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Abstract. This report investigates the convergence rate of the weak solutions wα of the Leray-α, modified Leray-α, Navier–
Stokes-α and the zeroth ADM turbulence models to a weak solution u of the Navier–Stokes equations. It is assumed that
this weak solution u of the NSE belongs to the space L4(0, T ; H1). It is shown that under this regularity condition the error
u − wα is O(α) in the norms L2(0, T ; H1) and L∞(0, T ; L2), thus improving related known results. It is also shown that
the averaged error u − wα is higher order, O(α1.5), in the same norms, therefore the α-regularizations considered herein
approximate better filtered flow structures than the exact (unfiltered) flow velocities.
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1. Introduction

The scope of this report is to investigate the rate of convergence of several α-models of turbulence to the
Navier–Stokes equations (NSE). It is known that in a direct numerical simulation of a turbulent flow at
high Reynolds number the NSE although very good as a physical model, is not efficient computationally
(as it requires a very fine mesh and very many degrees of freedom for an accurate computation), [23]. For
this reason, many regularizations of the NSE have been introduced with the goal of approximating only
averages of flow structures and not the true flow. Amongst them, there are the four α-models of turbulence
considered herein: the Leray-α, the modified Leray-α model, the Navier–Stokes-α and the zeroth ADM
model. These turbulence models have been introduced and investigated mathematically in [4,7,8,12,13,
20,26–28,31,32,39] and analyzed numerically and tested in papers such as [9,15,18,21,22,29,30,34,37].
The asymptotic behavior of the above α models of turbulence as the regularization parameter α converges
to zero has been investigated in [3,4,6,11,13]. The asymptotic behavior of related models (Voigt-MHD
system, inviscid Euler-α system, ADM-MHD system) is studied in papers such as [2,24,33].

In this report we investigate the rate of convergence of the error u−wα as α → 0 in the L2(0, T ;H1)
and L∞(0, T ;L2) norms. Here u is a weak solution of the NSE which is assumed to satisfy u ∈ L4(0, T ;H1)
and wα is the weak solution of any of the four α-models of turbulence from above. These models take
the form

wα
t + N(wα) − νΔwα + ∇p = f in Ω

∇ · wα = 0 in Ω
wα(x, 0) = u0(x) in Ω

(1.1)
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where the nonlinear operator N is given by N(wα) = wα ·∇wα in the Leray-α model, N(wα) = wα ·∇wα

in the Modified Leray-α model, N(wα) = wα ·∇wα in the zeroth ADM model and N(wα) = (∇×wα)×
wα in the Navier–Stokes-α model. Here Ω is the 2d or 3d periodic box of size L > 0 and periodic boundary
conditions are used.

Here we’ll adopt the notations from works such as [28,34] and call wα the solution of the α-model of
turbulence, but it should be pointed out that in several related works such as [4,5,8,20] the function wα

(denoted differently therein) is quoted as the solution of the α-model.
The average wα of wα in the periodic context is the differential filter of wα defined as

wα = (I − α2Δ)−1wα.

The differential filter was introduced by Germano in [16,17] and it is also called the Helmholtz filter,
[3], or the exponential filter, [40]. Its connection to the well-known Gaussian filter is explained in [10].
One advantage over the Gaussian filter is a simpler representation of the subgrid scales wα − wα, [40].
Its use for LES computations is recommended in [35].

The rates of convergence of the error u − wα as α → 0 in the L2(H1) and L∞(L2) norms have
been proved in the paper [5] in two space dimensions in the general case ( i.e. with no extra regularity
assumption on the weak solution u of the NSE). In [5] Cao and Titi have shown that

||u − wα||L∞(0,T ;L2) + ||u − wα||L2(0,T ;H1) ≤ Cαlog(1/α)1/2. (1.2)

In their proof they employ some properties of the Navier–Stokes nonlinear term which are true only
in the 2d case and the Brezis-Gallouet inequality thus making their argument valid only in the 2d case.

Another study of the convergence rate has been performed in the work [6] where the authors prove
that the convergence rate of the NS-α model in the norm L1(L2) is O(α) (thus removing the logarithmic
factor). The result is valid in two and three space dimensions, however, it requires a small data condition
to assure the existence and uniqueness of the weak solution of the NSE.

