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1. Introduction and Main Results

The time behavior of strong solutions to the Navier—Stokes initial-value problem is considered in the half
space

Ou—Au+ (u-V)u+Vp=0 in R} x (0,00),

V-u=0 in R} x (0,00),

(1.1)
u(z,t) =0 on JR" x (0, 00),
u(z,0) = g in R%,

where n > 2, and R"} = {z = (2/,x,) € R"| x, > 0} is the upper-half space of R™; u = (uy(z,1), uz(z,1),
.oy up(x,t)) and p = p(x,t) denote unknown velocity vector and the pressure respectively, while initial
data ug(z) is assumed to satisfy a compatibility condition: V - ug = 0 in R’} and the normal component
of ug equals to zero on the boundary OR’;.

Now we introduce and explain some notations which are frequently used in this article: Let N denote
the positive integer set; C§%, (R}) = {u € Cg°(RY); V-u =0in R} }; LIL(RY) (1 < g < co) denotes
the closure of CF5, (RY}) with respect to ||+ || zarn), where L?(RY) represents the usual Lebesgue space of
vector-valued functions. The norm of L>(R?%) is given by [lul[r=®y) = ess SUD, Ry u(zx)|. By symbol
C, it means a generic positive constant whose value may change from line to line.

u is called a weak solution of (1.1) if u € L>(0,00; L2 (R%)) (N L7,.([0,00); H} (R7)) satisfies problem

(1.1) in the sense of distribution, with initial data ug € L2(R'.). Moreover, the energy inequality holds

for almost all ¢ € [0,00) including ¢ = 0: ||u(t)\|%2(Ri) + 2f0t ||Vu(s)\|%2(Ri)ds < ||u0||2L2(R1). Further we
call u is a strong solution of (1.1) if u satisfies Serrin’s condition: v € L?(0, oo; L" (R )) with % +n <1,
2<g<oo,n<r<oo.

Let A denote the Stokes operator —PA in R}, where P is the projection: L"(R’
1 < r < co. Then the function e~ *4uy solves the Stokes system, that is, problem (1.

) B LQ(Ri%
1) with u - Vu

® Birkhauser
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deleted, with the initial data wug. It is not difficult to find that one weak solution u of (1.1) with initial
data ug € L2(R"}) can be rewritten as

¢
u(t) = e Hug — / e~ =94 Pu(s) - Vu(s)ds.
0

Observe that e~ *=*)4Puy(s) - Vu(s), t > s > 0 is another Stokes flow with initial data Pu(s) - Vu(s). So
in order to study properties of Navier—Stokes equations, it is necessary to analyze the structures of the
Stokes flow.

Regularity-decay estimates like LY — L" estimates are extensively studied especially for 1 < ¢,r < oo. If
Q = R", the Stokes flow e~ *4uy is reduced to a solution of the heat equation with initial data uy because
there is no boundary condition. However few results are available for ¢ = r = 1,00 in the cases where
the boundary 052 is nonempty. The main difficulty lies in the fact that the projection associated with the
Helmholtz decomposition is not bounded in L' and L type spaces, because it involves singular integral
operators such as Riestz operators. For examples, it is known that ||VeftAuo||Lq(]R1) <Ct 2 lluoll Lawn)
with 1 < ¢ < oo (see [41]). Furthermore if ug € L (R’.) satisfies some additional conditions, Bae and
Choe [3] showed that the decay rate of Ve '4uy in LY(R%) (1 < ¢ < oo) could be controlled by ¢!
times a constant. If the initial data ug lies in an appropriate weighted space, Bae [1,2] estimated the time
decay rates of the gradient of Stokes solutions in L' (R ). Jin [29,30] obtained some weighted spatial and
temporal decay estimates in a half space. Recently Han [23] established the weighted decay properties
for the Stokes flow: Let ug = (uo1,uo2, - - ,uon) satisfy V-ug = 01in R} (n > 2), and ugy, |@R1 = 0. Then
for0<p<landt>0

— _B_k_n(l_1
Hvke tAuOHLq(]Ri) <Ct =27z 2 (7 q)ng,uO”LT(Riﬁ k:051727"'7

provided either 1 < r < g < ocorl < r < g < oo. Here it should be pointed out that the LY — L"

estimates with ¢ = 7 = 1, 0o for the Stokes flow e~*4u are not established by the author in [23], and the
methods employed in [23] are not applicable directly to such cases.

