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Abstract. The weighted Lq −Lq (q = 1,∞) estimates for the Stokes flow are given in half spaces. Further large-time weighted
decays for the second spatial derivatives of the Navier–Stokes equations are established, where the unboundedness of the
projection operator P : Lq(Rn

+) → Lq
σ(Rn

+) (q = 1,∞) is overcome by employing a decomposition for the convection

term. The main results in this article are motivated by the work in Bae (J Differ Equ 222:1–20, 2006; J Math Fluid Mech
10:503–530, 2008) and Bae and Jin (Proc R Soc Edinb Sect A 135:461–477, 2005).
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1. Introduction and Main Results

The time behavior of strong solutions to the Navier–Stokes initial-value problem is considered in the half
space

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∂tu − Δu + (u · ∇)u + ∇p = 0 in R
n
+ × (0,∞),

∇ · u = 0 in R
n
+ × (0,∞),

u(x, t) = 0 on ∂Rn
+ × (0,∞),

u(x, 0) = u0 in R
n
+,

(1.1)

where n ≥ 2, and R
n
+ = {x = (x′, xn) ∈ R

n | xn > 0} is the upper-half space of Rn; u = (u1(x, t), u2(x, t),
. . . , un(x, t)) and p = p(x, t) denote unknown velocity vector and the pressure respectively, while initial
data u0(x) is assumed to satisfy a compatibility condition: ∇ · u0 = 0 in R

n
+ and the normal component

of u0 equals to zero on the boundary ∂Rn
+.

Now we introduce and explain some notations which are frequently used in this article: Let N denote
the positive integer set; C∞

0,σ(Rn
+) = {u ∈ C∞

0 (Rn
+); ∇ · u = 0 in R

n
+}; Lq

σ(Rn
+) (1 ≤ q < ∞) denotes

the closure of C∞
0,σ(Rn

+) with respect to ‖ · ‖Lq(Rn
+), where Lq(Rn

+) represents the usual Lebesgue space of
vector-valued functions. The norm of L∞(Rn

+) is given by ‖u‖L∞(Rn
+) = ess supx∈R

n
+

|u(x)|. By symbol
C, it means a generic positive constant whose value may change from line to line.

u is called a weak solution of (1.1) if u ∈ L∞(0,∞;L2
σ(Rn

+))
⋂

L2
loc([0,∞);H1

0 (Rn
+)) satisfies problem

(1.1) in the sense of distribution, with initial data u0 ∈ L2
σ(Rn

+). Moreover, the energy inequality holds
for almost all t ∈ [0,∞) including t = 0: ‖u(t)‖2

L2(Rn
+) + 2

∫ t

0
‖∇u(s)‖2

L2(Rn
+)ds ≤ ‖u0‖2

L2(Rn
+). Further we

call u is a strong solution of (1.1) if u satisfies Serrin’s condition: u ∈ Lq(0,∞;Lr(Rn
+)) with 2

q + n
r ≤ 1,

2 ≤ q < ∞, n < r ≤ ∞.
Let A denote the Stokes operator −PΔ in R

n
+, where P is the projection: Lr(Rn

+) −→ Lr
σ(Rn

+),
1 < r < ∞. Then the function e−tAu0 solves the Stokes system, that is, problem (1.1) with u · ∇u
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deleted, with the initial data u0. It is not difficult to find that one weak solution u of (1.1) with initial
data u0 ∈ L2

σ(Rn
+) can be rewritten as

u(t) = e−tAu0 −
∫ t

0

e−(t−s)APu(s) · ∇u(s)ds.

Observe that e−(t−s)APu(s) · ∇u(s), t > s ≥ 0 is another Stokes flow with initial data Pu(s) · ∇u(s). So
in order to study properties of Navier–Stokes equations, it is necessary to analyze the structures of the
Stokes flow.

Regularity-decay estimates like Lq−Lr estimates are extensively studied especially for 1 < q, r < ∞. If
Ω = R

n, the Stokes flow e−tAu0 is reduced to a solution of the heat equation with initial data u0 because
there is no boundary condition. However few results are available for q = r = 1,∞ in the cases where
the boundary ∂Ω is nonempty. The main difficulty lies in the fact that the projection associated with the
Helmholtz decomposition is not bounded in L1 and L∞ type spaces, because it involves singular integral
operators such as Riestz operators. For examples, it is known that ‖∇e−tAu0‖Lq(Rn

+) ≤ Ct−
1
2 ‖u0‖Lq(Rn

+)

with 1 < q < ∞ (see [41]). Furthermore if u0 ∈ L1
σ(Rn

+) satisfies some additional conditions, Bae and
Choe [3] showed that the decay rate of ∇e−tAu0 in Lq(Rn

+) (1 < q < ∞) could be controlled by t−1

times a constant. If the initial data u0 lies in an appropriate weighted space, Bae [1,2] estimated the time
decay rates of the gradient of Stokes solutions in L1(Rn

+). Jin [29,30] obtained some weighted spatial and
temporal decay estimates in a half space. Recently Han [23] established the weighted decay properties
for the Stokes flow: Let u0 = (u01, u02, · · · , u0n) satisfy ∇ · u0 = 0 in R

n
+ (n ≥ 2), and u0n |∂Rn

+
= 0. Then

for 0 ≤ β ≤ 1 and t > 0

‖∇ke−tAu0‖Lq(Rn
+) ≤ Ct−

β
2 − k

2 − n
2 ( 1

r − 1
q )‖xβ

nu0‖Lr(Rn
+), k = 0, 1, 2, . . . ,

provided either 1 ≤ r < q ≤ ∞ or 1 < r ≤ q < ∞. Here it should be pointed out that the Lq − Lr

estimates with q = r = 1,∞ for the Stokes flow e−tAu0 are not established by the author in [23], and the
methods employed in [23] are not applicable directly to such cases.

Theorem 1.1. Let a = (a1, a2, . . . , an) satisfy ∇ · a = 0 in R
n
+ (n ≥ 2), and an |∂Rn

+
= 0. Then for k ∈ N,

0 ≤ β ≤ 1 and t > 0

‖∇ke−tAa‖L1(Rn
+) ≤ Ct−

β
2 − k

2 ‖|x|βa‖L1(Rn
+); (1.2)

and

‖∇ke−tAa‖L∞(Rn
+) ≤ Ct−

k+1
2 ‖|x|a‖L∞(Rn

+). (1.3)

Remark. Obviously the conclusions in Theorem 1.1 with β = 0 can be regarded as a complement to the
results in [20]: Let a be given in Theorem 1.1. Then for t > 0

‖∇ke−tAa‖Lq(Rn
+) ≤ Ct−

k
2 − n

2 ( 1
r − 1

q )‖a‖Lr(Rn
+), k ∈ N,

provided either 1 ≤ r < q ≤ ∞ or 1 < r ≤ q < ∞.
Let a be given in Theorem 1.1. We are not sure whether the following estimate is true for 0 < α < 1

and t > 0

‖∇ke−tAa‖L∞(Rn
+) ≤ Ct−

k
2 − α

2 ‖|x|αa‖L∞(Rn
+), k ∈ N. (1.4)
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For example, let k = 1, 0 < α < 1, and �1, m1 ≥ 0, �1 + m1 ≤ n + 1 + α. It follows from (2.33) below
that for x = (x′, xn) ∈ R

n and t > 0

‖ sup
s>0

|Gs ∗ k0(α, x, ·)(y)|‖L1(Rn
y )

≤
2∑

k=1

C�1,m1t
�1+m1−n−1

2 − α
2

∫

Ω̃k

|y′|−�1dy′

×
(∫

R1
|yn|−m1(1−α)|(1 − τ0)xn + τ0yn|−m1αdyn

+ |xn|−m1(1−α)τ−m1α
0

∫

R1
|yn|−m1αdyn

)

= +∞ if m1 = 0; and −→ ∞ as xn −→ 0 if m1 > 0,

where τ0 ∈ (0, 1), Ω̃k (k = 1, 2) are given in the proof of (2.11) below, k0(α, x, y) is from (2.32) below.
This shows for t > 0

sup
x∈Rn

‖k0(α, x, ·)‖H1(Rn) = sup
x∈Rn

‖ sup
s>0

|Gs ∗ k0(α, x, ·)(y)|‖L1(Rn
y ) ≤ ∞. (1.5)

Similarly, let �2, m2 ≥ 0, 0 ≤ �2 + m2 ≤ n + 1 + α, and k1(α, x, y) is from (2.36) below. It follows
from (2.37) below that for x = (x′, xn) ∈ R

n and t > 0

‖ sup
s>0

|Gs ∗ k1(α, x, ·)|‖L1(Rn)

≤
2∑

k=1

C�2,m2t
�2+m2−n−1

2 − α
2

∫

Ω̃k

|z′|−�2dz′

×
(∫

R1
|zn|−m2(1−α)|(1 − τ1)xn + τ1zn|−m2αdzn

+ |xn|−m2(1−α)τ−m2α
1

∫

R1
|zn|−m2αdzn

)

, τ1 ∈ (0, 1)

= +∞ if m2 = 0; and −→ ∞ as xn −→ 0 if m2 > 0,

from which,

sup
x∈Rn

‖k1(α, x, ·)‖H1(Rn) = sup
x∈Rn

‖ sup
s>0

|Gs ∗ k1(α, x, ·)|‖L1(Rn) ≤ ∞. (1.6)

In addition, from (2.42) below, we also have for t > 0

sup
x∈Rn

‖k2(α, x, ·)‖H1(Rn) ≤ ∞, (1.7)

where k2(α, x, y) is from (2.41) below.
From (1.5)–(1.7), we can not find a finite upper bound to control supx∈Rn ‖kj(α, x, ·)‖H1(Rn), j = 0, 1, 2.

Then by checking the proof of Lemma 2.2, we are not sure whether the estimate of (1.4) is valid.
The second main result in this article deals with another class of weighted Lq − Lr estimates for the

Stokes flow. That is,

Theorem 1.2. Let u0 = (u01, u02, . . . , u0n) satisfy ∇ · u0 = 0 in R
n
+ (n ≥ 2), and u0n |∂Rn

+
= 0. Assume

1 ≤ r < q ≤ ∞ or 1 < r ≤ q ≤ ∞. Then for k ∈ {0}⋃
N, 0 ≤ α < k + n( 1

r − 1
q ) and t > 0

‖xα
n∇ke−tAu0‖Lq(Rn

+) ≤ C(t
α
2 − k

2 − n
2 ( 1

r − 1
q )‖u0‖Lr(Rn

+) + t−
k
2 − n

2 ( 1
r − 1

q )‖yα
nu0‖Lr(Rn

+));

‖|x′|α∇ke−tAu0‖Lq(Rn
+) ≤ C(t

α
2 − k

2 − n
2 ( 1

r − 1
q )‖u0‖Lr(Rn

+) + t−
k
2 − n

2 ( 1
r − 1

q )‖|y′|αu0‖Lr(Rn
+)).
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Remark. Let u0, k, α, q, r be given in Theorem 1.2. It is not hard to find from Theorem 1.2 that for t > 0

‖|x|α∇ke−tAu0‖Lq(Rn
+) ≤ C(t

α
2 − k

2 − n
2 ( 1

r − 1
q )‖u0‖Lr(Rn

+) + t−
k
2 − n

2 ( 1
r − 1

q )‖|y|αu0‖Lr(Rn
+)).

In recent years, much attention has been paid to the Navier–Stokes equations. Bae and Choe [4], Bae
and Jin [5], Caffarelli et al. [14], Lin [28], Chae [15–19] considered the regularity and related topics on
the Navier–Stokes equations, which brings about a deeper understanding on the regularity theory and
narrowed the gap between what we can get from the global existence theory and what we need for the
uniqueness and regularity of global weak solutions to the incompressible Navier–Stokes equations.

Bae and Choe [3], Bae and Jin [6–10], Brandolese [11,12], Brandolese and Vigneron [13], Fujigaki and
Miyakawa [20], Schonbek [31–36] considered the asymptotic behavior for weak and strong solutions of
(1.1) on the whole space R

n, and many important and interesting results are obtained. Bae and Jin [9],
He and Wang [27] showed the weighted energy inequality for solutions of the Cauchy problem under some
conditions on the initial data. The situation changes in the case of domains with boundary; the difficulty
comes from the lack of the weighted estimate with respect to pressure because of the appearance and the
non-compactness of the boundary.

To our knowledge, few weighted decay results are available on the second derivatives of solutions of
(1.1) in Lr(Rn

+) with 1 ≤ r ≤ ∞. In this article, we use Solonnikov’s solution formula and a decomposition
for the convection term of (1.1), not the integral formula of solutions of (1.1), to establish the weighted
decays.

Theorem 1.3. Assume u0 ∈ L1(Rn
+)

⋂
Lq

σ(Rn
+) (n ≥ 2) for all 1 < q < ∞, satisfies ‖|x′|u0‖L1(Rn

+) +
‖|x′|u0‖L2(Rn

+) + ‖(1 + |x′|)∇u0‖L2(Rn
+) < ∞. There exists a number η0 > 0 such that if ‖u0‖Ln(Rn

+) ≤ η0

(smallness condition is unnecessary if n = 2), then problem (1.1) possesses a unique strong solution u
which satisfies for t ≥ t0 with some number t0 ≥ 1

‖|x′|β∇2u(t)‖Lr(Rn
+) ≤ Ct−1− n

2 (1− 1
r )+ β

2 with 1 ≤ r ≤ ∞, 0 < β < 1, n ≥ 3.

