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Abstract. We study the dynamic transition of the Swift-Hohenberg equation (SHE) when linear multiplicative noise acting
on a finite set of modes of the dominant linear flow is introduced. Existence of a stochastic flow and a local stochastic
invariant manifold for this stochastic form of SHE are both addressed in this work. We show that the approximate reduced
system corresponding to the invariant manifold undergoes a stochastic pitchfork bifurcation, and obtain numerical evidence
suggesting that this picture is a good approximation for the full system as well.
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1. Introduction

Randomness and uncertainty are ubiquitous in many branches of natural and engineering sciences. Sto-
chastic modeling taking randomness into account hence plays an important role in obtaining a realistic
quantitative and qualitative description of these real-world phenomena, including, for example, climate
dynamics [9], pricing and hedging of financial derivatives [22], filtering and control theory in engineering,
turbulence theory [1] and population models in biology [19].

The study of the asymptotic behavior and dynamic transitions for the following semi-linear stochastic
evolution equation, driven by linear multiplicative white noise in the sense of Stratonovich,

du = (Lyu + F(u))dt + ocu o dWy, (1.1)

has an extensive literature and applications; see e.g. [3,5,7,8,13,24], and the references therein. Here, Ly
is a linear operator parametrized by a scalar control parameter A, F'(u) represents the nonlinear terms,
Wy is a two-sided one-dimensional Wiener process, and ¢ € R gives a measure of the “amplitude” of
the noise. Since o is a constant, the random noise in (1.1) is also known as scalar multiplicative noise.
If we view the noise in Eq. (1.1) as oId(u) o dW,;, where Id is the identity operator, then a natural way
to generalize the noise is to consider Bu o dW;, where B is a bounded linear operator; see [23]. In this
article, we are interested in the case where B acts as a multiplicative operator on the eigenspaces of Ly,
and its dynamic transition is studied using the ideas from the theory of random invariant manifolds and
reduction strategies in [6-8].

Before giving a more precise description of the operator B, we begin by describing the general frame-
work. We consider separable Hilbert spaces H and Hi, with the inclusion H; C H being dense and
compact. We are given a family Ly of linear completely continuous fields from H; to H, depending con-
tinuously on A € R, and we assume L) is a sectorial operator for each A € R. Under these assumptions, the
spectrum o(Ly) of Ly consists only of eigenvalues with finite multiplicities, and there are finitely many
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eigenvalues with a given real part. Moreover, from [14], Thm.I1.4.18, we know that Re (L)) is bounded
above. These two properties of Re o(Ly) make lexicographical ordering of o(Ly) possible, and we write
o(Ly) = {Bn(\) : n € N}, with each eigenvalue 3, () repeated according to its algebraic multiplicity. We
will also assume that for A in a small neighborhood of some ., denoted by N, there exists a positive
integer m, such that the spectrum o(Ly) splits into the union of o.(Ly) and o4(Ly). That is

O'(L,\) = O'C(L,\) U O'S(L,\), A € Ny, with n. > ns, (1.2)

where

ne = él}vfh inf{Re B(\) : B(\) € oo(Ly)},

ns := sup sup{Re B(A): B(N\) € 05(Lr)},
AENA,

(1.3)

and o.(Ly) consists of the first m eigenvalues (counting multiplicities) in o(Ly). The splitting of the
spectrum o (L)) leads to a decomposition of H; as the direct sum of Hf and H{, where Hf and Hj are
the spaces spanned by eigenfunctions with eigenvalues in o.(Ly) and os(Ly) respectively. Note that we
assume this decomposition to be independent of .

Although our theoretical results hold under more general conditions, a prototype of the kind of oper-
ators B we can treat is given by

o0
Bu = Z akPku
k=1
where {01} C R is a bounded sequence, and Py, is the orthogonal projection onto the eigenspace corre-
sponding to a given eigenvalue in o(Ly). It might happen that the constants oy, vanish for infinitely many
k € N, an so it is in this sense that we say Bu o dW; is a degenerate multiplicative noise.

Instead of approaching this problem in full abstraction, we will study it in the context of the Swift-
Hohenberg equation (SHE). SHE was first proposed in 1977 by Jack Swift and Pierre Hohenberg as a
simple model for the Rayleigh-Benard instability of roll waves [26]. This equation plays an important
role in bifurcation analysis and has been widely used as a model for the study of various phenomena in
pattern formation; see [2,10,12,16,18] and the references therein. The classical, deterministic SHE, takes
the form

ou 9 3

E:—(IwLA)qu)\ufu, (1.4)
where A is a positive real number which serves as a control parameter. We also impose the following odd
periodic boundary conditions on the domain U = (—1,1) x (—1,1):

w(wy, x9,t) = u(xy + 21, x9,t) = u(xy, xo + 21, t) V(r1,22) €Ut >0,

1.5
u(—x1, — x2,t) = —u(x1,x2,1) V(z1,22) €U, t > 0. (15)

The problem analyzed hereafter consists of the following stochastic Swift-Hohenberg equation (SSHE)
du= (—(I + A)*u+ Mu—u?)dt + Buo dW,. (1.6)

In other words, (1.6) is Eq. (1.4) perturbed by degenerate multiplicative noise in the sense described
above.

From the point of view of dynamic transitions [21], it is interesting to see the difference of transitions
when degenerate multiplicative noise is used instead of the classical scalar noise. To address the dynamic
transition of a given dissipative system, the first step is to study the linear eigenvalue problem, as outlined
in Sect. 2. With the linear stability theory established, the detailed information of the transition behavior
is then dictated by the nonlinear interactions of the system. In the deterministic case, Han and Hsia [16]
have shown that the deterministic SHE undergoes a continuous type transition as A crosses some critical
value. This transition occurs as a result of the stabilizing effect played by the nonlinear cubic term u3.
For the stochastic case, with scalar multiplicative noise, the stabilizing effect of the cubic term also leads
to a continuous type transition, see [5] for example. However, by introducing an operator B as described
above, or any other bounded linear operator, the nonlinear term might no longer remain a source of
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stability. This is due in part to the fact that the nonlinear term e~"¢Z F(e=W¢By) loses its stabilizing
effect when B is not a multiplication operator, which is the main difference with the deterministic case or
the stochastic case with scalar multiplicative noise. Hence, it is not obvious that the dynamic transition
of SSHE presented here will again undergo a continuous transition. Nevertheless, as we show at the end
of Sect. 5, the reduced equations associated to SSHE with this kind of noise do undergo a continuous
transition when A crosses a critical value.

