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Abstract. Consider the Navier—Stokes flow in 3-dimensional exterior domains, where a rigid body is translating with pre-
scribed translational velocity — h(t)uco with constant vector uso € R3\{0}. Finn raised the question whether his steady
solutions are attainable as limits for ¢ — oo of unsteady solutions starting from motionless state when h(t) = 1 after
some finite time and h(0) = 0 (starting problem). This was affirmatively solved by Galdi et al. (Arch Ration Mech Anal
138:307-318, 1997) for small uso. We study some generalized situation in which unsteady solutions start from large motions
being in L3. We then conclude that the steady solutions for small uso are still attainable as limits of evolution of those fluid
motions which are found as a sort of weak solutions. The opposite situation, in which h(t) = 0 after some finite time and
h(0) =1 (landing problem), is also discussed. In this latter case, the rest state is attainable no matter how large uco is.
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1. Introduction and Results

Let us consider a viscous incompressible flow past an obstacle in 3D, which is a translating rigid body
with a prescribed velocity — huo,, where us, € R3\{0} is a constant vector and the function h = h(t)
describes the transition of the translational velocity of the body. In the frame attached to the body, the
motion of the fluid obeys the exterior problem for the Navier-Stokes system
du+u-Vu=Au— Vp, — huy - Vu,
divu =0,
(1.1)

uloo = —hus,

u—0 as|z| — oo,

where  denotes the exterior of the body in R? with smooth boundary dQ. The unknown functions are
the velocity field u = (uq(x,t), us(x,t),us(x,t)) and the associated pressure p,, = p,(z,1).

Suppose both the fluid and the body are initially at rest, that is, u(-,0) = 0 and h(0) = 0. If the body
starts to move from the rest state until the terminal velocity — us at an instant T, > 0 and, afterwards,
h(t) = 1 for t > Tp, then the large time behavior of the solution u(x,t) to (1.1) subject to the initial
condition u(-,0) = 0 would be related to the steady problem

Us - Vg = Aug — Vpy, — Uoo - Vg,

divus =0,
1.2
us|(‘)Q = —Uco, ( )

us — 0 as|z| — oco.
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Indeed, in this situation, Finn [15] raised the question whether u(x,t) converges to us(xz) as t — oo
in a sense as long as u., € R3\{0} is small enough (Finn’s starting problem). If that is the case, the
steady flow ug(x) is said to be “attainable” by following the terminology of Heywood [23], who gave
a partial answer to the starting problem. Note that the steady problem (1.2) with sufficiently small
Uso € R3\{0} possesses a unique solution wu,, what is called the physically reasonable solution, due to
Finn [16] himself. On account of its anisotropic behavior with wake property, the solution us(x) enjoys
better summability us € L1(Q) for every ¢ > 2 (than the case where the body is at rest), see (3.2) below,
however, still infinite energy u, ¢ L?(Q2) because the net force exerted by the fluid to 92 cannot vanish
when the external force is absent, see Finn [14] and Galdi [18]. It is reasonable to look for a solution
u(z,t) of the form u(z,t) = h(t)us(x) + v(x,t) and to expect u(t) € L*() since u(0) = 0, however, in
this case, v(t) ¢ L?(2) follows from us ¢ L?(2) and thus the energy method is not enough to construct
the perturbation v(¢). Thus the problem had remained open until Kobayashi and Shibata [29] developed
the L9-L" decay estimate of the Oseen semigroup, see (2.5)—(2.6) below. Finally, by making use of this
estimate, the starting problem from the rest state was completely solved by Galdi et al. [19].

In the present paper we intend to provide further contributions to this issue for its better understand-
ing. It would be worth while studying more possibilities of attainablity of the steady flow us. The aim is
to find out many solutions to (1.1), which converge to ug as t — oo, even if starting from large motions
of both the fluid and the body, that is, the initial velocity

u(z,0) = uo(x) (1.3)

can be large with infinite energy and h(0) is large, too. We take ug from L3(Q), as usual, or even from
Ly (), the completion of C5°(2) in the Lorentz space (weak-L3 space) L3°°(Q), together with the
compatibility conditions
divug =0, v- (UO + h(O)uoo)|aQ =0, (14)

where v stands for the outer unit normal to 02 and the latter condition is understood in the sense of
normal trace. The function h = h(t) is assumed to satisfy

h e CH0([0,00)) for some 6 € (0,1),

h(t) =1 on [Ty, 00) for some Ty > 0. (1.6)

The main result on the starting problem reads as follows.

Theorem 1.1. There exists a constant § > 0 with the following property: If us, € R*\{0} fulfills |us| < 6,
then, for every ug € L3™°(Q) with (1.4) and for every function h(t) satisfying (1.5)-(1.6), problem (1.1)
subject to (1.3) admits at least one solution u(x,t) which enjoys

[u(t) = gl Lo ) = O /?) (1.7)
as t — oo, where us is a unique solution to (1.2).

We stress that the small constant § in Theorem 1.1 is independent of ug and h. Our global solution is
a sort of weak solution, to be precise, it is of the form

w(z,t) = h(t)us + Uz, t) + w(z, t), (1.8)

where U (z,t) is an auxiliary function (regular enough for ¢ > 0), while w(z, t) is the so-called Leray—Hopf
weak solution [25,31,36]. The idea to solve the Navier—Stokes initial value problem with large initial data
in L? (or Ly™) is due to Maremonti [34], in which a solution to (1.1) with us = 0 subject to (1.3) is
constructed in the form u(t) = e~ *4ug + w(t) with a Leray-Hopf weak solution w(t), where e~*4 denotes
the Stokes semigroup. The similar approach was adopted also by [2,39]. In the case under consideration
of this paper, the pair

U(:L‘,t) = u(x,t) - h(t)us(;v), pv(.%',t) = pu(.%',t) - h(t)pus (‘T)
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should obey
ov+v-Vuo+h(us-Vo+v-Vug) = Av— Vp, — hus - Vo + g,

div v =0,
vlan =0,
v—0 as|z] — oo,
v(+,0) = vg := ug — h(0)us (1.9)
with the forcing term
gz, t) := —h'ug + (h — %) (us + uso) - Vs, (1.10)

where k' = 4. There would be several possibilities of choice of the auxiliary function Uz, t) in (1.8),
which plays the same role as e "*4uq in [34]. With any choice of U (x,t) at hand, we subtract this function

from v(z,t) to see that the remaining part w(z,t) := v(x,t)—U(z,t) together with the associated pressure
P Satisfies

atw+w~Vw+T7~Vw+w~V(~/+h(us-Verw-Vus)

= Aw — Vpy — htgo - Vw + f,
div w =0,
wlon =0, (1.11)

w—0 as|z|] — oo,
w(-,0) = wo 1= vy — [7(~,0),
for some vector field f = f(x,t) as the new forcing term whenever
divU =0, Ulpa=0, U — 0 (|z]— o).

Besides these conditions, the auxiliary function U (x,t) must be taken so that f € L2 ([0,00); H(2))
as well as wo € L2(2) in order to look for w(z,t) as the Leray—Hopf weak solution with the strong energy

inequality

1 t
Sl + [ V0l dr

< %Hw(s)”%z(g) + /;((hus +U) @ w, Vw)dr —i—/s (f,wydr (1.12)

for s =0, a.e. s > 0 and all ¢ > s. As the auxiliary function, in this paper, we will take the solution of
the non-autonomous Oseen initial value problem in the whole space R3 together with a correction term,
see (3.12) and (3.14). Then the forcing term f(z,t) is given by (4.1) together with (3.15).

For the proof of attainability (1.7) of the steady flow, a crucial step is to find out a large instant ¢ > 0
such that w(#) is small enough in L3(2). It is then possible to construct a global strong solution from #
with some decay properties, particularly L>°-decay like O(t’l/ 2), which can be identified with the weak
solution w(t) by the strong energy inequality (1.12). Indeed this strategy itself is quite classical since the
celebrated paper by Leray [31], but there are some details to make |[w(t)]| s (o) small at a suitable ¢. This
is by no means obvious since the RHS of (1.12) is growing for ¢ — co. One would raise the question
whether Theorem 1.1 still holds for ug € L () [that is strictly larger than LY (Q)]. For such data,
unfortunately, the behavior of the auxiliary function U (t) near t = 0 is critical and this prevents us from
constructing the weak solution w(t).

It is also interesting to consider the opposite situation (landing problem), in which the body is initially
translating with velocity — us and it stops at an instant Ty and is kept afterwards at rest, that is,

h(t) =0 on [Tp,00) for some Ty > 0; h(0) = 1. (1.13)
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The following result on the landing problem tells us that the rest state is attainable no matter how large
Usg 18.

Theorem 1.2. For every us, € R3\{0}, ug € LI°(Q) with (1.4) and h(t) satisfying (1.13) as well as
(1.5), problem (1.1) subject to (1.3) admits at least one solution u(x,t) which enjoys

[u(t)|| L @) = O3 (1.14)
ast — o0.

