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Abstract. In this paper, we consider a stochastic version of a nonlinear system which consists of the incompressible Navier—
Stokes equations with shear dependent viscosity controlled by a power p > 2, coupled with a convective nonlocal Cahn—
Hilliard-equations. This is a diffuse interface model which describes the motion of an incompressible isothermal mixture
of two (partially) immiscible fluid having the same density. We prove the existence of a weak martingale solutions when
p € [11/5,12/5), and their exponential decay when the time goes to infinity.
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1. Introduction

We consider a mathematical model of two isothermal, incompressible, immiscible fluids evolving in three
dimensional bounded domain M C R3. This system of equations is well-known as a diffuse interface
model (see, e.g., [1,25,26]) for the phase separation of an incompressible and isothermal non-Newtonian
binary fluid mixture. In a simplified setting where the density of the mixture is supposed to be one as
well as the viscosity and the mobility, the model reduces to

Ou+ (u.V)u — div T (p, Du) + Vi = uVo + go(t),
divu =0,

dhp + (u.V)p = Ap,

p=—Ap+ F'(p),

(1.1)

in (0,7) x M, where T > 0 is a given final time, 7 is the pressure, go is a given volume force applied to
the binary mixture fluid, v and ¢ are unknown variables which represent the (volume) averaged velocity
and the (relative) concentration difference of one of the fluids, respectively. The chemical potential u is
the variation of the free energy functional (cf. [9])

#io) = [ (51962 +F (o)) (12)

Here F' is a double well potential (e.g., F(r) = (r> — 1)2,r € R), which accounts for the presence of
two components. The potential can be defined either on the whole real line (smooth potential) or on a
bounded interval (singular potential). The latter case (in a logarithmic form) is the most appropriate
choice from the modeling viewpoint (see [9]), while the former can be considered as an approximation. In
the context of statistical mechanics, the square gradient term in (1.2) arises from attractive long-ranged
interactions between the molecules of the fluid (see, e.g., [1] and references therein). The stress tensor
T, up to the pressure term, dependents on the symmetric gradient Du := (Vu + V' u)/2 of the flow
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velocity field u and, possibly, on ¢, through a suitable constitutive law. In fact, when we are in presence
of Newtonian mixture, the stress tensor is defined as

T(p, Du) = v(p)Du, (1.3)

where v is a given strictly positive function depending only on ¢; and in this case, system (1.1) is what
we call the Cahn-Hilliard-Navier—Stokes system (CH-NSs) or the H-model (cf. [2,21,35,53]). The CH-NS
model describes the chemical interactions between the two phases at the interface, which is achieved
using a Cahn—Hilliard approach, and also the hydrodynamic properties of the mixture which is obtained
using Navier—Stokes equations with surface tension terms acting at the interface (cf. [21]). Now, when
the mixture has non-Newtonian features, then the stress tensor T' depends on some power of |Dul. For
instance, it can be given as follows

T(p, Du) = (v1(p) + v2(9)|Dul’~?) Du (1.4)

where vy and v, are strictly positive functions and p > 2. Systems like (1.1)—(1.3), also known as CH-NSs,
have been analyzed by many authors and used in several different contexts (see, for instance, [2,21,22,53],
cf. also [14,28] for numerical issues).

We note that system (1.1) has been deduced phenomenologically, i.e., as the (conserved) gradient flow
associated with the Fréchet derivative of the free energy functional F defines in (1.2). However in [23,24],
starting from a microscopic model, another form of the free energy functional has been proposed and
rigorously justified as a macroscopic limit of microscopic phase segregation models with particle conserving
dynamics (cf. also [8]). In this case the gradient term is replaced by a nonlocal spatial operator, namely,

E(@) = Juu Ju (@ = 9)(0(@) = p(y))2dudy + [ F(p(@))da, (1.5)

where J : R — R is a sufficiently smooth interaction kernel such that .J (a:) = J(—=x). Taking the first
variation of £ the chemical potential becomes

p=ap—Jxp+F(p),
where
= [\ J(x—y)dy and (J x ) (x) = [, J( Yo (y)dy, (1.6)
and consequently, we have the following nonlocal evolution system
Ou+ (u.V)u — divT(p, Du) + Vi = uVo + go(t),
divu =0,
A+ (u.V)p = Ap,
p=ap—Jxp+F(p),

(1.7)

in (0, 7)x M. As mention by Van der Waals in [46], we can observe (formally) that the nonlocal interaction
term can be locally approximated by the square gradient, provided that the interaction J is sufficiently
concentrated around 0; i.e., the functional F can be viewed as a local approximation of £. Hence system
(1.7) seems well justified and more general than the classical one, though the related literature is far less
abundant. In the case (1.3), the solvability of system (1.7) has been analyzed first in [10] and then in
[16-19] under various assumptions and generalizations. In [15], assuming that the stress tensor T' only
depends on Du with a (p — 1)-power growth, the authors proved the existence of a weak solution when
p > 11/5 and they extend some previous results on time regularity and uniqueness when p > 11/5. The
aim of this paper is to study a stochastic version of the system (1.7), in the case that T" only depends on
Du with a (p — 1)-power growth.

However, in order to consider a more realistic model for our problem, it is sensible to consider some
king of noise in the equation (1.7). This may reflect, for instance, some environmental effects on the phe-
nomena, some external random forces, etc. This approach is basically motivated by Reynold’s work, which
stipulates that the velocity of a fluid particle in turbulent regime is composed of slow (deterministic) and
fast (stochastic) components. While this belief was based on empirical and experimental data, Rozovskii
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and Mikulevicius were able to derive the models rigorously in their recent work [36], thereby confirming
the importance of this approach in hydrodynamic turbulence. More precisely, it is mentioned in [29] that
some rigorous information on questions in turbulence might be obtained from stochastic version of the
equations of fluid dynamics. To the best of our knowledge, the study of the stochastic version of the
system (1.7) has not been analyzed

Considering the fact that the majority of work studies in SPDEs assumed that the fluids are Newtonian
(since it is well-known that the incompressible Navier—Stokes equation governs the motions of single-phase
fluids such as air or water), and that there are some conducting materials appearing in many practical and
theoretical situations that cannot be characterized by Newtonian fluids (see for instance the introduction
of Biskamp’s book [5] for some examples of these non-Newtonian conducting fluids), we will analyzed
in this paper a stochastic version of problem (1.7) within a reasonably simple (but meaningful) non-
Newtonian setting. Namely, for a final time 7' > 0 and sufficiently smooth bounded domain M C R3,
assuming matched densities equal to unity and that the stress tensor T only depends on Du with a
(p — 1)-power growth, we have to deal with the system of stochastic partial differential equations

dwu + (u.V)u — divT(Du) + Vi = uVeo + go(t) + g1(u, 0) + ga(t, u, ) Wi,
divu = 0,

dp + (u.V)p = Ap,

p=ap—J*xp+F(p),

u =0, g—Z:Oon (0,T) x OM,

u(0) = uo, ¢(0) = o in M,

(1.8)

where OM is the boundary of M, 7 is the outward normal to M, u = (u1, us, us), ¢ and 7 are unknown
random fields defined on [0,7] x M, representing, respectively, the fluid velocity, the order (phase)
parameter and the pressure, at each point of [0,7] x M. The external volume forces go(t), ¢1(u, ), are
given. The term g (t,u, )W, is an external force depending on u and ¢, where W; denotes the time
derivative of a cylindrical Wiener process. The quantities ug and ¢q are given non-random initial velocity
and phase field, respectively. These equations are of the nonlocal type because of the presence of the
term J, which is the spatial-dependent internal kernel and J * ¢ denotes the spatial convolution over M.
The purpose of the present manuscript is to prove some results related to problem (1.8), which are the
stochastic analog of some of those obtained in [15] for the deterministic case. Our main results are the
following:

1. We prove the existence of martingale solution for the stochastic system (1.8). We consider a suffi-
ciently general forcing consisting of a regular part and a stochastic part both depending nonlinearly
on the velocity of the fluids and the (order) phase parameter ¢ (i.e. the relative concentration of
one fluid or the difference of the two concentration). These forces terms are supposed to be non-
Lipschitz. The method for the proof is based in the Galerkin, compactness, and monotonicity
methods.

2. Having the existence of a martingale weak solutions in hand, we now move to the study of its
asymptotic behavior as the time t is large. Then, we study the decay of the martingale weak
solutions as times goes to infinity. More precisely, we prove that under some conditions on the
forcing terms g;, i = 0,1, 2, the couple (u, ¢) converges to zero exponentially in the mean square.

We note that for the proof of item (1) we drew our inspiration from the paper [15,45] and for the
proof of item (2) we mainly follow the idea in [6,7].

The layout of the manuscript is as follows. In Section 2, we present the mathematical setting of our
model, the stochastic framework and we gather all the necessary tools and the hypotheses. In Section 3 we
introduce the notion of weak solutions and we state our first result for the existence of weak probabilistic
solution. In Section 4, we derive the proof of our first main result by means of Galerkin methods and
probabilistic and analytic compactness results. In Section 5, we prove our second main result concerning
the exponential asymptotic behavior of these weak solutions.
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2. Functional Setup and Preliminary

Here, we introduce some necessary notations and most of the hypotheses relevant for our analysis.

2.1. The Deterministic Framework

We introduce some notations and background following the mathematical theory of hydrodynamic equa-
tions such as Navier-Stokes equations. We denote by D(M) the space of functions u € C*°(M) with
compact support. Let p € (1,00), we introduce the following spaces
V= {ueDM)?:divu =0},
Gaiv = the closure of V in (L*(M))3,
Vaiv,p = the closure of V in (W'?(M))>.
We denote by | . | the (L?(M))3-norm, and by (., .) the (L*(M))3-inner product.

The space Ggiy is equipped with the scalar product and norm induced by (L?(M))? and thanks to
Poincaré’s inequality we can endow the space Viiyv , with the norm ||u||;, defined by

fult, = [ 1VulPa.

Note that this norm is equivalent to the usual (W7 (M))*-norm on Vgiy .
We equip the space Viiv := Vgiv,2 with the norm |.|| generated by the scalar product

((u,v)) = /M Vu . Vv dz.

Owing to Poincaré’s inequality, ||.| and the usual (H'(M))3-norm are equivalent on Vgiy.

For other Hilbert spaces X, the scalar product will be denoted by (.,.)x. The notations (.,.), and
Illy will stand for the duality pairing between a Banach space Y and its duality Y, and for the norm of
Y, respectively.

With the view to implement the approximation scheme (see Section 4 below), we introduce the aux-
iliary Hilbert space W defined by (see [33])

W, = the closure of V in (H*(M))?,
where s > % is fixed and we have the following Gelfand chain
WS - VdinP - GdiV = G::liv — Vd/iv,p — Wlsﬂ (21)
where each space is densely and compactly embedded into the next one.
Note that it is enough to take s > 3 — % so as to (2.1) holds.
We set H := L*(M), U := H*(M) and we also introduce the spaces (see [15] for more details)
HE3 (M) = {6 € H* (M) 5 (6,1) 7., = O},
H (M) = Hip, (M) = {9 € U": (¢, 1), = 0},
with s; € R.
We set

ol = 302, o = / (@) ()de,
keN M

where {(tx, ¥r)}ren are the eigenvalues and the eigenfunctions of the weak Laplace operator Ay with
homogeneous Neumann boundary condition, that is, for f € U’ and ¢ € U we have

And = f <= [, Vo.Vude = (f,0),, for all ¢ € U. (2.2)
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We recall that Ay maps U onto H(o) (M) and the restriction of Ay to H(lo) (M) is an isometry between
H (M) and the space H(o) (M). Further, we denote by Ay H ) (M) — H (M) the inverse map
defined by

ANARf =, Vf € Hgl(M) and A Anf = f, Vf € Hiy) (M)

We know that, for every f € H ©) HM), Afvl f is the unique solution with zero mean value of the Neumann

problem
_A¢ = f7 in M7
g—f: =0, on JdM.

In addition, we have

<AN<;5,A Yy = (6 fy s for allqzﬁeUfeH( )(M)
<f, N g>U <g,A f>U fM .V(AN g)dx, for all f,g € H(o) (M).

Note that Ay can be also viewed as an unbounded linear operator on H with domain D(Ay) = {¢ €
H2(M) : a‘b =0 on dM} and there a positive constant ¢ > 0 such that

AN Sllo < clldllor, AN ¢llm < cldl. (2.4)

(2.3)

Remark 2.1. The natural no-flux condition g—’; = 0 implies the conservation of the following quantity

(G(1)) = S fog (b 2)de,
where | M| stands for the Lebesgue measure of M. More precisely, we have

(p()) = (¢(0)), Vvt =0.

Thus, up to a shift of the order parameter field, we can always assume that the mean of ¢ is zero at the
initial time and, therefore it will remain zero for all positive times. Hereafter, we assume that

(o)) = (#(0)) =0 vt > 0.

Remark 2.2. We have just added a stochastic force in the equation for velocity u, not in the equation for
the relative concentration ¢ since it will involve tedious calculations and will increase significantly the
size of the paper. In fact, we need to apply It6’s formula to the functional & defines in (3.3) below,
which will require tedious calculations and probably more assumptions.

Let us set
H= C7Ydiv X Ha
Ws =W, x U, forfix s>5/2.

The space H is a complete metric space with respect to the norm

I, @)1 = Tul? + [l (2.5)
The space W, will be equipped with the usual scalar product and norm of the cartesian space H®(M) x
H' (M), respectively denoted by ((.,.))s = ((, ) m= + ((-,.)) g and [|.||2 = ||.|%+ + I3
We define the Banach space V by
V= Vdiv,p X Ua

with norm

1w, P)llv = l[ullp + llello- (2.6)
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Remark 2.3. The norm defines in (2.6) is equivalent to any norm of the form

[[(w, )] = Crllullp + Collellu, (2.7)

where C and Cy are positive constants depending only on p and |M)].

Hereafter we set

(w, @)5% = [lullf, + ll¢llF and LP2(0, T; V) = LP(0,T; Vaiv,p) x L*(0,T;U).

The space LP+2(0,T;V) is a Banach space with respect to the norm

T
1) a0y = Nl zvvmn 1+ 1012200y = o I Cus), o(s)) 1152 ds. (2.8)

2.2. Nonlinear Operators

For w,v, w € Vv, we define the trilinear operator b(.,.,.) as

3
b(u, v, w) = / (u(z). V)v(z). w(z)dz = Z / u;(2)0p,v;(x)w;(z)d.
M i,j=1 M
We recall that
b(u,v,w) = =b(u, w,v), VY u,v,w € Viiy, (2.9)
b(u,v,v) =0, ¥V u,v € Vgiy. '
For more properties concerning the nonlinear operator b, we refer the readers to [51].
In order to introduce the weak formulation of problem (1.8), we introduce the following bilinear and
trilinear forms as in [15].

