2) global existence of smooth solutions near constant equilibrium state and the
global-in-time convergence of the systems towards classical isentropic Navier-Stokes equations. He also
obtained similar results for the isentropic Navier-Stokes equations with constitutive law (1.7) without
condition tr(r) = 0. For the approximation of incompressible isentropic Navier-Stokes equations with
constitutive law (1.7), we also refer to [10,33,34,37,38].

However, these two constitutive laws (1.6) and (1.7) have drawbacks as they do not ensure Galilean
invariance. In other words, these laws lead to paradoxical evolution of thermal waves in a moving frame,
see [7]. To overcome it, the Oldroyd’s upper-convected time derivative (or simply Oldroyd derivative)
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should be considered. In this paper, we consider the following two constitutive laws. The first one is the
Cattaneo-Christov model introduced in [6],

€2 (8tq +u-Vg—q-Vu+ (divu)q) = —q— KV, (1.8)

in which the terms on the left-hand side are the Oldroyd derivative. It is proved in [6] that the constitutive
law (1.8) is Galilean invariant. The second one is the following Oldroyd-B model for the tensor variable
7 (see for instance [2,29,35,36] and the references therein)

e3(0 +u- VT +g(7, V) + 7 = po(u) + A(divu)I4, (1.9)
where

g(1,Vu) = 7W(u) — W(u)r, with W(u) = =(Vu-— (Vu)T).

DN =

Hence, the relaxed Euler system for (1.1) with constitutive laws (1.8) and (1.9) is of the form

Op + div(pu) = 0,
O(pu) + div(pu ® u) + Vp = divr,
O (pE) + div(puE + up) + divg = div(ur),
(Oig+u-Vqg—q-Vu+ (divu)g) = —q — kV,
(O +u-VT+g(1,Vu)) +7
= ,u(Vu +Vul — %(divu)[d> + A(divu) Iy,

. (1.10)

2
1
&3

in RT x R,

System (1.10) is very complicated. One can observe that it contains d? + 2d + 2 equations for fluids
in space R?. So far the symmetrizable hyperbolicity for (1.10) is unknown in cases d > 2. This makes it
hard to establish the existence results. See classical theories [18,21,24]. Moreover, when considering the
constitutive laws (1.8) and (1.9) at the same time, there are no apparent dissipative structures for Vu
and V0 due to the loss of the elliptic structures for v and 6. This is different from the situation for the
systems treated in [14,15].

In a recent paper [16], the authors considered (1.10) in one space dimension. In this case, system (1.10)
is reduced to the following form

s (pu) + 0. (pu® +p—7) =0,

Ot(pE) + Ox(puE + up + ¢ — ut) = 0, (1.11)
£2(0pq + u0ypq) + KO0 = —q,
e2(04T + udyT) — Nopu = —1,

in RT x R, with the initial data
(pauaevan)lt:() = <P67U6a98aQS7T§)($)a (112)
where ¢ = (£1,¢2). In the limit as ¢ — 0, we have formally
q=—kK0:0, T=M\0yu.

Substituting these relations into (1.11), we recover the following one-dimensional non-isentropic Navier-
Stokes equations

9p + O0x(pu) =0,
Oy (pu) + 0, (pu?) + 0pp = Nssu, (1.13)
O (pE) + 0. (puE + up) = (0,20 + N0y (udyu),

in R* x R. Equations (1.13) have been widely studied. We refer to [13,17,20,27] for the global existence
of smooth solutions. See also [11,23] for related topics and references therein. In (1.11), p, u, 6, ¢ and 7
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are independent variables, and both the internal energy e and the pressure function p are functions of
(p,0,q,7). In [16], the authors used the following state equations for e and p :

o+ gy 2o (1.14)
e=cyf+ — —= 77 )
/ip@q 2X\p
Roo— L2 o2 (1.15)
= ———q®— =7 .
P=7 70507 T ax

Equation (1.14) is based on the results in [8], where the authors rigorously proved that the constitutive
law (1.8) is consistent with the second law of thermodynamics if and only if the dependence of e on
q is quadratic. Similarly, the quadratic dependence of e on 7 also implies the compatibility with the
second law of thermodynamics. The choice of equation (1.15) makes it consistent with (1.3) and the state
equations (1.14)-(1.15) yield formally those for the ideal fluid (1.2) as ¢ — 0. For more explanations, see
[5,9,16,41].