In this report it’s shown that the logarithmic factor can be removed in both two and three space
dimensions provided that there exists a weak solution u of the NSE satisfying the extra regularity
property u ∈ L4(0, T ;H1). This assumption implies the weaker regularity u ∈ L4(0, T ;L6) which is
the well-known Leray–Serrin–Prodi (LSP), 3d uniqueness assumption, [32,36,38], u ∈ Lr(0, T ;Ls) with
3/s + 2/r = 1, s ≥ 3. In our case we pick r = 4, s = 6. The LSP condition is very well documented in
Galdi, [14], see also Layton, [25], page 144. Several properties of a solution satisfying the LSP condition
presented in Galdi, [14], are listed below.

A weak solution of the NSE satisfying the LSP condition is unique in the set of all Leray-Hopf solutions,
see Thm 4.2 in Galdi, [14] and also [32,32,36,38].

The existence of regular solutions for small time intervals is presented in Thm. 6.1 in Galdi, [14],
and Heywood, [19], where it’s proved that if f = 0 and initial condition u0 ∈ H1, then there exists
a weak solution in the space L∞(0, T ∗;H1) (thus satisfying the assumption u ∈ L4(0, T ∗;H1)), where
T ∗ = O(1/||∇u0||4).

According to Thm 5.2 in Galdi, [14], if f = 0 and initial condition u0 ∈ H1 a weak solution satisfying
the LPS is regular, i.e. u ∈ C∞((0, T ]×Ω), see also Leray, [32]. In return, if a weak solution is regular up to
a time limit T where it looses regularity, necessarily the norm ||u||L4(0,T ;L6) (and therefore ||u||L4(0,T ;H1))
has to blow up, (i.e. similar to the L1(0, T ;L∞) norm of the vorticity, Beale–Kato–Majda, [1]).

The assumption u ∈ L4(0, T ;H1) alone is discussed in Remark 6.2, page 62, Galdi, [14], (see also Leray,
[32]), where it’s shown that this regularity condition prevents the formation of epochs of irregularities as
a direct consequence of Thm. 6.2, page 59, Galdi, [14].

Herein, it’s shown that if there exists a weak NSE solution u ∈ L4(0, T ;H1) then the weak solution
wα of any of the four turbulence models in (1.1) will converge to this specific u as α → 0 and more,

||u − wα||L∞(0,T ;L2) + ||∇u − ∇wα||L2(0,T ;L2) ≤ CT α (1.3)

i.e. the error estimate is valid without a logarithmic term.
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Moreover, it is also shown that the averaged error u − wα converges with higher rate O(α1.5) in the
same norms, i.e.

||u − wα||L∞(0,T ;L2) + ||u − wα||L2(0,T ;H1) ≤ CT α1.5 (1.4)
We emphasize that, unlike the Titi and Cao’s reference paper [5], where the two authors compare u

to wα, herein we compare u to wα (and u to wα) which seem the natural comparisons for our analysis.
Further on, the result (1.2) of Cao and Titi can then be improved by using the inequalities (1.3, 1.4),

the triangle inequality and some more filter estimates proved herein [i.e. inequality (2.12)] to estimate
the left term in inequality (1.2) as

||u − wα||L∞(0,T ;L2) + ||∇u − ∇wα||L2(0,T ;L2) ≤ CT α.

thus improving the result (1.2) proved in [5].
Estimate (1.4) and the one above show that wα approximates better the average flow velocity u than

the velocity u itself. This is consistent with other works such as [10] that show that when one seeks to
approximate average velocities better accuracy is expected.

2. Estimates of the Weak Solution of the Navier–Stokes Equations

For simplicity, we consider only the 3d case and we emphasize that all inequalities presented herein are
also valid in the 2d case. Ω = (0, L)3 denotes the periodic box of size L > 0 and T3 is given by

T3 := 2πZ3/L.

For a real s > 0, Hs will denote the Hilbert space

Hs = {v(x) =
∑

k∈T ∗
3

v̂keik·x|∇ · v = 0, v̂−k = v̂k,
∑

k∈T ∗
3

|k|2s|v̂k|2 < ∞} (2.1)

with corresponding norm

||v||s =

⎛

⎝
∑

k∈T �
3

|k|2s|vk|2
⎞

⎠

1
2

. (2.2)

We let || · || := || · ||0 denote the L2(Ω) norm. For reals T > 0, p ≥ 1 and Banach space X, the space
of vector valued functions Lp(0, T ;X) is given by

Lp(0, T ;X) =

⎧
⎨

⎩f : [0, T ] → X|
T∫

0

||f(t)||pXdt < ∞

⎫
⎬

⎭ .

