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1. Introduction

We consider the following two-dimensional generalized MHD (GMHD, for simplicity) system:
ut+u-Vu+Vr+ A% —b-Vb=0, (t,z)€RT xR?,

be+u-Vb+A?Pb—b-Vu =0, (t,z) € Rt x R?, an
divu = 0,divb = 0, (t,z) € Rt x R '
(u, b)(x,0) = (uo, bo) (), x € R?,

here u = u(z,t) € R%, b = b(x,t) € R?, and 7 = 7(z,t) € R represent the unknown velocity field, the
magnetic field and the pressure respectively. « > 0,8 > 0 are real parameters. We identify the case
a = =0 as the 2D GMHD system with zero velocity and zero magnetic diffusion respectively (so called
idea MHD equations). A = (—A)2 is defined in terms of Fourier transform by X}(f) = €] ().

First of all, local well-posedness and global existence results are established in [1-4]. Then, we mention
some results about the global regularity theory for the 2D GMHD systems. In [5], Tran, Yu and Zhai
proved that smooth solutions are global in the following three cases: a« > 1,6 > 1; 0 < a < %, 20+ 0 > 2;
a > 2,3 = 0. Recently, Jiu and Zhao got a global regular solution under the assumption that 0 < a < %,
8 > 1, 3a+ 28 > 3. In particular, it was proved the solution exists globally for the case o = 0,3 > %,
this result was also proved independently in [6,7]. Later, global regularity for the case a = 0,5 > 1 was
established in [8] and [9] independently. Meanwhile, using the Fourier series analysis Ji proved the global
regularity criterion when % < a<1,8=1in [10]. Very recently, it was improved that the solution of the
2D GMHD system exists globally for the case a > 0,5 =1 in [11].

Extensive studies on regularity criterion theory have also been made for the 2D GMHD systems with
a =1, = 0. The following regularity criterion on the magnetic field

be LP(0,T; W>4(R?)), with % + é <2, 1<p< %, 2 < q < oo,
is given in [12]. But it is not scaling invariant. Later, in [13], Fan and Ozawa proved a regularity
criterion on the velocity field as Vu € L1(0,T; L>(R?)). A regularity criterion in terms of b ® b as
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b®b e LY(0,T; BMO(R?)) is proved in [14], and another regularity criterion in terms of Vb as Vb €
L'(0,T; BMO(R?)) is proved in [15].

Now, we introduce some notations which will be used in this paper. Use || - ||, to denote the L?(R?)
norm. Throughout this paper, C' denotes a generic positive constant (generally large), it may be different
from line to line. Use f to denote the Fourier transform of f. We introduce the norm L?-4

t .
I/l _{(fo NfCm)[adr)r, if 1<p< oo,
Lpa = ‘
esssup ger<y |[fllLe, if p=oo.

From [16], we know that if & = § and (u,b)(x,t) is a solution to (1.1), then (uy,by)(z,t) with any
A > 0 is also a solution, where wuy(x,t) = A2 lu(Az, \2%t) and by(x,t) = N2*71b(Az, A\29t). Direct
calculation yields the norms |lu||zr.a and ||[AYu||Lr.« are scaling dimension zero for 2?“ + % =2a—1 and
%a + % = 2a+ v — 1 respectively. It should be noted that both equations have the same scaling property
according to the dimensions 2 and 3. Another similarity from a scaling viewpoint can be found in the 2D
dissipative quasi-geostrophic equation whose global well-posedness had been solved by Kiselev—Nazarov—
Volberg [17], and whose further development of regularity of weak solutions was fully established by
Caffarelli-Vasser [18]. In this respect, we may say that the topic of the present paper plays a central role
in the research of regularity theorems on solutions arising in the equations of the fluid mechanics. This
paper is devoted to obtaining some scaling invariant regularity criteria for the general system (1.1). Such
a criterion on the 3D Euler equations was first obtained by Beale-Kato—Majda [19] in the case when
w € LY(0,T; L*(R?)). It should be emphasized that the present paper treats also the marginal case when
w € LY(0,T; BMO) like Kozono-Taniuchi [20] in the reference. Here, we also would like to call attention
to a recent work on related generalized Hall- MHD system [21] and references therein.

Our main results are the following four theorems. In what follows, we set p = max{%,Q}, 0o =
max{%, 2}. The first theorem is for large o and 3.

