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Abstract. In this paper, we consider the local regularity of suitable weak solutions to the 3D incompressible Navier—Stokes
equations. By means of the local pressure projection introduced by Wolf (in: Rannacher, Sequeira (eds) Advances in
mathematical fluid mechanics, Springer, Berlin, 2010, Ann Univ Ferrara 61:149-171, 2015), we establish a Caccioppoli type
inequality just in terms of velocity field for suitable weak solutions to this system

2 v 2 <C 2
02 30 15y + IV 2 g gy < Clll2zp o Clulldzp

[N

This allows us to derive a new e-regularity criterion: Let u be a suitable weak solution in the Navier—Stokes equations.
There exists an absolute positive constant £ such that if u satisfies

// |u|?%/ 7 dadt < e,
JQ(1)

then u is bounded in some neighborhood of point (0,0). This gives an improvement of previous corresponding results
obtained in Chae and Wolf (Arch Ration Mech Anal 225:549-572, 2017), in Guevara and Phuc (Calc Var 56:68, 2017) and
Wolf (Ann Univ Ferrara 61:149-171, 2015).
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1. Introduction

We focus on the following incompressible Navier—Stokes equations in three-dimensional space
—Au+u-Vu+ VII =0, divu =0,

u|t:0 = Uo,

(1.1)
where u stands for the flow velocity field, the scalar function IT represents the pressure. The initial velocity
ug satisfies divug = 0.

In this paper, we are concerned with the local regularity of suitable weak solutions to the 3D Navier—
Stokes equations (1.1). This kind of weak solutions obeys the local energy inequality below, for a.e.

e [-T,0],
/f u(z, )| *¢(x, tdac+2/ /stm pdxds

/ /|u\ (050 + Ad) dxds+/ /u Vo(|u? + 211)dzds, (1.2)

where non-negative function ¢(z, s) € C§°(R? x (=T,0))

) Birkhauser
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Before going further, we shall introduce some notations in what follows. For p € [1, oo], the notation
LP((0, T); X) stands for the set of measurable functions on the interval (0, T') with values in X and
I/ (¢, )|lx belongs to LP(0, T'). For simplicity, we write

[flea@aryy = 1 e (=209 and [[f ey = [If e @),

where Q(r) = B(r) x (t —r2,t) and B(r) denotes the ball of center x and radius r.

Roughly speaking, the local regularity of suitable weak solutions is intimately connected to e-regularity
criteria (see, e.g., [1,3,4,7,8,11-13,15-19]). Particularly, a well-known e-regularity criterion is the follow-
ing one with p = 3: there is an absolute constant € such that, if

2
1l ooy + T oy < & (13)

then u is bounded in some neighborhood of point (0,0). This was proved by Lin in [12] (see also La-
dyzenskaja and Seregin [11]). In [10], Kukavica proposed three questions regarding this regularity criteria
(1.3)

(1) If this result holds for weak solutions which are not suitable.

(2) It is not known if the regularity criteria holds for p < 3 in (1.3).

(3) If the pressure can be removed from the condition (1.3).

Recently, Guevara and Phuc [7] answered Kukavica’s issue (2) via establishing following regularity criteria

[l L2260 (1)) + 1Tl Lrac@ay) <&, 3/q+2/p="T/2 with1<q<2. (1.4)
Later, He et al. [8] extended Guevara and Phuc’s results to
lullzea@qy) + Iz @y <&, 1 <2/p+3/g<2,1<p, ¢ < oo (1.5)

To the question (3), for a given bounded C? domain £ C R?, Wolf introduced the local pressure projection
depended on domain (for the detail, see Sect. 2) W, q : W=1P(Q) — W=1P(Q) (1 < p < o) in [18,19]
and obtained a e-regularity criterion without pressure below

// lul3dzdt < e. (1.6)
Q(1)

In addition, very recently, in [3], Wolf and Chae studied Liouville type theorems for self-similar solutions
to the Navier—Stokes equations by proving e-regularity criteria