Our analysis uses standard inequalities such as the Sobolev inequality

||u||L6 ≤ C||∇u|| (2.3)

and the inequality
||u||L3 ≤ ||u||1/2

L2 ||u||1/2
L6 ≤ C||u||1/2

L2 ||∇u||1/2
L2 (2.4)

for u ∈ H1. In the above two inequalities C is a general constant not depending on u.

Definition 2.1. We let A : Hs+2 ⊂ Hs → Hs and G : Hs → Hs+2 ⊂ Hs

Au = (I − α2Δ)u, Gu = (I − α2Δ)−1u = u.

G is the differential filter, see [3,17] and has the properties

||u||s ≤ ||u||s, α||u||s+1 ≤ C||u||s, α2||u||s+2 ≤ C||u||s (2.5)

for a general constant C which does not depend on α,u.
From the above inequalities it follows that

||u − u|| = α2||Δu|| ≤ Cα||∇u||.
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Furthermore, one can show using this inequality, the inequality (2.4) and the first inequality in (2.5)
that

||u − u||L3 ≤ C||u − u||1/2||∇u − ∇u||1/2 ≤ Cα1/2||∇u|| (2.6)

We next consider the Navier–Stokes equations

ut + u · ∇u − νΔu + ∇p = f in Ω
∇ · u = 0 in Ω

u(x, 0) = u0(x) in Ω
(2.7)

with data f ∈ L2(0, T ;H0) and u0 ∈ H1 and periodic boundary conditions. We assume that the NSE
posses a weak solution u such that

∇u ∈ L4([0, T ], L2). (2.8)

In the sequel this weak solution u will be called the regular weak solution.
It follows from Galdi, [14], Theorem 4.2, that the regular weak solution u is unique in the set of all

weak solutions satisfying the energy inequality.
In the next theorem we provide some estimates of the average u of the regular weak solution u.

Theorem 2.1. The regular weak solution u of the NSE satisfies the following inequality

||∇u||L∞([0,T ],L2) + α||Δu||L∞([0,T ],L2) + ||Δu||L2([0,T ],L2) + α||∇Δu||L2([0,T ],L2) ≤ CT (2.9)

where CT does not depend on α. The dependence of C in ||∇u||4L4(L2) is

CT = O(e
C
ν3 ||∇u||4

L4(0,T ;L2)) (2.10)

where C is a Sobolev constant.

Proof. Set −Δu (which is a valid multiplier) as a test function in (2.7) and integrate. It follows that

1
2

d

dt
(||∇u||2 + α2||Δu||2) + ν||Δu||2 + να2||∇Δu||2 = (u · ∇u,Δu) − (f,Δu). (2.11)

The first term on the right side above is written as:

(u · ∇u,Δu) = (u · ∇(u − α2Δu),Δu) = (u · ∇u,Δu)

and then estimated as
(u · ∇u,Δu) = (u · ∇u,Δu) ≤ ||u||L6 ||∇u||L3 |Δu||L2

≤ C||∇u||||∇u||1/2||Δu||1/2||Δu||
≤ C

ν3 ||∇u||4||∇u||2 +
ν

4
||Δu||2.

The first inequality above uses the Hölder’s inequality with the pairing 1/6 + 1/3 + 1/2 = 1. In the
second inequality, the L6 norm is handled using inequality (2.3), whereas the L3 norm is handled using
inequality (2.4). In the third inequality we use the Young’s inequality with the pairing 1/4 + 3/4 = 1.

The second term on the right hand side of (2.11) is estimated as

(f ,Δu) ≤ ||f ||||Δu|| ≤ 1
ν

||f ||2 +
ν

4
||Δu||2.

In the first inequality from above we use the Cauchy’s inequality and in the second we use Young’s
inequality with the pairing 1/2 + 1/2 = 1.

Replacing in equality (2.11) and applying Gronwall’s inequality finishes the proof. Since the integrating
factor in Gronwall’s inequality is a(t) = C

ν3 ||∇u(t)||4, there follows (2.10). �

Remark 2.2. For the rest of the paper C will always denote a general Sobolev constant, possibly changing
from one calculation to another, whereas CT will denote a constant which is not dependent on α and
whose dependence on ||∇u||4L4(L2) is given by relation (2.10) above.
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Theorem 2.3. For the regular weak solution u of the NSE the following estimates hold

||u − u||L∞(0,T ;L2) + ||∇u − ∇u||L2(0,T ;L2) ≤ CT α (2.12)

||u − u||L2(0,T ;L2) ≤ CT α2 (2.13)

||u − u||L2(0,T ;L3) ≤ CT α1.5. (2.14)

