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Abstract. The abstract theory of critical spaces developed in Priiss and Wilke (J Evol Equ, 2017. doi:10.1007/
s00028-017-0382-6), Priiss et al. (Critical spaces for quasilinear parabolic evolution equations and applications, 2017) is
applied to the Navier—Stokes equations in bounded domains with Navier boundary conditions as well as no-slip conditions.
Our approach unifies, simplifies and extends existing work in the Lp—L4 setting, considerably. As an essential step, it is
shown that the strong and weak Stokes operators with Navier conditions admit an H°°-calculus with H*-angle 0, and the
real and complex interpolation spaces of these operators are identified.
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1. Introduction

There is no clear dsefinition of ‘critical spaces’ for PDEs in the literature. One possibility would be ‘the
largest class of initial data such that the given PDE is uniquely solvable or well-posed in a prescribed
class of functions’. This ‘definition’ has the disadvantage that by only changing the sign of one term of
a PDE, the ‘critical space’ may change dramatically; so it is by no means a robust definition. In the
literature, critical spaces are often introduced as the scaling invariant spaces, if the underlying PDE has
such a scaling. Apparently, this seems to require that each of such equation has to be studied separately.
If there is no scaling, it is not clear what to do.

In our innovative approach, we start with a given functional analytic setting, the ‘class of functions’
and find a space—we call it the critical space—such that the problem is well-posed for initital values in
this space. By means of counterexamples we can show that this is generically the largest such class. Also,
we can prove that this space is to some extent independent of the setting, more precisely, independent of
the natural scale of function spaces involved. Thirdly, we can also show that the critical spaces are scaling
invariant, if the original PDE admits a scaling, see Priiss et al. [28] for these general facts. Our methods
apply to a variety of problems, which besides the Navier—Stokes equations include Keller—Segel models in
chemotaxis, Leslie-Ericksen equations for liquid crystals, Nernst—Planck—Poisson systems in electrochem-
istry, reaction-convection-diffusion systems, MHD equations, and quasi-geostrophic equations. We refer
to our forthcoming paper Priiss et al. [28], as well as to Priiss [25] for the quasi-geostrophic equations.

In this paper we apply this abstract approach to boundary value problems for the Navier—Stokes
equations

oiu—Au+u-Vu+Vr=0, t>0, z€Q,
divu=0, t>0, z€Q, (1.1)
u(0) =ug, t=0, €,
in a bounded domain Q C R? with boundary ¥ := 9Q € C3, where u is the velocity field and 7 means
the pressure. We are mainly concerned with Navier boundary conditions

u-v=0, Po(Vu+Vul)v)+au=0 on X
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for (1.1). Here v is the outer unit normal field on ¥ and Ps; = I — v x v the orthogonal projection onto the
tangent bundle TX. The parameter o > 0 is given and serves as a friction parameter. If &« = 0, then there
is no friction at all on X, in this case one speaks of the pure-slip boundary conditions. On the contrary,
if a > 0, then there is some friction on the boundary ¥, in this case we have the partial-slip boundary
conditions. Dividing

Ps((Vu+ Vul)v) +au=0

by a > 0 and taking the limit as & — oo one obtains (at least formally) the no-slip boundary condition
u =0 on X.

We will study critical spaces for (1.1) in strong and weak functional analytic settings. To be more
precise, let Ay := —PA with domain

D(Ay)={uce H,?(Q)d N Lgo(Q): Ps (Vu+ Vu")v) + au=0on X}

in L, ,(Q), where q € (1,00), Ly +(Q) := PL,(2)? and P denotes the Helmholtz projection. We call Ay
the strong Stokes operator subject to Navier boundary conditions. With this operator at hand, we may
rewrite (1.1) as an abstract semilinear Cauchy problem

Owu+ Anu = F(u), t >0, u(0)=up, (1.2)
in L, (), where F(u) := —P(u - Vu). Concerning weak solutions, it follows from integration by parts
that

(Anuld)r,0) = (VulVe) 1, ) + (Leuy + auy|d)) L, (=),
for all ¢ € Hy, ()N Ly (), where ¢’ = q/(¢—1), Ly = —Vzv denotes the Weingarten tensor and | :=
Psu (see Sect. 2.1 for details). We call the operator Ay, : Hi ()% N Ly o (22) — (H;/(Q)d NLy-(Q)),
defined via
(Anwu, @) = (VulVe)r, ) + (Lo + avy|d)) L),

the weak Stokes operator subject to Navier boundary conditions. Relying on this operator, we may rewrite
(1.1) as the semilinear Cauchy problem

O+ An wu = Fy(u), t >0, u(0) = uo, (1.3)
in the dual space (H;,(Q)d N Ly (), where (Fy(u), ¢) := (u @ u|Vo)r,0)-
We see that in the strong as well as in the weak setting, we may consider (1.1) in the more condensed
form
ou+ Au = G(u,u), t >0, u(0) = u, (1.4)
for some operator A with domain D(A) =: X; in a certain basic space Xy and a bilinear function G(u, u).
At this point we want to advertise for time-weighted spaces, defined by
uw € Ly, (0,a; X) &t Hu € Ly(0,a; X), p € (1/p,1],
for some Banach space X. The corresponding solution classes for (1.4) in the time weighted case are
we H,y ,(0,a;X0) N Ly u(0,0; X1) — C([0,al; (Xo, X1)u—1/pp)- (1.5)
There are several benefits concerning the introduction of time weights as e.g.

e Reduced initial regularity

e Instantaneous gain of regularity

e Compactness of orbits
It is worth to mention that maximal regularity is independent of . In the L,-framework, this was first
observed by Priiss and Simonett [26].

For convenience, let us rephrase our recent results from [30], for the special case of the semilinear
evolution Eq. (1.4). To this end, let

E1,,(0,a) := H, ,(0,a; Xo) N Ly, (0,a; X1)



Vol. 20 (2018) Critical Spaces for Navier—Stokes 735

and
X

Yot

= (Xo, X1)
Here the subscript v refers to the time trace operator v : u — uli—o.
Theorem 1.1 (Priiss—Wilke [30]). Let p € (1,00), p € (1/p,1], 8 € (u—1/p,1) and

26—-1<pu—1/p. (1.6)
Assume that A : X1 — X is bounded with A € BIP(Xy) and power angle 04 < 7/2 and suppose that
G : Xp x X5 — Xg is bilinear and bounded for some 3 € (u—1/p,1), where X5 = D(AP). Then for any

ug € (Xo, X1)u—1/p,p there are a = a(ug) > 0 and ¢ = e(up) > 0 such that Eq. (1.4) admits a unique
solution

u—1/p,p-

u(-,up) € H;_’#(O,a;Xo) N Ly ,(0,a; X1) — C([0,a]; X5.,.),
for each initial value ul—o = uy € Bx_ , (uo,€). Furthermore, there is a constant ¢ = c(ug) > 0 such that
u(-ur) —u(u2)lle, 00 < cllur —uallx, ,»
for all uy,us € BXWL (up, €).
We call the weight p subcritical for (1.4) if strict inequality holds in (1.6), and critical otherwise. So

the case § < 1/2 is always subcritical, and if 8 > 1/2 we call p. = 28 — 14 1/p the critical weight and
in this case

Xoype = (Xos X1)poe—1/pp = Da(28 — 1,p)
is the critical trace space for (1.4). We emphasize that this space of initial data is optimal for the solution
class £y, of functions. Note also that p € (1,00) appears only as microscopic parameter, we always may
choose p as large as needed, p is a kind of 'play’ parameter. In partiular, it holds that

DA(2B - lapl) — DA(2ﬂ - 13p2)
whenever ps > pj.

The strategy for applying Theorem 1.1 to (1.4) is as follows. At first, we fix Xy, X7 and A and show
that A € BIP(Xy) with 04 < 7/2. Then we identify the spaces X3 = [X¢, X1]s and (Xo, X1)y p. Thirdly,
we estimate G(u,u) with optimal 8 € [0, 1).

It turns out that for the Naver-Stokes equation (1.1) in the strong setting X§ = L, ,(2), X; = D(An),
A= Ay, and G(u,u) = F(u), the critical weight reads
!