Let V. = (1,0,1,0,0)T be an equilibrium state for (1.11). Due to the explicit expressions (1.14) and
(1.15), the authors of [16] constructed a strictly convex entropy for system (1.11), see Lemma 3.1 in [16]
or Lemma 3.1 below. Based on this, they established the global existence of smooth solutions near V, for
fixed €1 > 0 and €5 > 0, and the local convergence of the system towards the classical full Navier-Stokes
equations as €1 = €2 — 0. However, the convergence for large time has not been investigated.

The purpose of this paper is to study the global convergence of system (1.11) with state equations
(1.14) and (1.15). The main results of the paper are contained in the following two theorems. The first
theorem shows the uniform global existence of smooth solutions to the Cauchy problem (1.11)-(1.12)
near V.. The second one concerns the global convergence of the solution of (1.11) to that of the one-
dimensional full Navier-Stokes equations (1.13) for the ideal fluid (1.2) as ¢ — 0. Remark that in these
results condition 1 = £5 is not needed and system (1.11) is not included in the class of systems studied
in [22,31,32,43]. The proof of the results is based on uniform estimates with respect to the time and the
relaxation parameters. We use the strictly convex entropy given in [16] for the L? estimate. A key step is
to find an appropriate symmetrizer of system (1.11) for higher-order estimates. It is well-known that the
second-order derivative of a strictly convex entropy provides a symmetrizer for a system of conservation
laws [1,12]. However, this result cannot be applied to (1.11) because it is a non-conservative system.

It is worth mentioning that the global existence result in the present paper is different from that
obtained in [16], which is not uniform with respect to £; and e5. More precisely, there are terms d;q and
Oy in the definition of the energy in [16]. Because of boundary layers in the limit as ¢ — 0, such an energy
cannot be uniformly bounded with respect to the relaxation parameters. In order to avoid this situation,
in the proof of our results, the energy contains only terms of derivative of solutions with respect to x.

Theorem 1.1 (Uniform global existence). Let s > 2 be an integer and (p§ — 1,uf, 05 — 1,45,75) € H*(R).
There exist two positive constants 6 and C, independent of €1 and ea, such that if

106 = Lls + luglls + 1165 — lls + rllgslls + e2ll751l < 6,

then for all €1,e2 € (0,1], the Cauchy problem (1.11)-(1.12) together with (1.14)-(1.15) admits a unique
global smooth solution (p®,u®,0%, ¢, 7¢) satisfying

P —1,uf,0° —1,¢°,7° € C(R"; H*(R)) N C*(RT; H*~1(R)),
and
1p°(t) — 1tH§ + @15+ 16°(t) = 13 +etllg ()13 + 3ll7= )13
+/0 (100" (V3 -1 + 100u ()3 -1 + 10265 (E)3-1 + lla® ()3 + 75 ()13 at’
< C (0§ = LU + llugls + 1165 = 1112 +eFllasl? + 2ll7513), v e>o0, (1.16)

where || - || denotes the usual norm of H*(R).
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Theorem 1.2 (Global convergence). Let € = (e1,€2) and (p°,u®,0%,¢°,7%) be the global solution obtained

in Theorem 1.1, then there exist functions (p,u,0) € L (R*; H*(R)) and (q,7) € L*>(RT; H*(R)), such
that, as € — 0 up to subsequences,

(p%,u®,0°) — (p,u,0) weakly-* in L=(RT; H*(R)), (1.17)

(¢°,7°) — (q,7) weakly in L*(RT; H*(R)), (1.18)

where (p,,0) is the solution to the one-dimensional full compressible Navier-Stokes equations (1.13) for

the ideal fluid (1.2), with initial value (po, to, Oy) which is the weak limit of (p§, ug, 05) up to subsequences.
Moreover,

§=—r0,0, T=\0,u.
The rest of the paper is organized as follows. In the next section, we prove results on the hyperbolic

structure for system (1.11). These results are crucial in the proof of the above theorems. Section 3 is
devoted to uniform global estimates. The proof of the theorems are completed in the last section.

