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Abstract. The equations governing the flow of a viscous incompressible fluid around a rigid body that performs a prescribed
time-periodic motion with constant axes of translation and rotation are investigated. Under the assumption that the period
and the angular velocity of the prescribed rigid-body motion are compatible, and that the mean translational velocity is
non-zero, existence of a time-periodic solution is established. The proof is based on an appropriate linearization, which is
examined within a setting of absolutely convergent Fourier series. Since the corresponding resolvent problem is ill-posed in
classical Sobolev spaces, a linear theory is developed in a framework of homogeneous Sobolev spaces.
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1. Introduction

We investigate the fluid flow past a rigid body B that moves through an infinite three-dimensional liquid
reservoir with prescribed velocity

V(t,x) = &(t) +n A (x = zo(t))

with respect to its center of mass z¢. Here t € R and 2 € R3 denote time and spatial variable, respectively,
£ = %xc is the translation velocity and 7 the angular velocity of B with respect to its center of mass.
We only consider the case where the angular velocity 7 is constant, but the translation velocity & may
depend on time. In a frame attached to the body, with origin at its center of mass xc, the motion of
an incompressible Navier—Stokes fluid around B that adheres to B at the boundary is described by the
equations

p(@tu+n/\u—n/\x-Vu—ﬁ-Vu+u-Vu)=f+uAu—Vp in R x Q,
divu =0 in R x €, (1.1)
u=E§+nAz on R x 99, '
im0 u(t, z) = 0 for t € R;

see [12, Section 1]. Here Q := R3\ B is the exterior domain surrounding B, and R represents the time
axis. The functions u: R x  — R3 and p: R x 2 — R describe velocity and pressure fields of the fluid.
The constants p > 0 and g > 0 denote density and viscosity, respectively. For the sake of generality, we
additionally consider an external body force f: R x  — R3.

In this paper, we investigate a configuration where the rigid body B translates periodically with some
prescribed time period 7 > 0. More precisely, we assume the data

§E+T)=¢0),  fE+T,2)=f(t )

to be 7-time-periodic As the main theorem we show existence of a solution (u,p) to (1.1) that shares
this time periodicity.
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We consider a prescribed motion of B where the axes of translation and rotation do not vary over
time and are parallel. Without loss of generality, both are directed along the x;-axis such that

g(t):a(t)eb n=wey

for some 7 -periodic function o: R — R and a constant w € R. Note that, at least in the case where ¢ is
time-independent, this assumption can be made without loss of generality as long as & -7 # 0 due to the
Mozzi—Chasles theorem.

We assume that the mean translational velocity of the body over one time period is non-zero:

1 (7
A= ?/0 a(t)dt # 0. (1.2)

The case of vanishing mean translational velocity shall not be treated here. Not only does the fluid flow
exhibit different physical properties when (1.2) is not satisfied, due to the absence of a wake region in
this case, but also the mathematical properties of the linearization of (1.1) differ significantly. If (1.2)
is satisfied, the linearization of (1.1) is a time-periodic generalized Oseen system, for which we shall
establish suitable L7 estimates in order to show existence of a solution to (1.1). If (1.2) is not satisfied,
the linearization of (1.1) is a time-periodic generalized Stokes system, for which similar estimates cannot
be derived. In this case, problem (1.1) thus has to be approached in a different way, which has recently
been done by Galdi [15].

Since the case n = 0 was treated in [18], we only consider the case n # 0 in the following. Observe
that then n A x - V is a differential operator with unbounded coefficient. Therefore, the linearization of
(1.1) cannot be treated as a lower-order perturbation of the time-periodic Oseen problem, even if 7 is
“small”. In particular, as we will see below, the corresponding resolvent problem also requires an analysis
in a different functional setting. This observation reflects the properties of the corresponding stationary
problem (see [13, Chapter VIII]), which can be regarded as a special case of the time-periodic problem.
In order to find a framework in which the time-periodic generalized Oseen problem is well posed, we
employ the idea from [16,17], where the steady-state problem corresponding to (1.1) was considered, and
the rotation term n A u —n A x - Vu was handled by a change of coordinates into a non-rotating frame.
This procedure only yields suitable estimates for time-periodic solutions when the change of coordinates
maintains the time periodicity of the involved functions. This is the case if the angular velocity w is an
integer multiple of the angular frequency 27 /7 of the time-periodic data. For simplicity, we assume

w=2r/T. (1.3)

This condition means that during one period the rigid body completes one full revolution. In other words,
the rotation and the time-periodic data, which may be regarded as two different sources of time-periodic
forcing, have to be compatible.

The equations governing the fluid flow around a rigid body that performs a prescribed rigid mo-
tion have been studied by many researchers during the last decades. The first successful attempts of
a rigorous mathematical treatment date back to the fundamental works of Oseen [44], LERAY [36,37]
and Ladyzhenskaya [34,35]. The study of time-periodic Navier—Stokes flows was proposed in a short
note by Serrin [47], which induced Prodi [45], Yudovich [56] and Prouse [46] to initiate the examination
in bounded domains. Through the years, this investigation has been continued and extended to other
types of domains and fluid-flow configurations by several authors; see for example [5,10,11,14,18,21-
23,28-31,33,38-43,49,51-55]. We refer to [19] for a more detailed overview. Concerning in particular
time-periodic Navier—Stokes flows around rigid bodies, more specifically the three-dimensional exterior-
domain configuration, we emphasize the fundamental work of Yamazaki [55], who introduced a setting of
L3°°(Q) spaces to obtain time-periodic solutions in the case & = n = 0. The main estimates in [55] are
based on well-known LP-L.9 estimates of the Stokes semigroup. If one replaces these estimates with the
LP-1L9 estimates obtained by Shibata [48] for an Oseen semigroup with rotational effects, the approach in
[55] also seems to yield existence of time-periodic solutions to (1.1) in an L3°°(Q) framework in the case
of constant non-zero parameters £ £ 0,1 # 0. This analysis was recently carried out by Geissert, Hieber
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and Nguyen [23], who introduced a general semigroup-based approach to show existence of mild solu-
tions to time-periodic problems. Using a recent result by Hishida [27], who established LP-L? estimates
for an evolution operator corresponding to a linearization of the Navier—-Stokes equations in the case of
time-dependent £(t) and n(t), the approach of Yamazaki [55] even leads to time-periodic solutions in an
L3°°(Q) framework for general time-periodic £(¢) and 7(t). In this general case, Galdi and Silvestre [21]
already established the existence of time-periodic solutions in an L2(f2) setting via a Galerkin approach.

As the main novelty of the present paper, we establish existence of strong solutions to (1.1) in an
L4(Q) setting for a certain range of exponents ¢ € (1,00). In this setting, better information on the
spatial decay of the solutions can be derived compared to the L3°°(2) and L?(Q) frameworks described
above. Our approach is based on an analysis of the linearization of (1.1) and the associated resolvent
problem

isv+w(er Av—eg Az - Vu) — Av — Aow+ Vp=F in Q,
dive =0 in €, (1.4)
v=20 on 0f

for suitable s € R and F € L4(Q)3, 1 < ¢ < oo. At first glance, it seems reasonable to regard (1.4) as a
resolvent problem (is— A)v = F for a closed operator A on the space of solenoidal vector fields in LI(§)3.
However, the spectral analysis in this setting, which was carried out by Farwig and Neustupa [7,8], reveals
that is, s € R, belongs to the spectrum of A when s € wZ, whereas well-posedness of the time-periodic
problem requires invertibility of (1.4) for s € wZ. Therefore, we propose to investigate the problem in
homogeneous Sobolev spaces instead. Although it is merely possible to derive the non-classical resolvent
estimate (2.4) in this setting (see Theorem 2.1 below), we are nevertheless able to conclude a suitable
solution theory for the linearization of (1.1). To this end, we shall employ a framework of functions with
absolutely convergent Fourier series. Finally, a fixed-point argument yields the existence of a solution to
the nonlinear problem (1.1) when the data f, £ and 7 are “sufficiently small”.