Proof. Using the definition of u we can write

||u − u|| = α2||Δu|| = α(α||Δu||) ≤ CT α

since α||Δu|| is bounded uniformly in α, see the previous theorem.
Similarly,

||∇u − ∇u||L2(0,T ;L2) = α2||∇Δu||L2(0,T ;L2) = α(α||∇Δu||L2(0,T ;L2)) ≤ CT α

because α||∇Δu||L2(L2) is bounded uniformly in α, see the previous theorem.
To prove (2.13) we write

||u − u||L2(0,T ;L2) = α2||Δu||L2(0,T ;L2) ≤ CT α2

since ||Δu||L2(L2) is uniformly bounded in α, see the previous theorem.
For the last inequality (2.14) we use inequality (2.4) to write

||u − u||2L2(L3) =

T∫

0

||u − u||2L3dt

≤ C

T∫

0

||u − u||||∇u − ∇u||dt

≤ C

⎛

⎝
T∫

0

||u − u||2dt

⎞

⎠
1/2 ⎛

⎝
T∫

0

||∇u − ∇u||2dt

⎞

⎠
1/2

= C||u − u||L2(L2)||∇u − ∇u||L2(L2)

≤ CT α3

�

3. The Error Analysis of the α-Models of Turbulence

We consider the general form of the α-models of turbulence

wα
t + N(wα) − νΔwα + ∇p = f in Ω

∇ · wα = 0 in Ω
wα(x, 0) = u0(x) in Ω

(3.1)

where the nonlinear operator N is given by

N(wα) = wα · ∇wα in the Leray-α model (3.2)
N(wα) = wα · ∇wα in the Modified Leray-α model (3.3)
N(wα) = wα · ∇wα in the zeroth ADM model (3.4)
N(wα) = (∇ × wα) × wα in the Navier–Stokes-α model. (3.5)

Any of the four α-models from above is known to have a unique weak solution wα ∈ L∞(H0)∩L2(H1).
The main result of the paper is stated as:
A weak solution wα of any of the four α-models from above satisfies

||u − wα||2L∞(0,T ;L2) + ||∇u − ∇wα)||L2(0,T ;L2) ≤ CT α, (3.6)
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and
||u − wα||L∞(0,T ;L2) + α||∇u − ∇wα||L∞(0,T ;L2)

+ ||∇u − ∇wα||L2(0,T ;L2) + α||Δu − Δwα||L2(0,T ;L2) ≤ CT α1.5,
(3.7)

where CT is as in Remark 2.2.
The two main estimates from above are proved in several steps. We first prove in Theorem 3.1 that

the Leray-α model satisfies the first main estimate (3.6). Then we prove in Theorem 3.3 that the Leray-α
model satisfies the second main estimate (3.7). Next we prove in Theorem 3.4 that the Modified Leray-
α, zeroth ADM, Navier–Stokes-α models satisfy the second main estimate (3.7) and lastly we prove in
Theorem 3.4 that the Modified Leray-α, zeroth ADM, Navier–Stokes-α models satisfy the first main
estimate (3.6).

Theorem 3.1. The Leray-α model (3.1,3.2) satisfies the first main estimate (3.6).

Proof. We subtract (3.1) from (2.7) and set e = u − wα as a test function to get
1
2

d

dt
||e||2 + ν||∇e||2 = −(u · ∇u, e) + (wα · ∇wα, e). (3.8)

The nonlinear terms on the right side are written in the following form

− (u · ∇u, e) + (wα · ∇wα, e) = −((u − u) · ∇u, e) − (e · ∇u, e). (3.9)

The first term on the right side above is written as

((u − u) · ∇u, e) = ((u − u) · ∇(u − u), e) + ((u − u) · ∇u, e) (3.10)

The first term on the right is bounded as

|((u − u) · ∇(u − u), e)| ≤ ||u − u||L3 ||∇(u − u)||L2 ||e||L6

≤ C||u − u||1/2
L2 ||∇(u − u)||3/2

L2 ||∇e||
≤ CT α1/2||∇(u − u)||3/2

L2 ||∇e||
≤ CT α||∇(u − u)||3 + ν

10 ||∇e||2

The first inequality from above is due to the Hölder’s inequality with the pairing 1/3+1/2+1/6 = 1.
In the second inequality the L3 norm is handled using inequality (2.6), whereas the L6 norm is handled
using inequality (2.3). In the third inequality we use (2.12). The last inequality is due to the Young’s
inequality with the pairing 1/2 + 1/2 = 1. In the last inequality the second term on the right will be
absorbed in the left side of (3.8) whereas the time integral of the first term on the right is bounded using
Cauchy inequality and (2.12).

