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Abstract. We consider a family of weights which permit to generalize the Leray procedure to obtain weak suitable solutions
of the 3D incompressible Navier-Stokes equations with initial data in weighted L? spaces. Our principal result concerns the
existence of regular global solutions when the initial velocity is an axisymmetric vector field without swirl such that both

the initial velocity and its vorticity belong to L2((1 + r2)_%da:), with r = /2% + 22 and v € (0, 2).
Mathematics Subject Classification. 35Q30, 76D05.

Keywords. Navier—Stokes equations, Axisymmetric vector fields, Swirl, Muckenhoupt weights, Energy balance.

1. Introduction

In 1934, Leray [20] proved global existence of weak solutions for the 3D incompressible Navier—Stokes
equations
du=Au— (u-V)u—Vp
(NS)
V-u=0, u(0,.) =up

in the case of a fluid filling the whole space whose initial velocity ug is in L?. Leray’s strategy is to
regularize the initial value and to mollify the non-linearity through convolution with a bump function: let
0c(z) = 50(%), where § € D(R?), 0 is non-negative and radially decreasing and [ 6 dz = 1; the mollified
equations are then

o = Au, — ((0. xu.) - V)u, — Vp,

(N'Se)

V-u =0, u.(0,.) = 0. * up.
Standard methods give existence of a smooth solution on an interval [0,7.] where T. ~ €3[|, * u||; >.
Then, the energy equality

t
lue (2, )13 + 2/ IV @ u3ds = |0 * uo[3
0
allows one to extend the existence time and to get a global solution u.; moreover, the same energy equality

allows one to use a compactness argument and to get a subsequence u., that converges to a solution u
of the Navier—Stokes equations (NS) which satisfies the energy inequality

t
e I3 +2 [ 19wl ds < ol
Weak solutions of equations (NS) that satisfy this energy inequality are called Leray solutions.

) Birkhauser
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There are many ways to extend Leray’s results to settings where ug has infinite energy. A natural one
is based on a splitting u = v + w where v satisfies an equation

Ov = Av + F(v), where V- F(v) =0,
that is easy to solve and w satisfies perturbed Navier—Stokes equations
ow+w-Vw=Aw—-Vqg—v-Vw—w-Vv—v-Vv— F(v)

for which Leray’s formalism still holds. For instance, if ug € LP with 2 < p < 3, Calderé6n [5,16] splits ug
into vy +wy where vg is a divergence-free vector field which is small in L? and wq belongs to L2. Then, v
is the mild solution of the Navier—Stokes problem with vg as initial value. Another recent example is the
way Seregin and Sverdk [21] deal with global weak solutions for large initial values in L3, by splitting u
into v + w, where v = e*®uy and w which has a finite energy.

Another way to extend Leray’s method is to consider weighted energy inequalities in L?(® dz), or
similarly energy inequalities for v/®u. v/®u is solution of

2t (vV®u) = VPAu — Vo(u- V)u - VOVp
V.-u=0, Vou(0,.) = vVouy

The problem is that the non-linear part of the equation —@(u~ V)u — v®Vp will then contribute to
the energy balance, in contrast to the case of the Leray method. More precisely, we may write

1
—Vd(u-V)u=—u-V(Vou) — Vou- (Vou-v—=).
Vo
The advection term u - V(\/@u) corresponds to a transport by a divergence-free vector field and will not
contribute to the energy; in order to control the impact of v/®u - (\/Eu i) on \Fu it is natural to

1 - . . . ips
assume that Vﬁ is bounded; assuming that ® is positive, we find that \/7 —|— C), and thus

that 11, < C®(x).

Recently, Bradshaw et al. [3] and Fernandez-Dalgo and Lemarié-Rieusset [10] used Leray’s procedure
to find a global weak solution to the equations (NS) when ug is no longer assumed to have finite energy
but only to satisfy the weaker assumption

/‘uo TW +OO

The solutions then satisfy, for every finite positive T,

dx r dx
su utx27+/ /V@utaz27<—l—oo.
s [l S [ [V euenP S

For the proof, a precise description of the presssure is needed, as it interfers as well in the energy
balance; this point has been discussed in [4,11]. The scheme of proof of existence of such weak solutions
can easily be generalized to equations which behave like the Navier—Stokes equations, for instance the
magneto-hydrodynamic equations [8 9.

An application of solutions in L?( dz) is given in [10]: a simple proof of existence of discretely

142
self-similar solutions to the Navier— Stollie‘s problem when the initial value is locally square integrable
(and discretely homogeneous: Aug(Ax) = ug(x) for some A > 1). This existence was first proved by Chae
and Wolf [6], and Bradshaw and Tsai [2], as a generalization of the result of Jia and Sverdk [14] for a
regular homogeneous initial value (Aug(Az) = ug(x) for every A > 1), see [18] for the case of locally
square-integrable homogeneous initial value. If uy is homogeneous and locally square-integrable, then it
belongs to Luloc, thus, the proof of Jia and Sversk relied on the control of weak solutions in the space
L2, of uniformly locally square integrable vector fields, following the theory developed in [17]. If ug is
dlscretely homogeneous and locally square-integrable, then it may fail to belong to L2, . but it belongs

to L?(r dx) for v > 1.

uloc?

1+|x|7
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Whereas the cases of finite energy and of infinite energy sound very similar, this similarity breaks
down when we consider higher regularity.

When we consider solutions in function spaces with decaying weights, the growth of solutions can be
amplified by the non-linearities. The authors in [3,10] used the transport structure of the non-linearity
(u- V)u to get good controls for the velocity in some weighted spaces. When dealing with derivatives of
the velocity, one loses the transport structure of non-linearities. The problem comes from the stretching
term w - Vu in the equations for the vorticity

Ow=Aw+ (w-V)u—(u-V)w.