2. Symmetrizable Hyperbolicity

In what follows, s > 2 denotes an integer. Let € = (£1,€2) and C be a generic positive constant independent
of ¢ and any time. We assume that 1,2 € (0,1]. For a integer k£ > 1, we denote by || - ||x, || - | and
|- |l the norms of the usual Sobolev spaces H*(R), L?(R) and L>(R), respectively. The inner product
in L2 (R) is denoted by <-, > In the proof we will frequently use the fact that the embedding from H'(R)
to L*°(R) is continuous for all integers [ > 1.

For simplicity, the dependence of solution on the parameters €1 and £ is not expressed explicitly. We
want to write (1.11) into a first-order quasilinear system of variables (p,u,,q, 7). First, it is clear that
by using (1.15) and the first equation in (1.11), the second equation in (1.11) is equivalent to

p(Oru + udyu) + ppOup + pe0s0 + pgOuq + (pr — 1)0,7 = 0.
Similarly, by using the first two equations in (1.11), the third equation in (1.11) is equivalent to
pote + pudze + (p — 7)0zu + 0-q = 0. (2.1)
This equation can be further treated by using equations (1.3), (1.14) and (1.15). Indeed,
pore = pegdil + pe,dip + peqOiq + perOrT

2
= pegdi + pe,Oip + p?jp(—efuazq —q—K0,0) + p/\lp(—sguaﬂ — T+ A0 u)

2q 2e%uq 2¢>  3ur T2
peo0t 4 pepdp 9 0 q 0 \ T b\ + TO0zu
and
pudgze = pueg00 + pue,0,p + pueq0,q + pue, 0,7
2 2 2
= puegd.0 + pue,0.p + Eluqawq + 621“-8%7'7
K0 A
hence,
2q 2¢> 7?
pOre + pudye = pegdit) + (pueg — ?)810 + pe,(0¢p + udyp) — Y + 705u.

Combining the last equation with (1.3), (2.1) and the first equation in (1.11), we have
2 2 2 2
peg0il + OpgOu + (puee — ﬁ)axe + 0,q = 20 + L
0 kO A
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Therefore, system (1.11) is equivalent to
Op + 0 (pu) =0,
p(atu + uaﬂcu) + ppazp + p@aase + anzq + (pT - 1)8307- =0,
2
p0eg0;0 + 02pgOru + (pubeg — 2q)0,0 + 00,.q = 2% + %, (2.2)
£2(0q + u0,q) + KO0 = —q,
e3(0ym + udyT) — NOpu = —T.
Let Dy(e) be a diagonal matrix defined by
Dy(e) = diag (1,1,1,¢7,€3) .

Then system (2.2) is written as

Do(e)Vi + A(V)0,V + BV = F(V), (2.3)
where
1 /242 672 T
V= 0 T F(V)=1{0,0 —= +2-),0,0
ontiane F0) = (00, (20 B 00)
and
u p 0 0 0 . 00000
Poogq  Be B Prn 00000
AV)=]o0 ey 20 1L o [ B=]00000
peg pleo  peo
00 K u 0 00010
0-Xx 0 0 edu 00001
We define
Ag(V) = Ag(V)Dy(e), A(V) = A(V)A(V),
with
92Ppp9 0 0 0 0
0 p202pg 0 0 0
Ag(V) = 0 0 p229€op0 —(p*qes) 0
0 0 —ZLp%qes L (pBpo + 2pqpg) 0
0 0 0 0 5 (p0%pe (1 — p-))
Then straightforward calculations give
92ppp9 0 0 0 0
0 0202pg 0 0 0
A(V)y=1| 0 0 p*Oeqpo —L(p%qeo) 0 7
et 2 e}
0 0 —L(p*qeq)  (pBpo + 209pg) 0
2
0 0 0 0 2 (00%po(1 —pr))
ub?pope  pO*p,pe 0 0 0
P02 p,po p*ub?pe p0°p; P02 popq p8po(pr — 1)
AWV) = 0 Py Ji pBpe + p*ubegp, 0 :
0 p92p9pq pOpy + p2u969pq Jo 0
2
0 0p0%pe(pr — 1) 0 0 2 (pub?p(1 — pr))
where

2
I3
Ji = p*ubegpe — 2pqpe — pqeq,  Ja = ;1 (pu(Opo + 2qpq) — pa).
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It is clear that Ag(V) and A(V) are symmetric. Let 7 > 0 and
N=p-1, ©=0-1, W= (N,u,0,e1q,67)
We denote

EO=IWEE = sup £() (2.4

In Theorem 1.1, estimate (1.16) implies that &7 is uniformly sufficiently small when &(0) is, although the
L°(0,T; H*(R)) norm of ¢ and 7 may not be uniformly small with respect to €; and 5. The following
result shows that Ag(V') is positive definite when &7 is sufficiently small.