The pathwise well-possedness of Eq. (1.1) with generalized noise Bu o dW, which is essential for the
applicability of the ideas of [7,8], is also investigated in this paper. Due to the lack of pathwise a priori
estimates, which is, in a sense, due to the fact that B does not in general commute with DF| it is not
possible to establish global existence of Eq. (3.3) in 2 x H. Because of this, we present a different approach
to address this issue in Sect. 3. More precisely, we prove lower semi-continuity of the blow-up time with
respect to (w,z), and hence establish existence of a local RDS. Moreover, we show that for every x € H
there exists an event of probability one where global solutions of (3.3) exist, which thus contains all the
relevant asymptotic dynamics of the problem.

Reducing a nonlinear mathematical model to a set simpler equations which are able to faithfully mimic
the main features of the original model is a long established approach in the study of dynamical systems
of nonlinear differential equations. In this technique, invariant manifolds, such as the stable, unstable and
center manifolds, have been widely used to provide geometric structure for understanding the dynamics of
nonlinear systems. Some of the pioneers in this area were Hadamard [15], Liapunov [20] and Perron [25],
and, for more recent developments, see [21] and the references therein. There have been fruitful efforts
in extending these techniques to stochastic and random dynamical system, see [7,8,13]. However, similar
reduction techniques can not be readily applied to the study of stochastic dynamical systems. The main
issue here is the incompatibility with large excursions of SPDE solutions caused by white noise, and to
the best of our knowledge, this problem has not been fully resolved.

The existence of local invariant manifolds for SPDEs is the first thing one needs to establish in
order to apply the reduction techniques mentioned above. The existence of such invariant manifolds for
SPDEs with scalar multiplicative noise has been established in [7] Cor 5.1, where the stochastic invariant
manifold function is defined on a deterministic ball. Through the relaxation on the assumption of the
random noise, the existence of local invariant manifolds for a broader class of SPDEs with multiplicative
noise of the form BuodW , where operator B : H — H is a linear bounded operator that commutes with
the semigroup generated by Ly, is given in Sect. 5. Such type of noise was also considered in [4]. Even
though the class of stochastic perturbations included in this case is much wider than what is consider in
[7], the result we obtained is only slightly weaker. More precisely, instead of having a stochastic invariant
manifold function defined on a deterministic ball, the function we have lives in a random ball, with radius
given by a tempered random variable. The results presented in Sects. 5 and 6 provide some justification
of the reduction analysis.

From the results we have in Sect. 4, and adapting the approximation formulas given in [7], the first order
stochastic reduction is performed in Sect. 5, by projecting SSHE onto the subspace Hf. For deterministic
systems, the justification for the reduction techniques is based on a geometric phase space analysis in
which families of nearby trajectories are predicted to collapse onto a low-dimensional invariant manifold.
However, due to the large deviations that solutions of SSHE may exhibit, which are unavoidable in
stochastic systems, it is not obvious that the stochastic invariant manifold found as above will contain
all the relevant dynamics. Hence, the results in Sect. 5 should only be interpreted for those trajectories
that manage to lie inside the invariant manifold. Nevertheless, using a priori estimates for the reduced
equations, and a result in [11], we show that the reduced equations for SSHE undergo a stochastic
pitchfork bifurcation in the pullback sense, which is also known as a type I transition, as introduced for
deterministic system in [21] and the references therein.

This article is organized as follows. In Sect. 2, the functional setting of (1.4) is introduced and its linear
eigenvalue problem is studied. Well-posedness of the pathwise problem is given in Sect. 3. Existence of
local stochastic invariant manifold is addressed in Sect. 4. In Sect. 5, a low order reduced equation is
obtained using the reduction strategy in [7]. The study of stochastic transitions associated with (1.6) is
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also given in Sect. 5. By placing the noise at some relevant fast modes, numerical results of reduced SSHE
are given in Sect. 6.

2. Mathematical Setting and Linear Problem

The mathematical setting and the linearized eigenvalue problem associated with (1.4) are introduced in
this section. For the mathematical setup, we introduce the following spaces:

H= {u € L*(U,R) : u satisfies (1.5) and / udr = 0} ,
u (2.1)
Hy = H*U;R) N H
Note that Hy and H are Hilbert spaces with compact and dense embedding H; — H. We then write
(1.4) as

du
i Lyu + F(u), (2.2)
u(xa O) = gf)((ﬂ),

where Lyu = — (I + A)?u + \u.
Since (I+A)? : H; — H is a linear homeomorphism, it is clear that the operators Ly = — (I+A)?+\I
constitute a family of linear completely continuous fields, depending continuously on A € R. Note also

that F(u) = —u?® is a bounded mapping satisfying F(u) = o(||ul/z,). Next we consider the eigenvalue
problem

Lyu = pB(N)u. (2.3)
The eigenvalues and corresponding eigenvectors of L) are given by

|K|27T2)2

Br(N) = A= Ax, AK—<1 B

2.4
k‘lﬂ' kgﬂ' ( )

ek () = sin (lxl + l$2> )
where x = (z1,22) and K = (k1, k2) # (0,0) with k; € Z, i = 1,2. Let
ZZ{(k‘l,kg) sk EN,k‘g EZ}U{(O,]fg) : ko EN}, (25)

so that {#x () : K € Z} is a complete set of eigenvalues of the operator Ly while {ex : K € Z} forms a
basis of H. To simplify the presentation we assume further that (% < %, so that with these eigenvalues

o\ 2
and with \g = (1 — 7;—2) , we have

>0 if A > Ao,
Ba,0)(A) = Bo,n(N) =3=0 if X=X, (2.6)
<0 A<, '

Br(Xo) <0, VK e Z-{(1,0),(0,1)}.