2. Main Results

In virtue of (1.2) we may assume A > 0 without loss of generality, and by (1.3) we have w = 27/7 > 0.
To reformulate (1.1) in a non-dimensional way, we let the diameter d > 0 of B serve as a characteristic
length scale. We introduce the Reynolds number X := Apd/u, the Taylor number w’ := wpd?/u, and
the non-dimensional time and spatial variables ¢’ = wt and 2’ = x/d. In particular, {2 is transformed to
O :={z/d | x € Q}. We define o/ (') := a(t)pd/p and the non-dimensional functions

2 3
u/(t’,x') = %du(tax)a p/(t/,l‘/) = %p(tvx)a f/(t/ﬂxl) = puigf(t?x)v

which are time-periodic with period 7/ = 27 and can thus be identified with functions on the torus group
T = R/27Z with respect to time. Expressing (1.1) in these new quantities and omitting the primes, we
obtain the non-dimensional formulation

WO+ e Au—eg Az - Vu) —adu+u-Vu=f+ Au—Vp in T x Q,
divu =0 in T x €,

u= e twe; \x on T x 09,
lim| |00 u(t, z) =0 for t € T.

(2.1)

Our analysis of (2.1) is based on the study of the linear time-periodic problem

w(Ou+er Au—eg Az -Vu) —Au—Aou+Vp=f inTxQ,
divu=0 inT x €, (2.2)
u=0 onTx 90,
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and of the corresponding resolvent problem
wlikv+er Av—ei Az -Vu) —Av—ANdw+Vp=F in Q,
dive =0 in €, (2.3)
v=20 on 0f}

for k € Z. For the latter we shall derive the following well-posedness result.

Theorem 2.1. Let Q C R3 be an exterior domain of class C3. Let g € (1,2), k € Z and \, w, 0, B > 0
.q

1
with A2 < w < B. For every F € LI(Q)3 there exists a solution (v,p) € W Wllo’g(ﬁ) to (2.3)
subject to the estimate

—
<l
=
w
X

wl|ikv + e Av — ey Az - V|, + || V30|, + A01v]|,
+ A2 [olls, + XAV lls, + [ Vllg < CLlIF |l
for a constant C; = C1(Q, ¢, \,w) > 0 and s1 = 2q/(2 — q), s2 = 4q/(4 — q). Additionally, if (w,q) is
another solution to (2.3) in the function class defined by the norms on the left-hand side of (2.4), then

v =w, and p—q is a constant. Moreover, if q € (1, %), then the constant C1 can be chosen independently
of A and w such that Cy = C1(Q,q,0, B).

(2.4)

Note that for £ = 0 we recover the well-known L7 theory for the corresponding stationary problem;
see [13, Theorem VIII.8.1].

In order to transfer estimate (2.4) to the time-periodic setting without losing information on the
dependencies of the constant C7, we work within spaces A(T; X) of absolutely convergent X-valued
Fourier series for suitable Banach spaces X; see (3.1) below. We establish the following solution theory
for the time-periodic problem (2.2).

Theorem 2.2. Let Q C R? be an exterior domain of class C*. Let q € (1,2) and \, w, 0, B > 0 with
A2 < 0w < B. For every f € A(T;L%(Q))? there exists a solution (u,p) to (2.2) subject to the estimate

w||Opu + €1 Au —eg Az - VUHA(’]I‘;Lq(Q)) + ||V2UHA(T;LQ(Q)) + /\||(91UHA(T;Lq(Q))
ANl Ao @) + A I Vullane @) + 1Vl amza@)
< Cill fllacrsma) (2.5)

for the constant Cy from Theorem 2.1, and s1 = 2q/(2 — q), s2 = 4q/(4 — q). Additionally, if (w,q) is
another solution to (2.2) in the function class defined by the norms on the left-hand side of (2.5), then
u=w and p = q+ qo for some (spatially constant) function qo: T — R.

In Sect. 6, we finally prove the following existence result on solutions to the nonlinear system (2.1).

Theorem 2.3. Let Q C R? be an exterior domain of class C3, and let q € [% %} ,pE (
Then there are constants kK > 0 and \g > 0 such that for all

3‘1(;3, 1) and 6 > 0.

)\2
A€ (0,)N), w€E (?,oo) (2.6)
there exists € > 0 such that for all f € A(T;L9(Q))3 and a € A(T;R) with Lo € A(T;R) and

1 2
T or
there is a solution (u,p) to (2.1) with
ue A(T;L2/C79(Q))3,  Vu e A(T;L*/“-9(Q))3*3,
Viu € A(T;LI(Q2))>*3*3,
Opu + 1 Au— e Az - Vu, dyu, Vp € A(T;LY(Q))3.

a(t)dt, wllfallame <N, lla = Aa@r) + 1 fllamiaq) <e



JMFM Viscous Flow Around a Rigid Body Performing a Time-Periodic Motion Page 5 of 23 28

Remark 2.4. The lower bound % < w on the angular velocity in (2.6) may seem strange in light of
the underlying physics of the problem since from a physical point of view, the limit w — 0 towards
the case of a non-rotating body seems uncritical. The lower bound on w in (2.6) is an artifact of the
change of coordinates into the rotating frame of reference employed in the mathematical analysis of the
problem, which leads to a priori estimates with constants exhibiting a singular behavior as w — 0. As
a consequence, a lower bound on w is required in Theorem 2.3 to obtain existence of a solution via a
fixed-point iteration. A similar observation was made in the investigation of a steady flow past a rotating
and translating obstacle carried out in [6]. Therefore, it is not surprising to see the same effect appearing
in the more general time-periodic case investigated here.

3. Preliminaries

We use capital letters to denote global constants, while constants in small letters are local to the respective

proof. When we want to emphasize that a constant C' depends on the quantities «, 3,7,..., we write
Cla, By, - ).
We denote points in T x R® by (¢,7), where t and x = (x1,72,73) are referred to as time and

spatial variable. The symbol Q always denotes an exterior domain, that is, Q@ C R? is connected and the
complement of a non-empty compact set. We always assume that the origin is not contained in €.

Inner and outer product of two vectors a,b € R? are denoted by a - b and a A b, respectively. For any
radius R > 0 we set Br := {z € R® | |z| < R}, BR := {z € R® | [2| > R}, and for a domain D C R?® we
define Dy := DN Bg and D® := DN B~E.

For q € [1,00] and k € Ny, the symbols L4(D) and W*(D) denote usual Lebesgue and Sobolev spaces
with associated norms ||| = ||/lg:p and ||-lx.q = ||-|lz.¢:0, respectively. Furthermore, W{'%(D) denotes
the subset of functions in W'4(D) with vanishing boundary trace, and W=14(D) (with norm ||| 1 4.p)
is the dual space of W’ ¢ (D) where 1/q+1/q’ = 1 with the usual convention 1/cc := 0. Moreover, L2 (D)
denotes the set of solen01dal vector fields in L?(D)3, that is,

L2(D ) :={p e CF(D)? | dlvcpf()}‘l 2

and Py is the corresponding Helmholtz projection that maps L?(D)? onto LZ(D).