Theorem 1.1. Let o, 3 > % Suppose ug(x),bo(x) € H*(R?) and (u,b)(x,t) is a local smooth solution of
the system (1.1). If w(x,t),j(x,t) satisfy

T 1
/o lw( Bl dt < C(T), (1.2)
T
/0 (- 0)Pdt < C(T), (1.3)
T
/0 (. DI2de < O(T), (1.4)
T
/0 15 Dl2dt < O(T), (15)

then (u,b)(x,t) is a regular solution in (0,T’] for some T' > T. Here w = —Oauy +O1usg, j = —02by + 01 ba,
— 1 1

9/3 - pB’ p Z B

Remark 1.1. The regularity criteria in Theorem 1.1 are given in terms of w or j. A natural question

is wether the regularity criteria can be given in terms of A%u or A®b. Here, we can prove that for

1>a,0> %, if APb satisfies

/T |APb(-, )| 7 dt < C(T), (1.6)
0
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2_ (95—
then the solution remains smooth on (0,7], where p, = M, 25771 <1< w*% It seems that

« S
the regularity criteria in terms of A%u (o < 1) is much more difficult. We hope we can investigate it in
the future.

In comparison with the 3D Navier-Stokes equations, the most important exponents o and [ in the

2D MHD equations are the case when a = 3 = % It is well-known that the 2D generalized Navier-Stokes

equation possesses a global classical solution with o > 1 (see [22] for details). Thanks to Theorem 1.1,
we have the following interesting improvement.
Corollary 1.1. Let a > 3 and ug(z) € H*(R?). Then, the 2D generalized Navier-Stokes equation
ug +u-Vu+ Vr+ A2%u =0, (t,z) € RT x R?,
divu = 0, (t,z) € Rt x R? (1.7)
u(z,0) = ug(z), r € R%
has a unique global classical solution.

The following theorems are established for the cases with small a or 3.

Theorem 1.2. Let 0 <a <1, 3>0o0ra>0,0<3<i. Suppose ug(x),bo(z) € H*(R?) and (u,b)(z,t)
is a local smooth solution of the system (1.1). If

T L e
/0 (UlwC Ol + 13 C D)l )dt < C(T). (1.8)
Then (u,b)(x,t) is a reqular solution in (0,T'] for some T’ > T. Here 0 = max{0y,03}, 0o = pia, pa > 1.
Theorem 1.3. Let o > 0, 3 = 0. Suppose ug(z),bo(z) € H*(R?) and (u,b)(x,t) is a local smooth solution
of the system (1.1). if (u,b)(x,t) satisfies
T 2
/O IVul, o + 3¢ O~ )dt < C(T), (1.9)

or
T
| vt il + i 0 < @), (1.10)
then (u,b)(z,t) is a regular solution in (0,T'] for some T' > T, where = p%, pa > 2.

For the case a = 0, 8 > 0 we can give the following regularity criteria.

Theorem 1.4. Let o =0, 3 > 0. Suppose ug(z),bo(z) € H*(R?) and (u,b)(x,t) is a local smooth solution
of the system (1.1). Suppose the corresponding solution satisfies

T
/0 (19U )lloo + 5602t < C(T), (1.11)

or

T T
/ ()l Barodt < C(T), / (- 0)|2dt < C(T),

0 0
T
and / (- H)l[3dt < C(T), (1.12)
0
then (u,b)(z,t) is a regular solution in (0,T’] for some T" > T.
Before giving the proofs of our main theorems, we would like to give some remarks about our results.

Remark 1.2. If a = (3, the regularity criteria given by (1.2), (1.4), (1.5), (1.6), (1.8) satisfy Qﬁ(l—%)—&—% =

28, 2 +2=2afora <1, P +2=28for3<1,08(1-ps)+2=33—1and23(1-0)+2=28
respectively, they are all scaling invariant.



334 Z. Jiang et al. JMFM

Remark 1.3. If a = 0, 8 > 1,0ne can prove w € L>(0,T; L?(R?)),2 < p < oo, j € L*(0,T; LP(R?)),2 <
p < oo (refer [9] for details) the regularity criteria in Theorem 1.4 is satisfied naturally. So we recover the
result in [8] and [9)].