We denote the eigenfunctions
. ™ . ™
e1 = e(1,0) = sin (fxl) and ey = e(p,1) = sin (71'2) ,
for the corresponding eigenvalues ((1,0)(A) and B(g,1)(A). Since B(1,0)(A) and B(g,1)(A) have the same value,
for simplicity of notation, from here onwards, we will denote them by S;()\). We also call the above two
eigenfunctions as the resolved modes. Notice that the space H; and H can be decomposed as
H, =Hi & H}

H = H o H* 27)



Vol. 20 (2018) Stochastic SHE with Degenerate Multiplicative Noise 1357

where H{ is the subspace spanned by the first two eigenfunctions (with 8;()\) as its corresponding
eigenvalues), that is

HY = span{e( o), €0,1)} = spanier, ea},
and
H‘f = span{eK K e Z— {(1,0)7 (07 1)}}7

whereas H? is the closure of H in H, see [8].

3. Well-Posedness for SSHE

In this section, we address the pathwise well-possedness for Stochastic Swift-Hohenberg equation (SSHE).
Local existence of SSHE is first established in Theorem 3.1 by using the metric structure of Q@ = Cy(R; R).
As a corollary of Lemmas 3.1 and 3.2, we see that for every initial condition, the existence of a solution
(3.3) is global for almost every w € €. As a consequence of the lower semi-continuity of the blow-up
time with respect to (w,x) C 2 x H, the subset D C Q x H where this system is globally defined thus
contains all the relevant dynamics and is a Polish space on its own. The theoretical work done in this
section is also more general than (1.6), since the multiplicative noise here is of the form Bu o dW, where
B : H — H is just a linear bounded operator that commutes with the semigroup generated by L.
When we have such operator B, the solution to the linear equation

du = Lyudt + BuodW, u(0)=x (3.1)
can be given explicitly as U(t,w,z) = et (@) Betlog,

It is then clear that U : Ry x Q x H — H is (B(R4) x F x B(H), B(H)) measurable, forms a cocycle
over the Metric Dynamical System (MDS) (£,6,P), for each w the map is continuous, and for each x
it is an adapted process that solves the SPDE (3.1) in the strong sense. This suggests we formulate the
nonlinear equation

du = (Lyu+ F(u))dt + BuodW, u(0) == (3.2)

as a pathwise fixed-point problem

bt w,3) = Ult,w, ) + /0 Ult — 5,00, F(6(5,w,7)))ds. (3.3)

For a similar approach see [23].
Since we intend to use the topological structure of Q@ = Cy(R;R), it is convenient at this stage to recall
that € is a complete metric space, with the metric

le - w2||L°°(—n,n)
L+ [Jw1 — w2l oo (—n,n)

oo
d(wl,wg) = Z 27"
n=1
and then we can reformulate the problem with the corresponding notation,

t
P(t,w,x) = e*DBetlng 4 / eWO=w(TNB (=T Ix P((7, w, x))dT. (3.4)
0

Although this abstract approach is possible under more general conditions, we restrict ourselves to the
case when F satisfies F'(0) =0, F € C'(H,, H) and

|DE (W) oo,y < cilull™!, Vu € H,,

for some p > 1 and a € (0,1/p).
Note that the above condition holds for F(u) = —u? with p =3 and o = 1/4.
In what follows we also fix 79 > supy¢, supy, ROk(A).
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We recall that, given a Banach space X and a € R,
Co((0,0]; X) = {u € C((0,0]; X) : sup t*u(t)|x < oo}
0<t<s

is a Banach space with norm

[ullca(o,8,%) = sup t*|u(t)|x.
0<t<s

Similarly,
Eo ={u e C([0,8; H) N Ca((0,6]; Ha) « [[ull=(0,5:m) + lullc. (0,651, < 00}
is a Banach space with norm [Jul|g, = [[ul|pe(0,5;m) + |ullc, (0,605 ) -
We now prove that (3.4) has a local solution.
Theorem 3.1. For every r1 > 0,73 € (0,1) there exist §(r1,72), K(r1,r2) > 0 such that
(1)  For every (z,w) € By (0,7r1) X Ba(0,7r2), (3.3) has a unique solution
o(-w,x) € C([0,6]; H) N Cq((0,6]; Hy).
(2) Forxi,xzo € By(0,71) and w1, ws € Bq(0,r9) it holds
(w1, 21) = @(, w2, @2) | B, < K (w1 — 32| + d(wi, w2)).
(3) IfweC for somey < (p—1)a, then
¢(w,z) —eLTOBy € ) ((0,0]; Hy).
In particular, ¢(-,w,x) € L2(0,5;H1/2) provided p(pa — ) < 1, which holds when p =3, « = 1/4
and v € (5/12,1/2).
The techniques used in the proof are rather standard in the theory of parabolic equations. We present

here a proof in order to show the role the random parameter w plays in the resolution.

Proof. Existence

Fix T > 0 so that 7o < 277, and let Ry > 0 be large enough so that ry < 27 15'5{2. This guarantees
that sup,c(o.7p |w(t)| < Rz for all w €  with d(w,0) < 2.

For every § € (0,7] and Ry > 0, to be chosen, we consider the complete metric spaces X C E, and
Y C Q given by

X = {ve B, |olls, < Ri}.
Y=qweQ: sup |w(t)|<Rs;p.
t€[0,T]
Let the operator ' =T, : X x Y — FE, be given by

t
D(u,w)(t) = et e ™8y +/ et o (W) =w())B (4 (5))ds.
0

where x € By(0,r;) is arbitrary but fixed.
Note that, for (u;,w) € X xY,i=1,2, and t € (0, ], we have

17 e OB (F(ur (1) — F(uz(1)))]o
1
< elw(t)IIB\tpa/ |DF (rui(t) + (1 — r)uz(t))| Lo, mydrlus (t) — ua(t)|a,
0
where |B| = max{|B|pu),|B|L(#.)}, and consequently

le™“OB(F(u1 () — Fluz(:))llcp0.6:0) < c1e™BIRY  ug — ualle, 0,6 11.)

for all up,us € X, weY.
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Next :ve make use of the fact that, for every a € (0,1/p), there exists co > 0 such that the function
Y(t) = [y e~ rp(s)ds satisfies
5 P[Pl or-re o050 F (¥l cn0.0):m10) < €28 P T 0l 0 (0.0
Thus we get, from the previous estimate,
T (u1,w) — D(ug, w)|| g, < cread" PORY ™ 2RABIEMT 10y — s 5
Similarly, making use of the fact that |e!lr x|z < Kge”Tt=F|z|o, for 8 = 0, a, we see that
IT(w,w)|| 5., < (Ko + Ko)e?IBITm0Try 4 ¢y cygt—r Ry 22| BlTmT,

So it suffices to choose R so that

(KO +Ka)€R2|B‘+770TT1 < &
and d € (0,77 so that
51—paR119—1€2R2|B\+770T < 1

C1C2

With this choice of Ry and § the operator I'(-,w) becomes a 1/2-contraction that maps X into itself, and
thus it has a unique fixed point in X, for all w € Y.