In the case when uy belongs to the classical Sobolev space H', for which local existence of a unique
mild solution is known, this stretching term may potentially lead to blow-up in finite time, since it has
a non-linear impact on the growth of ||w||2. There are two cases when this impact can be controlled: the
case of 2D fluids (as the stretching term is equal to 0) and the case of axisymmetric vector fields with
no swirl [15,19]. In the case of weighted estimates, one cannot even get local control of the size of the
vorticity in L?(® dz) in general, but we shall show that we have global existence of a weak solution such
that ||v/®w(t,.)||2 remains bounded on every bounded interval of times, when we work in 2D or when we
consider axisymmetric vector fields with no swirl and weights that depend only on the distance to the
symmetry axis.

2. Main Results

We shall first prove global existence in the weighted L? setting, in dimension d with 2 < d < 4 when the
weight @ satisfies some basic assumptions that allow the use of Leray’s projection operator and of energy
estimates:

Definition 2.1 An adapted weight function ® on R? (2 < d < 4) is a continuous Lipschitz function ®
such that:
o (HI)0<®<1.
e (H2) There exists C; > 0 such that |[V®| < C, &2
e (H3) There exists r € (1,2] such that " € A, (where A, is the Muckenhoupt class of weights). In

the case d = 4, we require r < 2 as well.
e (H4) There exists Co > 0 such that ®(z) < ®(%) < CoA?®(x), for all A > 1.

Examples of adapted weights can easily be given by radial slowly decaying functions:
e d=2, (I)(x):mwhereog'y<2

ed=3o0rd=4, @(m)zﬁwhereOSyﬁQ

o d=23,d(x)= ﬁ where 7 = /22 + 22 and 0 < vy < 2.

The following result concerns the existence of weak solutions belonging to a weighted L? space, where
the weight permits to consider initial data with a weak decay at infinity.

Theorem 1. Let d € {2,3,4}. Consider a weight ® satisfying (H1)—(H4). Let uy be a divergence free
vector field, such that uy belongs to L?(® dx, R?). Then, there exists a global solution w of the problem
Ou=Au—(u-V)u—Vp
(NS)
V- u=0, u(0,.) = ug

such that

o u belongs to L>°((0,T), L?(®dz)) and V @ u belongs to L*((0,T), L*(®dx)), for all T > 0,

® p=>1cijcaliRj(uing),
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e the map t € [0,+00) — wu(t,.) is weakly continuous from [0,+0o0) to L?(®dx), and strongly contin-
uous att =0,
e Ford € {2,3}, u satisfies the local energy inequality: there exists a locally finite non-negative measure

w such that
u2 u2 u2
o <2|) :A(|2|) —|Veuf-Vv- <2| )—V-(pu)—u,

and we have u =0 when d = 2.

We observe that we do not prove the local energy inequality for the solutions in dimension 4. We refer
the papers [7,22,23] for more information on suitable solutions in dimension 4.

If we consider the problem of higher regularity, the case of dimension d = 2 is easy, while, in the case
d = 3, one must restrict the study to the case of axisymmetric flows with no swirl (to circumvent the
stretching effect in the evolution of the vorticity).

Theorem 2 (Case d = 2). Let ® be a weight satisfying (HL)—(H4). Let ug be a divergence free vector
field, such that uy, V ® ug belong to L?(®dx). Then there exists a global solution wu of the problem
u=Au—(u-V)u—Vp
(NS)
V- -u=0, u(0,.) = ug

such that

e u and V @ u belong to L>=((0,T), L*(® dz)) and Au belongs to L*((0,T), L*(® dx)), for all T > 0,

e the maps t € [0,400) — u(t,.) and t € [0,+00) — V @ u(t,.) are weakly continuous from [0, +00)

to L?(®dz), and are strongly continuous at t = 0.

Theorem 3 (Case d = 3). Let @ be a weight satisfying (H1)—(H4). Let ugy be a divergence free axisymmet-
ric vector field without swirl, such that ug, V @ ug belong to L?(® dx). Assume moreover that ® depends

only on r = \/x? + x3. Then there exists a time T > 0, and a local solution u on (0,T) of the problem
hu=Au— (u-V)u—Vp
(NVS)
V.u=0, u(0,.) = ug
such that
e u is azisymmetric without swirl, uw and V @ wu belong to L°°((0,T), L*(® dz)) and Au belongs to
L*((0,7), L*(® da)),
e the mapst — u(t,.) andt — Vu(t,.) are weakly continuous from [0,T) to L*(® dx), and are strongly
continuous at t = 0.

An extra condition on the weight permits to obtain a global existence result. Moreover, if the vorticity
is more integrable at time ¢ = 0, it will remain so in positive times. The next theorem precise these
conditions on the weight.

Theorem 4 (Case d = 3). Let ® be a weight satisfying (H1)—(H4). Assume moreover that ® depends only
onr = /a3 + 3. Let U be another continuous weight (that depends only on r) such that ® < ¥ < 1,
U e Ay and there exists C7 > 0 such that

IVU| < C1VOT and |AT| < C1 0D,

Let ug be a divergence free awisymmetric vector field without swirl, such that ug, belongs to L*(®dx)
and V @ ug belongs to L?(Wdx). Then there exists a global solution u of the problem
Ou=Au— (u-V)u—Vp
(NS)
V.-u=0, u(0,.) = ug
such that



JMFM Weighted Energy Estimates for the Incompressible Navier—Stokes Equations Page 5 of 20 76

e w is azisymmetric without swirl, w belongs to L>°((0,T), L*(® dx)), V@u belong to L>=((0,T), L*(V dx))
and Aw belongs to L*((0,T), L*(V dz)), for all T > 0,

e the maps t € [0,400) — u(t,.) and t € [0,+00) — V @ u(t,.) are weakly continuous from [0, +00)
to L*(®dx) and to L*(V dx) respectively, and are strongly continuous at t = 0.