3
sup / lulfde < e, = <q<3. (1.7)
B(1) 2

—1<t<0

Based on Kukavica’s questions and recent progresses (1.4)—(1.6), a natural issue is whether the regularity
criteria (1.3) holds for p < 3 without pressure. The goal of this paper is devoted to this. Before we state
our results, we roughly mention the novelty in [3,18,19]. For any ball B(R) C R3, by the local pressure
projection, Wolf et al. presented the pressure decomposition

_VII = —§,VII, — VII; — VII,,
where
VII;, = — p_’B(R)(u), VIIL; = Wp,B(R)(AU>7 VII; = — p,B(R)(u : Vu)

After denoting v = u + VII,, one gets the local energy inequality, for a.e. t € [—=T,0] and non-negative
function ¢(xz, s) € Cg°(R? x (=T,0)),

t
/ o2 (. t)dz + / / V|6, O)deds
B(r) -7 JB(r)
t t
S/ / \v|2(A¢+6t(b)dxds+/ / v[2u - Vodsds
—TJB(r) -7 JB(r)

t t t
+ / / P(u@ v : V2, )dsds +/ / IIv - Vdzds + / / Ipv - Vodzds.  (1.8)
—T J B(r) —T J B(r) —T J B(r)
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It is worth pointing out that any usual suitable weak solutions to the Navier—Stokes system enjoys the
local energy inequality (1.8). We refer the reader to [2, Appendix A, p. 1372] for its proof. As stated in
[3,18,19], the advantage of local energy inequality (1.8) removed the non-local effect of the pressure term.
Based on this, Caccioppoli type inequalities without pressure are derived in [3,18], respectively,

2 2 2 3
||U||L3,%Q(%) +IVullza gy < Cllullzs@ay) + Cllulizs@ay)- (1.9)
Sq 3
2 2 2¢-3
U +||Vu <Cu +C Py , = <qg<3. 1.10
024 1 )+ IV i) < O gy S, S < (110

Our first result is to derive a new Caccioppoli type inequality in terms of the velocity field only

Proposition 1.1. Assume that u is a suitable weak solutions to the Navier—Stokes equations (1.1). There
holds

+C’|| 1 20

. 1.11
L7(Q() ( )

”u”i%‘),lf‘ (%) + ”quiZ(Q(%)) § C||U||i2

Q(1)

This Caccioppoli type inequality allows us to obtain our main result

Theorem 1.2. Let the pair (u,Il) be a suitable weak solution to the 3D Navier—Stokes system (1.1) in
Q(1). There exists an absolute positive constant € such that if u satisfies

llwll 207 (1)) < & (1.12)
then, u € L>(Q(1/16)).

Remark 1.1. This theorem is an improvement of corresponding results in (1.4)—(1.7).

We give some comments on the proof of Proposition 1.1 and Theorem 1.2. Though the non-local
pressure disappears in the local energy inequality in (1.8), the velocity field u losses the kinetic energy

|lwe|| Los.2. In contrast with works [3,18], owing to ||uHL3 oy appearing in Caccioppoli type inequalities
n (1.9)—(1.10) and without the kinetic energy of u, it seems to be difficult to apply the argument used in

[3,7,8,18] directly to obtain (1.11). To circumvent these difficulties, first, we observe that every nonlinear
term contains at least v in the local energy inequality (1.8). Meanwhile, v = u 4+ VII;, enjoys all the
energy, namely, ||v]|p~r2 and ||Vv]||p2rz2, where IIj is a harmonic function. Hence, it would be natural
to absorb v by the left hand of local energy inequality (1.8). Second, this together with the iteration

Lemma 2.2 allows us to establish the Caccioppoli type inequality for Hu|| 0w + HVUHiz(Q(;))

instead of ||u||23 15 + || Vul|? 12(Q(1))" However, this is not enough to yleld the deswed result, which

75 Q(3)
is completely dlfferent from that in [7,8]. To this end, in the spirit of [3], we adopt Caccioppoli type

inequality (1.8) and induction arguments developed in [1,3,13,16] to complete the proof of Theorem 1.2.
Third, to the knowledge of authors, all previous authors in [1,3,13,16] invoked induction arguments for
folvl® < £2/3 To bound the term JJ [vPVIL, - Vdr in local energy inequality (1.8) by ff5|v[* < 23,
one needs VII € LP(I;|| - ||) with p > 3, where I is an time interval. Since VII;, is controlled by u, we
have to get w € LP(I;]-]|) with p > 3. However, from (1.11), we have u € LP(I; || -||) with p < 3, therefore,
induction arguments with HQLUP < 5?/ 3, seems to break down in our case. As said above, since we have
all the energy of v, we work with
o] ¥ <%,
Qr

instead of 3%1143 < 5?/ % in induction arguments. Finally, this enables us to achieve the proof of Theo-
rem 1.2.