Remark 1.4. If a > 0, 8 = 1, combining the result in [11] and the equations (2.1), (2.7) and (2.11) we can
obtain u,b € L*(0,T; H?(R?)), the regularity criteria in (1.8) is satisfied naturally. So the corresponding
solution exists globally.

Remark 1.5. If « > 2, 3 = 0, one can prove w € L?(0,T; H*(R?)), j € L*>(0,T; H'(R?)),2 < p < o0
(refer [5] for details), the regularity criteria in (1.9) is satisfied naturally. So the corresponding solution
exists globally.

Remark 1.6. Let 0 < B < % <aanda+f>lor0<ac< % < 3. The regularity criteria can also be
given in terms of w.
For 0 < B < % <« and a+ 8 > 1 the regularity criteria can be given by (1.3) or

T 1
/0 lw (-, )l " dt < C(T), (1.13)

For0<a< % < [ the regularity criteria can be given by

T 1
| letnma < o). (1.14)

2. Proof of Theorem 1.1

In this section, we devote to prove Theorem 1.1. Under the assumption in Theorem 1.1, if u € L>°(0, T}
H(R?)) and b € L>=(0,T; H*(R?)), we can deduce u € L>=(0,T; H*(R?)) and b € L*°(0,T; H*(R?)). So
it is sufficient to give a priori estimates to bound H! norms of u and b.

Proof. Multiplying both sides of the equations of u, b in (1.1) by u, b respectively, integrating over R? and
adding the resulting equations together we obtain

t
ull3 () + [1BII5(2) +2/0 IA“ul|3 + [|A%D]|3ds = ||uolI3 + [|bolI3- (2.1)
Let w = —0ouq + Orus, j = —doby + O1b2, then we obtain the following equations for w and j:
wF+u-Vw+ A0 —b-Vj=0, (t,z) € RT x R?
Ji+u-Vji+APj—b-Vw=Q(Vu,Vb), (t,x)€RT x R? 22)
divu = 0,divb =0, (t,z) € RT x R?,
(u, b)(z,0) = (uo, bo)(z), z € R?,

where Q(V’U,, Vb) = 201b; (81UQ + 82U1) + 282u2(81b2 + 82171).
Now, we are ready to give the H' estimation for (u,b), multiplying the equations of w,j in (2.2) by
w, j respectively, integrating over R? and adding the resulting equations together we obtain
1d ) o . .
5= (Iwl3 +113113) + [1A°wl13 + 47513 =/ Q(Vu, Vb)jdx
2 dt R2
< Cllwllpllil3g

.12—26 1120
< Clljlly " NAZ5 1 ol
1

. 1—-6 .
< Clil3lwlle™ + el AZ5]3, (2.3)
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where p > %, % + % = 1. Here we have used the Galiardo—Nirenberg inequality
. l— . 1 1 g 1—-063
<CljllsI0%)1y, ==(=-5)¢ 0<65<1 2.4
Iil0 < Clalls I, 52 = (55 ) 0o+ 52 0<05<1, (2.4)
then it yields
11 1
o2 2 _w_ 1
8 B ’
£ 5 b
Thanks to regularity criteria (1.2), we obtain
t
(w13 + [15113) +/O [Aw][3 + [[AZ]13dt < C(T). (2.5)
On the other hand, if g > 0, we have
1d ‘ . , Cllwll? [1713 + 3IA75113, if 0<B <1,
(R I L R P e A
Clwlizllilz + 5lAdllz, — if B=1,
. 1 .
< Cllwli3llil3 + §||Aﬁ‘7||§‘ (2.6)
Or
1d ‘ . , Cllwl3l1I% + 3IA75113, if 0< B <1,
(R I R R P i A
Clwlizllilz + 5lAdllz, — if B=1,
. 1 .
< Cllwli3lI51I3 + §||AﬁJ||§~ (2.7)

Here we have used the Galiardo—Nirenberg inequality
13113 < ClIAZ1203]l 2.
and the estimate given in [20]
10°f - 0°gllr < CU fllzmol AP lgl, + gl Baro | A*F £,

We need the condition (1.3) or (1.5) to guarantee the H' estimate (2.5).
If @ > 0, using the Holder’s inequality and Young’s inequality we have

| =

1 . o ‘
5 77 (I3 + 1712) + [A°w]3 + [A75]13 <

IS

¢ HIvwl3 + Clil4,

21 s 1
< CllilzN5115 + 5 lIAwl3.