(1+1r)v and ¥(z) = W with 0 < 6 < v < 2. Of course, ¢ ~

The case § < v means that, if w has a better decay at initial time, it will keep this better decay

Example: we can take ®(x) =

1
(A+r2)v/2:
at all times.

3. Some Lemmas on Weights

Let us first recall the definition of Muckenhoupt weights: for 1 < ¢ < 400, a positive weight ® belongs
to A, (R?) if and only if

1—1

1 ! 1 1 !
sup —_— o dx —_— O T dx < 400. (1)
z€RL, p>0 (|B(.’L’,p)| B(z,p) ) <|B(£B7p)| B(z,p)

We refer to the Chapter 9 in [13].
Due to the Hélder inequality, we have A,(RY) C A, (R9) if ¢ < 7.
One easily cheks that w, = belongs to A, (R?) if and only if

—d(g—1) <~vy<d.

Thus, ® = w, is an adapted weight if and only if 0 <~y <2 and v < d.

One may of course replace in inequality (1) the balls B(z, p) by the cubes Q(x,p) =]x1 — p,z1 +
plx -+ X]xg — p,xq+ p[. Thus, we can see that, if <I>( ) = ¥(x1,22) and 1 < ¢ < +00, then & € A, (R?) if
and only if ¥ € A,(R?). In particular, ®(z) = (1+,)W is an adapted weight on R? if and only if 0 < 7 < 2.

Lemma 3.1 Let @ satisfy (H1) and (H2) and let 1 <r < +00. Then:
(a) VO®Ff € H' if and only if f € L>(®dx) and V f € L?(® dx); moreover we have

1/2
VOS] ~ (/¢(|f|2+ |Vf|2)dx>

(b) ®f € Wb if and only if f € L™(®" dz) and V f € L"(®" dx); moreover we have
1/r
o~ ([ @7+ 191 d )

Proof. This is obvious since |[V®| < C;®3/2 < C,® and |[V(V/®)| = 1 |V¢|\f <i01V9. O

Lemma 3.2 If ® € A, then we have for all § € (0,1), ®° E Ap with 0 = 2=, In particular, if a weight ®
satisfies (H3), we obtain ® € A, withp =1+ %1 =2 ; < 2, and so <I> E As.

Proof. As % =14 2, we find by the Holder inequality

1 1—1
(6 (o)
Q Q
1

1
(1+]z))Y
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Let us recall that for a weight w € A, (1 < ¢ < 4+00), the Riesz transforms and the Hardy-Littlewood
maximal function are bounded on L?(w dx). We thus have the following inequalities:

Lemma 3.3 Let @ satisfy (H1), (H2) and (H3). Then:

(a) for j = 1,...,d, the Riesz transforms R; satisfy that |[VOR,f|ls < C|V®f|s and |VOR; f|l g <
(b) for 7 = 1,...,d, the Riesz transforms R; satisfy that ||®R; f||, < C|®f, and ||®R;f|lwrr <

Cleflwrrs

(¢c) if P is the Leray projection operator on divergence-free vector fields, then for a vector field u we have
|VOPu||s < C|[V®ulls and ||vVOPu| g1 < C||VOul| g ;

(d) if d € {2,3,4}, then for a vector field u we have

Ve ull s = IV ullz + VOV - ullz + VOV A ull2.

(e) Let Oc(x) = 40(%), where § € D(R?), 6 is non-negative and radially decreasing and [0 dx = 1.
Then we have |[V® (0 * f)|2 < CIIV® fll2 and [V® (0 * f)llm < CUIV® fllrz + [V Vf]12)

(where the constant C' does not depend on € nor f).

Proof. (a) is a consequence of ® € Ay and of Lemma 3.1 (since Ox(R; f) = R;(0xf)). Similarly, (b) is a
consequence of " € A, and of Lemma 3.1.

(c) is a consequence of (a): if v =Pu, then v; = 22:1 R; Ry (ug).

(d) is a consequence of (a): if R = (R1, ..., Rq), we have the identity

—Au=VA(VAu —-V(V-u)
so that
oyu= Ry R A (V N ll) — RkR(V . ll).

(e) is a consequence of ® € As and of Lemma 3.1: Theorem 2.1.10 in Chapter 2 of [12] states that

we have |0 x f| < My (where My is the Hardy-Littlewood maximal function of f) and, similarly,
|0k (Oc = f)| < Moy 0

A final lemma states that ® is slowly decaying at infinity:
Lemma 3.4 Let @ satisfy (H1) and (H2). Then there exists a constant Cs such that

a2 = &®

If d =3 and ® depends only on r = \/x3 + 23, then

1
E—— X}
@+ =7

Proof. We define z¢ = ﬁx and g(\) = ®(A\xg). We have

g'(\) = z0 - VO(Azg) > —C1(P(Aa))>/? = —~Crg(N)*/2.
Thus

A
Civz = [ ) du = 2g00) % - 9(0)2)
0
and we get
C
B(z) Y2 < @(0) + |z < V/Cs(1+|al).

If ® depends only on r, we find that

1
ave = C3®(x1,22,0) = C30().
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4. Proof of Theorem 1 (The Case of L2(® dx))

4.1. A Priori Controls

Let ¢ € D(R?) be a real-valued test function which is equal to 1 in a neighborhood of 0 and let ¢.(z) =
¢(ex). Let
110’E = ]P)(¢Ell0).
Thus, ug,. is divergence free and converges to ug in L?(® dz) since ® € As.
Let 0.(z) = 460(%), where 6 € D(R?), 6 is non-negative and radially decreasing and [ 6dz = 1. We

denote b, = u, * .. Let u. be the unique global solution of the problem

Ou. = Au, — (b - V)u, — Vp,
(NS,)
V.u = 0, 115(0, ) = Ug,e

which belongs to C([0, 4-00), L2(R%)) N L2((0, +00), H' (R%)).
We want to demonstrate that

t t
[V ®uc(t)]|25 +/ VOV @ u||2. ds < ||[V®ug,||2- +c¢/ [V®u|22 + ||VOu, |24 ds, (2)
0 0

where Cp does not depend on ¢ nor on uy. (When d = 4, the inequality will hold only if ||v/®u.(t)| 12
remains small enough).

