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1. Introduction

We consider the two dimensional Navier—Stokes initial boundary value problem in exterior domains:
up—Au+ (u-V)u+Vr, =0 zeN, t>0,

V-u=0 reN, t>0, )
u=0 x eI, t>0, (1)
U = ug reQ, t=0.

The symbol Q@ C R? denotes a smooth exterior domain. The aim is to prove global (in time) existence
of smooth solutions with non-decaying initial data. This problem was originally considered by Giga et
al. [12] for the Cauchy problem (see Giga et al. [11] local existence). Subsequently, in [23] Sawada and
Taniuchi proved an L*-norm of the solutions which is an improvement of the result stated in [12]. Based
on a result by Zelik [25], a recent contribute given by Gallay [8] establishes that the solutions furnished
in [12] enjoy the estimate

[w(t)]oo < cfuolloo(l + cHuOHiot), for all t > 0, (2)

with ¢ independent of ug. Estimate (2) represents a remarkable improvement with respect to the one given
in [23] where the grow is of exponential type. Instead in the case of the Navier—Stokes initial boundary
value problem there is a local existence and uniqueness theorem given by Abe [1], and global existence in
[2] for non decaying initial data belonging to the subset L N D, where D := {u : [Vu|2 < co}. As far as
we know, no global existence result is known for data in L>°. We investigate on this question. The results
of the quoted papers are our starting point (see Sect. 2). In order to state our result we introduce the
following notations: C,,([0,7T); L>°(€2)) denotes the space of functions which are weakly star continuous
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from [0, T] to L*°(2); for all ¢ > 0 the symbol [g(t)]g)

the symbol [g(m)]E;)T] is the y-Holder semi norm in ¢. For all R > 0, we set Qg := QN B(O, R) with
B(O,R) :={]z| < R}.

From now on, the symbol ¢ denotes a constant whose numerical value is inessential to our aims. Its
value can be changed in the same line and it is considered > 1.

We are able to prove the following result:

is the -Holder seminorm in x; and, for all z € €,

Theorem 1. Let ug € L®(Q) with divergence free in the weak sense. Then there exists a unique solution
(u,m,,) to problem (1) such that

for all T >0, u € CypW([0,T); L*(Q)), u, ug, D*u, Vm, € C((0,T) x Q), (3)
with
Ju()lloo < clluolloo (1+[uoll3t) + At Juoflo), (4)
where
0 fort € [0, Tp],

Alt, 00) =
el {Q<|uo||oo>exp(@<||uo||oo>exp<c|uo||§o<1+||uo||zot>2t> fort > Ty,

where Q is a function of |[ug|eo, and Ty > cllug|52 with the constant c independent of ug. Moreover, on
interval (0,Ty) holds

for B€(0,1), sup [ IVu®l + 5 [Tu®)] ] < cluolc,

(0,To

w 5)
for all 6 >0, v € (0,1), sup [[u(ax)] E;)To] + [Vu()] [(E)To]} < c|ug | so-

Finally, for the pressure field m, € C((0,T) x Qr) we get the pointwise estimate
[ (t; )] SC[lQ?lEHu(t)Hoo[U(t)](E)Jr (- V)u) s+ a3+ [Vu(t)]m], for allt>0. (6)
In particular we get
Imu(t,2)| < colz|uoll% (1 + cluol3t)t™% + B(t, Juolloc), for all t € (0,Ty), (7)

where
A

_1 1 _1_
B(t, |uollso) = c1lluo|2 [1+ 72 + 17272 ] + calugllact ™27 2.

Remark 1. We look for the existence of a global solution in L*((0,T") x ). Nevertheless, the estimate
(4), of the L*°-norm of the solution by means of the initial data, is important. Actually, we do not have
estimate uniform in time. This is also the situation in the case of the Cauchy problem where L*-norm
of the solution has estimate (2). We justify estimate (4) below.

The Helmholtz decomposition in L is actually not known. Hence, the pressure field is suitably
constructed. However estimates (6)—(7) are of some interest. Via estimate (6) we deduce that for non
decaying solutions the pressure field grows at infinity at most as |z|°, where € > 0 is arbitrary, for all t > 0.
Instead, for the sake of brevity we omit the behavior for large ¢, it is easy to image that the pressure field
is bounded via a suitable exponential function of ¢ for all z € 2. Nevertheless, since the data is only in
L, it is of particular interest to understand the behavior of the pressure field in neighborhood of ¢t = 0.
This justify the interest for estimate (7). It is interesting to stress that in (7) in the case of the Cauchy
problem function B(¢, ||ug|ec) = 0 for all ¢ > 0, as well as in the linear case the constants co = ¢; = 0.

The result of existence partially follows the lines of proof given in [10] for the three dimensional case.
In [10] the existence is local in time and the initial data belongs to C%* ().

In order to prove the existence of solution (u, 7, ) we look for u := U + W, where U solves the Cauchy
problem with initial data ug and W is the correction of U # 0 on (0,7) x 9. Actually, we construct
W =V + w, where V is smooth field with compact support whose L°°-norm shares the same bound of
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U, and w solves a suitable problem. The advantage of the above decomposition is that, for field w, we
can employ the L?-theory that furnishes global existence in 2-D (see e.g [15]). As a consequence of this
approach, we “pay” for the L°-norm, in the sense that we increase from estimate (2) to estimate (4) for
the L*°-norm of the solution. More precisely, in order to arrive at an estimate of |w(t)]co, we perform
estimates related to |w(t)|z2,2, that are deduced from energy inequalities concerning ||w(t)||2 and || Vw(t)]|2
pointwise in ¢ (see estimates (64) and (74)). Since we look for u = U + W, the nonlinear term produces
the term (w - V)(U + V), hence performing the energy relation for |w(t)|2 + fot [Vw(7)|3dr arises the
first exponential function. Analogously when we perform the estimate for |[Vw(t)|2, the nonlinear term
(w-V)w produces the second exponential function. The estimate of | D?w(t)|2 is deduced as consequence
of the one related to |w¢(t)|2, that, roughly speaking, has a linear character in the derivation. Hence it
does not produce a further exponential function.

The authors would like to express special gratitude to the referee who suggested a modification of a
previous version. The referee communicated the papers [8] (and [25]) which allow an improvement of the
estimate (4). Moreover the referee suggested that we state the result for the initial data ug € L with
divergence free in the weak sense. In the first version the authors limited ourselves to stating Theorem 4
and in a remark simply claim the generalization to data uy € L.

The plan of this paper is as follows. In Sect. 2 we consider Theorems 2-5 as achieved and thus we
give the proof of Theorem 1. In Sect. 3, we recall the results obtained in [12,23], and we prove some
lemmas that will be subsequently employed. We furnish a suitable extension in §2 of the trace on 92 of
the solution U in Sect. 4. Section 5 is devoted to analyzing the existence of field W. Finally, in Sect. 6
we give the proof of Theorem 4 which is crucial for our goals and in Sect. 7 the proof Theorem 5 crucial
to obtain estimate (6).

Notations. We set Q¢ := R? — Q. Let D C R% The symbol Wki%’q(aD) denotes the trace space of
elements of W#4(D). By the symbol h, we indicate a smooth positive cut-off function such that h(x) =1
for || < %, h(z) € 0,1] for |z| € [, 2] and h(z) =0 for |z| > 2. For R > 0, we set hp = h(%).

By the symbol J9(Q), g € (1,00), we indicate the completion of %,(Q2) in L4(2) Lebesgue space. As
well we set J19(Q) := completion of %,(£2) in Sobolev space W4(Q) and J2~ () := completion of
%0(Q2) in Besov space WZ_%’q(Q).

By the symbol C¥*(Q), k € N and A € (0,1), we denote the Hélder’s space of functions continuous
differentiable with their derivatives D%u, |a| < k, and with DU, |a| = k A-Hélder continuous. The norm
in C** is indicated by | - [|5,» and Hélder’s seminorm by [~]g\). We use the symbol [-]N) when there is
no confusion about the domain.

Let ¢ € [1,00), let X be a Banach space with norm || - ||x. We denote by L%(a,b; X) the set of
all function g : (a,b) — X which are measurable and such that the Lebesgue integral f:Hg(T)Hg{dT =
9l La(a,pix) < 00. As well as, if ¢ = oo we denote by L>(a,b; X) the set of all function g : (a,b) — X
which are measurable and such that ess sup;c(q) [|9(t)x = |9l Lo~ (a.0:x) < oc. Finally, we denote by
C(a,b; X) the set of functions which are continuous from (a,b) into X and sup, 4 [9(t)|x < oo and by
C(la,b); X) C C(a,b; X) the set of functions which are continuous up t = a.

2. Proof of Theorem1

Theorem 1 is proved thanks to a local existence theorem of solutions to problem (1), and thanks to a
result concerning extension of these solutions. Actually, we employ the local existence theorem proved in
[1] by Abe, and Theorem 4 stated below that represents the chief result of this note.