Lemma 2.1. Let W € C([0,T]; H*(R)) be the smooth solution to (2.2) with (1.14)-(1.15) and (1.12). Then
there exist constants 6 > 0 and c¢; > 0, independent of e1 and €4, such that if ng/2 <4, we have

c1 < Ps eappvp9a eg < Ca (25)
[pglls < Cder,  lp-lls < Cdea,  lgpglls < O, (2.6)

and Ao(V') is positive definite and then system (2.2) is symmetrizable hyperbolic.

Proof. When &7 is sufficiently small, p and 6 are sufficiently close to 1, then they have uniform positive

upper and lower bounds. From the state equations (1.14) and (1.15), we have
2 2
€1 2 €1 2
= Cy — —54, 2.7
ol 0= 0 (2.7)

which imply (2.5) since ||e1¢|loc < & which is sufficiently small. Besides,

pp="RO, po=Rp+

2 2 2
€1 &3 €1 2

L P = 2.8
Pg= =t P N 4= d (2.8)

which imply (2.6).

Moreover,
2
p?0egpy —=1(p?qeq)

2.3 2.2
EAI IR =P (92175 — L (2, +/)69)> :
—L(p?qes) = (pOpe + 2pap) K

Then (2.5) implies that the above determinate is positive for sufficiently small &r. From (2.6) and e < 1,
we also have ||pr|s < Cd. Therefore, Ag(V) is positive definite from its explicit expression. O

Applying the theory on the symmetrizable hyperbolic system, Lemma 2.1 implies the local existence
of smooth solutions to the Cauchy problem (2.2) with (1.14)-(1.15) and (1.12) from the classical iteration
technique and fixed point theorems, see for instance [18,21,24].

3. Uniform Global Estimates

Let T > 0 and W = (N,u,0,e1q,627) " be the unique local smooth solution to (2.2) with (1.14)-(1.15)
and (1.12), defined on [0,T]. We assume that &7 defined in (2.4) is sufficiently small. This gives rise to
the rational assumption that

1 1
p-1<5 10-1<5, <3 (3.1)

We want to establish the uniform global estimate for W with respect to the parameters e; and €5 and
the time 7. For this purpose, we introduce the following dissipative energy

() = 10:NOZ -1 + [0u(®)l2-1 + 1000121 + la@®)II2 + ()13

N |
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3.1. L2-estimate

The L? estimate relies on the existence of a strictly convex entropy and its corresponding entropy flux.

Lemma 3.1. For system (2.2), there exists a strictly convex entropy n and its corresponding entropy flux
U satisfying

(W) + 0, U (W) + % + % =0, (3.2)
where
Loy el 1 2, €5 5
n(W) :R(plnp—p+1)+§pu +cv,0(9—ln0—1)+@ (1— 20) q +5T )
and

1
U(W) =Rp(Inp — Du+ ipu?’ +cppu(@ —Inf — 1)+ (p— 7)u + (1 - f)q

2 2
51“( 1)2 €3 o
- — 22 472,
t 0 99)T T\

In addition, if & is sufficiently small, the following L?-energy estimate holds

t
1(p—1,u,6 = 1,e1g,e27) ()| +/0 (la@)I1? + I ())1?)a
< C (Ilpo = LUI* + lluol* + 10 — LII* + eillaoll* + €3llmoll?) , Yt € [0, 7). (3.3)
Proof. The entropy-entropy flux identity (3.2) was established in [16]. We now prove (3.3). By the Taylor’s
expansion at (p,0) = (1,1) and (3.1), we have
R R

Cop ~2 1 2 2 2
p(0—1nb—1)=-L02>-¢02 R(plhp—p+1)=-—N2>_N2
cop(f — In ) 2520 2 9% (plnp—p+1) % 3

where p is between p and 1, and 0 is between 6 and 1. By Lemma 2.1, this implies that there exists a
constant co > 0, such that

ea| WI* < (W) < CIWP?,
where | - | is the Euclidean norm in R®. Integrating (3.2) over [0,¢] for ¢ € [0, 7] implies (3.3). O