The idea of the proof of Theorem 1.2 is the same as the one for the starting problem. For every
Uoo € R3\{0} the steady problem (1.2) admits at least one solution us(x) with finite Dirichlet integral
Vus € L?(Q) (the Leray class), see Leray [30]. It also follows from the result of Babenko [1], Galdi [17,18],
Farwig and Sohr [13] that any solution of the Leray class eventually becomes the physically reasonable
solution in the sense of Finn [15,16]. Since we would have several solutions unless u is small, we fix
a steady flow us(z) arbitrarily among them and look for the solution u(z,t) to (1.1) of the form (1.8).
It would be interesting to ask sharper L>®-decay like o(t~'/2) in (1.14) as well as (1.7); in fact, this is
possible for (1.1) with us = 0 subject to (1.3) when ug € LY™ is small enough, see [33]. On account
of the presence of the forcing term [especially U - V(?, see (4.1)], it does not seem to be clear whether
|w(t)|| L () = o(t~1/?), however, one could take another way in which one constructs directly a strong
solution v(t) on [f,00) with a suitable £ for (1.9), instead of w(t), such that [[v(t)]|z=() = o(t™1/?) as
t — o0.

This paper concerns the attainability, while the stability of the steady flow was extensively studied,
see for instance [10,28,41] and the references therein. The paper is organized as follows. After some
preliminaries in the next section, we choose the auxiliary function U(z,¢) in (1.8) and derive several
properties in Sect. 3. In Sect. 4 we construct a weak solution w(¢) to the initial value problem (1.12)
and deduce the strong energy inequality (1.12). In Sect. 5 we make use of the LI-L" decay estimate of
the Oseen semigroup [29] to construct a strong solution to (1.12) on [¢,00) whenever w(f) is small in
L3(£2). We further show that this solution is identified with the weak solution on [, 00). The final section
is devoted to finding ¢ > 0, at which [Jw(t)||1s() is actually small enough, to accomplish the proof of
Theorems 1.1 and 1.2.

2. Preliminaries

We start with introducing notation. Given a domain D C R3, 1< q < 00, and integer k£ > 0, we denote
by L(D) and by W*4(D) the standard Lebesgue and Sobolev spaces, respectively. We simply write the
norm | - [lg.p = || - [|Le(p) and even || - ||g = || - [|lg,2, Where  is the exterior domain under consideration.
Let C5°(D) be the class of smooth functions with compact support in D. We denote by Wg4(D) the
completion of C§°(D) in W#4(D), and by W ~14(D) the dual space of Wol’q/(D), where 1/¢'4+1/q¢ = 1 and
€ (1,00). By (-,-) we denote various duality pairings on Q. When ¢ = 2, we write H*(D) = Wk2(D),
H}(D) = W, (D) and H-'(D) = W~12(D), respectively.
Let us introduce the Lorentz spaces (for details, see Bergh and Lofstrom [3]). Given a measurable
function f on a domain D, we set

my(r) = {z € D; [f(x)| > 7}, 7>0,

¢
(@) =inf{r > 0; my(r) <t}, t>0,
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where | - | stands for the Lebesgue measure. Let 1 < ¢ < oo and 1 < r < oo, then the space L9 (D)
consists of all measurable functions f on D which satisfy

([ ey ) < asreo -

sup t/9 f*(t) < 0o (r = c0).

>0
Each of those quantities is a quasi-norm, however, it is possible to introduce an equivalent norm || - ||¢.» p
by use of the average function. Then L?" (D) endowed with || -||4.»,p is a Banach space, called the Lorentz
space. We simply write || - || = || - [lg.r.0- Note that L99(D) = L%(D) and that L?" (D) C L% (D)
if 79 < ry. The space L?°°(D) is well known as the weak-L? space, in which C§°(D) is not dense. Let
us define the space L™ (D) by the completion of C§°(D) in L%*>°(D). The Lorentz space can be also
constructed via real interpolation

L*"(D) = (L'(D), L*(D))

1-1/q,r

from which the reiteration theorem in the interpolation theory leads to
L9"(D) = (L% (D), L™ (D))

o.r
together with
£ lla.r,0 < ClFllg s, ol F1Gs 1.0 (2.2)
for all f € L% (D) N L™ (D) C LT"(D) provided that
1 1-6 0
+—, 1< 7rg,r,r <o0.

I<q@<g<q <oo, -—=
q q0 q1

We have the Lorentz—Hélder and Lorentz—Sobolev inequalities, but the only cases we need in this paper
are

1 1 1
”fg |T,S,D < ||f||3,OO,DH9Hq,s,D7 ; = g + 57 q, T € (1700)7 (23)
1l < ClVollow: —=+— %, qe(13) (2.4)
g [/ — g q,89 s - q 37 q ) ’ .

where 1 < s < co. In what follows the same symbols for vector and scalar function spaces are adopted as
long as there is no confusion.

Let us introduce the solenoidal function spaces over the exterior domain Q. The space Cg%, (£2) consists
of all divergence free vector fields whose components are in C§°(£2). Let 1 < ¢ < oco. We denote by L2(Q)
the completion of C§<, (22) in L9(£2). Then it is characterized as

LL(Q) ={u e LYQ); divu =0, v - u|apq = 0},
where v - u|gq stands for the normal trace of u. The space L1(Q2) of vector fields admits the Helmholtz
decomposition

LI(Q)=LI(Q) & {Vpe LI (Q); pe L ()}
which was proved by Miyakawa [37] and by Simader and Sohr [42]. When ¢ = 2, it is the orthogonal
decomposition. We have the same result for the whole space R? as well.

By using the projection P: L1(Q) — L4(2) associated with the decomposition above, we define the
Stokes operator A by
Dy(A) = WHIQ) N W5 (Q) N LL(Q), Af = —PAf.
When ¢ = 2, it is a nonnegative self-adjoint operator in L2(Q) and
(AV2f, AY2g) = (Vf,Vg), for f. g € Da(AYV?) = Hy (%),

where the space Hj () denotes the completion of C§%,(€2) in H' (). Due to Solonnikov [43], Giga [21]
and Farwig and Sohr [12], we know the generation of an analytic semigroup (the Stokes semigroup)



776 T. Hishida and P. Maremonti JMFM

{e=t4},50 on LZ(Q). Furthermore, it is uniformly bounded [le~*4f[|, < C||f|l, by the result of Borchers
and Sohr [5]. Given a constant vector us, € R3, let us define the Oseen operator A,_ by

DQ(AUOC):DQ(A)a Auoof:_]P[Af_uoo'vf]'

Then, by a simple perturbation argument, see Miyakawa [37], it is verified that the operator — A4,,__ also
generates an analytic semigroup (the Oseen semigroup) {e~*4ux=},5¢ on LZ(2). In [29] Kobayashi and
Shibata (see also Enomoto and Shibata [9,10]) developed the LI-L" estimates

le™* e fll, < Ct|flg (1 <q <7< 00, g% 00), (2.5)
Ve A fll, < CETV2fll, (1<q<r<3), (2.6)

for all ¢ > 0, where @ = (3/q — 3/r)/2. They also showed that, for each K > 0, the constant C' =
C(K; q,r) > 0 in (2.5)—(2.6) can be taken uniformly with respect to us € R? satisfying |us| < K.
Therefore, their result includes the L4-L" estimates of the Stokes semigroup as a special case, however,
even before, both (2.5) and (2.6) (case us = 0) had been established by Iwashita [26], Chen [7] (case
r = 00) and Maremonti and Solonnikov [35]. For later use, let us give a supplement about the Oseen
operator, which is m-accretive in L2(Q). Since both 1 + A,_ and 1+ A are invertible, we have

[Afll2 < CllA + Au ) fll2, ([ Auc fll2 < CIE+ A)fl2,
for f € Da(A). Then the Heinz—Kato inequality for m-accretive operators implies that

IVFllz = IAY2 fll2 < CII(L + Au )2 fl2 (2.7)
for all f € Dy(A?) = Dy(AV2) = Hj ,(€) with some constant C' = C(|uss|) > 0.

We next consider the boundary value problem for the equation of continuity
divw=f in D, w|sp =0,

where D is a bounded domain in R? with Lipschitz boundary dD. Let 1 < ¢ < co. Given f € LY(D)
with compatibility condition | pf =0, there are a lot of solutions, some of which were found by many
authors, see Galdi [18, Notes for Chapter III]. Among them a particular solution discovered by Bogovskii
[4] is useful to recover the solenoidal condition in a cut-off procedure on account of some fine properties
of his solution. The operator f — his solution w, called the Bogovskii operator, is well defined as follows
(for details, see Galdi [18], Borchers and Sohr [6]): there is a linear operator B: C5°(D) — C§°(D)? such
that, for 1 < ¢ < oo and k > 0 integers,

IV Bfllo.0 < ClIV*flla.0 (2.8)
with some C'= C(D, ¢, k) > 0 and that

divBf=f if /f(m)dsz, (2.9)
D

where the constant C' is invariant with respect to dilation of the domain D. By continuity, B is extended
uniquely to a bounded operator from Wg (D) to Wéc H’q(D)S. It is obvious by real interpolation that
several estimates in the Lorentz norm similar to (2.8) are available as well; for instance, we have

||VBf||q,<>07D <C|f |q,oo,Dv (2.10)
for every f € L%*°(D) and ¢ € (1,00). By Geissert, Heck and Hieber [20, Theorem 2.5], B can be also
extended to a bounded operator from W4 (D)* to L4(D)>?, that is,