Further if ‖xnu0‖L1(Rn
+) < ∞ for n = 2, then for t ≥ t0

‖|x′|β∇2u(t)‖Lr(Rn
+) ≤ Ct−

1
2−(1− 1

r )+ β
2 with n = 2.

Remark. Let x = (x′, xn), y = (y′, yn) ∈ R
n
+ and r, β be given in Theorem 1.3. Recently, making full

use of the structure of the half space and Solonnikov’s solution formula, the author [26] could avoid the
singularity caused by the weight xβ

n, and established the decay of ‖xβ
n∇2u(t)‖Lr(Rn

+). However, it becomes
hard to handle another class of decays: ‖|x′|β∇2u(t)‖Lr(Rn

+), the main reason is that the weight |y′|β
results in the strong singularity in Solonnikov’s solution formula (this weight comes from the inequality:
|x′|β ≤ |x′ − y′|β + |y′|β). In order to overcome this difficulty, we have to search new ideas and technical
approaches, see Lemma 3.1 below for the details.

2. Weighted Decays for the Stokes Flows

It is well known that the Hardy space Hq(Rn) with 1 ≤ q < ∞ (see the definition in [40] for example) is
a Banach space, and Hq(Rn) = Lq(Rn) if 1 < q < ∞; H1(Rn) ⊂ L1(Rn). The crucial fact for our purpose
is the boundedness of the Riesz transforms Rj (1 ≤ j ≤ n) on all of the spaces Hq(Rn) with 1 ≤ q < ∞.
Furthermore, a function f ∈ L1(Rn) belongs to the Hardy space H1(Rn) if sups>0 |Gs ∗ f(x)| ∈ L1(Rn),
where the symbol ∗ denotes the convolution with respect to the space variable x ∈ R

n, Gs is the Gauss
kernel Gs(x) = (4πs)− n

2 e− |x|2
4s , s > 0. The norm of f ∈ H1(Rn) can be defined by

‖f‖H1(Rn) =: ‖ sup
s>0

|Gs ∗ f |‖L1(Rn).
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The Hardy space on the half space is denoted by Hq(Rn
+) (1 ≤ q < ∞), whose norm can be defined

by

‖f‖Hq(Rn
+) =: inf

{‖f̃‖Hq(Rn) | f̃ ∈ Hq(Rn), f̃ |Rn
+

= f
}
.

Let F be the Fourier transform in R
n:

Ff(ξ) =
∫

Rn

e−iξ·xf(x)dx.

The Riesz operators Rj (j = 1, 2, . . . , n), Sj (j = 1, 2, . . . , n − 1), and the operator Λ are defined by

F(Rjf)(ξ) =
iξj

|ξ| Ff(ξ), F(Sjf)(ξ) =
iξj

|ξ′|Ff(ξ), F(Λf)(ξ) = |ξ′|Ff(ξ),

where ξ = (ξ1, ξ2, . . . , ξn−1, ξn) = (ξ′, ξn) ∈ R
n−1 × R

1.
Let r be the restriction operator from R

n to R
n
+, and e is the extension operator from R

n
+ to R

n,
which is defined by

ef(x) =

{
f(x) if xn ≥ 0,

0 if xn < 0.

Define the operators E(t) and F (t) by

E(t)f(x) =
∫

R
n
+

[Gt(x′ − y′, xn − yn) − Gt(x′ − y′, xn + yn)]f(y)dy,

and

F (t)f(x) =
∫

R
n
+

[Gt(x′ − y′, xn − yn) + Gt(x′ − y′, xn + yn)]f(y)dy.

By the solution formula in [41], the Stokes flow u = (u′, un) = e−tAu0 can be represented as
{

un = UE(t)V1u0,

u′ = E(t)V2u0 − SUE(t)V1u0,
(2.1)

where the operators are defined by Uf = rR′ ·S(R′ ·S +Rn)ef , V1u0 = −S ·u′
0 +u0n, V2u0 = u′

0 +Su0n,
R′ = (R1, R2, . . . , Rn−1), S = (S1, S2, . . . , Sn−1), u0 = (u01, u02, . . . , u0n) = (u′

0, u0n).
Note that the Stokes flow u = (u′, un) = e−tAu0 is given as a restriction ru of one vector field

u = (u′, un):

un = R′ · S(R′ · S + Rn)eE(t)V1u0 = R′ · S(R′ · S + Rn)(−S · eE(t)u′
0 + eE(t)u0n); (2.2)

u′ = E(t)V2u0 − SR′ · S(R′ · S + Rn)eE(t)V1u0 = E(t)u′
0 + SE(t)u0n − Sun. (2.3)

Lemma 2.1. Let a = (a′, an) = (a1, a2, . . . , an) satisfy ∇ · a = 0 in R
n
+ (n ≥ 2), and an |∂Rn

+
= 0. Then

for 0 ≤ β ≤ 1 and t > 0

‖∇e−tAa‖L1(Rn
+) ≤ Ct−

1
2− β

2 ‖|x|βa‖L1(Rn
+).

Proof. Note that the Stokes flow e−tAa is given as a restriction ru of one vector field u = (u′, un), where
un, u′ are given in (2.2), (2.3) respectively, with initial data u0 = a. Moreover it follows from Lemma 1.2
in [21] that for 1 ≤ j ≤ n and t > 0

∂jun = −Rj [R′ · ΛeE(t)a′ − Rn∇′ · eE(t)a′ + R′ · ∇′eE(t)an + RnΛeE(t)an]; (2.4)

∂ju
′ = ∂jE(t)a′ + ∂j∇′Λ−1E(t)an + Rj [R′∇′ · eE(t)a′ − Rn∇′∇′Λ−1 · eE(t)a′

−R′ΛeE(t)an + Rn∇′eE(t)an],
(2.5)

where ∇′ = (∂1, ∂2, . . . , ∂n−1).
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Denote the odd and even extensions of a function f from R
n
+ to R

n respectively by

f∗(x′, xn) =

{
f(x′, xn) if xn ≥ 0,

−f(x′,−xn) if xn < 0,
and f∗(x′, xn) =

{
f(x′, xn) if xn ≥ 0,

f(x′,−xn) if xn < 0.

Note that Gs+t = Gs ∗ Gt, ∀s, t > 0. Let 1 ≤ j ≤ n, 0 < α ≤ 1. Then for any x = (x′, xn) ∈ R
n and

s, t > 0

|Gs ∗ [∂jE(t)f ](x)| = |Gs ∗ [∂jGt ∗ f∗](x)| = |∂jGs+t ∗ f∗(x)|
=

∣
∣
∣
∣

∫

Rn

(
∂xj

Gs+t(x′ − y′, xn − yn) − ∂xj
Gs+t(x′ − y′, xn)

)
f∗(y′, yn)dy′dyn

∣
∣
∣
∣

≤
∫

Rn

∣
∣∂xj

Gs+t(x′ − y′, xn − yn) − ∂xj
Gs+t(x′ − y′, xn)

∣
∣1−α

×
∣
∣
∣
∣

∫ 1

0

∂xj
∂xn

Gs+t(x′ − y′, xn − τyn)dτ

∣
∣
∣
∣

α

|yn|α|f∗(y′, yn)|dy′dyn.

(2.6)

For 1 ≤ j ≤ n, �1,m1 ≥ 0 and s, t > 0,

|∂xj
Gs+t(x′ − y′, xn − yn) − ∂xj

Gs+t(x′ − y′, xn)|
≤ C�1,m1(s + t)

�1+m1−n−1
2 |x′ − y′|−�1

(|xn − yn|−m1 + |xn|−m1
)
;

and
∣
∣
∣
∣

∫ 1

0

∂xj
∂xn

Gs+t(x′ − y′, xn − τyn)dτ

∣
∣
∣
∣

≤ C(s + t)−1

∫ 1

0

Gs+t(x′ − y′, xn − τyn)dτ

≤ C�1,m1(s + t)
�1+m1−n−2

2 |x′ − y′|−�1

∫ 1

0

|xn − τyn|−m1dτ.

Therefore we conclude from (2.6) that for s, t > 0
∣
∣Gs ∗ [∂jE(t)f ](x)

∣
∣

≤
∫

Rn

C�1,m1t
�1+m1−n−1

2 − α
2 |x′ − y′|−�1(|xn − yn|−m1 + |xn|−m1)1−α

×
( ∫ 1

0

|xn − τyn|−m1dτ

)α

|yn|α|f∗(y′, yn)|dy′dyn, (2.7)

where 1 ≤ j ≤ n, �1, m1 ≥ 0, �1 + m1 ≤ n + 1 + α, 0 < α ≤ 1.
Let α = 1 in (2.7), we get for t > 0

‖ sup
s>0

|Gs ∗ [∂jE(t)f ]|‖L1(Rn)

≤
∫

Rn

C�1,m1t
�1+m1−n−1

2 − 1
2 |x′|−�1 |xn|−m1dx′dxn

∫

Rn

|yn||f∗(y′, yn)|dy′dyn

≤
4∑

k=1

C�1,m1t
�1+m1−n−2

2

∫

Ωk

|x′|−�1 |xn|−m1dx′dxn

∫

Rn

|yn||f∗(y′, yn)|dy′dyn,

(2.8)

where 1 ≤ j ≤ n, �1,m1 ≥ 0 satisfy �1 + m1 ≤ n + 2; and

Ω1 = {(x′, xn) ∈ R
n; |x′| ≤ t

1
2 and |xn| ≤ t

1
2 };

Ω2 = {(x′, xn) ∈ R
n; |x′| > t

1
2 and |xn| ≤ t

1
2 };

Ω3 = {(x′, xn) ∈ R
n; |x′| ≤ t

1
2 and |xn| > t

1
2 };

Ω4 = {(x′, xn) ∈ R
n; |x′| > t

1
2 and |xn| > t

1
2 }.
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For each integration in (2.8), we take suitable �1 and m1 such that �1 = m1 = 0 in Ω1; �1 = n,m1 = 0 in
Ω2; �1 = 0,m1 = 2 in Ω3; �1 = n − 1

2 ,m1 = 3
2 in Ω4. Then we obtain for t > 0

4∑

k=1

C�1,m1t
�1+m1−n−2

2

∫

Ωk

|x′|−�1 |xn|−m1dx′dxn ≤ Ct−1. (2.9)

Combining (2.8) and (2.9), we conclude for 1 ≤ j ≤ n and t > 0

‖ sup
s>0

|Gs ∗ [∂jE(t)f ]|‖L1(Rn) ≤ Ct−1

∫

R
n
+

yn|f(y′, yn)|dy′dyn. (2.10)

Let 0 < α < 1, and j, �1,m1 be given in (2.7). It follows from (2.7) that for t > 0

‖ sup
s>0

|Gs ∗ [∂jE(t)f ]|‖L1(Rn)

≤
2∑

k=1

C�1,m1t
�1+m1−n−1

2 − α
2

∫

Ω̃k

|x′|−�1dx′

×
∫

Rn

(∫

R1
|xn|−m1(1−α)|xn − (τ0 − 1)yn|−m1αdxn

+
∫

R1
|xn|−m1(1−α)|xn − τ0yn|−m1αdxn

)

|yn|α|f∗(y′, yn)|dy′dyn,

(2.11)

where τ0 ∈ (0, 1), Ω̃1 = {x′ ∈ R
n−1; |x′| ≤ t

1
2 } and Ω̃2 = {x′ ∈ R

n−1; |x′| > t
1
2 }.

To proceed, we recall a useful estimate (see Lemma 7.2, II.7, page 75 in [22]): Let m ≥ 1 and
λ, μ ∈ (0,m). Then, if λ + μ > m, there exists a constant C = C(λ, μ,m) such that

∫

Rm

|x − y|−λ|y|−μdy ≤ C|x|−(λ+μ−m). (2.12)

Set m1 = 1 + δ1, where 0 < δ1 < min{ 1
α − 1, 1

1−α − 1, α}. Then m1α < 1, m1(1 − α) < 1 and
m1α + m1(1 − α) = m1 = 1 + δ1 > 1. Using (2.12) with m = 1, λ = m1α, μ = m1(1 − α), we obtain

∫

R1
|xn|−m1(1−α)|xn − (τ0 − 1)yn|−m1αdxn

+
∫

R1
|xn|−m1(1−α)|xn − τ0yn|−m1αdxn ≤ C|yn|−δ1 .