Continuity

Let ¢(-,w,x) € X denote the fixed point of T';(-,w). For x1, x5 € By (0,71) we have

¢(t7 W, Z'l) - ¢(t? w, 332) = 6tL>\+W(t)B(x1 - 1"2) + 1—‘9'32 (¢(7 W, l'l))(t) - F$2 (¢(a w, Jfg))(t)
and thus
¢( @, 1) = ¢, w,@2)|[ B, < 2(Ko + Ka)e?PIHm00 |z — 2o,

On the other hand, for z € By (0,71) fixed and wy,ws € Y, we have

D(w, wi)(t) — D, wsy) (t) = (e@r®O=«2DB _ NP (4, w,)
t
+ ewl(t)B/ e(tfs)L,\ (67w1(S)B . 67w2(S)B)F(U(S))dS
0

This can be estimated using the same arguments as above, whence
6(w, @1) = $(- w, @2) || B, < 2P B|[lwr — walp(0,5) (R + 1026 ¥ RYe™T)
< (€*21B1 1 1)|B| Ry |Jw1 — wal| L= (0,5)

and, for wi,ws € Y, it holds that |w; — wa|pe(0,5) < (2R2 + 1)29d(wy,ws), from where the result follows.
Uniqueness
This is a standard argument so we only give a sketch. Let v; and v2 be two solutions defined on [0, d].
Let

tO = Sup{t € [07 6] vl(t7w7$) = v2(t7wax)}’

Suppose ty < 9§, and let y = vy (to,w, x) = va(to,w, x).

By leaving I; unchanged, and choosing R} > supy, 4,1 [vi(t)], for 0 < e < d —tg fixed, we can repeat
the argument above with Ry replaced by R} and ry replaced by 7} = |y|, so that the problem has a
unique solution among all functions bounded in [tg,to + 6] by R}, at least for some short time ¢ > 0.
This implies that vy (t) = va(t) in [to, o + ¢’], which contradicts the definition of tg.

Higher regularity

We make use of the following weighted Holder spaces, defined for v € (0,1) and p € R, by

C4u((0,0]; X) = {u € Cu((0,8]; X) « [lullea, ,(0,6:x) < o}
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where X is a Banach space, and

[uller

7, 08x) = lulle, e + sup € ulen egx)-
0<e<d

These spaces have the property that, for ¢ € CJ

0+.((0,0]; H) N Cpa((0,0]; H), the function (t) =
7 et=9)Lrp(5)ds satisfies

[Pllepze 0,8 < 3™ el cya s

a

and

[¥llcs

ORI cse™T ol (0,60

Y+p
where c¢3 depends only on a € (0,1/p), v, € (0,1).

Moreover, the map ¢ — ez belongs to CJ,,((0,d]); Hy).

The above properties imply that, when w € C7, u = ¢(-,w, ) can be written as u = )5 (u; + us),
where u; € CJ,,((0,6]; Hy) and uy € C)2*((0,6]; Hy) are given by

t
ur(t) = e'fa,  un(t) = / et Le=w (B Py (s))ds.
0

Since v < (p—1)a = (pa—1)+(1—a) < 1—a, we have the inclusion C}7* C C7,,, and since pa—7y > o, we
also have C7

C Cp,- Thus uy,uy € C),((0,6]; Hy), and B ¢ C([0,6]; L(H,)), so we get u € Clla-

Yt
It is easily verified that ||F(u(-))||CJ+W((075];H) < 01Hu||12,3+0((0’5];HQ), and e=“0)B ¢ C([0,0]; L(Hy)),
so, with o = pa — 7, we obtain uy € Cﬂ%p(mfy)((o,é}; Hy). O

The existence of a maximally defined solution is now standard: for a fixed © € H and w € €, let
I(w,x) be the union of all the intervals [0, a] for which there exists a solution ¢, of (3.3) in C([0,al; H).
Let §(w,z) = sup I(w, x), and define ¢(t,w, ) = ¢u(t,w, ) for ¢ € [0,a] if [0,a] C I(w, z). By uniqueness
o w,x) :[0,0(w,z)) — H is well defined.

A close examination of the proof above shows that if a solution is defined in some interval [0, a), and
lim;1, u(t) exists in H, then it can be extended to an interval [0,a + ). In fact, a standard argument
shows that whenever §(w, ) < co it must be the case that lim;;s(, 5 [¢(t,w, x)|o = co. That is to say, if
a solution is strictly local then it must blow up in H norm.

The following result is concerned with the continuity of the maximally defined solution with respect
to the data, and the semi-continuity of the blow-up time.

Lemma 3.1. For every (w,z) € Q x H and a < 6(w,x) there exist r1,72 > 0 such that a < §(w',y) for
ally € By, (x,r1) and w' € Bq(w,rs). Furthermore, there exists L > 0 such that the mazimally defined
solution satisfies

|¢(t,w,x) - ¢(t7w/ay)| + ta|¢(t7w7$) - ¢(t7w/7y)|a < L(|$ - y‘O + d(w’w/))
vt € [0,al, y € By(x,71), w € Bo(w,rs).

In particular, 6 : Q x H — (0, 00] is lower semi-continuous.

Proof. Since the set {¢(t,w,x) : t € [0,a]} is compact, we can choose R; > 0 large enough so that it is
contained in By (0, R1). We then fix any Ry € (0, 1) such that that w € Bq(0, Rs). By choosing R; larger
if necessary, we can assume that dist({¢(t,w,x) : t € [0,a]},0Bg (0, R1)) = 2d > 0.

In this setting we can apply (3.1), thus obtaining, for every y € By (0, R;) and w’ € Bq(0, R2), the
existence of a solution ¢(t,w’,y) defined for ¢t € [0,0(Ry, R2)] C [0, a].