IBSlo.0 < Cllfllw ooy (211)

where 1/¢' + 1/q = 1. Note that this is not true from W~14(D) to L9(D)?, see Galdi [18, Chapter III].
Finally, we mention a sort of commutator estimate between B and the Laplacian. Let f € W24(D). We
fix n € C§°(D) to find

I1AB[nf] = BIAM)lle.0 < Cllfllg.0- (2.12)
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Indeed this is rather restricted form, but it is enough for later use, see Lemma 3.3. By the condition
above on the domain D, see Galdi [18, Lemma II1.3.4], analysis can be reduced to the case in which D
is star-shaped with respect to a ball B, where B C D. In this case, the solution found by Bogovskii [4] is
of the form (in 3D case)

Blof)(@) = [ Tule = y.0)n))dy
with
Lu(z,y) = z/loo k(y + T2)72dr,

where x € C§°(B) is fixed so that [ & = 1. Set

B,[nf)(z) = /D Tonlz — v 0) )W)y (G =1,2.3).
Then we have

9;B[nf] — B[0;(nf)] = B;jlnf]
for each j = 1,2, 3, and, thereby,

AB[nf] ~ BAWS)] = 3 B;[0,(n)] + 3 0,8,

Since the operator B; satisfies the same estimates as in (2.8) and (2.11) in spite of [, d;x # 1 [which is
related only to whether (2.9) holds], the formula above leads to (2.12).

3. Auxiliary Function

In this section we construct an auxiliary function U(z,t) in (1.8). We begin with knowledge about the
steady problem (1.2). Due to Finn [16], Galdi [18], Farwig [11] and Shibata [41], there are constants
0o >0, C =C(q) >0and C" = C’(r) > 0 such that the steady problem (1.2) admits a unique solution
us € L) NC=(Q),  uslly < Clue|'’?, Vg € (2,00],
Vus € L(Q),  ||[Vus|l, < Cuse|/?,  Vr e (4/3, 0], (3.1)

provided 0 < |us| < do.

Specifically, the rate \uoo|1/ 2 above was deduced by Shibata as a consequence of his anisotropic pointwise
estimates [41, Theorem 1.1]. For the starting problem, we take this solution us. For the landing problem,
there is at least one solution to (1.2) having finite Dirichlet integral for every u., € R3*\{0} (see [30])
and, from now on, we fix a solution us; then, it possesses the summability properties in (3.2), no matter
which we may choose, see Galdi [18, Section X.6].

Given ug € Ly (Q) with (1.4), we set vy = ug — h(0)u, € LI*°(Q) which fulfills v - vo|sg = 0 as
well as div vg = 0, see (1.9). We take the extension 7y of vy by setting zero outside €; then, we have
7o € Ly™(R3) with div oy = 0. We fix R > 0 such that

R3\Q C Bg := {z € R?;|z| < R}, (3.2)
and take a cut-off function ¢g € C§°(Bzag) so that ¢o(z) =1 in Bgr. Set
g(l‘,t) = (1 - ¢0(I))g(l‘,t),

Gly.1) =g (y tuse /Ot h(r)dr, t) ,
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where g is given by (1.10). Then it follows from (3.2) that g(t) belongs to L4(R3) N C°°(R3) for every
q € (2,00] and, therefore, so does G(t). We also have

div g = (1= ¢o)(h — h?) > (jus) - Vug; — g Vo,

J

and, thereby, div G(t) € L4(R?) for every ¢ € [1, 00, which together with the Hardy-Littlewood-Sobolev
inequality implies that
Q1) = (4_|| x div G) (-, t) € LY(R3), Vg€ (3,00),
7r .
where * stands for the convolution on R3. Set
PrsG(t) = G(t) — VQ(t)

which satisfies
[PrsG(t)[lgre < IG()]lgre + [IVQ(D)| 4R

_ (3.3)
< COIGM)llgrs = Cllg®)llgrs < Cligt)llg < CM,
for every ¢ € (2,00) with
My = |1 |solusllg + (1Ploo + 112 (luslloo + [uoc ) Vs lg, (3.4)
where
|hloo = sup |[A(t)],  [F'|ec = sup |A/(2)].
>0 >0
By using the heat semigroup
et = (47Tt)_3/26_|'|2/4t *(+),
we set ,
V(t) = / FTA (PraG) (1)dr,
(0= [ <0772 @) (7) 5
W (t) = 5o 4 V(1)
Then the pair W (y,t), Q(y,t) solves the Stokes initial value problem
OW =AW -VQ+G, divW=0 (yecR3t>0),
W —0 as |yl — oo,
W(y,0) = vo(y)- (3.6)
By (1.5) we know
G € C7([0,00); L*(R?)), Vg € (2,00],
which implies that
W e C1((0,00); L**(R*) N LL(R?)), Vg € (3,00), 3.7)
V2W € C((0,00); L>*°(R3) N LY(R?)), Vq € (3,0). '
We also find
VW e C . ((0,00); L**(R*) N LY(R?)), Vg € (3,00), Vuu € (0,1/2). (3.8)
We then make the change of variable as
t
Uz, t) =W (:1: - uoo/ h(7)dr, t> ,
0 (3.9)

Plz,t)=Q (m — s /Ot h(r)dr, t) :
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to see from (3.7)—(3.8) that

U € C' ((0,00); L>*(R%) N LE(R?)) Vg € (3,00),
V2U € C ((0,00); L¥>*(R?) N LY(R?)), Vg € (3,00), (3.10)
VU € C . ((0,00); L¥*°(R3) N LY(R?)), Vg € (3,00), Y € (0,1/2),

and that the pair (3.9) satisfies the non-autonomous Oseen initial value problem
U =AU —VP — hus -VU +g, divU=0 (zecR3 t>0),
U—0 as|z|]— oo, (3.11)
U(z,0) = 9p(x).

Let us take another cut-off function ¢ € C§°(Bsg) so that ¢(z) = 1 in Bag. Our auxiliary function is
then given by

Uz, t) = (1 - ¢(@)U(x,t) + BU (1) - Vo] (z) = U(x,t) + E(w, 1), (3.12)
see (3.16) below, where B denotes the Bogovskii operator in the bounded domain Ap = Bzg\Bg. Since
div U = 0, we observe fAn U - V¢ =0, which yields div U = 0. By (3.10) we find that

U € CM((0,00); L*=(Q) N LL(Q)), Vg € (3,00),
V2U € O((0,00); L¥(Q) N LI(Q)), Vg € (3,00), (3.13)
VU € Cf;,.((0,00); L¥*(Q) N L9(Q)), Vg € (3,00), Y € (0,1/2),
and that ~ _ _ _
U =AU —-VP—hu -VU+g—F, divU=0 (z€Q,t>0),
Ulpa =0,
Ulon (3.14)
U—0 as|z|— oo,
(Nj(', 0) = (1 — ¢)U(] + B[’UO . V(i)},
with
F(z,t) :== ¢pog — OE + AE — hueo - VE, (3.15)
where
E=—¢U+B[U -V (3.16)

For later use, we collect some properties of U and U.
Lemma 3.1. Let j =0,1. The function U given by (3.9) enjoys
1T (#)lloo,ms < Clllvolls,o0 + Ms)t™/2,
IF9U ()l < Cllltolls oo + Ms) £~ 1/35/2702 i € (3,00), (3.17)
IV7U (#)3,00,85 < C(l[volls,00 + Ms) t~7/2
for allt > 0, where M3 is as in (3.4), and
U @) llrs = o(t=/2F3/27), v € (3,00],

U (£)]]3,00,72 = o(1), (3.18)

ast — o0.
Proof. Since
IV U@ ||rrs = VW (@) |lrrs, IVIU () ]l3,00,85 = VW () 3,005,

it suffices to show the desired properties for W(t) given by (3.5). By the Hausdorff-Young inequality and
by real interpolation, we easily see that

V7 e 200 s < CEHEH27I2 ug 3 00, ([ V7€ 200 [3,00,m5 < CE7/2 g

|3,ooa
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for 3 < r < oo. We use the assumption (1.6) and (3.3) with ¢ = 3 to observe
VIV (t)]|,ms < CM; / (t — 1)~ Y2432 =312 r < O My Ty t—1/2+3/27=3/2 (3.19)
0
for t > 2T, while _
VIV ()]s < CMyT,/>H3/2m =9/ (3.20)
for t € (0,2T}] (except for the case (j,r) = (1,00)). Similarly, we obtain
) p J ) Y
V7V (#) ]300, < CMsTt ™7/
for t > 2Ty and
V7V (#) 13,00 0 < CMsTy 72

for t € (0,2Tp]. This shows (3.17).
The sharp behavior (3.18) was observed by [32], but let us give the proof for completeness. For
vo € Ly™ () and every € > 0, one can take v, € C5°(Q) C C5°(R3) such that