(2.13)

Let m1 = 1+δ1 be fixed as above. In (2.11), we take �1 = 0 in Ω̃1; n−1 < �1 ≤ n+1+α−m1 = n+α−δ1

in Ω̃2, which is possible due to the choice of δ1. Then for 0 < α < 1 and t > 0

2∑

k=1

C�1,m1t
�1+m1−n−1

2 − α
2

∫

Ω̃k

|x′|−�1dx′ ≤ Ct−
1
2− α−δ1

2 . (2.14)

Combining (2.11), (2.13) and (2.14), we conclude for 1 ≤ j ≤ n, 0 < α < 1 and t > 0

‖ sup
s>0

|Gs ∗ [∂jE(t)f ]|‖L1(Rn) ≤ Ct−
1
2− α−δ1

2

∫

R
n
+

yα−δ1
n |f(y′, yn)|dy′dyn. (2.15)

For any number 0 < β < 1, we always can find α ∈ (β, 1) such that δ1 = α − β satisfies 0 < δ1 <
min{ 1

α − 1, 1
1−α − 1, α}, and m1α < 1, m1(1 − α) < 1 with m1 = 1 + δ1. This is possible if we let α be

close to β sufficiently. Whence from (2.15), we deduce for 0 < β < 1 and t > 0

‖ sup
s>0

|Gs ∗ [∂jE(t)f ]|‖L1(Rn) ≤ Ct−
1
2− β

2

∫

R
n
+

yβ
n|f(y′, yn)|dy′dyn. (2.16)
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Combining (2.10) and (2.16), we obtain for 1 ≤ j ≤ n, 0 < β ≤ 1 and t > 0

‖∂jE(t)f‖H1(Rn) = ‖ sup
s>0

|Gs ∗ [∂jE(t)f ]|‖L1(Rn) ≤ Ct−
1
2− β

2

∫

R
n
+

yβ
n|f(y′, yn)|dy′dyn. (2.17)

Let G
(n−1)
t , G

(1)
t denote Gauss kernels in R

n−1 and R
1, respectively:

G
(n−1)
t (x′) = (4πt)− n−1

2 e− |x′|2
4t , G

(1)
t (xn) = (4πt)− 1

2 e− |xn|2
4t , x′ ∈ R

n−1, xn ∈ R
1.

Then the Gauss kernel Gt(x) in R
n can be written as:

Gt(x) = G
(n−1)
t (x′)G(1)

t (xn), x = (x′, xn) ∈ R
n.

Let 1 ≤ j, k ≤ n − 1, 0 < α ≤ 1. Then for any x = (x′, xn) ∈ R
n and s, t > 0

|Gs ∗ [∂j∂kΛ−1eE(t)f ](x)|
= |[G(n−1)

s G(1)
s ] ∗ [∂j∂kΛ−1e(G(n−1)

t G
(1)
t ) ∗ f∗](x)|

=

∣
∣
∣
∣
∣
∂j∂kΛ−1

∫

Rn

G
(n−1)
s+t (x′ − z′)

∫ ∞

−∞
θ(yn)G(1)

s (xn − yn)

× [G(1)
t (yn − zn) − G

(1)
t (yn)]f∗(z′, zn)dyndz′dzn

∣
∣
∣
∣
∣

≤
∫

Rn

|∂xj
∂xk

Λ−1G
(n−1)
s+t (x′ − z′)|

∫ ∞

−∞
G(1)

s (xn − yn)

× [G(1)
t (yn − zn) + G

(1)
t (yn)]1−α

×
∣
∣
∣
∣

∫ 1

0

∂yn
G

(1)
t (yn − τzn)dτ

∣
∣
∣
∣

α

|zn|α|f∗(z′, zn)|dyndz′dzn

≤ Ct−
α
2

∫

Rn

|∂xj
∂xk

Λ−1G
(n−1)
s+t (x′ − z′)|[G(1)

s+t(xn − zn) + G
(1)
s+t(xn)]1−α

× |G(1)
2(s+t)(xn − τ1zn)|α|zn|α|f∗(z′, zn)|dz′dzn,

(2.18)

where τ1 ∈ (0, 1), and θ(s) = 1 if s ≥ 0; 0 if s < 0; and the estimate is used in the above proof of (2.18):
| d
dλG

(1)
t (λ)| ≤ Ct−

1
2 G

(1)
2t (λ), λ > 0.

Note that for m2 ≥ 0 and s, t > 0

G
(1)
s+t(xn − zn) + G

(1)
s+t(xn) ≤ Cm2(s + t)

m2−1
2 (|xn − zn|−m2 + |xn|−m2);

|G(1)
2(s+t)(xn − τ1zn)| ≤ Cm2(s + t)

m2−1
2 |xn − τ1zn|−m2 .

Moreover for 1 ≤ j, k ≤ n − 1 (see Lemma 2.2 in [23])

|∂xj
∂xk

Λ−1G
(n−1)
s+t (x′ − z′)| ≤ C�2(s + t)

�2−n
2 |x′ − z′|−�2

for any 0 ≤ �2 ≤ n.
Therefore, from (2.9) and (2.18), we conclude for s, t > 0

|Gs ∗ [∂j∂kΛ−1eE(t)f ](x)|
≤

∫

Rn

C�2,m2t
�2+m2−n−1

2 − α
2 |x′ − z′|−�2

(|xn − zn|−m2 + |xn|−m2
)1−α

×|xn − τ1zn|−m2)α|zn|α|f∗(z′, zn)|dz′dzn.

(2.19)

where 1 ≤ j, k ≤ n − 1, 0 ≤ �2 ≤ n, m2 ≥ 0, 0 ≤ �2 + m2 ≤ n + 1 + α, 0 < α ≤ 1.
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Let α = 1. Then from (2.19), and using (2.9) with �2 = �1 ∈ [0, n], m2 = m1 ≥ 0, �2 + m2 ≤ n + 1, we
get for 1 ≤ j, k ≤ n − 1 and t > 0

‖ sup
s>0

|Gs ∗ [∂j∂kΛ−1eE(t)f ]|‖L1(Rn)

≤
4∑

k=1

C�2,m2t
�2+m2−n−2

2

∫

Ωk

|x′|−�2 |xn|−m2dx′dxn

∫

Rn

|zn||f∗(z′, zn)|dz′dzn

≤ Ct−1

∫

R
n
+

zn|f(z′, zn)|dz′dzn,

(2.20)

where Ωi (i = 1, 2, 3, 4) are given in the proof of (2.8).
Let 0 < β < 1, and take �2 = �1 ∈ [0, n],m2 = m1 in (2.19) satisfying �1 + m1 ≤ n + 1, and α ∈ (β, 1)

such that δ1 = α − β, where δ1 is the selected number given in the proof of (2.13). From (2.19), and
following the proofs of (2.11)–(2.16), we obtain for t > 0

‖ sup
s>0

|Gs ∗ [∂j∂kΛ−1eE(t)f ]|‖L1(Rn)

≤
2∑

k=1

C�1,m1t
�1+m1−n−1

2 − α
2

∫

Ω̃k

|x′|−�1dx′

×
∫

Rn

(
∫

R1
|xn|−m1(1−α)|xn − (τ1 − 1)zn|−m1αdxn

+
∫

R1
|xn|−m1(1−α)|xn − τ1zn|−m1αdxn

)|zn|α|f∗(z′, zn)|dz′dzn

≤ Ct−
1
2− β

2

∫

R
n
+

zβ
n |f(z′, zn)|dz′dzn, 1 ≤ j, k ≤ n − 1,

(2.21)

where Ω̃i (i = 1, 2) are from the proof of (2.11).
Combining (2.20) and (2.21), we obtain for 1 ≤ j, k ≤ n − 1, 0 < β ≤ 1 and t > 0

‖∂j∂kΛ−1eE(t)f‖H1(Rn) = ‖ sup
s>0

|Gs ∗ [∂j∂kΛ−1eE(t)f ]|‖L1(Rn)

≤ Ct−
1
2− β

2

∫

R
n
+

yβ
n|f(y′, yn)|dy′dyn.

(2.22)

Since
∑n−1

j=1 ∂j∂jΛ−1 = −Λ. Using (2.22), we get for 0 < β ≤ 1 and t > 0

‖ΛeE(t)f‖H1(Rn) ≤ Ct−
1
2− β

2

∫

R
n
+

yβ
n|f(y′, yn)|dy′dyn. (2.23)

To proceed, we have to deal with a special term in (2.5) with j = 0: ∂n∇′Λ−1E(t)an, whose estimate
in H1 space is different from (2.22) and (2.23).

Note that ∇ · a = 0 in R
n
+ and an(y′, yn)|∂Rn

+
= an(y′, 0) = 0. We have for almost all yn > 0

∫

Rn−1
an(y′, yn)dy′ =

∫

Rn−1
(an(y′, yn) − an(y′, 0))dy′

=
∫

Rn−1

∫ 1

0

yn∂nan(y′, λyn)dλdy′

= −
∫ 1

0

yn

n−1∑

k=1

∫

Rn−1
∂kak(y′, λyn)dy′dλ = 0,
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from which, we find
∫

Rn−1 a∗
n(y′, yn)dy′ = 0 for almost all yn > 0. Whence for 1 ≤ j ≤ n − 1 and s, t > 0

|{Gs ∗ [∂n∂jΛ−1E(t)an]}(x)|
= |{Gs ∗ [∂n∂jΛ−1Gt ∗ a∗

n]}(x)| = |[∂n∂jΛ−1Gs+t ∗ a∗
n](x)|

=
∣
∣
∣
∣

∫

Rn

∂xj
Λ−1[G(n−1)

s+t (x′ − y′) − G
(n−1)
s+t (x′)]∂xn

G
(1)
s+t(xn − yn)a∗

n(y′, yn)dy′dyn

∣
∣
∣
∣

≤
∫

Rn

[|∂xj
Λ−1G

(n−1)
s+t (x′ − y′)| + |∂xj

Λ−1G
(n−1)
s+t (x′)|]1−α

×
∫ 1

0

|∇′∂xj
Λ−1G

(n−1)
s+t (x′ − τy′)|α|∂xn

G
(1)
s+t(xn − yn)||y′|α|a∗

n(y′, yn)|dτdy′dyn

≤
∫

Rn

C�3,�4t
�3(1−α)+�4α+m3−n−1−α

2 [|x′ − y′|−�3 + |x′|−�3 ]1−α

×|x′ − τ2y
′|−�4α|xn − yn|−m3 |y′|α|a∗

n(y′, yn)|dy′dyn, τ2 ∈ (0, 1),

(2.24)

where 0 ≤ �3 ≤ n − 1, 0 ≤ �4 ≤ n, m3 ≥ 0, and �3(1 − α) + �4α + m3 ≤ n + 1 + α. In the proof of (2.24),
we employed the following estimates (see Lemma 2.2 in [23]):

|∂xj
Λ−1G

(n−1)
s+t (x′ − y′)| + |∂xj

Λ−1G
(n−1)
s+t (x′)|

≤ C�3(s + t)
�3+1−n

2 (|x′ − y′|−�3 + |x′|−�3), 0 ≤ �3 ≤ n − 1;

|∇′∂xj
Λ−1G

(n−1)
s+t (x′ − τ2y

′)| ≤ C�4(s + t)
�4−n

2 |x′ − τ2y
′|−�4 , 0 ≤ �4 ≤ n;

|∂xn
G

(1)
s+t(xn − yn)| ≤ Cm3(s + t)

m3−2
2 |xn − yn|−m3 , m3 ≥ 0.

If α = 1. Then from (2.24), and using (2.9) with �3 = 0, �4 = �1 ∈ [0, n], m3 = m1 ≥ 0, �4+m3 ≤ n+2,
we get for t > 0

‖ sup
s>0

|Gs ∗ [∂n∂jΛ−1eE(t)f ]|‖L1(Rn)

≤
4∑

k=1

C�4,m3t
�4+m3−n−2

2

∫

Ωk

|x′|−�4 |xn|−m3dx′dxn

∫

Rn

|y′||a∗
n(y′, yn)|dy′dyn

≤ Ct−1

∫

R
n
+

|y′||an(y′, yn)|dy′dyn,

(2.25)

where 1 ≤ j ≤ n − 1, and Ωi (i = 1, 2, 3, 4) arise from the proof of (2.8).
Let 0 < α < 1, 0 ≤ �3 ≤ n − 1, 0 ≤ �4 ≤ n, m3 ≥ 0, and �3(1 − α) + �4α + m3 ≤ n + 1 + α. Then for

t > 0

‖ sup
s>0

|Gs ∗ [∂n∂jΛ−1eE(t)an]|‖L1(Rn)

≤
∫

Rn

C�3,�4t
�3(1−α)+�4α−n−1

2 − α
2

(∫

Rn−1
|x′|−�3(1−α)|x′ − (τ2 − 1)y′|−�4αdx′

+
∫

Rn−1
|x′|−�3(1−α)|x′ − τ2y

′|−�4αdx′
)

×
( 2∑

k=1

Cm3t
m3
2

∫

Qk

|xn|−m3dxn

)

|y′|α|a∗
n(y′, yn)|dy′dyn,

(2.26)

where Q1 = {xn ∈ R
1; |xn| ≤ t

1
2 } and Q2 = {xn ∈ R

1; |xn| > t
1
2 }.