Let t; =40, for i = 0,...,n, with (n — 1)d < a < nd, and assume n > 2 (otherwise there is nothing
to prove). For x; = ¢(tj41,w,x), i = 0,...,n — 1, consider the balls B; = Bg(x;,d). By choice of d, all
these balls are inside By (0, Ry). Let ro = max{K, 1} "d/2, where K is the constant given by (3.1).

If |z — y| + d(w,w’) < ro, then by (3.1), part(2):

|p(t,w, x) — p(t, ', y)| < K(|lz —y| + d(w,w)) < max{K,1}"""d/2 < d/2,
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for all t € [0, d]. So ¢(0,w’,y) € B; for some 4, and then ¢(0,w’,y) € Br (0, R1) as well. By (3.1), ¢(-,w’, y)
can be extended uniquely to [0, 20).

Because of the choice of 7, this procedure can be repeated until ¢(-,w’,y) has been extended to
[0, (n —1)d), at which point we get that ¢((n — 1)d,w’,y) still lies By (0, Ry), so it can be extended by &
once more, which gives that d(w’, y) > a.

Choosing, say, ry = 72 = %, the estimate holds with L = K(R1, Rs). O

For fixed (w,z) € Q x H, it is readily verified that
¢
¢(t + S,W,.’L‘) _ etLAeWt(Gsw)(é(s’w’x) +/ e(t—-r)LAeWt,fr(%w)BF(qb(T + S,M,l‘))dT,
0

for t + s < 0(w,x). By uniqueness, this implies that ¢(t + s,w,x) = ¢(¢, 05w, ¢(s,w,x)) whenever 0 <
t+ s < d(w,z), and moreover
O(w,z) =t+ (0w, p(t,w,x)), Vte[0,d(w,x))

so the cocycle property holds under the natural restrictions.
It follows immediately from the previous lemma that, for each © € H, the set Q(z) = {w € Q :
0(w,z) = 00} is a G (hence, in particular, measurable). Furthermore, we have the next lemma.

Lemma 3.2. Assume F(u) = —u®. Then P(Q(z)) =1 for every x € H.
Proof. By part (3) of Theorem 1, and the almost sure Holder continuity of paths the Wiener process, we
can assume without loss of generality that w € C7, where v € (5/12,1/2).

By replacing the nonlinearity F by F,,(u) = ¢ (%) F(u), where ¢ : R — [0, 1] is smooth and satisfies

C(s) =1 for |s|] <1 and ((s) =0 for |s| > 2, we obtain a globally defined family of solutions to the fixed
point problems

¢
Pr(t,w,z) = etlreWe@) By 4 / et Wes OB R (4 (5,0, 2))ds.
0

Indeed, F,, satisfies

U
Fato] < ea (1) Qulsalul + ') < catu + lulye e

and such a linear growth condition can be used in a standard fashion to derive exponential estimates in
time from Gronwall’s inequality.
Now, for fixed x € H and n > |z|, it is clear that ¢ (¢, w, z) = ¢p(t,w, ) for all t € [0, 7, (w, x)), where

Tn(w,x) = ll’lf{t > 0 . |¢n(taw7x)| 2 ’I’L}

Note that this implies that 6(w,x) > sup,, Tn(w, x).

The function (t,w) — |d,(t,w,z)| is continuous, hence measurable. Moreover, since ¢,, is obtained
using a contraction mapping argument, it can also be given by an iteration procedure, which implies that
it is adapted to the natural filtration of the Wiener process. In particular, 7,, is a stopping time.

Part (3) of Theorem 1 implies that ¢, (-,w,z) € L*(0,T; Hy/2) N C([0,T); H) for all w € C7, so the
process uy, (t) = ¢n(t, -, x) is a weak solution of the SPDE

duy, = (Laun + F(un))dt + Buy o dW,  un(0) = z.

Thus we can apply Ito formula to |u,|? to obtain
tATn
Elun(t ATa)[* = |2 + QE/ [(Lattn, wp) + 0% [Pun|? + (Fu(un), un)]ds
0
Using that (Lau,u) < B1(\)|ul? < nolul?, and (F,,(u),u) < —|D|~|ul* for all u with |u| < n, we see that

tATh
Elun(t A7y)|* < |2f* + QE/ [(10 + 0*)[unl? = | DI un|*)ds
0
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and then
n’P(r, < t) < |zf* + (no + 0®)?| DIt

Since 7, is non-decreasing in n, an application of Borel Cantelli shows that

P (sup T < t) =0,

and since ¢t > 0 was arbitrary, we get that 0(-,2) = oo almost surely. O

This result ensures that the set D = {(w,z) € Q x H : §(w,z) = oo} contains all the relevant
dynamics of the system. Note that D is a Polish space, and is invariant under the action of the skew-flow
O (w, z) = (bw, ¢(t,w,x)), t > 0. It would be desirable to show that D actually contains a set of the form
Qo x H, where g is f-invariant and has full measure. However, the lack of pathwise a priori estimates
precludes us from obtaining such result.

4. Existence of a Local Stochastic Invariant Manifold

In this section, we will study the existence of local invariant manifolds for a broad class of SPDEs with
multiplicative noise of the form BuodW, where B : H — H is a linear bounded operator that commutes
with the semigroup generated by L. Hence, the noise we consider here is more general than what is
studied in [7] and [8]. Because of this, one can expect the result presented here to be weaker than what is
in the references mentioned above. However, we will show that the result obtained for this boarder class
of random noise is only slightly weaker than those with scalar multiplicative noise. The existence of such
local invariant manifold leads us to an explicit reduction procedure for Eq. (1.6) to the corresponding
local invariant manifold. This lower-dimensional reduced system describes the long time dynamics of the
original system in a lower dimensional space, which will be the subject of discussion in the next section.
The notion of a local random invariant manifold given here is a natural generalization of the classical
local invariant manifold for deterministic dynamical systems, see [17], Def 6.1.1 for the latter concept. For
the random case, “local” has to be understood in terms of both the time variable ¢, as well as the phase-
space variable z. To be precise, a RDS ¢(t,w) on a Hilbert space H, associated to a random differential
equation is locally invariant in the sense that for almost all w and each ug € /\O/lloc(w), with ./\O/lloc(w)
being the interior of M'¢(w), there exists t,,.., > 0, such that ¢(t,w)ug € M¢(B,w) for all t € [0, Ly, .w)-
The result on the existence of local invariant manifolds is stated as follows.