(N(u),v)vdiv’p = /M T(Duw). Dv dx,

(Bo(u,u), v)y,, = /M[(u.V)v]. u dx,

(Balp) )y, , = —%/ p*Va. v dz +/ (VI x ). v da,
M M

<Bl(ua SD)NMU = /M Ppu. VT/J d$,

which are well defined for all u,v € Vgiy, and for all ¢ € L?*T2(M) and ¢ € U = H'(M), where p and
k are chosen as in Theorem 3.1 below. Here T' designates the extra stress tensor of the non-Newtonian
fluid, and it only depends on Du with a (p — 1)-power growth (cf. (1.4) as in the introduction).

We note that b(u,u,v) := — (Bo(u,u),v), for all u,v € Vgiy,p. For simplicity we will write By(u) :=
B() (U, U)

(2.10)

2.3. Stochastic Setting and Assumptions

Let (Q2, F,P) be a complete probability space and F = {F;};c[o,7] an increasing and right continuous
family of sub o-algebras of F, such that Fy contains all the P-null sets of F. Given K; and K5 two
separable Banach spaces, we denote by L(K;) the set of bounded linear map in Ky, by £(K7, K3) the
space of continuous linear mapping from K into Ks. By Lo(K7, K3), we mean the subspace of L(K71, K»)
consisting of Hilbert—Schmidt operators when K7 and Ky are separable. It is known that Lo (K7, K3) is
a Hilbert space, and its norm is denoted by |||z, (x,,x,)-

Let {Bg ,t > 0,7 =1,2,...} be a given sequence of mutually independent standard real F;-Wiener
processes defined on (Q, F,P), and suppose given K, a separable Hilbert space, and {e;,j = 1,2,...},
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an orthonormal basis of K. We denote by {W;,t > 0}, the cylindrical Wiener process with values in K
defined by

Wy => Ble;. (2.11)
j=1

Remark 2.4. Let H be a Hilbert space and M2(Q x [0, T]; Ly (K,NFI)) the space of all equivalence classes
of F-progressively measurable processes ¢ : Q x [0,T] — Lo(K, H) satisfying

E fy [v(s)I3,, , ds < oo
(i) For any s € [0,7] and ¢ € M?(Q x [0,T]; Lo(K, H)), we have
U(s) 03! € Lo(QVA(K), H),

where J is any one-to-one Hilbert—Schmidt operator from K into another Hilbert space (K1, (., .)k, )
and Q = JJ* € L(K1), J* the adjoint of J; since

H¢( )HL2(K ) Z(¢(8)eivw(8)ei)ﬁ

ieN
:%(1/1(5)0371(3%)%(5)03 '@e) g = I1(s) 0 37T iz iny. ity
1€
Hence
1(s) © 37 I Ly (@12 sy ity = 1) |y (. )-

(ii) Tt follows from the theory of stochastic integration on infinite dimensional Hilbert space, cf. [37
Chapter 5, Section 26] and [11, Chapter 4], that the process x defined by

= [T 0(s)dW, := [ (s) oI 1AW (s), t € [0,T] (2.12)

is a H-valued martingale; where
Z Bl3e;, telo,T). (2.13)

Moreover, the following It6 isometry holds

E[l fyw(s) o 371 AW ()2, = E [y I16(s)I12, e sy, ¥t € [0,T], (2.14)

and the Burkholder—Davis—Gundy inequality
q /2
<ea( [ w6 ) ,
H) a Lo (K, H) (2.15)

E[ sup
s€[0,T]
Vit € [0,T], Vq € (1,00).

(iii) W(t), t € [0,T] is a Q-Wiener process on K1, see [34, Proposition 2.5.2]; and it is also a K;-valued
continuous, square integrable F;-martingale, see [34, Proposition 2.2.10].

(iv) The series defines in (2.13) even converges in L?(Q, F,P;C([0,T]; K1)), and thus always has a P-a.s.
continuous version.

/1/; YoJ tdw ()

Remark 2.5. for any g € H, one has

(/Otw(s)dw(s),> (/w o 3 LW (s ) Z/ Sesg)nddl, te[0,T)

where each stochastic integral in the series is understood as an It6’s stochastic integral with respect to
the corresponding real valued Wiener process 3J. The above series converges in L?(Q, 7, P;C([0,t]; H)),
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for each 0 <t < T see [11] for details. In particular, we note that if ¢ € M2(Q x [0, T]; Ly(K, H)) and
g € L2(Q, F,P; L>(0,T; H)) is Fi-progressively measurable, then the series

Z/ S)es,9(s))dal, t € [0,7),

converges in L?(Q, F;,P;C([0,];R)), and defined a real-valued continuous F;-martingale.

‘We will use the notation
t t .
dW(s),g) := oJ W (s ,9) 5dBe, 0,T].
[ @@= [ w603 Z/ $)es,9) s € [0.7]

Hereafter, we shall fix one such J and (K1, (.,.)k,) as in Remark 2.4 and for the process Wy, t € [0, 7],
given by (2.11) we define W (t), t € [0,7] as in (2.13) for the fixed J.

The stochastic integral of g2 (s, u(s), ¢(s)) (which is the unique Ggiy-valued Fi-martingale) with respect
to the K-cylindrical Wiener process Wy, ¢ € [0, 7] is given by

Jo 92(s,u(s), (s D — Jy 9205, u(5), (s)) 0 3~V (s) (2.16)
= fo G2(s,u(s), p(s))dW (s) te€[0,T].
Using the notations above, we rewrite problem (1.8) as follows
@ + N(u) — Bo(u) — Ru(p) = go(t) + g1 (u, ) + g2(t, u, @)Wy in Vy,, .
T = Bi(u,9) = Apin U’ = (H'(M)),
p=ap—Jxp+F(p),
(U’7 SO)(O) = (U‘Ov SDO)7

(2.17)

or equivalently
ult) + / (N (u(s)) — Bo(u(s)) — R (io(s)))ds = uo + / go(s)ds
- (06 ol + / 32510, AV (), 2.18)
o) = [ Bululs).po)ds = o+ [ Au(spas
p=ap—Jxp+F(p),

P-a.s, and for all ¢ € [0, T, where
go € L2(07OO; Gdiv)a g1t Gdiv x H — Vd/iv,p’ ga: [0,00) X Gdiv x H — LQ(K, Gdiv)~ (2.19)

Remark 2.6. The pressure is excluded from (2.17) as usual; in fact, one (formally) has
UV =V (F(p) + 40% — (J x 9)p) — 2P + (VJ x ).

This explains that uVe = Ri(p) in Vy,, . Here J € I/V]1 1(R3) More assumptions on the kernel J will
be given below (see (H5)).

We also introduce additional notations frequently used throughout the work. The mathematical ex-
pectation with respect to the probability measure PP is denoted by E. For a probability space (€2, F,P) and
a Banach space X, we denote by L7(Q,F,P; L9(0,T; X)) (1 <+,q < c0) the space of random functions
u:[0,T] x M x Q — L%0,T; X) such that u is measurable w.r.t. (¢{,w) and for all ¢,u is measurable
w.r.t. Fy, with (F;)o<i<r be a filtration of nondecreasing and right continuous family of sub o-algebra of
F with Fj containing all the P-null sets. We furthermore endow this space with the norm

lull o7 izao,rx)) = Ellul a0
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If ¢ = oo, we write
”uHLW(Q,]—'JP’;LOC(O,T;X)) = [Eess sup Hu(t)H’)y(]lM
te[0,7)
Let us introduce the hypotheses on g1 (u, ¢), T, J and F that are relevant for the major part of the paper.
(H1) We assume that g1 : Gaiy X H — Véiwp is nonlinear mapping such that
(a) (u,p) — g1(u, ) is continuous; there exists a positive constant C' such that
g1 (u, @)llvy, , < CA+Jul+el), V(u,p) € Gaiv x H.
(H) We suppose that go : [0, T] X Gaiy X H — Lo (K, Gaiy) is nonlinear mapping such that it is continuous
in both variables. We require that, for any ¢t € [0,7T] and (u, ) € Gaiy X H, g2(t, u, @) satisfy
HQQ(tvuv SO)HL2(K,G<“V) = HQQ(tvuv ‘p)”Lz(Ql/Z(K),G(“V) < C(l + |u‘ + |90D7
with go defined as in (2.16).
As in ([15]), our assumption on the stress tensor T, the potential F' and the kernel J are the following:

(H3) T(.) continuously depends on a symmetric tensor e € R3*3 and satisfies the following conditions

c1(1+|E|+|S|)P2|E - S|?

2.20
CQlE_S|2+CQ‘E_S‘p ( )

(T(E) -T(5)) (E-S5) > {

T(B) - T(S)| < es(1+ |E| +|S))P7?|E - S|, T(0) =0,

for all E,S € R**3, for some ¢; > 0, i = 1,2,3 and some p > 2. Here | . | stands for a Euclidean
norm of a tensor and “.” at the left hand side of (2.20) denotes the scalar product of two tensors.
(H,) F € C*(R) has a polynomially controlled growth

[F'(s)|" < ea(1+ [F(s)]), m € (1,2], (2.21)
for some ¢4 > 0 and satisfies the coercivity condition:
F"(s) + a(x) > cs max{1, |s|**}, (2.22)

for all s € R, almost any € M, some ¢5 > 0 and some k > 0.
(Hs) J € WEHR3), J(z) = J(—x) and a(z) = S (& —y)dy >0 a.e., in M. Moreover, we set

loc
a* := sup |J(x — y)|dy < o0, b* := sup [VJ(z —y)|dy < cc.
ceM I m zeM M

Remark 2.7. Assumption J € W,L!(R?) can be weakened. Indeed, it can be replaced by J € Wb (Bs),

C

where Bs := {z € R? : |z| < 6} with § := diam(M) = sup,, ¢ r( d«(2,y), where d.(.,.) is the Euclidean
metric on R3.

Remark 2.8. The hypothesis (2.22) is physically justified and relevant (see [20] for more details). From
the mathematical viewpoint assumption (2.22) is satisfied, in particular, if ¢ = 0 and F is strictly convex.

Remark 2.9. (2.22) implies the existence of positive constants ¢g > 0 and ¢ > 0 such that
F(s) > cg|s|*" T2 — ¢, for all s € R.

In order to formulate problem (1.8) in the framework of the proof of existence theorem in [27, Chapter
IV, Section 2, pp. 167-177], which do not require the Lipschitz condition on the coefficients, we need
some preliminaries which we state below.

Lemma 2.1. (Korn’s inequalities) Let 1 < m < oo and let M C R3 be of class C*. Then, there exist two
positive constants k', = ki (M), i = 1,2 such that

1/m
T ( /M |Dv|md:c) < K2 [olltms Y0 € Vi,
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Proof. The proof of this lemma can be found in [39, Chapter 5, Theorem 1.10]. O

Let X be a Banach space and X’ be its topological dual. Let T be a function from X to X’ with
domain D =D(T) C X.
Definition 2.1. [44, Definition 2.3] The function T is said to be
(a) demicontinuous if for a sequence v, € D, v € D and v,, — v in X implies that T(v,,) weakly T(v) in
X/,
(b) hemicontinuous if v € D, v € X and v + t,u € D for a sequence of positive real numbers ¢,, such
that ¢,, — 0 implies T(v + ¢,u) weakly T(v) in X',
(¢) locally bounded if for a sequence v, € D, v € D and v,, — v in X imply that T(v,,) is bounded in
X'.

From the above definition, it is clear that a demicontinuous function is hemicontinuous and locally
bounded.
We now introduce the following result concerning the operator IV : Vv, — Véiv,p-

Proposition 2.1. We assume that T satisfies (Hs) with p > 2. Then,

(a) the operator N is demicontinuous,
(b) the operator N is monotone; that is, (N(u) — N(v),u — U>Vdiv,p >0, Yu,v € Viivp-
(¢) There exists a positive constant C' such that

HN(U)”p;';V,p <O+ lullf,), YVu € Vaiv,p, with p' the conjugate index to p. (2.23)

Proof. Let p > 2. The item (b) of proposition 2.1 follows easily from (2.10); and (2.20);.
Proof of item (a). Let (v,)n>1 be a sequence of points of Vg, and v € Vyiyp be such that v, — v in
Vaiv,p- Let u € Vv p. We have

(N(w,) = N )y, () [ (T(Dv) = T(D0) D

(<) es [ (1 |Du ]+ D0l D(w, = v} | Dulda (2.24)

pP=2 1

< erp (/M |Du|pdx>; (/Ma Dol + |Dv|p)dx> ’ </M Do, — v)pdac> "

where we have used Hélder’s inequality and (2.20);. Here ¢, , is a positive constant depending on p and
cs. It then follows from (2.24) and Lemma (2.1) that

(N(vn) = N(v),u) < ceap(ip) el p[L + ()7 (lvnllf p + 10IIT p)]lvn = vl (2.25)

for all u,v € Vgiy p. Therefore from (2.25), the fact that v,, — v in Vaiy p; i.e., |[on —v[j1p — 0 as n — oo,
v € Vaiv,p and every convergent sequence is bounded, we deduce that

(N(vn) = N(v),u)y,,  —0,

Vaiv,p

Vidiv,p
as n — oo for every u € Vgjy,p. This proves that the operator N is demicontinuous; and hence hemicon-
tinuous and locally bounded.

By definition we have

INWlvy, = sup [(N(w), o)y, |

div,p
ol p=1

Hence, thanks to (2.10)q, using Holder’s and Korn’s inequalities we have

4
7

INWllvy, , <C UM IT(Du)I”/ds} T <c [/M(l + |Du|p)ds] ” , (2.26)
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where we have also used (2.20)s.
Finally, thanks to (2.26) in conjunction with Korn’s inequality, we obtain (2.23). O

3. Statement of the Main Result
We introduce the concept of solution of the problem (2.17) or (2.18) that is interest to us.