Since V@, VV/® € L>®, pointwise multiplication by v/® maps boundedly H' to H' and H~' to H .
Thus, V®u, € L2H' and v®d,u. € L2H ', we can calculate fatu6 -u.P dx and obtain:

o(t,7)? '
/bedx+/ /|V®u€|2 Ddz ds
0

2
:/W@dm—/ot/(VQ@ue)'(Vq’@ue)dxds (3)

t
/(

0
We use the fact that |V®| < Co®2 < Co®, in order to control the following term

1 t t
<¢ [ WEVeuli o [ [VEuls.
0 0

|u5\2
5 b, +peu. | - VO®drds.

‘_/Ot/(vme) (VO @ u,)dx ds

Now, we analyze the integrals containing the pressure term. We distinguish two cases:

e Case :d=2and r € (1,2], ord=3and r € [£,2], or d =4 and r € [3,2). For those values of d
and r we have

0< <1land H% 3 C L%

| QL

_4d
2r
and

d d : .
ng—iglandH%_%CL%l.
T

Using the continuity of the Riesz transforms on L™ (®"dx),

! \u6|2|b5| i NE
; (53— *lpellue) V| dx ds < ; [ (fuc| [be| + [pel) || vV Pu|

r
r—1

t
gc/ VBl on | VBb or | VB0 = ds
0

r—1




76 Page 8 of 20

P. G. Fernandez-Dalgo and P. G. Lemarié-Rieusset JMFM
Using the Sobolev embedding H? 3 C L2", the fact that |VV®| < CV/®, and the continuity of
the maximal function operator on L?(®dx), we have

||\/5b6||2r

-
2r

_(d_ d da
< C|Vab |y 73|V @ (VOb,) |3
< C'|VEb, 3B

d_
27r
_(d_
< C"|Vou, |,

J(IVBbe|lz + [[VEV @ b[l2) %~
d

(V|2 + [VEV @ o) 5,
and

”\/5116”27‘

_(d_d
< CIVBu ]y 7 (1VBu 2 + VOV @ u2)5 5.
Using the embedding H"=% C L77, we also have

IV &u|

T
r—1

_(d__d d_d
< OV, TPV @ (Vo) ?

_(d_d
< OV [y T2 (|Vou s + VOV @ u|2)

t 2 b .
[ (RGP i) 9ot asas
0

t _d -

<C [ Waud IVl + VBT o u )
0

Using the Young inequality, we then find for d =2 or d = 3

d_d
r 2,
Hence, we find

¢ 62b6 —
L (B ) 191 azas
0

L/ Vi ¢ 12-2d
Sg/ “*@V‘M”WHC@/ IVOus + [VOul,s " ds,
0 0

12-2d _
where, as d € {2,3}, we have =3¢ = 2d.

When d = 4, provided that ||@u6||2 < €9 with Ceg < % we find

! |u€|2|b€| I 2 I 2
/O/ BLRL 4 e |V<I>\dxds§§/0 ||\/5V®u€||des+g/0 VB |22 ds,

e Case2:d=3andr € (1,8),ord=4andr € (1,3). Let ¢ = =
have

o for those values of d, r and ¢, we

d : o
Wb c [90<d— % <1 and HO-9) ¢ [
T
and

pod 4

1<1land H*—%2~1c LaT,
r 2
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Using the continuity of the Riesz transforms on L"(®"dz), we have

t 2
L (P s ) 190l s
0

t t
g/o ||<I>|ue|2||qw6be||q%ds+/o [@pclly VB o ds
t t
<C [ 100l VB s+ 3 [ 10l VB s
ij

‘We have
([ ®be iue il

< || Pbe ie 5| + Z(Hbe,me,j Ok ®@| L + | P be s Optic 5| Lr + [|P e, Opbe sl L)
3

< C(H\/@IEH;’T \/Ebe‘b + H\/ébe”i—’r |\/5V ®ue||2 + ||\/5115||% \/EV ®b5||2),
< C’(H\@uellm + ||\/$V ® u6||Lz)(||\/$ueHHd<1,%) + ||\/$b6||Hd(1,%)).

‘We have
||\/>b€HHd(l——

1—(d—2)
< C|Vab |y |V @ (VEb)|E "
< C' Vb5 ([VBbe |2 + VBV @ be|lo)?
—(d—2d
< " |Vou |y (IVBu| e + VIV @ 12)? 7,

and finally we get
1—(d—4)
N1 ®beitiellwe + [ @fuc2llwr < CIVEu )™ (VO 12 + VOV @ ] 12) +

i,j
On the other hand, we have

|V ®b, s
,,, d
< CIVab |l |V @ (Vab,)|;
_é é
< O'|Vou |52 (IVou 2 + VOV @ u | 12)
Hence, we find again

' e[*[be ' 4
//<|u|2|+|p€||u€|> |V<I>|dxds§C/ IVoucll,”* (|VOu 2 + VOV @ u|2)? ds.
0 0

and we conclude in the same way as for the first case.
In the Case 1 and Case 2, we have found

t 2 b 1 t
/ / (|u€|2€| + |p6|u6|> IV®|dxds < §||‘/5116H%2 + C’@/ “\/61]6”%2 + ||\/$ue\|%(é ds
0 0

From these controls, we get inequality (3), and thus inequality (2). Inequality (2) gives us a control
on the size of ||[v/®u.|» on an interval of time that does not depend on e:

4
2

d_d_
™

2

Lemma 4.1 If « is a continuous non-negative function on [0,T) which satisfies, for three constants A, B €
(0,400) and b € [1,0),

alt) <A+ B /Ot afs) 4 a(s)b ds.