The remainder of this paper is structured as follows. In Sect. 2, we explain the detail of Wolf’s the
local pressure projection W, o and present the definition of local suitable weak solutions. Then, we recall
some interior estimates of harmonic functions, an interpolation inequality, two classical iteration lemmas
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and establish an auxiliary lemma utilized in induction arguments. The Caccioppoli type inequality (1.11)
is derived in Sect. 3. Section 4 is devoted to the proof of Theorem 1.2.

Notations Throughout this paper, we denote

B(z, ) = {y € R"||z —y| < p}, B(p) := B(0, ), B(p) = B(wo, p),
Q(l’,t,ﬂ) = B($, /u’) X (t - ,u2a,t), Q(/L) = Q(0,0,,u), Q(:u‘) = Q(x()vtOnu),
T = 2_k, Bk = B(Tk), Qk = Q(Tk).

Denote the average of f on the set Q by f. For convenience, f, represents f B(ry and I B, 1s denoted by

I;,. || represents the Lebesgue measure of the set 2. We will use the summation convention on repeated
indices. C' is an absolute constant which may be different from line to line unless otherwise stated in this

paper.

2. Preliminaries

We begin with Wolf’s the local pressure projection W, q : W=1P(Q) — W=1P(Q) (1 < p < c0). More
precisely, for any f € W=1P(Q), we define W=1P(f) = VII, where II satisfies (2.1). Let Q be a bounded
domain with 9Q € C!. According to the LP theorem of Stokes system in [5, Theorem 2.1, p. 149], there
exists a unique pair (b, II) € WHP(Q) x LP(£2) such that

— Ab+VII = f, divb =0, blyg = 0, /de:o. (2.1)
Q

Moreover, this pair is subject to the inequality

bllwr.aq) + [T ey < Cllfllw-1.a0)-

Let VII = W, o(f) (f € LP(Q)), then [[I|[zr(q) < O fllzr(0), where we used the fact that LP(Q) —
W=LP(Q). Moreover, from AIl = div f, we see that ||VII|| o) < C(|flle@) + 1T e ) < ClIf ||l Lr0)-
Now, we present the definition of suitable weak solutions of Navier—Stokes equations (1.1).

Definition 2.1. A pair (u, II) is called a suitable weak solution to the Navier-Stokes equations (1.1)
provided the following conditions are satisfied,
(1) we L®(=T, 0; L*(R®)) N LA(=T, 0; H'(R?)), Il € L*¥/2(=T, 0; L*/%(R?));
(2) (u, II) solves (1.1) in R x (=T, 0) in the sense of distributions;
(3) The local energy inequality (1.8) is valid and VII; is a harmonic function. In addition, VII;,, VII;
and VII; meet the following fact

IVIL |l o (B(R)) < lullLr(B(R)) (2.2)
VI 22 (B(R)) < IVUullL2(B(R)); (2.3)
IVIa |l sz ry) < Mul?llporesery)- (2.4)

We list some interior estimates of harmonic functions Ah = 0, which will be frequently utilized later. Let
1<p,g<ocand0<r < p, then, it holds

n

Cra
IV*R| Lo B(ry) < m”hHLP(B(p))' (2.5)
_ Cr%+1 _
Ih = hellLaBryy < mﬂh = hyllza(B(py)- (2.6)

The proof of estimate (2.5) rests on the mean value property of harmonic functions. This together with
mean value theorem leads to inequality (2.6). We leave the detail to the readers. In addition, for readers’
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convenience, we recall an interpolation inequality. For each 2 < < oo and 2 < k < 6 satisfying %—i—% = %,

according to the Holder inequality and the Young inequality, we know that

1—2 2
lull ety < C”U”Lz,éo(Q(#))HUHLLW(Q(#))
1-2 2
< Cllull gy (el 2= @y + IVl 2@
< Olllullz2@qu) + IVullz2@uy)- (2.7)
Next, we present two well-known iteration lemmas.