Definition 3.1. By a solution of the problem (2.17) or (2.18), we mean a system ((Q, F,F,P), Wy, @, ),
where

(1) (Q,F,P) is a complete probability space; F := {.7:} : t > 0} is a filtration on the probability
space (€, F,P), i.e., a nondecreasing family {F; : t > 0} of sub o-fields of F: F, ¢ F, C F for
0<s<t<ox;

(2) W, is a ﬁt-cylindrical Wiener process on Ggiy;

(3) for almost every t € [0,T], a(t) and @(t) are F; measurable;

(4) for almost every ¢, a(t) € L9(Q, F,P; L?(0, T Vdiv,p))ﬂLq(Q,]:", P; L°°(0,T; Gaw)), p(t) € LI(Q, F,
P; L2(0,T;U)) N LY(Q, F,P; L>®(0,T; L*t2(M))), 2 < ¢ < o0;

(5) P-a.s the following integral equations of Itd type hold:

WU)—Umv%+1;«N@KQV—BMﬂGD-—Rﬂ¢@D%@um&d8

[ )0+ [ (il p) o, ds+ [ (o). 5060, 0

(3.1)
t t
(60 = e0.0) = [ B, 5060 0} ds = [ (i) ds.
fi=ap— TG+ F(p)
for any ¢ € [0, 7] and (v,9) € Wy x U := W, x HY{(M), s >5/2>5/2 —3/p.
Now we can state our first result in the following theorem.
Theorem 3.1. Let p > 11/5 and

K> %, ifp <3,
0<k<2, ifp=3, (3.2)

k>0 ifp>3.

Assume that ug € Gay, o € H with F(pg) € LY(M) and gy € L¥ (0, T; Viiv.p)- Suppose also that all
the assumptions, namely, (Hy) and (Hs) are satisfied. Then problem (2.17) or (2.18) has a solution in
the sense of the above definition. Moreover, we note that a solution (@, p) in the sense of definition 3.1
belongs to LI(Q, F,P;C(0,T;H)), q € [2,00).

Proof. The proof will be carried out in Sects. 4.1-4.4. O

In the rest of the paper, we set

Erot(u, @) = |ul? + 2&(p), where & is given by (1.5). (3.3)
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4. Auxiliary Results

In this section, we introduce the Galerkin approximation scheme to reduce the original system to a
system of finite-dimensional ordinary stochastic differential equations (SDEs). We derive crucial a priori
estimates from the Galerkin approximation which will serve as a toolkit for the proof of Theorem 3.1.
More precisely, the priori estimates will be used to prove the tightness of the family of laws of the sequence
of solutions of the system of SDEs on appropriate topological spaces.

4.1. The Approximate Solution

We first assume that ¢o € D(B) = {p € H*(M) : 9,9 = 0 on OM} C H instead of ¢y € H, where
B = —A + I. The general case ¢y € H with F(pg) € L'(M) can be dealt in the same fashion as in [10],
by means of a density argument and by relying on the form of the potential F' as a quadratic perturbation
of a convex function.

As a Galerkin base in Vgiy,, we employ the family {w;,j =1,2,...}, where each w; solves

(wj, V)w, = A\j(w;,v), Yve Ws.

In U we choose as Galerkin base the family {¢;,j = 1,2,...}, where ¢; are the eigenfunctions of the
operator B. We set W2 = span{wy,ws, . ..,w,} and H, = span{t,vq,...,%,}. Let Pl be the operator
from W{ to W defined by Pyu* := 377, (u s W)y wi, w* € Wi We will consider the restriction of the
operator P; to the space Gaiy (still) denoted by P}. More precisely, we have Gaiy = Gly;, — leiv,p — W/,
(s > 5/2), i.e. every element u € Gg;y induces a functional u* € W/ by the formula
<u*,v>ws = (u,v), v € Wy.

Thus the restriction of P} to Gy is given by Plu = Z?Zl
the (.,.)-orthogonal projection from Ggi, onto W7 . Similarly, we define by P2 the orthogonal projection
from H onto H,. Let (Q,F,P,W,) (W, is a cylindrical Wiener processes evolving on K). We equip the
probability space (2, F,P) with the natural filtration of W, which is denoted by F;. We then look for the
three functions of the form

(u,wj)w;j, u € Gaiy. Hence in particular, P} is

up(t) = Zaén) (t)wk, @nl(t Zb(n) () Yrs pnl(t Zc(n) (t)¢n,
k=1 k=1

which solves the following approximating problem

d(un, w;) + [(T(Duy), Dw;) + b(tn, Un, w;)]dt = — (00 V pin, w;)dt + (P} go, w;)dt
+(g1(n, n), w;)dt + 2?21(92(15, Un, Pn)ei, wj)dﬁi}
d(pn, ¥5) + (Vin, Vibj)dt = (unspn, V;)dt, (4.1)
n = P,%(agpn —Jxpn + F'(pn)),
Un(o) = ,PylLUO ‘= Uon, Qﬁn(o) = 73%@0 = Pon,

where Uy, pon and Plgo are such that ug, — ug in Gaiv, Pon — o in H* (M) and Plgy — go in
LY (0, T; Viiv,p) @s m — 00 respectively.

We first note that since the operator N is hemicontinuous and monotone (see Proposition 2.1), we
infer from [33, Chapitre II, page 171] that N is continuous from Vi, , into Vd’iV,p and locally bounded.
System (4.1) is then a system of stochastic differential equations in a finite dimensional Banach spaces
with continuous and locally bounded coefficients. From the existence theorem in [49, Chapter 3, Section
3, p. 59] (see also [27, Chapter 4, Section 2, pp. 167-177]), which do not require the Lipschitz condition
on the coefficients, there exists on a short interval [0,75,), T,, < T a sequence of continuous functions
(Un, on) solving (4.1). Tt will follows from a priori estimates that (uy,p,) exists on [0, 7.
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4.2. A Priori Estimates

In this subsection, we derive some basic energy estimates for the sequence of the approximate solutions
Un, pn and for the sequence pi,, F(v,) and F' (o).
First, we prove the following lemma.

Lemma 4.1. the sequence (Up, P, fin, F(pn), F'(on),n =1,2,...) satisfies

E sup |un(s)|?<C, E sup H<Pn(5)||qL2~+2(M) <G,
s€[0,T s€[0,T)

E sup ||F(<pn(8))||qL/12(M <C, E sup [[F'(gn(s)ITr gy <C
s€[0,T] s€[0,T]

T % T T
E(/ ||un<s>|€,,,ds> <C’E</o son<s>||%]ds) <O,E</O ||un<s>||%ds> <c, (43

forany q € [2,00), 7 € (1,2] and p > 11/5, with U := H*(M). Here C is a positive constant depending on
the parameters T,q,p,/\/l,li%,/izl,, |J| L1 (m3Y, K, T, €2, €4, C5, €6 and the initial data ug, o and [F(po)|rt i

We recall that the constant c3 is given by (Hs), the constants ¢4 and c5 are given by (Hy), the constant cg
is defined as in Remark 2.9, and the constants k3 and ,%11, are given by Korn’s inequality (see Lemma 2.1).

(4.2)

and
aq q

Proof. Let 7', R,n € N, be stopping time defined by
. t
= nf{t € [0, T]; [un()* + llon ()7 2ns2 + fo (lun(s)]F

Let t € [0, 7] AT]. By applying It6’s formula to the process |u,,(t)|?, taking s, as test function in (4.1)s,
recalling that b(up, tn, u,) =0 (see (2.9)) and by summing the ensuing identities, we obtain

o len(s))ds > RBIAT.  (4.4)

[Etot(un(t),son(t))JrRl]+2/0 (T(Dun),Dun)derz/o |V i, |?ds

= i1 + Erot (Uon, Pon) + 2 /t <'p}Lgo,un>Vdiv' ds + 2 /t (g1 (tn, %z)a“n>vdw,p ds (4.5)
+ Z / 92(8, Un, Pn)ej, wi)] derQZ/ 92(8, U, ©n, ej,un)dﬂs,
k=1
with ’
_— K'%' (|J;L;(ni3))(n+l)/ﬁ + 2er M. (4.6)
6

Note that the constant %; is such that [Eor(un (t), ©n(t
25(%(75))—2\\[%( )P +2 [ Flon(t,z)
> [la(z) = |J] (s )(%(f )

> cslln(t )||i'3j+22(M K1,

where we have used Holder’s inequality, Young’s inequality for convolutions, Young’s inequality and
Remark 2.9. It then follows from (4.7) that

Erot(Un(t), on(t)) + K1

+ R1] > 0. In fact, we have

)
)dz - (‘pn(t) J * @n( ))
e+ 2eellpn O ey~ 2M] (47)

un ()] + 2E(pn(t)) + Fa

=|
! 4.8
> |un(t)|2 + CGH%On(t)”L?j_f?(M) 0. -

Now since
n

D [(g2(5,un(5), on(s))es, wi)]> < llg2(s, un (), 2n ()T (k.G ):
jk=1
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and

gtot(u()nz 50071) S ‘u0n|2 + 2‘J|L1(R3)|300n‘2 + 2/ F(@On(x))dx
M

4.9
< \uol2+2|J\L1(R3)|¢o\2+2/ F(po(z))dx (4.9)
M

= ’C(u()v 900)3

(where in (4.9), we have used the fact that, since pg € D(B) a.s., then we have g, — o in H>(M) a.s.
and hence also in L>*(M) a.s.), it follows from (4.5) that

(€10t (tin (8), 9 () + Fr] + 22, / Uoan ()12 + un ()17 s +2 / 1V jan2ds

t
< a1+/c<uO,sao>+2/ Ugo(s)lvs
0

div,p

J[[n(s)]

+ llg1(un(s); on(s))llvy

div,p

1pds (4.10)
t t n )
+/0 ||g2(s,un(8)7wn(S))Hi(K,de)dS+2/0 D (928, un(s), @n(s))ej, un)dBl,
j=1

with Z, = c; min ((r3)?, (k;)?). Note that in (4.10) we have also used the assumption (Hs) (see (2.20))
in conjunction with Lemma 2.1.
Hereafter, we set (for the sake of simplicity):

Xn(t) = Etot (un(t), pn(t)) + 1, Tpn = [Hun(t)||2 + ||un(t)|‘€,p]’

t) :/ Z(gz(s,un(s),wn(S))ej,un(s))dﬁg, te[0,T]. (4.11)
0o

X 2%, using Young’s inequality, we see that

Setting a1 = (252) [un(s)||1,p, b = 2(5)7 (27 llgo () lvy,

div,p
= (2) p (p+1 ,
’ p
2llg0(8)llv, , lun(s)llp = arb < gai + 507 = Zlun(s)|{ ) + = o)y, - (4.12)
/ZP P ’
Here p’ = . One can easily see that
Z

2191 (un(5), n(Nllvy, Mun($)llp < Fllun ()1, + 2 191 (un(s), en (I, - (4.13)

Now setting 1 = §,72 = L5, a1 = (g)% l[tn(s)]|3,,, b= (5 )% using Young’s inequality, we have

_2

lun ()13, = ab < Eait + L0 = Jun(s)[)7, + L2251 (4.14)

plp] P2
It then follows from estimates (4.12)—(4.14) that

2[llgo() vy, , + g1 (un(s), en()lvy, Jun(s)lp

p | Zm-2) (2)77 (2) 2% (4.15)
< Epllunllf, + 2E2 (2)77 + Zllgi(ums ea)ly + B lolly,

p
P2y’ P"

By Young inequality’s, we infer that

2m+2 K|M|

P < — 17w
( +1) 1/k"°

(4.16)

lon
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Now, owing to the assumption on g; and g», we can derive from the estimates (4.8), (4.15)—(4.16) and
(4.10) that

t t
®)+22, [ Bp(ds +2 [ [Vpa(o)ds
0 0

, . (4.17)
< & Klun,0) + o [ lon(o)I, s+ Co [ (1 xo(s))ds + 2 1),
0 vr 0
with Cy 1= Ci(k3, k), p) and Cy := Ca(ky, k), ¢a, o, K, Py [M]). xn(t),0pn(t) and wy,(t) are defined as in
(4.11).
From (4.17), we infer that

t/\T"R
E sup [xn(s)] +2E / (Z,0pn() + [Viin(s)]ds
s€[0,tAT]E] 0

(4.18)
t/\'rf , n

< Ri+ K(uo, o) + O / lgo()I1Y; ds+CE / (14 xa()ds +2E  sup [ (s)].

0 iv,p

0 s€[0,enTE]

tAThR

By Burkholder—Davis—Gundy’s inequality and Holder’s inequality, we have

W _awp (@) <2 ew / jgl(m(r,un(ﬂ,%(r))eﬁun<r>>dﬁz

s€[0,tATE] s€[0tnT]E
1/2

<CE( [ S ga(ssuns) ons)es o) s
0 j=1 (4.19)

tATE 1/2
S CE (/(; HQQ(S, un(5)7 @n(S))||%2(K,Gdiv)|un(s)|2ds>

1/2 iR 1/2
< C|E sup ]|UN(S)|2] lE/O ”gQ(Svuna@n)||%2(K,Gdiv)ds‘| :

s€[0tnT]E

Thanks to (4.19), using Young’s inequality and the assumption on gs (see (Hz)), we obtain

1 15/\7'712
2E  sup |wn(s)| < §E sup |Un(8)|2 + C’E/ ||gg(s7un,gan)||%2(K’Gdiv)ds
s€[0,tATE] s€[0,tAT]] 0

IN

1 tark
SE o sup ua(s)® + CE/ (1+ [un(s)* + |on(s)]*)ds.
0

2 s€[0,tATE]

Hence, from this previous inequality and (4.16), there exists a positive constant C3 depending on cg, k
and M such that