In order to give the statement of the results proved in [1] we introduce the notion of mild solution.
In the following the symbol S(¢) denotes the Stokes semigroup and P the Helmholtz projection. In [1]
the composition operator S(¢)Pdiv is studied, and it is proved that S(¢)Pdiv admits a unique extension
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S(t)Pdiv from non-decaying space WO1 "° to Lg°. This extension makes it possible to study the integral
equation on Lg°:

u(t) = S(t)ug — /0 S(t)Pdiv(u @ u)(s)ds. (8)

Theorem 2 ([1]). Let ug € L°°(Q2) with divergence free in the weak sense. Then there exist a Ty and
a unique mild solution to equation (8) such that u € Cy([0,T5); L°(2)), and u is a weak solution to
problem (1), that is such that

/OTO/Q(U'(¢t+A@)+u®u-Vap)dxdt:—/uo.@(o)dm

Q
for all p € C3°([0,Tp) x Q) with V - o = 0. Moreover, the following estimates hold:
1 148 B
Be1), sup [Ju)le +1]Vu()e + 15 [Vu(n)] "] < cluol
140

) 3
for all >0, 7 € (0.1), sup [[u(a)] T} + [Vu@)](2h,] < ol
with ¢ independent of uy and Ty > Huﬁz .
Via the integral equation (8) we further find that any solution of Theorem 2 solves the integral equation
t e —
u(t) = S(t)ulty) — / S(t)Pdiv(u ® u)(s)ds for all t >ty € [0, Tp). (10)
to
Here and in the following the symbol BUC(£2), 2 C R?, denotes the set of bounded uniformly continuous
functions in Q. The operator R; denotes the Riesz transform.
Theorem 3. Assume that Uy € L°°(R?) with divergence free in the weak sense. Then there exists a unique
solution U € Cy, ([0, 00); L (R?)) N C*°((0,00) x R?) of (1) enjoying the estimate
IU®)o < elUolloo (1 + [To|3:1), ¥t > 0, (11)

where ¢ is independent of Uy. Up to a constant the pressure field is given by wy := ij R;R;U'UY, where
R;,i = 1,2, is the Riesz operator. Moreover if Uy € W1°°(R?), then holds U € C([0,00); BUC(R?)), and

lo@)loo < lwolloo V& >0 12
¥ e(0,1), [UMIE < ot~ 5 [Ulloo+ e Uolloo (14 [To|2) (1+ [wol| ™), ¥t >0,

where ny € (0,1) is arbitrary.

In the following theorem we set Go(t,up) := c|ug|oo(1 + [Juo|%:t) and Q(ug, VUy) is a polynomial
function of |ug|e and [|[VUo|so-

Theorem 4. Let ug € BUC(?) and Vug € L™(Q2), with divergence free a.e. in Q and ug = 0 on 0S.
Then for all T > 0 there exists a unique solution (u,m,) to problem (1) such that

ue C(0,T) xQ), wug, D*u,Vr, € C((0,T) x Q),

e[Quo.wo)(t7 +t7+m)] *ec § GBrmorar

lu(®)lloo < clluolloo + ¢(t; uo, Vuo)e : (13)

with limy_q ¢(t,ug, Vug) =0 and n € (0,1). Moreover, we get that, for all t > 0, the pressure field
7w € C(Qr) with m, = ' + 72 where
= R;R;UUY, and for all e € (0,1), |7 (t,2)| <c|U )| [UX)]®|x|5, t>0, 14)
14
t2Vn? €L>(0,T;L*(Q)), and, for all r € (1,2),Vr*€ L"((0,T) x Q),
where the field U is the solution to the Navier—Stokes Cauchy problem with initial data Uy, with Uy = ug
on Q and 0 on R? — Q furnished by Theorem 3.
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Let us consider the Neumann problem

d
Ay, ==V - [(u-V)u] in Q, % = rotrotu - n on 9. (15)
We assume that
u € COAN(R2), with v =0 in R%2 — Q,
Vu € C**Q), with V-u=0in R

The following result holds for problem (15):

for all A € (0,1), {

Theorem 5. Assume that in problem (15) w satisfies (16). Then, there exist a solution to problem (15)

such that 7, € C?(2), and, for \ > %, we get

(@) < c[lalf Tulloo [u] € + I(u - V)ulin + Jul + [Tu]™]. (17)

The solution m, is unique up to a constant c.

The proof of Theorem 5 is given in Sect. 7.
Assuming that Theorem 2 - Theorem 5 hold, we can prove Theorem 1.

Proof. of Theorem 1. The proof of Theorem 1 consists in two different and independent steps. The former
concerns the existence and uniqueness of (u, 7, ) and its regularity in the sense claimed in (3) for all ¢ > 0.
The latter is in the important pointwise estimates (4)—(7).

Proof of the first step. Let ug € L () with divergence free in the weak sense. By virtue of Theorem 2
we establish on some interval (0,7p) the existence of a field w(t, z) enjoying the regularity properties (9).
Hence for all ¢y > 0 we get that u(ty,z) € BUC(Q) and Vig(to,x) € C(Q) N L>(£2). Since Theorem 4
holds independently of the data size, assuming as data u(tg, z), we can perform the existence of (u,m,)
enjoying the properties (13)—(14) for all ¢ > ty. On the other hand the field u is a mild solution to the
integral equation (10). Since in [1] it is proved that there exists a unique mild solution to (10), we get
that the field u(t, z) represents a global in time extension of the mild solution %(¢, x). Since ¢y > 0 is
arbitrary, we have proved global existence of the (u,7,) for all ¢ > 0.

Proof of the second step. By virtue of (9) and (13), we realize (4) if we can make (13) independent of
Vu(tp). Actually on (0,7p) we have estimate (9), for ¢ > Ty we have to prove that (13) is independent
of Vu(Ty). This is the case if we take into account that from estimate (9) we get |Vu(Tp)|oo < c|uol2-
Hence for t > T, estimate (13) substitutes (4) where we have expressed the dependence on ¢ by means
of a suitable exponential function.! Now we prove (6)—(7). Since (u,7,) is a regular solution to problem
(1), we deduce that 7, satisfies problem (15) for all ¢ > 0. Hence by virtue of Theorem 5 we have

Imu(t, )] < ef [zl fut) oo [u(®)]® + [ (ult) - V)u(t)

[+ Ju(®)I% + [Vu()]®],

which proves (6). Since [u]®) < c|u| %[ Vul|S,, then estimate (7) is an immediate consequence of the last
one and of estimates (9). The theorem is completely proved. O

Remark 2. Theorem 4 also furnishes a structure theorem for the weak solution to (1) stated in Theorem 2.

3. The Cauchy Problem

The first step to prove Theorem 4 is a result of global existence of solutions to the Navier-Stokes Cauchy
problem, that is Theorem 3. For the convenience of the reader, below we state again Theorem 6. Hence
we claim that for the 2-D Navier—Stokes Cauchy problem the following result holds:

L Actually, in (4) we look for a qualitative estimate and not quantitative being in any case the grow of exponential kind.
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Theorem 6. ([6,25]). Assume that Uy € L°°(R?) with divergence free in the weak sense. Then there exists
unique solution U € Oy, ([0, 00); L= (R?)) N C°((0,00) x R?) of (1) enjoying the estimates

IU®)oo < clUolloo (1 + [To|%:t), ¥t > 0, (18)
where ¢ is independent of Uy. Up to a constant the pressure field is given by wy := Zi?,j R;R;U'U’, where

R;,i = 1,2, is the Riesz operator. Moreover if Uy € WH°(R?), then holds U € C([0,00); BUC(R?)),
and, for all v € (0,1) and m1 € (0,1), we get

lo®loo < wolloos

[U(’f)]x(gl;) < et 2 |Uglloo+ Go(t, Uo) (1+ Jwoll o) 7™,

(19)

for allt > 0.

Proof. The existence result is proved in [12]. Then, employing a local estimate of the L?-norm of the
solutions, furnished in [25] by Zelik, Gallay proves estimate (18) in [8] (p.5 estimate (1.13)). Estimate
(19); is proved in [12]. Finally, estimate (19)2 is a classical one provided that (18) and (19); hold. O

We need some special estimates of the solutions in Theorem 6. These estimates concern the behavior
in a neighborhood of ¢ = 0 and of infinity. To this end, we recall that the kinetic field U is the solution
to mild equation

¢
Ut =20y - [ IAPY (U U) (i (20)

0
In (20) €2 (-) denotes the convolution between the heat kernel H(z,s) = (47rt)’1exp(—%) and the data,

and P denotes the projector between L>(R?) onto the subspace of divergence free functions contained
in BMO(R?) whose i, j component is defined by &;; + R;R;, i,j = 1,2, where d;; is the Kronecker delta
and R; is the Riesz operator. As stated in [11] the operators P, V- and e*® commute, so that the integral
equation (20) becomes

t
U(t) = e"®Up — / V- EAPWU @ U)(1)dr. (21)
0
Moreover, the equation of the vorticity w := rot u:
wi —Aw = —U - Vw, in (0,T) x R?,  w =wp on {0} x R? (22)

is crucial for the estimate and the integral equation deduced from (21)
t
VU = Ve'2Uy + / (VE(t—1),(U x w)(r)dr, (23)
0

where, taking U and w as three dimensional vectors (U = (U, Us,0) and w = (0,0,w)), we employed
the formula (U - V)U = 1V|U[]* + U x w, and function E is the Oseen tensor with (VE(t — 7),b) =

f2 VaEij(t — 1,2 —y)b(T,y)dy.

: For the sake of simplicity and of brevity we set
Q(a,b) is a function of a andb whose
expression is inessential to our goals.

The following result holds:?

2 We set



Vol. 20 (2018) Global Existence of Solutions to 2-D Navier—Stokes Flow 905

Lemma 1. Let (U, my) the solution given in Theorem 6 with Uy € W1°°(R?). Then we have
IUB)]oe < clUolloo + QUo)t, £ >0
M€ (0,1), [VU(t)|o < e VUl + Q(Uo,wo)(1 + ™), £ >0

IV2U ()] < Q(Uo, VUG)(t™2 + 1 +t5+m), £ >0
IVAU ()]l oe < | VUolloot™2 + Q(Uo, wo)(1 + t2+m0), ¢ > 0.

Assume that |[VUpl|ls < c||Uo||%,, then the estimates (25) hold with a function Q(Up).