2 p 2
provided p € (1,00) and ¢ € (d/3,d) such that % + % < 3. The corresponding critical trace space is then
given by

Le

X5 = (X3, X7) a1, = B Q)T N Leo(Q) = Byt (),

provided d < 3; for the general case we refer to Sect. 4. In the weak setting X’ = (H{}, (Q)4NLy ,(Q) =
H 2 (Q), X{" = D(Anw) = H) ,(Q), A= Ay, and G(u,u) = F,(u), the critical weight is given by

d 1

He = 2 + ’
if p € (1,00) and ¢ € (d/2, 00) such that zlz + 2% < 1. The critical trace space for (1.1) in the weak setting
may then be computed to the result

X = (X§XP) g = By " ()10 Le,o () = Byl ()

ap,o
if g € (d/2,d) and
XV e = (X", X7

—d _
2= By ()N Ly o () =: Bgs ()
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if ¢ > d. Note that the Sobolev index of the spaces B(%q*l equals —1 and is therefore independent of q.
This in turn implies the embedding

d/q1—1 d/q2—1
Bl]lpl - BQQP2

forall 1 < ¢ < g2 <ooand 1 <p; <py < oo, since d/q1 > d/ge. Furthermore, it holds that
Hy = Fop — Iy = By — By,
provided p > ¢ > 2 and s > 0, where F,, stand for the Triebel-Lizorkin spaces.

Observe also that in the range ¢ € (d/2,d), where both approaches are available, the critical spaces
coincide. This is in accordance with our finding that the critical spaces are always largely independent of
the functional analytic setting in the general scale of function spaces involved. Note that the homogeneous
versions of the critical spaces B%q_l(Rd) are invariant under the scaling u(-) — Au(A-), A > 0 for the
d-dimensional Navier—Stokes equations (1.1) (see e.g. Cannone [6] and Giga et al. [15]) in agreement with
our general theory.

Critical spaces for the Navier—Stokes equations have been considered by a number of authors during
the last fifty years. Fujita and Kato [12] showed the existence and uniqueness of a strict solution to (1.1)
for the case of no-slip boundary conditions in Ls ,(£2). The proof is based on the celebrated Fujita—Kato
method in two and three space dimenions. In [16], Giga and Miyakawa showed the existence of a unique
global solution of (1.1) subject to Dirichlet boundary conditions, provided the initial value ug is small in
Lg(2)4. Their approach uses an Lg-theory which generalizes the Lo-theory by Fujita and Kato. Amann

[2] showed with the help of extrapolation-interpolation scales, that for initial values ug € oH, d,gl_l(Q),
there exists a unique strong solution of the Navier—Stokes equations (1.1) subject to Dirichlet boundary
conditions, provided ¢ > d/3.

Critical spaces within Serrins class L, (0,7 L,(0)%), 2/p+d/qg = 1,2 < p < 00, d < q < o0,
have been considered by Farwig and Sohr [11], showing that, within Serrins class, there exists a unique
local strong solution of (1.1) subject to Dirichlet boundary conditions if the initial value satisfies ug €
Ly o () N B(%q*l(Q)d. This result has been extended by Farwig et al. [8] to a time weighted version of
Serrins class. To be more precise, it is shown in [8] that (1.1) subject to Dirichlet boundary conditions has
a unique local strong solution with t*u € L,(0,T; Ly(0)?), 2/p+d/g=1—2a,2 <1 < 00, d < q < 0,
O<a<1/2ifuy € Ly ()N B(%qfl(Q)d. These papers deal with weak solutions in the sense of Leray-
Hopf, as the initial value is required to belong to Ly ,(£2). One should not mix up these weak solutions
with our solution class defined in (1.5). In the very recent paper [9], the authors construct strong solutions
within a weighted version of Serrins class (see above) subject to initial values ug € B%flg_l((l), q € (3,00),
p € (2,00) and without the assumption uy € Lo ,(€2). Furthermore, it is shown in [9, Theorem 1.1] that

the strong solutions are continuous in the temporal variable with values in B(%flg_l(Q). At this point we

want to emphasize that in our framework, continuity of the solution with values in B,%flg_l(Q) follows
directly from (1.5) and, in addition, our range for p and ¢ is less restrictive, see Theorem 3.1.

Ri et al. [31] have shown the existence and uniqueness of a global solution to (1.1) with initial value
uy € OBgyooyg ()4, ¢ > d, having a small norm. For the limiting case p = ¢ = oo, it has recently been
found by Bourgain and Pavlovié¢ [5] that global well-posedness for (1.1) may fail under any smallness
asssumption on ug € Bgo%oo (R?). The largest critical space where one has the existence of a unique global
solution to (1.1), for initial data with a small norm, is BMO(R?)~!, see Koch and Tataru [19]. We
emphasize that the last two articles work in Q = R?; for the case of a bounded domain € there appear
to be no analogous results available in the literature.

For more results related to the Navier—Stokes equations with Navier boundary conditions we refer the
reader to [10,14,23,24,33,34] and the references cited therein.

So far, there seem to be no results on critical spaces for (1.1) with Navier boundary conditions. One
goal of the present article is to close this gap. One main point in applying Theorem 1.1 to (1.2) or (1.3) is
to show that Ay and Ay, admit bounded imaginary powers with power angle less than /2, a problem
of independent interest. To our best knowledge, the only result available up to now is Saal [32] where
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the author proves that Ay possesses a bounded H*°-calculus in Lq,g(Ri) with H>-angle ¢ = 0. Note
that this in turn implies Ay € BIP(L,y,(R%)) with power angle 64, = 0, see e.g. [27, Section 3.3].

We will first show that Ay ., has a bounded H>-calculus in H, ; () with H>-angle %y, = 0. For
that purpose, we begin with the so-called perfect-slip boundary conditions

u-v=0, Ps(Vu—Vul)r)=0 on X, (1.7)

instead of the Navier conditions. In Sect. 2.2, we prove that the Laplacian A, in L,(Q)¢ subject to (1.7),
satisfies

PA,s = A, P.

Evidently, the Stokes operator A,, := —IPA,, subject to the boundary conditions (1.7) is the restriction
of —Aps to Ly (). It follows from [7] and spectral theory that for any w > 0 the operator w — Aps
has a bounded H*-calculus in L, ,(£2) with H*-angle ¢,,_a,, = 0. This in turn implies that the Stokes
operator w + A, inherits this property in L, ,(€2) by the boundedness of the Helmholtz projection P. In
Sect. 2.3 we apply the theory of interpolation-extrapolation scales from [1] to the operator w + A,s. As a
result, we obtain an extrapolated operator A_y 5 : Hy ,(Q) — H_ 1(Q) of w+ A, with the representation

(A_q)u,v) = w/

Q
for all u € Hy ,(Q), v € Hy, ,(Q) and the property A_y/, € H™(H, }(Q)) with angle ¢% ,,, = 0. Since
the operators A_; /3 and An ., are linked via the identity

wtAnw=A_1/2+ B,

u-vdm+/Vu:Vvdx—/ Lyu-v dx,
Q o0

with a lower order perturbation B of A_;/3, we obtain from perturbation theory and spectral estimates
for An ., that

Wt Anw € H®(Hy5()) with 624, , =0

for each w > 0. This allows us to apply Theorem 1.1 for the weak setting to obtain well-posedness of
(1.3) in critical spaces, see Sect. 3. Moreover, we show global existence of solutions to (1.3) for initial data
having a small norm in the critical trace spaces. Additionally, we prove that any weak solution of (1.3)
regularizes to a strong solution of (1.2) as soon as t > 0, by maximal L,-regularity of Ay, and that any
solution of (1.3) starting sufficiently close to zero, converges to zero at an exponential rate as t — oo.

Section 4 is devoted to the strong Stokes operator Ay . We apply once again the theory of extrapolation-
interpolation scales from [1] to show that the operator Ay is the restriction of Ay ., to Ly »(€2), wherefore
AN € H*(L4,0(2)) with angle ¢ = 0. Consequently, problem (1.2) is well-posed in the critical spaces
by Theorem 1.1.