Theorem 1.1. Let a = (a1, az,...,a,) satisfy V-a=0in R} (n > 2), and ay, [ory = 0. Then for k € N,
0<p<landt>0

_ ok
Ve all i @yy < Ct~ 272 |2)%al| 11 @n); (1.2)
and
- k41
IV e al| Lo rn) < Ct 77 |2l oo (k7 )- (1.3)

Remark. Obviously the conclusions in Theorem 1.1 with 5 = 0 can be regarded as a complement to the
results in [20]: Let a be given in Theorem 1.1. Then for ¢ > 0

kE_n¢1

k, —tA —k_n1_1
IVTe t a||Lq(R1) < Ct 2 5 (5 Q)HGHLT(Ri)a k€N,
provided either 1 <r<qg¢g<ooorl<r<gqg< .
Let a be given in Theorem 1.1. We are not sure whether the following estimate is true for 0 < o < 1

and t >0

— _k_a a
||Vke tAa||Loo(Ri) <Ct 272 |||£L'| a||Loo(Ri), k e N. (14)
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For example, let k =1, 0 < a < 1, and £, m; >0, {4 + m; < n+ 1+ a. It follows from (2.33) below
that for x = (2/,z,) € R" and t > 0

| 81;10) |Gs * ko(a, @, ')(y)MLl(RZ’)

2
13 my—mn— o
<N Copmt lj/ﬁ /|~ dy
k

k=1

. </ |yn‘7m1(lia) |(]— - TO)xn + TOyn‘imladyn
Rl

T Ly ™S
Rl

=+ if m;y=0; and — o as =z, — 0 if m; >0,

where 7o € (0,1), Qi (k= 1,2) are given in the proof of (2.11) below, ko(c, z,y) is from (2.32) below.
This shows for ¢ > 0

sup [|ko(cv, @, -)|[32(rn) = sup [[sup |Gy * ko(ev, z, ) ()l L1 (mn) < 00 (1.5)
rER™ zER™  s>0

Similarly, let £y, ma > 0,0 < ly +mo < n+ 14 «, and ki (a,x,y) is from (2.36) below. It follows
from (2.37) below that for = (2/,2,) € R™ and ¢ > 0

[sup |G * ko, z, )| 22 (re)
s>0

2
fatmo—n—-1_ o _
SE Clwnzt 2 2/~ |Z/| e2dz’

k=1 k

x </ |2 72 (1 = 1)y + T120| 220
Rl

+ |xn|_m2(1_a)rfm2a/ zn|_m2°‘dzn>, 71 € (0,1)
Rl

=+ if my=0; and — o0 as =z, — 0 if mgy > 0,

from which,

sup [|k1 (e, z, ')”Hl(Rn) = sup ||sup |Gs * k1 (a, , ')|||L1(Rn) < 00. (1.6)
zeR™ zeR™  s>0

In addition, from (2.42) below, we also have for ¢ > 0

sup ||k2(0(, €T, ')”Hl(R") < o0, (17)
zERn
where ka(a, ,y) is from (2.41) below.
From (1.5)~(1.7), we can not find a finite upper bound to control sup,.cgn [|k;(c, 2, ) [[71(®n), j = 0,1, 2.
Then by checking the proof of Lemma 2.2, we are not sure whether the estimate of (1.4) is valid.

The second main result in this article deals with another class of weighted L9 — L" estimates for the
Stokes flow. That is,

Theorem 1.2. Let ug = (uo1, Uo2, - - -, Uon) satisfy V -ug = 0 in R} (n > 2), and ug, |3R1 = 0. Assume
1<r<qg<ocorl<r<g<oo. ThenforkE{O}UN,0§a<k+n(%—%) andt >0

a_k_n 1_1

_ a_k_nel_ 1 1
29 VEe™ g || parn) < C(2 727507 Jugllprn) +172 726072 ySuol e @y );

o E_n

_ a_k_ncl 1 _k_mne1_ 1
|*VEe™ A u | Lagny < C(£2 72 20 q)||U0HLr(R1)+t 2730 ‘1)|||y'|an||Lr(R¢))~
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Remark. Let ug, k, a, ¢, be given in Theorem 1.2. It is not hard to find from Theorem 1.2 that for ¢ > 0