[voe — Voll3,00,R2 = [[v0e — voll3,00 < €. (3.21)
Then we have
le"2T0ll3,00,28 < Cllvoelrrs t " + Ce,
yielding limsup,_, . [|e®A%0||3.00,rs < Ce, which also implies
- - LA _
"2 T]lrps < Ct™V/2H3/27 |38 |3 o pa = o(t 1/ 2H3/2)
as t — oo. In (3.19) one can use (3.3) with p € (2,3) to replace M3 by Mp; then,
IV (B[l rs < CMTyt=2/2PH3/2,
Hv(t)”&oo,R?' < CMpTO t_3/2p+1/2a

for t > 2Tp, which proves (3.18). O
Corollary 3.1. Let j = 0,1. The function U given by (3.12) enjoys
[T @)l < Cllvolls,c0 + Ma) /2320 vr € (3, 00], (3.22)
IVU )]l < C(|[vo]l3,00 + Mz) 71327 (1 4 )1/273/27 v € (3, 00), (3.23)
IVIT ()00 < Clvolls o0 + Ms) 17772, (3.24)
for all t > 0, where M3 is as in (3.4), and
1T ()l = o(t=1/2+3/27) ¥y € (3,00], 525)
1U(#)]]3,00 = o(1),

ast — oo.
Let t € [Ty, 00), where Ty is as in (1.6) or (1.13), then

[T < O =D 22 U@) 3,00 05, ¥r € (3,00, (3.26)
IVT(®)3,00 < Ct =12 [U(D)]]3,00, 25
for allt > t.
Proof. On account of (2.8) (combined with the Gagliardo—Nirenberg inequality for r = co) we have
IT@), < CINT )z,
IVO@)llr < CIVU@)lrgs + CINU#) oo, ar-

for r € (3, 00] as well as the similar inequalities for ||le7(t)||3700, see (2.10). Then Lemma 3.1 concludes
(3.22), (3.24), (3.23) and (3.25).
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By (1.6) or (1.13) we have G(y,t) = 0 for t > Ty and, therefore, deduce from (3.6) that W (t) =
et=DAW (1), In view of (3.9) and (3.12) we find

IT@)llr < CIW (@) lrps < C(E =D >F2 W (D) 13 00 5,
for 3 < r < co. Similarly, we have
IVT (®)ll3,00 < CIVW (1) 13,0085 + CIW (1) lac s < C(E =82 [W (B)]l3,00 5
These estimates together with |[W (2)]|3 00rs = |U(?)||3,00,rs imply (3.26). O

Remark 3.1. Actually, U(#) does not possess any singular behavior near ¢ = ¢, however, it is convenient
to use (3.26) in the proof of Proposition 5.1.

We will be faced with some troubles a few times arising from the behavior of U (t) such as ||U(£)||2, <
Ct~! near t = 0, see (3.22). In order to get around this unpleasant situation, it is convenient to carry out
the following simple approximation procedure.

Lemma 3.2. Let € > 0. Then there is a function
U. € L=(0, 00; LI())
with
VU. € L™(0, 00; L9(Q))
for every q € (3,00] such that
sup [[U-(t) = U(#)llao < C,

SUPt1/2_3/2q||[76(t) - ﬁ(t)Hq < Ck,
t>0

sup t173/24||VU.(t) — VU (1), < Ce,
0<t<1

for every q € (3,00).

Proof. We use v, in (3.21). We replace vy by v in (3.5) to define W, which leads to [75 by (3.12) via
(3.9). Then we have

1U:(t) = U®)llq < CIIWe(t) — W (t)]lgz2 = Clle" (voe — to)l| g2

1U-(t) = U(t)ll3,00 < Cl[We(t) = W(t) 3,003 = Clle"® (voe — o) 3,00,25

and

IVU.(t) — VU(t)|lg < CIVWL(t) = VIV (8)|lgrs + Cl[We(t) = W ()]l g,n
= O Ve (voe — 00)llgrs + Clle"® (voe — o) lg,r3,

as well as _
1U-()[lg < CIIW=(t)llg.rs < Clle"®vocllgrs + CIIV ()]l g,r5,

IVU-(t)lq < CIVWe(t)llg.re + ClIWe(t)llg.ax
< C|le"* Vo, ok + OV (8)[[wrars),

for every g € (3, 00]. Concerning ||V/V (t)||,rs for j = 0,1, we have (3.19) and (3.20) except for the case
(4,q) = (1,00), in which ||[VV(t)|loc,rs can be estimated similarly by use of (3.3) with ¢ € (3,00). The
proof is thus complete. O

q,]Rs —|— C||€tAU05|

Remark 3.2. Both U. and VU. belong to L>(0,00; LI(€2)) for every ¢ > 2 since we have (3.3) for such
q, however, for later use, the only cases we need are ¢ = co and ¢ = 6.

We next deduce some estimates and regularity of the function F.
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Lemma 3.3. The function F given by (3.15) satisfies
IF@)lz < Clllvo g0 + Ma) 712,
IF@i-1@) < Clllvolls.oe + Ma)(1+1) 7172,
(F@), 90 < Clloolls.oe + Ms) (1 + )7 V2[Vplla, Vo € HA(Q),
for allt > 0, where Ms is as in (3.4), and thereby
F e L*(0,T; H1(Q))

for every T € (0,00). Furthermore,

F € Cjy.((0,00); L*(2))

for every p € (0,1/2) with pn < 0, where 0 is as in (1.5).
Let g € (1,3) and t € [Ty, ), where Ty is as in (1.6) or (1.13). Then
IF@)]lg < Ct =8 2U@)]ls,0085
for all t > t.
Proof. Using the Eq. (3.12), we split F into
F(.’E,t) :F1+F2+F3+F4+F5

with
Fy=¢(g—VP)-B[(g—VP) Vg,

Fy =-2V¢-VU,
F3 = —(AP)U + h(uwo - VO)U — hus - VB[U - V),
Fy = hB[(us - VU) - V),
Fs = —B[AU - V¢| + AB[U - V¢).
Here, we have used ¢og + ¢g = ¢g. It is easily seen from (3.3) that
[F1ll2 < Cllg@®)lls + CIVQ(E)llzrs < CMs.
Note that
Fi=0 (t=T1o)
by (1.6) or (1.13). We also have
IBslla < CINU () 45 < CIVU)5.00 5
[F2llm-10) + [ F3ll2 < CIU () ]l2,4,-

Thanks to (2.11), we obtain
[Fall2 < Cll(uso - VU) - V@[ g1(ag) < ClU®)|2,45-
The last term is further modified as
F5 = F51 + Fya,

where
Fs1 = =B[A(U - Vo)| + AB[U - V¢

Fsp = B2VU - V(V) + U - V(Ag)].
From (2.11) as well as (2.8) we observe
[F52ll2 < CIU(E) 2,5
By virtue of (2.12) we find
[F51ll2 < CIIU@) 2,45

JMFM

(3.27)
(3.28)
(3.29)

(3.30)

(3.31)

(3.32)
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All the computation above tells us that
[(F(&), o)l < |F1 + Fs + Fu + Fs 2l @ll2,.005 + CNU @) ll2,45 1ol 51 (250)

the latter of which comes from Fy, where Q3r = QN Bsg. Since ||¢]2.0,, < C||Vel2 for p € H}(Q), we
get

[(F (), ) < ClU®)

2,45 [Vell2-
Using

ClU @)ll3,00,12
Ut = R
IV ®)ll2,4 < {cuU(t)loo,Rsv

we conclude (3.27)—(3.29) from (3.17).
Estimates above in L?(Q) imply that
[E(t) = F(s)lla < Cllg(t) = g(s)lls + CIVU(t) = VU(s)ll2,4
+ CIU) = U(s)ll2,a5 + ClR(t) — h(s)],
which leads us to (3.31) on account of (1.5), (1.10) and (3.10).

Finally, let g € (1,3), £ € [Tp,o0) and ¢ > ¢. Since estimates above in L?() replaced by L4(f2) hold
true, we have

[1E@)lq < CIVU@) g5 + CIU@)llg,ar < ClIVU@)ls5,00,83 + CIU (#)loo 5
Then the same reasoning as in the proof of (3.26) yields (3.32). O

4. Weak Solution

Let us take the auxiliary function U (z,t) given by (3.12) and look for a solution to (1.1) of the form

(1.8). Then (1.9) and (3.14) imply that w(z,t) should obey (1.12) with
f=F—U-VU - h(us - VU 4+ U - Vuy),
wo = ¢vo — Blvg - V] € L2(9),

where p,, = p, — P is the pressure associated with w, while F is given by (3.15). By (2.2), (2.3), (2.4),
(3.22) and (3.24) we have

T - VU2 < [Ulls 21 VT lI3,00 < C(l[volls,00 + Mz)? £/,
lus - VUll2 < Clluslloz(llvolls.co + Ms) =12,
1T - Vusla < C([Vusllo 2 + [ Vusll2)([olls,00 + Ma)(1 + )72,
for all ¢ > 0. These estimates together with (3.27) imply
Kp = iggt:”/“(l + )Y f(#)]2 < oo (4.2)

(4.1)

By (3.22) and (3.25) we know

10 @ U + WU @ us +us @ 0)|l2 { i 00(1—11//1) izrtait;’ 0 (4.3)
which together with (3.30) yields
feL?0,T;H () (4.4)
for every T € (0, 00). Furthermore, by (1.5), (3.13) and (3.31) we find
f € Cfe((0,00); L*(92)), (4.5)

for every p € (0,1/2) with p < 9.
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In this section we show the existence of weak solution with the strong energy inequality (1.12). Let
us recall the definition of the Leray—Hopf weak solution [25, 31, 36].
Definition 4.1. We say that w(x,t) is a weak solution to (1.12) with (4.1) if
w € L¥(0,T5 L () N L*(0,T; Hy ,(2)) N Cu([0,00); L3(2))

for all T' € (0, 00) together with lim;_. ||w(t) — woll2 = 0 and w satisfies (1.12) for s = 0 as well as

o 90) + [ [(T0,90) + ({hlus + ) + T} Vurg)