1 tAT,)
2B sup |wn(s)| S SE sup un(s) + Cz]E/ (1 + [Jun|® + collon |52 ])ds
s€[0,tnT]] s€[0,tnT]E] 0
o (4.20)
1 Tn
<5E sw (@] +CE [ (L o)
s€[0,tnT]] 0
where we have also used (4.8).
Thanks to (4.18) and (4.20), we obtain
t/\v'f,/2 B t/\'rf
E sup [xn(s)]+2E [2Z,0p.n(8) + 2|V, |*ds < Ky + CZ]E/ sup [xn(s)]dr, (4.21)
s€[0,tATE] 0 0 0<s<rt
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with
C’Q *62(’{23’{;7627” C6, P ‘MD (4 22)
K1 = 2R + 2’C(u07 900) + Cl(K’Qv p7p f() HQO Hp dS + CZTv .
Xn and ¥, ,, are defined in (4.11). Now, we define
tAT,
Z(t) := IE/ sup [xn($)]dr (4.23)
0 0<s<r
and then (4.21), implies
Z'(t) < K1+ CaZ(2). (4.24)
This gives
IC ~
Z(t) < =2 (%t —1). (4.25)
Cs
Owing to (4.21), (4.23) and (4.25), we derive that
tAT,, ~
E sup [xn(s)]+ ZE/ 22,0 n(s) + Z\Vun(s)mds < Ky + Kqpe®2t. (4.26)
s€[0,tnTE] 0
Arguing similarly as in [13, Inequality (4.57)], using (4.16) we get
c K K| M
|V90n|2 < %|90n|2 + %|vﬂn‘2 < 2 8,{3_1 ”9071“%2:32(]\4) + 2 (i-&-ll)c‘é/*‘ + %|vﬂn‘2~ (4.27)
Thanks to (4.8), (4.16), (4.27) and (4.26), we infer that
t/\‘rf t/\‘rf
B[ leallpds =B [ (laPds + [V )ds
0 0
- - - - 2K42 ~ AT 2 (4.28)
< Ry + R3]t + [Ro + RatE - sup  |lon(s)|| 7505 + AsE |V, |“ds
s€[0,tnT]] 0
< [y + Ralt + [fg + Raliet (1 + eC2Y) + Rr(1 +e¥21) < C,
~ K|M| c ~ 8k| M| 8c ~ _ 4 ~ _ K ~ _ K
where k1 = W’ 2_,{74?17 S_W’ K4 = W%Mﬂ—gﬂ%—iand K7—7§1.NOW, we
will prove that
T,If /T P — almost surely as R — oo.
Indeed, since (uy,, @, )(. A TE) 1 [0, T} — W7 x H, is continuous, we have
RPP(1 < t) <E[lonoi(pn(i) + fo 0n(s)ds)]
<E[l TR<t (pn Jrfo on(s)ds)] +E[1, R>t(Pn +fo 0n(s)ds)] (4.29)

= Elpa(rB A ) + [T 0n(s)ds],
with t ATE = 71t since 7' < ¢, and for any n € N and ¢ € [0, T]. Here p,,(.) = |u,(.)|? + ||<pn(.)||%2m+2(M)
and g, () = [[ual? ,() + [lenllF ()-
From (4.29) and the inequalities (4.8), (4.26) and (4.28), we infer that

P(ryt < t) < (4.30)

R
Since the constant C' in (4.30) does not depend on n and R, it then follows that
Rlim P(rf <t)=0for all t € [0,T] and n € N,

which implies that there exists a subsequence 7%, such that 7%+ — T a.s., which along with the fact
that (7', n) ey is increasing, yields that 7.f /' T a.s. for any n € N. Therefore T,="1T.
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Now, since the constant K; K12t in (4.26) does not depend on n and R, and since 7.% /' T P-almost

surely as R — oo, we can conclude by passing to the limit in (4.26) that

T B
E sup [xn(s)] + 2IE/ 22,0, (s) + 2|V iin (s)|*]ds < Ky + K1e2T = C. (4.31)
s€[0,T] 0
We infer from (4.17) that
T T )
sup (o) + [ 22u0n(s) + 2Vinlds < 1 + Ko o) + Co [ lao(s)IE, ds
s€1[0,T 0 0 P (4 32)
T .
+CT + Cg/ [Xn(8)]ds +2 sup |wn(s)-
0 s€[0,T]

Now squaring both sides of the above inequality to the power ¢/2, ¢ > 2, we obtain thanks to the

Minkowski inequality and after taking the expected values

, T
E sup [xn(s)]? + (/ [2Z2,0pn(s) + 2|Vun(8)l2]d5>
s€[0,T) 0

a
2

q ~ q T ’ 2 q
0 wop

q q—2 T
+Cs(@)CET'TE / Dn(8)]92ds + Cs (@)E sup_|n(s)]4/2,
0 s€[0,T]

with
(4.34)

%
Lt (M)

|U0\q+2"‘|J|L1 (®?) lpol? + 22 | F (o)

Kq(uo, o) =
Using again the Burkholder-Davis—Gundy inequality as we did in the proof of Eq. (4.20) and the as-
sumption on g», we can check that
q/4
~ T n
C5(q)E sup |wn(s)|? < C5(q)E / > (g2(s, s n)ej, un ) ds
s€[0,T] (U (4.35)
T
< %E SElp } |un(8)|T+ CsT + C’5]E/ (|un|2 + cg|en i’;jﬁ)q/ ds,
s€[0,T 0

with Cs := Cs(q, K, ¢6, |M|) and where we have also used (4.16).
From (4.35) and (4.8), we infer that

1 - - T
Cs(Q)E sup |wn(s)|9? < ZE sup [xn(s)]¥%+ CsT + C’5E/ [Xn ()] 2ds. (4.36)
s€[0,7] 2 seppm 0
Inserting (4.36) in (4.33) and multiplying the resulting inequality by 2, we obtain
T 3
E sup [Xn(s)]% +2E (/ [22,0pn(s) + 2|vﬂn(8)|2]ds>
s€[0,T] 0
b (4.37)

q ~ aq T ’
< 2C5(g) |Rf + Kq(uo, po) + CF (/ lgo(s) 1, ds> +(CaT)
0 iv,p

9

T
+2C5T + CﬁE/ sup [xn(7)]2ds,
0 7€[0,s]
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with Cg = 2C5(q)C3T = + 2C5(q, K, cs, |M]). Now dropping the integral term in the left-hand side of
(4.37) and applying the deterministic Gronwall lemma, we arrive at

E sup [xn(s

- 3
( )}q/2 < C7 |14 Ky(uo, o) + </ llgo ()% ds)
SG[O7T] 0 div,p

with C7 := C7(q, T, K, cg, IM|, &3, kL, || 11 m#)) and Kq(uo, o) is given by (4.34)

: (4.38)
Therefore the first two estimates in (4.2) follow from (4.38), (4.31), (
M is bounded.

4.8) and the fact that the domain
By using (4.37) and (4.38), it is straightforward to check that

(7 ln() IR )" + 2 (1] Tun)Pds)* +E (J) 1Vian(s)205) "

< Cr |14 Kyluon o) + (f7 lao(s) 12, ds)z],

(4.39)
with 07 = é’?(an’ R, Ces ‘M|7 K’%v ;(1)7 |J|L1(R3 )

So as to proved (4.3)1, we make the following observation: For any a; > 0, ¢ > 2 and p > 11/5, we
have using the Young inequality
2 -2
af{/p < 7az{/2 L=z
p 2

Now, applying this previous inequality with a; = ( fOT [lun(s)]} pds)
infer that

& (I ()18 s) " <

in conjunction with (4.39)

% (fo llun(s ds>q/2 + ”2;2
< G |14 Kyfunsn) + (17 oI, a5)° | + 252
This proves (4.3);.
We will now prove that E sup ||F(<pn(s))||i/12( ) < C. The proof will be done in two cases
First case: One can have I;G(SRT)] >0

From the first line of (4.7) in conjunction with (4.32), we obtain

2 sup [[F(en(s))llLrm
s€[0,7]

) < S[up [(on(s), J * n(s))| + F1 + K(uo, ¢o)
se€(0
+C1 Ji Nlgols II”

dS + C5T + Cy fO Xn
Using young’s inequality for convolutions, we obtain

4.40
Nds+2 sup_[wa(s)] 1
s€[0,T]

sup |(@n(s), J * @n(s))| < [J|p1(ws
s€1[0,T

) sup lon(s)]?. (4.41)
s€[0,7]
Making similar reasoning as in (4.20), we obtain
1 T
2B sup fon(s)| < E sup [xa(s)] + Cs(co &, \MD/ (1+ [xn(s)])ds. (4.42)
s€[0,7] s€[0,T] 0
obtain

Taking the expected values in (4.40), using (4.41)—(4.42) and dividing the resulting inequality by 2, we
E sup,c(o,7) [1F(#n ()1 a) < 207101 @) Esup,eio,ry [on(5)|* + 2R1 + 2K (uo, ¢0)

+2C1 [y llgolly;, ds+ CosT + (1+ Co3T)Esupeqo,r[xn(s)]

(4.43)
where Cy := Cy(kj, kp,p), Co := Ca(k3, kip, €2, o, K, , | M), C3 1= Cs(cs,

R, |MD and 02’3 = 202 + 203
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Now, from (4.43), (4.16), (4.8) and (4.31), we obtain

Esupe(o. 71 1F(en(s)llLrmy < Cr [1 + K(uo, po) + fo lgo(s Hp Jds| (4.44)

with C7 := C7(T, k, cg, M|, k3, ki, || L1 (m3)) and K(uo, o) is given by the last mequality of (4.9). Insert-
ing (4.41) in (4.40), raising both sides to the power ¢/2 > 1, and taking the expectation in the resulting
inequality, we obtain

sup | F(on($) 7100 < C@II15 Sup |<Pn( )7+ RE + Kq(uo, 00)]

s€[0,T] s€(0,T
q
2

q T / q
+Clg)C ( / ||go<s>||’;éwds> +0g)(CaT) (4.45)

q

q T 2 q
+C(q)C3 (/o [Xn(s)]ds> + C(q) sup |wn(s)|2.

s€[0,T]
Arguing similarly as in (4.36), we can check that
T
CQE sup_|wn(s)[2 < SE sup [xn()]2 + C,T + C’qlE/ [n ()12 ds,
s€[0,77] 2 sefo,1] 0

with C, := Cy(g, k, c6, |IM]). Inserting now this previous inequality to (4.45) (after taking the expecta-
tion), using the inequality (4.38) and the fact that M is a bounded domain, we arrive at

T a/2
B s [F(on(o) 2 < to |1+ Koo, o) + ( | s, ds> S G
se|0, 0 P
where ¢, := C,(q, T, k, cg, M|, K3, fip, | L1 (m3)) and K4 (uo, o) is given by (4.34).
Second case: or F'(¢,) < 0.

From (4.7), we infer that
20F(en) iy < 2Van ) + 1] @e)len(t)]? + Fa (4.47)
< 3| 1) len ()] + Ra < Rsllon()I7552 0 + Fos '

where we have also used Young’s inequality for convolutions, the inequality (4.16), and the fact that
3eo| )1 (g3, 36IMIIT] L1 g3y

|CL|Loo(M) < |J|L1(]R3)- Here kg = pe and kg = (1)l + R1.
Since (4.47) holds for every ¢ € [0,T], we also infer that
2 sup [[F(pn())llzrm) < Rs sup [lon(t)1 7552 + R < Rs sup [xa(s)] + Ro- (4.48)
te[0,T] te[0,T] te[0,T]

We note that in (4.48), we have also used (4.8).
Taking now the mathematical expectation in (4.48), making used of (4.31), we infer that

28 sup [P (1)l < Rl + a4 o (1.9
te[0,T

with Ky, Cy given by (4.22); and Fs, g given by (4.47).
Also from (4.48), it is straightforward to check that

B sup [1F(on ) }ian) < Cla)F0)?”* + O E sup (]2

)

From this previous inequality and (4.38), we get

aq
2

T
E sup || F(pn(t)8h70 < tr |14 Kqluo, 00) + </ lgo ()17, dS) ; (4.50)
t€[0,T] 0 iv,p
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with t7 := 17(q, T, K, cg, |IM|, Kb, k), |J| L1 (r3)) and K, (uo, o) is defined as in (4.34). This completes the
proof of estimate (4.2)s, i.e.,

E sup ||F(cpn(t))||%/12(M) < C, for both cases. (4.51)
t€[0,77]

In view to prove estimate (4.2)4, we begin by making the following observation: from assumption (Hy)
and the Young inequality, it is straightforward to check that

IF' (on(s)] < 2IF (0n(s))I" + L5t < (% +1) |F(pn(s))| + T5-L, Vs € [0,T). (4.52)

Hence, (4.2)4 follows from (4.52), (4.51) and (4.49).
We now give the proof of estimates (4.3)2 and (4.3)s.
From (4.28) and the fact that 7 ' T P-almost surely as R — oo, we obtain

T
]E/ len()ll7ds < C, (4.53)
0

Thanks to (4.16), (4.27), (4.38) and (4.39), we infer that

E (foT HW(S)H?Uds) < C(q) {E (foT ‘(pn(s)Pds)qm 1E (foT |V%(S)|st) 2}

q

2

) . / . (4.54)
<o |14 Rtun o) + (I oI, 05) ]
with 77 := 77(q, T, &, cg, \M|,/@%,/ﬁ11), | 7|1 (m3y). So, by (4.53) and (4.54), we obtain (4.3),.
Arguing similarly as in [12, Inequality (3.65)], we check that
a2 < C [V ()2 + AMI IR, oo (5) ] -
4.55
Y —1)?
< C A M2 IP (o () s g+ (51)].
Now, owing to (4.55), (4.49), (4.16) and (4.31), it follows that
T T T
Efo HMH(S)HQUCZS = Efo ‘Mn(s)|2ds +Efo |Vﬂn(5)|2d3 <C. (4.56)
Also, from (4.55), (4.51), (4.39) and (4.38), we get
T q/2 T q/2 T q/2
E(fy lun()Eds)" <E(J) lim(s)2ds) " +E ([ [Van(s)2ds) <, (4.57)
where U = HY(M).
The estimate (4.3)3 follows from (4.56) and (4.57). This completes the proof of Lemma 4.1. O

In the next propositions, we prove two uniform estimates for u,, and ¢,, which are very crucial for our
purpose.