Let 0 < Ty < T and Ty = min(T7y, Sb(Ab*Url(BTl)b*l))' We have, for everyt € [0,Tp], a(t) < 3A.
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Proof. We try to estimate the first time 7% < T3 (if it exists) for which we have

ao(T*) = 3A.
We have
A BTy 1
< — _— .
espn ) e
We thus find
* * b BTl b—1
Oé(T)SQA—I—T (3A) (1+(7) )
and thus

T3P (A +(BTy)" ™) > 1.

O
By Lemma 4.1 and (2), we thus find that there exists a constant Cg > 1 such that if Tj satisfies
o ifd= 2, Cq> (1 + ||u0H%2(<I>d:1:)) T() <1
2
o it d=3,Co (14 u0laqa) To<1
e if d =4 and Hu0||L2(¢>da:) S C%b’ C<I> TO < 1
then
To
sup || we(t, |72 (@an) +/ IV @720 ary ds < Co(1+ [[W0l|72(p ar))- (4)
0<t<T, 0

4.2. Passage to the Limit and Local Existence

We know that u. is bounded in L>°((0,7p), L?(® dz)) and V ® u. is bounded in L?((0,Tp), L*(® dz)).
This will alow us to use a simple variant of the Aubin—Lions theorem:

Lemma 4.2 (Aubin—Lions theorem). Let s > 0, 1 < ¢ and o < 0. Let (f,) be a sequence of functions on
(0,T) x R such that, for all Ty € (0,T) and all p € D(RY),

o ©fn is bounded in L?((0,Tp), H®)

o 00, fn is bounded in LI((0,Tp), H?) .

Then, there exists a subsequence (f,,) such that f,, is strongly convergent in L2 ([0,T) x RY). More
precisely: if we denote fo the limit, then for all Ty € (0,T) and all Ry > 0,

ngk——+00

To
lim / |fnr — fool?dxdt = 0.
0 Jiz|<Ro

For a proof of the Lemma, see [1,18].

We want to verify that pdsu. is bounded in L*((0,Tp), H~?) for some s € (—o0,0) and some o > 1.

In Case 1, we have that ®b. ®u, and ®p. = Zg’zl 25:1 R;R;(be ;ue ;) are bounded in L**((0,Tp), L"),
where oy = 22— so that oy € [2,00) if d =2, a1 € [5,4] if d =3 and a; € (1,2] if d = 4.

In Case 2, we have that ®b, ® u, and ®p, are bounded in L2((0,Tp), W'"), where ap = Hiﬁ and
thus it is bounded in L L9, with ¢ = -2 . We have ay € (3,2)ifd=3and ap € (1,2) if d = 4.

d—r
Let ¢ € D(RY). We have that ou, is bounded in L2((0,Ty), H'); moreover, writing
3
o = Au, — Zaj (be,jue) + Vpe
j=1

and using the embeddings L” ¢ H2~% C H~* (in Case 1) or L% c H-(3=%-D c g1 (in Case 2)
we see that ¢dyu, is bounded in L% ((0,Tp), H=2).
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Thus, by the Aubin—Lions theorem, there exist u and a sequence (€x)ren converging to 0 such that
u, converges strongly to u in L ([0, Tp) x R?): for every T € (0,Tp) and every R > 0, we have

loc

T
lim / / lu., —ul*drds =0.
k—+oo Jg ly|<R

Then, we have that u,, converge *-weakly to u in L>((0,Ty), L?(®dz)), V @ u,, converges weakly to
V ®@u in L2((0,Ty), L*(®dz)), and u,, converges weakly to u in L3((0,Tp), L3(®%dz)). We deduce that
b, ®u,, is weakly convergent in (LS/°L5/5);,. to b ®u and thus in D’((0,7p) x R?); as in Case 1, it is
bounded in L ((0,Tp), L"), and in Case 2 it is bounded in L®2((0,Ty), W7), it is weakly convergent in
these spaces respectively (as D is dense in their dual spaces).

By the continuity of the Riesz transforms on L"(®"dx) and on W7 (®"dx), we find that in the Case
1 and Case 2, p,, is convergent to the distribution p = Z?Zl Z?:l R;R;(uju;). We have obtained

Jpu=Au+ (u- V)u— Vp.
Moreover, we have seen that d;u is locally in L' H =2, and thus u has representative such that ¢ +— u(t, .)

is continuous from [0, 7p) to D'(R?) and coincides with u(0,.) + fot Opuds.
In the sense of distributions, we have

¢ t t
u(0,.) + / Ouds =u= lim u, = lim wuy,, + / oy, ds =up + / oyuds,
0 k— 400 k—-4o0 0 0

hence, u(0,.) = ug, and u is a solution of (N.S5).
Now, we want to prove the energy balance. In the case of dimension 2, we remark that, since v/®u €
L>®L? N L?H*, we have by interpolation that v/®u € L*L*, and then we can define ((u- V)u) - u. The

equality
[\ _ [ [uf? 2 uf?
is then easy to prove.
Let us consider the case d = 3. We define

2 2 2
Ao =-0, ('u; > +A ('“2) -V ('“;' ue> -V (pu) =|Voul.

As u, is locally strongly convergent in L?L?; and locally bounded in L*L?, it is then locally strongly
convergent in LP L2, with p/ < oo. Then, as V@V @ u, is bounded in L2((0,T), L?), by the Gagliardo-
Nirenberg interpolation inequalities we obtain u,, is locally strongly convergent in L¥' L9 with %4—% > g.