—((hug +U) @ w, Vo) + (w - Vw,@)}dr

= e + [ [tw.0e0) + 0] ar (146)

for all 0 < s <t < oo and ¢, which is of class
€ C([0,00);: L3(2)) N Lis.([0, 00); L*>(%)),

loc

Vi € Li,o([0,00); L*(Q), O € Lie([0,00); L7(9))-

loc

(4.7)

We will follow in principle the argument of Miyakawa and Sohr [38], whose idea partially goes back
to Leray [31]. Set

and consider the approximate problem
Ow + Aw + P[Sw + (Jpw) - Vw] = Pf,

4.8
w(0) = wo, (48)
where
Sw = {h(toe +us) + U} - Vo +w - V(hug + U).
The following lemma provides a solution with the a priori estimate.
Lemma 4.1. For each k =1,2,..., problem (4.8) admits a unique global strong solution w = wy, of class
w € C([0,00); LZ(2)) N C((0,00); Dy (A)) N C* ((0,00); L2(2))
subject to limy_,q ||wi(t) — woll2 = 0, which satisfies
t
lan®1+ [ IVwnlBar < ¥eo) (49)
for all t > 0 with
o 2 2 CNt
V() = (ol + Cllf 201y ) €N )

N =14 A [Jus |2 + 10Uz 17 (0,00;2. (@)
where (750 is the function given by Lemma 3.2 for some gy > 0.

Proof. We fix T € (1, 00) arbitrarily, and let us construct a solution on (0, 7]. We first establish the local
existence of solutions. Let T, € (0,1] and set

Er, = {w € C(0.T.): 1L, ():

fuler. o= s (Ju(®ll + 1721 Tu(0)]l) < oo}
0<t<T,

>4x
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which is a Banach space endowed with norm || - ||z, . We set

(Pw)(t) = H(t) — /0 e~ IAP[Sw 4 (Jyw) - Vaw)(7)dr,
where

t
H(t) = e g —l—/ 6_(t_T)APf(T)dT,
0

and intend to solve the integral equation w = ®w in Ep, by using (2.5)—(2.6) (for the Stokes semigroup).

For w € Er,, we easily find
Bw e O (0, T LLQ), Vg € [2,50), Yiu € (0, o),

Vow e Cf ((0,T.]; LU(Q)), Vg€ [2,6), Vu e (0,0 —1/2),

loc
where po = % + 1. By (4.2) we have H € Er, with

(4.11)

I1H (t) — woll2 < e wo — woll2 + Crp t/4(1 +1)'/4,
1H 5z, < Co (Ilwolla +5VT).
Let w € Er,, then we have
t t
IV [ e B ) - Tl r)drla < € [ (= 172wl Vol ade
0 0
< BTt w3,
for t € (0,7,] and j =0, 1. Let € > 0. We fix r € (3,00) and employ U. in Lemma 3.2 to find

t
||vj/ e~ ARG w(T)dr ||,
0
t . ~
<c / (t =777 (hloc oo + wsllow + [1Teloc ) V)27
t
+ C/ (t — )32 =32 U, = U||,||Vwl||2dr
0
+0 [ (4= (1ol Vsl + VT o) ladr

t
n 0/ (t — )32 =312V T, — V||, |[w]|adr
0

< O (VT A+ T) + Coe} 79wl oy,
for t € (0,7,] and j = 0,1. As a consequence, we obtain

|@wles, < Co (hwollz + 5, VT) + Crk* VT il

+ (26T, + Che) ||wl| s,
as well as
i sup [ (8) (1) — wolla < Celu]
for w € Ep,. The latter for arbitrary € > 0 yields
tim [[(@w)() — wollz = 0. (4.12)

We next choose € = 1/8CY in the former, so that 2058)\/T* + Che <1/4 when T, < (1/166’2(8))2. We set
ET*,p - {’LU S ET*; |wHET* S p}
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with
p =200 (||wo|\2 + nfﬁ) , T, = min{ (401k3/4p> 160y, 1}. (4.13)

Then w € Er, , implies ®w € Er, ,. Furthermore, we find

3
[Pwy — Pwal|py, < Zle — wall By,

for wy,wy € Ep, ,. We thus get a unique fixed point w € E7p, , of the map ®, which fulfills the initial
condition by (4.12). It also follows from (4.11) together with (1.5), (3.13) and (4.5) that the local solution
w(t) satisfies

P[f — Sw — (Jyw) - Vw] € CF.

loc

((0.T.); I2(9), ¥p € (0,1/2) with pu < 6.
Therefore, w(t) is a strong solution of class
w € C([0, T.]; L2(2)) N C((0, Tu]; D2(A)) N C*((0, Tu]; L7 (2)).

In view of (4.13), it suffices to derive a priori estimate of strong solutions in L?(Q) for continuation
of the solution globally in time. Let € > 0. By (4.8) we have

S=llw(®)]3+ [Vw®)3 = ((hus +T) @ w, Vo) + (f,w). (4.14)
We use Lemma 3.2 again to find that it is bounded from above by
CIF -1y + C (1+ 110 Pllusll + 1T ) o)l
+ illvw(t)llﬁ + 3| U (t) = U (1) 3,00l V(1) 5.

We choose ¢ = g¢ such that sup,. Uy (t) = U(t)|l3.00 < 1/4C3 to conclude (4.9). O

Let T € (0,00). By (4.9) one can find a subsequence of {wy}, which is denoted by itself, as well as a
function
w e L>(0,T; L2(Q)) N L*(0,T; Hy ,(2)) (4.15)
so that
wy, — w  weakly-star in L>(0,T; L2(Q2)), (4.16)
wp — w  weakly in L*(0,T; Hj ,(Q)), '

as k — o0o. Let us deduce further convergence of {wy}.

Lemma 4.2. Let T € (0,00), and let w be the function obtained in (4.15). There is a subsequence of {wy},
which we denote by itself, such that

lim  sup [(wy(t) —w(t),¢)| =0, V¢ e L2(), (4.17)
k—ooo<t<T

k:h—>H;o ||wk - w||L2(O,T;L2(QL)) =0, VLe [Ra OO), (418)
k:h—>H;o ||J’€wk - w||L2(O,T;L2(QL)) =0, VLe [Ra OO), (419)

where Qp, = QN B, and R is as in (3.2). Furthermore, we have

w e Cyw([0,T]; L¢27(Q>)’ (4.20)
tim () — woll2 = 0. (4.21)
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Proof. We first fix ¢ € Cg%,(§2). By (4.9) it is obvious that (wy, ¢) is uniformly bounded. Let 0 < s < ¢ <
T, then we see from (2.3), (2.4), (3.24), (4.2), (4.8) and (4.9) that

[(wi(t), @) — (wi(s), d)]

t
< / [\\Vwkllzllvcbl\z + |Ploo (oo + llusloo) [ Ve 2|12

+ onwknmnwkH%%HG + 1 ll2ll¢l12] dr
< YD) 2{(IV6ll2 + 19ll2)(¢ = )2 + lIll2(t — 5) + [ Volla(¢2 - s/2)}
+ CY(D)[Vlla(t = )/ + Clllla(t* = /).

This shows that (wy, ¢) is equi-continuous on [0, T]. By the Ascoli-Arzela theorem, {(wy, ¢)} contains a
subsequence (dependent of ¢ € Cg%, (2)) which is uniformly convergent on [0, T]. Since L2 (£2) is separable,
the diagonal method concludes that one can further take a subsequence of {wy} (independent of ¢ €
L2(€2)), which is denoted by itself, such that (4.17) holds true. This immediately implies (4.20), and
thereby |Jwo||3 < liminf; . ||w(¢)]|3. On the other hand, ||w(t)||% is bounded from above by the RHS of
(4.9), which implies that limsup,_,q [[w(¢)]|3 < |Jwo||3. We thus obtain (4.21).

Let L € [R,o0), and fix a cut-off function ¢ € C§°(Bar) satisfying ¢» = 1 on Br. We utilize
the Friedrichs inequality [8, p. 489] to see that, for every e > 0, there are finite number of elements
&1, dm € L*(Qar) such that

lwr(t) = w(t)[I3 o,
< [l (wi(t) = w(®)13

< el VY (we(t) —

S [ wn(t) - w(t)), é)
j=1

Using (4.9), we find

T

/0 ek () — w()|Z.0, dt
<CU+TIYV(T) e+ / er (8) — w(t), Pbs;)) 2.
=1

By virtue of (4.17) with P(1)¢;) € L2(£2) we obtain

T
timsup [ flun(t) - w(®) g, dt < Cre
0

k—oo

which yields (4.18). Finally, by (4.9) we have

T T VI 2
[ 1ty = w0l o< [ [ 1geAuntoladr )
0 0 0 dr

C T
<% [ Ivw@Ba.
0
This combined with (4.18) completes the proof of (4.19). O

We are in a position to provide a weak solution.
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Proposition 4.1. Problem (1.12) with (4.1) admits at least one weak solution.