Proof. Estimates (25) are a suitable modification of the classical ones given with an initial ug € L*°. The
modification is due to the fact that we employ estimates (18) and (19), as well as we combine the equation
of the vorticity (22) and integral equation (23). Actually in order to give estimates ViU, i = 2,3,4, we
use (23) whose singularity in E is controlled by Holder’s seminorm of V¥(U x w) that gets involved the
ones of Vw. The latter are deduced employing the equation of vorticity. We omit the technical details
and in Appendix we give an idea of the lines of argument. (I

For the sake of simplicity and brevity we denote by

Go(t,Up) : = the right hand side of (25),,
G1(t,Uy,wp) : = the right hand side of (25),,
G3(t, Uy, VUy) : = the right hand side of (25),,

G4(t,Up,wp) : = the right hand side of (25),. (26)
Moreover, in order to simplify the notations, if there is no confusion, in some estimates G;, i =0, 1,4, is
meant up to multiplicatives constants ¢ which are independent of Uy and ¢, that is in some computations
we set cG; = G;.
Let us consider the Poisson equation
Ar =~V ((u-V)u) inR% (27)

In order to establish some properties of the pressure field of the solution (u,m,) given in Theorem 6, we
have to study Eq. (27). This is made by means of the following Lemmas 3 and 5. The former lemma
is proved in [16]. The results of the former lemma are close to the results contained in [18] for the
Cauchy problem in the case of n > 3. Since we need more precise estimates related to the pressure field,
we reproduce the proof of the Lemma 3 for the sake of completeness. We premise a classical result of
potential theory:
Lemma 2. Let K(z) € CYR"™ — {0}), homogeneous function of (1 — n)-order, and g(x) € CO*(R™),
w € (0,1), with compact support. Then, the transformation %T(g) € CO(R™) with
% 7(g) = ngla) — [ oK - y)gla)d

o1t \g9) = rrg\x) — 5. B/ &—Y)g9\y)ay,
Dz, " » Oy (28)

[VT(g)]") < e[g]™),

where the constant ¢ depends only on the Euclidean dimension n. Here ky,:= [ K(§)épdo, and the symbol
1€l=1
[* denotes p.v. |.

Proof. See in [16] Ch. 3 Lemma 2.2. O
Lemma 3. Let u € C**(R?). Then there exists a unique solution to problem (27) such that
for all e € (0,N], |m(x)| < clalufoo [u] ),

S . (29)
for all X € (0,\), [Va]?) < e[V (u- V)u]D, fori=1,2,3,
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and
[Viloo < eIV Dufoo [VOu]™ + [V Ou] V[V Ouf o + HuHc2>0i|’
fori=1,3 and «(1) = 1,4(3) = 2, (30)
[V27loo < el Vulloo [Vu],

where ¢ is independent of u.

Proof. The uniqueness of 7 up to a constant in the class of existence is a classical result. Since (29);
implies that 7(0) = 0, then the solution = is fixed. We define the sequence of problems

Arp ==V - ((u-V)hgu)) in R?, (31)
where {hy} is a sequence of smooth cut-off functions. It is well known that
Aue) =V [V, - 1) (o )y (32)
R2

where &(z) is the fundamental solution of 2-D Laplacian operator. By virtue of Lemma 2 we obtain for
1=1,2,3,

for all e € (0,A], [7]® < c[u® hpu]® < cluf oo [u]® + o(k),

. . . (33)
[Vid ] < e[V Hu- V) (heu)]DY < e[V H(u- V)u]™ +o(k)  fori=1,2,3,
where ¢ is independent of k¥ € N and u. From the representation formula (32) we also obtain
Viy(ak Vs / V.6(2) - (u- V) () (z — 2)dz.
R2
By virtue of the properties of the kernel VVE(z) and via an integration by parts, we easily deduce
V7L (2)| = |V/V25(z)(u V) (hgu)(z — 2)dz + V/ V.E(2)(u- V) (hgu)(x — z)dz|
B(0,1) R2—B(0,1)
=: [I1(z) + I2(x)].
Hence we get
111 (2)] < el (u- V) () oo + [(u - V) (hru)] N + o(k),
and
[Io(z)] < | / V.V.V.E8(2) - u® hgu(x — z)dz| + | / V.V.E&(z2) - hpu(z — 2)u - ndo,|
R2—B(0,1) lz]=1
< cllull%.
We have proved that
[97kloo < e[ Juloo [Ve] ) + [W] V| Vuloo + JulZ | +0(R), k€N, (34)
where c is independent of k and . Analogously for the second and third derivatives one proves®
IV koo < e Varloo [VU] ™) + o(k),
[V oo < [ IVuloe [D2u] ™) + [V V[ D2uloc | + (), (35)

3Here we can consider

Fi = [ 6@ - »)Vulw) - (V(heuw)T)dy.
R2
This is consequence of divergence free of u. Hence, for all terms that does not contain derivatives of hy, we have a simplified
expression for V2 and for V3 of 7.
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where ¢ is independent of & and u. We define the function m(x) by means of the line integral of V7,
with end points x and O. It is well known that

Vi, =V, 7] = [m] M.
Hence, for i = 1,2,3, and for all ¢ > 0 we get for {7*} estimates (33)—(35) uniformly in k& € N. Since
7 (0) = 0 in particular it follows that
ik ()| < [me] Pz, for all 2 € R? and k € N.

Considering R? = Ujen By, with {B;} sequence of balls of radius j such that B; C Bj1, we have that,
for all j € N, {m,} C C**(B;) is an equi-continuous and equi-bounded sequence of functions, so that it
is relatively compact in C”‘/(Bj), where X" € (0, ) is independent of B;. Then, by means of a classical
diagonal procedure, we deduce the convergence of a subsequence on the whole space R? to a limit 7 and
the limit satisfies estimates (29)—(30). O

Lemma 4. Assume that the hypotheses of Lemma3. Let u(t,x) be a one parameter family such that
ug € CYA(6,T;CY(RY)). Then there exists m; with the estimates

Jor all e € (0,1) |m(t )] < elaf* | [u] @ urloe + luloo [w] @] for atlt € (5,T),

L _ , _ (36)
IVmileo < e [IDfuloc [V} )™ + [Dju] V[ VD] uloc
where ¢ is independent of t and u.
Proof. The proof follows the line arguments of the above lemma, hence it is omitted. (]

Lemma 5. Let (U, my) be the solution furnished by Theorem 6. Then, the pressure field 7y = R; R;UU;
coincides up to a constant with the solution w of Lemma 3 provided that the data of Poisson equation (27)
are the kinetic field u.

Proof. See Lemma 3.1 of [19]. O

Corollary 1. Let (U,my) be the solution furnished by Theorem 6. Then, for the pressure field we have the
estimate, for all € € (0,1),

o (@)] < et |2l [1+ ct2 (1 + [Uo|Zt)lwoloo ] [U0]Z (1 + [Uoloct)- (37)

If we assume Uy € WH(R?), via Lemma 1, we get

2—

W[y
wl>

V2 |oo <e(Gi(t, Uy, wo))™ *(Galt, Uy, wp))?,

V37| oo < (G (2, Uy, wo))g_ (G4(t,Up,w))

In estimates (37)—(38) the constant c is independent of u and t.

(38)

wl>

+3

ol

Proof. From (29) of Lemma 3 via estimates (18) and (19)2 we get (37). Instead (38)1,2 are a consequence
of (30) and estimates (25)2,.4. Of course, estimating the above quantities is tacitly assumed to be the
interpolation of all the terms between the first derivative and the fourth derivatives of w. O

Lemma 6. Let (U, 7y) be the solution of Theorem 6. Assume that Uy € W1°°(R?). Then, for all X € (0,1)
the following estimates hold:
[UDllee < Go+ GEGY P [GHGT +GE) + G,
IVU(B)l < G} G + G +GoGI G +G{ P65
IV2Us ()0 < Ga+ GF [GoG + GG + G 3G 7). (39)
We recall that Go = Go(t, UO), Gl = Gl(t, Uo,o.)o), G4 = G4(t, U(),wo).

W
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Proof. We note that from the Eq. (1); proceeds the following identity:
U)o < NAU @)oo + 1UO)]oc VU ()]oo + V70 ()]0 , > 0, (40)
VU e < VU)o + IVU S + Ul VUl + V270 o0, ¢ >0,
and
VUil < IV*U Ol + U0 V2 Ulle + 3[VU 5| VU o + VP70 ]loc, t > 0.

Hence via estimates (25)123 we can estimate the terms in U on the right hand side of (40). Then,
employing again (25); 23 we estimate Holder’'s seminorm of (30)q, evaluated for ¢ = 1. Therefore one
arrives at (39);. Estimating (40)s we employ the same arguments. Hence for the terms in U we employ
(25)1,2,3,4, for the term Vry via estimate (38); one arrives at (39) for VU,. Finally, via estimates (25)1 23
and (38)2, one arrives at (39)3 for V2U;. The lemma is completely proved. O

For the sake of simplicity and brevity we denote by

e D(t,Up,wp) the right hand side of (39)y,
e D5 (t,Up,wp) the right hand side of (39)2,
e D3(t,Up,wp) the right hand side of (39)s.

From the definition of G;, i = 0,1,2,4, by simple computation we determine that for n € (0,1)
D1 < Q(Uo, VU) (7 + 14 ¢217),
Dy < Q(Uo, VU)(t™1 + 1 4 1577), (41)
D3 < Q(Uo, VU)(t™2 + 1+ t5+7).

Lemma 7. Let (u,m,) be the solution furnished by Theorem 6. Then for n € (0, %) we get

IV7uiloo < Da(t, Uy, wo),
”utt”oo S DS(ta Uo,Wo), (42)

where Dy < Q(Uo,wo)(t™17" + 14 317 and Ds < Q(Uy,wo)(t™2 + 1 + ¢317).