3.2. Higher Order Estimates

Let [ be an integer with 1 <1 < s. Applying 9. to both sides of the equation (2.3) yields
Do(£)3:(0,V) + A(V)0,(8,V) + 8,(BV) = 8, F(V) + Ky,
where
K, = AV)oL'V — 0L (A(V)d, V).
Then,
Ao(V)0u(0,V) + AV)0:(0,V) + Ao (V)3 (BV) = Ao(V)D,F (V) + Ao (V) Ky
Taking the inner product of the above system with 0LV in L?(R), we have

S AVILV.BLV) + 2(Ao(V)2L(BY),54V)

= (0 Ag(V)OLV, 0LV ) + (9, AV)OLV, OLV) + 2(Ag(V)OLF (V), 0LV ) + 2( Ao (V) Ky, 0LV ). (3.4)

We deal with (3.4) term by term in a series of lemmas as follows.
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Lemma 3.2. There exists positive constants cs and c4 such that
2|(Ao(V)OL(BV),0LV)| > csl|obq])® + eal|Ohr ]| — C&2 (1), (3.5)

Proof. By the definition of A(V) and B together with (2.8), we have

- 2 Opy + 2 62po(1 — p, '

Ao(V)2L(BV) = (0,0,07—p L0 g g, P00 2000y 20030 )837) :
which implies that

< 2 0 2
(AalV)h(B7),8) = - (100,000 )+ (P20, 04

2 _
oy

Obviously,
2qe
(F20.0.000) | < clotellullibal < Co2 (0,

0
For the second term, noticing that poPe

has a uniform lower bound when &7 is sufficiently small. Besides,

2
the last estimate in (2.6) implies that ZPdPq
K

c3 such that

is small and consequently, there exists a positive constant

Ope + 2pgp
2 (P 250,84 > colhal
1
Similarly, (3.1) implies that 1 — p, > ok Therefore, there exists a positive constant ¢4 such that

2 —
2 <p9 pol = pr) a;T> > 4072

A
Combining all these estimates yields (3.5). O
Lemma 3.3. It holds
(8,40 (V)OLV, 8LV )| < C&2 (1) (3.6)
Proof. We denote
N

V:(“;1>7 V1: u ) ‘/2:<q>7
2 /o) T

and
_ (A (V) AB(V) i) = (AN (V) A(V)
w000 = (G0 b)) A= (i) d=0)
where
92ppp.90 0
APr(V)=1{0 p?0%pg 0 :
0 0 p*0eqpo
0 0
AR(V) = (431 (V)" = | 0 0],

~(pqeq) 0

62
A2y — (;(pope +200p,) 0 ) |
0 %2 (p0%po(1 — pr))
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Obviously,
(0, Ag(V)OLV, 0LV ) = (0, AGH(V)OLVA, OLVA ) + 2 (0 AF2 (V) 0L Va, OLVA ) + (0, AZE (V)DL Vo, DL VR .

From (1.14) and (1.15), we see that A}'(V) is a smooth function of (N, ©,e%¢?). Moreover, from (2.2)
together with the Cauchy-Schwarz inequality, we have

10N oo + 10O |oc < CEF + C(llalls + lall2 + [17]2),
0l < C&" + Clalls,
10:(a*)lloe < C&* + Cllalls + Cllall2.
Hence,
18045 (V) oo < €&/ + C(llalls + a2 + I7112).
Moreover,
2llgll:[lOLVA 12 < (IOLVAIZ + lal2) 0L Val < C&r* o ().
Since &7 is uniformly small, we also have
(lall? + 712 194VAl” < Céra(t) < o7/ 2().
Therefore,
[CY AT AN e e )
Next, a straightforward calculation yields
2
€
(0L AP (V)OLVR, 0L V) = —;1<8t(p2qeg)8iq,3i®>.
From (2.7), we have

eipg®
KO2

pPqeq = cop’q —
Then (2.2) together with the bound of & yields

2
3
10 (0% a¢0) oo < C&'* + Clalls + Cen|73-

Therefore,
2
&
[(0:AG (V)0 V2, 0Vi)| < =10 (0 aes) 100 |1024110; 0|
< C&2 () + C&Pal? + C(er]|dLall| 8401|712
<c&EPom).
Finally,

g2 €3
(0432 (V)04Ve, 5LVB) = L (0,00 + 2pam,)0La 0La) + 204 (0000 (1 — ). L)
Similarly to the estimates above, we have
£3 1101 (b + 20ap9) ||, < C&7" + C3(llalls + llall2 + 17112),
and
1/2
£3]10: (p%po (1 = pr))||. < C&* + CE3(lalls + llall2 + li7lls + 1I712).