Proof. The solution wy, to (4.8) obtained in Lemma 4.1 fulfills

(w(t), (t)) + / [(Vwk, Vo) + {h(tso +us) + U} - Vg, @)

— {(hus + 5’) ® wi, Vo) + ((Jywy) - Vwg, @)}dT

= (oo + [ [tonsdeg) + (1) ar

for all 0 < s <t < oo and ¢ satisfying (4.7). It suffices to show (4.6) under the additional condition
@ € L2 ([0,00); L*(€)); in fact, (4.6) with J,,,p (m = 1,2,...) implies (4.6) for general ¢ of class (4.7)

by passing to the limit as m — oco. We fix T' € (0,00), and let 0 < s < ¢t < T. As in the standard
Navier—Stokes theory, it follows from (4.16) together with Lemma 4.2 that
t

lim [ ((Jywg) - Vwg,p)dr = / (w - Vw, p)dr. (4.22)

k—oo J¢

Indeed, for every € > 0, one can take L = L(e,T') € [R, 00) so large, independent of k on account of (4.9),
that

/ (Tewn — w) - Vg, (1 - x5, )o)dr

1/4

T
< CY(T) </0 le ()5 mo\5., dT) <e,

where xp, stands for the characteristic function on By,. We then find from (4.19) that

t
lim sup / ((Jywg, — w) - Vg, @)dr
k—o0 s
t
<e+ klim / ((Jrwy —w) - Vwg, xp,e)dr| = ¢,

which yields (4.22). Given ¢ > 0, we take U, in Lemma 3.2. Then we have

/ <(7 ® (wg, —w), Ve)dr

t
< / (Ue @ (Wi —w), Vp)dr| + CEY(T)1/2||V90HL2(O,T;L2(Q))-

Since ﬁg’j(v%-) € L'(0,T; L*(9)) and since ¢ > 0 is arbitrary, it follows from (4.16) that

t

lim [ (U® (wy, —w),Ve)dr =0.

k—oo [q

The convergence of the other terms is easily verified. Thus the function w obtained in (4.15) satisfies
(4.6).
It remains to show (1.12) for s = 0. By (4.14) we have

1 t
glocol + [ 19w l3ar

= Sluoll+ [ (s + 0) @ s Vi) + ()
0
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for all ¢ > 0 and it suffices to prove

t

t
lim [ ((hus +U) @ wg, Vwg)dr = / ((hus +U) ® w, Vw)dr. (4.23)
0

k—oo Jq

We fix T' € (0,00), and let ¢ € (0,T). We also fix £ > 0 arbitrarily and use the function U. in Lemma 3.2
again to obtain

/0 <((7 - [75) & (wk - ’LU), Vwk>d7

< CY(T)e.

One can choose L = L(e,T) € [R, o0), independent of &, such that

/O <(1 - XBL)(huS + [78) ® (wk - ’LU), Vwk>d7-

1/4

T ~ 4
< CY/(T) ( | {luallzoss, + 100 oo } d7> <e.
0
Hence, we obtain from (4.18) that

lim sup
k—oo

/0 ((hus + U) @ (wy, — w), Vawy)dr

T

< (CY(T) +1)e+ lim / [[hus + UelloolIx L (Wi — w) 2] Ve [|2dT

=(CY(T)+1)e. (4.24)
On the other hand, since

I(hus +T) ® wlla < C(|Alssluslls + 1T 13.00) | Veollz € L*(0,T),

we have
¢
klim ((hus +U) ® w, Vwy, — Vw)dr = 0.
This together with (4.24) concludes (4.23). O

We conclude this section with the proof of the strong energy inequality (1.12).

Proposition 4.2. The solution obtained in Proposition 4.1 enjoys (1.12) for s = 0, a.e. s > 0 and all
t>s.

Proof. The case s = 0 has been already shown in the proof of Proposition 4.1. Let T € (0, c0). To consider
the other case s € (0,T), let us take a subsequence of {wy}, which is still denoted by itself, and a set
J C (0,T) with the Lebesgue measure |J| = 0 such that

klim lwe(t) —w(t)|l2,0, =0, VL € [R,0), ¥Vt e (0,T)\J, (4.25)
where Q, = QN By, and R is as in (3.2). This is in fact verified as follows: for each ¢ = 1,2, ..., it follows

from (4.18) that one can take a subsequence of {wy}, denoted by itself, and a set J; C (0,T) with |J;] =0
such that

i [lwy(t) —wt)l2.0n,, =0, ¥t € (0,T)\Ji.
Then, by the diagonal method, we are led to (4.25) for a suitable subsequence of {wy,}, where J = U5, J;.

Let us go back to the approximate problem (4.8) together with the pressure p; associated with the
strong solution wy obtained in Lemma 4.1:
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Oywy, + (Jrwy,) - Vwy + Swy = Awy, — Vpi + f,
div wy = 0,
wklon = 0, (4.26)
wr, — 0 as |z| — oo,
w(+,0) = wy.

In order to control the behavior of the pressure p; at infinity uniformly in &, it is convenient to split the
solution wy, into three parts

wy = wi, + Wi +wi, pp = p}, + i+ Di,s

where
Opwy — Awy + Vpp = —hugo - Vg, + f, wi(+,0) = wo, (4.27)
owi — Awi + Vpi = —(Jywy) - Vwy,  wi(-,0) =0, (4.28)
ywi — Aw} + Vp = —(hus + U) - Vwg — wy, - V(hug +U),  wi(-,0) =0, (4.29)
subject to
div wi =0, w£|39 =0, wi —0 as|z| > o0
for j =1,2,3.

Let us begin with (4.27). By the standard energy method together with (4.9), (4.4) and the Gronwall
argument, we have

t
n@m@+/Nw@ﬁwscnﬂJ, (4.30)
0
and
t t
HVwﬁo@+3/qumawg|ww¢@m§+2/|u@dr+cyum

for 0 < s <t < T. Integration of the latter with respect to s over (0,t) together with (4.2) and (4.30)
yield
t
IVub @+ [ rlaukiar < Cr.
0
which implies
A2 Cr
/ (| Awy [|l3dT < — (4.31)
s s

for 0 < s <t <T. In view of the equation of (4.27) and by use of estimate ||[V2g|lo < C(||Agll2+ [[Vg||2)
for g € D2(A) (see Heywood [24]), we gather (4.2), (4.9), (4.30) and (4.31) to find

T
sg/nwmw<w
S

By the embedding relation, there are constants c,lC (k=1,2,...) such that

T
sup [ ok + cbpdr < o
k s
Hence, one finds a subsequence of {p; } [dependent of each s € (0,7')], which one denotes by itself, as well
as pt € L?(s,T; L°(Q)) with Vp' € L?(s,T; L*(Q)) so that
pr +cp —p' weakly in L2(s, T; L5(Q)), (432)
Vpy — Vp'  weakly in L?(s, T; L*(Q)), '

as k — oo.
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We next consider (4.28), but this part is exactly the same as in [38]. From (4.9) we deduce
g 5/4
sup [ () - Va3 dr < oc,
0

Then the maximal regularity for the Stokes system (see Solonnikov [43], Giga and Sohr [22]) leads to

T T
Sllip/o P + ci”?éj? dr < ngp/o ||Vpi|\g;j dr < oo (4.33)

for some constants c; (k =1,2,...).

We turn to (4.29). We fix ¢ € (1,2) and take p € (3,00) satisfying 3/2p + 1/¢ > 1. By (4.9) and by
(3.22)—(3.23) we see that

[(hus + U) - Vwg + wy, - V(hus + U)|,
< (1Ploollslly + 11T 11p) 1 Vwkll2 + (1Blool Vus|lp + IVT ) wgll2
< C(l _1_7_71/2+3/2p)||vwk||2 —|—O{1 +7_71+3/2p(1 _|_T)1/273/2p}Y(T)1/2,

for 7 € (0,T), where r € (6/5,2) satisfies 1/r = 1/p+ 1/2, and therefore

T
wq/nw%+U»vW+wkvm%+UmmT<m.
k 0

By the same reasoning as above, we obtain

T
sup/
k Jo

for some constants ¢} (k =1,2,...), where 1/r, = 1/r — 1/3.