α
∫ T

0
||∇(u − u)||3dt ≤ α||∇(u − u)||L2(0,T ;L2)||∇(u − u)||2L4(0,T ;L2)

≤ CT α2.
(3.11)

The second term on the right of (3.10) is bounded as follows.

|((u − u) · ∇u, e)| ≤ ||u − u||L3 ||∇u||L2 ||e||L6

≤ CT ||u − u||2L3 + ν
10 ||∇e||2

In the first inequality we use the Hölder’s inequality with the pairing 1/3 + 1/2 + 1/6 = 1. In the
second inequality the L2 norm is handled using inequality (2.9), the L6 norm is handled using inequality
(2.3) and the Young’s inequality is applied with the pairing 1/2 + 1/2 = 1. In the last inequality second
term on the right will be absorbed in the left side of (3.8) whereas the time integral of the first term on
the right is bounded using (2.14). ∫ T

0

||u − u||2L3dt ≤ CT α3 (3.12)

We now estimate the second term on the right of formula (3.9) as

|(e · ∇u, e)| ≤ ||e||L6 ||∇u||L2 ||e||L3 ≤ ||∇u|| ||e||1/2||∇e||3/2

≤ C
ν3 ||∇u||4 ||e||2 +

ν

4
||∇e||2. (3.13)
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In the first inequality from above we use Hölder’s inequality with the pairing 1/6+1/2+1/3 = 1 and
in the second inequality the L6 norm is bounded using inequality (2.3) and the L3 norm using inequality
(2.4). In the third inequality from above we apply Young’s inequality with the pairing 1/4 + 3/4 = 1.

Finally, applying Gronwall’s lemma together with (3.11), (3.12) in (3.8) gives

||u − wα||2L∞(L2) + ν||∇u − ∇wα||2L2(L2) ≤ CT α2.

�

The next theorem provides a stability estimate of wα that will be later used to show that the weak
solution wα of the Leray-α model satisfies the second main estimate (3.7).

Theorem 3.2. The weak solution wα of the Leray-α model satisfies the inequality

||∇wα||L∞(L2) + α||Δwα||L∞(L2) + ||∇wα||L2(L2) + α||∇Δwα||L2(L2) ≤ CT (3.14)

Proof. Using formulas u = u − α2Δu, wα = wα − α2Δwα in the first main estimate (3.6) gives

||∇u − ∇wα||L∞(L2) + α||Δu − Δwα||L∞(L2) ≤ CT

||Δu − ∇wα||L2(L2) + α||∇Δu − ∇Δwα||L2(L2) ≤ CT

and therefore using inequality (2.9) gives (3.14). �

Theorem 3.3. The weak solution wα of the Leray-α model (3.1, 3.2) satisfies the second main estimate
(3.7).

Proof. We subtract (3.1) from (2.7) and set e = u − wα as a test function to get

1
2

d

dt
(||e||2 + α2||∇e||2) + ν||∇e||2 + να2||Δe||2 = −(u · ∇u, e) + (wα · ∇wα, e). (3.15)

The nonlinear terms on the right side are written in the following form

−(u · ∇u, e) + (wα · ∇wα, e) = −((u − u) · ∇u, e) − (e · ∇u, e) − (wα · ∇e, e). (3.16)

The estimation of the second term on the right side is done as in inequality (3.13) to obtain

|(e · ∇u, e)| ≤ C

ν3
||∇u||4 ||e||2 +

ν

4
||∇e||2. (3.17)

The third is written as

|(wα · ∇e, e)| = α2|(wα · ∇Δe, e)| = α2|(wα · ∇e,Δe)|
and then bounded as

|(wα · ∇e, e)| ≤ α2||wα||L6 ||∇e||L3 ||Δe||L2

≤ CT α2||∇e||1/2||Δe||3/2

≤ CT α2||∇e||2 +
ν

4
α2||Δe||2.

(3.18)

In the second inequality the L6 norm is handled using the inequality (2.3) and the resulting term
||∇wα|| is bounded uniformly in α, see inequality (3.14). The L3 norm is handled using the inequality
(2.4). Lastly, in the third inequality we use Young’s inequality with the pairing 1/4 + 3/4 = 1.