_ o _k_nmned 1y, . -k _mnel 1
|Hl‘|avk€ tAUOHL@(]Ri) SC(tQ 2 7 2\¢ q)HUOHLT(Ri)‘i‘t 2 2% q)|||y|uuo||L7‘(R1 )

In recent years, much attention has been paid to the Navier-Stokes equations. Bae and Choe [4], Bae
and Jin [5], Caffarelli et al. [14], Lin [28], Chae [15-19] considered the regularity and related topics on
the Navier—Stokes equations, which brings about a deeper understanding on the regularity theory and
narrowed the gap between what we can get from the global existence theory and what we need for the
uniqueness and regularity of global weak solutions to the incompressible Navier—Stokes equations.

Bae and Choe [3], Bae and Jin [6-10], Brandolese [11,12], Brandolese and Vigneron [13], Fujigaki and
Miyakawa [20], Schonbek [31-36] considered the asymptotic behavior for weak and strong solutions of
(1.1) on the whole space R™, and many important and interesting results are obtained. Bae and Jin [9],
He and Wang [27] showed the weighted energy inequality for solutions of the Cauchy problem under some
conditions on the initial data. The situation changes in the case of domains with boundary; the difficulty
comes from the lack of the weighted estimate with respect to pressure because of the appearance and the
non-compactness of the boundary.

To our knowledge, few weighted decay results are available on the second derivatives of solutions of
(1.1) in L™(R% ) with 1 < r < co. In this article, we use Solonnikov’s solution formula and a decomposition
for the convection term of (1.1), not the integral formula of solutions of (1.1), to establish the weighted
decays.

Theorem 1.3. Assume ug € L'(R%)(LL(RY) (n > 2) for all 1 < q < oo, satisfies 2" |uoll 21 e +
[|2"[uol L2 (mr) + [[(L + |2'[)Vuo|| L2y ) < co. There exists a number 19 > 0 such that if |luo|l L~ ®z) <m0
(smallness condition is unnecessary if n = 2), then problem (1.1) possesses a unique strong solution u
which satisfies for t > ty with some number to > 1

2 |PV2u(t)]| L gy < Ct1=50-D4%  ith1 <r<oo, 0<f<1,n>3
Further if ||zpuol|p1gn) < 0o for n =2, then fort > to
21 Vu(t) e @y < CE2-C7DTE with n=2.

Remark. Let © = (2',2,),y = (¥',y») € R} and 7,3 be given in Theorem 1.3. Recently, making full
use of the structure of the half space and Solonnikov’s solution formula, the author [26] could avoid the
singularity caused by the weight =, and established the decay of ||z V2u(t)|| L (ry)- However, it becomes
hard to handle another class of decays: |[||2’|?V?u(t)| g7 ), the main reason is that the weight |y’
results in the strong singularity in Solonnikov’s solution formula (this weight comes from the inequality:
|2'|? < |z’ —o'|? + |¢/|?). In order to overcome this difficulty, we have to search new ideas and technical
approaches, see Lemma 3.1 below for the details.

2. Weighted Decays for the Stokes Flows

It is well known that the Hardy space H(R™) with 1 < ¢ < oo (see the definition in [40] for example) is
a Banach space, and H?(R") = L4(R") if 1 < q¢ < oo; H}(R™) C L(R"). The crucial fact for our purpose
is the boundedness of the Riesz transforms R; (1 < j < n) on all of the spaces H?(R") with 1 < ¢ < occ.
Furthermore, a function f € L'(R") belongs to the Hardy space H'(R™) if sup . |Gs * f(z)| € L*(R™),
where the symbol * denotes the convolution with respect to the space variable x € R", Gy is the Gauss

2|2
kernel G4(x) = (47‘1’8)_%6_%, s > 0. The norm of f € H*(R") can be defined by

1fllz2 ey =2 8P [Gs  flll 2 g
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The Hardy space on the half space is denoted by H?(R") (1 < ¢ < 00), whose norm can be defined
by

I £ll#2ary) =2 inf {| flra@ny | £ € HIR™), Flen = f}.

Let F be the Fourier transform in R":
FFE) = / T f(x)de.
The Riesz operators R; (j =1,2,...,n),S; (j =1,2,...,n— 1), and the operator A are defined by
i§; i&j
F(R; (&) = mff(é), F(S;H)€) = &
where f = (§17§27 DR 7§n—1a§n) = (€l7€n> S Rn_l X Rl'
Let r be the restriction operator from R™ to R, and e is the extension operator from R’} to R",

which is defined by
f(z) if &, >0,
ef(x)_{o if x, < 0.