We always identify 27-periodic functions with functions on the torus group T := R/27Z, which is
usually represented by the set [0,27). We consider T and G := T x R? as locally compact abelian groups.
The (normalized) Haar measure on T is given by

f e o(T /fdt o T

0

and G is equlpped with the correspondmg product measure. Recall that the dual group of T can be
identified with T = Z and that of G with G := Z x R3.

For H =T or H = G, the space .(H) is the Schwartz—Bruhat space of generalized Schwartz functions
on H, and ./(H) denotes the corresponding dual space of tempered distributions; see [1,4] for precise
definitions. The Fourier transform on T and G and the respective inverses are given by

Fr: F(T) = S (Z), Fulul(k) = /T u(t) e~k dt,
It S (2) — F(T), T wl(t) == w(k) e,
keZ

and

Ta: 7 (G) — S(G), Falul(k, &) = / / u(t,z) e " dadt,
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Z5t S (G) — 7 (G), Fo wl(tx) =Y / (k, &) etmetikt ge,
kez YR"
provided the Lebesgue measure d§ is correctly normalized. By duality, %1 and % extend to homeomor-
phisms Zp: .#/(T) — . (Z) and Fg: .7 (G) — .'(G), respectively.
Furthermore, we introduce the Sobolev space

2 1

7” ll1,2,q a

W4T x D) := CF(T x D) o I flh2g = <||5tf||3 + kafﬂ(q’) ;
k=0

where C§°(T x D) denotes the space of smooth functions of compact support on T x D .
Let X be a Banach space. We introduce the projections P and P, by

Pu = /u(t) dt, PL:=1d-P
T

for u € LY(T; X). Note that Pu € X is time-independent, and we have the decomposition u = Pu+ P u
into the steady-state part Pu and the purely periodic part P u of u.

Our analysis of the time-periodic problems (2.1) and (2.2) will be carried out within spaces of functions
with absolutely convergent Fourier series defined by

A(T; X) = {f: T— X ’ F&) =" fre®, fre X, D lfelx < oo},
keZ keZ (31)
£ A =D _IIfellx-
kEZ

Observe that A(T; X) is the Banach space that coincides with %! [¢'(Z; X)], which embeds into the
X-valued continuous functions on T. It is well known that the scalar-valued space A(T;R) is an algebra
with respect to pointwise multiplication, the so-called Wiener algebra. One can exploit this property to
derive estimates in the X-valued case. For example, one readily shows the following correspondences of
Holder’s inequality and interpolation inequalities.

Proposition 3.1. Let D C R"™, n € N, be an open set and p,q,r € [1,00] such that 1/p+1/q = 1/r.
Moreover, let f € A(T;LP(D)) and g € A(T;L4(D)). Then fg € A(T;L"(D)) and

1f9llacrsLr o)) < [fllacrsee oy llgllacLepy)- (3.2)
Proof. By assumption we have f FrH(fr)] and g = Fr ' [(gx)] for elements (fy,) € ¢*(Z; LP(D)) and
(9%) € £1(Z;LY(D)). Then fg = [(fk) +z (g1)] and
I fallacrir(py = ZHZ fegr-— z‘ LD < S I fegr-ellu- o)
keZ (€L kEZ (€L
< ZZ”fZ”LP(D)”gkuHLQ(D) = | fllacrie (o) ll9ll AcTsLe (DY)
kEZ (€T
where the last estimate is due to Holder’s inequality. (I

Proposition 3.2. Let D C R™, n € N, be an open set and p,q,r € [1,00] such that (1 —6)/p+6/q=1/r
for some 0 € [0,1], and let f € A(T;LP(D)) N A(T;L%(D)). Then f € A(T;L"(D)) and

1 lacrir oy < WIS 1 4 rnem))- (3.3)

Proof. We have f = Z:'[(fi)] for an element (fi) € £'(Z; LP(D) N L%(D)). The classical interpolation
inequality for Lebesgue spaces yields

A lacrr oy = Y fellermy < DI alliato 1 el

keZ kEZ

< Hf”A(jr Lo(D ))”fH?\(’]l‘;Lq(D))’
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where the last estimate follows from Holder’s inequality on Z. 0

4. Embedding Theorem

This section deals with embedding properties of Sobolev spaces of time-periodic functions. The embedding
theorem below is a refinement of [18, Theorem 4.1] adapted to the time-scaling employed in (2.1). Clearly,
embeddings of the steady-state part Pu are independent of the actual period. Therefore, we only consider
the case of purely periodic functions. For the sake of generality, we establish the following theorem in
arbitrary dimension n > 2.

Theorem 4.1. Let n > 2, w > 0 and q € (1,00). For a € [0,2] with aqg < 2 and (2 — a)g < n let

2q ng
ro 1= =_—
0 2*0!(]7 Po ’/l*(2*0é)q7

and for 8 € [0,1] with Bq < 2 and (1 — B)g < n let
2q _ ng
n—(1-p8)q

Then the inequality
w2 |ulluro (meo @) + @2Vl lum (e @)y < Ca(wl0sullg + 1VPully) (4.1)
holds for all u € Py WH24(T x R™) and a constant Co = Cz(n, q, a, 3) > 0.

Proof. Since the proof is analogue to [18, Proof of Theorem 4.1], we merely give a brief sketch here.
Without restriction we may assume u € .(G). Due to the assumption v = P u, we have Fglu] =
(1 — 6z)F¢[u], where 0z is the delta distribution on Z. Utilizing the Fourier transform, we thus derive
the identity

w= 75" [M% (WO — Au]}

= w27 (I v Pt (L= 02) k[ 5

(4.2)

where

wk|* 1€~ (1 — 62 (k)
¢ + dwk

Employing the so-called transference principle for Fourier multipliers (see [3,4]) together with the
Marcinkiewicz multiplier theorem, one readily verifies that M, is an L(G) multiplier for any ¢ € (1, 00)
such that

F =75 {Mw(k, 6)Fclwou — Au]] . My (k&) =

1F]ly < collwdeu — Aullg < co(wlldeully + [ Vully)
with ¢ independent of w. Moreover, when we choose [—7, ) as a realization of T, we obtain

Ya(t) = Fr (1 = 82)|k| "] (t) = ext =72 4 h(t),

for some h € C*°(T); see for example [24, Example 3.1.19]. In particular, this yields v, € Ll—iaﬂ’oo(’]l‘),
so that Young’s inequality implies that the mapping ¢ — 74 * ¢ extends to a bounded operator L(T) —
L™ (T). Moreover, it is well known that the mapping ¢ — ﬂ’RT} [ §|°‘72] x extends to a bounded operator
L4(R™) — LPo(R"™); see [25, Theorem 6.1.13]. Recalling (4.2), we thus have

1

— To 0
oy = ( L R dt)
0

<CQ( / ||WTF<t,->||50dt) <c ( [ e FC a1 d )
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< callFllg < es (@l + [V2ullq),
where Minkowski’s integral inequality is used in the second estimate. This is the asserted inequality for

u. The estimate of Vu follows in the same way. O

Remark 4.2. Note that the term on the right-hand side of (4.1) defines a norm equivalent to [-||1,2,4 on
PLWL24(T x Q) due to Poincaré’s inequality on T.

Remark 4.3. Theorem 4.1 can be generalized to the setting of an exterior domain  C R™ by means
of Sobolev extensions. However, to maintain estimate (4.1), one has to construct a specific extension
operator that respects the homogeneous second-order Sobolev norm. To this end, one can make use of
results from [2].