Proposition 4.1. In addition to assumptions of Theorem 3.1, Let s € R such that s > 5/2. We assume
that t — uy(t) is extended to zero outside the interval [0,T]. Then, there exists a positive constant C' such
that

E  sup |lun(t+0) —un(t)Hp/, <C8%, Vte [0, 7], n e N* and p' = p/(p—1).
0<|0]<é<1 °

Proposition 4.2. Let the assumptions of Theorem 3.1 be satisfied. We assume that t — @, (t) is extended
to zero outside the interval [0,T). Then, there exists a positive constant C such that

E sup  Joa(t+0) —en(t)l}, <C3%, Yt €[0,T], n € N* andp’ =p/(p —1).
0<|0|<s<1 °
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Proof of Proposition 4.1. We rewrite the equation for u,, as

d(tn, v) + [(T(Dun), Dv) + b(tn, un, v)|dt = —(pnV iy, v)dt + (Plgg,v)dt
+ (gl(una @n)7 U)dt + Z:‘L:I (92(t7 Unp, (Pn)eiv U)dﬂz, Y € WZ

Let us take v € Wy, and decompose it as v = vy + vy, where v; € W2 and vy € (W2)+, and notice that
vy and vyy are orthogonal also in W. Then, from (4.58) we can write

(4.58)

d(up,v) = d{un,, 1}>WS =d <un,v1>ws
= —[(T(Duy), Dvr) + b(un, un, vr)|dt

— (@Y tin, v1)dt + (Ppgo, vi)dt + (g1 (tn, on), vr)dt (4.59)
+> (g2t un, n)ei, vr)dB;.
=1

Let us set @, (t) = w, (t + 0) — u,(t), for any 6 € (0,6) and § € (0,1). Hence from (4.59), we have

N t+0 t+0
(En(t),0)y = — / (T(Dun), D) + bttt v7)]dr — / (60, v1)dr

s

t+0 140 48 '(4.60)
+ / (P go,v1)dr + / (91 (s o), 1) + / (P ga(7: s o), v1)dBL
t t t

where, for the sake of simplicity, we have set

t+6
/ (PnQQ(T un:‘Pn quI dﬁz Z/ ng2 T, Una‘;ﬁn)ezvvl)dﬁl
t

We set

|ft+9 T(Du,) DU])—Fb(Un,un,’U])]dT

9
- tt+ (‘an/im UI dT + J;t g07 ’U])dT

9 .
+ [ (g1 (un, n), vr)dr + f” (PLgo (T, tn, on)eisvr)dBL].
It follows from this that

) < |/ T(Duy,), Dvy)dr| + \/ b(tn, Uy, v1)dT|
+ I/ (enViin,vr)dr| + \/ Py go, vr)dr| (4.61)

4 |/ (91.(tms o), 01 dr\+|/ PLga(, s pn)er, vr)dBE .

‘We have

t+6 t+60

| [T (Duy,), Dor)dr| = | [ (N(u (7)), 01y, A
t 0

<[ |<N(un( ) vn)vy,,, ) ldT

t+0 ?

< ||v1||vd,v,, [N (un(T) vy, dr
t+9

< Cllvr|lw, [N (un(T) vy, dTs

where we have used the Cauchy—-Schwarz inequality and the fact W, — Vgiy, continuously.
Now, from this last inequality and by Holder’s inequality, we infer that

1
ol

| (@ (Duy), Dogyar| < Cllurliw, 0 (J4 IN @), dr)”
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Hence,
10
1@ (D), Dopyar|” < Clerli, 0% [ 1N ()Y
0
< Clloly 6% [ N (un(s >||”

Note that (see [15, Inequalities (4.14)])

ds
dS = Cllvly. ui (0,

bt un, v1)] < Clug vz llw, < Clun*[vllw. .

and the following holds

t 0 t+6 t+6
| 0y wny v)dr]) < L by wny vp)dr < Cllollw, [T

< Cllollw, 0% (S lun(r) ' dr)”

Therefore, we have

)
/ b(tp, Up,vr)dT
¢

As in [15, Inequalities (4.15)], we also have

/

p

[un (7)|2dr

A
SO”UH%‘SG?/ lun (T2 dr = Cllv |l y2(8.D).
t

|(enVin, vi)| < Clen|[Vinlllvrllw, < Clenl[Vin|llvlw, -

By (4.65) and the Holder inequality, we have
L @V ondr| < 7 (Vi vn)ldr < Cllollw, |,
< Cllollw. 0% (J;
Thus,

t+6 t+0 ’ ’
i <sonwn,vz>d7\ < Clolly, 0% [ lonl? [V psal?'dr

2

t+0

t+6

lon [V nldr
(ol |V ian [ dr)”

’

/ p’ 2
< I 6% ([ el ar) (112 (Tal2ar)

= Cllvll, v (0, ).
We have by Cauchy—Schwarz’s inequality

t40 40
| [, (Phgo,vr)dr| < [, [(Phgo,vr)|dr

t+9
< HUI||W HPngo( 7)|lwe dr
< |lorllw, ft Hgo( 7)|lw: dr
< Clollw, 7+ llgo(r vy, , 47

where we have also used the fact that ||P}|| cow, w(,)) < 1 and V({ivm — W, continuously. Hence, by

Holder’s inequality, we obtain

0 » ’ : '
[ Phgo, vi)dr| < Cllolw. 0% (7 llao(r)Iy, dr)

From this previous inequality, we have

Making similar reasoning as in (4.67), we obtain

-

t+0 4 ropl 46 ’ ’
S Phgo,vnydr]” < Clolly, 07 1 oo, dr = Clluliy, ui 0, p)-

o3

"

.
o7

JMFM

(4.62)

(4.63)

(4.64)

(4.65)

(4.66)

(4.67)

/] P ’ ’
5 1), pu ) ondr | < Clolfy, 07 [ gr (ums o)l dr = Cllulfy, 70, p). (4:68)
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Raising both sides of the inequality (4.61) to the power p’ (p’ is the conjugate index to p), and thanks to
previous inequalities, we obtain

/ / i t+0 i p
yt('g)p < C”UH%@ Z?:l yt(e’p) + .f;g (PrleQ(Ta Unp,, <pn)ei7 ’Uf)dﬁ'r (469)
Thanks to (2.23), we have
il T
Esupye(o. 93 (0:9) < C0% (8 +E [ llun(r)|} 7).
Owing to Lemma 4.1 (see inequality (4.3)1), we derive from this last inequality that
E sup y;(0,p) < s’ (4.70)
0€(0,0)
Also, thanks to Lemma 4.1, we obtain
E sup y2(0,p) < CS%E sup |un(7)|2p/ <o’y (4.71)
0€(0,9) 7€[0,T]
By Holder’s inequality, we have
2;?’ »’
B swp 1 (0.0) < 0VE ([ ar) T (1 aar)
0€(0,6)
2—p’ »’
o { E [ IwnI&dT} [E [ Vanf2ar] *
2—p/ ,
" _2p’ T 9 5
<C8% B swp lon(n)77 | [EJ) (Vaaldr]
T€[0,T]
Therefore, thanks to (4.16) in conjunction with Lemma 4.1, we have
E sup y2(0,p) < Co'v. (4.72)
0€(0,8)
By the assumption on gg, it follows that
2 T ! il
Esupge(o,s) ¢ (6,9) < C67E [ lgo(r)I[y,  dr < Co. (4.73)
Using the assumptions on g; in conjunction with Lemma 4.1, we obtain
E sup yP(0,p) < Co'v . (4.74)

0€(0,6)

By the Burkholder-Davis-Gundy lemma, we have

t+60 M
/ Z ng2 7, unv@n)ezavl)dﬂ

’

P

E sup
6€(0,6)

p’
2

t+s5 n
< CIE( t Z(P}ng(r, un(T),%(T))ez‘,UI)QdT>

t+5 n 2
< Clu"'E ( Z Paga (T, trs on(T ))I2dT>

’
P
2

, t+46
< Clolly,E (/ lg2(7, un(7)7%(T))II%Z(K,dedT)
t
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From this last estimate and the assumption on go, we derive that

’

t+0 n p
E sup / Z 292(T Un, o) i, 1) Ay
0€(0,5)
, t+6 5
t
< Cllvli, {0+0E sup |un(r)]* +6E sup [on(r)[?
? TE[t,t+6] TE[t,t46]
Thanks to (4.16), (4.75), and Lemma 4.1, we see that
t+0 1 4 - -
E sup / Z L 92 (T, un, on)ei, vr)dBL] < Clv|y 67 < Cllo|y 67 . (4.76)
0€(0,0) : :
Now, from (4.69) and the estimates (4.70)—(4.76), we have
E sup sup  y(0)P <87 (4.77)
0€(0,0) vEW,,||v]lw,=1
Hence
E sup ||1:Ln( )||W, =E sup sup |<ﬁn(t),v>w |p/ < C(Sp?, (4.78)

0€(0,5) 0€(0,8) vEW.,||v]lw, =1

with @, (t) = w, (t+60) —u,(t), and for any positive integer n, t € [0, 7] and & € (0, 1). The Proposition 4.1
follows readily from this last inequality and noting that a similar argument can be carried out to find a
similar estimate for negative values of 6.

Proof of Proposition 4.2. The second equations for the Galerkin approximation is written as
d(on, ) + (Vin, Vo )dt = (unpn, Vip)dt, Vi € Hy. (4.79)

Let ¢ € U := H*(M) and decompose it as 1) = )7 + 7, where 1 € H,, and 177 € H;-. Recall that 17
and 1y are orthogonal also in U. Then, from (4.79), we deduce

It follows from (4.80) that
(Pn(t+0) — 0u(t). )y = — [ (Vin(r), Vi )dr + [} (un(r)on (), Vibr)dr (4.81)
= Xt(ﬂ),
forany 0 < 6 < 4§ < 1.
We have
t+6 t+0 2
(@2 < C| 1 (Tpn(r), | + [+ unrn(r), Verr)ar| (4.82)
Note that
O V(). Vonyae]” < € (17 1(Fanlr), Vular)
< OV PO [/ (Vg (r)Pdr (483)

< C|l9|I% 9[”" IV i (7) 27 = X1(6).

Owing to Lemma 4.1, we derive that

E sup X;(0) < C|y[36 < Cllyl3s. (4.84)
0€(0,9)
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As far as the second term in the right hand side of (4.82) is concerned we notice that when p < 3 and
K > 25(;:5), due to the embedding W1P(M) — LJ%(M) < L7 (M), we can check that (see [15,

Inequality (4.18)])

| (un (7)n (1), V1) < Cllun ()i, lon ()| 2w 2 9]l (4.85)

2r42

When p = 3 and € (0,2] or p > 3 and k > 0, due to the embedding WP (M) < L™= (M), we have
also

|(un(T)pn(7), V1) | < Cllun (T)|[1,plln (T)[[ 2w 9]0 (4.86)
Now from (4.85), we estimate the second term in the right hand side of (4.82) as follows

C

5 n(7)in(0), V)| < €O [ () (r), V)P
< COIOIR J*° Nan ()R pllon () sl B

2
P t+0 P
i) (0 ol st ) T = x26),

0
< Ol (S

where we have also used the Holder inequality.
Hence, from this previous inequality, we infer that
p=2

2
t46 » t+6 ?
E sup X2(6) < Collv|? [Ef Junl? 7] [f lnllzaadr }
0€(0,9)

2 (4.87)
t+9 P
ek sup |[ln (7)[[Zanr2 IE/ ||un|’i',pd71
relt,t+9] t
Owing to Lemma 4.1, we derive from (4 87) that
E sup X2(0) < < 5% 1|3, with p/ = 2. (4.88)
6€(0,5) p—1
Collecting (4.84), (4.88), from (4.82) we then get
E sup sup  (X,(0)2 <8, (4.89)
0€(0,8) YEW,, ||y|lv =1
Therefore
E sup [lon(t+0) —on®lf =E sup  sup | {(on(t +0) = @n(t),v), > < Co7,  (4.90)
0€(0,5) 0€(0,8) YeV,|lvllu=1
for any positive integer n, t € [0,7] and § € (0, 1).
Finally, collecting all the estimates and making a similar reasoning with 6 < 0, we thus deduce
E suwp |lon(t+6) = pa(t)ll < C57,
0<|0]<é<1
for any positive integer n, t € [0, 7). This completes the proof of Proposition 4.2. O

4.3. Tightness and Compactness Results

In this subsection, we study the tightness property of the Galerkin solutions and derive several weak con-
vergence results. The estimates from the previous Propositions (Propositions 4.1-4.2) play an important
role in this part of the paper.

Throughout this subsection, we fix s € R such that s > 5/2. Let us consider the spaces

X1 = L*0,T;H)NC(0,T; W),
%2 = C(O,T; K)
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and we denote by B(X;) and B(X2) their borel o-algebras, respectively.

Now, before proving that the family of laws {L(un, ¢,) : n € N} is tight on the Polish space X1, we
recall the following result which will be needed in the sequel. The proof of this result can be found in the
book of Métivier [38, Chapter VI, Lemma 2 and Lemma 3].

Lemma 4.2. Let B, By and By be three reflexive Banach spaces satisfying the compact embedding By —
B <— B;. Let g € (1,00) and Q be a subset of L1(0,T;B), which is included in a compact set of L1(0,T;B;)
and

T
sup/o [[u(s)]lg,ds < oo.

vEN
Then, 9 is relatively compact in L1(0,T;B).

We shall prove the following important result.
Lemma 4.3. The family of laws {L(uy,, pn) : n € N} is tight in X;.

Proof. We firstly prove that {L(un,¢n) : n € N} is tight in C(0,7; WY). For this aim, we first observe
that for a fixed number R > 0 we have

P(I[(un(t), @n (1))l > R) < RLE s 1Cun (2), on ()l
tel0,T

from which along with (4.2);, (4.2)2 and the fact that the domain M is bounded we infer that

sup B | (1), o0 ()] > F) < 105 (1.91)
neN
for any ¢ € [0, T].

Since, by the compact embedding H C W/, balls in H are compact for the strong topology in W,
then this implies that the family {(u,(t), on(t)) : n € N} is relatively compact in W/, for any ¢t € [0, 7.
Therefore, by Propositions 4.1-4.2 and [47, Lemma 1, page 71] we derive that the laws of the family
{(un,pn) : n € N} are tight in C(0,7; W’). This means that for any € > 0 there exists a compact subset
K, of C(0,T; W) such that

P((tn, n) € Ko) > 1— g neN. (4.92)
We also observe that for a fixed number R > 0, we have
P (1(tn, 9u) 020,750 > R) < 2Bl (s 00) 210,70 = 7 (B Sy lunlD, + lionllZ1ds)
from which along with (4.3)1, (4.3)2 we derive that
C
P (H(una (Pn)HLPﬂ(O,T;V) > R) < FZ2h (4.93)

Now, taking R = ,/% := e1, where C is the constant appearing in (4.93), we infer that

P([| (un, on)llLr20,1v) < €1) = 1= P(||(Un, on)llLr2(0,75v) > €1)

>1—Q:1 g neN. (4.94)
1

Now, let

QE = {(u7 50) € Lp72(O7T; V) : H(U, (p)”LT“Z(O,T;V) < 51} N Ke.