Lemma 2.1 [6, Lemma 2.1, p.86]. Let ¢(t) be a nonegative and nondecreasing function on [0, R]. Suppose
that

o(r) < A[(%)a + 5] 6lp) + By’

for any 0 < r < p < R, with A, B, «, B nonnegative constants and 3 < «. Then for any v € (3, «), there
exists a constant ko such that if k < ko we have for all0 <r < p < R

o) = {(5) o001 + 207},

where C' is a positive constant depending on A, a, 3,7

Lemma 2.2 [6, Lemma V.3.1, p.161]. Let I(s) be a bounded nonnegative function in the interval [r, R].
Assume that for every o, p € [r, R] and o < p we have

Io) < Ai(p—0) " 4+ As(p— o)™ + A3 + LI (p)

for some non-negative constants Ay, As, Az, non-negative exponents oy > an and a parameter £ € [0,1).
Then there holds

I(r) < clag, O)[A1 (R — 1)~ % 4+ Ax(R — 7)™ + Aj].
The following lemma is motivated by [3, Lemma 2.9, p. 558].
Lemma 2.3. Let f € LYQ(1)) with ¢ > 1 and 0 < 1o < 1. Suppose that for all (xo,t0) € Q(1/2) and

ro <7<
/ / 1 = F gt < O, (2.8)

Let VII =W, p1y(V - f). Then for all ( mo,to) €Q(1/2) and ro <r < %, it holds

J[ -t <o
Q(r)

Proof. From the definition of pressure projection W, p(1), we know that
Il ze8ayy < CIf = FeaylLasay- (2.9)

Let ¢(z) = 1,2 € B(3), ¢(x) = 0,2 € B(r).
Note that

AIl = diVWq,B(l)(V - f).
We set 11 = H(l) + H(g), where
Allyy = divW, 1) (V - [o(f — ?B(r))}%
therefore, as a consequence, it holds
All5) = 0,z € B(3r/4).
In view of classical Calderéon—Zygmund theorem, we have
HH(1) - H(I)B(T)HL‘I(B(T)) <C|f- ?B(T)HLQ(B(T))' (2.10)
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Combining this and hypothesis (2.8), we get
RPN 4
HH(l) - H(l)B(T)HLq(Q(T)) < (Ora.

The interior estimates of harmonic functions (2.6) and the triangle inequality guarantee that, for § < 1/2,

/ |H(2) H | dﬂ?
B(6r)
C(rh)3+e ‘
= (5)3+a ~/]::ﬁ’(r/2) e =t i e
< 093+‘I/ I — g, o %z + C Ty — 1y g, | d.
B(r/2) (r/2) B(r/2) B(r/2)

This and inequality (2.10) imply

—Tg) ~,,. | Ydads < CO>H // T — T3, o) |"dzds + Cr.
(2) B(r/2
//Q(f?r) B(on) Q(r/2) v/

Utilizing the triangle inequality again, (2.10) and the last inequality, we have

// |IT — ﬁé(er)|quds
Q(or)
// [y — Ty 5 )|quds—|—// M) —T2) 5 )|quds
Q(6r)

< [[[ 11 Fatamds oot [ 0Ty ftdads + 0
< Cg*ta // |H—ﬁé(r)|qdmds+07"4, (2.11)
o)

where we used the fact that [|g — G5 llr(5er)) < Cllg — ¢llLr(B(ry) With p > 1.
Now, applying Lemma 2.1 to (2. 11) and (2.9), we see that

// |H—ﬁ]§(r)\qd$c <crt // |H—ﬁ]§(1/4)|qu+0r4
Q(r) Q(1/4)
< CT4 // ‘f—?B(1)|qd.’f+C’l"4
Q)

< Crt.