Take �3 = n − 1, �4 = (n − 1 + δ2) ≤ n in (2.26), where 0 < δ2 < min{1, (n − 1)( 1
α − 1)}. Then

�3(1 − α) < n − 1 and �4α = (n − 1 + δ2)α < n − 1. Moreover, �3(1 − α) + �4α = n − 1 + δ2α > n − 1. It
follows from (2.12) with m = n − 1, λ = �4α, μ = �3(1 − α), that for t > 0
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C�3,�4t
�3(1−α)+�4α−n−1

2 − α
2

(∫

Rn−1
|x′|−�3(1−α)|x′ − (τ2 − 1)y′|−�4αdx′

+
∫

Rn−1
|x′|−�3(1−α)|x′ − τ2y

′|−�4αdx′
)

≤ Ct−1− (1−δ2)α
2 |y′|−δ2α. (2.27)

Let �3, �4 be fixed in the proof of (2.27). Take m3 = 0 in Q2; 1 < m3 ≤ n + 1 + α − �3(1 − α) + �4α =
2 + (1 − δ2)α in Q2. Then we obtain for t > 0

2∑

k=1

Cm3t
m3
2

∫

Qk

|xn|−m3dxn ≤ Ct
1
2 . (2.28)

By the choices of �3, �4,m3 in (2.27) and (2.28), we always have �3(1 − α) + �4α + m4 ≤ n + 1 + α.
Combining (2.26), (2.27) and (2.28), we conclude for 1 ≤ j ≤ n − 1 and t > 0

‖ sup
s>0

|Gs ∗ [∂n∂jΛ−1eE(t)an]|‖L1(Rn) ≤ Ct−
1
2− (1−δ2)α

2

∫

R
n
+

|y′|(1−δ2)α|an(y′, yn)|dy′dyn, (2.29)

where 0 < α < 1 and 0 < δ2 < min{1, (n − 1)( 1
α − 1)}.

For any number 0 < β < 1, we can find α ∈ (β, 1) such that δ2 = 1 − β
α or (1 − δ2)α = β satisfies

0 < δ2 < min{1, (n − 1)( 1
α − 1)}, and �3(1 − α) < n − 1, �4α = (n − 1 + δ2)α < n − 1; moreover,

�3(1 − α) + �4α = n − 1 + δ2α > n − 1, where �3 = n − 1, �4 = (n − 1 + δ2) ≤ n. This is possible because
δ2 becomes sufficiently small if we let α be close to β enough.

Whence from (2.29), we deduce for 0 < β < 1, 1 ≤ j ≤ n − 1 and t > 0

‖ sup
s>0

|Gs ∗ [∂n∂jΛ−1eE(t)an]|‖L1(Rn) ≤ Ct−
1
2− β

2

∫

R
n
+

|y′|β |an(y′, yn)|dy′dyn. (2.30)

Combining (2.25) and (2.30), we obtain for 0 < β ≤ 1 and t > 0

‖∂n∇′Λ−1eE(t)an‖H1(Rn) = ‖ sup
s>0

|Gs ∗ [∂n∇′Λ−1eE(t)an]|‖L1(Rn)

≤ Ct−
1
2− β

2

∫

R
n
+

|y′|β |an(y′, yn)|dy′dyn.
(2.31)

For the convenience, we denote the norm of the Riesz operator Rj (1 ≤ j ≤ n) in H1(Rn) by ‖|Rj‖|H1 .
From (2.4), (2.5), (2.17), (2.22), (2.23) and (2.31), we conclude for 1 ≤ j ≤ n, 0 < β ≤ 1 and t > 0

‖∂jun‖H1 ≤ ‖|Rj‖|H1

{ n−1∑

k=1

‖|Rk‖|H1‖ΛeE(t)ak‖H1 + ‖|Rn‖|H1

n−1∑

k=1

‖∂keE(t)ak‖H1

+
n−1∑

k=1

‖|Rk‖|H1‖∂keE(t)an‖H1 + ‖|Rn‖|H1‖ΛeE(t)an‖H1

}

≤ Ct−
1
2− β

2

∫

R
n
+

|y|β |a(y)|dy;

‖∂ju
′‖H1 ≤ ‖∂jE(t)a′‖H1 + ‖∂j∇′Λ−1E(t)an‖H1 + ‖|Rj‖|H1

{

‖|R′‖|H1

n−1∑

k=1

‖∂keE(t)ak‖H1

+ ‖|Rn‖|H1

n−1∑

k=1

‖∇′∂kΛ−1eE(t)ak‖H1 +‖|R′‖|H1‖ΛeE(t)an‖H1 +‖|Rn‖|H1‖∇′eE(t)an‖H1

}

≤ Ct−
1
2− β

2

∫

R
n
+

|y|β |a(y)|dy.
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Since e−tAa = u(t) |Rn
+
, we get for t > 0

‖∇e−tAa‖L1(Rn
+) ≤ ‖∇u(t)‖L1(Rn) ≤ ‖∇u(t)‖H1(Rn) ≤ Ct−

1
2− β

2

∫

R
n
+

|y|β |a(y)|dy.

�

Lemma 2.2. Let a = (a1, a2, . . . , an) satisfy ∇ · a = 0 in R
n
+ (n ≥ 2), and an |∂Rn

+
= 0. Then for t > 0

‖∇e−tAa‖L∞(Rn
+) ≤ Ct−1‖|x|a‖L∞(Rn

+).

Proof. Let 1 ≤ j ≤ n, 0 < α ≤ 1. Following the proof of (2.6), we find for x = (x′, xn) ∈ R
n−1 × R

1 and
t > 0

|∂jE(t)f(x)| = |∂jGt ∗ f∗(x)|
=

∣
∣
∫

Rn

(
∂xj

Gt(x′ − y′, xn − yn) − ∂xj
Gt(x′ − y′, xn)

)
f∗(y′, yn)dy′dyn

∣
∣

≤
∫

Rn

[|∂xj
Gt(x′ − y′, xn − yn)| + |∂xj

Gt(x′ − y′, xn)|]1−α

×∣
∣∂xj

∂xn
Gt(x′ − y′, xn − τ0yn)

∣
∣α|yn|α|f∗(y′, yn)|dy′dyn, τ0 ∈ (0, 1)

=
∫

Rn

k0(α, x, y)|yn|α|f∗(y′, yn)|dy′dyn.

(2.32)

Let 0 < α ≤ 1 and 1 ≤ j ≤ n. Checking the proof of (2.7), we get for x = (x′, xn), y = (y′, yn) ∈
R

n−1 × R
1 and s, t > 0

∣
∣Gs ∗ k0(α, x, ·)(y)

∣
∣

≤ [|∂xj
Gs+t(x′ − y′, xn − yn)| + |∂xj

Gs+t(x′ − y′, xn)|]1−α

×∣
∣∂xj

∂xn
Gs+t(x′ − y′, xn − τ0yn)

∣
∣α

≤ C�1,m1t
�1+m1−n−1

2 − α
2 |x′ − y′|−�1

(|xn − yn|−m1 + |xn|−m1
)1−α

×|xn − τ0yn|−m1α,

(2.33)

where �1, m1 ≥ 0, �1 + m1 ≤ n + 1 + α.
Let α = 1. Using (2.9), and from (2.33), we have for x = (x′, xn) ∈ R

n−1 × R
1 and t > 0

‖k0(1, x, ·)‖H1(Rn) = ‖ sup
s>0

|Gs ∗ k0(1, x, ·)(y)|‖L1(Rn
y )

≤
∫

Rn

C�1,m1t
�1+m1−n−1

2 − 1
2 |x′ − y′|−�1 |xn − τ0yn|−m1dy′dyn

≤
4∑

k=1

∫

Ωk

C̃�1,m1t
�1+m1−n−2

2 |y′|−�1 |yn|−m1dy′dyn ≤ Ct−1,

(2.34)

where 1 ≤ j ≤ n, �1,m1 ≥ 0 satisfy �1 +m1 ≤ n+2, and Ωk(k = 1, 2, 3, 4) are given in the proof of (2.8).
Combining (2.32) and (2.34), we obtain for j, k, � = 1, 2, . . . , n, and t > 0

‖∂jE(t)f‖L∞(Rn) + ‖RkR�∂jE(t)f‖L∞(Rn)

≤ ( sup
x∈Rn

‖k0(1, x, ·)‖L1(Rn) + sup
x∈Rn

‖RkR�k0(1, x, ·)‖L1(Rn))‖ynf∗‖L∞(Rn)

≤ ( sup
x∈Rn

‖k0(1, x, ·)‖H1(Rn) + sup
x∈Rn

‖RkR�k0(1, x, ·)‖H1(Rn))‖ynf‖L∞(Rn
+)

≤ (1 + ‖|Rk‖|H1‖|R�‖|H1) sup
x∈Rn

‖k0(1, x, ·)‖H1(Rn)‖ynf‖L∞(Rn
+)

≤ Ct−1‖ynf‖L∞(Rn
+).

(2.35)
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Let 1 ≤ j, k ≤ n − 1, 0 < α ≤ 1. Checking the proof of (2.18), we have for x = (x′, xn) ∈ R
n−1 × R

1

and t > 0
|∂j∂kΛ−1eE(t)f(x)|

≤
∫

Rn

|∂xj
∂xk

Λ−1G
(n−1)
t (x′ − z′)|[G(1)

t (xn − zn) + G
(1)
t (xn)]1−α

×|∂xn
G

(1)
t (xn − τ1zn)|α|zn|α|f∗(z′, zn)|dz′dzn, where τ1 ∈ (0, 1)

=
∫

Rn

k1(α, x, z)||zn|α|f∗(z′, zn)|dz′dzn.

(2.36)

From (2.36), we get for x = (x′, xn), z = (z′, zn) ∈ R
n−1 × R

1 and s, t > 0
∣
∣Gs ∗ [k1(α, x, z)]

∣
∣

≤ |∂xj
∂xk

Λ−1G
(n−1)
s+t (x′ − z′)|[G(1)

s+t(xn − zn) + G
(1)
s+t(xn)]1−α

×|∂xn
G

(1)
s+t(xn − τ1zn)|α

≤ C�2,m2t
�2+m2−n−1

2 − α
2 |x′ − z′|−�2

(|xn − zn|−m2 + |xn|−m2
)1−α

×|xn − τ1zn|−m2)α.

(2.37)

where 1 ≤ j, k ≤ n − 1, �2, m2 ≥ 0, 0 ≤ �2 + m2 ≤ n + 1 + α, 0 < α ≤ 1.
Let α = 1 in (2.37), and from (2.9), we get for x = (x′, xn) ∈ R

n−1 × R
1 and t > 0

‖k1(1, x, ·)‖H1(Rn) = ‖ sup
s>0

|Gs ∗ k1(1, x, ·)(z)|‖L1(Rn
z )

≤
∫

Rn

C�2,m2t
�2+m2−n−1

2 − 1
2 |x′ − z′|−�2 |xn − τ1zn|−m2dz′dzn

≤
4∑

k=1

∫

Ωk

C̃�2,m2t
�2+m2−n−2

2 |y′|−�2 |yn|−m2dy′dyn ≤ Ct−1,

(2.38)

where Ωk (k = 1, 2, 3, 4) are given in the proof of (2.8).
Let α = 1 in (2.36), together with (2.38), we get for 1 ≤ j, k ≤ n − 1, 1 ≤ m, � ≤ n and t > 0

‖∂j∂kΛ−1eE(t)f |‖L∞(Rn) + ‖RmR�∂j∂kΛ−1eE(t)f |‖L∞(Rn)

≤ ( sup
x∈Rn

‖k1(1, x, ·)‖L1(Rn) + sup
x∈Rn

‖RmR�k1(1, x, ·)‖L1(Rn))‖znf∗‖L∞(Rn)

≤ C( sup
x∈Rn

‖k1(1, x, ·)‖H1(Rn) + sup
x∈Rn

‖RmR�k1(1, x, ·)‖H1(Rn))‖znf‖L∞(Rn
+)

≤ C(1 + ‖|Rm‖|H1‖|R�‖|H1) sup
x∈Rn

‖k1(1, x, ·)‖H1(Rn)‖znf‖L∞(Rn
+)

≤ Ct−1‖znf‖L∞(Rn
+).

(2.39)

Since
∑n−1

j=1 ∂j∂jΛ−1 = −Λ. Using (2.39), we get for m, � = 1, 2, . . . , n and t > 0

‖ΛeE(t)f‖L∞(Rn) + ‖RmR�ΛeE(t)f‖L∞(Rn) ≤ Ct−1‖znf‖L∞(Rn
+). (2.40)

Now we pay attention to ∂n∇′Λ−1E(t)an in (2.5) with j = 0. Checking the proof of (2.24), we get for
1 ≤ j ≤ n − 1, x = (x′, xn) ∈ R

n−1 × R
1 and t > 0

|∂n∂jΛ−1E(t)an(x)|
≤

∫

Rn

[|∂xj
Λ−1G

(n−1)
t (x′ − y′)| + |∂xj

Λ−1G
(n−1)
t (x′)|]1−α

×
∫ 1

0

|∇′∂xj
Λ−1G

(n−1)
t (x′ − τy′)|α|∂xn

G
(1)
t (xn − yn)||y′|α|a∗

n(y′, yn)|dτdy′dyn

=
∫

Rn

k2(α, x, y)|y′|α|a∗
n(y′, yn)|dτdy′dyn.