which imply that

(0, AZ2 (V)DL Vo, L Va)| < C&L (1),

This proves the lemma. O
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Lemma 3.4. It holds
(0. A(V)OLV,0LV )| < C&* (1), (3.7)
Proof. From (1.14) and (1.15) and the explicit expression of A(V), we see that all elements of A(V) are

smooth functions of (p,u, 0, e3¢?,37%) except J;. Noticing that J; appears at the position of the third
line and the third column of A(V) and

102 T1lo0 < C10:W [[s—1 + llalls),
we obtain
[(0, A(V)OLV, 0LV )| < C|0.W || ||OLV[|? + {0, 1100, 0.O)|

< C&2D(t) + Cl0a T 010402

< & 9(t) + Cllqlls |90

< C&EP(1).
This proves (3.7). O
Lemma 3.5. It holds

(A (V)OLE(V), 0L V)| < C&2 9 (t). (3.8)

Proof. By the definition of Ag(V) and F, we have

~ 1 2q2 97.2 €2p2qeg 1 2q2 97_2 T
Ag(V)OLF = 2 L R (e 1 ! .
o(V)O,F(V) (0,0,p Oegpe0,, (p@eg ( p + 3 )) , - oL prol G + < 0

It follows that
[(Ao(V)aLF(V),0,V)|

<Gt (g (5« 5) ) o) o[ (2t Gy (5 + ) )

< C(110:0 0 + llerzallllerglle) (lallz + [I7112)

< &),
which proves (3.8). O
Lemma 3.6. It holds

[(Ao(V) 1, 0LV)| < C&a* (1), (3.9)
Proof. Recall that
K, = A(V)aLtv — aL (A(V)d, V).

Similarly to the proof of Lemma 3.4, it is easy to see that all elements of A(V) are smooth functions of
(p,u,0,e3¢%,37%) except the element at the position of the third line and the third column. We denote
by Js this element. Then

2q
- pleq’

ngu

and
[0z 3][s—1 < C(|0=W [s=1 + [lalls)-

The only two terms that contain J3 are the following
2 2
(810, p*beopy (9L (J30,0) — J505710))  and  — <6iq7 I (9, (150,0) — Jgai“e)>,

which can be treated similarly to the proof of Lemma 3.4 and are obviously bounded by Cé"Tl/ 7 (t).
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On the other hand, each element of Ay(V) is uniformly bounded in L>°([0,T] x R) except for the
element at the position of the third line and the fourth column. This element is —X(p?geg) which only
touches the fourth line of K; in the product Ay(V)K;. Now the only nonzero element on the fourth line of

K is €2 (udlq — 8% (ud,q)). Then the fourth component of Ag(V)K; is —%(queQ)(uaﬁlq — 0% (u0,q)).
By the Moser-type calculus inequalities (see [24] for instance), we have

2 [(pPaeo(udl g — O (udeq)), 8L0)| < CE* (1),
The estimates for the other terms can be easily obtained. This proves (3.9). O
3.3. Dissipative Estimates for 9, N, 9, u and 9, ©

Lemma 3.7 (Dissipative estimates for 0,0). It holds
— d . K
Y Lora,070) + S10.612, < vl + Cllal? + 0622, (310
m=0

where v > 0 s a small positive constant to be determined later.

Proof. Let m be an integer with 0 < m < s — 1. Applying 92" to the fourth equation in (2.2) and making
the inner product of the resulting equation with 9710 in L?(R), we have

sl el =~ % (0, 001 0) + (0,071 0,07')
— (010, (uds)) — (00, 0416).
Obviously,
3010, 0 (udea)) + (O, 01 0)] < Dljor )12 + Cllgl,
Therefore,
3O, 0) + S or 6| < (2,070, 07'q) + Cllal (3.11)

By using the third equation in (2.2) and an integration by parts, we have

2 1
<a ( Dy 9+9—a 1 5, &Cq) ,8;”“(51q)>’
 pheg peq

1 [(8:07710,07q)| < &1

2 2
var|(or (ngea bon) )|
Obviously,
1 <a_;n < 9.0 + Z”Za, qua + plea q) ,a;n+1(slq)>‘
K 2 1/2
< 100151 + vl 0sulli_y + Cllals + C& " 2(8),
and

(o (22 4 T o)) < Cerlleralllial + Cellerglliol2
¥ \ kpleg  Apeg v - s y

<c&*aw).