Since LP2(0,T;V)NC(0,T; W) is compactly embedded in L?(0, T; H)NL2(0,T; W”), then 9, satisfies the
conditions of Lemma 4.2. Hence 9, is relatively compact in L?(0,T;H). Moreover, P((u,, ¢,) € Q) >
1 —¢, n € N. This proves that the family of laws {L(uy, ¢,) : n € N} is tight in L?(0,T;H) and we can
easily conclude the proof of the lemma. O
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Hereafter, the law of the cylindrical Brownian motion W = (W})co,7 is denoted by IT and we mention
that it is possible to find a set Q € F of measure zero such that W (w) € C(0,T}; K) for any w € Q/Q. For
any n € N, we construct a family of probability laws on X9 = C(0,T'; K) by setting

IL,()=PWe.)e P(Xy) =11, Vn>1 (4.95)

and where P.(X3) denotes the set of all probability measures on (X3, B(X2)).
We now prove the following important result.

Theorem 4.1. The family of laws of ((un, @n); W) is tight on the Polish space X1 x Xs.

Proof. We have already proved that the family of laws {L(uy, ¢n) : 1 € N} is tight in X; (cf. Lemma 4.3).
Now we shall proved that the family {II,, : n = 1,2,...} is tight in P,.(X2). For this, we endow the space
X, with the uniform convergence, and then X5 is now a Polish space. Hence, it follows from [3, Theorem
6.8] that P.(X¥3) endowed with the Prohorov’s metric is a separable and complete metric space. By
construction, the family of probability laws {II,, : n = 1,2,...} is reduced to one element which is
the law of W and belongs to P.(X¥3). Thus, by [43, Chapter II, Theorem 3.2] we infer that the family
{Il, : n=1,2,...} is tight on P,(X2). Finally from the fact that {L(u,,¥y) : n € N} is tight in Xy, the
family {IT, : n = 1,2,...} is tight in P.(X2) in conjunction with [31, Corollary 1.3], we infer that the
family of laws of the joint processes ((un,¢n), W) is tight in X; x Xa. O

Proposition 4.3. Let X = X1 x C(0,T; K). There exist a Borel probability measure p; on X and a subse-
quence of ((un,pn), W) such that their laws weakly converge to .

Proof. Thanks to the theorem 4.1, the laws of ((un, ¢n), W) form a tight family on X. Since X is a Polish
space, we get the result from the application of Prohorov’s theorem (cf. [3, Theorem I. 5. 1, page 59]).
O

The following result relates the above convergence in law to almost sure convergence.

Proposition 4.4. There exist a complete probability space (Q F, IP’) and a sequence of X-valued random
variables, denoted by {(tin, $n, Wy) : n € N}, defined on (Q, F,P) such that their laws are equal to the
laws of {(tn,pn, W) : n € N} on X. Also, there exists an X-random variable {(i, ), W} defined on
(Q, F,P) such that

W, — W in C(0,T; K) P-a.s.,
@, @) in L?(0,T;H) P-a.s.,

a, ) in C(0,T; W.).

(4.96)

——
I}
3
AR
3 3
S~—
~ 3

Proof. The proof of Proposition 4.4 is a consequence of Proposition 4.3 and Skorokhod’s Theorem [50].
0

Proposition 4.5. Let () = JJ* where J is the canonical injection, which is Hilbert-Schmidt, from K
into K1. Then, the stochastic process W = (Wt)te[o 1) 18 a Ki-valued Q-Wiener process on (Q F, IP)

Furthermore, if 0 < s < t < T, then the increments Wy — Wy are independent of the o-algebra F,

generated by a(T), ¢(), W, for T €0, s].

Proof. The proof is a verbatim reproduction of similar result in [45, Proposition 3.11]. [
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Now, since (tn, Pn, W) and (un, @n, W) have the same law (cf. Proposition 4.4), it follows from
Lemma 4.1 that (i, ¢, ) satisfies the estimates

~ s€[0,T)
E sup [|n(s)l|T2nszpgy < C
B s€[0,T
E sup [[F(@n(s)]¥5 00 < C,
~ s€[0,T]
E sup ||F/(¢n(s))||%r(/\/l) <,
s€[0,T]
~ . q/p (4~97)
i / lan()[5,ds | <C,
0
T q/2
E(/@M@ﬁ@% <C,
0

q/2

T
E(A ﬂd@%%> <c

for any n € N, q € [2,00) and p > 11/5. Here fi, = ap, — J * @, + F'(py,) and U = H (M),
We will now prove the following important lemma:
Lemma 4.4. We can extract a subsequence {(ln, , on,) : k € N} from {(@n, ¢n) : n € N} such that
(ling, Pny) = (@, @) in L2, F,B; L*(0,T; H),
J* @, — Jx@ in L2(Q,F,P;L*(0,T;U)), (4.98)
fing = fi = ap— T« + F'(@) in L(Q,F, B L2(0,T3U)).
Also the processes @, ¢ and [i satisfy the estimates (4.97).
Proof. Thanks to the estimate (4.97); and the Eberlein—Smulian theorem (see [52, Chapter 21, Proposi-
tion 21.23-(h)]), we infer that there exists a subsequence 1, of @, satisfying
iy, = @ in L9(Q, F,P; LP(0,T; Vaiv ), (4.99)
Tn, (T) = m in L2(Q,F,P;Gaiy,), for any ¢ € [2,00). '
We claim that 5, = @(T) in L?(Q, F,P; Gaiv). The prove of this will be given later.
Thanks to (4.99);, reasoning similarly as in [13, Equation (4.88)], we check that
ﬂnk —u in LQ(Q)j}’ ED; L2(07 T; Gdiv))-
Thus, modulo the extraction of a subsequence (still) denoted (&, )x>1 we have
lip, — @ dP® dt-a.e. in Gy (4.100)
Thanks to (4.96)2 and (4.97)s, [13, Equation (4.89)] we obtain
Gn, — ¢ in L*(Q,F,P;L*(0,T; H)),
and thus, modulo the extraction of a subsequence (still) denoted ($,, )x>1 one has
@, — ¢ dP @ dt-a.e. in H. (4.101)
Naturally the convergent (4.98); follows from the previous convergence.
Later, we will show that
Gy =2 = @(T) in L*(Q,F, Py H). (4.102)

Due to (4.98); and the fact that the map J* : H — U is linear and bounded, we easily derive the
convergence (4.98). o
Now, we will show that fi,, — i =ap —J* @+ F'(¢) in L*(Q,F,P;L?(0,T;U)).
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First of all, from the estimate (4.97); and the Eberlein-Smulian theorem (see [52, Chapter 21, Propo-
sition 21.23-(h)]), we can extract a subsequence of fi,, denoted by i, such that for any ¢ € [2,00)

fin, = fi in LI(Q,F,B; L*(0,T;U)). (4.103)
From the estimates (4.97)24 and the fact that the domain M is bounded, we infer that p(.,@,) =
a(.)@n + F'(¢n) is bounded in L4(Q, F,P; L>(0,T; L"(M))), for any ¢ € [2,00). Therefore from the

Banach—Alaoglu theorem, we conclude there exits a subsequence of p(.,@,) denoted by p(., p,) such
that for any ¢ € [2, 00)

pls @) = p in LYQ, F B L(0,T; L7 (M) (4.104)

From the pointwise convergence (4.101) we have p(.,@n,) — a(.)p + F'(p) dP-almost everywhere in
(0,7) x M and therefore from (4.104) we have p = ag + F'(9), i.e., p(z,¢) = a(z)p+ F'(@); v € M.
Now, we introduce the following set

D ={® = ¢(w)x(t)v: ¢ e L¥Q,P),x € DO,T) and v € H,},

where H,, is defined in the Sect. 4.1. This set is dense in L*(Q, F,P; L*(0,T; H)).
For any ® = ¢(w)x(¢t)v € D and every nj > n (n is fixed), we have

B (6(w) o (ine (0,0) x()dt) = E (6() fy (p( G (1) = T % G, (6), 0)x(B)dt)

By passing to the limit as n, — oo in this identity and using the convergence (4.103), (4.104) and (4.98)a,
on account of the density of D in Lz(Q,JE, P; L2(0,T; H)) we get ji = a@ + F'(¢) — J x ¢ i.e. (4.98)3. In
particular we obtain p(., @) = a(.)g + F'(p) € L2, F,P; L2(0,T; U)).

Finally, making similar reasoning as in [13, Proposition 4.2, Inequality (4.86)] we can check that the
stochastic processes @, » and [ satisfies the same estimates as in (4.97). This ends the proof of Lemma
4.4. ([

Proposition 4.6. Let p € [11/5,12/5) and T > 0. There ezits five processes N, Bo, R1 € L2(Q,F,P; L
(0,75 Vg, ), B1 € L(Q, F,P; L*(0,T;U’) and g, € L*(Q, F,P; L*(0,T; Vg, ) such that

PL N(iin,) — Nm L2(Q, F,P; L /(0T~Vd{wp)

P1 By(iin,) — By in LA(Q, F, By LV (0, T3 Vi, ),

Pr @i Vi, — R1 in L2(Q~ F,P;LP 0,7 Vi), (4.105)
P2, Véu, = By in L* (Q~}‘~IP’~L (0.7:1").

P’rllkgl(ank7¢nk) — g 2(Q F,P L (OaT; Vd/iv7p))'

Proof. Using the assumption (H;) for g1, the estimates (4.97)1 2, and applying also the Banach—Alaoglu
theorem we easily derive (4.105)s5.

Owing to (2.23), (4.97)5 and application of Banach-Alaoglu’s theorem, we get (4.105);.

By mean of Holder’s and Gagliardo—Nirenberg’s inequalities, we have for all v € Vqiy p

[b(tnys Tny 0)| < ellting | Laesav=o [an, |1, p||v||L3p/<s »

< i, |10P=18)/ 3P0\, || G2 PG ol s
< iy, |(10P=19)/Gr=0)|, u“z PO g N vl
< iy, |(10P=18)/ PO\, Hﬁ/ P o]l1 s

3p
where we have also used the fact that W < L3 =P and that Vaiv,p-norm is equivalent to the whp_
norm. Hence,

~ ~ 10p—18 6
1 Bo(tn,)lvy, = sup 16(tin,, , Uy V)] < Clling | 5270 ([T, [|77, - (4.106)

div,p
vE€Viiv,p,llvll1,p<1
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Thanks to (4.106), using Holder’s inequality, we see that

/ 2(5p—11)

~ T ~ , 2/p 2(5p—9) o T, m
E Sy 175, Bolan )T, dt] " <e l(fo [ | 5 dt) 7 (S NIt

_

5p—8

2

5p—6 6 -
~ 5 4(5p—9) p| P ¢
SClE sup._iin, (1)] 5 ] [ (S ||unk1,,dt)”]

t€[0,T]

Therefore, from this previous inequality and the estimates (4.97)1—(4.97)5, we infer that

~ T - ’ 2/17/
E[fy I1P), Bolan, ), at] " <cC. (4.107)

Thanks to (4.107) and the Banach—Alaoglu theorem, we derive that (4.105)2 holds.

By using the Sobolev embedding WP — Li’»%, the Holder inequality and the fact that x > 25(2:2),

we have

(P Vi s 0)| < elldny [ povs o6 [Ving [ [0l Lo/ a- < €l @ny [l L2nt2 [Vin[[[0]l1,p,

for all v € Vqgiy . Hence
||¢nk Vﬂﬂk ”Vc{imp < cH@”k ||L2"‘*'2 |v:&‘nk | (4108)

From (4.108), (4.97)2—(4.97)7 and the Holder inequality, we obtain

2
7

~rrT || ~ ~ ! T || ~ pT?Q T ~
L 1o Vim0, 17 < & | (17 NomOFEtt) " Jy |Vunk<t>|2dt]

(4.109)

te[0,T]

T 271 2
< CE sup || @n, (t)[|720+2)2 E(/O Vﬂnﬂdt> <C.

Thus from (4.109) and the Banach—Alaoglu theorem, we derive (4.105)s.
Now, we complete our proof by proving (4.105)4. For this we first give the following estimate:

(- V@ V)| = (s Py VO < €l Pl L2nrz ([ [l Locerny /<[ ¥
< cl|@nllLant2|Ung | pors - 19]l0 (4.110)
< ll@nllL2nsz [t llpl ¢,

where we have used the fact that, since k > 2(3 2 ) , then the following Sobolev embedding hold: WP <
[3p/(3=p) ., [(2642)/K

Using now (4.110), (4.97)2,5 and the Holder inequality, we get

473
T P
E fy [P2in, (). Véu, (8)[3dt < c[E sup [|Gn, (6)[72es2]* |E ( / ||ank||ff,pdt> <c. (41D
t€[0,T] 0
Finally (4.105)4 follows from (4.111) and an application of Banach—Alaoglu’s theorem. The proof of
Proposition 4.6 is now complete. (]

Hereafter, (.,.) denotes the dual pairing between Viiy,, and V;, , relative to Gaiv, and that between
U = H' (M) and U’ relative to H.
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4.4. Passage to the Limit and the End of Proof of Theorem 3.1

Here we prove several convergence which will enable us to conclude that the limiting objects that we
found in Proposition 4.4 are in fact a weak martingale solution to our problem.
Lemma 4.4 will be used to prove the following convergence results.

| Pt (s). 2 (sDds = [ ai(spas

:/'gl(a(s)@(s))ds in L2(Q,F,P;L*(0,T;Vi));
0

P} Boliin,) = Bo = Bo(@) in L*(Q,F,P;LP (0,7 Vi, ,));
P @y Viin, = Ry =@V in L*(9, S P (0,75 Vi, )i
P i, N@n, — B1 =u.V$ in L*(Q,F,P;L*(0,T;U).

Proposition 4.7.

(4.112)

Proof. We have already proved in Proposition 4.6 that ’P}Lk 91 (@n,, Pn,,) belongs to a bounded set of
L2(Q, F,P; LP (0, T; Vi) PhoKo(tin); Pp,Pny Vi, belong to a bounded set of L2(Q, F, P, LY
(0, T3V, ) and P2 i, .V@n, belongs to a bounded set of L2(Q, F,P; L2(0,T; U").

Hereafter we denote by (for the sake of simplicity) @, (.) := tn, (.) — @(.) and @p, (.) := &n, () — &(.).
In order to prove (4.112)s 3, we introduce the following set

D= {® = p(w)x(t)w; : ¢ € L=(Q,P),x € D(0,T) and j = 1,2,.. .},
where {w; : j =1,2,...} is defined in Sect. 4.1. Since this set is dense in L2((~2,.7E, P; LP(0,T; Vaiv p)), it
then follows from [52, Proposition 21.23] that the claims (4.112)5 3 are achieved if we prove that
~ T . -
E(p(w) Jy (Bo(iin, () = Bo(i(s)), w;) x(s)ds) — 0;
w) Jo (P (8)Viin, (s) — ¢(s)Vi(s), w;) x(s)ds) — 0
for any ® = ¢(w)x(t)w; € D. For this purpose we first note that

) Iy (Bolin,) = Bol@). ) x(5)d) = ~E(0() [ blin,. w7 (5)d)
+E(p(w) fy i, @ — fin,, w;)x(5)ds) (4.113)
=1+ I
and
w) foT <¢nkvﬂnk - @V[L,wg> ( )dS fo L:‘7nk - v(ﬂnk - ﬁ)ij) X(S)ds)
fo Mnk - v‘Pa“’J) (S)ds) (4.114)
W) Jy (B = EIViiw5) X(5)ds)
= I3 + 14 + I5.