In Case 1, we know that pe, is locally weakly convergent in L*' L" and by the remark above, u., is
locally strongly convergent in LaiT L7, and hence De, Ue, converges in the sense of distributions.
In Case 2, we know that p,, is locally weakly convergent in L*?L? and and by the remark above, u,,

is locally strongly convergent in LaaoT L#, and hence p, u,, converges in the sense of distributions.
Thus, A, is convergent in D'((0,T) x R?) to

a=-o (W) +a (M) v (M) - v o

and A = limy,_ o |V ®@u,, | If § € D((0,T) x R?) is non-negative, we have that VOV @ u,, is weakly
convergent in L2L? to VOV ® u, so that

//Aedxds: lin+1 //Aekﬁdde:klirf //|V®uek|20d;pdsz/ |V @ ul?0 da ds.
€ —T0Q — T 00

Hence, there exists a non-negative locally finite measure p on (0,7) x R? such that A = |Vu|? + y, i.e.

such that
uf? 2 |uf?
)=A(—)—|Vu*-V- U — V- (pu) —p.

[u)?

O( 5
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4.3. Strong Convergence to the Initial Data

We use again inequalities (2) and (4). We know that on (0,7p) we have a control of [uc||z2(pdr) that
holds uniformly in € and ¢. Thus, inequality (2) gives us

he(t, Ml z2(@ aoy < 00.cllz2 (@ doy + Cat(L + [0l Z2 @ dey + 1901175 (@ da))-

Since u,, =g, + fg dyu,, ds, we see that u,, (¢,.) is convergent to u(t,.) in D’(R%), hence is weakly
convergent in L?(® dz) (as it is bounded in L?(®dz)); on the other hand, ug ., is strongly convergent to
up in L?(® dx). Thus, we have

[u(t, )l 2@ az) < 1[00]l 2@ az) + Cat(1+ [W0l|72( gay + 1001175 (@ ar))-
In particular,
1iriljélp [a(t, 2@ dz) < 0ll22( dz)-
Moreover, we have u = uy + fot dyuds, so that u(t,.) is convergent to uy in D’(R?), hence is weakly
convergent in L?(® dz). Thus, we have
[uoll £2(@ da) < lim inf fJu(t, ) 2 (@ dz) -

This gives Hu0||2L2(¢dx) = lim;_¢ ||u(t, .)||%2(q>dx), which allows to turn the weak convergence into a
strong convergence. O

4.4. Global Existence Using a Scaling Argument

Let A > 0, then u, is a solution of the Cauchy initial value problem for the approximated Navier—Stokes
equations (NS.) on (0,7) with initial value ug . if and only if u. (¢, z) = Au.(A\%t, \z) is a solution for
the approximated Navier—Stokes equations (N'Sx.) on (0,7/A?) with initial value g (z) = g (Az).
We shall write ug » = Aug(Az).

We have seen that

t t
VB (0)]2 + / IVBY @ ual2: < Vg2 + Ca / VB2 + VB[22 ds
0 0

(under the extra condition, when d = 4, that ||/®u, (t)||z> remains smaller than ).
By Lemma 4.1, we thus found that there exists a constant C's > 1 such that if T} satisfies

o if d=2 Co (14 001250 ) T =1
2
o ifd=3,Cs (1 + ||uo,,\||2L2(<1>dz)) T\ =1
e if d =4 and HUO,)\||L2(<I>dz) < C%’ CoTyh=1
then

Tx
sup || wex(t, )72 (ar) +/0 IV @ uenlZ2(@ dr) 45 < Co (1 + [[uoall72(a 4))- (5)

0<t<Ty

It gives that the solutions u. are controlled, uniformly in e, on (0, A2T)) since for ¢ € (0,T)),

/|ue7,\(t,x)\2(1>(x) dx:/|u€(A2t,y)|2q>(%)A2—ddy > )\Q_d/\ue()\Qt,x)P(I)(x) do
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and

T )\ T
/ /\V@ueA(t z)[2®(z) dz dt = / /|V®u€)\(s y)|°® ( )/\2 4 dy ds
22T
ZAH/ /|V®u€(t,x)\2¢>(x) dar i
0

Th ATy
/0 /‘V@ugA(t,l’)P@(x) dx dt ZC)\/O ||V®u6||%2(¢)dz) ds.

Moreover, we have limy 4 o [0, A || 2 (® dz) = 0 Wwhen d = 4 and limy . 4 ATy = 400 when 2 < d < 4.
Indeed, we have

/)\Q\uo (A2)[20(z) da = A2 d/|u0( )25 dr = X d/| |2§§))q>(m)d:c

Since )\QC(D( )) < min{Cq, /\2,1)(90)} by hypothesis (H4), we find by dominated convergence that |[ug x||z2(® dx) =

0()\ P ) and thus limy_, ;oo A27T)\ = +00 .

Thus, if we consider a finite time 7' and a sequence e, we may choose A such that A>Ty > T (and
such that [[ugx[|z2(edx) < €0 if d = 4); we have a uniform control of u. x and of V ® u,\ on (0,Ty),
hence a uniform control of u. and of V ® u, on (0,7). We may exhibit a solution on (0,7") using the
Rellich-Lions theorem by extracting a subsequence €,,. A diagonal argument permits then to obtain a
global solution.