Cllwll 2 1312 < slAwlE +CllBIIE, 0<a<l,

a>1,

(2.8)

Here we have used the embeddings H*(R™) — L(R") for s < & and % =3—2and H' < BMO in 2D.

Finally, use (1.4) we obtain (2.5). Now we complete the H! estimation.

As the MHD system stays regular beyond T if and only if fOT lwllBamo + |17l Bmodt < co. Using
the embedding H'(R?) — BMO(R?) in 2D, if w,j € L>(0,T; H*(R?)), we can deduce that w,;j €
L*°(0,T; BMO(R?)). Now, we only have to prove w,j € L*(0,T; H'(R?)). Form (2.2), we have

(Oiw)e +u - V(9iw) + A**(9w) = —0;u - Vw + 0;(b - V),

(0i)e +u-V(8;5) + A*P(9;§) = =0u - Vj + 0;(b - Vw) + 8;Q(Vu, Vb).

(2.9)
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Multiplying the equation of d;w, 9;j in (2.9) by diw, 0;j respectively, integrating over R? and adding the
resulting equations together we obtain

1d . .
5 7 (196113 + 110:5113) + 1A 0ico |3 + 1470513

= —/ (Oiu - Vw)Owdzx + / (0;b - Vj)Oiwdx — / (Osu - V)0 jdx
R2 R2 R2
R2 R2

2111 +I2+Ig+[4+]5

If > %, 8> %, the following Galiardo—Nirenberg inequalities will be used in our estimation:

(2.10)

V11l < CIIAZ FI5 A2V £S5,

IVflls < CIVAIS ARV A3,

IVl = IV A5 IV FIE, < CIAR FI3 IV A 1A v 713,
I/llzs < CIFIS IAZV 113

Now, we we are ready to give the estimate for the right hand of (2.10).

Il = 7/ (&u . Vw)azwdx § CHWHLS.HVLOH%ﬁ
R2
4 2
< CllwllLs [Vl 2 IVwl| 25
7 1 2 1 2 2 1 14
< Ollwl3 A2 Vw3 [A2w]l3 [[Vwll3 [|A2 Vwl|y?

z 1 2 2 1 16
< Clwliz 1Az wll3 [[Vewll3 [|AZ Vewlly
1 1
< COwliFIAz w3 Vwll3 + e A2 Vuwlf3.

l= [ (@b Vi)owds < 115l |Vl
R
AL ALl oS AL s AL s 1EALe 1%
< CllIZ 1Az Vil [[AZ5 13 I1Vills 1A VI3 IAZw]ls V|3 [A2 Vw]|3
TR R Rl . 1,4 R 7
< Ollils 1Az 53 IV4lI3 A2 Villz[[Azw]|3 [ Vw3 [[AZ Vw3
. 1, . 1 1 . 1
< COIGIFNAZF1I31VHI3 + A2 w3 Vw]3) + e(IA2 V|3 + |AZ Vw|3).
b= [ (G- Vidide < Cllolus |Vl
R
4 . 2
< OllwllzslIVill s 1Vill}s
< C(e)llwlFIAZ131V4lI3 + e(IA2 V|3 + [|A2 Vw|3).
As
i = [ (8- V)dijde < Clillo |3 s |V
RQ
we can use the same method as I5 to cope with it.
Is = . 9;Q(Vu, Vb)d;jdr < C|ljlls|VillsVwlls + Cllwllsl|Vill3

. 1 . 1 1 . 1
< CEU1E + DA GBIV + 1Az I3IVw3) + e(A2 Vi3 + [|AZ Va3).

In the above estimation we have also used Holder’s inequality and Young’s inequality.
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Finally, putting the above results together and setting e suitably small, we deduce
d . o .
@(IIVMI% +IV4113) + 1A Vw3 + |A V13
< C(llwllz + 11D UAZFZIVIE + Az w3 Vw]3). (2.11)
Then, by Gronwall’s inequality and (2.5) we have
t
(IVwll3 +11V313) +/O [A*Vw|3 + [A°Vj|[3dt < C(T). (2.12)

That is to say w, j € L°°(0,T; H'(R?)).
The proof of Theorem 1.1 is complete. (I

Now we give the proof of Remark 1.1.