Theorem 4.1. Assume that Ly is the linear operator specified in (2.2), which satisfies (1.2)—(1.3). Suppose
that the nonlinearity F € CY(Hy; H) is such that F(u) = O(|u|?) and DF(u) = O(|u|P~') with p > 1.
Then there exists a positive random variable p : Q — (0,00), tempered below, and a family of Lipschitz
functions h(w,-) : B(0, p(w)) N H. — Hs, such that

du = (Lyu+ F(u))dt + BuodW, u(0)=u=,

admits a local random invariant Lipschitz manifold M¢ of dimension m defined as the graph of a local
random invariant manifold function hy(w,x) that is

MYe(w) = {z+ ha(w, ) s @ € H, |lofla < p(w)} (4.1)
for all \ € Ny,.

Proof. We study the fixed point problem directly in the original system. Namely, we work with the
operator

0
Pe(u)(t) = bt WeB g / (=AW= WIB P (7)) dr
t

t
+/ =LA W= W)B b py(r))dr, ¢ € (= o0,0].
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In order to obtain existence of a local invariant manifold, we replace the non-linear term by one with a
random cut-off, namely, we consider

e

where p(+) > 0 is to be chosen, and ¢ € C°(R), with 0 < ¢ <1, |¢'| <2,{(s) =1for |s| <1and {(s) =0
for |s| > 2.
Then, for F € C*(H,; H), with F(0) = 0, DF(0) = 0, we see that F, € C'(H,; H), with
1 ula \ (U)o |ula
DF,(w,u)v = ¢ ( ) F(u)+¢ DF(u)v.
: pw)” \pWw)/ |ula p(w)
From the estimates |F(u)|o < c1|ul?, and |DF (u)|a.0 < co|ul2™!, with p > 1, we deduce that

|Fp(w,u)|o < c1p(w)? ™ ula,
|Fp(w,u1) — Fy(w, uz)lo < (21 4 e2)p(w)? ™ ug — uz]a-

We introduce the Banach space
Cy = {u e Cl(=o0,03 Ha) s Jully = sup e u(o) |
t<

Then we have

e Le(u) (1) < Kelrem NI P g

0
+ K/ (1= (E=7) I Weee G- NIBlo=n7 | P (9 o (7)) |odr
t

t
+ K/ e(ns=mt=7) (4 _ T)—ae\Wt_T(érw)llBle—nT|pSFp(97w7u(T))|OdT

Consider the tempered random variables 7 : Q — [1,00) given by

+

et+|We ()| B]
p .

(w) = sup e~ HFIWeIBI = () = supe
>0 <0

r

Using the previous estimates for F,, and the above definitions, with 0 < € < min{n. — 1,7 —n,}, we find
that

¢ " De(u)(t)]a < K107 ()| P

0
b eakully [ e (6 w)p(0r)
t

t
a1 K||ull, / e(ns_"+€)(t_7)(t — T)_ar+(97w)p(97w)p_1dr.
—00

€

A similar computation gives
e "|(Te(ur)(t) — Te(uz)(t))]a

0
< e+ ea)Kur = ually [ e (0,0)p(6,0)7
t

t
+ (2¢1 + o) Kljuy — U2||n/ e(ns—nte)(t—7) (t— T)_O‘rj(QTw)p(OTw)p_ldT.

—00

This suggests that we choose a p of the form
p(w) = 6P~ Y min{rF ()Y@ p= ()~

for some § > 0.
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Then the above estimates show that I'¢ : C;, — C), is well defined, and moreover
1 I'(1-—
-
Me—m—¢€  (m—ns—¢)
1 I'(1-—
-
(Me—=n—€)  (n—ns—€)

ICe()lly < Kr=(@)|Pet] + e K]l (

[Te(ur) — Te(uz)ll, < (2¢1 + o) K6l|uy — uzl|y (

Then T'¢ is a 1/2- contraction provided

1 1 I'(l-—a) -t
0 < + - .
2(261 + C2)K (nc /i 6) (77 —Ns — 6) @
For this choice of § and hence p, it follows that I's has a unique fixed point in C,, say u¢(-,w), and then the
local invariant manifold is given by the graph of h(w, -) : B(0, p(w))NH. — H,, where h(w, §) = Psue(w,0).
Note that the fixed point of the operator found above satisfies

|u§1 (taw) — Ugy (t,w)|a < 2K et €Wt(W)BPC(£1 - 52)|a7

which shows that h(w, ) is 2K-Lipschitz.

Measurability of h(-,£) is immediate from the fact that the fixed point of a contracting map can be
realized through any sequence of iterates, which allows to express h(-,£) as a pointwise limit of measurable
functions.

In fact, it can be shown, using the same tools as in the local existence theorem, that h depends

continuously in w in the appropriate topology, and restricted to the subspace of Q where rX are finite. [

With the same ideas it can also be shown that the stochastic invariant manifold My (w) has the
exponentially forward and pullback attractiveness properties, see [7], Sect. 4.2.

5. Stochastic Reduced Equations

In [7], the authors have derived theorems on the existence of local random invariant manifolds for Eq.
(1.1). Approximation formulas for the local random invariant manifold functions have also been given,
see Theorem 6.1 in [7]. We adapted the approximation formulas and performed a low order stochastic
reduction based on the strategy proposed in the above reference. The low order stochastic reduction
equations obtained in this section will shed light on the stochastic bifurcations associated with Eq. (1.6).
Note that, from Sect. 2,the critical space Hf is two dimensional, hence the reduced system is also of
dimension 2.
We write the projection operator B : Hy — H7 as

(’U,, eK)
Bu = oK €K, (5.1)
2 T

Writing u = uie; + uses + us, where ug, € H{, we obtain
1

du1 = 61 ()\)Ul + 912

/ F(uie 4 uges + ug)erdr + o gyuy o dW
u

(5.2)

1

dug = By (N)ug + el / F(uie; 4 uges + ug)eadr + o 1yuz o dW.
u

The next step in the reduction procedure is to approximate us. Adapting Theorem 6.1 in [7] to our
setting, the approximation formula for u, is given by