(2.41)
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Whence we infer for 1 ≤ j ≤ n − 1, x = (x′, xn), y = (y′, yn) ∈ R
n−1 × R

1 and s, t > 0

|{Gs ∗ k2(α, x, y)| ≤ [|∂xj
Λ−1G

(n−1)
s+t (x′ − y′)| + |∂xj

Λ−1G
(n−1)
s+t (x′)|]1−α (2.42)

×
∫ 1

0

|∇′∂xj
Λ−1G

(n−1)
s+t (x′ − τy′)|αdτ |∂xn

G
(1)
s+t(xn − yn)| (2.43)

≤ C�3,�4t
�3(1−α)+�4α+m3−n−1−α

2 [|x′ − y′|−�3 + |x′|−�3 ]1−α (2.44)

× |x′ − τ2y
′|−�4α|xn − yn|−m3 , τ2 ∈ (0, 1), (2.45)

where 0 ≤ �3 ≤ n − 1, 0 ≤ �4 ≤ n, m3 ≥ 0, and �3(1 − α) + �4α + m3 ≤ n + 1 + α.
Let α = 1 in (2.42). Using (2.9) with �4 = �1 ∈ [0, n], m3 = m1 ≥ 0, �4 + m3 ≤ n + 2, we get for

x ∈ R
n and t > 0

‖k2(1, x, ·)‖H1(Rn) = ‖ sup
s>0

|Gs ∗ k2(1, x, ·)(y)|‖L1(Rn
y )

≤
4∑

k=1

C�4,m3t
�4+m3−n−2

2

∫

Ωk

|y′|−�4 |yn|−m3dy′dyn

≤ Ct−1,

(2.46)

where Ωk(k = 1, 2, 3, 4) are given in (2.8).
Combining (2.41) and (2.46), we obtain for t > 0

‖∂n∇′Λ−1eE(t)an‖L∞(Rn) ≤ sup
x∈Rn

‖k2(1, x, ·)‖L1(Rn)‖|y′|a∗
n‖L∞(Rn)

≤ Ct−1‖|y′|an‖L∞(Rn
+).

(2.47)

From (2.4), (2.5), (2.35), (2.39), (2.40) and (2.47), we conclude for 1 ≤ j ≤ n and t > 0

‖∂jun‖L∞(Rn) ≤
n−1∑

k=1

‖RjRkΛeE(t)ak‖L∞(Rn) +
n−1∑

k=1

‖RjRn∂keE(t)ak‖L∞(Rn)

+
n−1∑

k=1

‖RjRk∂keE(t)an‖L∞(Rn) + ‖RjRnΛeE(t)an‖L∞(Rn)

≤ Ct−1‖yna‖L∞(Rn
+);

‖∂ju
′‖L∞(Rn) ≤ ‖∂jE(t)a′‖L∞(Rn) + ‖∂j∇′Λ−1E(t)an‖L∞(Rn)

+
n−1∑

k=1

‖RjR
′∂keE(t)ak‖L∞(Rn) +

n−1∑

k=1

‖Rn∇′∂kΛ−1eE(t)ak‖L∞(Rn)

+ ‖R′ΛeE(t)an‖L∞(Rn) + ‖Rn∇′eE(t)an‖L∞(Rn)

≤ Ct−1(‖yna‖L∞(Rn
+) + ‖|y′|a‖L∞(Rn

+))

≤ Ct−1‖|y|a‖L∞(Rn
+).

Note that e−tAa = u(t) |Rn
+
, we have for t > 0

‖∇e−tAa‖L∞(Rn
+) ≤ ‖∇u(t)‖L∞(Rn) ≤ Ct−1‖|y|a‖L∞(Rn

+).

�

Lemma 2.3. Let b = (b1, b2, . . . , bn) satisfy ∇ · b = 0 in R
n
+ (n ≥ 2), and b |∂Rn

+
= 0. Then for q = 1,∞

and t > 0

‖∇ke−tAb‖Lq(Rn
+) ≤ Ct−

k−1
2 ‖∇b‖Lq(Rn

+), k = 2, 3, . . .
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Proof. Note that the Stokes flow e−tAb is given as a restriction ru of one vector field u = (u′, un), where
un, u′ are given in (2.2), (2.3) respectively, with initial data u0 = b. Moreover the estimates hold for any
1 ≤ k, j ≤ n and t > 0 (see (3.34)–(3.36) in [23])

∂k∂jun = −Rj

{
R′ · ΛeE(t)(1 − δkn)∂kb′ + δknRnΛeE(t)∇′ · b′

−Rn∇′ · eE(t)(1 − δkn)∂kb′ − δknRn∂neE(t)∇′ · b′

+R′ · ∇′eE(t)(1 − δkn)∂kbn + δknR′ · ∂neE(t)∇′bn

+RnΛeE(t)(1 − δkn)∂kbn + δknRnΛeF (t)∂nbn

}
,

(2.48)

where δkn = 0 if 1 ≤ k ≤ n − 1; δkn = 1 if k = n.
Let 1 ≤ k ≤ n. Then for any t > 0

∂k∂nu′ = ∂nE(t)(1 − δkn)∂kb′ + δkn∂nF (t)∂nb′

−∇′(∇′Λ−1 · F (t)(1 − δkn)∂ka′) − ∇′(∇′Λ−1 · E(t)δkn∂nb′)
+Rn

{
R′∇′ · eE(t)(1 − δkn)∂kb′ + R′δkn∂neE(t)∇′ · b′

−Rn∇′(∇′Λ−1 · eE(t)(1 − δkn)∂kb′) − Rn∇′(∇′Λ−1 · δkn∂neE(t)b′)

−R′ΛeE(t)(1 − δkn)∂kbn − R′ΛδkneF (t)∂nbn

+Rn∇′eE(t)(1 − δkn)∂kbn + Rnδkn∇′eF (t)∂nbn

}
.

(2.49)

Let 1 ≤ k ≤ n, 1 ≤ j ≤ n − 1. Then for any t > 0

∂k∂ju
′ = ∂kE(t)∂jb

′ + ∂j∇′Λ−1E(t)(1 − δkn)∂kbn + ∂j∇′Λ−1F (t)δkn∂nbn

+Rk

{
R′∇′ · eE(t)∂jb

′ − Rn∇′(∇′Λ−1 · eE(t)∂jb
′)

−R′ΛeE(t)∂jbn + Rn∇′eE(t)∂jbn

}
.

(2.50)

Note that ∂neE(t)b′ appears from the term Rn∇′(∇′Λ−1 · δkn∂neE(t)b′ in (2.49). Since b |∂Rn
+

= 0,
using the explicit formulas of E(t), F (t), we find for t > 0

〈∂neE(t)b(x), ϕ(x)〉
=

∫

R
n
+

∫

R
n
+

ϕ(x)b(y)∂xn
[Gt(x′ − y′, xn − yn) − Gt(x′ − y′, xn + yn)]dxdy

=
∫

R
n
+

∫

R
n
+

ϕ(x)b(y)∂yn
[−Gt(x′ − y′, xn − yn) − Gt(x′ − y′, xn + yn)]dxdy

=
∫

R
n
+

∫

R
n
+

ϕ(x)[Gt(x′ − y′, xn − yn) + Gt(x′ − y′, xn + yn)]∂nb(y)dxdy

= 〈eF (t)∂nb(x), ϕ(x)〉,
for any ϕ ∈ C∞

0 (Rn), from which we get

∂neE(t)b = eF (t)∂nb. (2.51)

To proceed, we need the following variants of the estimates, which are from Lemma 2.4 in [21]: Assume
a ∈ L1(Rn

+). Then for t > 0

‖∇m∂�E(t)a‖H1(Rn) + ‖∇m∂�F (t)a‖H1(Rn) + ‖∇m∂j∂kΛ−1eE(t)a‖H1(Rn)

+‖∇m∂j∂kΛ−1F (t)a‖H1(Rn) + ‖∇mΛeE(t)a‖H1(Rn) + ‖∇mΛeF (t)a‖H1(Rn)

≤ Ct−
1
2− m

2 ‖a‖L1(Rn
+) for 0 ≤ � ≤ n, 1 ≤ j, k ≤ n − 1, m = 0, 1, . . .

(2.52)

Note that the Riesz operators Rj (1 ≤ j ≤ n) are bounded in the Hardy space H1(Rn). Therefore
from (2.48)–(2.52), we obtain for 1 ≤ j, k ≤ n and t > 0

‖∇m∂j∂ku‖H1(Rn) ≤ Ct−
1
2− m

2 ‖∇b‖L1(Rn
+).
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In addition, since u [given in (2.2), (2.3)] is the extension of the Stokes flow e−tAb from R
n
+ to R

n, and
e−tAb = u |Rn

+
. We find for m = 0, 1, . . . and t > 0

‖∇m+2e−tAb‖L1(Rn
+) ≤ ‖∇m+2u‖L1(Rn) ≤ ‖∇m+2u‖H1(Rn) ≤ Ct−

1
2− m

2 ‖∇b‖H1(Rn
+). (2.53)

The proof of Lemma 2.3 with q = 1 follows from (2.53).
Recall that Gt(x, y) = Gt(y, x), and for 1 ≤ j, k ≤ n, 1 ≤ �,m ≤ n − 1

Rxj
Rxk

∂x�
∂xm

Λ−1
x Gt(x, y) = Ryj

Ryk
∂y�

∂ym
Λ−1

y Gt(x, y). (2.54)

In addition, it holds for t > 0 (see Lemma 4.2 in [37])

sup
x∈Rn

‖∂yj
∂yk

Λ−1
y Gt(x, ·)‖H1(Rn) ≤ Ct−

1
2 . (2.55)

Since
∑n−1

j=1 ∂j∂jΛ−1 = −Λ. Using (2.55), we get for t > 0

sup
x∈Rn

‖ΛyGt(x, ·)‖H1(Rn) ≤ Ct−
1
2 . (2.56)

Note that E(t)f = Gt ∗ f∗, F (t)f = Gt ∗ f∗. It follows from (2.49)–(2.51) and (2.54)–(2.56) that for t > 0

‖∂k∂jun‖L∞(Rn) ≤
n−1∑

m=1

sup
x∈Rn

{‖Ryj
Rym

ΛyeGt(x, ·)‖L1(Rn)‖(∂kbm)∗‖L∞(Rn)

+‖Ryj
Ryn

ΛyeGt(x, ·)‖L1(Rn)‖(∂mbm)∗‖L∞(Rn)

+‖Ryj
Ryn

∂meGt(x, ·)‖L1(Rn)‖(∂kbm)∗‖L∞(Rn)

+‖Ryj
Ryn

∂neGt(x, ·)‖L1(Rn)‖(∂mbm)∗‖L∞(Rn)

+‖Ryj
Rym

∂meGt(x, ·)‖L1(Rn)‖(∂kbn)∗‖L∞(Rn)

+‖Ryj
Rym

∂neGt(x, ·)‖L1(Rn)‖(∂mbn)∗‖L∞(Rn)

}

+ sup
x∈Rn

{‖Ryj
Ryn

ΛyeGt(x, ·)‖L1(Rn)‖(∂kbn)∗‖L∞(Rn)

+‖Ryj
Ryn

ΛyeGt(x, ·)‖L1(Rn)‖(∂nbn)∗‖L∞(Rn)

}

≤ C
(

sup
x∈Rn

‖ΛyeGt(x, ·)‖H1(Rn) + sup
x∈Rn

‖∇eGt(x, ·)‖H1(Rn)

)‖∇b‖L∞(Rn)

≤ Ct−
1
2 ‖∇b‖L∞(Rn) for 1 ≤ k, j ≤ n;

(2.57)

‖∂k∂nu′‖L∞(Rn) ≤ C sup
x∈Rn

{‖∂nGt‖L1(Rn)‖∂kb′‖L∞(Rn
+) + ‖∂nGt‖L1(Rn)‖∂nb′‖L∞(Rn

+)

+‖∇′
y∇′

yΛ−1
y Gt(x, ·)‖H1(Rn)‖∂kb′‖L∞(Rn

+) + ‖∇′
y∇′

yΛ−1
y Gt(x, ·)‖H1(Rn)‖∂nb′‖L∞(Rn

+)

+‖|Rn‖|H1‖|R′‖|H1‖∇′
yGt(x, ·)‖H1(Rn)‖∂kb′‖L∞(Rn

+)

+‖|Rn‖|H1‖|R′‖|H1‖∂yn
Gt(x, ·)‖H1(Rn)‖∇′ · b′‖L∞(Rn

+)

+‖|Rn‖|2H1‖∇′
y∇′

yΛ−1
y Gt(x, ·)‖H1(Rn)‖∂kb′‖L∞(Rn

+)

+‖|Rn‖|2H1‖∇′
y∇′

yΛ−1
y Gt(x, ·)‖H1(Rn)‖∂nb′‖L∞(Rn

+)

+‖|Rn‖|H1‖|R′‖|H1‖ΛyGt(x, ·)‖H1(Rn)‖∂kbn‖L∞(Rn
+)

+‖|Rn‖|H1‖|R′‖|H1‖ΛyGt(x, ·)‖H1(Rn)‖∂nbn‖L∞(Rn
+)

+‖|Rn‖|2H1‖∇′
yGt(x, ·)‖H1(Rn)‖∂kbn‖L∞(Rn

+) + ‖|Rn‖|2H1‖∇′
yGt(x, ·)‖H1(Rn)‖∂nbn‖L∞(Rn

+)

}

≤ Ct−
1
2 ‖∇b‖L∞(Rn) for 1 ≤ k ≤ n;

(2.58)
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and
‖∂k∂ju

′‖L∞(Rn) ≤ C sup
x∈Rn

{‖∂kGt‖L1(Rn)‖∂jb
′‖L∞(Rn

+)

+‖∂yj
∇′

yΛ−1
y Gt(x, ·)‖H1(Rn)‖∂kbn‖L∞(Rn

+) + ‖∂yj
∇′

yΛ−1
y Gt(x, ·)‖H1(Rn)‖∂nbn‖L∞(Rn

+)

+‖|Rk‖|H1‖|R′‖|H1‖‖∇′
yGt(x, ·)‖H1(Rn)‖∂jb

′‖L∞(Rn
+)

+‖|Rk‖|H1‖‖|Rn‖|H1‖‖∇′
y∇′

yΛ−1
y Gt(x, ·)‖H1(Rn)‖∂jb

′‖L∞(Rn
+)

+‖|Rk‖|H1‖‖|R′‖|H1‖‖ΛyGt(x, ·)‖H1(Rn)‖∂jbn‖L∞(Rn
+)

+‖|Rk‖|H1‖‖|Rn‖|H1‖‖∇′
yGt(x, ·)‖H1(Rn)‖∂jbn‖L∞(Rn

+)

}

≤ Ct−
1
2 ‖∇b‖L∞(Rn) for 1 ≤ k ≤ n, 1 ≤ j ≤ n − 1.