Proof. From Lemma4 in particular we obtain
! j 1—ipr (A iT1(A 1—i
Vruloe < e 3 [IDfU1[VD}01Y) 4 [DIU] V9D Ul o |
By virtue of estimate (41), interpolating the seminorm [VD;u]™ between VZu; and Vu,, we arrive at
(42),. Estimate (42)5 is deduced by derivating (1); and then applying the above estimate related to Vi,
and estimate (41) for Uy,. O
4. Auxiliary Results

4.1. A Suitable Extension of a Field Given on 92

Let us consider the Stokes problem:

AV —Vr; =0 z€Brnq,
VV=0 z€BrNQ, (43)
Vl]aa = alaq Vljz)=r = 0.

‘We have
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Lemma 8. Let ¢ € (1,00) and assume a € Wk_%’q(aﬂ), k = 1,2. Then problem (43) admits a unique
solution V€ W4(Q) with the estimate

[Viikg < clall—1 4, (44)

where ¢ is independent of a. Moreover, if a(t,z) is a one parameter family such that, for all 6 > 0,
a(t,z) € C(0,T; Wk_%’q(ﬁﬂ)), then there exists Vi with the estimate

IVi(®)llnq < clar@)l-1,q4, t € (6,T), (45)

where ¢ is independent of t. Finally, if a € C(0Q) (resp. ay € C(0Q) t € (8,T)), then the mazimum
modulus estimate holds:

[Vlieo < clallcony,  (resp. [Vit)loo < clai(®)lcion) t € (6,T)). (46)
Proof. The results are classical. For estimates (44) see e.g [5] or [9]. For estimate (46) see [17,20]. O

Let hr be a smooth cut-off function in B N 2. The function Vh g has a compact support in Q and
Y(Vhg) =a on 89,
~ ~ . 2 R 2
V- (Vhg)=V - -Vhg inDrp={xeR g < |z < gR}7
where v is the trace operator onto 9f). Let

L"(Dr), m=0,
{u € W™ (Dg); 0%ulop, =0, |a| <m—1}, m>1,

A

Wﬂ’T(DR) = {u e W™"(Dg); / udx = 0}.
Dr

There exists the Bogosvkii operator
B: Wip"(Dg) — W™ (Dp)
such that the following properties hold:

V- -Blul]=u forue Wﬂ’T(DR),

47
IBlulwrs1r(pg)y < Clulwrrpg, *=0,1,...,m. (47)

(cf. [3,4], and also [9]).

Lemma 9. Let ¢ € (1,00) and assume a € Wk_%’q(aQ) NC(0N), k = 1,2. Then there exists a field
V € Wk4(Q) with compact support in Q such that v(V) = a and

Ve < clalcn,
Vg <clali—z, "
Vle.g < clalz-z,, (48)

_ . 2
[VViee < eflals_s jlalsc® + laloc], with g > 2 and o = S,

where ¢ is independent of a. Moreover, if a(t,x) is a one parameter family such that a;(t,xz) €
C(6,T; Wk_%’q(BQ) NC(0N)), then there exists Vi and it enjoys estimates (48) with a; in place of a, and
c 1s independent of t.

Proof. Let hr be a smooth cut-off function in Br N Q. Setting V := ‘N/hR - IB%[V - Vhg], the existence
is an easy consequence of Lemma 8 and properties of Bogosvkii operator. Estimate (48); is obtained by
employing estimate (46); (resp. (46)2) for the term Vhp (resp. for the term Vihpg) and, via Sobolev

embedding, estimate (47)z, for k = 0 and r > 2, for the L>-norm of the term B[V - Vhg]. O
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4.2. Stokes Problem

Let us consider the Stokes initial boundary value problem in exterior domains:
vp—Av=-Vm,+ f, V-o=0in (0,T) x Q,
v=0on (0,7) x 9Q and v = vy on {0} x 0.
We recall some well known results.

Theorem 7. Assume that f € L1(0,T; LY(Q)) and vy € szg’q(ﬂ)ﬂJl’Q(Q), q € (1,00). Then there exists
a unique solution (v, m,) to problem (49) such that

v e C([0,T);J9(Q)) N L0, T; JH(Q)),

(49)

(50)

T T
[ Ol + 1020l + 19w <) | [ 1f3ar+ ool |

where, for all e >0, ¢(T) := C(1+T*9724), and C is independent of f and vo.

Proof. The assumption vy € JZ_%"I(Q) N J12(Q) makes the theorem a special case of the ones proved
(e.g.) in [13,22]. O
Theorem 8. Let vg € JP(QY), for some p € (1,00), and f = 0 in (49). Then, there exists a unique solution
(v,my) to problem (49) such that

0 € (0.7), v € C(0,T):J7()) N LP(n, T; TV () N W2P(Q)),

Vo, v € LP(n, T; LP(Q)). o1
Moreover, for q € [p, o], it holds that
lo@®llg < clvollst™  n=%(;—3) t>0
Ltpifte(0,1],
[Vo(®)llq < clvolpt ™, m= § 3+ ift >0 and q € [p,n], (52)
2% ift >1 and ¢ > n;
lve@)llq < cllvollpt™2, po=1+p, t > 0;
where the constant c is independent of vy and the exponent p, is sharp.
Proof. See [6,13,22]. O

4.3. Some Inequalities

We recall some inequalities:

Lemma 10. Let Q be an exterior domain with the cone property. Let m € N and q,r € [1,00). Let
u € LUQ) and, for |a| =m, D*u € L"(). Then there exists a constant ¢ independent of w such that

IDPull, < el D*ul¢lullg™, (53)
provided that for |5| = j the following relation holds:

1 ] 1 m 1
=J+a<—>+(1—a),
p n T n q

with a € [L 1] either if p =1 or if p > 1 and m — j — 2 ¢ NU {0}, while a € [£,1) if p > 1 and
m—j— % € NU{0}. If Q is bounded then (53) holds in the following form

1D%ullp < e[IIDullullg™ + lulq)- (54)
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In the case of the exterior domain the above lemma, proved in [7], gives an interpolation inequality of
Gagliardo—Nirenberg’s type. The difference with respect to the usual result is the fact that the function
u does not belong to a completion space of C§°(2). This is interesting for our tasks.

Lemma 11. Let g € (1,00). Assume that D*u € L4(Q) and u € J19(2). Then there exists a pressure field
T, such that

I1D%ully + IV 7ullg + lulwrary < e(IPeAuly + Jul Lagan), (55)
where Q' is a bounded domain such that Q' C Q with 90N J(Q — Q') =0 and ¢ is independent of u.

Proof. For the proof see for example [9] or [14,21]. O

5. The Solution for a Special Initial Boundary Value Problem
5.1. A Special Initial Boundary Value Problem

We consider the following initial boundary value problem:
we—Aw+w-Vw+ (U+V) - Vuo+w-VU+V)+V-VU+V)+U-VV
+Vmy =—-Vi+ AV in (0,T) x Q,
V-w=0in (0,7) x 2, w=0o0n (0,T) x 992, w =0 on {0} x Q. (56)

Assumption 1. i. Here U denotes the kinetic field of the pair (U,my) solution to the Cauchy problem

ug if v € Q L
_, with ug € Wy°(Q). We have Uy € BUC(R?)

(1) with an initial data Uy =
0ifz e R?—Q

and Uy € WH>(R?).
ii. The term V is the extension given in Sect. 3 with the data a = —U)pq.
iii. In (56) we set
F=-Vi+AV - (V. -VY(U+V)—-(U-V)V. (57)
Concerning Assumption 1 we recall:

1. The existence and related estimates for the pair (U, wy) were discussed in Sect. 2.
2. Setting a = —U in Lemma9 we increase the trace norm as follows

IDfally_1 , < | DFU |w2.aqe), for all ¢t > 0.
L,
Hence from (48), for k =0,1,2, and ¢ € (1,00) we deduce

IDEV(D)loc < | DAVl o (ory, for all ¢ >0,
| DFV (1) l1,q < cHDfU(t)HWLq(Qc), for all ¢ > 0, (58)
| DFV (t)||2,g < cHDfU(t)HWz,q(Qc), for all ¢t > 0.

Finally, employing the Gagliardo—Nirenberg inequality and (58), for ¢ > 2, we get
IVDEV oo < c[IDFVIS 4| DEV g™ + | DEV ]
< [IDFU 2000 IDFU N0 + [DFU o]

o —a . 2+q
< C[HVQD:{CUHoo”DfU”éo + ||DfU||Oo], with o = ETH (59)

In (58)—(59) the constant c¢ is independent of U and of ¢.
3. Since Theorem 6 ensures that U € C([0,T); C(R?)) and up = 0 on 99, we get
tim [U(1)lcom) = 0.
Hence, via (58); for k = 0 we also deduce

lim [V (1)) = 0. (60)
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Recalling setting (24) we state
Lemma 12. Let ¢ > 2 and F be given by (57). Then for n € (0,1) we get

IF@l, <FEUs) and |F@)l, < Fult, Uo), (61)
where we have set F(t,Uy) = cQ(Uy, VUo)(t™2 + 1+ 1217) and Fy(t, Up) := cQ(Us, VU)(t~ 7 + 14 317)

Proof. We limit ourselves to prove the estimate for |F||,. The estimate for ||F;|, follows the same argu-
ments. Applying Minkowski’s inequality we deduce

1Ml < IVillg + 1AVIIg + [V - VUlg + [V - VV g +[|U - VV ]y (62)
We estimate ||V;]|; and |AV 4. From (58) by the support compactness of V, V;, we have
Villa + 1AV g < el[Villoo + [AVIg < e([[Utl L 00) + [Ulw2.a(e))-

Recalling (26), via estimate (41); we estimate |U||1aq). Via estimates (25) by interpolation we estimate
[Uw2.a(qe). Hence we get

Villg + [AV g < cQ(Uo, wo)(t™2 + 1+ 7).
Since V' has a compact support, applying Hélder’s inequality, we get
[V VUl + V- VVIg + U - VV]g < el Vo [IVU | Lssuppvy + 1VV ] + Ul [VV g (63)
By virtue of (48), we deduce that
Vllse < €llU]loe and [[VV]lq < ¢[|Ul]1,00-
Thus we get
Voo [IVU Lasuppvy + IVV llg] + 1Tl [VV g < e|Ulloc U 1,00-

Hence, recalling estimates (18) and (25)2, a fortiori we obtain

V1o [IVU | suppry + 1YV 1] + U0 [ YV lg < cQ(Uo, VUG) (™2 + 1 +£247).
In the case of |F;|, we have

Fi=-Vy+ AV, = (V- V)U+ V)= (V-V)U + Vi) — (U - V)V = (U - V)V,.