0
h (€, w) = / e Th W IB P p(er bt WP B dr, (5-3)

— 00
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where L, and L. are the projections of the linear operator Ly to H{ and Hf, respectively. Using the
properties of the exponential and projection operators, we can write (5.3) as

0
KeG M —°
where G = Z — {(1,0),(0,1)}.
Hence the approximate stochastic reduced Egs. (5.2) have the form
1
duy = ﬁl()\)ul + ﬁ / F(u161 + uges + hipp(ulel + usge2, Htw))eld:v + 0(1,0)U1 © dWw
u
(5.5)

1
duy = [1(Nug + —5

e F(urer + ugeg + h"P (urer + uges, Oyw))eads + oo, 1yuz o dW.
u

In order to study the dynamics capture by (5.5), we need to compute the approximation formula given
by

hSPP (ureq + ugeq, w). (5.6)
Notice that the orthogonal projection of F' onto the stable space is given by
F (emFe(urer + uges)) , ex
P,F (e7"(uieq + uges)) = Z (F ( 1| ! B 262)) )eK. (5.7)
KeG €K
Since, F(u) = —u®, we obtain
(F (e™Fe(urer + ugen)) sex) = — N[0 (3, ex) 5:5)
+ 3U%UQ (efeg, eK) + 3u1u§ (eleg, eK) + ug (eg,e;{)]. ’
Together with these L2-inner product for K € G
—112 if K =(3,0)
3 _ 2 )
el,ex) = 5.9
( ! K) { 0  otherwise, (5:9)
~12 if K=(0,3)
3 _ 2 )
€5, ex) = 5.10
( 2 K) { 0  otherwise, ( )
-3 if K =(2,1)
(elezex) =4 L2 i K =(2,-1) (5.11)
0  otherwise,
-1 i K =(1,2)
(er€3,ex) = -2 fK=(1,-2) (5.12)
0  otherwise,

we deduce that the orthogonal projection of F onto the stable space (5.7) has only 6 nonzero terms,
namely when ex are

€30 €21 €@2-1): €12 €1,-2) and eqgz).
We then obtain the approximation formula as

app (€1 € o1 3 2
P g o @) = s souieeo +3lenuivee,y

—3l(p, _1yuiuge(s, 1) + 3I(1 pyuruze( )

+31(1, _gyuruseq, 2y + Lo s)use 3], (5.13)
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where 0
Ty = / o= ) Wr (@) 43781 () =78, (M) g

— 0o

For simplicity of notation, we are going to let
Me = I30), M5 =131y, My= I _1), Mz=1I12), Ma=1I1 _3), and M; = I3).
Putting all these together into Eq. (5.5), we obtain the stochastic reduced equations as

3 2, 3 3 3 5y 9 4 9 4
duy = {ﬁl(A)ul - <412u1u2 + 812u1> + (6414M 64Z4M2u1u2 64I4M3u1u2

27 27
Myﬁu%) (25&6 Moy Msuiuy + 5610 —— My Myuug

9 9 27
= MsMsu3us
* 25610 25616 Spgs MaMsuiuz

27 3
7M62uz + —— M2udus + —— 25610 MEuyu$

M1M2u1u2 M4M6u1u2 +

and

—— MEul +

3 3,3 o 3 5 9 4
duy = [ﬁl()\)uz - <8l2u2 + 412u1u2> + <6414M1u2 6414 —— Msujus + Gl — Myujus
( — Mz Msujul

25616

97 27
Saae M2Mauius + 25616M1M3“1“2 256[6M1M2u1u2+25616

9 27 2 wduld
+ g5 MsMoutuz + 25616 M4M6“1“2 + 25616 567 Mouiuz + ggg Miuiuz

+ M4MFU1U2

27 27
+ WMfu‘llug + WMgufug + 25616 M%fué) + 0(||u8)} dt + 0,1yuz o dW.

27
uluy + M2u1u2> + o(]|ull )} dt + o(1,0)u1 0 dW,

JMFM

(5.14)

(5.15)

(5.16)

We conclude this section by analyzing, from a geometric point of view, the stochastic bifurcation associ-
ated with the explicit reduced Egs. (5.15), (5.16). The result obtained is stated as the theorem below.

Theorem 5.1. Suppose 010y = 0(0,1) = 0o. Then, the reduced system (5.15), (5.16) undergoes a local
stochastic pitchfork bifurcation in the pullback sense. More precisely, for X < A, the origin is a global
attractor, whereas, for X\ > \., there exists a a random pullback attractor whose size is proportional to

0 _1
(/ 6251 ()\)s-l-QUOWS(w)dS)

Proof. Applying Ito formula we get that
1
idt(u% + ul)

1 1 3
AN (uf +u3) -3 (4u1 +ujuz + 4u2> + 15 (Moui + Miuy)

3
T

27
——ufu (Msuf + Msu3)? + (Myuf + Mou3)?) + R} dt + oo (u? + u3) o dW

27
u1u2 ((M5 + M4)u1 (Ms + Mg)ug)

Mg“§+M1“2) 16

32

where R < 0.
The terms with a factor of 3u3u3 add up to
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9

9
~ 33 ((Mg,’l.t% + M3u§)2 + (M4u% + M2u§)2)
and the function
9 9
(2,9) = =14 7= (2 +y) = o (2 +17)

is bounded above by — %.
The terms with a factor of 2uf add up to

1 1
-1+ ZMﬁU% — gu‘f

which is bounded above by — %.
Arguing similarly with u3, we get in the end

1 21
5l +u3) < BN (] +u3) — oo (] +u3)* + oo (u] + u3) 0 dIV.

32

The above can be integrated explicitly to give

0
lu(t, 0_w) 2 < (e—zﬁl(w—zaom(w)|uO(w)|—2 n ﬁ/ ezﬁl@)swaows(w))
—t

16

and this leads to the desired conclusion. More precisely, for 8;(\) < 0 we see that

lim |u(t,f_w)| =0 as.,
t—o0

and for £1(A) > 0 we get

16\ /2 1 10
lim sup |u(t,0_w)| < | — / e2P1(Ns+200Ws(w) g g
t—oo 2]. — 0

[N
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O

It is noteworthy to mention that for (1.6) with scalar multiplicative noise, the attractor obtained has
a random size, however the center manifold is defined on a deterministic ball, see [7]. But as shown in the
above theorem, when the noise is concentrated on the fast modes, the opposite holds, that is, the size of
the attractor is not random (Theorem 5.1 with oo = 0), but the center manifold is defined on a random

ball (Theorem 4.1).