(2.59)

Whence from (2.57)–(2.59), we derive for 1 ≤ j, k ≤ n and t > 0

‖∂j∂ku‖L∞(Rn) ≤ Ct−
1
2 ‖∇b‖L∞(Rn

+).

Note that u [given in (2.2), (2.3) with initial data b] is the extension of the Stokes flow e−tAb from R
n
+ to

R
n, and e−tAb = u |Rn

+
. We conclude for t > 0

‖∇2e−tAb‖L∞(Rn
+) ≤ ‖∇2u‖L∞(Rn) ≤ Ct−

1
2 ‖∇b‖L∞(Rn

+). (2.60)

Repeating the proof of (2.60), it is not hard to find that for m = 1, 2, · · · and t > 0

‖∇m+2e−tAb‖L∞(Rn
+) ≤ ‖∇2u‖L∞(Rn) ≤ Ct−

1
2− m

2 ‖∇b‖L∞(Rn
+),

from which and (2.60), we complete the proof of Lemma 2.3 with q = ∞. �

Proof of Theorem 1.1. From Lemmata 2.1, 2.3, we obtain for k = 2, . . ., 0 < β ≤ 1 and t > 0

‖∇ke−tAa‖L1(Rn
+) = ‖∇ke− t

2Ae− t
2Aa‖L1(Rn

+)

≤ Ct−
k−1
2 ‖∇e− t

2Aa‖L1(Rn
+)

≤ Ct−
β
2 − k

2 ‖|x|βa‖L1(Rn
+),

which, together with Lemma 2.1 implies that (1.2) is valid for k ∈ N.
On the other hand, it follows from Lemmata 2.2, 2.3 that for k = 2, . . . and t > 0

‖∇ke−tAa‖L∞(Rn
+) = ‖∇ke− t

2Ae− t
2Aa‖L∞(Rn

+)

≤ Ct−
k−1
2 ‖∇e− t

2Aa‖L∞(Rn
+)

≤ Ct−
k+1
2 ‖|x|a‖L∞(Rn

+),

which, together with Lemma 2.2 implies that (1.3) is true for k ∈ N. �

Proof of Theorem 1.2. Note that the Stokes flows with initial data u0 can be expressed by e−tAu0. More-
over, e−tAu0 can also be given as follows (see [38,39]):

e−tAu0(x) =
∫

R
n
+

M(x, y, t)u0(y)dy, (2.61)

where M = (Mij)i,j=1,2,...,n is defined by

Mij(x, y, t) = δij(Gt(x − y) − Gt(x − y∗))

+ 4(1 − δjn)
∂

∂xj

∫ xn

0

∫

Rn−1

∂E(x − z)
∂xi

Gt(z − y∗)dz

≡ δijGt(x − y) + M∗
ij(x, y, t)

≡ δij(Gt(x − y) − Gt(x′ − y′, xn + yn)) + N∗
ij(x, y, t),

(2.62)
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y∗ = (y1, y2, . . . ,−yn), Gt(x) = (4πt)− n
2 e− |x|2

4t is the Gauss kernel, and

E(z) =

⎧
⎪⎪⎨

⎪⎪⎩

− Γ(n
2 )

2(n − 2)π
n
2

1
|z|n−2

if n > 2,

1
2π

log |z| if n = 2,

is the fundamental solution of the Laplace equation. Moreover, the following estimate for M∗
ij , N∗

ij in
(2.62) holds

|∂s
t ∂k

x∂m
y M∗

ij(x, y, t)| + |∂s
t ∂k

x∂m
y N∗

ij(x, y, t)|
≤ Ct−s− mn

2 (t + x2
n)− kn

2 (|x − y∗|2 + t)− n+|k′|+|m′|
2 e− cy2

n
t ,

(2.63)

where m = (m1,m2, . . . , mn−1,mn) = (m′,mn), k = (k1, k2, · · · , kn−1, kn) = (k′, kn).
Let s = |k| = |m| = 0 in (2.63), we find for any α ≥ 0,

(|x′|2 + x2
n + t)− n

2 fα(x) �∈ L1(Rn
+), where fα(x) = xα

n, |x′|α, |x|α.

Note that the results in Theorem 1.2 have been shown to be true in [20] for the case: (k, α) = (0, 0)
and 1 < r = q ≤ ∞. Let 1 < r = q ≤ ∞. Then k ≥ 1, which follows from the assumptions in Theorem 1.2:

k = 0, 1, 2, . . . and 0 ≤ α < k + n

(
1
r

− 1
q

)

, here 1 ≤ r < q ≤ ∞, or 1 < r ≤ q < ∞.

Using (2.61) and (2.63), we get for t > 0

‖xα
n∇ke−tAu0‖Lq(Rn

+)

≤ ‖
∫

R
n
+

|xn − yn|α|∇k
xGt(x − y)||u0(y)|dy‖Lq(Rn

+)

+ ‖
∫

R
n
+

|∇k
xGt(x − y)|yα

n |u0(y)|dy‖Lq(Rn
+)

+C‖
∫

R
n
+

(t + x2
n)− kn

2 (xn + yn)α(|x − y∗|2 + t)− n+|k′|
2 |u0(y)|dy‖Lq(Rn

+)

≤ ‖xα
n∇kGt‖

L
(1+ 1

q
− 1

r
)−1

(Rn
+)

‖u0‖Lr(Rn
+) + ‖∇kGt‖

L
(1+ 1

q
− 1

r
)−1

(Rn
+)

‖yα
nu0‖Lr(Rn

+)

+ ‖(t + x2
n)− kn

2 xα
n(|x′|2 + x2

n + t)− n+|k′|
2 ‖

L
(1+ 1

q
− 1

r
)−1

(Rn
+)

‖u0‖Lr(Rn
+)

≤ C(t
α
2 − k

2 − n
2 ( 1

r − 1
q )‖u0‖Lr(Rn

+) + t−
k
2 − n

2 ( 1
r − 1

q )‖yα
nu0‖Lr(Rn

+));

and

‖|x′|α∇ke−tAu0‖Lq(Rn
+)

≤ ‖
∫

R
n
+

|x′ − y′|α|∇k
xGt(x − y)||u0(y)|dy‖Lq(Rn

+)

+ ‖
∫

R
n
+

|∇k
xGt(x − y)||y′|α|u0(y)|dy‖Lq(Rn

+)

+C‖
∫

R
n
+

(t + x2
n)− kn

2 |x′ − y′|α(|x − y∗|2 + t)− n+|k′|
2 |u0(y)|dy‖Lq(Rn

+)

+C‖
∫

R
n
+

(t + x2
n)− kn

2 (|x − y∗|2 + t)− n+|k′|
2 |y′|α|u0(y)|dy‖Lq(Rn

+)
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≤ ‖|x′|α∇kGt‖
L

(1+ 1
q

− 1
r
)−1

(Rn
+)

‖u0‖Lr(Rn
+) + ‖∇kGt‖

L
(1+ 1

q
− 1

r
)−1

(Rn
+)

‖|y′|αu0‖Lr(Rn
+)

+ ‖(t + x2
n)− kn

2 |x′|α(|x′|2 + x2
n + t)− n+|k′|

2 ‖
L

(1+ 1
q

− 1
r
)−1

(Rn
+)

‖u0‖Lr(Rn
+)

+ ‖(t + x2
n)− kn

2 (|x′|2 + x2
n + t)− n+|k′|

2 ‖
L

(1+ 1
q

− 1
r
)−1

(Rn
+)

‖|y′|αu0‖Lr(Rn
+)

≤ C(t
α
2 − k

2 − n
2 ( 1

r − 1
q )‖u0‖Lr(Rn

+) + t−
k
2 − n

2 ( 1
r − 1

q )‖|y′|αu0‖Lr(Rn
+)).

From the above arguments, we complete the proof of Theorem 1.2. �

3. Weighted Decay Properties for the Navier–Stokes Flows

Let g = Nf denote the solution of the Neumann problem
{

−Δg = f in R
n
+,

∂νg = 0 on ∂Rn
+.

Then (see [24])

N =
∫ ∞

0

F (τ)dτ. (3.1)

Moreover the following decomposition holds for u ∈ L2
σ(Rn

+)
⋂

H1
0 (Rn

+)

P (u · ∇u) = u · ∇u +
n∑

i,j=1

∇N∂i∂j(uiuj). (3.2)

The following lemma plays a crucial role in the proof of Theorem 1.3, from which the strong singularity
can be avoided. It should be pointed out that such a study is of independent interest.

Lemma 3.1. Let 0 < θ < 1, 0 < α < 1, 1 ≤ k ≤ n, n ≥ 2 and 1 ≤ q ≤ ∞. Then for any u ∈ C∞
0,σ(Rn

+)
∥
∥
∥
∥
∥
∥

n∑

i,j=1

x−θ
n |x′|α∂kN∂i∂j(uiuj)

∥
∥
∥
∥
∥
∥

Lq(Rn
+)

≤ C(‖u‖2
L2q(Rn

+) + ‖∇u‖2
L2q(Rn

+) + ‖|y′|α
2 u‖2

L2q(Rn
+) + ‖|y′|α

2 ∇u‖2
L2q(Rn

+)).

(3.3)

Proof. Denote the odd and even extensions of a function f from R
n
+ to R

n by f∗, f∗, respectively, see their
definitions in the proof of Lemma 2.1 in Sect. 2. Recall the following inequality (see [23]): Let 0 ≤ γ < 1,
1 ≤ k ≤ n and 1 ≤ q ≤ ∞, then for any u ∈ C∞

0,σ(Rn
+)

∥
∥
∥
∥
∥
∥

n∑

i,j=1

|x′|γ∂kN∂i∂j(uiuj)

∥
∥
∥
∥
∥
∥

Lq(Rn
+)

≤ C(‖u‖2
L2q(Rn

+) + ‖∇u‖2
L2q(Rn

+) + ‖|y′| γ
2 u‖2

L2q(Rn
+) + ‖|y′| γ

2 ∇u‖2
L2q(Rn

+)).

(3.4)

Let 0 < θ < 1, 0 < α < 1 and 1 ≤ q ≤ ∞. From (3.1), (3.4), one has for any 1 ≤ k ≤ n
∥
∥
∥
∥

n∑

i,j=1

x−θ
n |x′|α∂kN∂i∂j(uiuj)

∥
∥
∥
∥

Lq(Rn
+)

≤
∥
∥
∥
∥
∥
∥

n∑

i,j=1

x−θ
n |x′|α∂k

∫ 1

0

Gτ ∗ [∂i∂j(uiuj)]∗dτ

∥
∥
∥
∥
∥
∥

Lq(Rn−1×(0,1))
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+

∥
∥
∥
∥
∥
∥

n∑

i,j=1

x−θ
n |x′|α∂k

∫ ∞

1

(∂i∂jGτ ) ∗ wijdτ

∥
∥
∥
∥
∥
∥

Lq(Rn−1×(0,1))

+

∥
∥
∥
∥
∥
∥

n∑

i,j=1

|x′|α∂kN∂i∂j(uiuj)

∥
∥
∥
∥
∥
∥

Lq(Rn−1×[1,∞))

≤ C sup
y∈Rn

∥
∥
∥
∥

∫ 1

0

x−θ
n |x′ − y′|α|∂kGτ (x − y)|dτ

∥
∥
∥
∥

L1(Rn−1×(0,1))

∥
∥
∥
∥
∥
∥

n∑

i,j=1

∂i∂j(uiuj)

∥
∥
∥
∥
∥
∥

Lq(Rn
+)

+C sup
y∈Rn

∥
∥
∥
∥

∫ 1

0

x−θ
n |∂kGτ (x − y)|dτ

∥
∥
∥
∥

L1(Rn−1×(0,1))

∥
∥
∥
∥
∥
∥

n∑

i,j=1

|y′|α∂i∂j(uiuj)

∥
∥
∥
∥
∥
∥

Lq(Rn
+)

+C sup
y∈Rn

n∑

i,j=1

∥
∥
∥
∥

∫ ∞

1

x−θ
n |x′ − y′|α|∂k∂i∂jGτ (x − y)|dτ

∥
∥
∥
∥

L1(Rn−1×(0,1))

‖wij‖Lq(Rn
+)

+C sup
y∈Rn

n∑

i,j=1

∥
∥
∥
∥

∫ ∞

1

x−θ
n |∂k∂i∂jGτ (x − y)|dτ‖L1(Rn−1×(0,1))‖|y′|αwij

∥
∥
∥
∥

Lq(Rn
+)

+

∥
∥
∥
∥
∥
∥

n∑

i,j=1

|x′|α∂kN∂i∂j(uiuj)

∥
∥
∥
∥
∥
∥

Lq(Rn
+)

,

(3.5)

where wij = (uiuj)∗ if 1 ≤ i, j ≤ n − 1 or i = j = n; win = (uiun)∗ if 1 ≤ i ≤ n − 1; wnj = (unuj)∗ if
1 ≤ j ≤ n − 1.