This completes the proof of this lemma. O

3. Proof of Proposition 1.1

This section contains the proof of Proposition 1.1.
Proof of Proposition 1.1. It suffices to show, for any R > 0,

|| H2 20 15 + ||VU||L2 < CR™ ’Hu||2 zo ©

20,14
LT T Q) + CR™Jul[7 2 (3.1)

(R)) L7 (Q(R)
Consider 0 < R/2 <r < ?’C# < # < p < R. Let ¢(x,t) be non-negative smooth function supported in
Q(T‘g—p) such that ¢(x,t) =1 on Q(‘%Z%L IVo| < C/(p—r) and |V3¢| + |0rd| < C/(p —1)2.

Let VII}, = Wa7,5(,) (), then, there holds

Q(H)

VI p20/7py) < CllwllL20/7(g(p)) s (3.2)
M2 @) < ClIVUllL2 o)
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Mz o < Clllulll0 (3-4)

L7 Q) = ()’
Thanks to v = u + VII,, the Holder inequality and (3.2), we arrive at

/] val?|A6" + 00| <
Q(p)

[ul? + |V, |2

T+p)

C 3/2 z

’ // )
ED)

C 3/2 7

p // |u\20 " (3.5)
Q(p)

From now on, we drop the symbols ds and dzds for sunple presentation. Combining Holder’s inequality
with interpolation inequality (2.7) and Young’s inequality yields

//Q o $u - Vo

- ﬁ” V0| o rge 1901 Lo/ (e el L2/ (g

C
< — HU¢2HL10/3(Q(T+”)) “r‘ﬁH’UHLQO”(Q(T

||UHL20/7(Q(%B))

2

C
< E(H”&H%&w(@(m) + HV(WQ)H%Z‘(Q(,J))) + m”unizwnmp)y (3.6)

By virtue of interior estimate of harmonic function (2.5) and (3.2), we conclude that

VI, ||L20/7(Q(p))

r+p
||V2HhHL20/7(Q(T+p)) S (7
2 ( r
2

a llull 2o (o)
which leads to

/ Pt (u@ v : V3I,)
Q(p)

< ||U¢2||L10/3(Q(i£))||u||L20/7(Q(%£))||V2Hh||L20/7(Q(%a))

C,o%
S (R R B i R (3.7)

In light of Holder inequality, (3.3) and Young’s inequality, we deduce that

¢’ - Vo < [0l L2 (@rgey) Ml L2
//Q(p) (7] ) L2212 (Q(=4e))

2
<o )2|| 172 @rteyy EHHlHLz(Q(p))

C’p3/2 1 9
— . 3.8
(f] w¥)" + 551 uliacem (38)

We derive from the Holder inequality, (2.4) and Young s inequality that

C
Mow. O < _C 1o
//Q(p)¢ tov Vo= ( - )HW’ ”L%(Q(#))Hnﬂu%@(#))

2 2
+.4444447
ol Ul gy T o M2l o)

_16
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c
< 15 (100" e + IV a) + g llboraey  (39)

The Cauchy—Schwarz inequality and (3.5) allows us to obtain that

Jwesrse( [[wiratea ffworpre)
<2//Q(p) V|24 +1 Cp //Q()|u|20 % (3.10)

Substituting (3.5)—(3.9) into (1.8) and using (3.10), we infer that

o N // V(0g?)|*
—p2<t<0J B(p)

1 2)12 2412 c CP% 4
< 1 (106 2w o) + 1906 20 ) + TR e AU EET
Cp3/2 ) 1 )
+ o=y Il @een + 761 Vel
that is,
2 C C’pT(lJ
sup ve?|? + // vp?)|” < + U
—pzétSO/B(p) v Vi) (p=7)2 (p—r)m0 | ||L2U/7(Q( )
Cp?
W”UHLmﬁ(Q(p)) + 16||vu||L2(Q(p))a (3.11)
Together with interior estimate of harmonic function (2.5) and (3.2) implies that
Crs
VH 2 2 15 < o 921 H 2
IV 2 28 ) = (p—r)i IVl 3 g,
Crs