In the last inequality, the second term on the right will be absorbed in the left side of (3.15) and the
time integral of the first term is bounded as

α2

∫ T

0

||∇e||2 = α2

∫ T

0

||∇u − ∇wα||2 ≤ CT α4

due to the first main estimate (3.6).
The first term on the right side in formula (3.16) will be estimated as

|((u − u) · ∇u, e)| ≤ |((u − u) · ∇(u − u), e)| + |((u − u) · ∇u, e)|. (3.19)
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Then the first term on the right side is estimated as

|((u − u) · ∇(u − u), e)| = |((u − u) · ∇e,u − u)|
≤ ||u − u||L2 ||u − u||L6 ||∇e||L3

≤ CT α||∇u − ∇u||||∇e||1/2||Δe||1/2

≤ CT α||∇u − ∇u||2 +
ν

4
||∇e||2 + α2 ν

4
||Δe||2.

(3.20)

In the second inequality from above the L6 norm is handled using the Sobolev inequality (2.3), the
L3 norm is handled using the inequality (2.4) and the first term ||u − u||L2 is bounded by CT α due to
inequality (2.12). In the third inequality we use the Young’s inequality with the pairing 1/2+1/4+1/4 = 1.

Upon applying Gronwall’s lemma the last two terms on the right will be absorbed in the left side of
(3.15) whereas the first term is estimated as

α

T∫

0

||∇u − ∇u||2dt ≤ CT α3

using inequality (2.12) in Theorem 2.3.
Going back to inequality (3.19), the second term on the right is bounded as

|((u − u) · ∇u, e)| ≤ ||u − u||L3 ||∇u||L2 ||e||L6

≤ CT ||u − u||L3 ||∇e||
≤ ν

4
||∇e||2 + CT ||∇u − ∇u||2L3 .

(3.21)

In the second inequality above the term ||∇u|| is bounded by CT using inequality (2.9). The L6 norm
is bounded using the Sobolev inequality (2.3). In the third inequality we use Young’s inequality with the
pairing 1/2 + 1/2 = 1.

The term containing e will be absorbed in the left side and upon time integration, the second term is
estimated as

T∫

0

||u − u||2L3dt ≤ CT α3

using inequality (2.14) in Theorem 2.3.
Collecting the terms from the inequalities (3.17, 3.18, 3.20, 3.21), replacing in (3.15) and applying

Gronwall’s inequality proves that the weak solution wα of the Leray-α model satisfies the second main
estimate (3.7). �

Theorem 3.4. The weak solution wα of any of the three models the Modified Leray-α model (3.1, 3.3), the
zeroth ADM model (3.1, 3.4) and the Navier–Stokes-α model (3.1, 3.5) satisfies the second main estimate
(3.7).

Proof. Let’s assume that wα is the weak solution of the modified Leray-α turbulence model (3.1, 3.3).
We subtract (3.1) from (2.7) and set e = u − wα as a test function to get

1
2

d

dt
(||e||2 + α2||∇e||2) + ν||∇e||2 + να2||Δe||2

= −(u · ∇u, e) + (wα · ∇wα, e).
(3.22)

The terms on the right side are written in the following form

− (u · ∇u, e) + (wα · ∇wα, e) = −(u · ∇e,u − u) − (e · ∇u, e). (3.23)

The first term is written as

(u · ∇e,u − u) = ((u − u) · ∇e,u − u) + (u · ∇e,u − u).
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The first term on the right side above is estimated as in formula (3.20) whereas the second is estimated
as

|(u · ∇e,u − u)| ≤ ||u − u||L3 ||∇e||L2 ||u||L6

using Hölder’s inequality with the pairing 1/3 + 1/6 + 1/2 = 1 and from here on the inequality proceeds
as in inequality (3.21).

The last term on the right side of 3.23 is written as

− (e · ∇u, e) = −(e · ∇u, e) + α2(Δe · ∇u, e). (3.24)

The first term on the right side above is handled similar to the term in inequality (3.13)

(e · ∇u, e) ≤ C

ν3
||∇u||4||e||2 +

ν

8
||∇e||2.

The second term in (3.24) is estimated as

α2(Δe · ∇u, e) ≤ α2||Δe||||∇u||L6 ||e||L3 ≤ Cα||Δe||||∇u||||e||1/2||∇e||1/2. (3.25)

The first inequality from above uses Hölder’s inequality with the duality pairing 1/2 + 1/6 + 1/3 = 1.
In the second inequality we handle the L3 norm using inequality (2.4) and the L6 norm using the Sobolev
inequality (2.3) and Theorem 2.1 to write

α||∇u||L6 ≤ C||∇u||.
Going back to inequality (3.25) we may apply Young’s inequality with the pairing 1/2+1/4+1/4 = 1

to write

α2(Δe · ∇u, e) ≤ ν

2
α2||Δe||2 +

C

ν3
||∇u||4||e||2 +

ν

8
||∇e||2.