Proof. If in addition, 1 > «, 3 > %, the estimates (2.1) and (2.12) is the same as that in Theorem 1.1.
Now we only have to give the estimate (2.5). Using the following inequalities

p 2 2
1 1-— 1-—
7:754_ 987 1_/8§98§17
2q 2 s

_ 1 1 « 1-0p
lwlly < ]2 w2, =(‘>p“+  0Spast

. —0, 0,
Ill2q < ClIAZD]T% AT Pb]l57,

and letting 6 = %, we can deduce

1d _ : .
5 7 (IWl3 + 15313) + 1A°wl3 + [IA7]]15 < Cllwllp 7113,
1—pa o —20, 21120,

< Cllwlly " [A%wl]l5 [A%D] 2720 |A%]13

2
< ClwlBIA"Bl™ + e A%wll3 + €l A%,

where
11
1-1 5 2
pa=252="2 2<p< =
S pa -«
g1 P
fs=1—5s{=——], = .
’ (2 ) " T -1
The regularity criterion (1.6) also guarantees the H' estimate (2.5). O

3. Proof of Theorem 1.2

First, we use (1.8) and (2.3) to obtain the H' estimation (2.5).

Under the assumption of Theorem 1.2, we can’t establish the estimation (2.12) as that in Theorem
1.1. Now, we should give the estimate of I;,7 = 1,2,3,4,5 which are defined in Sect. 2. If 0 < a < %,
G>0o0ra>0,0<8< %, use (2.4), Holder’s inequality and Young’s inequality we obtain

I = 7/ (Osu - Vw)Oswdx < C’Hw”pHVu}ng
R2

2(1—64 20,
< Cllwllp IVl AT+ ew|2
1

< COlwllp™™ IVl + el AT w]3,
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where £ +1 =1, and 0, = a1
P q [e% P
b= [ (@ Vi)aide < Clal, VIR,
R
1-60 20
< C||w||p||w||2< O A*E |50
< COIIT V3 + e A2 (3.1)
Similarly, I;,7 = 2,4, 5, can be bounded as follows.
o, I < Cl31p11V 5 2l Vel
0 . T @ .
< 00 (w IV + [ ||w||3) T e(JAT w2 + A 2).
Is < Clljllp | Vill2q] Vol g + cnwnpnwnzq
< o(e)[(njnp Tl ) 19312+ 1157 Vi) + (AT w2 + [AM25]2).
Finally, Let € suitably small and put the above results together, we deduce
d . o .
Z VWl +1V313) + 1A Vel3 + 1A V33
< CUIET + Noll™ ) IVAIE + (I + [l Vel (3.2)
If we have
T 1 T 1—16 T 1 T ﬁ
/0 w37 dt, / ol dt, / 151137 dt, / 4lls~ dt < C(T). (3.3)

By the Gronwall’s inequality we can deduce (2.12). As the regularity criteria in Theorem 1.2 covered
(3.3), so we finish our proof.

4. Proof of Theorem 1.3

Firstly we give the H! estimation for (u,b):

1d . . .
52 (Il + 1718) + 1A%l + 14513 < CIIValollj13.

Then use the Gronwall’s inequality and (1.11) we obtain (2.5).

In order to give the H? estimation for (u,b), we should estimate I;,i = 1,2, 3,4,5 which are defined
in Sect. 2.

j. _/ (O - Ve)dwda: < OVl oo | V|2 (4.1)
RZ

I = — / (B V)dsjde < C|[ V|| V2. (42)
]RZ

I, Iy < C|IVjllallillp I V@lly < [Vill20515 1 VwllzC |A* Vw3
_2
< Clljllp ™" (IVwl3 + [IV513) + el A“Vew|3.