Following the same arguments employed estimating (62), via estimates (58), then estimates (41) and (42),
we get

[Vielly + 1AVE L, < cQ(Uo, VUG (3 + 1+ £547).
As well as, since V, V; have compact support we obtain

I(Ve- VYU +V) = (V-V)(Ur + Vi) = (U - V)V = (U - V)Vilq
< WVeloo VU + V)l zasuppv) + IV ooV (Ut + Vi)l La(suppv)
FUtloolVilg + Ul [VVillg-

Hence via estimates (58), then estimates (25) for U and (41) for Uy, a fortiori we obtain
I(Ve- VYU +V) = (V-V)Ur + Vi) = (U - V)V = (U - V)Vi,
< cQ(Uo, VU)(t7% + 1+ £347),

then estimate (61)2 follows. O
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Before discussing the result of successive sections, we make clear the goals. We develop the L2-theory
for problem (56) in order to solve the problem (1) in the exterior domain. This strategy is possible because
by means of the solution U to the Cauchy problem we translate the initial data Uy in a boundary data,
that is the trace of U on the compact boundary 9. This leads to problem (56) where the data is a
suitable body force F' with compact support. We do not only have to discuss the existence of w solution
to problem (56), but also the behavior of the L>°-norm of w in neighborhood of ¢t = 0 and for large ¢. This
requires precise estimates in order to obtain lim;_o |w(t)|~ = 0. Instead for large ¢ we limit ourselves to
prove an exponential growth of the solution.

5.2. L2-Theory for Problem (56)

Lemma 13. For all T > 0, assume that w € C([0,T);J42(Q)) N L?(0,T;W?2(Q)) and w, €
L2(0,T; L?(Q)). Further, assume also that w solves (56). Then, we get

lw(t)|]2 < E(t, Uy), /075 |Vw(r)||3dr < E(t,Uy), for allt >0, (64)
where
E(t,Up) : = cQ(Up, VUy) (3 + t + t3+7)ec ho Ga(rUo)dr,
E(t,Uy) : = cE*(t,Up) [/Ot Gi(r,Up)dr + 1},
¢ is independent of U and t (G is defined in (26)). Finally, we get
lim ¢ w(t)]2 < cQ(Uo, VUo), and  limt 'E(t,Uo) < cQ*(Us, VU). (65)
Proof. Taking inner product (56) with w, we obtain
1illw(lﬁ)\lg +HIVw®)|3 = —(VU () - w(t), wt)) + (Vw(t) - V(t), w(t))

(), w(t) =1 + Io + I. (66)

Applying Hélder’s inequality, recalling assumption ii., and estimate (58) finally applying the Cauchy
inequality, we get

I+ L] < Jwl2[Volz(|V]e + 1Ulleo) < cllUl w3 + 51Vl (67)
For the term I3 we get:
[ Is| < [[Fll2l[w]]2-

Hence (66) becomes
1d

1
§£Ilw(t)||§ + §||Vw(t)|\3 < U Nwll + (| Fll2lw]]2, (68)
which implies
d 2
S lw®llz < cllUlSlwllz + [£]]2-

Recalling estimates (18) for |U|~ and (61) for ||F||2, the last differential inequality implies the estimate
for the L2-norm of w and after integrating (68) one deduce completely (64). O

Remark 3. By virtue of the inequality 1+ = < exp(z), > 0, an estimate of E is the following:

t
E(t, Up) < Q*(Uy, VU)(t? + 317> exp(c/ G2(1,Up)dr), t > 0. (69)
0
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Lemma 14. Let U,V € Wh(Q), w € JL2(Q) N W22(Q) and w, € L*(Q). Then, for all ¢ > 0, there
exists a constant c¢(g) independent of the functions such that

(w - Vw, PAw)| < cl|wl|2(1 + [w]2|Vwl2)[Vw[3 + &l PAw]3,

|
(U + V) - Vo, PAw)| < e|[U + V|2 | Voo[}3 + ]| PAw]3,
(w - (VU + VV), PAw)| < c|w|3IVU + YV |2 + ] PAw]3, (70)
|(F, PAw)| < ¢ F[|3 + ]| PAw]3,
and
(w - Y, wy)] < cllwlla (1 + w2 Vwlo) [Vwld + £ PAw]E + ellwe3,
(U + V) - Vaw,wy)| < cl|U + V|2 [Vl + el 3, -
(w - (VU +VV),w0)] < cllw|3[VU + VV]% + el 2,
|(F )| < el FI3 + el
Proof. Applying Holder’s inequality, we obtain
|(w - Vw, PAW)| < [|w]]oo | V]| PAw],
(U + V) - Voo, PAw)| < U + V]|oo | Vet]|2] PAw]s, )
|(w % (i + wv), PAW)| < |[wl|2]| VU + VV oo [ PAw]s,
|(F, PAW)| < |[F|lo]|PAw]]s,
and
|(w - Vuw,wy)] < wlloo| Vewlallwr]l2,
(U + V) - Vo, wy)| < U+ VooVl w2, )
(w - (VU +VV),100)] < [0l VU + 9V ||oo[wr]]2,
|

(F, we)| < [[Fll2][wl2-
Moreover, estimate (53), estimate (55) and the Poincaré inequality furnish
10, 1 1 1 1 1
lwleo < clwl3 D w3 < c|w|3 [PAw]3 + [w]3[Vw]s -

Substituting the last inequality on the right hand side of (72); and (73)1, the thesis is a consequence of
the Cauchy inequality. O

Lemma 15. For all T > 0, assume that w € C([0,T);J%2(Q)) N L2(0,T;W?2(Q)) and w, €
L2(0,T; L?(Q)). Further, assume also that w solves (56). Then, for all n € (0,1] it holds that

IVw(t)|3 <~ H(t, Up)H(t, Up, 1),

S Re!

e 2 2
lim[Vw(t)|z < cQ(Uo, VUo), (74)

t
Vw ()3 + 2 /0 T (|PAw(T)[3 + w. (7)3)dr < H(t, Uo)H(t, Uy, n),
where we have set
H(t, UO) = CecE2E+ct%E]E%+cf0t Gg(‘nUo)dT7
t t
H(t, Uy, n):= [E2(t, Uo)/ [Ge+Gi 2G5 JrGﬂTndTJr/ F2(r, Up)rdr + t"E(t, Up) |,
0 0

2+q

where a = 5q04> 2, and the constant c is independent of U and t. Finally, it holds that

lim #77HI(2, Up) < cQ*(Uo, VUp). (75)



Vol. 20 (2018) Global Existence of Solutions to 2-D Navier—Stokes Flow 915

Proof. Taking the inner product of the first equation of (56) with PAw, one with w;, and summing up
the results, we obtain

G Vw3 + 1P Aw][3 + [lwel3
= (w-Vw, PAw) + (U+V) - Vw, PAw) + (w - (VU + VV), PAw) — (F, PAw)
—(w-Vw,w) — (U+V) - Vw,w) — (w- (VU + VV),w) + (F,wy).

By virtue of estimates (70)~(71) with & = § we deduce the differential inequality
@ |Vl + S IPAw]E + £l < ef w31Vl
dt 8 8
+lwl2| Vol + IU + VIZIVwl3 + [wl3IVU + VIS + HFHg} : (76)
Hence multiplying by t, setting h(t) := t||Vw(t)||2, we obtain by a simple handling
W)+ SIPAw] + Sl < c(lwl3IVwl} + ola Vel h() + U + VIZA()

+ctl|wl3]|VU + YV + etl|Fl + [Vl

Taking into account that the coefficients of the above differential inequality enjoys the following estimates:

estimate (64) for w,

estimate (18) for ||U||o and (58)1 for ||V ||oo,

estimate (25)s for | VU||o and estimate (59) for [|[VV||s,
estimate (61) for || F||2.