In the following arguments, we take 1 ≤ i, j, k ≤ n, 0 < α < 1 and 0 < θ < 1. Take q1, q2 ∈ (1,∞)
such that 1

q1
+ 1

q2
= 1 and θq1 < 1. Then for any y = (y′, yn) ∈ R

n−1 × R
1

∥
∥
∥
∥

∫ 1

0

x−θ
n |x′ − y′|α|∂kGτ (x − y)|dτ

∥
∥
∥
∥

L1(Rn−1×(0,1))

≤ C

∫ 1

0

∫

Rn−1

∫ 1

0

τ− 1
2+ α

2 x−θ
n

( |x′ − y′|
2
√

τ

)α |xk − yk|
2
√

τ
Gτ (x − y)dxdτ

≤ C

∫ 1

0

∫

Rn−1

∫ 1

0

τ−1+ α
2 x−θ

n (4πτ)− n−1
2 e− |x′−y′|2

8τ e− (xn−yn)2

8τ dx′dxndτ

≤ C

∫ 1

0

τ−1+ α
2

(∫ 1

0

x−θq1
n dxn

) 1
q1

( ∫ 1

0

e− (xn−yn)2q2
8τ dxn

) 1
q2

dτ

≤ C

∫ 1

0

τ−1+ α
2 + 1

2q2 dτ ≤ C;

(3.6)

∥
∥
∥
∥

∫ ∞

1

x−θ
n |x′ − y′|α|∂k∂i∂jGτ (x − y)|dτ

∥
∥
∥
∥

L1(Rn−1×(0,1))

≤ C

∫ ∞

1

τ− 3
2+ α

2

∫

Rn−1

∫ 1

0

x−θ
n

( |x′ − y′|
2
√

τ

)α ( |xi − yi|
2
√

τ

|xj − yj |
2
√

τ

|xk − yk|
2
√

τ

+
|xk − yk|δij + |xi − yi|δkj + |xj − yj |δki

2
√

τ

)

×(4πτ)− n
2 e− |x′−y′|2

4τ e− |xn−yn|2
4τ dx′dxndτ
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≤ C

∫ ∞

1

∫ 1

0

τ−2+ α
2 x−θ

n e− (xn−yn)2

8τ dxndτ

≤ C

∫ ∞

1

τ−2+ α
2 dτ

∫ 1

0

x−θ
n dxn ≤ C. (3.7)

It is not difficult to find that the estimates (3.6), (3.7) are still valid for α = 0. That is,
∥
∥
∥
∥

∫ 1

0

x−θ
n |∂kGτ (x − y)|dτ

∥
∥
∥
∥

L1(Rn−1×(0,1))

≤ C

∫ 1

0

τ−1+ 1
2q2 dτ ≤ C, (3.8)

and
∥
∥
∥
∥

∫ ∞

1

x−θ
n |∂k∂i∂jGτ (x − y)|dτ

∥
∥
∥
∥

L1(Rn−1×(0,1))

≤ C

∫ ∞

1

τ−2dτ

∫ 1

0

x−θ
n dxn ≤ C. (3.9)

Note that for 0 ≤ γ < 1 and 1 ≤ q ≤ ∞,
∥
∥
∥
∥
∥
∥

n∑

i,j=1

|y′|γ∂i∂j(uiuj)

∥
∥
∥
∥
∥
∥

Lq(Rn
+)

+
n∑

i,j=1

‖|y′|γwij‖Lq(Rn
+)

≤ C(‖|y′| γ
2 u‖2

L2q(Rn
+) + ‖|y′| γ

2 ∇u‖2
L2q(Rn

+)).

(3.10)

From (3.4)–(3.10), we conclude that for 0 < α < 1, 0 < θ < 1, 1 ≤ k ≤ n and 1 ≤ q ≤ ∞
∥
∥
∥
∥
∥
∥

n∑

i,j=1

x−θ
n |x′|α∂kN∂i∂j(uiuj)

∥
∥
∥
∥
∥
∥

Lq(Rn
+)

≤ C(‖u‖2
L2q(Rn

+) + ‖∇u‖2
L2q(Rn

+) + ‖|y′|α
2 u‖2

L2q(Rn
+) + ‖|y′|α

2 ∇u‖2
L2q(Rn

+)),

which is (3.3). �

Lemma 3.2. [20,25] Assume u0 ∈ L1(Rn
+)

⋂
Lq

σ(Rn
+) (n ≥ 2) for all 1 < q < ∞. Then there exists a

number η0 > 0 such that if ‖u0‖Ln(Rn
+) ≤ η0 (smallness condition is unnecessary if n = 2), problem (1.1)

possesses a unique strong solution u which satisfies for all 1 < r ≤ ∞, k = 0, 1, 2 and t ≥ 1

‖∇ku(t)‖Lr(Rn
+) ≤ Ct−

k
2 − n

2 (1− 1
r ).

Further if u0 satisfies ‖xnu0‖L1(Rn
+) < ∞, then

‖∇ku(t)‖Lr(Rn
+) ≤ Ct−

1
2− k

2 − n
2 (1− 1

r ).

In the above two estimates, we require 1 < r < ∞ if k = 2.
The following Lemma is a variant of Theorem 1.2 in [23,26], and we omit the details of its proof here.

Lemma 3.3. Assume u0 ∈ L1(Rn
+)

⋂
Lq

σ(Rn
+)(n ≥ 2) for all 1 < q < ∞, satisfies ‖|x′|u0‖L1(Rn

+) +
‖|x′|u0‖L2(Rn

+) + ‖(1 + |x′|)∇u0‖L2(Rn
+) < ∞. Let u be the strong solution of (1.1) given in Lemma 3.2.

Then for n ≥ 3 and t ≥ 1

‖|x′|βu(t)‖Lr(Rn
+) ≤ Ct−

n
2 (1− 1

r )+ β
2 (3.11)

with 1 < r ≤ ∞ and 0 < β < min{1, n(1 − 1
r )};

‖|x′|β∇u(t)‖Lr(Rn
+) ≤ Ct−

1
2− n

2 (1− 1
r )+ β

2 (3.12)

provided that 1 ≤ r ≤ ∞ and 0 < β < 1. Further if ‖xnu0‖L1(Rn
+) < ∞, then the estimates (3.11), (3.12)

hold true for n ≥ 2.
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Proof of Theorem 1.3. Step 1. Without the assumption: ‖xnu0‖L1(Rn
+) < ∞. Let 1 ≤ r ≤ ∞ and 0 < β <

1, n ≥ 3. Assume that u is the strong solution of (1.1) given in Lemma 3.2. Then it can be expressed as
(see [38,39])

u(x, t) =
∫

R
n
+

M(x, y, t)u0(y)dy −
∫ t

0

∫

R
n
+

M(x, y, t − s)Pu(y, s) · ∇u(y, s)dyds,

Let 1 ≤ k, j ≤ n and t ≥ 1. Then
∥
∥
∥
∥

∫

R
n
+

|x′|β∂xk
∂xj

M(x, y, t)u0(y)dy

∥
∥
∥
∥

Lr(Rn
+)

≤ C

∫

R
n
+

(‖|x′ − y′|β∂k∂jGt(x − y)‖Lr(Rn
+) + ‖∂k∂jGt‖Lr(Rn

+)|y′|β)|u0(y)|dy

+C‖u0‖L1(Rn
+) × sup

y=(y′,yn)∈R
n
+

‖(xn +
√

t)−�n(|x′ − y′| + xn + yn +
√

t)β−n−|�′|‖Lr(Rn
+)

+C‖|y′|βu0‖L1(Rn
+)

× sup
y=(y′,yn)∈R

n
+

∥
∥(xn +

√
t)−�n(|x′ − y′| + xn + yn +

√
t
)−n−|�′|‖Lr(Rn

+)

≤ C(t−1− n
2 (1− 1

r )+ β
2 ‖u0‖L1(Rn

+) + t−1− n
2 (1− 1

r )‖|y′|βu0‖L1(Rn
+))

≤ Ct−1− n
2 (1− 1

r )+ β
2 , where 2 = |(�′, �n)|.

(3.13)

Let 1 ≤ k, j ≤ n. By (3.2), (3.4) and Lemmata 3.2, 3.3, one has for any t ≥ 1
∥
∥
∥
∥|x′|β

∫ t
2

0

∫

R
n
+

∂xk
∂xj

M(x, y, t − s)Pu(y, s) · ∇u(y, s)dyds

∥
∥
∥
∥

Lr(Rn
+)

≤ C

∫ t
2

0

∫

R
n
+

‖|x′ − y′|β∂xk
∂xj

Gt−s(x − y)‖Lr(Rn
+,x)|Pu(y, s) · ∇u(y, s)|dyds

+C

∫ t
2

0

∫

R
n
+

‖∂k∂jGt−s‖Lr(Rn
+)|y′|β |Pu(y, s) · ∇u(y, s)|dyds

+C

∫ t
2

0

sup
y∈R

n
+

‖|x′ − y′|β∂xk
∂xj

M∗(x, y, t − s)‖Lr(Rn
+)

×‖Pu(s) · ∇u(s)‖L1(Rn
+)ds

+C

∫ t
2

0

sup
y∈R

n
+

‖∂xk
∂xj

M∗(x, y, t − s)‖Lr(Rn
+)‖|y′|βPu(s) · ∇u(s)‖L1(Rn

+)ds

≤ Ct−1− n
2 (1− 1

r )

∫ t
2

0

‖|y′|βPu(s) · ∇u(s)‖L1(Rn
+)ds

+Ct−1− n
2 (1− 1

r )+ β
2

∫ t
2

0

‖Pu(s) · ∇u(s)‖L1(Rn
+)ds (3.14)

≤ Ct−1− n
2 (1− 1

r )

∫ t
2

0

(‖u(s)‖2
L2(Rn

+) + ‖∇u(s)‖2
L2(Rn

+)

+‖|y′| β
2 u(s)‖2

L2(Rn
+) + ‖|y′| β

2 ∇u(s)‖2
L2(Rn

+))ds

+Ct−1− n
2 (1− 1

r )+ β
2

∫ t
2

0

(‖u(s)‖2
L2(Rn

+) + ‖∇u(s)‖2
L2(Rn

+))ds
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≤ Ct−1− n
2 (1− 1

r )

∫ t
2

0

(1 + s)− n
2 + β

2 ds + Ct−1− n
2 (1− 1

r )+ β
2

∫ t
2

0

(1 + s)− n
2 ds

≤ Ct−1− n
2 (1− 1

r )+ β
2 .

Note that for 0 < s < t
∫

R
n
+

∂xn
(Gt−s(x − y) − Gt−s(x − y∗))Pu(y, s) · ∇u(y, s)dy

= −
∫

R
n
+

∂yn
(Gt−s(x − y) − Gt−s(x − y∗))Pu(y, s) · ∇u(y, s)dy

−2
∫

R
n
+

∂xn
Gt−s(x − y∗)Pu(y, s) · ∇u(y, s)dy

=
∫

R
n
+

(Gt−s(x − y) − Gt−s(x − y∗))∂nPu(y, s) · ∇u(y, s)dy

−2
∫

R
n
+

∂xn
Gt−s(x − y∗)Pu(y, s) · ∇u(y, s)dy,

which yields for 1 ≤ k ≤ n and 0 < s < t
∫

R
n
+

∂xk
∂xn

Gt−s(x − y)Pu(y, s) · ∇u(y, s)dy

=
∫

R
n
+

∂xk
(Gt−s(x − y) − Gt−s(x − y∗))∂nPu(y, s) · ∇u(y, s)dy

−
∫

R
n
+

∂xk
∂xn

Gt−s(x − y∗)Pu(y, s) · ∇u(y, s)dy.