Finally, in Sect. 5 we show how to apply our theory from [30] to the Navier—Stokes equations (1.1)
subject to no-slip boundary conditions © = 0 on X. Based on the well-known fact that the Stokes operator
Ay = —PA with domain

D(Ap) ={ue Hg(Q)d NLy;o(Q):u=0o0nX}

has a bounded H>°-calculus in L, ,(€2) with angle %, = 0, we make use of extrapolation-interpolation
arguments to show that the corresponding weak operator, given by

(Ap wu, @) = /QVu : Vo do

for u € oH, ,(Q) and ¢ € OH;,J (€2), inherits the same property. Thus, we are able to extend our result
from [30] to the weak scale. The keypoint here is to define a projection Q on L,(Q)¢ with range L, ,(f2)
such that QD(Ap) = D(Ap) N R(Q), where Ap denotes the Laplacian subject to Dirichlet boundary
conditions in Lq(Q)d. Note that such an identity fails to hold for the Helmholtz projection P in case of
Dirichlet boundary conditions.
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2. Perfect Slip Boundary Conditions
2.1. The Resolvent Problem

Let Q C R? a bounded domain with boundary ¥ := 9Q € C3 and outer unit normal field v € C?(X)%.
For A e R and f € L, »(€2), consider the elliptic problem

Au—Au=f x€Q,
u-v=_0, x€l, (2.1)
Py (Vu—vVul) =0, zex,
where Py, = I — v ® v denotes the orthogonal projection onto the tangent bundle TX. For (2.1) we have

the following result

Lemma 2.1. Let g € (1,00) and f € Ly (). Then there is Ao > 0 such that for each A > X\g problem
(2.1) has a unique solution u € HZ(Q)? N Lq ().

Proof. Existence and uniqueness of a solution u € H, 3(9)(1 follows from elliptic theory in L,(Q), see e.g.
(27, Chapter 6]. It remains to show that u € Lg »(€2). To this end, we consider a solution ¢ € H(Q) of
the Neumann problem

A¢p = Adivu, z €9,
oy =0, xeX.

We note on the go that this problem is solvable, since u - v = 0 on X. Assume first that ¢ € [2,00). Then
we integrate by parts to the result

VN7, = —(Adld) o) + (Bu@l9) a(m) = —(Adivuld) L) = AulVe) L, @),
since u - v = 0,¢ = 0 on X. Inserting the differential equation (2.1), yields
Hvéf’H%Q(Q) = (Au|Ve) ) + (fIVP) L) = (Au|VP) 1, ),

where we made use of the fact f € L, ,(£2). We integrate by parts twice to obtain
d

||V¢||2LQ(Q) = (u|VAQ) L, () + Z (vi0ulV @) 1,5y — (u|id V@) 1y (s))

=1
==} diVUH%Q(Q) + (8yu|V¢)L2(g) - (U\auVQS)LQ(z),

where

o, w = Z(l/ﬁl)w

for the normal derivative of a vector field w on X.
In what follows, we will rewrite the boundary terms. For that purpose, we make use of the splitting

w= Pyw+ (w-v)v = w| +wyv, (2.2)

where w) and w,v denote the tangential and normal parts, respectively, of a vector field w. We extend
the splitting (2.2) to a neighborhood of ¥ as follows. There exists a tubular neighborhood

U, = {z € R?: dist(x,%) < a}, a >0,
of ¥ such that the mapping
Y x (—a,a) > (p,r) —p+rv(p) € U,

is a C%-diffeomorphism with inverse z — (dx (), x(x)), z € U,, where ds(x) denotes the signed distance
of a point = € U, to ¥ and IIx(x) means the metric projection of = onto X, see [27, Section 2.3.1]. For
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x € U, we then define an extension of the normal vector field by v(z) = v(lls(x)), € U,. With this
definition we may extend (2.2) to the set U, N by replacing v by 7. Note that 9,7 = 0, as ¥ is constant
in normal direction. To keep the notation simple, we drop the tilde in the sequel.

For the first boundary term we obtain

(0vu|VP) Ly (xy = (w1 [VP) Ly(s) + (Ou(w) V) Ly(s)
= (0, |V ) Lo(m) + ((Ovun )V IV ) 1,y
= (0u)|VP) Ly(x) + (Ovun]000) Lo

= (0,1 |V Ly(x) = (O | V) Ly(x),

where Vy, = PsV denotes the surface gradient on ¥. The boundary conditions u - v = 0 and 9,¢ = 0
yield for the second boundary term

(U\auV@Lg(z) = (U\||a V¢)L2(z
d

Z up|vidiVo) Loy = (w1 VOio) Ly(s)

=1 =1

d

= (U\||V26u¢)L2(Z) - Z(uHszyl)ans)Lg(E)

i=1
d
== (u[(Vs)0id) oys) = () [Le V) Lo(s) = (u)|Lu V) Ly(s),
i=1
where Ly = —Vyxv denotes the Weingarten tensor. In summary, we obtain the identity
VN7, + I divul?, ) = Guu) — Lyuy|Vsd) Ly
On the other hand
Py ((Vu — Vu")v) = Ps(Vur) — Ps(9,u)
= Ps(V(u-v))+ Ps(Lxu) — Ps(9,u)
= Vs(u-v) + Lyu — Ps(0,u)
= Lyu| — Ps(0,u),
since Lyu is tangential and u - v = 0 on Y. Furthermore we have
Opu = Oy + 0y (uyv) = dyuy + (Oyuy v,
since 9,v = 0. It follows readily by the boundary conditions in (2.1) that
0= Ps ((Vu — VuT)l/) = Lyuj — dyuy,

where we have used the fact that d,u is tangential. This shows that V¢, divu = 0.
If1<q<2and f € Ly (Q), then clearly u € HZ(Q)%. To show u € Ly (), we take a sequence

(fn) C C(2)? of divergence free vector fields such that f,, — f in L,(Q)%. The corresponding solutions
uy, of (2.1) with f replaced by f,, satisfy divwu,, = 0 by what we have shown above. Letting n — oo yields
u € Ly »(Q), since Ly »(9) is closed in Ly (02)%. O

2.2. The Stokes Operator with Perfect Slip Boundary Conditions

Denote by P : L,(Q)¢ — L, () the Helmholtz-Projection and define an operator A, : D(A,s) —
L,(Q)4 by Apsu = Au with domain

D(A,s) :={ue€ Hg(Q)d tu v =0, Py ((Vu—Vu")r) =0}
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Then Lemma 2.1 implies
(A= A,) 'R(P) C R(P).
Moreover, it holds that
(A= A,) " IN(P) C N(P).
Indeed, if f = Vg € L,(Q)? is a gradient field, we first solve the scalar elliptic problem
w—Av=g, z€§,
ov=0 xzeX

to obtain a unique solution v € H3(€). Defining u := Vv it follows that u € HZ(Q2)? and u solves the

elliptic problem (2.1), since the Hessian Vv is symmetric.
Applying (A — Aps) 7 to Ly ()% = L, . () @ G,(9), yields the decomposition

D(Aps) = [D(Aps) N R(P)] ® [D(Aps) N N (P)],

which shows that PD(A,s) = D(A,s) N R(P). Now, for u € D(A,;) it holds that A,;Pu € R(P) and
Aps(I —P)u € N(PP), hence

PApsu = PAp(Pu+ (I — P)u) = PA,Pu= Ay Py,
for all v € D(A,s). It is an immediate consequence that the Stokes-Operator A, :== —PA,s : D(A,5) N
R(P) — R(P) is the restriction of —A,s to R(P), i.e.
Aps = _ApS|R(IP’)'

It follows from [7] that for each ¢ > 0 there exists s > 0 such that ugs — Aps € H®(L,(2)?) with
H>-angle ¢ 5 < ¢. Of course, by restriction to Lg,(£2) and the fact that PA,s = Ap P, the same
holds for the Stokes operator A,;.