21 ” H 20

S -
(p—r)10 LT (Q(p)
With the help of the triangle inequality, interpolation inequality (2.7) and the last inequality, we get

1ll 20,35 0y S 1017 2 ) IV 2

L¥ % Qe

20 15 15
L7 2 Qe T (Q(r)

oo

r

sc{||v||i2,w@<,.)) HI9lEr@en} + a0 g

21

< { (p _ 7‘)2 + (P . 7‘)41% }||u||L20/7(Q(7+P))

Cp3/? Cr 1 9
{(p—r)2+(p_r) }||uHL2°/7(Q( + 16 1IVulz2 e

oo

Employing (2.5) and (2.3) once again, we have the estimate

Cr? Cr3p3/?
2 2 2
v Hh||L2(Q(r)) < m”vnhny@(#)) < (p— )5 lu ||L20/7(Q(p))

This together with the triangle inequality and (3.11) leads to

||VUHL2(Q(T)) s ||VU||L2 Q@) T & Hh||L2(Q(r))
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C Cpt 4
<
{ -2 (- JC e

Cp3/2 CT3p3/2 1 )
{(p o = a0/ g + 161Vl 00 (3.12)
Eventually, we infer that
10l 35,38 0, + 19002000
C Cpio
S (e e (L
Cp?/? Cr3p3/? Crt 5 3 )
{(p 2 + (p—r)3+2l + PESE: }||UHL20/7(Q(p)) + T6||vu|‘L2(Q(p))'
Now, we are in a position to apply lemma 2.2 to the latter estimate to find that
2 2 20,114
Fely 2 02 ) T IVulZa oy < CR™3lul? P quy TR Il gy
This achieves the proof of this proposition. O

4. Induction Arguments and Proof of Theorem 1.2

In this section, we begin with a critical proposition, which can be seen as the bridge between the previous
step and the next step for the given statement in the induction arguments. Next, we finish the proof of
Theorem 1.2.

Proposition 4.1. Assume that fo( \v|% < r°N with ry <r < ry,. There is a constant C such that the
following result holds. For any given (g, tg) € R™ x R™ and kg € N, we have for any k > ko,

sup L o2 4y // Vo2
77‘k<t to<0 Bk

9 k 3 7

9 5 3 4

<C  sup |v|2 +C Z r 747[ e 10 v’ 0 ( |v|13*0) ’ // \u|20 *
2 =ko Qi 3

—r2 <t—tg<0
- i3 10 % 20 lo b 3 10 % 20 %
—|—C’Zrlw(]§[~\v\? // #) +C’Zrl5(]§[~|v\*> (// uf*)
I=ko Q =k Q Qs
k l 3
+C’Zrl(]6[~|v|%o v // \Vu\ —|—C’Z7‘l ]6[|11|10 v’ N3/5
I=ko Q1
T l
o L e
Qs

Proof. Without loss of generality, we suppose (z,tg) = (0,0). We denote the backward heat kernel

1
4 (ri — t)3/2 €

w)

__l=?
4(rZ —t)

[(x,t) =

In addition, consider the smooth cut-off functions below
1, (:L’,t) € Q(rko+l)a

Y= 0, e @ (3%“);
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satisfying
0< ¢, ¢ < 1and 1%, |0ud(x,1)| + 1y, |0, d(, )] < C.

To proceed further, we list some properties of the test function ¢(z,¢)T'(x,t). A detailed proof can be
found in Kukavica [9, Proof of Lemma 1, p.720].

(i) There is a constant ¢ > 0 independent of rj such that, for any (z,t) € Q(ry),
[(x,t) > erp .
(ii) For any (x,t) € Q(rk,), we have
D(z,t)p(x,1)| < Or %, [Vo(,t)I(x, 1) < Or*, |é(x,t) VD (z, 1) < Or*
(iii) For any (x,t) € Q(3rk,/4)\Q(rk,/2), one can deduce that
I(x,t) < CTI;OB’, Ol (z,t) < Cr];:l,
which yields that
D (2, )0y (, )| + [T (x, £) Ap(, )| + [Vip(z, 1)V (2, 1) < Crp°.
(iv) For any (z,t) € Qi\Qi+1,
r<Cr’, VI <Cr .