6. Numerical Results and Discussion

In this section, numerical simulations of the reduced Stochastic Swift-Hohenberg Eqgs. (5.15), (5.16) are
performed by placing the noise at the most relevant fast modes and one of the slow modes. Using the
notation in Sect. 5, multiplicative noise is placed on the following modes with the following intensities.

Mode | Noise intensity
6(1,0) 0'(1)0) =0.01

6(1)1) 0'(171) =-0.5
6(012) 0'(072) =0.8
6(2,0) 0'(270) =-09
6(11,1) 0'(1’,1) =0.5
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Recall that, in Sect. 2, the length [ of the interval is taken to be between zero and m 7, so that we
have the required PES as indicated in (2.6). For the numerical simulations [ is taken to be 3.835, namely,
[ is below but close to its maximum value m 7, which makes the spectral gap small and, hence, we
expect then that the interaction between high and slow modes will be more significant.

Both the full system and the reduced equations are solved using a semi-implicit Milstein method. The
full SPDE is approximated by projecting the equation onto the eigenvectors of (I+A)?, and truncating the
resulting system so that we keep only the first 40 modes. Note, however, that because of the polynomial

First mode
0.4 ; ; ; ; ; ; . . .

0.35

0.3

0.25

0.2

U(1,0)

0.15

0.1

0.05

0 1 1 1 1 1 1 1 1 1
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

t

F1c. 1. Time evolution of the projection of the solution on e(y )

Second mode

0.08
0.07
0.06
0.05
g 0.04
0.03
0.02

0.01

O 1 1 1 1 1 1 1 -
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

t

Fic. 2. Time evolution of the projection of the solution on e 1). The relative smoothness of this curve reflects the fact
that o(0,1) =0
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(w1, u2) plane
0.08 ‘ ‘

0.07}
0.06
0.05

S 0.04f

3
0.03
0.02f

0.01

0 0.05 0.1 0.15

0.2 0.25 0.3 0.35 0.4
U(1,0)

FiG. 3. Trajectories of the stochastic and deterministic systems projected onto the H. plane

Fia. 4. Schematic representation of the deterministic attractor on the e gy — €(0,1) plane

(u1, u) plane
0.3 ‘ ‘

01f 1

U(0,1)

-0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4

FiG. 5. Time evolution of the SPDE from an ensemble of different initial conditions projected on the e(; gy — €(g,1) plane.
The long time behavior of the solutions resembles the structure of the deterministic system shown in Fig. 4
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105 Relative error in L? of the slow modes

PPH

ISIES)

S4r

l|lue—u

0 | | | | | | | |
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

t

Fic. 6. Time evolution of the difference between solutions of the full SPDE and the reduced SDE using the same initial
conditions

Parametrization defect

0.95 T

0.9

0.85

0.7 1

0.65 1

0.6 I I I I I
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

t

Fic. 7. Time evolution of the parametrization defect corresponding to solutions of the full SPDE and the reduced SDE
using the same initial conditions

growth of the eigenvalues the degree of accuracy of this strategy can be achieved with even less modes;
in fact, all the results obtained below remain essentially unchanged if we keep only as few as 20 modes.

Figures 1 and 2 show the amplitudes of the first and second modes of the reduced SSHE. Recall that
the first mode has multiplicative noise with intensity 0.01, while second mode is free of noise. Notice that
even though the second mode is free of noise, Fig. 1 shows that it still manages to get some feedback
from the high modes, on which the noise is intentionally chosen with a higher intensity.

Figure 3 shows a typical trajectory of the system. We set the initial data to be a point on the approx-
imated invariant manifold, with coordinates on the H. plane given by u.(0) = 0.05¢(1 ) 4 0.025¢(q,1). For
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comparison, the dashed line shows the trajectory of the deterministic system corresponding to the same
initial data.

Since the reduced equations cannot be solved in closed form, we are not able to give a detailed
description of the geometric structure of the bifurcated random attractor. Nevertheless, the numerical
simulations show that the structure of the deterministic attractor, shown in Fig. 4, is not entirely lost. For
instance, by taking an initial condition at a point close to the origin O in the sector OCB, Fig. 3 shows
that the corresponding trajectory has the same qualitative behavior of its deterministic counterpart: at
first it is influenced by the repulsive nature of the origin, and travels in the direction of OB before the
effect of the attractive point C changes the trajectory, after which the path moves closer to the z-axis.
This suggests that the structure of the random attractor will resemble that of the deterministic case.
Figure 5 shows that this is indeed the case, in the sense that, by fixing a realization of the noise and
choosing a set initial data on different points of the H,. plane, the corresponding trajectories approach
the regions where the deterministic attractive points would have been.

Next we give two types of error analysis: first, the relative error incurred by approximating the dy-
namics of the slow modes by the reduced system, and, second, the error incurred by expressing the high
modes of the full SPDE in terms of the slow modes via the approximate invariant manifold function. In
the first case, we consider u.(t) = P.u(t), where u(t) is the solution of (1.6), with initial datum u(0) taken
as a point on the approximate invariant manifold lec. Namely, u.(t) consists of the first two modes of
the full solution (the slow modes). We compare this to u2PP(t), the solution of (5.15), (5.16), that is, the
reduced SSHE equations. Figure 6 shows that the relative L?-error is very small. This shows that the
reduced system captures the behavior of the full SPDE with good accuracy.

Next, we investigate the effectiveness of h*PP in approximating the true invariant manifold function h
whose existence is given in Sect. 4. This is measured by the so called parametrization defect, Q(T,w;uo),
given by

Jo ls (8, 50) = hPP (ue(t, ws o), 6,)| Pt

Q(Tv w3 UO) = T
Jo Nus(t, wsug)||2dt
see (4.29) [8]. Notice that @ = 1 when h?PP = 0, so that Q < 1 implies that h®PP is a better approximation
compared to the Galerkin method, which amounts to neglect all interactions between the fast and slow
modes (Fig. 7).

; (6.1)
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