5. Linear Theory

This section is dedicated to the investigation of the resolvent problem (2.3) and the linear time-periodic
problem (2.2). After having shown Theorem 2.1, we establish Theorem 2.2 as an immediate consequence
hereof.

5.1. The Whole Space

To study the problems (2.2) and (2.3) in an exterior domain, we first consider the case Q = R3. In
this whole-space setting one can namely change coordinates back to the non-rotating inertial frame and
thereby reduce the study of (2.2) to an investigation of the time-periodic Oseen problem without rotation
terms, which was analyzed in [18,32]. In this section, we set

2q g _ 84

for appropriately fixed gq.

Theorem 5.1. Let q € (1,2) and \, w, 8 > 0 with A2 < 0w. For every f € LI(T x R3)3 there exists a
solution (u,p) € (T x R3)3* to

(5.1)

woiu — Au— Nou+Vp = f in T x R,
divu=0 inT x R3,

with Oyu, V>u, Vp € LI(T x R?). Moreover, there exist constants C3 = Cs(q) > 0 and Cy = C4(q,0) >0
such that

V2 Pullg + A|01Pullg + A2 Pulls, + N4V Pulls, + [VPplg < Csl|Pfllg, (5.2)
wl|0Prullg + IV*PLullg + MOr1Prullg + [[VPLpllg < CalPLfllq- (5.3)

Additionally, if (w,q) € .#"(T x R3)3%! is another solution to (5.1), then Pyu = P w, and Pu — Pw is
a polynomial in each component, and p — q = po, where po(t,+) is a polynomial for each t € T.

Proof. We decompose (5.1) into two problems by splitting v = Pu+Pu = us+u, and p = Pp+P, p =
ps + pp. For the steady-state part (us,ps) we obtain the system

{ —Aug — Nyus + Vps, = Pf  in R3,

divus =0 in R?,
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which is the classical steady-state Oseen problem. The existence of a time-independent solution (us, ps)
satisfying estimate (5.2) is well known; see for example [13, Theorem VII.4.1]. The remaining purely
periodic part (up,pp) must solve (5.1), but with purely periodic right-hand side P, f. We define

Ut,x) = up(t,w %),
Plt,z) = w2y (1w 2a),
F(t,x) = w ' P f(t,w %),
which leads to the system
QU — AU — XU +VP=F inT xR,
{ divU=0 inT xR

where A = Aw™/2. From [32, Theorem 2.1] we conclude the existence of a unique solution (U,P) that
satisfies the estimate

e

124 + [VBllg < collFllg,

where ¢ is a polynomial in A and can thus be bounded uniformly in X € (0, v/0]. Estimate (5.3) with the
asserted dependency of the constant C follows after reversing the applied scaling.

The uniqueness statement is readily shown by means of the Fourier transform on G = T x R3.
We consider (5.1) with f = 0 and apply the divergence operator to (5.1);. This yields Ap = 0 and thus
€12 Zgs[p(t, -)] = 0 for all t € T. Therefore, we obtain supp .Zgs[p(t, )] C {0}, so that p(Z, -) is a polynomial
for all t € T. Next we apply the Fourier transform to (5.1); to deduce (iwk+|¢|* —i&1 ) Fau]+ié Falp) = 0.
Multiplying with the symbol of the Helmholtz projection I — & ® &/|¢ |2 and utilizing divu = 0, we obtain
(iwk + |€|* — i&)-Fglu] = 0, which yields supp Zg[u] € {(0,0)}. Since PLu = F&' (1 = 62) Fclu]], it
follows that P, u = 0, and that each component of Pu is a polynomial. This completes the proof. O

Remark 5.2. In the setting of Theorem 5.1 we can write the estimate for the steady-state part (ug,ps) =
(Pu, Pp) and the purely periodic part (up,pp) = (PLu, PLp) in a more condensed way: From the embed-
dings established in Theorem 4.1 we deduce

w1/4||up| Le2 (T;Lo1 (R3)) + w1/8||Vup|

Lo (T;L72 (R3))
< Cs (w]|Osup||La(rxr3) + lupllLa(Txrs))-
Recalling Remark 4.2, we see that (5.2) and (5.3) can be formulated as
wluully + I9%ullg + NBrally + X2 ullen (s oy
+)‘1/4||VU| Les(riLe2 (%)) + [|VPllg < Csll fllq (5.4)
for a constant Cg = C(q,0) as long as A\? < fw.

With Theorem 5.1 we now solve the linear problem (2.2) for @ = R? and f € LY(T x R?)3.

Theorem 5.3. Let q € (1,2) and \, w, § > 0 with A2 < Ow. For every f € LI(T x R3)3 there exists a
solution (u,p) € (T x R3)3F1 1o

WO +e1 Au—ej Az - Vu) — Au— Au+Vp =f in T x R,
{ divu=0 inT x R3, (5:5)
with V2u, 01u, Vp € LY(T x R3). Moreover, there exists a constant Cy = C7(q,0) > 0 such that
wl|Opu + e1 Au— e1 Az - Vullnarxrs) + || V2l Larxrs) + A|01ul|Le(rxrs)
+ A2l Le2(T;L*1 (R3)) + )‘1/4||VU||L53(T;L32 ®3)) + [IVPllLa(rxrs) (5.6)

< C7|| fllLa(rxrs)-
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Additionally, if (w,q) € (T x R3)3*L s another solution to (5.5) with w € L"(T x R3) for some
r € [1,00), then u = w, and p — q = qo for some spatially constant function qo: T — R.

Proof. Let

1 0 0
Qt):=[0 cos(t) —sin(t)
0 sin(t)  cos(t)

be the matrix corresponding to the rotation with angular velocity e;. Define
U(t,y) == Q(t)ult, Q(t) "y),
B(t,y) = p(t, Q) "y),
F(t,y) = Q) f(t,Q(t) y)
with the new spatial variable y = Q(t)z. Due to
U (t,y) = Q(t)(Owu(t, x) + e1 Au(t, ) — e1 Ax - Vu(t, z)),
the functions u, p and f satisfy (5.5) if and only if
woU — AU = XU +VE=F inT xR
{ divU =0 inT xR?
The assertions in Theorem 5.3 are now a direct consequence of Theorem 5.1 and estimate (5.4). g

Remark 5.4. As for the corresponding steady-state problem (see for example [13, Theorem VIII.8.1]), one
can extend Theorem 5.3 to the case of an exterior domain Q for f € L(T x ), but it is not clear to the
authors whether or not the constant in the resulting a priori estimate can then be chosen independently
of XA and w. Observe that such an independence is obtained in the functional setting of Theorem 2.2 where
f € A(T;L9(Q2)). Since we solve the nonlinear problem (2.1) via a fixed-point iteration which requires A
and w to be chosen sufficiently small, it crucial to obtain an estimate with the constant independent of
A and w.

From Theorem 5.3 we can extract a similar result for the resolvent problem (2.3) in the whole space.