Now, setting @1 = ¢I" in the local energy inequality (1.8) and utilizing the fact that I'y + AT' = 0, we
see that

/ lv[2é(z, t) r+/_rk /B [Vol*¢(x, 5)T

2(TAp+T PAvan
s/ /Bl'”'( 6+ T0é + 2VIV )

t
w [ [ e vier) - v, - o
77’% Bl

/ /BIF¢U®U—U®VHh V2I0,) + /4 /Blﬂlv V([¢) + /; /BIHW.V(F@

VILy = Wa B, (Au), VIl = =W 5 (V- (u®u)).

First, we present the low bound estimates of the terms on the left hand side of this inequality. Indeed,
with the help of (iv), we find

where

/ w2er > C { [oP,
By

By

t
/ T|Vof? > 8 // Vo2,
—7"%0 By Qk

Having observed that the support of 9;¢ is included in Q(?’Tf‘J )/Q(2), we get

and

t
/ / |v|2]m¢+rat¢+2vrv¢‘ <C sup ][ lo[2.
—T% By —r2 <t<0 By,

Holder’s inequality and (iv) enable us to write that

/ /Q o0 - V(¢T)dr
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< kz / / P / /Q P I9(eD)
< ZTl / v

lko

9
<CZ7“; ]6[|v|10 0

I=ko

Following the lines of reasoning which led to the last inequality, we have

/ /Q P9I V()
lko // (o2 VT |
gc;:or;%(]ljéjm?)g(//czs |u|*>7 (4.1)

/ /Q IV

k
<y ng// (022,
1=k Qi

oo lo
<C rt° ]6[ Bl // | 7).
lgk:o : ( Qi

Using Holder’s inequality again, (iv), (2.5) and (2.3), we infer that

Likewise, we have

/ 4T o] VTL, [ V21,
Qg
k 2 L 7
SCZ // |v% °/ VI, |7 2“/ |v2nh\7 0
— Qi Qi
k 3 10 % 20 T70
A ()
et Q

Set x; =1on || < 7/8r and x; = 0 if |z| > r;. xx, I =T on Qk, By the support of (x; — xi+1), we derive
from (iv) that |V((x; — x1+1)¢D)| < C’rlﬂ With the help of (iv) again, we see that |V (xz¢I')| < Cr;;*
Therefore, it holds

J, s =5 J[ st [ s

—Z// v V((xi = xi41)¢T) (I — IIy;) //Qk“ V(xkol) (I — Ty

ko
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<CZ ridh [ i =Tt [ o 0
! k

= I + II.
The Holder inequality, (2.4) and (2.6) give

and

which turns out that
//Qko ¢FH1<CZm( ol ) (// ul?)”.

u®u=v®uv—v& VI, — VII;, ® v+ VII;, ® VII,.

For r, <r <ry,, we compute directly that

Note that

. 6/7
// |v®v—v®vl|10/7§// \0\20/7§C’7‘5(ﬁ[ \v|1*30) < Or5NO/7,
Q(r) Q(r) Q(r)

The Holder inequality and (2.5) ensure that

// |v®vnh—v®vnhl\1°/7gc// lv @ VI, |17
Q(r) Q(r)
1
<ol ff, 1) (], )
Q(r)
S&A(ﬁ[ o) ( // u¥)*
Q(T 3
1
<crny( // uf#)*
Qs

In view of Poincaré inequality for a ball, Holder’s inequality, (2.5) and (2.3), we arrive at

// |VII, ® VII;, — VI, @ VI, |'7
Q(r)

< or ( //Q( ) |VHh|20/7) : (//Q( ) |V2Hh|20/7) :

JMFM

(4.2)

(4.3)
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3—71 // IVIL, |20/7 // |VIL, |20/7 2
<cr? // \u|20/7. (4.7

We deduce from (4.4)—(4.7) that

// lu®u—(w®u),|'7 <CroNS/T 4 riN? // s §+C’r371(// |u|20/7>
Q(r) 5
con{Mment ([ ) e [ wen)) as
Q3 Q3