Combining these estimates, we arrive at

KR
&t (207 10,07q)| < T110:012 1 + vldsull2_y + Clal2 + C& 2 (1),
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This together with (3.11) yields

3 3 (ora.0pm10) + Koy el < a2y + Clal +C8Y (1),
Adding this inequality for all 0 < m < s — 1 yields (3.10). O

Lemma 3.8 (Dissipative estimates for d,u). It holds

s—1

d o am A
—e5 ) 0077, 0; Flu) + §||5IU||§_1 < Cu([|0:N 21 + [|18zull3—1 + 10:013-1)
m=0
+C(llgll2 + lI712) + 062 2(8), (3.12)
where v > 0 is a small positive constant to be determined later.

Proof. For 0 < m < s — 1, applying 92" to the fifth equation in (2.2) and making the inner product of
the resulting equation with 971y in L?(R), we have

MjomTty||? = 2dt<8m 7,0y, >—5§<8t8;"+1u,8;"7>
+e5(00  u, 0 (w0, 7)) + (00 u, O ).
Obviously,

30, 0 (udr)) + (0,07 | < S0l + Clir |2 + O 290,
Therefore,

A
—e2— <am LYY 4 S0m |2 < 38,00, 0 r) + C||7)|2 + C&Y D (). (3.13)
dt 2

By using the second equation in (2.2) and an integration by parts, we have

T p v

2 <a;” (pqt?xq + (pr — 1)&7) 7a;n+17_>’
P

v(10: N1 + 10eulliy + 102013 1) + C(llallZ + [I7112)-

|5(0:0 T u, 0 7) | < €3

Substituting this estimate into (3.13) and adding the resulting equation for all 0 < m < s—1 yield (3.12).
O

Lemma 3.9 (Dissipative estimates for 0, N). It holds
s—1
d R
— (O u, 07T IN) + —|| 0N ||
Z::Odt U, Oy >+ 6 || Hs—l
1/2
< C(10ull—y +112:012_1) + C(llgll2 + IT12) + C&* 2(2). (3.14)
Proof. We first write the second equation in (2.2) as

RO 1
Opu + 7895N + ;(pu@mu + pp0z0 + pg0sq + (Pr — 1)61,7-) =0.
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For m < s—1, applying 92" to the above equation and making the inner product of the resulting equation
with 971N in L?(R), we have
RO
<8;”+1N, 8;"+1N> <8m 8m+1N> <8;”u,8t8;”+1N>
p

_4
dt
< <pu8 U+ PoOy 9+pq3m(I+( )a T) ,am+1N>

P
(a N) 98;"“N, a;”“N>.
P

Noticing (3.1), we have
0
(oriw, Bopai) > oo
p

It is clear that

‘<8m (pu@xu + p0s0 + pe0zq + (pr — 1)8IT> 8m+1N>‘
x p ) x

R m
< SO TN + C(10:ulli-y + 19:015-1) + C(llalls + I7117),

and by the Moser-type calculus inequalities,
RO RO
(o (Mon) - Bop=inoreiv)| < Clo.ol 10N+ Clo, NI

<c& o).
Moreover, by the mass equation in (2.2) and the integration by parts, we obtain
(0, 0,07 N = [0, 0 ()|
< Cll0zulls—1(1105" (0 Nu + pdau)|)
< Cldpull?_y + CE D).

Combining all these estimates, we arrive at
d e s R e
7 (O N+ [0 IN P < C(l0sulZy +110:0115) + C(lall2 + I17113) + 06 2(0).