Collecting terms in (3.22) and applying Gronwall’s inequality will finish the proof.
If wα is the weak solution of the zeroth ADM turbulence model (3.1, 3.4) then subtracting (3.1) from

(2.7) and setting e = u − wα as a test function gives

1
2

d

dt
(||e||2 + α2||∇e||2) + ν||∇e||2 + να2||Δe||2 = −(u · ∇u, e) + (wα · ∇wα, e).

The nonlinear terms on the right side are written in the following form

−(u · ∇u, e) + (wα · ∇wα, e) = −((u − u) · ∇u, e) − (u · ∇(u − u), e) − (e · ∇u, e).

All terms will be bounded as in the modified Leray-α case and then Gronwall’s inequality will finish
the proof in the case of the second main estimate (3.7) for the zeroth ADM model.

The proof in the NS-α case follows similar lines. (3.1) is subtracted from the NSE (2.7) (which is
written in the rotational form) and e = u − wα is set as a test function in the resulting equation to get

1
2

d

dt
(||e||2 + α2||∇e||2) + ν||∇e||2 + να2||Δe||2 = −((∇ × u) × u, e) + ((∇ × wα) × wα, e).

The term on the right is written in the following form

−((∇ × u) × u, e) + ((∇ × wα) × wα, e) = −((u − u) × (∇ × u), e) − ((∇ × e) × u, e).

In the above equality the first term on the right side is written as

−((∇ × u) × (u − u), e) = −((u − u) · ∇u, e) + (e · ∇u,u − u).

and both terms are estimated as in inequality (3.20, 3.21).
Gronwall’s inequality is then applied to obtain the second main estimate (3.7). �

Theorem 3.5. A weak solution wα of any of the three models Modified Leray-α model (3.3), zeroth ADM
model (3.4), Navier–Stokes -α model (3.5) satisfies

||∇wα||L∞([0,T ],L2) + α||Δwα||L∞([0,T ],L2) + ||Δwα||L2([0,T ],L2) + α||∇Δwα||L2([0,T ],L2) ≤ CT (3.26)
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Proof. As a direct consequence of the fact that wα satisfies (3.7) and u satisfies (2.9) we obtain that

||∇wα||L∞([0,T ],L2) + ||Δwα||L2([0,T ],L2) ≤ CT . (3.27)

In case wα is the solution of the Zeroth ADM model (3.1, 3.4) we multiply (3.1) by −Δwα and
integrate on Ω to get

1
2

d

dt
(||∇wα||2 + α2||Δwα||2) + ν||Δwα||2 + να2||∇Δwα||2 = (N(wα),Δwα) − (f ,Δwα), (3.28)

where N(wα) is given by formula (3.4).
The first term on the right side of (3.28) is bounded as

(wα · ∇wα,Δwα) ≤ ||wα||L6 ||∇wα||L3 ||Δwα||L2

≤ ||∇wα||||∇wα||1/2||Δwα||1/2||Δwα||
≤ C

ν3 ||∇wα||6 +
ν

4
||Δwα||2

The first inequality from above follows from Hölder’s inequality with the pairing 1/6 + 1/3 + 1/2 = 1.
In the second inequality the L6 norm is handled using inequality (2.3) and the L3 norm is treated using
inequality (2.4). In the third inequality we use Young’s inequality with the pairing 1/4 + 3/4 = 1.

The time integral of the first term on the right side of the last inequality above is bounded as
∫ T

0

||∇wα||6dt ≤ CT

due to inequality (3.27).
The second term on the right side of (3.28) is bounded using Cauchy and Young’s inequalities.

|(f ,Δwα)| ≤ ||f ||||Δwα|| ≤ C||f ||2 +
ν

4
||Δwα||2

Collecting terms in (3.28) and integrating in time finishes the proof.
In the case of the Modified Leray-α model (3.1, 3.3), upon setting −Δwα as test function in (3.3) the

weak form of the nonlinear term will be

(wα · ∇wα,Δwα) = (wα · ∇wα,Δwα) − α2(Δwα · ∇wα,Δwα). (3.29)

The first term on the right side above is treated exactly as in the zeroth ADM case. The second term
in the right side above is estimated as

α2|(Δwα · ∇wα,Δwα)| ≤ α2||Δwα||L3 ||∇wα||L2 ||Δwα||L6

≤ ||∇wα||(α||Δwα||)1/2(α||∇Δwα||)3/2

≤ C
ν3 ||∇wα||4(α||Δwα||)2 +

ν

4
(α||∇Δwα||)2.