FIE),  FANE) = IE1FF(&),

Define the operators E(t) and F(t) by

E(t)f(x) = /Rn (Gi(a" =y 2 —yn) — Gi(a" — o', 20 4 yn)] f(y)dy,
and
F(t)f(z) = /Rn [Gi(2" =Y 20— yn) + Gi(2' = ' 20 + yn)| f(y)dy.

—tA

By the solution formula in [41], the Stokes flow u = (u/, u,,) = e~**ug can be represented as

{un = UE(t)Viuo,

2.1
’U/ = E(t)VQ’LLO — SUE(t)Vl’LLo, ( )

where the operators are defined by Uf = rR’'-S(R'- S+ Ry)ef, Viug = =S - ujy + ugn, Vaug = uj + Stuon,
R/ = (Rl, RQ, ey Rn—l), S = (Sl, 52, ey Sn—l)a Ug = (um,uOQ, e ,uOn) = (U{),Uon).
Note that the Stokes flow v = (v/,u,) = ety is given as a restriction ru of one vector field
u = (u,uy,):
U, =R -S(R'-S+ R,)eE(t)Viug =R -S(R - S+ R,) (=S - eE(t)uj, + eE(t)uon); (2.2)
u = E(t)Voug — SR - S(R' - S + R,)eE(t)Viug = E(t)uy + SE(t)uon — STy, (2.3)
Lemma 2.1. Let a = (a’,a,) = (a1,02,...,an) satisfy V-a =0 in R} (n > 2), and an |ory = 0. Then
for0<pB<1landt>0

B _1_p
Ve tAaHLl(Ri) <Ctz7: |||x|ﬁa||L1(Ri)'

Proof. Note that the Stokes flow e~*4a is given as a restriction ru of one vector field u = (@', ,, ), where
Up,u are given in (2.2), (2.3) respectively, with initial data ug = a. Moreover it follows from Lemma 1.2
in [21] that for 1 <j<mnandt>0

dju, = —R;[R' - AeE(t)a' — R,V' -eE(t)a’ + R' - V'eE(t)a, + R,AcE(t)a,]; (2.4)
0;u = 0,E(t)d’ + 0;V'A ' E(t)a, + R;[R'V' - eE(t)a’ — R,V'V'A™! - eE(t)d’
—R'AeE(t)a,, + R,V'eE(t)ay),
where V' = (01,02, ...,0,_1).

(2.5)
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Denote the odd and even extensions of a function f from R’} to R™ respectively by

f(@' z,) if 2, >0,
f@,—x,) ifz, <O0.

f@' zp) if 2, >0,
Cf@—a) it <0, @)=

f*($/71'n) = {

Note that Gs1y = Gs % Gy, Vs,t > 0. Let 1 < j <n, 0 < a < 1. Then for any = (2/,z,) € R" and
s$,t>0

G5+ [0 E() fl(2)] = |Gs [0, G+ f7](2)| = 10; G % [*()

’ / a:J s+t - y/ﬂﬁn - yn) - aa:j Gs+t(x/ - ylaxn))f*(ylvyn)dy/dyn

11—« 2.6
< / ‘aijS-&-t(x — Y\ T — Yn) — aijs-&-t(x, - y/axn)| (26)
R’V’L
1 «
/ 02,02, Gsri (2" =y 2 — Tyn)dr| |ynl*1f7 (Y, yn)|dy dyn.
0
For 1 <j<mn,¢;,m; >0 and s, t >0,
|8IjGS+t(x/ - y, In — yn) - 81:]'Gs+t(1'/ - ylvxn”
+m n—1
<C@1,m1(s+t) B 1 |x/_y/|—€1 (|xn_yn|_m1 +‘xn|_ml);
and
1
/ arj amnGs—Q—t(x/ - ylv Tn — Tyn)dT
0
1
<C(s+t)7! / Gorie(2' =y xn — Tyn)dr
0
1
< Crpm (s +8) 7 F T 2! -y / Tt
0
Therefore we conclude from (2.6) that for s,t > 0
|G+ [0, E(t) f]()]
< Gyt TR = 70 (i — gl T | )
RTI,
1 «
([ o= rl ) 18l 27)
0
where 1 <j<n, {1,m >0, l1+m <n+l+a 0<a<l
Let a = 11in (2.7), we get for t > 0
| sup G+ [0, EQ@) fll| 1w
< | Cpymt T ™M ded (' yn)ldy'd
= £1,mq |{£ | |£Cn| T ATn |yn||f (y ayn)| Y ayn
R R (2.8)