Theorem 5.5. Let q € (1,2), k € Z and \, w, 0 > 0 with \2 < fw. For every F € LI(R3)3 there exists a
solution (v,p) € ' (R3)*T1 to

wlikv+er Av—ei Az -Vv) —Av—Aow+Vp=F in R3,
{ dive=0 inR?, (5.7)
and a constant Cs = Cs(q,0) > 0 with
wllikv + e1 Av — e; Az - V|, + | V20| + A|01v]4 5:5)

+ A2 olls, + AV Volls; + [Vl < CslIF -
Additionally, if (w,q) € . (R3)3T1 is another solution to (5.1) with w € L" () for some r € [1,00), then
v =w, and p — q is constant.
Proof. First consider a solution (v,p) in the described function class. Then the fields
u(t, z) := e*ty(x), p(t,z) == ™ p(x), f(t,z) = e** F(x),

satisfy (5.5). Therefore, uniqueness of (v, Vp) follows from the uniqueness statement in Theorem 5.3. To
show existence, let F' € LI(R?) and define f € LY(T x R?) as above. Theorem 5.3 yields the existence
of a pair (u,p) that solves (5.5). Then the k-th Fourier coefficients v(z) := Frlu(-,x)](k) and p(z) =
Fr[p(-, x)](k) satisfy (5.7), and estimate (5.8) is a direct consequence of (5.6). O
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5.2. Uniqueness

Next we show a uniqueness result for the resolvent problem (2.3).

Lemma 5.6. Let A\ > 0, w > 0, k € Z, and let (v,p) be a distributional solution to (2.3) with F =0 and
V2v, 01v, Vp € LY(Q) for some q € (1,00) and v € L*(Q) for some s € (1,00). Then v = 0 and p is
constant.

Proof. We only consider the case A > 0 here. The proof for A = 0 can be shown in exactly the same way.
Fix a radius R > 0 such that 9Bz C ©, and define a “cut-off” function yo € C§(R?) with xo(z) =1 for
|2] < 2R and xo(z) =0 for |z| > 4R. Set
w := xov — B(v- Vo), q:= Xop (5.9)
where B denotes the Bogovskil operator; see for example [13, Section I11.3]. Then
—Aw + Vg=nh in Qug,

divw =0 in Q4R,
w =20 on 0uR,

with
h:= ( —w(ikv +e1 Av —e; Az - Vv) — )\811)))(0
—2Vx0 - Vo — Axov + Vxop + AB (Vo - v).
From the assumptions, we obtain v € W24(Q,z) and p € WH4(QyR). Standard Sobolev embeddings imply
v, Vu,p € L29(Q4z). Therefore, we also have h € L™(Qyz) for all 1 < r < 34. From well-known regularity

results for the Stokes problem in bounded domains (see [13, Theorem IV.6.1]) we obtain w € W2"(Qq4r)
and Vq € L"(Qur). Since v = w and p = ¢ on Oy, this yields

(v,p) € W2 (Q2r) x WH"(Q2p) (5.10)

foralll <r < %q.
Next consider another “cut-off” function x; € C*°(R?) with x1(z) = 1 for |z| > 2R and x;(z) = 0 for
|z| < R. As above, we define

u:=x10—B(v-Vxi1),  p:=xip (5.11)
which satisfy the system

w(iku + e Au—ei Az - Vu) — Au— Xoiu+ Vp = f in R3, (5.12)
divu =0 in R?, '

with
fi=wler Az - Vx1)v—2Vx1 - Vo — Axiv + Adi1x1v + Vxip — AB(v- Vi)
+X01B(v-Vx1) +w(@kB(v-Vx1) +er AB(v-Vyxi) —er Az - VB(v-Vxi)).
As above, we see f € L"(R3) for all 1 < r < 2¢. Since we also have u € L*(R?), Theorem 5.5 implies
iku +e; Au — e Ax - Vu, V2u, 01u, Vp € L"(R?)
if additionally < 2. Due to v = u and p = p on B??, we have
ikv 4 ey Av — e Az - Vo, Vv, dyv, Vp € L7 (B*H) (5.13)

for1<'r§%qwithr<2.
We combine (5.10) and (5.13) to deduce

ikv +e; Av — e Az - Vv, Vv, 010, Vp € L7 (Q) (5.14)
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for 1 <r < %q with r < 2. After repeating the above argument a sufficient number of times, we obtain
(5.14) for all r € (1,2). Since v € L*(12), the Sobolev inequality further yields

3
vre(5,6): Voell (@),  Vre(3,00): vel ()
In particular, we can employ the divergence theorem to compute

/ div [(ey /\x)|v\2] dz = / (e1 Az) -njv[>dS = (e1 Az) - zR o> dS = 0
Qr 1955 OBRr

for any R > 0 with OBg C (). Passing to the limit R — oo, we obtain

/ div [(e1 Az)|v[?] da = 0. (5.15)
Q

By the above integrability properties, we can further multiply (2.3); by v and integrate over Q. By
utilizing (5.15) and integration by parts, we conclude

O:/ (w(ikv +e; Av —eg Az - Vo) — Av + Xdyv + Vp) -vdz
Q

1 1
= / wik [v]” + 7Y div [(ey /\:c)|11|2] —Av-v+ 5/\81|v|2 + Vp-vde

Q
= zk/ |v|2dx+/ |Vo|? da.
Q Q

This implies Vv = 0. The imposed boundary conditions thus yield v = 0. Finally, (2.3); leads to Vp = 0,
and the proof is complete. (I

5.3. A Priori Estimate

Next we establish an a priori estimate for the solution to the resolvent problem (2.3).

Lemma 5.7. Let ¢ € (1,2), k € Z and )\, w, > 0 with \? < fw. Moreover, let F € LI(Q) and R > 0
such that 9Br C Q. Let (v,p) € Li .(Q) with

ikv 4+ e Av — e Az - Vo, V2, 010, Vp € LY(Q), (5.16)
v e L (Q), Vv € L*2(Q) '

be a solution to (2.3). Then there exists a constant Cy = Co(£2,q,0, R) > 0 such that
w||ikv + e Av — ey Az - V|, + ||V,
+ Mool + AN lolls, + AV, + Vel (5.17)
< Co([[Fllg + A+ X+ ) vlligain + @kl [v]-1,60:m + 1Plgon)-
Proof. Let xo, x1 be the “cut-off” functions from the proof of Lemma 5.6. Define w € W24(Q) and
g € Wh4(Q) as in (5.9). Then

thkww — Aw+Vq=nh in Qug,
divw =0 in Qug,
w=0 on IR,
with
hi= (F —w(er Av —eg Az - Vo) — Ad1v) xo
—2Vxo - Vv — Axov + Vxop — (ikw — A)B(v - Vo).
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Well-known theory for the Stokes resolvent problem (see for example [9]) yields

||U||27QQQ2R + ||Vp||q§Q2R < ||w||2,q;Q4R + ||VC| QR < CO||h||q;Q4R

. (5.18)
<a(llFllg+ @+ A+ w)vllgonm + 1Plges +@lklv- Vol 2y go,,)-

In the last estimate we used mapping properties of the Bogovskii operator (see [13, Section I11.3]), namely
HV%hHmJI;Qu% < CQHh||m7q;Q4R’ ||%h”q;ﬂ4R < C3|h|*—1,q;Q4R

for m € Ny, where

|h|i17q;D = sup{|/ hip dz|
D

To estimate the last term in (5.18), we introduce the notation

€ CRRY), [Vella/taonyin = 1}.