We continue with some spectral properties of the operators —A,s and A,s. Since —A,; has a compact
resolvent in L, ()%, the spectrum o(—A,s) of —A,, consists solely of isolated eigenvalues with finite
multiplicity and the spectrum does not depend on g € (1,00). Let A € 0(A,,) and consider the eigenvalue
problem

Au—Au=0, ze€Q,
uw-v=0, z€X, (2.3)
Ps ((Vu—Vu')r) =0, zex.
Testing the first equation with u and integrating by parts yields
MullZ, @) + 1Vulli, @) = @vulu)z,@0)-
We have already shown above that the boundary conditions imply
Oyu = Oyu) + (Opuy)v,
as well as
0= LZUH - a,,uH
Therefore, we obtain the equation
)\||UH2L2(Q) + HVUH%Z(Q) = (Lsuyluy) £, (00)- (2.4)

Since ¥ is compact, there exists w > 0 such that o(A,s) C (—oo,w). If Ly, is negative semi-definite, we
even have 0(A,s) C (—00,0). To see this, note that Ly, < 0 implies Vu = 0, hence u is constant, say
u = a € R%. Define a function ¢ : ¥ — R by means of

o(p)=a-p, peX
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Since ¥ is compact in R?, the continuous function ¢ attains its global maximum on ¥ at some point
po € X. Locally near pg € ¥ we have a parameterization p = (), where 6 runs through an open
parameter set © C R%~!. Defining ¢ := ¢ 0%, it follows that

0=(9:¢)(0o) = a- (9:9)(0o) = a- 7,
foralli=1,...,d — 1, where 7, = 7;(6p) form a basis of the tangent bundle T, X of ¥ at py. Therefore,
a L 7; for each i and since also a - v = 0, it follows that v = a = 0. Consequently, w — A, is sectorial
with spectral angle ¢,,—a,, = 0 in Ly ()%
For the operator A, even more is true. We will show that in general o(A,,) C (—o0,0]. To this end,
we start with the eigenvalue problem

Au—Au=0, x€Q,
divu =0, =€,
u-v=0, z€3,
Py ((Vu—Vul)y) =0, zex.
Testing the first equation with u yields
Mully, @) — (div(Va = VuT)|u) @) =0,
since divu = 0 and therefore div Vu” = 0. Integration by parts yields
Mullg, @) + (Vu = V"), Vu) @) = (Vu — Vu' )vlu) ) =0,
by the boundary conditions in (2.5). Furthermore, it can be readily checked that

1
(Vu—Vu), Vu) @) = §HVU - Vul|3, 0

It follows that o(—A,s) C (—o0,0] and if € is simply connected or if Ly, is negative semi-definite, then
we even have o(—A,s) C (—o0,0). Indeed, if A = 0, then Vu = Vul, hence we have in the first case
u = Vi for some potential . Since divu = 0 and u - v = 0, the function ¢ solves the Neumann problem

Ap=0,2€Q, dp=0 e,

showing that ¢ is constant, hence u = 0. In the second case we make use of Eq. (2.4).

It follows that w + A, is sectorial in L, ,(£2) for any w > 0 with spectral angle ¢,14,, = 0. We
may now apply [27, Corollary 3.3.15] to conclude that for each w > 0, the operator w + A, admits a
bounded H*-calculus in L, , () with H*>-angle ¢ZO+APS = 0. If Q is simply connected or if Ly, is negative
semi-definite, then one may set w = 0.

Theorem 2.2. Let 1 < g < oo and Q2 C R? open, bounded with boundary ¥ € C3. Then, for each w > 0,
the (shifted) Stokes operator w + Aps with domain

X1 ={u€e H2()"NLyx(Q) : Ps ((Vu—Vu)r) =0},
admits a bounded H>-calculus in Xo = Lq,o(2) with H*-angle ¢, 4 == 0.

If Q is simply connected or if Lx(p) is negative semi-definite for each p € X, then the same conclusions
hold with w = 0.

2.3. Interpolation-Extrapolation Scales

In this subsection, let Ay := w + A, and 1/¢+1/¢’ =1 for ¢ € (1,00). By [1, Theorems V.1.5.1 and
V.1.5.4], the pair (Xo, Ag) generates an interpolation-extrapolation scale (X,, Ay ), @ € R with respect to
the complex interpolation functor. Note that for a € (0,1), A, is the X,-realization of Ay (the restriction
of Ap to X,,) and

X, = D(A?).
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Let X§ 1= (Xo)' = Ly o(2) and Af := (4g)' = (w — Apd)|z,, (o) With
D(AY) = X} = {u e W2(Q)*N Ly »(Q): Ps (Vu—Vu)v) = 0}.
Then (Xg7 Ag) generates an interpolation-extrapolation scale (X%, A% ), the dual scale, and by [1, Theorem
V.1.5.12]
(Xo) = X%, and (A,) =A%,

for a € R. In the very special case o = —1/2, we obtain an operator A_y 5 : X;,5 — X_; /5, where

X1/5 = D(AY?) = [Xo, Xi]1j2 = HH Q)P N Ly 0 (),
X 1)2= (Xf/Q)’ (by reflexivity) and, since also A} € H>°(X}) with gbfg =0,

#
X1/2

= D((A§)"/?) = [X§, X{11j2 = Hy ()" N Ly 5(9).
Moreover, we have A_;/; = (Ag/z)/ and Ati/z is the restriction of Ag to Xf/z. It follows from [27,

Proposition 3.3.14] that the operator A_; 5 : X, — X_; /5 has a bounded H*>-calculus with H*°-angle
gb?fﬁm = 0. We call the operator A_;/,, the weak Stokes operator subject to perfect slip boundary

conditions.
Since A_ /3 is the closure of Ag in X_; /5 it follows that A_;u = Agu for v € Xy and thus, for all

vGXf/Q,

(A_q)2u,v) = (Au|v)p, ) = w/ u-v dm—i—/ Vu: Vv dx —/ Lsu - v dx,
Q Q 90

where we made use of integration by parts. Using that X is dense in X /5, we obtain the identity

<A_1/2u,v>:w/u-vdm—i—/Vu:Vvdx—/ Lyu-v dx, (2.6)
Q Q a9
valid for all (u,v) € X;/5 x Xf/Q.

We will now compute the spaces X,, a € [—1, 1]. To this end, for s € [0,1] and ¢ € (1,00), we define
H} () = H ()N Ly (Q)
and
H5(Q) = (H ,(9))

Note, that for s € [0,1] and s # 1/¢

(Hy »() = (LHy (2)7)' N R(PY) (2.7)
where
s B {ueH;/(Q)d:uq/:O}, se(l/q,1],
L%“W‘{@mw, s€[0,1/0),

and P* denotes the dual of the restriction of P to J_H;/(Q)d.
From [1, Theorem V.1.5.4] we know that X, = [X_l/g,Xl/g](H_% for all @ € [—1,1] and by the
reiteration theorem for the complex method

[(Xo, X1y2]s = [[Xo1/2, Xuyo] 1, Xijals = [Xo1/2, Xupo] 511
This in turn implies
X% = [XOaXl/Q]S = H;,U(Q)7

for all s € [0,1]. Since, by reflexivity, X_o = (X%)’ for a € [0, 3], this yields the following result.
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Proposition 2.3. Let § € [0,1] and g € (1,00). Then

(X_1/2, X1/2]8 = Hf,@‘l(ﬂ)-
We will also need the real interpolation spaces (X_/2,X1/2)0,4. For s € (0,1) and p,q € (1,00), we
define

s o s d

B;, ,(Q) = B;,(2)"N Ly, ()

and

B<;l7870(9> = (B;’p’,o(ﬂ)>/'
The reiteration theorem for the real and the complex method implies

0,X1/2)s,p — —1/2,1/2]1,A1/2)sp = —1/2,31/2)1%s
(Xos X120 = (X172 Kol 32 X1 2o = (X /20 Xjo) 1,
and therefore
(X_12,X1/2)0,p = (X0, X1/2)20-1,p = Bow 1 (),
for all 6 € (1/2,1). Furthermore, by duality and reflexivity
2(1—-6)—1 _

(X_1y2: Xap2)op = (XF 0, X5 )1m0,) = (Bo P 7HQ) = BESHQ)

for all 6 € (0,1/2). To include the case § = 1/2, we define
BSP,U(Q) = (X_1/2,X1/2)%7p.

Then we have the following result.