4
<3 Cont [l [l )
k=1 Ok R
where 1 < j <mn, £1,m; > 0 satisfy /1 + m; < n+ 2; and
Ql ={(2',2,) €R™ |2| <17 and |2,| <17}
o x) €R™ || > 17 and |z,| < t7 )

(

( )

(@', 2,) €R™; |2'] < t2 and || > t%};
( )

’
m7$n

{
{
{

ER™; || > 2 and |a,| > t2}.
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For each integration in (2.8), we take suitable ¢; and m; such that £, = m; =0in Qy; ¢, =n,m; =0 in
Qo; 61 =0,m; =21in Q3; {1 =n — %,ml = % in 4. Then we obtain for ¢ > 0

4
Zcel7mlth+"L127n72 / |x/|7£1|zn‘7m1d$/dmn S thl. (29)
k=1 Qi

Combining (2.8) and (2.9), we conclude for 1 < j <mnandt >0

IISgg\Gs + [0, E(t) flll L1 @n) < Ct‘l/R Ynlf (Y yn)|dy' dyn. (2.10)
s T

Let 0 < v < 1, and j,¢1,m; be given in (2.7). It follows from (2.7) that for ¢ > 0
IFsup |G+ 105 B ) £l ey

2
fHtmy—n—1_ o _
< g Coyomat 2 Z/N |2’| =% da’
k=1

Qg

<[ ol e, = (0 - Dy,
n R1

+/ |2 |7 ) |, — Toynmladxn> Yol 115 (Vs yn) |y dyn,
]Rl

(2.11)

where 79 € (0,1), @ = {o/ e R™1; |2/| <t2} and Qy = {o/ e R*1; |2/ > t2}).
To proceed, we recall a useful estimate (see Lemma 7.2, IL.7, page 75 in [22]): Let m > 1 and
A i€ (0,m). Then, if A+ p > m, there exists a constant C' = C(\, u, m) such that

/ [ — gyl ~Fdy < Cla]~ O, (2.12)
Rm

Set m1 = 1 + §1, where 0 < §; < min{é - 1,& — 1,a}. Then mia < 1, mi(1 —«a) < 1 and
mia+myi(l —a) =my =146, > 1. Using (2.12) with m =1, A = mya, u = m1(1 — a), we obtain

/ [T OO (7 — )| ™,

R (2.13)

+/ |x"‘_m1(1_a)|xn - Toyn|_mlad$n < Clyn|_§1'
Rl

Let my = 146, be fixed as above. In (2.11), we take {; = 0 in (Nll; n—1<l; <n+l+a—m; =n+a—1¥
in Q9, which is possible due to the choice of §;. Then for 0 < a < 1 and ¢t > 0

2
Zc&,mlti‘”mé’"“*%/ o/ |"hde’ < Ot (2.14)
k=1 2
Combining (2.11), (2.13) and (2.14), we conclude for 1 <j<mn,0<a<landt >0
_1_a=9d —
Isup |Gs + [0 B fllll 2y < CF27 72 ' /]R W yn)ldy dyn. (2.15)
s T

For any number 0 < § < 1, we always can find a € (,1) such that §; = o — 3 satisfies 0 < §; <
min{2 — 1, —1,a}, and mya < 1, my(1 — @) < 1 with m; = 1+ &;. This is possible if we let a be

close to g sufficiently. Whence from (2.15), we deduce for 0 < § < 1 and ¢t > 0

_1_5B
Isup G+ B0 lreey < % [ w2177 )l (2:16)

RY
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Combining (2.10) and (2.16), we obtain for 1 <j<n,0< g <landt>0

_1_p
10 E@) f |10y = HSI;Igle # [ E) fllll Ly < CE7272 / Ul F ' yn) |y dy. (2.17)

n
+

Let ngfl), Ggl) denote Gauss kernels in R"~! and R!, respectively:

1 |w'\2 \i’in|2

G (@) = [ty e, G (wa) = (4mt)2em H L 2/ € R @, €RL

Then the Gauss kernel G¢(z) in R™ can be written as:
Gulx) = G V(@G (@), @ = (¢, 2,) €R™
Let 1 <j,k<n-—1,0<a<1. Then for any z = (z/,2,) € R™ and s,t > 0
|G % [0;0eA e E(t) f]()]
= (G DEM] * [0;0A (G VG x ) (w)]

= ajakAA/R Giﬁ?n(l"*zl)/ 0(yn)G (2 — yn)

X [G§1)(yn - Zn) - G,El)(yn)]f* (2/7 Zn)dyndzldzn

/ 10, 05 A1V (! — ) / GO (@ — ) (218)

x G (g — 20) + G (y)]
1

X / ﬁynGED(yn — Tzp)dT
0

<0t [ 10,0, 476U @ = 6w = 20) + G ) 0

[e3

‘Zn|a|f*(zl, Zn)|dyndz'dzn

‘G(l)

(s+1)(Tn —7120) 20|52, 2n)|d2" dz2n,

Where 7'1 € (0,1), and (s) = 1if s > 0; 0 if s < 0; and the estimate is used in the above proof of (2.18):
LoV < et ras) (), A > 0.
Note that for ms > 0 and s,t > 0

—1
2 (‘xn —zn|T™2 + |xn|_m2);

(GSe sy (= T120)| < Cony (54 8) 5 | — 7120~

G (@ —20) + G (@0) < Oy (s +1)

Moreover for 1 < j,k <mn —1 (see Lemma 2.2 in [23])
102,00, AL G V(e = )] < Cry(s 4+ 1) 7 Ja! — /|72

for any 0 < 4 < n.
Therefore, from (2.9) and (2.18), we conclude for s, > 0

|G * [0;0,A e E(t) f]()|
< CzZ,m2t7£2+”§‘"‘l—% 2" — 2|72 (| — 20| 7™ + |xn|—mz)1—“ (2.19)
]Rn

X|@y — 1120 7"2) 20| ¥ fF (2, 20) |2 d2p,.

where 1 < jk<n—1,0</l<n my>0,0<lo+me<n+l4+a 0<a<l.
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Let o = 1. Then from (2.19), and using (2.9) with lo = ¢; € [0,n], me =mq >0, lo +m2 < n+1, we
get for 1 <jk<n—1landt>0

[ sup |G [0;0eA B (1) f]]| L1 ()
4 Lo+mog—n—2
Z 4oyl T /Q \x'\_é2|xn|_m2dx’dxn/ 2ol (2, 20)|d2 dz, (2.20)
k=1 k "
<crt [ alf )l de,
"
where Q; (i = 1,2,3,4) are given in the proof of (2.8).
Let 0 < 8 < 1, and take £y = ¢1 € [0,n],my = my in (2.19) satisfying £; +m; <n+1,and « € (8, 1)

such that §; = a — 3, where d; is the selected number given in the proof of (2.13). From (2.19), and
following the proofs of (2.11)—(2.16), we obtain for ¢t > 0

| sup |G * [0;06 AT eE(t) fl]| L2 )
2 01+ —n—1
<3 Cop gt -%/~ 2| da
k=1 Q
x/ (/ |20 | ) |2, — (7 — 1) 20| ™ Y2y (2.21)
n Rl

+/ ‘xn| ma (1= ‘xn len|7m1admn)‘Zn|a|f*(zlazn)|dzldzn
RY

<Ctis / Llf( z)d2 dzn, 1< jk<n—1,
"

where €; (i = 1,2) are from the proof of (2.11).
Combining (2.20) and (2.21), we obtain for 1 <jjk<n—-1,0<f<landt>0

10,0447 e E(E) s gy = 1 5p G [0, 06~ eB8) ] e

1s (2.22)
< Qs / Yyl F (' yn)ldy dyn.
Ry
Since > 77, 1 9;0;A"1 = —A. Using (2.22), we get for 0 < § <1 and ¢ > 0
18
IACB0 ey < O [ 21007 vl 29

R%
To proceed, we have to deal with a special term in (2.5) with j = 0: 8, V'A~1E(t)a,,, whose estimate

in H! space is different from (2.22) and (2.23).
Note that V-a =0 in R} and an(y’, yn)lorr = an(y’,0) = 0. We have for almost all y, >0