(3.15)

By (3.2), (3.15) and Lemmata 3.1–3.3, we obtain for any t ≥ 1
∥
∥
∥
∥|x′|β

∫ t

t
2

∫

R
n
+

∂xn
∂xn

M(x, y, t − s)Pu(y, s) · ∇u(y, s)dyds

∥
∥
∥
∥

Lr(Rn
+)

≤ C

∫ t

t
2

sup
y∈R

n
+

‖|x′ − y′|β∂xn
Gt−s(x − y)‖L1(Rn

+)‖∂nPu(s) · ∇u(s)‖Lr(Rn
+)ds

+C

∫ t

t
2

sup
y∈R

n
+

‖∂xn
Gt−s(x − y)‖L1(Rn

+)‖|y′|β∂nPu(s) · ∇u(s)‖Lr(Rn
+)ds

+C

∫ t

t
2

sup
y∈R

n
+

‖|x′ − y′|β∂xn
∂xn

Gt−s(x − y∗)‖L1(Rn
+)‖Pu(s) · ∇u(s)‖Lr(Rn

+)ds

+C

∫ t

t
2

sup
y∈R

n
+

‖(xn + yn)2ε∂xn
∂xn

Gt−s(x − y∗)‖L1(Rn
+)‖y−2ε

n |y′|βPu(s) · ∇u(s)‖Lr(Rn
+)ds

+C

∫ t

t
2

sup
y∈R

n
+

‖|x′ − y′|β∂xn
∂xn

M∗(x, y, t − s)‖L1(Rn
+)‖Pu(s) · ∇u(s)‖Lr(Rn

+)ds

+C

∫ t

t
2

sup
y∈R

n
+

‖(xn + yn)2ε∂xn
∂xn

M∗(x, y, t − s)‖L1(Rn
+)‖y−2ε

n |y′|βPu(s) · ∇u(s)‖Lr(Rn
+)ds

≤ C

∫ t

t
2

(t − s)− 1
2+ β

2 ‖∂nPu(s) · ∇u(s)‖Lr(Rn
+)ds
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+C

∫ t

t
2

(t − s)− 1
2 ‖|y′|β∂nPu(s) · ∇u(s)‖Lr(Rn

+)ds

+C

∫ t

t
2

(t − s)−1+ β
2 ‖Pu(s) · ∇u(s)‖Lr(Rn

+)ds

+C

∫ t

t
2

(t − s)−1+ε‖y−2ε
n |y′|βPu(s) · ∇u(s)‖Lr(Rn

+)ds

≤ C

∫ t

t
2

(t − s)− 1
2+ β

2
(‖u(s)‖2

L2r(Rn
+) + ‖∇u(s)‖2

L2r(Rn
+) + ‖∇2u(s)‖2

L2r(Rn
+)

)
ds

+C

∫ t

t
2

(t − s)− 1
2 (‖|y′| β

2 u(s)‖2
L2r(Rn

+) + ‖|y′| β
2 ∇u(s)‖2

L2r(Rn
+)

+ ‖∇u(s)‖L∞(Rn
+)‖|y′|β∇2u(s)‖Lr(Rn

+)

+ ‖u(s)‖2
L2r(Rn

+) + ‖∇u(s)‖2
L2r(Rn

+) + ‖∇2u(s)‖2
L2r(Rn

+))ds

+C

∫ t

t
2

(t − s)−1+ β
2 (‖u(s)‖2

L2r(Rn
+) + ‖∇u(s)‖2

L2r(Rn
+))ds

+C

∫ t

t
2

(t − s)−1+ε(‖u(s)‖2
L2r(Rn

+) + ‖∇u(s)‖2
L2r(Rn

+)

+‖|y′| β
2 u(s)‖2

L2r(Rn
+) + ‖|y′| β

2 ∇u(s)‖2
L2r(Rn

+))ds

≤ C

∫ t

t
2

(t − s)− 1
2+ β

2 s−n(1− 1
2r )ds

+C

∫ t

t
2

(t − s)− 1
2 (s−n(1− 1

2r ) + s−n(1− 1
2r )+ β

2 )ds

+C

∫ t

t
2

(t − s)−1+ β
2 s−n(1− 1

2r )ds

+C

∫ t

t
2

(t − s)−1+ε(s−n(1− 1
2r ) + s−n(1− 1

2r )+ β
2 )ds

+Cf(t)
∫ t

t
2

(t − s)− 1
2 s− 1

2− n
2 + β

2 −1− n
2 (1− 1

r )ds

≤ Ct−
n−1
2 − n

2 (1− 1
r )+ β

2 + Ct−
n
2 + β

2 −1− n
2 (1− 1

r )f(t), (3.16)

where ε ∈ (0, 1
2 ), f(t) = sup0<s≤t[s1+ n

2 (1− 1
r )− β

2 ‖|y′|β∇2u(s)‖Lr(Rn
+)]. Here we used the estimate (see

Lemma 3.1 in [26]): Let 1 ≤ k, � ≤ n and 1 ≤ q ≤ ∞, 1
q = 1

q1
+ 1

q2
, q ≤ qi ≤ ∞ (i = 1, 2). Then for any

u ∈ C∞
0,σ(Rn

+)

∥
∥
∥
∥
∥
∥

n∑

i,j=1

|x′|γ∂k∂�N∂i∂j(uiuj)

∥
∥
∥
∥
∥
∥

Lq(Rn
+)

≤ C(‖u‖2
L2q(Rn

+) + ‖∇u‖2
L2q(Rn

+) + ‖∇2u‖2
L2q(Rn

+)

+‖|y′| γ
2 u‖2

L2q(Rn
+) + ‖|y′| γ

2 −θ∇u‖Lq1 (Rn
+)‖|y′| γ

2 +θ∇2u‖Lq2 (Rn
+))

where 0 ≤ γ < 2, 0 ≤ θ ≤ γ
2 .
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Observe that for x, y ∈ R
n
+ and t > 0

∂xk
M(x, y, t) = −∂yk

M(x, y, t), 1 ≤ k ≤ n − 1.

Consequently, we have for 1 ≤ � ≤ n, 1 ≤ k ≤ n − 1 and t > 0
∫ t

t
2

∫

R
n
+

∂xk
∂x�

M(x, y, t − s)Pu(y, s) · ∇u(y, s)dyds

=
∫ t

t
2

∫

R
n
+

∂x�
M(x, y, t − s)∂yk

Pu(y, s) · ∇u(y, s)dyds.

(3.17)

Following the proof of (3.16), and using (3.17), we get for 1 ≤ k ≤ n − 1, 1 ≤ � ≤ n and t ≥ 1
∥
∥
∥
∥|x′|β

∫ t

t
2

∫

R
n
+

∂xk
∂x�

M(x, y, t − s)Pu(y, s) · ∇u(y, s)dyds

∥
∥
∥
∥

Lr(Rn
+)

≤ C

∫ t

t
2

sup
y∈R

n
+

‖|x′ − y′|β∂x�
Gt−s(x − y)‖L1(Rn

+)‖∂kPu(s) · ∇u(s)‖Lr(Rn
+)ds

+C

∫ t

t
2

sup
y∈R

n
+

‖∂x�
Gt−s(x − y)‖L1(Rn

+)‖|y′|β∂kPu(s) · ∇u(s)‖Lr(Rn
+)ds

+C

∫ t

t
2

sup
y∈R

n
+

‖|x′ − y′|β∂x�
M∗(x, y, t − s)‖L1(Rn

+)‖∂kPu(s) · ∇u(s)‖Lr(Rn
+)ds

+C

∫ t

t
2

sup
y∈R

n
+

‖∂x�
M∗(x, y, t − s)‖L1(Rn

+)‖|y′|β∂kPu(s) · ∇u(s)‖Lr(Rn
+)ds

≤ C

∫ t

t
2

(t − s)− 1
2+ β

2 ‖∂kPu(s) · ∇u(s)‖Lr(Rn
+)ds

+C

∫ t

t
2

(t − s)− 1
2 ‖|y′|β∂kPu(s) · ∇u(s)‖Lr(Rn

+)ds

≤ C

∫ t

t
2

(t − s)− 1
2+ β

2
(‖u(s)‖2

L2r(Rn
+) + ‖∇u(s)‖2

L2r(Rn
+) + ‖∇2u(s)‖2

L2r(Rn
+)

)
ds

+C

∫ t

t
2

(t − s)− 1
2 (‖|y′| β

2 u(s)‖2
L2r(Rn

+) + ‖|y′| β
2 ∇u(s)‖2

L2r(Rn
+)

+ ‖∇u(s)‖L∞(Rn
+)‖|y′|β∇2u(s)‖Lr(Rn

+)

+ ‖u(s)‖2
L2r(Rn

+) + ‖∇u(s)‖2
L2r(Rn

+) + ‖∇2u(s)‖2
L2r(Rn

+))ds

≤ C

∫ t

t
2

(t − s)− 1
2+ β

2 s−n(1− 1
2r )ds

+C

∫ t

t
2

(t − s)− 1
2 (s−n(1− 1

2r ) + s−n(1− 1
2r )+ β

2 )ds

+Cf(t)
∫ t

t
2

(t − s)− 1
2 s− 1

2− n
2 + β

2 −1− n
2 (1− 1

r )ds

≤ Ct−
n−1
2 − n

2 (1− 1
r )+ β

2 + Ct−
n
2 + β

2 −1− n
2 (1− 1

r )f(t),

(3.18)

where the definition of f(t) is given in the proof of (3.16).
It follows from (3.13), (3.14), (3.16) and (3.18) that for any t ≥ 1

‖|y′|β∇2u(t)‖Lr(Rn
+) ≤ Ct−

n
2 + β

2 −1− n
2 (1− 1

r )f(t) + Ct−1− n
2 (1− 1

r )+ β
2 .
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and then

t1+
n
2 (1− 1

r )− β
2 ‖|y′|β∇2u(t)‖Lr(Rn

+) ≤ C0t
− n

2 f(t) + C.

Whence there exists t1 ≥ 1 satisfying C0t
− n

2
1 ≤ 1

2 , such that for any t ≥ t1

f(t) ≤ 1
2
f(t) + C, and so f(t) ≤ 2C,

which implies for t ≥ t1

‖|y′|β∇2u(t)‖Lr(Rn
+) ≤ Ct−1− n

2 (1− 1
r )+ β

2 . (3.19)

Step 2. Without loss of generalization, we suppose ‖xnu0‖L1(Rn
+) < ∞ for n ≥ 2. Let 1 ≤ k, j ≤ n,

0 < β < 1, n ≥ 2, 1 ≤ r ≤ ∞. Using Lemmata 3.2, 3.3, and checking the proof of (3.14), we get for any
t ≥ 1

∥
∥
∥
∥|x′|β

∫ t
2

0

∫

R
n
+

∂xk
∂xj

M(x, y, t − s)Pu(y, s) · ∇u(y, s)dyds

∥
∥
∥
∥

Lr(Rn
+)

≤ Ct−1− n
2 (1− 1

r )

∫ t
2

0

((1 + s)−1− n
2 + (1 + s)− n

2 + β
2 )ds

+Ct−1− n
2 (1− 1

r )+ β
2

∫ t
2

0

(1 + s)−1− n
2 ds

≤ Ct−1− n
2 (1− 1

r )+ β
2 .

(3.20)

Repeating the proofs of (3.16) and (3.18) respectively, we infer for any t ≥ 1
∥
∥
∥
∥|x′|β

∫ t

t
2

∫

R
n
+

∂xn
∂xn

M(x, y, t − s)Pu(y, s) · ∇u(y, s)dyds

∥
∥
∥
∥

Lr(Rn
+)

≤ C

∫ t

t
2

(t − s)− 1
2+ β

2 s−1−n(1− 1
2r )ds

+C

∫ t

t
2

(t − s)− 1
2 (s−1−n(1− 1

2r ) + s−n(1− 1
2r )+ β

2
)
ds

+C

∫ t

t
2

(t − s)−1+ β
2 s−1−n(1− 1

2r )ds

+C

∫ t

t
2

(t − s)−1+ε(s−1−n(1− 1
2r ) + s−n(1− 1

2r )+ β
2 )ds

+Cg(t)
∫ t

t
2

(t − s)− 1
2 s−1− n

2 + β
2 −b(n)− n

2 (1− 1
r )ds

≤ Ct−
n+1
2 − n

2 (1− 1
r )+ β

2 + Ct−
n−1
2 − n

2 (1− 1
r )+ β

2 + Ctε−
n
2 − n

2 (1− 1
r )+ β

2

+Ct−
n+2
2 − n

2 (1− 1
r )+ β

2 + Ct−
n+1
2 + β

2 −b(n)− n
2 (1− 1

r )g(t), ε ∈
(

0,
1
2

)

≤ Ct−
n−1
2 − n

2 (1− 1
r )+ β

2 + Ct−
n+1
2 + β

2 −b(n)− n
2 (1− 1

r )g(t);

(3.21)

and for 1 ≤ k ≤ n − 1, 1 ≤ � ≤ n
∥
∥
∥
∥|x′|β

∫ t

t
2

∫

R
n
+

∂xk
∂x�

M(x, y, t − s)Pu(y, s) · ∇u(y, s)dyds

∥
∥
∥
∥

Lr(Rn
+)

≤ Ct−
n−1
2 − n

2 (1− 1
r )+ β

2 + Ct−
n+1
2 + β

2 −b(n)− n
2 (1− 1

r )g(t),

(3.22)
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where b(n) =
{

1 if n ≥ 3,
1
2 if n = 2,

and

g(t) = sup
0<s≤t

[sb(n)+ n
2 (1− 1

r )− β
2 ‖|y′|β∇2u(s)‖Lr(Rn

+)].

So from (3.13) and (3.20)–(3.22), we conclude for t ≥ 1

tb(n)+ n
2 (1− 1

r )− β
2 ‖|y′|β∇2u(t)‖Lr(Rn

+) ≤ C1t
− n+1

2 f(t) + C.

Whence there exists t2 ≥ 1 satisfying C1t
− n+1

2
2 ≤ 1

2 , such that for any t ≥ t2

g(t) ≤ 1
2
g(t) + C, and so g(t) ≤ 2C,

which implies for t ≥ t2

‖|y′|β∇2u(t)‖Lr(Rn
+) ≤

{
Ct−1− n

2 (1− 1
r )+ β

2 if n ≥ 3,

Ct−
1
2−(1− 1

r )+ β
2 if n = 2.

(3.23)

Combining (3.19) and (3.23), we establish the decays of ‖|x′|β∇2u(t)‖Lr(Rn
+) for any t ≥ t0 =

max{t1, t2}, with or without the assumption: ‖xnu0‖L1(Rn
+) < ∞. �
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