T=v— — [ pdo

|Qur| Jain
for ¢ € C3°(R?), and we employ that diveo =0 in Q and v = 0 on 99 to deduce the identity
/ v Vyxoypde = / div(vxo)y de = f/ xov - Vepdz
Q4R Q4R

QR

= / div(vyo)y dz = / v Vxopdz.
Qur

Qur
Since Poincaré’s inequality yields
H@vXOHl,q’;Qm < C4H@H17q’;943 < c5||vw||q’;ﬂ4m
we have
|’U ' VXO|**1,¢1§Q4R
< SUP{HUH—I,q;Qmvaxoul,q’;ﬂm | (NS Cgo(Rs)a vaHq’;Qm = 1}
< CGHUH—LCEQu{'

Applying this estimate to the last term in (5.18), we obtain

[vll2,q:02r + [IVPllg0:r
< cr(IFllg + A+ 2+ ) vlhgoin + IPlacs +wlkl V] -1000)-
Next define (u,p) as in (5.11), which satisfies the system
{w(iku—i—el/\u—el/\x-Vu)—Au—)\alu—i—Vp:f in R3,
divu =0 in R3,

(5.19)

with
fi=x1F —w(e1 Ax - Vx1)v — 2V - Vu — Axqv
+ 201 x1v+ Vxip — AB(v-Vx1) + M1 B(v- V1)
+w(ikB(v-Vx1) +e1 AB(w-Vxi) —er Az - VB(v-Vxi)).
Theorem 5.5 implies
wlikv + e1 Av — e1 Az - V| u2r + || V20| gzr + A||010]|guq2n
VATl o + A2l o + [V o
< wliku +e1 Au— ey Az - Vaullg + ||Vl + M|O1ull,
+ NVl + A2 [lulls, + (VR
< cs(IFlg + (14 A+ w)[[vll1g0.. + 2|

4;Qr T w|k|||UH—1,q;QzR)7
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where we estimated the terms containing the Bogovskii operator as above. Combining this estimate with
(5.19), we conclude (5.17). O

In the next step we improve estimate (5.17) by showing that the lower-order terms on the right-
hand side can be omitted. This leads to the desired estimate (2.4) with the asserted dependencies of the
constant C1.

Lemma 5.8. Let ¢ € (1,2), k € Z and X\, w > 0, and let F € L4(Q). Let (v,p) € LL _(Q) be a solution to

(2.3) in the class (5.16). Then estimate (2.4) holds for a constant C1 = C1(Q,q,A\,w) > 0. Ifq € (1,3) and
A2 < Qw < B, then this constant can be chosen independently of X\ and w such that Cy = C1(, q,0, B).

Proof. We employ a contradiction argument. At first, consider the case ¢ € (1, %) and assume that (2.4)

is not valid for a constant C; = C1(€2,¢,60, B). Then there exist sequences of numbers ()\;) C (0,vB],
(wj) € (0, B/6] with A3 < fw;, and (k;) C Z, and of functions (v;), (p;), (Fj) that satisfy

wjllikjv; +e1 Avg — ey Az - Vuyllg + [Vl

1/2 1/4
J J

(5.20)
+ AillOrvllg + A v llss + A5 1Vl + 1VRSll =1,
| Fjllq — 0 as j — oo, and
(.«Jj(ikj’()j +eq /\’Uj —e1 A\x - ij) — A’Uj — )\jall}j + ij = Fj in Q,
dive; =0 in Q, (5.21)
v; =0 on 01,
for all j € N. Furthermore, without loss of generality, we assume fQR pjdx = 0 for R > 0 as in Lemma

5.7. Then, ();), (w;) and (k;) contain (improper) convergent subsequences with limits A € [0,v/B],
w € [0,B/0] and k € Z U {£o0}, respectively, and we have A\? < fw. For simplicity, we identify selected
subsequences with the actual sequences. Moreover, (5.20) implies that U; := (iw;k;jv;,vj,p;) is bounded
in LI(Q,) x W4(Q,) x WH4(Q,) for any p > R. Hence, by a Cantor diagonalization argument, there
exists a subsequence that converges weakly in LI(£2,) x W24(£,) x Wh4(€,) to some U := (w, v, p) for
each p > R. Consequently, passing to the limit j — oo in (5.21), we obtain

w+wleg Av—eg Az - Vo) — Av — Adv+Vp =0 in Q,
dive =0 in Q, (5.22)
v=0 on 0Q.
Moreover, by the compact embeddings
W29(Qyp) — WH(Qup) — LI(Qur) — W 9(Qug),

we deduce that U is the strong limit of (U;) in the topology of W=19(Qqp) x WH(Qyr) x LI(Qur). By
Lemma 5.7,

wjllikjv; +ex Avj — ex Az - Vjllq + [V2;lq
1/2 1/4
+ Asl10105lq + X Zleslar + 251903 s, + 1905
< Co([I1F5llq + (1 + X5 + w)llvjllgen + wlkil vl -1.00. + 1Pillau)-

Passing to the limit j — oo in this estimate, we conclude in virtue of (5.20) that

1< 09((1 + A+ W)H'UHLQ;QALR + ||wH—17q§Q4R + ||p||q;Q4R)' (5'23)
Moreover,

Jw + wer Av — e Az - V)|, + V20l + Aol
A2 [olls, + AV, + Vg < oo (5.24)

Now we distinguish between several cases:
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i. If wjk; —» s € Rand w =0, then A = 0 and w = isv, so that (5.22) reduces to a Stokes resolvent
problem. If s # 0, we also have v € L4(2) and we conclude v = Vp = 0 from a well-known uniqueness
result; see for example [9]. If s = 0, we utilize that ¢ < % and v; € L°1(Q), Vu; € L*2(1), so that
Sobolev’s inequality implies

103 l13g/3—20) < €0llV;ll3q/(3—q) < 1lIV05lg,

and thus v € L39/(3=29(Q). Now v = Vp = 0 follows from classical uniqueness properties of the
steady-state Stokes problem, see for example [13, Theorem V.4.6].

ii. If wik; — s € Rand w # 0 but A =0, then k; — k € Z and w = iwkv, so that (5.22) reduces to
(2.3) with A = 0. As above, we deduce v € L39/3-29(Q). From Lemma 5.6 we conclude v = Vp = 0.

iii. fwjk; » s€Randw # 0 and A # 0, then k; — k € Z and w = iwkv, so that (v, p) satisfies (2.3).
Since A # 0, it follows from (5.24) that v € L°*(Q2). Lemma 5.6 thus implies v = Vp = 0.

iv. If wj|k;| — oo, we recall (5.20) and estimate

wilkjlllvillg:e, < wjllikjv; +e1 Av; —e1r Az - Vujllga, + c2(p)llvillign, < cs(p)

for any p > R. Passing to the limit j — oo, we thus obtain v = 0 on €, for each p > R, whence v =0
on . Hence, (5.22); reduces to w + Vp = 0. Clearly, we also have divw = 0 and w|aQ =0, so that
w + Vp = 0 corresponds to the Helmholtz decomposition of 0 in L(2). Since this decomposition is
unique, we conclude w = Vp = 0.
Consequently, all four cases lead to w = v = Vp = 0, which contradicts (5.23). This completes the proof
in the case 1 < ¢ < %

In the more general case ¢ € (1,2), where we do not assert the constant Cy to be independent of A
and w, these parameters remain fixed in the contradiction argument above. Consequently, only the last
two cases above have to be considered. The conclusion in both of these cases is valid for all ¢ € (1,2),
and we thus conclude the lemma. (]

5.4. Existence

To complete the proof of Theorem 2.1, it remains to show existence of a solution. For this purpose, recall
the following property of the Stokes operator.

Lemma 5.9. Let D C R? be a bounded domain with C*-boundary. Every u € L2(D)NWy?(D)NW>2(D)
satisfies

[V2ullz < Cro([PalAullz + [Vull2)

for a constant C1g = C19(D) > 0 that does not depend on the “size” of D but solely on its “regqularity”.
In particular, if D = Qg for an exterior domain Q with 02 C Bg, the constant Cig is independent of R
and solely depends on Q.