Integrating the differential inequality and using (59) with oo = 22%;1, one deduces

t t
t|IVw(t)|3 < cH(t, Ug) E%(t, Up) /0 (G3+G >G5 + Gi|rdr + cH /0 F2 (7, Ug)rdr + HE(t,Up),

which implies (74);. In particular, taking into account the behavior of H, E in ¢t = 0 and estimate (65),
one easily deduces (74)2. Now, we consider the case of € (0,1). Multiplying differential inequality (76)
by 7, and setting h(t) := t7|Vw(t)|3, we get the differential inequality:

1 1
h'(t) + gt”IIPAwH% + gt"llwtllg < c(wl3[ Vw3 + w2l Vwl2)h(t) + U + V[Zh(t)
+etw|3IVU + VVI[5, + et Fl5 +nt" [ Vw(t)]]3.
Since the estimate with n = 1 ensures also |[Vw(t)|2 bounded in any neighborhood of ¢ = 0, then all the
terms on the right hand side of the last differential inequality are integrable. Therefore, by integration we

have proved estimate (74)s3. Finally, the limit property (75) is an immediate consequence of the definition
of H and of (74)s. O

Lemma 16. Let U,V € W1>(Q),, w € JY2(Q) N W22(Q) and w, € L*(Q). Then, for all e > 0, there
exists a constant c(g) independent of the functions such that

I o= |(we - Vo, we)]| < cllwe 3 Vw3 + | Ve 3,

Iy += (U + V) - Vw,wy)| < (U + Vil [Vl

Iy = |(w; - Ve, (U + V)| < cllwrl B VU + TV %, + ¢ Vw3 )
Iy = |(w - Vg, (Uy + V)| < Jwl3|Uc + Vill% + e Vw3

Is == |(Fy, wy)| < ||Fy]|2|we]-

Proof. Applying Holder’s inequality, the Gagliardo—Nirenberg inequality (53) and the Cauchy inequality
we get the estimates (77). O
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Lemma 17. For all T > 0, assume that w,w, € C([0,T); J}2(Q )) N L%(0,T; W22(Q)) and wy €
L2(0,T; L?(Q)). Assume that w solves (56) and estimate (64)1 and (74)3 hold, then

2wy )3 < et'~F K (t, Up)K(t, Up), (78)
where we set K(t,Uy) := e&t) G6d™ gnd

K(t, Uo,n) := Hz (t,Up, n) [t—%H(t, Uo)H2 (¢, Ug, )+ [t3E (¢ )Sup (g4 72D (1, Up)

+ sup T%]F.,-(T, Uo)| H=(t,Up)
(0,t)

with ¢ independent of U and t. Finally, for a suitable ¢(Uy, VUy) it holds that
Tmt2 w, (1)]2 < eQ(Uo, VUo),

+ t' 3 E2(t, Uy) sup 7D (7, Up)
(0,t)

lwe(®)]2 < eQ(Uo, VUO)t—%eA(E(t)JrfJ Go(r,Uo)dr)
where A is a suitable constant.

Proof. After differentiating with respect to ¢ the first equation of (56), taking inner product (56) with
wy, and integrating by parts we obtain

L ()3 + V()2 < i (80)

=1
where I;, for i = 1,...,5 are defined in (77). Applying estimates (77) to the right hand side of (80), we
deduce the differential inequality

d
a\llﬂtll% < clw3(IVwl3 + 10 + V%)
Hwel2(IVwl2|U: + Viloo + [ Fell2) + [wl3[Ue + ViZ,
which is equivalent to the following
d
ﬁ(tQHMII%) < ct?fw 3(|Vwl3 + |U + V%) + 2t|w3
2 w2 (IVwl2|Ue + Villoo + | Eell2) + w310 + Vi3 (81)

By virtue of the assumption (64) for |Vw|s2, via estimate (25); for |U]|o. and via estimate (58)1 for |V,
we get

t
[ vl i + 1vik]ar <50+ [ Glar
0
From inequality (74)5 easily follows
t
2 [ rlrl3dr < 6T H( Un)EE(E Vo).
0

Moreover, by virtue of the assumptions (74) on ||w;[2 and (64) for |Vw|2, estimate (41); for the L*°-norm
of Uy and (58); for V;, we have

n
2

W=

(t)H% (t) sup T2 Dy (7).
(0,t)

t

| 7oVl U, + Vi ledr < et ¥} ()1
0

Since |w|o satisfies estimate (64), |Ut|co estimate (41); and |[V||o estimate (58);, we obtain

t ¢
/ TQHIUH%”UT + V.,.||god7' < EQ(t)/ Tszd'r < tzEz(t) sup TD%(T).
0 0 (0,¢)
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Finally, recalling (61), and employing (74)3, we have
t -
/ 72w, | Frdr < 173 H3 (t,Ug)H? (t, Uy, n) sup 72 F.
0 (0,)
Thanks to the above estimates, by integrating the differential inequality (81), we get
w3 < et'~EK (¢, Uo)K(t, Up),
which furnishes (78), where we have set K (t,Up) := B0+ G347 and
K(t, Uy, n): =H (t, Uy, n) |t~ % H(t, Uo)H2 (t, Uy, n)+ [t2E2 (¢)sup 72D (1, Up)
(0,t)
+ sup T%]FT(T, Uo)} H? (t, Uo)} + tHgEQ(t, Up) sup D3 (7, Up).

(0,t) (0,t)

Hence recalling (75), we arrive at (79);. Finally, taking into account that the function
B+ Go(r.Uo)dr

has the most grow for large ¢, so that a suitable constant A allows to include all the divergent terms of
the right hand side of (78), we obtain (79)s. O

Corollary 2. Under the same hypotheses of Lemma 17, we have
Tint* | D*w ()2 < eQ(Un, VUD),
t—0 o (82)
HDQ’LU(t)HQ < CQ(U(), VUO)tf%eA(]E(t)+jO GO(-r,Uo)dT)7

where ¢ is independent of U and t.

Proof. Since it holds that

PAw=w+P(w+U+V) - VYo+P(w+V) - VYU+V)+ (U-V)V + PV, — AV),

then, via estimate (79)2 for wy, estimate (74)1 2 for Vw, estimate (64); for w, estimates (25)1 2 for U and

VU respectively, and estimate (58) with k = 0 for V', by means of a suitable Q(Uy, VUy) we get
|PAw]y < cQ(Us, VUt 2 eAEN+g Go(mUo)dr),

Now, via the last estimate, to prove (82) it is enough to apply inequality (55) of Lemma 11, and to employ

(64). O

Lemma 18. Under the Assunption 1 there exists a solution (w,m,) to problem (56) such that, for all

T>0andd >0,

weC(0,T;L*(Q)NC (6, T;J2(2)), q € [2,00), %in(l) Jw(t)],=0,

t2 D%w, t2w, € L®(0,T; L3()), t2 Vi, € L2(0, T; L2(Q)), (83)

|w(t)]oo < E? (t, Ug)Q? (Up, VU )t~ eABMH]5 G3(r-Uo)dr)
for allt > 0.

Proof. We employ the Faedo-Galerkin method, which in 2-D Navier—Stokes equations furnishes the exis-
tence of a global regular solution, regular in the sense of estimates (83). Employing the Galerkin method
in the way suggested e.g. in [14], first we prove all the estimates assuming that F' is mollified with
respect to t. Of course the mollified shares the same properties of F. For both the approximations, that
is Galerkin and mollified F', we omit index. Actually, it is enough to take care that the estimates are
independent of the particular approximation. Since we assume that F' is mollified, then the Galerkin
approximation enjoys the hypotheses of Lemma 13 and Lemma 15. Hence for the Galerkin approximation
estimates (64) and (74) hold. As well as, via Lemma 17 and Corollary 2 for the Galerkin approximation
estimates (64), (74) and (82) hold. As consequence there exists a limit w such that, for all T > 0, w is a
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solution to problem (56), and, for all § > 0, w € C([0,T); J*(Q)) N C([6,T); J»2(Q)) N L2(5, T; W22())
with wy, Vm, € L2(8,T; L*(Q)). Of course, w € C([6,T); J12(Q2)) implies w € C([5,T); J4(2)) for all
q € [2,00). Finally, since the limit w also verifies (82)5 and (65); for all ¢ > 0, via the Gagliardo—Nirenberg
estimate (53), we obtain w € L*(0,T; L>°(Q)), and limy;_,o |w(t)|, = 0 for g € [2, 00). O

5.3. L9-Estimates for Solution to Problem (56)
Lemma 19. Let h(t) be a non negative continuous function such that

h(t) < H(t) + /t a(t,s)h(s)ds, for allt e [0,T), (84)
0

where H(t) > 0 is a continuous function on [0,T], and, for ollt € [0,T), a(t,s) > 0 is continuous in
[0,t) and belongs to L*(0,t) in such a way that for some § € (0,1) there exists 1 > 0 :

t
/ a(t,7)dr <6, forallt €[0,T).
t—mn
Then we have

H(t
h(t) < ®) exp B t, for allt €10,T), vy = sup sup a(t,s) p. (85)
1-96 1-96 te[0,T) | s€[0,t—n)
Proof. The proof is a trivial generalization of [12, Lemma 4].
([l
Lemma 20. In the same hypotheses of Lemma 17, for all s € [2,00), the following estimate holds
|w(t) o < ct? 52 c(Uy, VUy), for allt € (0,1). (86)

Proof. We start recalling that w € L (0,7; L>°(£2)) with estimate (83)s. In order to prove property (86)
we begin proving
for s > 2, Jw(t)|s < ctz, (87)

which is an improvement of the one previously given. For this aim, we employ a duality argument. We
set @(s,x) := @(t —s,x), where ¢(7, ) is the solution to the Stokes problem (49) furnished by Theorem 8
and corresponding to the initial data ¢o € (). Multiplying equation (56); by ¢ and integrating by
parts on (0,t) x £, we derive

t
(withoo) = [ [(w+U+V)Tpow) + (- Vo, U +V)) + ()
0
Applying Holder’s inequality, we get
t
(e o)l < [ [+ U+ VIal Vel ful+ 10 + ol Volelol. + 1Ll Jar.

Via estimates (25); for U, (58); for V and (83)3 for w, semigroup property for ¢ and estimate (61) for
F', we get with obvious meaning of the symbols
¢

[(w(t), 20)] < [0l / b(r)(t — 7)™ Holudr + ol / F(r)dr.

The last inequality furnishes the following estimate

t
lw(®)]s < H(t) + / a(t, P)w(s)|lsdr, for all ¢ > 0,
0
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with a obvious meaning of function a. Hence by virtue of (84)—(85), we obtain that (87) holds in a
neighborhood of t = 0. Employing the Gagliardo—Nirenberg inequality, we have

lo®)lc@ < dlD*wt)slw®)]; ™ with a = 5.
Now, estimate (86) is a consequence of (82) and (87). O

The following lemma is close to the ones proved by Solonnikov [24] for the linearized Navier—Stokes
problem in © C R3.