We now fix s € (0,T7)\J, and let ¢t € (s,T], where J is as in (4.25). We take a cut-off function
1 € C§°(Bz) such that ¢ =1 on By as well as ¢ > 0, and set ¢r(x) = ¢(x/L) for L > R, where R is as
n (3.2). We multiply the equation of (4.27) by ¥ wy and integrate the resulting formula over Q x (s, t)
to find

T
1odr < Csup/ Vi |2 dr < oo, (4.34)

1
SV + [ (IVFrvuels + (Vv )ir

1 t
— VI + [ (= (Vo Vurw)
+ (Pt + cpowi - VL) + (0} + ¢ wi - Vibr)

+<| | {kak+h(uoo+us)+U} V¢L>

+ ((hus + U) - wy, wi - Vi) + ((hus + U) ® wy, (Vwi)rL)
+ (/. ¢ka>) (4.35)

On account of (4.33) and (4.34), we observe

t
/ (pi + Ci, Wy, * Vlb]) + (pz + Ciﬂl}k . V’(/)L>d7'

< Crllwk - Vol s, 9)) + Crllwe - VUL Lot 0,750 (02))
< Cr(IVeeliso + IVYLlls), (4.36)
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where 1/¢'+1/¢=1,1/(r.)'+1/r. =1 and 1/o0 = 5/6 —1/r. Note that o € (3, 00). Making use of (2.3),
(2.4), (3.24) and (4.9), we find

2 ~
‘/ (Vo - Vwk,wk>+<|w;|,{kak+h(uoo+us)+U}-V1/}L>
+ ((hug + ) - wp, wy - V¢L>)d7(

t
SC/

3/2 3/2
w1321V w32 dr 11V oo

) w2 Vw2 + 12 oo ltoo w13

< YOI+ ) + Y (12T Vi, (4.37)

from which together with (4.36), we see that (4.35) yields
1
SIVBrn13 + [ (IVorvul3 + 9ok vww )dr

1 t ~
< SIVEe I + [ (s +0)© i (Vwnn) + (f drwn) ) dr
+Cr(IVeliso + [[VYLlle + [[VYLlloo)- (4.38)

We now let k& — oo along the subsequence above. Since s € (0,7)\J, we know by (4.25) that
limg— oo [[VULwi(s)]]2 = [V Lw(s)|l2. We split

t ~ ~
(e + 0y @ i, (Fwnon) = (s + 0 9w, (Twpin))r
into two parts I + I1, where

1 = / (bt + ) ® (w, — w), (Ver)or)

< CY (D) (|h|oo||us||oo + s ||ﬁ(r>||oo) R
while

71 = / (hy +T) @ w, (Vg — V)ir)| — 0 (k — o0)

is easily verified by (4.16). Since ||[U(7)los < Cs™Y/2 for 7 > s > 0 by (3.22), Lemma 4.2 implies that
limy_,o0 I =0, too. From (4.16), (4.17), (4.18) and (4.32) as well as the observation above we deduce that
(4.38) leads to

IV OI3 + / (IVoevulf+ (79", vuw))dr

< SIVaLw@B+ [ (e +0) 9w, (Tw)n) + (£ bew) )dr
+Cr(IVieliso + [IVYLlle + [[VYLlloo)- (4.39)

Here, wehave

/ (O s

S

t
= ’—/ (p',w- Vb )dr

t
< IVoLls / leollzz g 10 2oy dr,
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where A;, = BQL\E. By the Lebesgue convergence theorem, we see that f: -++— 0as L — oo. Therefore,
by passing to the limit as L — oo in (4.39), we arrive at (1.12) for all s € (0,7)\J and ¢ € (s, 7. O

5. Strong Solution

Let t € (Tp,o0), where Ty is as in (1.6) [resp. (1.13)] for the starting (resp. landing) problem. In this
section we construct a strong solution to (1.12) with (4.1) on the interval [t, c0) under a certain smallness
condition on w(#). And then, it is identified on [f,00) with the weak solution obtained in the previous
section.

The first two propositions in this section are independent of the argument in the previous section. By
(1.6) problem (1.12) on [f, 00) is formally converted into the integral equation

w=Yw (t>1) (5.1)
with ,
(w)(t) = H(t) - /t T(t ) [(us +0) - Vu

tw-V(us+U)+w- Vw} (1)dr,
H(t) = Tt — Byu(®) + Hy (1),

(0 = [ 0~
where the term u, - Vw + w - Vug is absetnt for the landing problem and
() = { e:zi"w (start.ing problem),
e (landing problem).
We take a small w(#) from L2 () and look for a solution in a closed ball
E, ={w € E;|wlg < p} (5.2)

of the Banach space

E= {w € C((f,00); LS () N L=()); Vw € C((t, 00); L* (),
(5.3)

|wlE = sup ¢u(t) <oo, lim ¢y,(t) =0
te(f,00) t—t+0

endowed with norm || - || g, where
$u(t) = (t =) (lw(®)lo + [Vw(®)s) + (= D4 w(®)]s.

Since we need the smallness of |uq| to get a unique steady flow ug for the starting problem, see (3.2), we
may assume at the beginning that |us| < dg. This is not needed for the landing problem.
Let us start with the following lemma on H(¢).

Lemma 5.1. Let

%< <§<T‘<3
35955 :

Then we have Hy € E and

1H 2 <1+ 1 Vusllg + 1 Vusly) (10 @lls,00z0 + 1T O3 00 r5) (5-4)
with some constant v = y(q,r) > 0. For the landing problem, the term |Vus||q + [|[Vus||, is absent.
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Proof. We derive only (5.4) since the continuity in ¢ [as in (4.11)] and lim, ;o ¢u,(t) = 0 are easily
verified so that Hy € E (the latter follows from the fact that f(t) does not possess any singular behavior
near ¢ = t). We divide the external force, see (4.1), into two parts:
f=fo—U-VU, fo=F—(us-VU+U Vu,) (t>17).
By (3.26) we obtain
s - VU +U - V||, < C(t - E)_I/QHVUSHp”U(aHB,oo,R"'
for all t > ¢ and p € (4/3,3), which combined with (3.32) leads to

1fo(®)llp < Crmy(t =82 U (B)l13,00 5 (5.5)
for the same p as above, where we put m, = 1+ ||Vu,l|, for notational simplicity (m, = 1 for the landing
problem). We fix ¢ and r such that

4 3
3 <qg< 3 <r<3
and split Hy, (¢) into

(t+t)/2 t
Hﬂ)(t):(/t_ + /( )T(t—ﬂPfo(T)dT=:Hfo,1<t>+Hfo,z<t>.

t+t)/2

We are going to employ (2.5) and (2.6). From (5.5) we deduce

(F+1)/2 )
[ H gy 1 (oo + [IVH o 1 ()13 < C[ (t =7)" N fo()ll3/2dr
t

< Cmyg)o(t — D20 3,00re  (E>7)

and
[ H fo,2(0)]loc + [[VH f,2(1)]]3

t
<c [ e (o)
(i+1)/2

< Cm(t—O)Y2 32U @) I3,00m8 (<t <E+2).
To estimate Hy, o(t) for t > ¢ 4 2, we further split it into

t—1 t
Hoa) = [ o [ = Hyalt)+ Hyalt)
(t+t)/2 t—1

Then we find
t—1

1 0,21 (Olloo + IVHpyn D)l < C [ (¢ =)= fo(7)llgdr
(t+t)/2

S C(an(t_5)71/2”(](5||3,<><>,]R3 (t > E+2)a
and

t
1H fo,22()lloo + IV Hpo 22() I3 < C/t 1(t =) fo ()l dr

< Cm(t =) V2| UD) |3 00ms (t>T42).

It is easy to estimate ||Hy, (t)]|¢ without any splitting by use of (5.5) for p = 3/2. The other term U - VU
should be treated separately because it does not belong to L?(2) with ¢ < 3/2; however, the treatment
is easier without any splitting on account of the faster decay

IT- VU2 < Ct =D U@ 5 ops (¢ >17)
which follows from (2.2), (2.3) and (3.26). The proof is complete. O
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The following proposition provides a solution to (5.1) with some decay properties. Indeed we know
by (3.18) that (5.8) below is accomplished for large ¢, but this will be taken into consideration together
with the other smallness condition (5.7) in the proof of the main theorems.

Proposition 5.1. Let

4 3
—<g< -<r<3.

3 2
There are constants 6; = 6;(q,r) > 0 (j =1,3) and 62 > 0 (independent of q, r) such that if
uce] < b0, [[Vusllg + [[Vus|lr < 61, (5.6)
wt) € I3(9),  lw(d)]s < 5, .
1T ()]13,00,r8 < J3, (5.8)
where &y is as in (3.2), then Eq. (5.1) admits a unique solution
w € ENC([t,00); L2(Q)), (5.9)

see (5.3), subject to
tim [(t) ~w(@lls =0, w(®)s < Clu@ls (>,

t—i4
For the landing problem, the condition (5.6) is redundant.
Proof. We follow the method of Kato [27] by use of (2.5) and (2.6). Let w € E. Then the continuity of
Uw [as in (4.11)] and lim; .7, ¢ dww(t) = 0 as the properties of elements of E are easily verified. By using
Vus € LI(Q)NL"(Q), wus € L™(Q)NL™(Q),
where 1/q. = 1/q—1/3 and 1/r, = 1/r — 1/3, and by splitting the integral over (,¢) in the same way
as in the proof of Lemma 5.1 (see also Chen [7], Enomoto and Shibata [10]), the term us - Vw + w - Vu,

can be treated. From this together with (5.4) [in which ||U(ﬂ||§OO s is replaced just by [|U(%)]|3,00,rs if
assuming that it is less than one, see (5.8) with (5.10) below] and (3.26) we deduce

Wz < cillw@lls + 271+ [IVusllg + Vsl ) [U(B)l3,00
+e2 (| Vuallg + Vsl + U (2)

[3,00,%3) 0[] & + e3]|wl|,
where the only term one uses the Lorentz norm is w - vU , that is,
lw - VUll2.6 < [[wll6]|VT[3,00,

see (2.3), which is combined with L?5-L" estimate (r = 3,6, 00) of the semigroup; indeed, such estimate
is a simple consequence of (2.5) and (2.6) by real interpolation. Similarly, we have

[Wwy — Ywsl|p < e (|Vusllg + [ Vus|lr + U D) |ls,00,85) w1 — woll &
+ ea(lwille + lwz| ) lwr — w2 &

for wyi,wy € E, where ¢y and c3 are the same constants as above. Let us take

p=2{crlw®lls + 270+ 1Vl + [l IT D 0 2

and w € E,, see (5.2). We set
1 1 1
5 =—, = , 03 = mi {5 , 7} 5.10
L7 8e 27 T6aes 27 MM 32501 1 01)es (5.10)
Then the conditions (5.6), (5.7) and (5.8) imply p < 1/4¢s, so that

[Yw||p <p forweE,

3
[Pw; — Vws|| g < Z||w1 —wal|lp  for wi,wy € E,.
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We thus obtain a unique solution w € E, to (5.1). The proof of additional properties of w(t) in the
statement is standard and may be omitted. O

Indeed the solution obtained in Proposition 5.1 is a strong solution with values in L2 (2), but we need
the following L2-strong solution for later use rather than the L3-strong solution.