Theorem 1 is proved. O

5. Proof of Theorem 2 (The Case d = 2)

In the case of dimension d = 2, the Navier-Stokes equations are well-posed in H' and we don’t need to
mollify the equations. Thus, we may approximate the Navier—Stokes equations with

oru. = Aue — (ue - V)u, — Vp,
(NS,)
V- -u =0, u.(0,.) =ug,.

with
- P(¢eu0)'

Then the vorticity we is solution of
Owe = Aw,e — (v, - V)w,

V- we = 0, we(oa ) = Wo,e
with
Wo,e = VA ((beuo).

up . belongs to H', so we know that we have a global solution u.. We then just have to prove that, for ev-
ery finite time Ty, we have a uniform control of the norms ||we || .o ((0,7,),22(® de)) a0d || Vwe |l £2((0,70),22(® da)) -
We can calculate [ dqw, - we® da so that

2 t
/M@dm—i—/ /|Vw5|2 Odx ds
0
2 t 2

:/7@0#(@\ <I>dx—/ /V(—|WE| ) - V&dxds

2 ) 2

t 2
—|—/ /|w€| u. - Vo dxds.
O 2
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As

t 2 t
el u - Vodrds < | [|[VOw|? s ||[VPu||
0 2 0 Ls

t
< / (Vw354 V (VBw) | 1642V Pu, | .4

we obtain
t t 4
IV @w. (t)]|7 +/ IVeVwe|Z2 < |V Pwo,cl|7 +C«I>/ Vw22 (1 + [V @uc| ;) ds
0 0
We can conclude that, for all 7> 0 and for all ¢ € (0,7,

t 4
||\/6w6(t)||%2 +/ H@V%H%z < ”@w()76||%260<psupe>0.f(;(1+“\/$u5”L4)3 ds
0

Thus, we have uniform controls on (0,T). O

6. Proof of Theorems 3 and 4 (The Axisymmetric Case)
6.1. Axisymmetry

In R3, we consider the usual coordinates (1,22, 23) and the cylindrical coordinates (7,6, z) given by the
formulas 1 = rcosf, xo = rsinf€ and z3 = z.
We denote (eq, ez, e3) the usual canonical basis
e; = (1,0,0), eo = (0,1,0),e5 = (0,0, 1).
We attach to the point z (with r # 0) another orthonormal basis
10 0
e, = a—i =cosfe; +sinfes, ey = ;8—5 = —sinfe; +cosfey, e, = 3—2

For a vector field u = (uq, ug2, u3) = uie; + uses + ugez, we can see that

= e3.

u = (uj; cost + uysinf) e, + (—uy sinf + us cos ) ey + use,.

We will denote (u,,uq,u), the coordinates of u in the basis (e, eg,e,). We will consider axially
symmetric (axisymmetric) vector fields u without swirl and axisymmetric scalar functions a, which means
that

u=u.(r,z)e, +u,(r,z)e, and a=a(r,z).

6.2. The H! Case

We will use the following well known results of Ladyzhenskaya [15,18].

Proposition 6.1. Let uy be a divergence free axisymmetric vector field without swirl, such that uy belongs
to H'. Then, the following problem

Ou=Au—(u-V)u—Vp
(NS)
V- -u=0, u(0,.) = ug
has a unique solution u € C([0,+00), H'). This solution is axisymmetric without swirl. Moreover, u, V@u
belong to L>°((0,+0o0), L?), and V & u, Au belong to L*((0,+o0), L?).
If uy € H?, we have the inequality

w(t)|? wol?
[E R < [EE < v sl
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6.3. A Priori Controls

Let ¢ € D(R?) be a real-valued radial function which is equal to 1 in a neighborhood of 0 and let
() = P(e(x1,2)). For € € (0,1], let
Up,e = P(¢eu0)'

Thus, g, is a divergence free axisymmetric without swirl vector field which belongs to H!. As we have
wo,e =V Auge =V A(¢eug) = pewo + (Vo) (ex) Aug,
using ® € Ay and |eV(ex)| < C%Lz& < C’]ITZ&\/@, we can see that
Ehj% luo — wo,ellr2(@ dz) + llwo — wo,ell 2 (w dz) = 0.

Let u,. be the global solution of the problem
ou. = Aue — (ue - V)u, — Vp,

(NSe)
V- -u =0, u(0,.) =ug,.
given by the Proposition 6.1. We denote w. = V A u,, then
du. = Au, + (u. - V)u, — Vp, (6)
and
Owe = Awe + (we - V)ue — (ue - V)w, (7)

As VWw, € L2H! (because VW, V¥ € L*®) and VU w, € L2H, we can calculate [ 9w, -w ¥ dx
using (7) so that
(t,x)]? !
/M\Pdm—k/ /\V@we\Q Udz ds
0

2 t 2
:/7“"0@(%)' \Ildx—/ /V(L"f| ) - VWdzds
2 0 2
fLwel?
+/ / u - V¥ — (we - uc)we - VU dz
// )-u. dxds

/|w06 S //Wwp \I/dxds+C/ IV w3 ds
+0/ VT wello |V s | VBu |3 ds

// )-u. Ydxds

/IWOe Ude i - //|V®w€|2 \Ildxds+0/ IV w3 ds
m/ IV wel 3V B s + (|VPuly?) ds

_/O /((we -V)we) -u. Vdzds

As we = we g €9, wWe have

= |0

we - Vwe = —
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In order to control u. - (we - Vw,), we split the domain of integration in a domain where r is small
and a domain where r is large. The support of ¢; is contained in {z / r < R} for some R > 0}, and the
support of 1 — ¢ is contained in {z / r > Ry} for some Ry > 0}. We have

inf ®(z) = inf  P(z1,22,0) >0
r<k Vaitai<R

and similarly

inf ¥(z) = inf  U(xy,22,0) > 0.
r<h Vi +a3<R

On the other hand, we have

inf r?®(z) = inf (2} +22)®(x1,22,0) > inf |2]2®(z) > 0.
r>Ro \/m>RO |z|>Ro

We then write:

¢
—//((we-V)we)-uE\IJdmds
’ ¢ t
://¢1((wE~V)ue)owe)\Ildacds+//(we~ue)(we~V¢1)\Ilda:ds
0 0
¢
+//¢1(w€~u€)we-V\I/dxds
0
— /t/(l — ¢1)(ue - (we - Vw,))Wdx ds
0
t ¢
<C SV @u | U2 deds + C | Juc| VO U da ds.
<[ [lPiveu v [ [ luful Vo