The mapping b(%, ., w;) from L*(Q, F, P; L*(0,T; Vaiv p)) into L(Q, F, P; L?(0,T;R)) is linear and con-
tinuous. Therefore, by invoking (4.99), b(t, @ — 1y, , w;) — 0 weakly in L*(Q, F,P; L*(0,T;R)); and then
I — 0 as ny — oco. Next, from the properties of the operator b and Hélder’s inequality, we see that

213 1
T, . o ST b T . 3
) i W, = 03] < @l |B () i 18,05)” | [ fam, ]

with [[®]|Le = ]| L @0, x M)
Thanks to (4.97)5 in conjunction with (4.98); we see that the right-hand side of the above inequality
converges to 0 as ny — oo. Hence, I; converges to 0 and then (4.112)5 holds.
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By Lemma 4.4 and Hélder’s inequality, we have

1

W) [ (B ()] Vi, wy)x(s)ds)| < c| @l [E [, |VA2ds]? [E [ |Gn, [2ds]? — 0, (4.115)

and therefore Iy — 0 as nj — 0o. We recall that énk = Qn, — P-
For fixed ® € D and ¢ € L3(2, F,P; L2(0,7T;U)), the mapping

B T
. <<z><w> / (D(s)VH(5), ) x(s)ds>

is a continuous linear functional on L2(Q, F,P; L?(0,T;U)). Then, by invoking (4.103), we infer that
14 — 0 as ny goes to infinity.
Arguing similarly as in (4.115), we have

@) Jo ([Bon (Vi (8) = (), 0;) x(3)ds)]
< cH«aneo (B Jy (V)2 + Viine (5) 2] ds] * [E Jy I, (5)[ds

Using now (4.116), (4.97)7 in conjunction with Lemma 4.4, it follows that I3 converges to 0 as nj goes
to infinity; and then we get the convergence (4.112)3.
Let us moves to the proof of (4.112),4. For this let us introduce the following set

D= {® = p(w)x(t)y; : 6 € L®(Q,P),x € D(O,T) and j = 1,2,...},

where {1; : j = 1,2,...} is defined in Sect. 4.1. Since this set is dense in L?(Q, F,®; L2(0,T;U)), it then
follows from [52, Proposition 21.23] that the claims (4.112)4 are achieved if we prove that

W) fy {iin, (5)-VGn, (5) — (s).V(5),005) x(5)ds) — 0,
for any ® = dw)x(t)y; € D. For this purpose, we begin by rewriting the last identity as follows

Nl

(4.116)

E(¢ fo unk( )-Vén, (s) —uls).Ve(s), v > ( )dS) v
fo unk - Qﬁnk,VﬂJj) de ) 0 @nk - 95]7 ij) de)
= IG + I7

By the Holder inequality and Lemma 4.4, we have
1= T =
) fy (@Gn,], Vioy) xds)| < | @] [E [y [a(s)[2ds]3 [E [y |&n, (s)[2ds]/2 =0,
as ng — oo. Hence, Iy — 0 as np — oo.
By Holder’s inequality, we obtain

fo (unk Qpnk( )aij) ( )d5)| <CH(I)||L°° Efo “Pnk|2ds Efo |unk )‘2d8]%’

from which in conjunction with (4.97)¢ and Lemma 4.4, we infer that I — 0 as ny, goes to infinity. Hence
(4.112)4 holds.

Thanks to (4.100)—(4.101), the continuity of P} g1(un, ,¢n,) and the applicability of dominated con-
vergence theorem, we infer that (4.112); holds. The proof of Proposition 4.7 is now complete. ]

Remark 4.1. Almost surely the paths of the process (@, p) are H = Gqiy x H-valued weakly continuous.
Indeed, we note that from (4.96)4 and the fact that the processes @ and ¢ satisfy the estimates (4.97);
and (4.97)a, respectively, see Lemma 4.4; it follows that almost surely (%, ¢) € C(0,T; W.) N L?(0, T; H).
Hence, we infer from [48, Theorem 2.1] that P-a.s. (@,$) € C(0,T;H,), where C(0,T;H,) denotes the
space of weakly continuous functions u : [0, 7] — H. By closely follows the proof of [48, Theorem 2.1], we
derive from [48, Eq. (2.1), p. 544] that (a(t), p(¢)) € H for all ¢ € [0,T]. We can used the same argument
to prove that P-a.s. (iin, (), §n, (t)) € H for all t € [0,T].
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Now, to simplify notation let us define the processes M, (t) and R, (), t € (0,T] by
¢ ¢
W (6 = s () = o, + [ PN (uni s = [P, Bolin, )i

/PnkwnkVunkds—/ Pnkgo ds—/ P 91 (U, Py, )ds

and

t t
mnk (t) = 95711@ (t) - 9507% - /0 ’ng Alank (S)ds +/0 P’Zkﬁnk (S)Vsank (s)ds =0.

Proposition 4.8. Let 11/5 <p < 12/5 93?(25) and R(t), t € (0,T] be two processes define by
M (t) = a(t) — uo + [y (N (s) — Bo(i(s )) @(s)Vii(s) = go(s) — g1(a(s), &(s)))ds,
R(t) = (t) — vo — Jo AM dS + Jo @(s)-V@(s)ds.
Then, for any t € (0,T], we have
My, (8) = M(t) in L*(QF, B LY (0, T3V, ),
R, (1) = R(t) in L*(Q, f- P; L2(0,T;U")),

as ng — o0.

Proof. Thanks to Remark 4.1, the convergence (4.105); and Proposition 4.7, we see that
M, (£) — M(t) in L2(Q,F, P LY (0,7 Vi, )

as ny — 00.
Also, thanks to Remark 4.1, (4.98)3 in Lemma 4.4 and (4.112)4 in Proposition 4.7, we see that

R, (1) = R(t) in LX(Q,F,P;L30,T;U"))
as ny — 00. O

Let N be the set of null sets of F and for any t > 0 and k € N, let

Fi = 0(0((tin, (5), Py (8), Wi (8))5 8 < ) UN),
Fi = o(a((a(s), ¢(s), W(s));s <t)UN),

be the completion of the natural filtration generated by (i, , $n, Wnk) and (@, @, W), respectively.

We infer from Proposition 4.4 that the law of (un, ., W) are equal to those of (i, @n, Wy) on
X=X, xC(0,T; K), with X; = L?(0,T;H)NC(0, T} ; WY). Hence, it is easy to check that W, is a sequence
of K-valued Wiener process adapted to the filtration F™ := {F/" : t € [0, TT}. Also from Proposition 4.5,
we see that W is a K;-valued Wiener process adapted to the filtration F := {]—'t t €[0,7]}. The W’-
valued stochastic processes (iin, , @, ) and (i, @) are adapted with respect to F™* and F as well. Hence,
since their sample paths are continuous in W/, we infer that there are also predictable in WZ.

We now give the following important result.

Proposition 4.9. For each t € (0, T] we have

= Jy Ph,92(8, iy (), P ()W, — [ g2(s,1i(s), (s))dW (4.117)
in L?(Q, F, P; L (O,T; Gdiv)) and the following identity holds P-a.s
M(t) = [y gals, i(s), §(s)dW (s). (4.118)

Proof. The proof of (4.117) and (4.118) is similar to that of Lemma 3.13 and Proposition 3.16 of [45].
O

The process (4, @) satisfies the following property
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Proposition 4.10. For any q € [2,00), we have (@, @) € L4(Q, F,P;C(0,T; H)).

Proof. In fact, from (4.118) in Proposition 4.9 and the last convergence in Proposition 4.8, we have for

each t € (0,7]
a(t) = uo + [ G(s)ds + [1 S(s)dW (s),
o(t) = o +ﬁ)AM )ds —Ofo ).V@(s)ds (4.119)

where
G(.) == =N()+ Bo(a(.)) = p()Vi(.) + go(-) + gr(a(.), (), S() := g2, a(.), 2(.))

From the properties of go and thanks to (4.105); and (4.112)1 23, we have G(.) € L2(Q, F,P; )i

(0,75 Vg, ) By E sup |a(s)|? < C,E sup [@(5)[|} 2042 < C (see Lemma 4.4) and assumption (Hs),
s€[0,T] s€[0,T)

we obtain S(.) € L*(Q,F,P; L°(0,T; Ly(K, Gaiv))). Thus, we infer from [30, Chapter I, Theorem 3.2]
that there exists Q; € F such that P(Q;) = 1 and for each w € Q; the function @(w,.) takes values in
Gliv, and it is continuous in Gg;, with respect to t.

Since /i also satisfies the estimate (4.97)7 (cf. Lemma 4.4), we can easily show that Aj € LY(Q, F,P;
L2(0,T;U")) and thanks to (4.112), in Proposition 4.7 and (4.119)3, we derive that ¢, € L(€, F,P; L?
(0,75U")). Also since ¢ satisfies the estimate (4.97)g (cf. Lemma 4.4), we infer from [51, Lemma 1.2,
page 261] that for P-almost all w € Q the trajectory P(w, .) is equal almost everywhere to a continuous

H-valued functions defined in [0, T]. Now, since E sup \u(s)\q < C, E sup 1@(8)]|] 2042 < C we infer
s€[0,T] s€[0,T]

that (@, p) € LY(Q, F,P;C(0,T; H)). O

To complete the proof of Theorem 3.1, we need to prove some additionally results.
Proposition 4.11. We have the following identity

N(.)=N(a) in L*Q,F,P;L7 (0,T; Vi ,))-

Before proving this proposition, we first state and prove the following important result.

Proposition 4.12. The following energy identity holds
E€or (a(T), §(T)) + 2E /T[(N(S), a(s)) + [V(s)|*)ds
p (4.120)

= Eunuon i) + B [ a8 DI 1)+ 2U0(5) + 91 (3,2), 0

Proof. Since the processes G(.) and S(.) define in (4.119) belong to L2(Q, F,P; LY (0,T; Viiv,p)) and
L2(Q, F,P; L°°(0,T; Ly (K, Gaiy))), respectively, we can apply the Ité formula to the process ||? (see, for
instance, [42, Theorem 4.2.5]) and derive that

T

T
oF; / (N(s),(s)) ds = |iio|? — E|a(T)[? - 2E / (B(s)Vils), a(s)) ds

+ fE/O 2[(g0(s) + g1(a(s), 2(5)), a(s))] + llg2(s, @(s), BN, (k,Gare) @55
(4.121)

where we have also used (2.9);.
We note that (4.119)2 can be rewritten in the following form

(0rp, ¥5) + (VIi, Vipy) = (u@, Viby). (4.122)
Now taking fi as a test function in (4.122) and multiplying the resulting equality by 2, we get

2L E(P() + 2AViP = 2, Vi), (4.123)
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Integrating now (4.123) between 0 and T and adding the resulting equality to (4.121), we obtain (4.120).
O

We now give the proof of Proposition 4.11.

Proof. For the proof, we will use the method of monotonicity (see, for instance, [40, Chapitre 3, Section

3, p. 103]).
From Propositions 4.1-4.2, we have for any j =1,2,...,n
(it (1), w05) = oy 0;) = Jy (P, [N () = Bolin, )], w; ) ds
— fo P}Lk¢nkVunk,wj>ds+f0T ~,1Lkg0,wj)ds (4.124)
- Jo (Phg1 (s Bo)sws ) ds + [ (P, ga(5. s Gy ) 0;) W,
and

(i (1)) = BPomes V) + fo (PR, Afiny ) + J (P2, iy V. h5) ds (4.125)
where (w;, ;) are introduce in Sect. 4.1.

Now from (4.124), (4.112)1 2.3 (see Proposition 4.7), using (4.117), Remark 4.1 and (4.100), we derive
that

(@), w5) = (uo, wy) + fy (Gls),w;)ds + [y (S(s),w;)dW(s),

where G(.) and S(.) are defined as in the proof of Proposition 4.10. Also from (4.99)s and (4.124), we
infer that

. T T ~
(m,w;) = (G0, w;) + [5 (G(s),w;)ds+ [5 (S(s),w;)dW(s),
for all j > 1. Hence, from this two previous equalities, we infer that n; = @(7) in L? (Q,]}, P; Gaiv)-
Thanks to (4.125), using Remark 4.1, (4.112)4 in Proposition 4.7 and (4.103), we get
. T, .~ T, o~
(@(T), ;) = (po, 1) + [y (Afishy)ds + [ (@.V, ;) ds. (4.126)
Owing to (4.125) and (4.102), we get

(12,05) = (Go, ) + Jiy (Afiyy)ds + [ (@.V3,4;) ds.

Thus, from this two previous equalities, we derive that 7, = G(T) in L*(Q, F,P; H).
Applying also the Ito formula to the process |iy, |?, we derive that
T

T
9 [N i) s = lions* = Blin, (1) =26 [ (P, G Vit ) s
0 0 (4.127)

T
+ ]E/O 2((Py, [90(5) + 91 (liny, G )]s o )] + 1Py, 928, Ty B ) IZ, (1, i) 05

Making similar reasoning as in the proof of (4.120), we can easily check that the processes t,, and @,
satisfy

Egtot(ank (T), Pn,, (T) JrQIF:fOT (ny, (8)); Uiny (8)) + |Viin, (s )‘Q]ds
*Stot(u(mka(POnk JFEIO ||P'}Lk92(s Uiny (8), Pn (5))HL2(K Gaiv) (4.128)
+2E [ [(PL, [90(5) + 91(iim, (5), Gy ()] Tim, (5))]ls
Take now an arbitrary v € L?(Q, F, P; LP?(0,T; Vaiv,p)) and set

T
Zn, (T) = IE:gtot (tiny (T), Py (1)) + QE/O (N(tn,,) = N(v),tp, —v)ds
(4.129)

T
+ E/ 2|v(lank - /1)|2 + ||,P711k92(57ﬂnk795nk) - 92(571]’ Qb)HQLz(K,G’diV)dS‘
0
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Using (4.128), we see that Z,,, (T) can be rewritten in the form

T T
2, () = Evoniion, Gom, ) — 2 / (N(iin,), v} ds — 2 / (N(©), i, — ) ds
0 0

T T T
4B [ (Vi Vs +2E [ ViPds = [ lon(o 0 DI s

T T
428 [ 1Ph 25, 80 s+ 28 [ (P 0(0). )
T
+ 2/ (92( ﬁ Qb) 7P}LkQQ(SﬂankﬂSbnk)%gQ(S)a?@))L2(K7Gdiv) ds (4130)

T
+ 2E/ <7) 9 unkaénk) _gl(aa¢)7ﬂnk>ds+2E/ <gl(ﬂ’?<)5)7ﬂ”ﬂk>ds‘
0

Now, from the fact that tg,, — uo in Gy and Go,, — @o in H*(M) and hence also in L (M), we
derive that

Erot (Wony, » Pony.) — Erot (U0, po) as ny — oo.