With (4.8) in hand, we can apply Lemma 2.3 to obtain that

// 1y — T /7 < OrH N9/ 4 N3 ( // | % 5+c(// /7)), (4.9)
Q(r) Qs Q3

Particulary, for any k <1 < kg, it holds

/ [T, — T ['/7 < Crf {NO/7 4 N ( // Mks §+C(// u/7) }. (4.10)
Qi Qs

By the Holder inequality, we see that

l 7
[ e s < ot (ff ) (e ) T w
Qu Q

Plugging (4.9) into (4.11), we have

//Q v V(6D

k—1
éCZr;‘ﬁ// ol = Tarf +c* [ ot Th
Qi Qrk
k 2 10 5 6,7 3 20 % 20/7 LU
St (ffpt) et ([ ) e ff
—ko Q Qs

Finally, collected these estimates leads to (4.17). O
With Proposition 4.1 at our disposal, we will now present the proof of Theorem 1.2.
Proof of Theorem 1.2. By the interior estimate (2.5) of harmonic function and (3.2), we have
VIl Lo 5178y < CNVIILllL20/7(B(1)) < CllullL20/7(B(1))- (4.12)
Assume for a while we have proved that, for any Lebesgue point (zg,t) € Q(1/8),
[v(zo, to)| < C. (4.13)
We derive from (4.12) and (4.13) that

ull 207,00 G178y < NV p20/7.00 @8y + IVl 20/7.00 (G 1 78)) < Cliullzzorm@aay)-

By the well-known Serrin regularity criteria in [14], we know that (0,0) is a regular point. Therefore, it
remains to prove (4.13). In what follows, let (xo,%y) € Q(1/8) and 7 = 27*. According to the Lebesgue
differentiation theorem, it suffices to show

Jo|F <27 k> 3. (4.14)
Qr
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First, we show that (4.14) is valid for k& = 3. Indeed, from (3.11) in Sect. 3, (3.1) and hypothesis 1.12, we

know that
sup / [v]? + // |Vv|2
—(2)y<t<o)B(Y) Jlqez)

1
< C||“H4L20/7(Q(é)) + CH“”%,ZON(Q(é)) + E”VUHQL?(Q(@)
<ce’". (4.15)

In light of Sobolev embeddings and the Young inequality, we see that

% ) 1/2 ) 1/2
// o] ¥ ( sup / |v] ) +C(// Vvl ) : (4.16)
Q(3) —(2)2<t<0/B(%) Q%)

It turns out that
# |3 < Ces.
3

This proves (4.14) in the case k = 3. Now, we assume that, for any 3 <1 <k,

#M% < e?/3,
1

Furthermore, there holds, for any r, < r <rg

]6[ o] < ce2,
Q(r)

For any 3 < i < k, by Proposition 4.1 with N = Ce?/3, (1.12) and the above induction hypothesis, we

find that
sup // Vo
—r2<t—t0<0J B; 2i
i

<C sup |U|2+CZ7’1 ]6[|11|“J "

—r3<t to<0

+C§irll3°(]§[|v| )%{N3/5+N10 //|u * (//|u|)}

027755 +CZT1055520 +CZ7"1% Se20

|/\
o‘\'
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+CN rpehet CZT;55520+CZ7“% eh{ct+

< cg% (4.17)
Invoking the Gagliardo—Nirenberg inequality, we deduce that

| 2 1/2 1/242
/ lv| % dx < C(/ \v\2>3 [([ |Vv|2) +r;1(/ |v\2) } ,
Bry1 By By By
which means
10 2\ 5/3
o <o sup |v| ) sup o)
Q~k+1 —’I‘k<t to<0 k _Tk<t tp<0 B

This inequality, combined with (4.17), implies that

1 10 1 9 3
5 ¥ <o(s sw | pP)
Th+1 Qi1 Ly —r2<t—ty<0 By
3
+C( sup / |v|2)2(r;3// \Vv|2>
k —r2<t—to<0J By, o)

<Cets, (4.18)

cn\w
m
o
(=]
_|_
o
Sl
——

Collecting the above bounds, we eventually conclude that

]6[ |U|% < e?/3,
Qk+l

This completes the proof of this theorem. ([l
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