Proposition 2.4. Let 6 € (0,1) and p,q € (1,00). Then
(X_1/2,X1/2)0,p = 333;1(9)-
Remark 2.5.(1) Forp=g=2andall s € (—1,1) one has
HS,O’(Q) = B;Q,O’(Q)7
since in this case [X_1 /2, X1 /20 = (X_1/2, X1/2)0.2-
(2) It can be shown that for all p,q € (1, c0)

0 d
B (Q)=Tuelx@)i:dvu=0) ~",

qp,o

see e.g. [3, Proof of Proposition 3.4]. For p > ¢ > 2, this in turn implies

- Lq()? 0
Lyo () ={ue Ce(Q)?: divu = 0} C By, »(52),
by the embedding L,(2) — BY,(Q).

3. Navier Boundary Conditions
3.1. The Stokes Operator Subject to Navier Boundary Conditions

We consider the problem
ou—Au+u-Vu+Vr =0, t>0, z€Q,
divu=0, t>0, x€q,
u-v=_0, t>0, zek, (3.1)
Ps, ((Vu+ VuT)V) +au=0, t>0, ze€X,
u(0) =ug, t=0, x €,
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where a > 0 is the friction coefficient. Defining Ay := —PA : X; — X with domain
X1 =D(AN)={ue Hg(Q)d N Lgo(Q) : Ps (Vu+ Vu')v) + au=0on £}
in Xog = L, (), we may rewrite (3.1) in the condensed form
O+ Anyu = F(u), t >0, u(0)=ug, (3.2)

where F(u) := —P(u - Vu). We note on the go that the operator Ay has the property of maximal
L, ,-regularity, see e.g. [4].

3.2. The Weak Stokes Operator Subject to Navier Boundary Conditions

In this subsection, we will derive a weak formulation of (3.2). By the same computations as in the proof
of Lemma 2.1 we obtain

0= Py ((Vu+Vu")v) + au = d,u + Lyyy + auy.
Let ¢ € H;, ()¢ such that divg = 0 and ¢ - v = 0. Testing the first equation in (3.1) with ¢ and
integrating by parts yields
0 = (0eu|d) o) + (VulVO) L, ) — (O] ) Lox) + (u- Vuld) )
= (0pul®) o) + (VulVO) Ly) + (Leu) + auyld)) ym) — (@ w) V)L,

Defining an operator Ay ., : X1/2 — X_1/5 by means of

(ANwv, @) = (VU|V ), 0) + (Lev) + av)|é)) L (s) (3.3)
with domain X/, = H, ,(€), we obtain the weak formulation
O+ AN wu = Fy(u) (3.4)
of (3.2) in the space X_;/5 = H, }(Q) with initital condition u(0) = ug, where

(Fu(u), ¢) == (u®@u, Vo) L,q)-

We call the operator Ay ,, the weak Stokes operator subject to Navier boundary conditions. Comparing
(3.3) with equation (2.6) implies

(W Anw)v, @) = (A_1 20, 0) + (2Lsv) + av)|@)) Ly(n)-
Observe that for s € (1/¢,1] and (v, ¢) € X, /5 X Xf/z with X, /o = H;,U(Q)"l7
2Lsv) +avj|oy) Ly < Cllvll,m9lle, @) < Clvlag@l9lla, @),

by Holder’s inequality and trace theory. Therefore, the linear operator operator B : X/ — X_1 /o, given
by

(B, ¢) = (2Lsv) + avy|d)) Ly (s),

is well defined and, if in addition s € (1/¢,1), it is a lower order perturbation of A_; /5 : X5 — X_1/5.
Since (bf_m =0, it follows from [27, Corollary 3.3.15] that there exists wy > 0 such that

w + AN7w € HOO(Xfl/Q)

with ¢ZO+AN,w < max{qﬁi"_lﬂ, Pt An.w ) = Puwt Ay Provided w > wy.
We will now compute the spectrum of Ay ,,. To this end, we assume for a moment that

ve Xy ={ueH (NN Leo(Q): Ps ((Vu—Vu")r) =0}
Then we may integrate by parts twice to the result

(ANwv, ) = (D(v)|D()) L) + (v)[¢)) L) (3.5)
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where we used div(Vo™) = 0 and D(v) := Vv + Vo, By density of X1 in X; /5 this formula holds for all
ve Xy and ¢ € X, = HY (),

Since Xy, = H, ,(9) is compactly embedded into X_1/5 = H; (), the spectrum o(Ay,) is
independent of g and it consists solely of isolated eigenvalues. Thus, we obtain from Eq. (3.5) and Korns
inequality that o(An ) C [0,00) for o > 0 and 0(An.w) C (0,00) for a > 0. It follows that for o« > 0
and any w > 0 the operator w + A, is sectorial with spectral angle ¢, 14, , = 0 and in case a > 0 one
may set w = 0. This in turn implies ¢Z2, 4, =0 (see above). Applying [27, Corollary 3.3.15] a second
time, we see that for a > 0 and any w > 0 it holds that

w+ Anw € HZ (X 1/2)

with ¢34, = 0 and in case a > 0 one may even set w = 0.

3.3. Critical Spaces for the Nonlinear Problem

We are now in a situation to apply Theorem 1.1 to (3.4) with the choice X’ = X_; /5 and X}’ = X 5.
It remains to show that the nonlinearity Fy, : X3 — X_1 /5 is well defined, where

Xy = D(AR,) = [X§, X} = HIZ7H(9), f e (0,1).
By Sobolev embedding, we have HZ29~ () < Ly, () provided that 26—1 > 2%; note that this embedding

is sharp. From now on, we assume 23 — 1 = %, which requires ¢ > d/2 as § < 1. Then the mapping

[w—u@u] : HP Q) — Ly(Q)*?
is well defined and by Hélder’s inequality, we obtain

(u®u), Vo), () < ||UH%QQ(Q)HvéﬁHLq/(Q)»
which shows that the nonlinear mapping F, : X5 — X’ is well-defined, too.
If 28 — 1 = d/2q, the critical weight . € (1/p,1] is given by u. = 1/p + d/2q and the corresponding
critical trace space in the weak setting reads

X'qfvl"c = (Xg)’X{U)HC_l/I%P - Bd/qil(Q)'

ap,o
Theorem 1.1 yields the following existence and uniqueness result for (3.4).

Theorem 3.1. Let p € (1,00) and q € (d/2,00) such that %—&— % < 1. For any ug € B,%?{l(ﬂ) there exists

a unique solution
w€ Hy (0,0 Hy g () 0 Ly, (0,0 Hy 1 ()
of (3.4) for some a = a(ug) > 0, with u. = 1/p+ d/2q. The solution exists on a mazximal time interval

[0,t4(up)) and depends continuously on ug. In addition, we have

we C(0,14); BYL(9) N C((0,14); B 2/ (@),

ap,o ap,o
which means that the solution reqularizes instantly, provided 1/p + d/2q < 1.

Remark 3.2.

(1)  The statement in Theorem 3.1, concerning the continuity of the solution in B(%?U_l (Q) fort € [0,t4)
and in B;p_,?,/p(Q) for t € (0,t) follows from (1.5) with p = p. and p = 1, respectively. Indeed, for
0 <t < ty, one can forget about the weight p.

(2) Theorem 3.1 can be used as a starting point for proving higher regularity with respect to the time
variable ¢ > 0 and spatial variable z € Q, e.g. u € C*°((0,t+) x ), by employing the parameter
trick; see e.g. [27].

Concerning the global well-posedness of (3.4) for small initial data, we have the following result.
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Corollary 3.3. Let the conditions of Theorem 3.1 be satisfied. Then, for any a > 0 there exists r(a) > 0
such that the solution u of (3.4) exists on [0,a], provided |lug|| gass—1 < 7(a).

If the friction coefficient o > 0, then r is independent of a.

Proof. Let u be the solution of (3.4) according to Theorem 3.1. Let u,(t) := e~ 4Nwtyg und v 1= u — u,.
It follows that

e € H} (0,0 Hy b (9)) 0 Ly, (0,0 H), () = EY,, (a)
and
v e {weEY, (a): wli=o = 0} =: oEy), (a),
where v solves the problem
v+ AN wv = Fy(v+uy), t >0, v(0)=0.
By Holders inequality and [27, Proposition 3.4.3], we obtain the estimate
1Fw(v + w)lL, 0% 12 < Cllv+ L, 0.axy)
< O(H“Hiwua(a) + ||U*H%2p,a(0,a;xg))
< ColPey_ 0 + o).
with o = (1 4 p.)/2 (see [30, Proof of Theorem 1.2]). The constant C' > 0 does not depend on a > 0

provided the friction coefficient satsfies o > 0, since in this case the semigroup generated by —Ay ,, is
exponentially stable. By maximal L, ,-regularity, this yields the estimate

Polleg,, @ < MolZsp, @+ luolke ).