Proof. See [26, Lemma 1]. O
We further need the following identity from [20].

Lemma 5.10. Let u € L2(Qr)NW2(Qr)NW22(QR) with complex conjugate u*. Then e; Au—ey Az-Vu €
L2(Qr) and

/ (e1 Au—ej Az - Vu) - PgAu* dz
Qr

1
= / §|Vu|2(e1 Az)-n—n-Vu*- (e Ax-Vu)dS — V(er Au) : Vu* dz.
[J9] Qr

Proof. See [20, Lemma 3]. O
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Existence of a solution to the resolvent problem (2.3) can be shown via a Galerkin approach combined
with an “invading domains” technique.

Lemma 5.11. Let Q C R3 be an exterior domain of class C3. Let \, w > 0, k € Z, and let F € C(Q).
Then there exists a solution (v,p) to (2.3) with

ikv +e; Av — e; Az - Vo, V2o, 01v, Vp € LI(Q),

v e L2900 (Q), Vo e L1/(4=9(Q)
for all q € (1,2).
Proof. Let R > 0 such that 9Bg C 2, and take m € N with m > 2R. Since the Stokes operator in the
bounded domain ,, is a positive self-adjoint invertible operator (see [50, Chapter III, Theorem 2.1.1]),

there exist sequences (¥;);en of (real-valued) eigenfunctions and (u;);jen C (0,00) of eigenvalues, that
is,

—Puly = pjby, by € L2(Qm) NWo? () N W22(Qpy),

normalized such that

1
Vj - Yede = —dje.
/Qm j Hjj

We show the existence of a function v = v € X" := spanc{wj ‘ ji=1,... ,n} satisfying

/ [w(iku 4+ e1 Au — ey Az - Vu) — Au— Nyu] - ¢ do = / F-;dx (5.25)
Qm

m

for all j € {1,...,n}. Since

u="y &t
=1

for some &1, ...,&, € C, this is equivalent to solving the algebraic equation
I+ M) =c (5.26)
with £ = (&1,...,&,) € C" and M = (My;) € C"*", ¢ = (¢;) € C" with

ng = /Q (w(’LkZZJz “+e1 /\’(ﬁg — €1 AT - VTZ)[) — )\811/1[) . 1/1]' d$,

m

Cj Z:/ F’ll)JdZL'

m

Note that (5.26) is a resolvent problem for the skew-Hermitian matrix M, which is uniquely solvable.
Existence of a unique solution v = u* € X" to (5.25) thus follows.

Next we need suitable estimates for v = «". Multiplication of both sides of (5.25) by the complex
conjugate coefficient 7 and summation over j = 1,...,n yields

|Vl + / (w(iku + e1 Au —e1 Az - Vu) — Aoyu) - u* do = / F-u*de.
Qp,

m

Because the integral term on the left-hand side is purely imaginary, taking the real part of this equation
leads to the estimate

IVul3 < [1Fll6/s]lulle.
Recalling the Sobolev inequality |ull¢ < co||Vull2, we obtain

ulle + [[Vullz < e1[Fllo/s, (5.27)
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where ¢; is independent of m. If we multiply both sides of (5.25) by p;i€; and sum over j =1,...,n, we
obtain

| PrAu|3 = / [F — w(iku+ e; Au— ey Az - Vu) + Adru| - PuAu* dz.

m

Taking real part of both sides and observing that

Re/ tku - PgAu® dz = — Re (ZkHVUH%) =0,
Q’Vn

we conclude, using Holder’s inequality, the estimate

[PaAul3 < ([[Fll2 4+ Allovull2) [ Padull

(5.28)
+ Re/ w(er Au —eq Az - Vu) - PuAu® da.
Q

m

Using Lemma 5.10, we estimate the remaining integral on the right-hand side to conclude

Re/ wler Au— ey Az - V) - PuAu® do < cow(||Vull3,50 + [ Vull3q,,)
Q

with ¢o independent of m. Employing the trace inequality [13, Theorem II.4.1] on the domain Qpg, we
further estimate

Re/ w(er Au—ep Ax - Vu) - PpAu™ da
Q

m

< csw (|| Vul 1208 + IVul3g,)
< ca(e)(w +w?) [ Vullbg,, +elViul3q

for small € > 0. From Lemma 5.9 we deduce

2,Qr HVU

m m

Re/ w(er Au — ey Az - Vu) - PpAu® da
Q

m

< o5(e)(w +w?)|Vullsq,, +ecslPrlul3g

m m

with a constant ¢g > 0 independent of m. Combining this estimate with (5.28), choosing e sufficiently
small and employing estimate (5.27), we arrive at

IPrAUl|2q,, < c7(l+A+ Vw+w?) ([Fll2+ [[Flle/s)-

Using Lemma 5.9 and estimate (5.27) once again and restoring the original notation, we end up with
IV2up 20, < es(IPrAU 20, + Vurlze.,) < co(IF ]2 + [ Fllo/s) (5.29)

with ¢g independent of m.
In particular, we see from (5.27), (5.29) and Poincaré’s inequality that (u]*) is uniformly bounded
in W22((,,) and thus contains a subsequence that converges weakly to some function v™ € LZ(Q,,) N
W2 () N W22(Q,,), which obeys the estimate
[v™ l6:02, + IVO™ 1202, < cr0(1Fll6/5 + [1F]l2) (5.30)
with c19 independent of m. Moreover, v™ satisfies (5.25) for all j € N, whence there exists p™ € WH2(Q,,)
such that
w(ikv™ 4+ e1 Av™ —e1 Az - V™) — Av™ — A\oo™ + Vp™ = F in Q,,,
dive™ =0 in Q, (5.31)
"™ =0 on 0Q,;

see [13, Corollary IIL.5.1]. Since e; Av™ — e; Az - Vo™ € L2(€,,) by Lemma 5.10, we deduce from (5.31)
and (5.30) the estimate

w|ikv™ 4+ e; Av™ —eg Ax - Vo2 = w||73H(i/<:vm +er AV —eq Ax - va)H2
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< PuFll2 + [Paldv™(|s + APadiv™|l2 < e ([|Flls/s + |1 Fll2)-
Combining the estimate above with (5.30), we conclude
[v™ 6:02, + IVO™[[1,2:00,, + wlikv™ + €1 Av™ — ey Az - Vo™ |20,
< cra(IFlls + 1Flla) 32

with ¢12 independent of m.
Now we introduce a sequence of rotationally symmetric “cut-off” functions (x.,) C C5°(R?) satisfying

m c
Xon(@) = 1 for Jo] < 2, VXm| < =,

3m C14
Xm(z) =0 for |z| > VR V2 Xm| < 2

and we set w™ := X, v™. Then w™ is an element of W22(Q). Moreover, the rotational symmetry of y,,
implies e; Az - VX, = 0. Therefore, from (5.32) and the properties of x,,, we deduce the estimate

[w™[l6 + [[Vw™

1,2+ w||i/€wm + e Aw™ — e Az - vmeQ < 015(HFH6/5 + ||FH2)
with ¢15 independent of m. This implies the existence of a subsequence, still denoted by (w™), that
converges in the sense of distributions to some function v € W22(2) that satisfies

[vlls + [IVoll1,2 + wllikv +e1 Av — e1 Az - Vlla < caa (|| Flless + [[F]]2)- (5.33)

loc

Moreover, U’an = 0. Let ¢ € C5°(©2). We choose mg € N such that supp ¢ is contained in €, /,. For
m > mg we have w™ = v™ on (2, /5 and thus

/wm-Vgodx:/vm-Vgadx:O
Q Q

by (5.31)2. Passing to the limit m — oo, we conclude divv = 0. Now let ¢ € C§°,(£2) and choose mq such
that suppy C Q,,,/2. With the same argument as above, for m > mg we obtain from (5.31); that

/ (w(ikw’” +e Aw™ —eg Az - V') — Aw™ — Nojw™ — F) - de
Q

= / (w(ikzvm +e AT —eg Ax - Vo) — Av™ — MO0 + Vp™ — F) <pdr = 0.
Q
Therefore, by passing to the limit m — oo, we see
/ (w(ikv—!—el/\v—el/\m-Vv) —AU—A@lv—F) cpdr =0
Q

for all ¢ € C§5,(2). Consequently, by the Helmholtz decomposition, there exists a function p with
Vp € L2(Q) such that (v, p) is a solution to (2.3).