From (4.105); and (4.99); we obtain

E fy (N(in, (5)),v)ds = B [y (N 7v> ds,
I~Ef0T (N (v), U, (s) —v)ds — Efo v),a(s) — v)ds,
E [y (g1(a(s), §(5)), tin, (5)) ds —>]Ef0 1(a(s), ¢(s)), u(s)) ds

as ny — 0.
Thanks to (4.98)3, we have

fEfOT(Vﬂnk (s), Vii(s)ds — EfOT |Vii(s)|?ds as ny — oo.
It follows from (4.99); and (4.112); that
E fy (Ph01(in, (5), i () — 91.(ii(5), $(5)), b, (5)) ds — 0 as my — o0,
Note that (P} go(s),tn, ) = (Ph, go(s), in, — ﬂ> (P} go(s),@). From this observation and making use
of the convergence (4.98); and P} .90 — go in LP (O,T, de’p), we infer that
EfOT <P7llkgo(s),ﬂnk (s)> ds — IEfOT (go(s),u(s))ds as ny — oo.

Now, thanks to the continuity of P} go and (4.96)4, we can arguing as in the proof of (4.100) to derive
that

P 92(8, @y, Pry) — 92(s,1(s), 5(s)) in Lao(K, Gaiv) dP @ dt-a.e.. (4.131)
From (4.131), (4.97)1,2 and (H3), we can apply the Vitali convergence theorem to derive that
P 92(8, Tny, Py ) — g2(s,1(s), B(s)) in LY (Q,F,P; L*(0, T; La(K, Gaiv))). (4.132)
It follows from (4.132) that

~ T ~ ~ - ~
B J 2P, 925, e, )2 s i,y — 19205, 8 D)2, (. 1
T

—>I~E/ ||92(3 ﬁa@)nig(K,de)ds’
fO (92 Pl gQ(Svank,v(aénk) ( u ¢))L2(K,Gdiv) ds — 0’

as ng — 00.



JMFM Nonlocal-CHNS Page 37 of 42 46

Letting ng — oo in (4.130) and using all the previous convergences, we see that
Zni(T) = Euorlo, 90) = 2 [y (N(s), v) ds - 2F [T (N (v),a(s) — v) ds
9B [T |Vi(s)Pds + B [ llg2(s, a(s), 8)II2, i o008 (4.133)
= T - ~ T - - -
+2E [ (go(s),a(s)) ds + 2E [ (g1((s), §(s)), u(s)) ds.

On the other hand, thanks to item (b) in Proposition 2.1, to the lower semicontinuity of the norms, using
Fatou’s Lemma we have

lim inf Z,, (T) > E&u (a(T), 3(T)). (4.134)

N — 00
Hence, we obtain
]Egtot(fb(T), @(T)) S gtotSUO%QOQ) — QE fOT <]Y(572, ’U> dS — Q]E fOT <N(U)7 'EL(S) — U> dS
28 T V() Pds + E T llg5(5, (), (DI, oy 05
= T - ~ T - - ~

+2E f; (go(s),i(s)) ds + 2E [; {(g1((s), &(s)), u(s)) ds,

which, combined with (4.120) in Proposition 4.12, yields the variational inequality
2R fOT (N(s) — N(v(s)),v(s) —u(s))ds <0 (4.135)

for any v € L*(Q, F,P; LP(0,T; Vaiy ). Let ¢ € L*(Q,F,P; LP(0,T; Vyiyp)) and € > 0. By taking v =
@ £ e, we derive from (4.135) that

2B [} (N (s) — N(a(s) % €((s)), 2e((s)) ds < 0, (4.136)
from which along the hemicontinuity of N we conclude the proof of Proposition 4.11. O
We can now give the proof of Theorem 3.1, which concerns the existence of a weak martingale solution.
Proof. Endowing the complete probability space (Q, F,P) with the filtration F = {F, : t € [0,T]}, where
the o-algebra F; is defined by
Fi = o(o((a(s), §(s), W(s)); s < t) UN),

and combining Propositions 4.5, 4.9, 4.10 and 4.11 , we derive that the system {(Q, F,F,P), (i, », W)} is
a martingale solution to (2.17) or (2.18) which satisfy all the items of Definition 3.1. This ends the proof
of the existence theorem. (]

5. Exponential Decay of the Weak Solution

In this section, we will prove that any weak solution (@, @) to (2.17) or (2.18) converges to zero exponen-
tially in the mean square. So in the rest of this section, we will assume the existence of such solution.
We first note from (2. 20) that

(N(@),a)y,, = [uT(Di). Dide>c [y, (|Dal? + |Dal?) dx
Owing to Korn’s inequalities, we infer from this previous inequality that
(N (@), )y, > a (@, + al?,) > aélal,
where ¢; is the constant in Poincaré’s inequality. Setting ¢3 = ¢;1¢2, then
(N(@),a)y,, = cslaf®. (5.1)

We also remark that by setting (i) = ﬁ Sy fidz and since the mean of ¢ is zero (cf. Remark 2.1), we
have

(i, @) = (b= () , @) < Cp| Vil 2], (5.2)

where C), is the Poincaré-Wirtinger constant.
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To prove exponential stability, furthermore we assume that the constant c; is such that

C
55 > |J|L1(1R3)- (5.3)

Theorem 5.1. We assume that g1 =0, F'(0) = 0 and there exists a constant { > 0 such that
lg2(t, a(t)s GONT 5 (1, Gary < V() + (¢ +8()) (Ja(®)* + |2(1)]%) (5.4)

where y(t) and §(t) are nonnegative integrable functions such that there exist real numbers 8 > 0, M, > 1,
Ms > 1 with

Y(t) < Mye ™ §(t) < Mge™ %, t>0. (5.5)
We also suppose that there exist positive constants cg,, My, Mg and two integrable functions a(.) and
B(.) satisfying
0 < at) < Mue ™, 0<p(t) < Mge ™, (5.6)
and
(gr(a(t), g(t)), a(t))y,,, , < alt) + (cqy + B()) (Ja(®)* + |2()[) . (5.7)

for any t > 0 and (u,p) € H.
Furthermore, we assume that F" (o) € L*(M) and we suppose that

~ 2(657‘J‘L1(R3)) 2¢cg, +¢
263 > 2cq, + (¢ and o (05—\J\1L1<R3>)' (5.8)

Then any weak solution (u(t), p(t)) to (2. 17) or (2 18) converges to zero exponentially in the mean square.
That is, there exist real numbers b € (0,6), My = Mo(uo, po) > 0 such that

Ell(ﬂ(t)@(t))llm < Mpe™™, t>0.
Proof. We recall that in Theorem 3.1, we have proved that the process (@, @, W) is a weak martingale

solution of problem (2.17) in the sense of Definition 3.1. Now from (3.1); and Itd’s formula (see, for
instance, [41, Theorem 1. 3. 3. 2, page 147]) we obtain

|a(t)]* = |uol|* — 2/0 (N(a(s)) — Ri(o(s)) — gr(a(s), o(s)), u(s)) ds
(5.9)

[ a5 2N s +2 | (aa(s,5(5). (). 80) A (),
where we have also used the fact that (Bo(a(s)), a(s)) = —bo(u(s), u(s),u(s)) = 0. Here (.,.) denotes the

dual pairing between Vgiy , and V({ivm relative to Ggjy -
Thanks to (3.1)2, we have

(@e(t), (1) = —IVAR)* + (Bu(a(t), (1), a(t)) t € [0,T).
Note that since F/(0) = 0 and 4 (Jp F(0,2)dz) = 0, we have

(Bt), i) = (B1(0),ap(t) — T = 3(t) + F(3(1))

-2 {M BOR = 507+ 2(0.50)) + [ [P(3(t.2) = F(O) = F/O)p(t.)da
Using Taylor’s formula, we have

Sl F(@(t,2)) — F(0) — FO)@(t,a)de = § [ F"(€3(t, 2))(3(t,2))2da

for some 0 < £ < 1. Thus, from (5.10), we get

(e(t), (1)) =

} (5.10)

ag(t)]® = (J *¢(t), o(t)

{IVa () + [ F (60 (t,2))(&(t, 7)) *dw }
7 U (a(@) + F7(§0(t @) (8(t, P

x))2dz — (J* @(t), 4(t)) } -

&\&E:\Q

1
2
1
2
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Therefore, we have

2z { /M (ale) + F"(65(t,2))) (@(t,2))da — (]  $(2), ¢<t>>}

= —|Vat)]? + (Bi(a(t), a(t)), iu(t)) -
Now integrating (5.11) between 0 and ¢, multiplying the resulting equality by 2 and adding it to (5.9),
we obtain

0P + | (ale) + PR D)) B ) = (75 20 6(0) + 2 [ (N (). 30 + Vi

(5.11)

= Jul? + /M (ala) + F" (€0 () (0o(2))dz — (T * o, 00)) +2 / (@ (@) ayds  (512)

¢ ¢
+ [ oo, B) R s +2 | (o). ) ).
Since (5.8) is satisfied, we can choose a constant b € (0, 6) such that

2(05 — ‘J|L1(R3)) S (: —+ 2091
CZQ, ey — ‘J|L1(R3)

263 > 2¢4, + ¢+ and +b. (5.13)

Hence, applying again the It6 formula to the real process
ebt [|11(t)|2 + {/ (a(x) + F"(€@(t, x))) (@(t, ) 2dx — (J * §(t), @(t))H , using (5.12) and since the math-

ematical expectation of the stochastic integral vanishes, we obtain

M [|a<t>|2 ; { [ @)+ (g0 (ple. 0o~ (7500 ¢<t>>}]

o /0 e (N (i(s)), i(s)) ds + 28 /0 €|V ji(s) 2ds

~ Juof? + { /M (ale) + F"(€g0(2))(o(@))2dz — (J * o, m)} (5.14)

+ 2R / e (g1 (i(s), 3(s)), i(s)) ds + E / ¢”*llga(s,a(s), ()12 (1. Gare 45

_|_

t
08 [ [laP +{ [ @t Pepto.a) (Go)Pde - (7 50006060} .
0 M
Using Assumption (Hy), (5.3) and Young’s inequality for convolutions, we obtain
S @+ F"(£9)) P*da > c5|¢® > || L1 (re) |9 = (J * &, 9).
Therefore, we have
S (a+ F'(£@)) *dx — (J + &,¢) = 0. (5.15)
Using the Taylor series expansion, Assumption (H4) and the fact that F’(0) = 0, we see that
([1’7@) = (a’@ —Jx 95 + F/(()a)v@) = (a’{j —J* 95:'_?/’(‘@) - Fl(q>7§5)
= (ap + F"(6@)p, @) = (J % &, p) (5.16)
> (e5 — || (re)) |2,

for some 0 < £ < 1 and where we have also used the Young inequality for convolutions. From the above
relation in conjunction with (5.2), it follows that

ol < 61|Vl (5.17)
. Using Cauchy—Schwarz’s inequality, (5.2) and (5.17), one has

(ap + F"(£0),¢) — (J * 3, ¢) = ({1, ) < 61Cp| Vil (5.18)

— CP
where §; = PP
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Thanks to Holder’s inequality, Young’s inequality for convolutions and (2.22), we obtain

Jaq (a(z) + F" (Epo(x))(wo(2))?da — (J * ¢o, ¢0))
< (lalpee vy + 1|2 @a)+) leol® + [F” (E90)| L2 (a0l Lo (A1) 0] (5.19)
< 2| | w3y lol? 4 [F7(£00)| L2y [0l Loe () [0l

where we used the fact that pg € H*(M) — L>°(M) and that |a|peng) < | |01 (rs)-
Inserting now these estimates (5.18)—(5.19) in (5.14), using also (5.17), (5.7), (5.4) and (5.1), we get

M [m(t)? ¥ { [ @)+ (g0 (plt. 0o — (7 500, ¢<t>>}]

t t
2 / b |ii(s)[2ds + 2R / €|V ji(s) 2ds
0 0
< Juo|? + 21| L1 (rs)lpol® + 1" (€0) | L2 (am) [90| Low (a) 0] (5.20)

t t
+ / (2M,, + M,,) e~ %ds + (2¢,, +C + b)INE/ e¥|i(s)|*ds
0 0

+ [é4 + &b /Ot " |Vji(s)|*ds + E /Ot (2Mg + M) e~ (as), B(5)) |[Fds,
where ¢4 = (2¢,, + )67, é5 = 61C,, and 4y is given by (5.17). Hence, from (5.13) and (5.20) we have
M)+ { [ () + F66(0) (Bt 0) e — (52005000}
< Juol® + 2|7 1 @) ol + [ F" (€0)| 2 () [0l L (any [0 (5.21)
+ /Ot (2My + M.,)) e®=P%ds + E/Ot (2Mp + M) e®=9%|(a(s), 3(s)) | B ds.

By using (5.16) and (5.21), we can easily see that

|UO|2 |<P0|2 |0l

E|(a(t), p(1))1E < 5 +2]J |1 (ms) 5 +$|4P0|L°°(M)|F//(§¢0)|L2(M)

(5.22)

1/t 1. [t
+ = / (2M,, + M) e®=%ds + 5—E / (2Mg + M;) e®=9%| (@, @)||4ds,
2 J0 2 0

where dy = min(1, (¢s — |J|11(r3))). Now, by applying the deterministic Gronwall’s lemma, we can infer
the existence of My = Mo (|uol?* + 2[J| L1 (ms)lwol* + [F” (€w0) |2 () [P0] Lo (a1)|0]) such that

E|(a(t), p(t) |5 < Moe™® for all ¢ > 0.
This completes the proof of Theorem 5.1. O
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