1pe
for each a € (0,t4(ug)), with a constant M > 0 being independent of a > 0, provided o > 0. It is now
easy to see, that if |uo|[xw <7 :=1/2M, then [[v[|;zp  (q) is uniformly bounded for a € (0,4 (uo))
which yields the global existence of v, hence of u. O

3.4. Regularity of Weak Solutions

In case p > 2 and ¢ > d, we can show that each weak solution becomes a strong solution as soon as

t > 0. By Theorem 3.1 it holds that u(t) € B;;g/p(ﬁ) for t € (0,4 (up)) and in case p > 2 we have the
embedding

31*2/10(9) AN B2u*2/p(Q)

ap,o ap,o
at our disposal, provided p € (1/p,1/2).
In the strong setting, the nonlinearity F(u) = —P(u - V)u satisfies the estimate

[F(@)lly©) < lullpe@llullaz o)

for all w € Xg = D(A?V) C Hgﬂ(Q)d and any 8 > 1/2 as the Helmholtz projection P is bounded in
L,(Q)4. Since 28 —1 < p—1/p and
Bzu—2/p(Q) — (X07X1)ﬂ—1/p7p

qp,o

is the trace space in Xo = L, ,(£2), we may extend the weak solution to a strong solution as soon as t > 0
by [22], since the strong Stokes operator Ay has the property of L,-maximal regularity in X, (see e.g.
[4]). This yields the following result.
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Corollary 3.4. Let p € (2,00) and g € [d,o0) such that % + % < 1. For any up € B(%,q{l(Q) there exists
a unique solution

w € Hyp 1o(0,t45 Lg o () N Ly 1c(0, t4; Hy ()

Jloc
of (3.1).

In the limiting case d = p = g = 2, it is also possible to show that every weak solution extends to a
strong solution as soon as ¢t > 0. Indeed, the corresponding critical trace space is

Lao(Q) = [H35(Q), H3 o (D)2 = (Hy 5(Q), Hy 5 (2))1/2,2 = B3 (),

2,0

see Proposition 2.4. We employ the embedding
B3 o(Q) = (Hy 5 (), H3 o (D)1/22 = (Hy 5(), Hy o ()1/2 = B3y, ()
for some p > 2 and solve (3.4) with ug € BY, ,(Q) by Theorem 1.1, to obtain a unique solution
we HY (0,05 Hy () N Ly, (0,5 HL, (),

c

with . = 1/p + 1/2. The solution exists on a maximal interval of existence [0, (ug)) and depends
continuously on the initial data. By regularization, it holds that

u(t) € Ba—2/P(q)

2p,o

for all t € (0,t4(up)). We may now follow the lines of the proof of Corollary 3.4 to obtain a unique strong
solution

u € H21,loc(07 bys LQ,U(Q)) N L2710C (07 [ H22,U(Q))

of (3.1) for any initial value uy € Lg »(€2).
If the friction coefficient satisfies « > 0, then the energy equation

a1 0) + DT, 0.2 + lullia0.6La00) = uolliy@), t € (0,t4)
combined with Korns inequality
vl z20) < CUID)|Ly@) + 1vllza00), Vv e H3(Q)?,
yields that
U € Loo (0,145 La(Q)?) N La(0, ¢4 5 Hy (Q2)?).
Since u solves (3.4), it follows that
u € Hy (0, t45 Hy 5(2)) N La(0,t4; Hy ,(2)),

which in turn implies that the weak solution exists globally in time. We already know that the global
weak solution extends to a strong solution, hence we obtain the following result.

Corollary 3.5. Let Q@ C R? be bounded with boundary 9 € C3. For any ug € Lo ,(R), there exists a
unique global solution

U € Hy 1oe(Rs Lo (2)) N Lotoc(Rys H3 5(92))
of (3.1).
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3.5. Long-Time Behaviour

In this section, we assume that the parameters § and p satisfiy the relation
1
1-8>-— (3.6)
p

which means 2/p+d/2q < 1. Note that this can always be achieved by choosing the microscopic parameter
p sufficiently large, since ¢ > d/2 and § = % + f. Taking (3.6) for granted, we may use the embedding

1= (Xo5 1-1/pp 7 A0 A1 16 = Naw) = 48>
XY, = (XY, X" (XY@, X5 =D(A% )= XY

to obtain F, € C1(XY,, X{§).
By Theorem 3.1 the solution depends continuously on the initial data, hence there are a > 0, ¢ > 0
and € > 0 such that

lu( wo)lley, (0.0) < clluollxe,,

1pe
for all ugy € BXw .. (0,¢), where p. = 1/p+d/(2q) is the critical Welght. This in turn implies that for any
0 €(0,a) it holds that

2T
for all t € [d,a] and some constant C' = C(a) > 0 which does not depend on ¢ and ¢. If the friction
coefficient o > 0, then o(An ) C (0,00), hence the equilibrium u, = 0 of (3.4) is exponentially stable in

X1, by the principle of linearized stability (see e.g. [20,29]). Choosing [luo|[xw  sufficiently small, then

u(t, up) is arbitrarily close to u, = 0 in By, /7 (Q)°.

Assume furthermore that p > 2 and ¢ > d. Then, by Corollary 3.4 the solution u(¢, ug) of (3.4) subject
to the initial value ugp € B%flg_l(ﬂ) extends to a strong solution of (3.2) as soon as t > 0. It follows from
the embedding

Hu(tauO)HXw < gtem 10””0”)(1;1“6 (3.7)

Bipa!"(2) = B ZH7(0)
for p € (1/p,1/2) and (3.7), that for each £ > 0 there exists # > 0 such that for all s € [, a] we have
[[u(s, uo)llx, . < & provided |[ug||x= < 7. Since the strong solution u(t, u(s, uo)) of (3.2), subject to the

initial value u(s,ug) € X ., s € [0, a] depends continuously on the initial data, there are @ > 0 and ¢ > 0
such that

(-, u(s, o)), 0,8 < Elluls,uo)llx, ..
for all s € [d,a] and some p € (1/p,1/2). It follows that

lu(t, uls, uo))lx, , < 6" Cllu(s, uo)llx,

for all ¢ € [§,a]. This in turn implies that w(t,u(s,ug)) is arbitrarily close to zero in X, ; by choosing
[[uol[xw , sufficiently small.
Finally, note that the nonlinearity F(u) = —P(u - Vu) in (3.2) satisfies F' € C'(Xg, X,) for each
B € (1/2,1), where Xg = L, () and X3 = [Xo, X1]g C HgB(Q)d, with X; = D(An) as in Sect. 3.1.
Since by assumption p > 2, we may choose ( sufficiently close to 1/2 to achieve 1 — 3 > 1/p. In this case,
the embedding
Xo1 = (Xos X1)1-1/pp = [Xo, Xals = X,

readily implies F' € C*(X,,1, Xo). Since the equilibrium u, = 0 of (3.2) is exponentially stable in X,
provided the friction coefficient o > 0, we obtain the following result.

Theorem 3.6. Assume that the friction coefficient « > 0, p € (1,00) and q € (d/2,00). Then the following
assertions hold

(1) ]f + 4 ; <1, there exists 1 > 0 such that the solution u(t, uo) of (3.4) exists globally and converges

to zero in the norm of B1 2/p(Q) as t — oo, provided |lug|| gasa-1 <.
qp
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(2) Ifp>2andq > d, there exists r > 0 such that the solution u(t,ug) of (3.4) exists globally and

converges to zero in the norm of Bg;Q/p(Q)d as t — oo, provided |lug|| gass—1 < 7.
qap

4. The Strong Stokes Operator with Navier Boundary Conditions

We have seen in Sect. 3.2 that the weak Stokes operator Ay, subject to Navier boundary conditions
admits a bounded H*°-calculus in H;;(Q)d with H*>-angle ¢7° = 0, provided the friction coefficient
a > 0.