The first inequality from above is due to Hölder’s inequality with the pairing 1/3 + 1/2 + 1/6 = 1.
In the second inequality the L3 norm is handled using inequality (2.4), the L6 norm is handled using
inequality (2.3). In the second inequality we use Young’s inequality with the pairing 1/4 + 3/4 = 1.

We have that the time integral of the first term on the right side of the last inequality above is bounded
as

∫ T

0

||∇wα||4(α||Δwα||)2 ≤ CT

due to inequality (3.27).
Collecting terms in (3.28) and integrating in time finishes the proof.
In the case of the NS-α model (3.1, 3.5), upon setting −Δwα as test function in (3.1) the weak form

of the nonlinear term will be

((∇ × wα) × wα,Δwα) = (wα · ∇wα,Δwα) − (Δwα · ∇wα,wα),

both terms being further handled similarly to the term (3.29) in the Modified Leray-α case. �
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Theorem 3.6. A weak solution of any of the three models, Modified Leray-α model (3.1, 3.3), the zeroth
ADM model (3.1, 3.4) and the Navier–Stokes-α model (3.1, 3.5), satisfies the first main estimate (3.6).

Proof. Due to Theorem 3.5, the arguments in Theorem 2.3 apply also to the weak solution wα of any of
the three α-models (3.3, 3.4, 3.5), therefore it satisfies the following inequality

||wα − wα||L∞(L2) + ||∇wα − ∇wα||L2(L2) ≤ CT α.

Since wα satisfies the second main estimate (3.7) it follows that

||u − wα||L∞(L2) + ||∇u − ∇wα||L2(L2) ≤ CT α1.5.

Upon applying the triangle inequality we obtain that the weak solution of any of the three turbulence
models (3.3, 3.4, 3.5) satisfies the first main estimate 3.6,

||u − wα||L∞(L2) + ||∇u − ∇wα||2L2(L2) ≤ CT α2.

�

Remark 3.7. Although the above rates have been proved for the 3d case, all the results are also true in
the 2d case as all inequalities used herein are valid also in two space dimensions.

Remark 3.8. The constants CT obtained in the estimates (3.6, 3.7) depend continuously on ||u||L4(0,T ;H1)

and grow exponentially fast in the parameter ||u||4L4(0,T ;H1) → ∞ , see Remark 2.2.
If we assume that T is an epoch of irregularity of u, see Definition 6.1 on page 58, Galdi, [14],

necesarily the norm ||u||L4(0,T ;H1) has to blow-up, see Remark 6.2, page 62, [14], and therefore in this
case the main estimates (3.6, 3.7) will not necesarily hold. The application of the theory on intervals [0, T ′]
with T ′ → T, T ′ < T , will lead to ||u||L4(0,T ′;H1) → ∞ and as such the constants CT ′ (corresponding
to T ′) in (3.6, 3.7) will grow exponentially fast as T ′ → T . We emphasize that this is due to the use of
Gronwall’s inequality in the underlying analysis. Alternative ways to avoid its use will be considered in
future investigations.

4. Conclusions

In this report it is shown that under the regularity assumption u ∈ L4(H1) on a weak solution u of
the NSE the weak solution wα of any of the Leray-α, modified Leray-α, Navier–Stokes-α and the zeroth
ADM turbulence models will converge to u with the convergence rate O(α) in the norms L2(H1) and
L∞(L2) thus improving the convergence rate O(αlog(1/α)1/2) proved in two space dimensions in [5].

Another important result is that the averaged error u − wα converges with higher rate O(α1.5) than
the error u−wα itself, i.e. the filtered flow structures are approximated better than the exact (unfiltered)
flow velocities.

It is also proved herein that the weak solution wα of the α-models of turbulence satisfies the uniform
(in α) stability estimate

sup
t∈[0,T ]

||∇wα|| ≤ CT .

It would be interesting to see how this stability property transfers to discrete finite element solutions of
the α-models of turbulence in case the filter radius α is chosen equal to the mesh width h. This problem
will be investigated in an upcoming paper.
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