As U € Ay, we have |[VIV @ u.|s ~ ||V ¥w||2; moreover,
IV @ (VPu)ll2 < C([VPuc||z + [[VIwl2)
and
IV © (VIwA)ll2 < C(IV Vw2 + [VIV @ well2),

and thus we get
- /Olt/((w€ -V)we) -u. ¥dxds
< C/Ot IVEY @ el |V |V s
+ C/Ot IV®uc]| o [ VIwe| 3 |V Bwe| 2 ds
< /Ot H\@weH%z(H\/@%HLz FIVIV @ w2)? ds
+C /Ot |V ®u, || 2 H\/awelléz(ll\/aweﬂm +IVIV @ we2)* ds
<¢” /Ot(||\@ue||2 + [IVu [y IVTwe |3 + [VIwe |3 + [V Iw||§ ds

1 t
1 [ VeV el
0
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We finally find that
t
||\/Ewe<t)||§2+/ VIV © w2 ds
< VP17 +C/ (1+ [Vulls + (| VOul5*) [ VOw |3 ds

4 8
+0 [ UV Bulle + V)Tl + 1V + Vo 5 i
< [V ¥l
t
+C [ VBule + [VBul )Vl + V| ds
0

We already know that ||v/®u,(t)| > remains bounded (independently of €) on every bounded interval,
so that we may again use Lemma 4.1 and control supy<;,<r, || we(Z, - HLQ(\MI + f ||Vw€HL2(\I,dm ds for
some Ty, where both Ty and the control don’t depend on €. The control is then transferred to the limit
w since w = limw,, = limV A u,,. This proves local existence of a regular solution and Theorem 3 is
proved.

6.4. The Case of a Very Regular Initial Value

We present a result apparently more restrictive that our main Theorem (Theorem 4), but we will see
that it implies almost directly our main Theorem.

Proposition 6.2 Let ® be a weight satisfying (H1)—(H4). Assume moreover that ® depends only on

r = /2?4 x3. Let U be another continuous weight (that depends only on 1) such that ® < ¥ < 1,
U e Ay and there exists C1 > 0 such that

IVU| < C1VOT and |AT| < C1 0T,

Let uy be a divergence free azisymmetric vector field without swirl, such that ug, belongs to L?(®dz),
V @ ug and Augy belong to L?(Wdx). Then there exists a global solution u of the problem

hu=Au— (u-V)u—Vp
(VS)
V.u=0, u(0,.) = ug
such that

e wu is azisymmetric without swirl, u belongs to L>((0,T), L?(® dx)), V®u belong to L>((0,T), L*(¥ dz))
and Aw belongs to L*((0,T), L*(V dz)), for all T > 0,

e the mapst € [0,400) — u(t,.) and t € [0,+00) — V @ u(t,.) are weakly continuous from [0, +00)
to L*(®dx) and to L*(V dx) respectively, and are strongly continuous at t = 0.

Proof. Ladyzhenskaya’s inequality for axisymmetric fields with no swirl (Proposition 6.1) gives
€ t 2 € 2
r r

Oiwo,e = PeOiwp + €0;P(ex)wo + (V) (ex) A dyug + 62(V8i(b) (ex) A uy,

As we have

we can see that
i |V ® wo. — V @ wol 2w ary = 0.
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As

AT
7‘('00’6 w0| dmﬁC( |V®WO57V®Wo|2\I’d£+ W057w0|2\del‘)a
2 ’ >
r 0<r<1

I<r<4oo
we also have

_ 2
nm/Mda: —0.
T

e—0
‘We know that

2 t
/wajt/ /|V®w6|2 Udz ds
2
/M\I!d //V el g wdras
//l ¢ - VUdxds
t
—/ /(we-ue)wE -V‘Ildxds—/ /ue(wE-Vwe)\I/dxds
0 0

t
VEa®l+2 [ IVEVults
0

which implies

t
< Vo2 +2 / VT2 VIV 2
0
t
[ VBl Vw3
0

t
1
Jr/ f|ur7€|\w£|2\11do:d5
0 T

Furthermore, we have

r1- ¢1(x) 2 ! 2
= we ¥ da ds < IV Ou, | s ||V Tw |25
0 0

and . ,
| [ bl ds < € [ 1% ol V= |V Bl
where
125 0ze < O = (IVTwo.ellz2 + VIV @ wo e £2)
gc%nfuoannanz+|MV®wo||Lz>
and

IV¥u|e < CIV ® (VT 2| AV Tu) 2
< O'(IVOu|z2 + V@] 2 + VIV @ well2).
Then, if we denote Ay = ||V ®ug||z2 + ||V Pwo|z2 + VIV & wo 12, we get

t
VT ()2 + / VIV © w2
0
t
< [V Two. |2 +c/ VB2
0

t
+C¢>/ Ve Za(1+ Ao + AF + IV Puc| ps + || VPuc|[7) ds
0

JMFM
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So, we conclude that, for all "> 0 and for all ¢ € (0,7),

t
VT ()2 + / VIV © w2
0

T
< (VB + Cosup [ [V | €€ mmeso (451l Bl
€> 0

Thus, we can obtain a solution on (0,7") using the Aubin—Lions Theorem and finish with a diagonal
argument to get a global solution. O

6.5. End of the Proof

We begin by consider a local solution v on (0,7p) with initial value uy given by Theorem 3, which is
continuous from (0,7p) to D'. We take Ty € (0,7p) such that V & (V Av)(Ty,.) € L?(®dx). We consider
a solution w on (71, +00) and initial value v(73) given by Proposition 6.2. Our global solution is defined
asu=von (0,77) and u=w on (71, +00). O
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