It is the purpose of this section to transfer this property to the corresponding strong Stokes operator
Ay in Ly »(92). To this end, we will apply again Amann’s theory of interpolation-extrapolation scales. Let
Ap := ANw, Xo = H, () and X, = H, ,(€). By [1, Theorems V.1.5.1 and V.1.5.4], the pair (Xo, Ao)

4,0
generates an interpolation-extrapolation scale (X, A, ), @ € R with respect to the complex interpolation

functor and A, € H>*(X,) with angle ¢7° = ¢% = 0 for any o € R.
We will show in the sequel that the operator Ay, : X3/ — X5 coincides with the strong Stokes
operator Ay subject to Navier boundary conditions with domain

X =D(Ay) ={u€ H2 ()N Lgo(Q) : Ps (Vu+ Vu")v) + au=0on X}

in the base space X§ = L, ,(£2). Observe that 0 € p(A;,2) N p(Ay), since p(A;/2) = p(Anw) and, by
Proposition 2.3,

X1z = [Xo, X1l1/2 = [H, 2(Q), Hy ,(Q)] = Lg.0 ().

The operator Ay, is the restriction of Ag = Anw to Ly, (2), hence A;pu = Agu = Ay ,u for any
u € D(A;/2) and therefore

(A1/2u, @)Ly (0) = (Aou, §) = (ANt @) = (VulVd) Ly @) + (Louy + auy|d)) Ly (),
for any (u,¢) € D(A;/3) x H;,,U(Q). On the other hand, it follows from integration by parts, that
(ANv, @) Ly(0) = (=PAD, @)1, 0) = (VUIV) Ly (0) + (Lnv) + av)|d)) La(z) = (ANwv, d),
for any (v, ¢) € D(AN) X H;,,U(Q).
For a given u € D(A; ;) there exists a unique v € D(Ay) such that
Anv = Ay )ou,
since Ajou € Lg(£2). This in turn implies that

<AN,wu; ¢> = <AN,an ¢>

for any ¢ € H;,ya(Q), hence v = u by injectivity of Ay .. On the contrary, if v € D(Ay) is given, then
there exists a unique u € D(A;/5) such that A, ou = Anv, since Ayv € Ly (). By the same arguments
as above, we obtain u = v, showing that D(A;,;) = D(Ay) and A/, = Ay.

Theorem 4.1. Let o > 0, 1 < ¢ < 0o and Q C R? open, bounded with boundary ¥ € C3. Then the Stokes
operator Ay = —PA subject to Navier boundary conditions with domain

X;=D(An)={u€ H(2)"NLgs(Q) : Ps ((Vu+ Vu")v) + au=0 on X}
admits a bounded H>-calculus in X§ = Lq 5(Q) with H>*-angle ¢F, = 0.

Remark 4.2. There is another approach for proving an H*°-calculus for the Stokes operator with Navier
boundary conditions, which is based on an abstract result of Kalton et al. [18,21] in combination with e.g.
[34]. However, our proof is more direct and simpler and gives a detailed insight into the relation between
the Stokes operator with Navier or perfect-slip boundary conditions, cf. Sect. 3.2.
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With the help of Theorem 4.1 we may study critical spaces for (3.1) in the strong setting. To be precise,
let X§ = L4 (), X; =D(Ay) as in Theorem 4.1 and consider the semilinear evolution equation
Ou + Ayu = F(u), (4.1)
subject to the initial condition u(0) = ug, where
F(u) = —P(u - Vu)

for v € X = [X§, X7]s.
Let A = —A subject to Navier boundary conditions with domain

D(A)={ue H ()" :u-v=0,Ps ((Vu+ Vu")r) +au=0on X}.
Observe that in case of Navier boundary conditions we do not have the identity
PD(A) = D(A) N R(P),

since the Helmholtz projection P does only respect the boundary condition u - v = 0. However, we may
define a linear mapping @ on D(A) by

Q = AN'PA.
Then @ : D(A) — D(Ay) is a bounded projection, since Qu € D(Ay) and therefore
Q*u = Q(Qu) = AY'PA(Qu) = AN Ax (Qu) = Qu,

for all u € D(A). Furthermore, Q|p(ay) = Ip(ay) and therefore Q : D(A) — D(Ay) is surjective. By a
duality argument, there exists some constant C' > 0 such that

1QullL, ) < CllullL, @) (4.2)
for all w € D(A). Infact,
(Qulg)r, = (AN'PAul@)r, = (PAu[AN' @)1, = (AulAN'¢)1, = (u|AAY'¢)1,
implies
[(Qulo) .| < Cllullr, 0)elldllL, @)
for all u € D(A) and ¢ € Ly (Q)4, with C == [|[AAG |51, (@)L, (@)4) > O-
Since D(A) is dense in L,(Q)%, there exists a unique extension Q € B(Ly ()% L, »(Q)) of Q. Clearly,
Q is a projection and as D(Ay) is dense in L, (%), Q|LW(Q) =1Ip, (o) It follows that
Ly(2)? = Lo () ® N(Q) and  D(A) = [D(A) NR(Q)] & [D(4) N N(Q)]
since QD(A) = D(A) N (Q) D(Ay). Moreover, with help of this projection we may now compute
[L4.0(2), D(AN)]o = [QLy(2)4, QD(A)]o = QLy()?, D(A)]e = D(A”) N R(Q)
as well as
(Lqo(92); D(AN))o,p = (QLg()%, @D(A))op = Q(Ly(R)%, D(A)),p = (Lg(2)?, D(A))s,, N R(Q)

for all 8 € [0,1] and p € (1,00), see [35, Theorem 1.17.1.1]. Note that the projection @ has already been
used in [2] and originates from [13], for the case of Dirichlet boundary conditions.
For X§ = Lg,(22) and X{ = D(An) as in Theorem 4.1, we have X3 = [X§, X{]s = ”Hng(Q) and

(X8, XD)u1/pp = | Bano 'P(Q), where
r d
Hi(Q), ref0,14+1/q),
VD () == Ly.o(2) N4 [Le(2)%, D(A)]111/4, r=1+1/q,

{u e HJ(Q)?: Po(D(u)v) + ou = 0}, r>1+1/q.
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and
By, ()1, re 0,1+ 1/g),
1By o) i= Ly () 14 (L)% D(A) 1110 r=1+1/g,
{ue By, (Q)*: Ps(D(u)v) + ou = 0}, r>1+1/q.

As P is bounded in L,(2)4, by Hélder’s inequality we obtain
I1F(w)xs < Cllu-Vullz, < Cllullz,,, lullay,,

for all u € X3, where r,7" > 1 and 1/r + 1/r" = 1. We choose 7 in such a way that the Sobolev indices of
the spaces L, (Q2) and H} () are equal, which means

d d ) d 1 d
1— —=—— orequivalently —=—-(14—-].
qr qr’ qr 2 q

This is feasible if ¢ € (1,d), we assume this in the sequel. Next we employ Sobolev embeddings to obtain
X5 C HZP(Q)" — L ()N H,L.(Q)"
This requires for the Sobolev index 23 — d/q of Hgﬂ(Q)
d d 1 d
1——=20——, ie. ﬂ(1+).
qr q 4 q
The condition 8 < 1 is equivalent to d/q < 3, we assume this below. Observe that the critical weight
te € (1/p, 1] is given by the relation
1 d 1 1
ce=28—-14+-=—+—-—=
: p 2¢ p 2
and the corresponding critical trace space in the strong setting reads

X:;)/'Lu = (X(?’Xf)uc*l/p,p = IIBd/q_l(Q)'

ap,o
The existence and uniqueness result for (3.1) in critical spaces reads as follows.

Theorem 4.3. Let p € (1,00) and q € (d/3,d) such that % + g < 3. For any ug € HB%?{%Q) there exists
a unique solution

w€ H), (0,05 Lg.o(2)) N Ly, (0,a; Hy ()7)

of (3.1) for some a = a(ug) > 0, with p. = 1/p+ d/2q — 1/2. The solution exists on a mazimal time
interval [0,t4(up)) and depends continuously on ug. In addition, we have

u € C([0,t1); Bylt 1 (2)) N C((0,14.); By, 2/7(Q)),

ap,o ap,o
which means that the solution regularizes instantly provided 2/p + d/q < 3.
Moreover, if the friction coefficient o > 0 and %—i—g < 3, then there exists r > 0 such that the solution

u(t,up) of (3.1) exists globally and converges to zero in the norm of ng_Q/p(Q)d as t — oo, provided

”uOHB;’;q“ S T.