Proposition 5.2. Let w(t) be the solution to (5.1) obtained in Proposition 5.1. We further assume that
w(t) € L2(Q).

1. The solution is of class

w € O([f,00); L7 () N C((#, 00); D2(A)) N CH((F, 00); L5 () (5.11)
subject to lim;_z,¢ [|w(t) — w(®)||2 = 0. It also satisfies the equation
Ayw + Aw + P[(uoe + s + U) - Vo + w - V(g + U) + w - V] = Pf (5.12)

in L2(Q2) and the energy equality

1 t
Slw@B+ [ IVl
t

= 5lw@1+ [ [(+ D) @w. V) + (0] ar
for all t >t as well as
Vu € L, ((F, 00): L2(5). (5.14)
For the landing problem, the steady flow us is absent in (5.12) and (5.13).
2. If, in addition, w(t) € Hj ,(2), then we have
we L ([E,00); L(Q)), Vw e L.([t, 00); L*(Q)),
27,000 L7(@) 7,00 17(@) o)

Oyw, Aw € LE ([t 00); L2()).

loc
Proof. Concerning the first assertion, it suffices to show that
Pf — (us+U) - Vo — w - V(us + U) — w - V) (t)

is locally Hélder continuous in ¢ on the interval (£, 00) with values in L2(Q) as well as summable near
t = t with values there. The latter is obvious, for || f(¢)|2, [|[U(t)|l¢ and ||[VU(t)||3,0c do not possess any
singular behavior near ¢ = ¢, see (3.22), (3.24) and (4.2). It is easy to verify the Holder continuity locally
on (£,00) of w(t) with values in LZ(Q) for ¢ > 3 and that of Vw(t) with values in L3(£2). This together
with (3.13) and (4.5) lead to the desired result.

For deduction of the second assertion, we use the standard energy method for (5.12) combined with

sup ||[Vw(t)||2 < ep, VT € (t,00),
F<t<T

which follows from estimates of the integral equation (5.1) together with (2.7) by use of w(t) € Hj ,(9),
to find

d
ZIVw@I + | Aw )3
< (oo + w2 + NT W% + IVuslli + IVT @3 0 + 3 + ¢ ) [Vw ()]

+ CIfO3

for all t € (,T], where T € (%,00) is fixed. Note that the coefficient of ||Vw||3 as well as || f||3 in the RHS
above belongs to L (t,T). We thus employ (5.14) to see that

Vw e L¥(, T; L*(Y), Aw € L*(£,T; L2 ().
By the Eq. (5.12) and by
[w]% < ClAw]2[|Vwlz + C|[Vwl3
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(see Heywood [24]), we conclude the others in (5.15) as well. O

The following proposition plays an important role in the proof of the main theorems. For the weak
solution constructed in the previous section, the existence of ¢ satisfying the requirement below will be
shown in the following section.

Proposition 5.3. Let ¢ € (T, 00), where Ty is as in (1.6) or (1.13). Let w(t) be a weak solution to (1.12)
on [t,00) with (1.12) for s = t, and w(t) satisfy (5.7) as well as w(t) € Hy ,(Q). Assume further (5.6)
and (5.8). By w(t) we denote the strong solution on [t,00) to (1.12) with initial condition w(t) = w(t),
which is obtained in Proposition 5.2. Then we have

w(t) =w(t) on [t,0),
and thereby
[w(®)]loe = O ?)  ast — oco.
For the landing problem, the condition (5.6) is redundant.

Proof. We follow the argument of Serrin [40]. In view of (5.9), (5.11)
strong solution w(t) as a test function, see (4.7), in the relation (4.6

, (5.14) and (5.15) one can take the
w(t). We gather the resulting formula, (5.12), (5.13) for w(t) and (1.1

(
(with s = ¥) for the weak solution
2) (with s = t) for w(t) to find

1 _ ¢ _
lu®) =@l + [ 1w v

t
< / (W4 U +us) @ (w—w), Vw — Vw)dr
t
for all ¢ > t. By (5.15) together with (3.22) we know
@+ U +us € L2, ([t, 00); L= ().
Hence, we deduce from the inequality
t
lw(t) —@(t)]3 < / 1@+ U + us||3 lw — @] 3dr
T

that both solutions must coincide for ¢ > t. Thus, the large time behavior of the weak solution w(t)
follows from (5.9). O

6. Proof of Main Theorems

We are now in a position to prove the main theorems. Let w(t) be the weak solution to (1.12) with (4.1)
obtained in Proposition 4.1. Let us start with the energy inequality (1.12) for s = 0. By (3.29) we have

(fow) < {CU+ )24 1T T + (T @ uy +uy T} [T
Given small € > 0, to be determined later, see (6.8), we deduce from (4.3) that there is T, > 0 such that

1U@U+hU@us +us @U)|3 < et 2, vi>T.,

/0 o wpdr

1 t t dT Te t
< */ ||Vw||%d7'—|—0/ -|-C/ 7—*1/2d7_|_2€/ 1207
4 0 0 1+7 0 T

which implies that

(6.1)
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for all t > T.. As for the second term of the RHS of (1.12), we observe

/t<(hus +0U) ®w, Vw)dr
0

Thanks to (3.25), there is Ty € (Tp, 00) such that
~ 1
T)|s00 < — V> T,
0w < g Ve T,

where Tp is as in (1.6) or (1.13). Suppose that the steady flow ug is so small that

Jualls < 5
Ugllg < —.
3 860
Then we get

t

/((hus—i-U)@w,Vw)dT

0

1 t ) T, )
< 1 [ 19wt +C (hlaliusls + ool + M) [ [Vulfar
1

for all ¢ > Ty. From (1.12) for s = 0 together with (6.1) and (6.3) we find
t
OLE +/ |Vwl2dr < K. + Clog(1 + ) + 8¢V
0

for all ¢ > max{T., T}, and, therefore,

2t

/ IVw|2dr < K. + Clog(1 + 2¢) + 8ev2i
t
for all ¢t > max{T./2,Ty/2}, where
Ty
Ko =l + € (el + ool + M) [ [Vwlfar + OV
0

Let us recall the condition (5.8) in the previous section. By (3.18) there is
T > max{T.,T1}

such that
(U ()||3,00,r8 < 93, VYVt >1T5,

t
<o [ (WOl + 1Tl [ Vular

JMFM

(6.6)

(6.7)

where 03 is the constant in Proposition 5.1. By Proposition 4.2 we know that there is a set J C (0, 00)
with the Lebesgue measure |J| = 0 such that w(t) satisfies (1.12) for all s € (0,00)\J and ¢t > s. On

account of (6.5) as well as (6.4), for every ¢ > T5, one can find ¢ € (¢,2¢)\J such that
V(@2 < % (Ka + Clog(1+2t) + 85@) :
lw(®)|? < K. + Clog(1 + 2t) + 8eV/2t,
which yield
lw @ < CIVe@I3Iw@®I < < [{K. +log(1 + 20} + %]

Let d2 > 0 be the constant in Proposition 5.1. We first choose and fix € > 0 such that
203

«£0 < =,

" < 5

For such € > 0, we take T5 satisfying (6.6)—(6.7) and then find T3 € (1%, 00) so that

” &5
% {K.+log(1+20)° < 2 Wt >1.

(6.8)
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Let us fix t > T3 (> T), for which we find € (¢,2t)\J such that w(t) € Hj ,(€2) with
[w(®)|[3 < 02. (6.9)

Suppose that the steady flow ug is so small that (5.6) as well as (6.2) holds. By (3.2) there is a constant
0 € (0, d0] such that the condition |us| < ¢ implies both of them. Then, by virtue of (6.9) together with
(6.7), all the assumptions in Proposition 5.3 are fulfilled. We thus obtain the decay property

lw(®)lloe = OY?) ast — oo

which together with (3.25) leads us to (1.7) in view of (1.8). For the landing problem, it is obvious to
obtain (1.14) without any smallness condition on the steady flow us. We have thus completed the proof
of both Theorems 1.1 and 1.2. g
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