Here § = 2, pa > 2 =
pa

, % + % % Here we have used the Galiardo—Nirenberg inequality

Ca 1 (1 « 1-0
IVl < CIVellaevels, = (5-3)o+ 150 oot
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with

0lR [ 1=

On the other hand we can estimate I, I as
Clillz A*Vwl2[Vill2 < ClliIZIVIIE + e AT w]E, 0 <a<t,

ClAI3IVIIE + el V2wll3, a>1,
< ClIRIVIIZ + el AT w]3. (4.3)

I5 < C||Vullo[IV4lI3 + Cllills ™" (IV5113 + [Vw]3) + el AT wll3,
or
Is < C||Vullso|IV4lI3 + ClFIRIVIE + ell A w3,

Finally, let € suitably small and put the above results, we deduce

d : o : e :
Vel + [1V515) + |4Vl + [[A7Vj]I3 < C <|VUIoo +15llp 9) (V4113 + IVwl3),

or

d , . . ) .
(VI3 + V55 + [A*Vw]5 + [A7V]]5 < C(IVulleo + IF15) VIS + [IVe]3),

Then, by the Gronwall’s inequality, (1.9) or (1.10) we obtain (2.12).
Now we finish our proof.

5. Proof of Theorem 1.4

The H'! estimation for (u,b) is the same as that in the proof of Theorem 1.3.

For a = 0, 3 > 0, in order to give the H? estimation for (u,b), we should estimate I;,i = 1,2,3,4,5
which are defined in Sect. 2.

< {ClljgllA5Vj||2||lelz < Clljl3 IVl + el APVj]3, 0< B <1,
27 - . .
Clil3IIVwl3 + el V25ll3, B=1,
< Clil3IVwl3 + el A”V3]3. (5.1)

Is < Ol 151Vl + ClIVull V313 + el A7V 13-

Finally, let € suitably small and put the above results and (4.1), (4.2) together, we deduce

d . . . .
(VI3 + V513 + [A*Vwl3 + [A7V]15 < C(I5IE + [Vullo)(IVw]3 + V13- (5-2)
Then, by using the Gronwall’s inequality and (1.11) we obtain (2.12).
On the other hand, for a = 0, 3 > 0, we use (2.7) to give the H! estimation for (u,b).
Ld
2dt
Then use the Gronwall’s inequality and (1.12) we obtain (2.5).

. . . 1 .
(lwll3 + 153113) + 11875115 < ClIZ I3 + 517513,
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Now, we give the H' estimation for (w, j). We should give the estimation of I;,i = 1,2,3,4,5 which
are defined in Sect. 2.

I = —/ (5 - V)dwda < Cllwll maol| Ve[
R2

Cllwll 3 1AV lla [ Villa < Cllwl V413 + e AV3]3, 0<B <1,
7\ CIwIBIVIIB + el 213, 521,
I 214113 + ell A%+ 513, (5.3)
We use (4.3) to estimate Iy and Iy.
Is < CIlj1I2I Vw3 + Clwl2IVill3 + e APV]3.

Finally, let € suitably small and put the above results together, we deduce

IN

d . o , . ‘
S (IVel3 +1V513) + 1AVl + [A7V5113 < Cllwlzao + 5115 + IRV + [IVwl2).

By the Gronwall’s inequality and (1.12), we obtain (2.12).
Now we complete our proof.
From the proof of our Theorems we can also give the following regularity criterion

Theorem 5.1. Let o, 3 > 0. Suppose ug(x),bo(x) € H?*(R?) and (u,b)(x,t) is a local smooth solution of
the system (1.1). If

T
/O (lwC Ol + lwCIZ + G 1)I7)dt < O(T), (5.4)
or
T
/O (o O3 + lw (5 + 15¢. Ol1)dt < C(T). (5.5)
Then the solution remains smooth on (0,T]. Use this reqularity criteria we can prove the existence of
global regularity when a4+ 3 >2,0< (8 < 1.
Proof. The H! estimation for (u,b) is given by (2.7), (2.8) or (5.3). In order to give the H? estimation
for (u,b), we should estimate I;,7 = 1,2,3,4,5 which are defined in Sect. 2.
I = —/ (Osu - Vw)Oswdr < C’Hw||i||VwH§ + e||ATTew]|2.
R2

Finally, let € suitably small and put the above result, (4.3), (5.1) and (5.3) together, we deduce the H?
estimation for (u,b).

In order to prove the global regularity we only have to prove (u,b)(x,t) satisfies (5.4) or (5.5).

If 0 < § < 1, we have a > 1. By using the Galiardo—Nirenberg inequality

2-p

lwllz < llul™"|A%ul3, 0<6="—=<1, (5.6)
we have
1d , . . .
5 77 (w113 + 17112) + [1A wl3 + 147513 :/ Q(Vu, Vb)jdx
R2
< CllAu31513 + IA7513-
Then we deduce (5.4). O
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