Adding the above estimate for all m < s — 1 yields (3.14). O

4. Proof of Theorems 1.1-1.2

Lemma 4.1 (Final energy estimate). If & is sufficiently small, then
t

Et)+ | 2)dt <C&0), Vtelo,T]. (4.1)

Proof. Combining (3.4) and Lemmas 3.2-3.6, and adding for all 1 <[ < s, we arrive at

*.d
> AVILV.OV) + eallOnalli s + calldurlll s < CE7(0). (4.2)
=1

Since Ao (V) is positive definite with respect to W, there exists a constant c¢5 > 0, independent of £; and
€9, such that

(Ag(V)OLV,0LV) > 5| 0L W |12,
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Integrating (4.2) over [0, T together with (3.3) yields

t t
WO+ [ (eI + I7@IR)a < c50)+ 08 [ a(ear. (13)
0 0
On the other hand, combining the estimates in Lemmas 3.7-3.9, we have
s—1
Z 51 87”(1, 8m+1®> — a%(@?ﬂ 8;"+1u> + (Jz((‘?i”u7 (9;”+1N>)
m:O

Ra A K
+ S0 NI + S0l + 10:0)2
< OV]0.N 22y + Cv + a)(|19sull? s + 19:012 1) + C(lall2 + I7112) + C&x* (1),
where o > 0 is a constant. We choose v > 0 and « > 0 sufficiently small such that
R
2Cv < ?a’ 8C (v + a) < min(\, k).

It follows that there is a constant ag > 0, independent of 1 and &5, such that

s—1

>4

m=0

- (61007, 077110) — 50", O ) + (0w, O TN )
+ao([|9zN 21 + [18zull3_y + 10:0]3_,)
< C(lgl2 + II7I2) + C: > 2 (1). (44)
It is clear that

|e3(00'q, 0 O) — e300, 9 u) + (0w, O TIN) | < CIIW 2.
Integrating (4.4) over [0, T yields

t
~Clw®)l2 +ao/0 (0N ()21 + 10su(t)[Z -1 + 0.0 )2 ) dt!

t t
<Cs0)+C [ (la@2 + Ir@F) + €/ [ 7t
0 0
This inequality together with (4.3) yields
t t
+ / 2(t)dt' < CE0) + C&Y? / 2(t")dt!
0 0

which implies (4.1) since &r is sufficiently small. O

Proof of Theorem 1.1. The estimate in Lemma 4.1 shows that the smooth solution W is uniformly
bounded in L*°([0,T]; H*(R)) with respect to € and T. By the bootstrap principle, it yields uniformly
global solution. In particular, this estimate gives (1.16). O

Proof of Theorem 1.2. From (1.11), (p%,u®, 6%, ¢, 7°) satisfies the following system

Op® + 0 (pfus) = 0,
Ae(p*us) + 0 (p® (u®)? + p* — 7°) =0,

O(p°E®) 4 05 (p°uf B + ufp® + ¢ — uf7°) =0, (4.5)
e1(0eq° + uF0,¢°) + KOL0° = —¢F,
e2(0,7° + uf0,7%) — NOput = —7°,
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in Rt x R, where

e _ € €1 )2 €2 €\2
e = c,0° + pses(Q) 2/\[)5(7) :
2 2
£ _ ene €1 52_672 £\2 (46)
p* = Rp%0° — 5 (0F)7 — 53 (7°)%,

1
Ef =e° + §(u5)2.

The uniform estimate (1.16) implies that the sequences (p© —1)., (u®). and (6° — 1), are bounded in
L*(R*; H*(R)) and the sequence (¢°). and (7¢). are bounded in L?(R*; H*(R)). It follows that there
exist functions (p,u,0) € L>®°(R*; H*(R)) and (g,7) € L?>(R*; H*(R)), such that (1.17)-(1.18) hold. In
addition, as € — 0,

e2(0¢q° +u0,¢°) = 0 in D'(RT x R),
and
e2(0y7° + ufd,7°) = 0 in D'(RT x R).

Moreover, from the first three equations in (4.5), it is easy to see that (9;p%)c, (0;u®)e and (016%). are
bounded in L?(R*; H*~(R)). Hence, by a classical compactness theorem [40], for all T > 0, (p°)., (u®).

and (09). are relatively compact in C([0, T]; H ZSOZI(R)). As a consequence, as € — 0, up to subsequences,

(0% uf,0%) — (5,0,0) strongly in C([0, T; Hiso ().

loc

This is sufficient to pass the limit in (4.5)-(4.6) in the sense of distributions and to obtain the Navier-
Stokes equations for the ideal fluid. This ends the proof of Theorem 1.2. ([
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