It remains to show that v and p belong to the correct function spaces. By Holder’s inequality, we
directly find that

veW2(Q,), peWH(Q,) (5.34)

for any p > R and all ¢ € [1,2]. Repeating the “cut-off” argument from (5.11), we obtain (u,p) which
satisfy (5.12) for some function f € L2(R3) with compact support. In particular, this implies f € LI(R?)
for all ¢ € (1,2). Theorem 5.5 yields existence of a solution to (5.12) satisfying (5.8). Since u € LS(R?),
Theorem 5.5 further ensures that (u,p) coincides with this solution. We thus have

iku + e; Au — e1 Az - Vu, V2u, dyu, Vp € LI(R3),
= L2q/(2—q)(R3)7 YVu € L4Q/(4_Q)(R3).

Since v = u and p = p on B2E| the integrability properties above in combination with (5.34) show that
v and p belong to the correct function spaces. (I
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Combining Lemmas 5.6, 5.8 and 5.11, we can finally complete the proof of Theorem 2.1.

Proof of Theorem 2.1. The uniqueness statement is a direct consequence of Lemma 5.6. Estimate (2.4)
has been proved in Lemma 5.8. It thus remains to show existence of a solution for F' € L4(2). Consider
a sequence (F;) C C§(€) that converges to F' in L4(Q). By Lemma 5.11, for each j € N there exists a
solution (v, p) = (vj,p;) to (2.3) with F' = F;, which obeys estimate (2.4) by Lemma 5.8. Additionally,
this implies that (v, Vp;) is a Cauchy sequence in the function space defined by the norm on the left-hand
side of (2.4), and thus possesses a limit (v, Vp), which satisfies (2.3) and (2.4). O

5.5. The Time-Periodic Linear Problem

Proof of Theorem 2.2. An application of the Fourier transform 1 on T to (2.2) reduces the uniqueness
statement to the corresponding uniqueness result for the resolvent problem established in Theorem 2.1.
To show existence, consider f € A(T;L%(2)). Then

flta) =" fula)e™
kEZ
with fr € L4(Q). Let (uk,pr) = (v,p) be a solution to the resolvent problem (2.3) with F' = f; that
exists due to Theorem 2.1. We define
u(t,x) := Z ug () e, p(t,z) = Zpk(m) et
keZ keZ

By (2.4), u and p are well defined and satisfy (2.2). We directly conclude estimate (2.5) from estimate
(2.4). O

6. The Nonlinear Problem

We return to the nonlinear problem (2.1). At first, we reformulate it as a problem with homogeneous
boundary conditions. To this end, fix R > 0 such that 0Bz C Q. Let ¢ € C3°(R?) be a smooth function
satisfying ¢(z) = 1 if |z] < R, and ¢(x) = 0 if |x| > 2R, and define

1

U:TxR>— R3, Ult,z) = 5 rot [(a(t) e Aw — wey |x\2)cp(x)]

Then U(t,-) € CP(R3)3 for all t € T, U € CHT x R?), divU = 0, and a brief calculation shows
Ul(t,z) = a(t)er +wey Az for (t,2) € T x IQ. Now define v :=u — U and p := p. Then (u,p) solves (2.1)
if and only if (v, p) solves
w(Ow +e1 Av — e Az - Vo) — Av — ANdyv+ Vp = f+ N(v) in T x Q,
dive =0 in T x €,
v=20 on T x 99,
lim| | oo v(t, ) = 0 for t € T,

(6.1)

where
N@w) = (PLa)dv — w(0:U +e1 AU — ey Az - VU)
+ AU +adiU—-v-Vo—-U-Vvo—v-VU -U-VU.
Recall that P, o = a — A. It thus remains to show existence of a solution to the nonlinear system (6.1).
Proof of Theorem 2.3. We define the function space
X7 :={v e L (TxQ) | [v]as < oo},
llvllaa := w||Ov + e1 Av — €1 Az - Vu|aa + || V0] aa
+ A|01v]|aa + A2 ||[v)lasr + A4V

As2,
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where s; = 2¢/(2 — q), s2 = 4¢/(4 — q) and

[llas = HhHA(T;Ls(Q))-

At first, we derive suitable estimates of N (v). For example, analogously to the proof of Proposition 3.1,
we have

[(PLa)drvfas < IPraflaml|01v]lac < el|drv]las < ex™Ho]lxa.

3q
3—2q’

Moreover, since 22% <4< we can employ estimates (3.2) and (3.3) to obtain

q

v Vollas < [0]las Vol atara-o < collvllag o 0] Raas 20 | V0l A0/ t-0)

with 0 = 1227_;”. By the Sobolev inequality we thus deduce

lo- Vollas < e ™40 0] 30 V200 < exA” G013,

The remaining terms in A/ (v) can be estimated in a similar fashion, which results in

IN(@)las < e3(eA lollaea +A~CT 903 + wll Frallacrm)

(6.2)
+A+w+e)l+A+w+e+|v]xa)).
Now consider the problem

w(Ow + e1 Aw —e; Az - Vw) — Aw — Noyw + Vq = f + N (v) inT x €,
divw =0 in T x £, (6.3)
w=20 on T x 99,

for given v € X?. Due to estimate (6.2) and Theorem 2.2 there exists a unique velocity field w € X? and
a pressure field q with Vq € A9 that satisfy (6.3) and the estimate

[wllxs < Cr(llfllas + IV (v)]lae)
< ca(e + A Hollas +ACTV o) R0 + ol fallam)

+A+wte)(l+Ar+w+e+]|v]ad)).
We thereby obtain a solution map §: X9 — X9, v — w which is a self-mapping on the ball
X8 i= {v e X7 | Jullxe < 8}
provided
ca(e +eXT1o+ A"C3/96% 4 || Loy ) + A +w+e) 1+ A+w+e+0)) <4

Recall that p € (%, 1). Choosing § := A?, one readily verifies that there is a constant £ > 0 depending

on ¢4 such the condition above is satisfied with w||%a||A(T;R) < kN, e = A% and )\ sufficiently small. In
the same way, one derives the estimate

IN (v1) = N(v2)llae < e5 (AT + XA+ w+e + A CT3/9(||uy || xa + |Jvallxa)) o1 — val| 2o,

which ensures that S is a contraction on Xy with a similar choice of parameters. Finally, the contraction
mapping principle yields the existence of a fixed point v € X¢ of S, and hence of a solution (v, p) to (6.1).
Consequently, (u,p) := (v+ U, p) is a solution to (2.1). O
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