Lemma 21. For allT > 0, let w € C([0,T); J-2(2)) N L2(0, T; W22(Q)) and w; € L*(0,T; L*(2)). Then,
for all'T > 0 it holds that

r€(1,2), we C([0,T); J" ()N L"(0,T; W2 (Q)), wy, Vm, € LT(0, T; L™(Q)). (88)
Proof. We introduce the following auxiliary problem:

Yy — Ay +Vmy = —hr(U+V +w) -Vp —hgp - V(U + V) + F in (0,T) x Q, (89)

V-¢=0in (0,T) xQ, ¥ =0o0n (0,T) x 9Q, ¥ =1y on {0} x Q,

here hp is a cut-off function. We assume that 1o € J2~77(Q) N JY2(Q). We recall that U, V, w €
L>(0,T;L>°(Q)), VU € L*>(0,T; L>(£2)) and for all ¢ € (1,00), VV, t:F € L>(0,T; LY()). Applying
the Galerkin method, as derived for the proof of Lemma 18, we can prove the existence of a solution
(1, my) enjoying, uniformly with respect to R, the following property:

¥ € C([0,7); J2(Q)) N L>(0,T; T2(2))
t34py, % D%, 12V, € L2(0,T; L2(Q)). (%0)
Hence, thanks to the cutoff function hp, the right hand side of (89)1, denoted shortly by F, belongs to
L7(0,T5 L"(€2)). By virtue of Theorem 7 we deduce the existence of a unique (1, 73;) such that
foiallR>0,r€(1,2),E€C([O7T);JT(Q)) .
[tz + 1050+ 1yl ar < el g, + | PLar
and solving the problem
Yy =AY+ Vry =F in (0,T) x Q,
V-1 =0in (0,T) x Q, ¥ =0o0n (0,T) x 992, 1) = by on {0} x Q.

The difference ¥ := 1) — ¢ and 7y = Ty — Ty solves an homogeneous Stokes problem, for which, by the
duality, trivially follows that ¥ = 0 and 7y = 0 up to a function of t. Therefore, we get, as (1), 7@),

for all R > 0, r€(1,2), ¥ €C([0,T); J"(2)),
t t
P L R e T H T Ry e

and, we recall,

IFl: = =hr(U +V +w) -Viy=hpip - V(U + V)+F|,

(91)
SN +V 4wl VYl + VUl [¢llr + IVV I [4]oo + [ ]
Now, we prove that, there exists a T" > 0 such that, uniform in R,
re(1,2), veC([0,T;J7()),
' (92)

[0+ e+ NP0+ 19l b < Tl
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We recall:

t
[9@)llr < N1t +/0 [ () lrdr, ¢ >0,

and, via the Gagliardo—Nirenberg inequality,

r—1
)

1 _ 1 1 t 1
[Wle < ID260F 01+ < clD%0l} [ / |¢T||;dv] i,

L
2

1 1 1 t T
IVl < el Dl [01F < ol D%l [/ ||w7||:d7} it 0.

Taking estimate (91) into account, we obtain the following estimate uniform in R > 0

T

t 3 t
[Fr < AWID>1 [ / ||wT|;dT} 7 4 B(Y) [ / ||wT||:dT} o
(1-r)2

t v
+C(O)D*Yx UO ||¢T||?d7] t +Fl >0,

with obvius meaning of the symbols. Integrating on (0, ), applying Holder’s inequality and, subsequently,
Cauchy’s inequality, we obtain

t t t t
Frdr < A(t)t2 D?ip|"d T:d] Bttr‘l[ T:d}
/OIHIT (1) [/| Yl r+/0||w||r+<> /OnwnT

t t t
s | [tz [ o]+ [ 1Fgareso,
0 0 0
uniform in R. Fixing T" > 0 such that the coefficients satisfy
A(T)T? + B(T)T"™' + C(T)T™" < 1,

we deduce (92). Since problem (89) is linear, C(T) is independent of 1y, and ¥(T) € J2 #7(Q) N
JE2(Q), r € (1,2), we can extend the validity of (92) to all T > 0. Thus we can consider the limit
function, denoted by (W, ) of the family {(¢,my)} of solutions to problem (89). This limit enjoys of
the properties (90) and (92). For 19 = 0, the pair (W, 775) just proved, solves problem

Wy — AW+ Vg =—U+V+w)-Vo—-w-VU+V)+ Fin (0,T) x Q,
V-w=0in (0,7)xQ, w=0on (0,7) x 92, w=0on {0} x Q.

Moreover, the pair (w,m,) solves problem (94), and by the regularity of both the solutions, it is easy to
deduce that they coincide up to function of ¢ for the pressure field. The lemma is completely proved. [

(94)

6. Proof of Theorem 4

We start with the following auxiliary result:

Theorem 9. Under the Assumption 1 there exists a solution (w,my) to problem (56) such that, for all
T>0andd >0,

g€ 2, 00], we C(0, T;LARQ)NC2((6,T) x Q) me C*(6,T) x U,

}in(l) [w(t)|g=0, and for s > 2, |w(t)]e < ct%:%Q(uo,Vuo) for allt € (0,1),

B 1 1 1 t 2 (95)
lw(t)oo < B2 (t,u0)Q% (Ug, VU )t~ 5 eAEM+]s Co(mladr) < oo,

for all re(1,2), Vi, €L7(0,T; L () and t2 Vi, € L*(0, T; L*(R)).
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Proof. For the proof of the existence, of the limit properties, L>-estimate and for the integrability (95),
we avail ourselves of Lemmas 18, 20 and 21. Now, recalling the regularity of U, V, I, classical arguments
concerning the regularity of 2-D weak solutions can be applied in order to prove the regularity expressed
by (95);. Hence the proof is achieved. O

Proof of Theorem 4. Now, we are in a position to prove the existence claimed in Theorem 4. We look for
a solution u to problem (1) in the following form:

u:=U+V +w, and 7, := 7y + T, (96)

where (U, 7y ) solves the Navier—Stokes Cauchy problem with initial data ug, V' is the extension exhib-
ited in Sect.4.1 and (w,m,) is a solution to problem (56) furnished by Theorem 9. By construction we
determine that the pair (u,m,) defined by (96) is a solution to system (1); and satisfies the homogeneous
boundary condition. Moreover, we have achieved that U € C([0,00); BUC(R?)), the limit property (60)
for V' and estimate (95)2 for |w|s. Thus we obtain

lim [U () w0l v, m VOl =0, lm [w)lem =0,

so that u assumes the initial data ug in strong form in C'(Q). Regarding estimate (13)2 we point out that
it is a consequence of estimate (25); for U, estimate (58); for V and finally of estimates (95)2-(95)3 for w.
Obviously, we mean that ¢(t, ug, Vug) is suitable function which sums the contributes not exponential of
the estimate related to w, and of estimate (69). If we take into account the results related to the pressure
field my obtained in Sect.3 and related to the pressure field 7, obtained in Theorem 9, the existence
is completely achieved. For the uniqueness we limit ourselves to remark that it is a consequence of the
uniqueness result proved in [1]. Actually the solution (u,m,) just constructed is also a mild solution to
the integral equation (8). Hence the uniqueness follows from the one proved for Theorem 2. O

7. Proof of Theorem 5

Let us consider a smooth non-negative cutoff function h such that h(§) =1 for £ € [0,1] and h(§) = 0 for
& > 2. We define the integral operator

Ap(a) = / VéE(r — y)(u- V) (hew)dy, 97)

where {h(y)} is a sequence of smooth not negative cutoff functions, with hy(z) := h(|z|/k), and &(2) is
the fundamental solution of 2-D Laplacian operator. We assume that

u € COMNR?), with u =0 in R? — ),
for all A € (0,1), _ (98)
Vu € C%*9), with V-4 =0 in R?.

Lemma 22. The sequences {Ay} admits the following pointwise limits of continuous functions in R?:
{V-A;} =10, {rotdy} —a, {VV-A;}— VII,

{A AL} — —u-Vu, {AV- Ay} - -V -(u-V)u. %9)
In particular we get
for all e € (0, 7], [H(x)| +|a(x)] < clz|[uloo[u]®),
[VI|o + [Valoo < efl(w- V)ulix + [ull], (100)
for all N € (0,)), [VIII]N) < e[Vim(u-V)u]D), fori=1,2.
Moreover the following relation holds:
n-VII=n-rota on 01, (101)

where n is the unit outer normal to 0N).
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Proof. The proof of this lemma is analogous to the one given for Lemma 3. For this claim it is enough
to verify that the kernel which is defined in the operator (97) and the one that is defined in the operator
(32) are formally the same. So we omit the proof of (99) and (100). To prove the boundary relation (101)
we remark that from (99) and assumption for u on 9€ it follows

n-VII=n-[VII+ (u-V)u] = nli}gn [VV A, — A4y =n- lilgn rot(rotAy) = n - rota.

Let us consider the Neumann problem
d,
Ap=0inQ, p — ¢y for |z| — 0, d—p = (rot b) - m on 0N (102)
n
The following result holds for problem (102):

Theorem 10. Assume that in (102) b € Wlf%’q(aQ). Then, there exist a solution p to problem (102) and
a constant ¢ independent of b such that

1—1
IPlLe@n) +1VPlg e <b>q 7, (103)

1—1
where < - >4 is the seminorm on 0S). The solution p to problem (102) is unique up to a constant.