Proof. The local existence result follows directly by an application of Theorem 1.1. For the proof of the
second assertion, observe that the assumption

4 d

-+ -<3

P q
is equivalent to 1 — 3 > % with 8 = (1 4+ d/q)/4. In this case it holds that

X510 = (X8, XDio1/pp — X = D(AR),

which implies F' € C’l(X,ﬁ,l;Xg). Since o(Ay) C (0,00) in case a > 0, we may apply the principle of
linearized stability to (4.1), see e.g. [20,29]. O
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5. Critical Spaces for the Weak Dirichlet Stokes

For the sake of completeness, in this section we consider the problem
ou—Au+u-Vu+Vr =0, t>0, zeQ,
divu=0, t>0, z€,
u=0, t>0, zeX,
u(0) =ug, t=0, z€q,

(5.1)

for a bounded domain Q C R? with boundary ¥ = 9Q € C3. It is well-known that the Stokes operator
Ap = —PA with domain

X1 =D(Ap) :=={u€ HI(Q)*NLy(Q): u=0on N}
is sectorial in Xy = L, (), and admits a bounded H*-calculus with H*>-angle equal to zero, see e.g.
[17].
Let A9 = Ap. By [1, Theorems V.1.5.1 and V.1.5.4], the pair (Xo, Ag) generates an interpolation-

extrapolation scale (X, Aq), @ € R with respect to the complex interpolation functor. Note that for
a € (0,1), A, is the X, -realization of A, (the restriction of Ay to X, ) and

Xo = D(AF).
Let Xg = (Xp)" and Ag = (Ap) with D(Ag) —=: X! Then (Xg,Ag) generates an interpolation-
extrapolation scale (X£, A%), the dual scale, and by [1, Theorem V.1.5.12], it holds that
(Xo) = X%, and (4,) = A%,

[e3%

for a € R.
To compute the spaces X,, we use the same approach as in Sect. 4. Let A = —A subject to Dirichlet
boundary conditions with domain

D(A) ={ue Hg(Q)d :u=0on X},

and define @ : D(A) — D(Ap) by Q = ABlP’A. Employing the same arguments as in Sect. 4 we see that
Q is a surjective projection and since D(A) is dense in L,(€2)? it admits a unique bounded and surjective
extension Q : L, (2)? — Ly ,(Q). It follows that

X2 = [Xo, D(Ap)1 2 = [QLg(2)*, QD(A)]1 2
= Q[Ly(Q)*, D(A))1 /2 = D(AY*) N R(Q)

= OH;(Q)d N Lg,0(€),
see [35, Theorem 1.17.1.1], where
Hs ()4, 0<s<1/q,
0H; ()" = { [Ly(Q)%, D(A)]1/q, s =1/g; (5:2)

{u e H; ()" : ulpn = 0}, s>1/q.
Choosing a = 1/2 in the scale (X, Ay), we obtain an operator A_; /5 : X1/3 — X_1/3, where X_; /5 =

(Xlﬁ/Q)’ (by reflexivity) and, since also Ag € H™(XE),
Xf/g = D((A(ﬁ))l/2> = [ngXf]l/Z = OH;’(Q)d N Lq’,U(Q)v

with p’ = p/(p — 1) being the conjugate exponent to p € (1,00). Moreover, we have A_; /5 = (Aﬁ/Q)’ and

A?/z is the restriction of Ag to Xf/z. Thus, the operator A_;/5 : X152 — X_; /5 inherits the property of
a bounded H*-calculus with H*°-angle ¢?4071/2 = 0 from the operator Ag.
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Since A_j /5 is the closure of Ag in X_; /5 it follows that A_; ou = Agu for v € X; and thus, for all

ve X}, it holds that

(A_1/2u,v) = (Aoul|v) L, ) = / Vu: Vv dz,
Q
where we made use of integration by parts. Using that X is dense in X, /5, we obtain the identity

(A_q)ou,v) = / Vu: Vo dz, (5.3)
Q

valid for all (u,v) € X5 x Xf/Q. We call the operator A_; /5 the weak Stokes operator subject to Dirichlet
boundary conditions and we write Ap , = A_y/2.

To compute the interpolation spaces, we define

. H3 ()N L, -(9), 0,1],
o3 (@) = 1) O Lao(@), s €01
' (OHq’,a(Q))/a s € [_170)7
and
B ()N L, ,(Q 1
Ongo(Q) — 0 qp_(S ) N ,II,U( )7 s € (Oa ]a
' (OBq’p/,a(Q)) ’ s € [7130)7
and oBy, ,(Q) := (X_12,X1/2)1/2,,- Here OB‘;p(Q)d for s > 0 is defined as in (5.2) with H replaced by

Bg, for s # 1/q, [, ]1/4 replaced by (-,-)1/q,p for s =1/q. As in Sect. 2 we obtain the following result for
the complex and real interpolation spaces.

Proposition 5.1. Let 6 € [0,1] and p,q € (1,00). Then
[(X_1/2, X1/2]0 = quszl(Q), 20 —-1+#1/q
and
(X_1/2. X1/2)0p = 0B 1 (), 20— 1# 1/q.

Moreover, it holds that

(0Hy - () = (oHy (") N R(QY)
and

0By ()" = (0B ()7 N R(QY)
for s >0, where Q* denotes the dual of the restriction of Q to oH,, ()% and 0By ()%, respectively.
Multiplying (5.1) by a function ¢ € oH, ;,70(9) and integrating by parts, we obtain the weak formulation

Ou+ Ap wu = Fyy(u), u(0) = uo, (5.4)

where
(Fu(u),¢) == (u®@u, Vo).

To solve the equation (5.4), we will apply Theorem 1.1 with the choice X' = OH(;;(Q) and X}’ =

OH(},U(Q)- For that purpose we have to show that the nonlinearity Fy, : X — X 1/ is well defined,
where

XY =D(A} ) = [X¢, XV = oH2271(Q), B e (0,1).
By Sobolev embedding, we have HgB*I(Q) — L9g(2) provided that 28 — 1 > %. From now on, we
assume 20 — 1 = 2%, which means ¢ > d/2 as 8 < 1. Then the mapping

[u—u®u]: HP7H(Q)4 — Ly(Q)?
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is well defined and by Hélder’s inequality, we obtain
(u@u), Vo)L, ) < lullf,, @Vl @
Therefore, the nonlinear mapping F, : X5 — Xy’ is well-defined.
If 26 — 1 = d/2q, the critical weight p € (1/p,1] is given by u = 1/p + d/2q and the corresponding
critical trace space in the weak setting reads

X = (X", X1 ) p—1/pp = OBd/q_l(Q)d‘

qp,o

The existence and uniqueness result for (5.4) in critical spaces reads as follows.

Theorem 5.2. Let p € (1,00) and q € (d/2,00) such that % + 2% < 1. For any ug € OB%flgl(Q)d there
exists a unique solution

we Hy ,,(0,a;0H, () N Ly (0,050 Hy , ()

of (5.4) for some a = a(ug) > 0, with u = 1/p + d/2q. The solution exists on a mazimal time interval
[0,t4(up)) and depends continuously on ug. In addition, we have

we C([0,t4);0BY21(Q) N C((0,t4);0BL,2/7(Q)),

qp,o qp,o

which means that the solution regularizes instantaneously provided 1/p + d/2q < 1.
Moreover, the following assertions hold.

(1) I % + 2% < 1 there exists r > 0 such that the solution u(t,ug) of (5.4) exists globally and converges
to zero in the norm of B;;Z/p(Q)d as t — oo, provided |lug|| gasa—1 <.
qp
(2) Ifp> 2 and q > d, there exists r > 0 such that the solution u(t,uy) of (5.4) exists globally and

converges to zero in the norm of B§;2/p(§2)d as t — oo, provided |lug|| gasa—1 <.
qap

Proof. The first assertion follows directly from Theorem 1.1, while the second assertion can be proven by
the same arguments which lead to Theorem 3.6. O
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