Let us consider the Neumann problem
dpu
Am, ==V - [(u-V)u] in Q, di = rotrotu - n on O (104)
n
The following result holds for problem (104):

Theorem 11. Assume that in problem (104) u satisfies (98). Then, there exist a solution to problem (104)

such that 7, € C*Q), and, for X\ > %, we get

)] < ef el luloofu) @ + u- V)u

1+l + [Vu] ™). (105)
The solution m, is unique up to a constant.

Proof. The proof of this lemma is a slight modification of the ones given in [24]. Actually, we look for m,
a pointwise estimate of the kind (105). For this task we employ Lemma 22. We set

Ty, ::H+p7

where I is given in Lemma 22 and p is the solution to problem (102) with b = —a+rotu. Via formulas (99)
and (101), and since p is harmonic it is immediate to verify that 7, is a solution. By virtue of estimate
(100); for m,, we can relax our estimate to function p. Since p is a solution to a harmonic problem it is
smooth far to the boundary, near to the boundary we employ estimate (103) for ¢ > 2, in such a way
by embedding theorem we obtain that p € C(Qg). Since b = —a + rot u we examine independently the
seminorm of a and rotu. By virtue of (100)2 for the term a we get that

la(z) — a(y)| < [Valeo|lz =yl < ¢[l(w- V)ulix + [ul3 ]|z —yl.
Analogously, by the Holder assumption on Vu, we get
[rot u(x) — rot u(y)| < ¢lz — y[* [Vu] ™.

1

1—1
These last estimates and the definition of < - >, ? (¢ > 2) ensure the result provided that A > % O
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8. Appendix

We furnish lines of argument that lead to establish estimates (25) which in particular imply estimate
(19)5. We recall the following result related to Holder’s spaces

Theorem 12. There exists a constant M such that for all g € Cm’“( ) it holds that*

for re {0, om},vel0,ul, [Vig]®) < 25 [Viglud [Vig]00 7,
(106)

fO’FTG{L m} VE[ ] ”v g”OO < M|:|:Vm :I(IL T [g] (v) e u+ I:g](l/)}

Of course we consider estimates (18) and (19); as achieved from Theorem 6. Hence we look for estimates

(25)2,3.
The starting points are two. The former is formula (23), that for the convenience of the reader we
reproduce:

VU = Vet2 Uy + /Ot(VE(t —7),(U x w)(7))dr. (107)

The latter is the formula of the vorticity solution to Eq. (22):

t
w(t,z) = ePuwy +/ (DA U . Vw)dr. (108)
0
With obvious meaning of the symbols we also write
VU :=VUL 4+ VUy,
as well as
W :i=wr, +wnN.
The following estimates hold: (A € (0,1))
VT (s, 2)| + [V7E(s, 2)| < ¢(]z| 4+ s2)7277, for all (s,2) € (0,00) x R,
IV'T(5,2) — V'T(s,2)| < ¢[z — 2> max{(|z] + s2) 727", (7] + s2) 27"},

(109)
V7 E(s,2) = V" E(s,2)| < ¢z = 2 max{ (2] + %) 777, (7] +52) 277,
for all s > 0, and Z,%Z € R?,
in the above inequality I' denotes the kernel of the heat equation.
In the following lemma, the symbol K indicates indifferntly the kernels F or I'.
Lemma 23. Let us consider the integral transform
t
Ult.o) = [ (VE(t - 7),g(r)dr
0
with g € C(0,T;C%(R?)),v € (0,1), and
fOT‘ Qp € [07 )7ﬂ0 > 07 ”g(T)”OO < AOT?O‘O + BOTBOa
for aj € [O7 1),61 >0, [g(n)]< A7~ + Byr 7> 0.
Then, for all > 0 such that 5 o <V, we get
_ 4 ., B
[VU#)]W < eSS Mit=™t2=W=% for all t > 0, (110)

i=1
where we set My = AgA}j‘, My = AgBllfu, My = BgAT”, My = BgB%f‘L, and my == app +
o1 (1 = p), mo = aop — (1 — p), mg = ar(l — p) — Bop, ma == —Pop — B (1 — p).

4 For v = 0 we mean [g](® = |g]oo.



924 P. Maremonti, S. Shimizu JMFM

Proof. This is a classical result, so that the proof is omitted. O

Taking into account (18) and (19);, via estimates (109); 3 for all A € (0,1) we easily deduce
t
(VUMD < e [ (=174 3 Ul < cGolt, Un)wnlet™ (111)
0

where we set 177 =
(18), we get

— % From the interpolation inequality (106), applying the Cauchy inequality and

_1 A
[VUN (B)lloe < e[ [VUNBIN T UNZ + [Un

_1_ A A
< e[ VUM (O] T UIE + UL IE |+ 10 oot UL oo (112)

< c(1+ U3 Usll e + c[VUN(H)]™ < cGo(t, Up)(1 + |wolloot™)-
Since |VUL | < ¢|VUy|so, via (112) we arrive at (25)s. We recall the symbols G; defined in (26), that

from now up we make use. Since [VU]*) < ¢|VU, ||oot*%1 again via (111), we also deduce
[VUI®) < e(IVUo]act ™ -+ Golt, Uo) il t™). (113)
Of course the following holds:
1O < e[ VUoloct™ ¥ + Golt, Un)woloct™). (114)
We set
G (t,Up) := the right hand side of (113) and (114).
So that employing interpolation (106);, we get

Ap—v A —v o
veD M), []® <275 ot [w]O0 %

AL —v

A v
< clwollo® (IVUolloct™F + Golt, Uo)Jwolsot™ ) X (115)

< ¢|VUoloo (7% + Go' (£, Uo)t™),

where we set 1z := {=n1. We give the estimate of (19)2. Employing the interpolation inequality (106)a,
recalling that U = U, + Uy, via estimate (112), we deduce also

[UN]®) < e Un 3 [UN]D” < e([Uloo + [UL o) [Un] D"
< c(JUllso + NULIs) ™" IVUN[% < cGo(t, Uo)(1 + wolloct™ )"
Since [UL]™) < ¢|Up|oot™ 2, we deduce (19),. We set
G*(t,Up) := the right hand side of (19),.

Employing estimates (19) for w and U, (115) for Hélder’s seminorm of w, we obtain an estimate for

Holder’s seminorm of U X w. Hence by virtue of (110) of Lemma?23, for 0 < 13%\2 < min{\, \ }, via

representation formula (108) we arrive at an estimate of [Vwy (¢)]*2):

t
[Van (0] < e / (= 7) 472 oo+ (1~ 1) 472Gy ar,
0

where 75 := 3(1 — A2) — 22 and 7, := 21 (1 — \3) — 22. The last gives

[V (0)]%2) < eUnlloelwolloot™ 3 + Golt, Uo) (L + Jwolaot™ ) o oo™
HIVUollocGo(t, Uo) %2~ F 4+ G (t, Uy oo oot™ 7

A

< Q(UO,VUO)(tmin{ﬂz—57ﬁ2_*71} L1s txz)7
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where \g 1= max{ni Az + 72,1 + 7, }. Hence taking into account the contribute of the Vwy, we obtain the
estimate

[Ver(6))02) < [Veor (6] 02+ [V ()] 02) < e V0o oot ™2 %
+Q(uo,VU) (1 + )2 =: G*2(t,Uy), for all £ > 0. (116)
By virtue of Theorem 12, employing (116) we also deduce

[Vw(t) oo < c([Vw](/\z)anO”:;ga + Jwolc), for all t >0, a = ﬁ (117)

Making use of the representation (107) we deduce

¢
VU = VetAVU, — / (VE(t —71),V(U x w)(7)dr. (118)

0

Analogously to the case of the estimate (116), employing the bound for Hélder’s seminorm of U X w, for

11\32 < {\, A}, we obtain

[V2UN (£)]P2) < c|Up|lo|lwoloct™ + Go(t, Uo) (1 + [|lwo s t™ )2 wo | ot ™
_ Ay N
+[VUoloeGo (t, Ut + Go(t, Uo) 31172 =: Q(Uy, VU (1 + t) 2.

Hence taking into account the contribute of the linear part, we get

[V2U ()] < [V2UL(£)] O +[V2Un (£)] 09 < ¢ VU |loct 3 F o
+Q(uo,VU) (1 + )2 =: G*2(t,Uy), for all t > 0.

Taking into account the estimates of Holder’s semminorms: (19), for U, (116)—(117) for the Vw and (25)s
for VU and (19); for w, we have an estimate for the Holder’s seminorm of V(U X w). Hence applying

Lemma 23 to (118) for 0 < 1f3)\3 < min{A, A1, A2} we arrive at an estimate of

[V3U]?3) which also implies the existence of [V2w]*?), (120)

However we estimate the semi norm [V2w(t)](*3) by means of the representation formula (108). We get

t
[VZun ()] < e / (£ = 1) RGN Voo + (1= 7) "B GG dr,
0

where 73 := 3(1 — A3) — % and 7], := %(1 —A3) — % We can deduce

o+

VAU = V2V, / (V2E(t — 1), V(U x w(r))dr
0

t
+/ (VE(t —7),V*(U x w())dr = Y] + Y5 + V3.

2

Now we are in a position to deduce estimate (25)4. Actually, for the the term VY; is trivial to prove
the estimate ¢|VUg|sot™ 2. As well as for the first integral term we easily get |[VYa(t)[oo < ct=2(1 +
ct||Uo o) |00 || oo |lwo | o - Hence applying the Cauchy inequality we prove for VY3 the estimate (25)4. Finally,
taking into account the above Holder’s estimates related to U and w, applying Lemma 23, by handling
suitably the Cauchy inequality for the last term, we can deduce estimate (25)4. Finally, we deduce (25)s.
To this end we apply (106)2 with g := VU, for v = p =0, r = 1 and m = 3. Then a simple manipulation
leads to (25)3.
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