/l;n—l an(y ,yn)dy —/ (an(y yn) - an(y O))d

Rn—1
7/ Yn Z / 8ka’]€(y/a Ayn)dy/dA = Oa
0 k—1 n—1
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from which, we find [5, , a}(y',yn)dy’ = 0 for almost all y, > 0. Whence for 1 <j <n—1and s,t >0

{Gs * [0.0;A E(t)an]} ()]
=Gy * [0,0;A7 Ge x ap]} ()] = |[020;A7" Ggr % a3 )(2))]

—| [ A G~ ) = GU @00, G = )a v

/ [0z, A~ 1Gs+t (a' —y)|+|axJA 1G5+t C1]

(2.24)

1
x / V/00, A7 G ! =710k, Gy (on — ) 1705, (6 ) drdy dy
0

L3(l—a)+lygatmg—n—1—a
< | Crgut™ e [l2" =o' |7% + ||~ ]
R’!L

><|l'/ — T2y1|_£4a|xn - yn|_m3|yl|a|a2(ylayn)‘dyldyn’ T2 € (07 1)’

where 0 </l3<n—1,0</{y <n, m3>0,and l3(1 — ) + lya+m3 <n+ 1+ a. In the proof of (2.24),
we employed the following estimates (see Lemma 2.2 in [23]):

1 1
102, A71GV )<x fy>\+|asz tat ()
<Culs+0) ™7 (| =y B+ 75), 0<ls<n—1;
|v/8IJA 1Gsﬁ-t 1)((E -T2y )| < 054(8 +t)$‘xl - Tle|7€4’ 0<4, < n;
102, G (@0 — Yn)| < Cona (5 + 1) |2 — g ™™, ms > 0.

If « = 1. Then from (2.24), and using (2.9) with {3 = 0, €4 = ¢; € [0,n], mg =m1 >0, l4+m3 < n+2,
we get for ¢t > 0

[sup |G * [000; A7 e E(#) £l 2 ()

s>0

M=

Lyg+mgzg—n—2
Cormst ™57 [ o ol oo, [ W lar oy (225)
Qi R™

=
Il

1

<t [yl (') ld
R%
where 1 < j <n—1,and Q; (i = 1,2, 3,4) arise from the proof of (2.8).
Let 0<a<1,0<l3<n—1,0<4¢y <n,mz>0,and l3(1 —a) + lya+mz <n+ 1+ «. Then for
t>0

|| sup IGS * [8n8jA_1€E(t)anHHLI(]Rn)

s>0

< ng’g4t23(l_a)+224a_n_l_% (/ |$/|—€3(1—a)|x/ _ (7_2 _ 1)y/‘—é4adx/
R™ Rn—1

+/ |z/|753(17a)|x/ _ 7_2y/|54adxl) (226)
Rn—l

2
X(Zcmgtf/ Iwnlmsdwn>y”"lai(y’,yn)ldy/dyn,
k=1 Qk

where Q1 = {z,, € R'; |z,| <t2} and Q = {x, € RY; |z,| > t2}.

Take 3 =n—1,l; = (n—1+85) < nin (2.26), where 0 < d» < min{1, (n — 1)(£ — 1)}. Then
l3(1 —a) <n—1and lya = (n — 14 d2)a < n — 1. Moreover, £3(1 — @) + lya =n — 1+ dgax > n — 1. Tt
follows from (2.12) with m =n — 1, A = {4, u = £3(1 — a), that for t > 0
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La—a)ttsa—n—1 o
Oyt ™ HETT (/ |~ — (5 — 1)y |4 da!
Rn—1

)

+ / a0’ — yfd) < Gy e, (2.27)
R~

Let ¢35, ¢4 be fixed in the proof of (2.27). Take mg =01in Q2; 1 < mg < n+ 1+ a —43(1 —a) + lya =
2+ (1 —d2)a in Q2. Then we obtain for ¢t > 0

2
Zcm3t%/ || ™2, < Ct3. (2.28)
k=1 Qr

By the choices of £3, €4, mg in (2.27) and (2.28), we always have ¢3(1 — a) + lga+my <n+1+ .
Combining (2.26), (2.27) and (2.28), we conclude for 1 < j<n—1and ¢t >0

50| 0,0,07 B W)anlllany < C 4 [ 1y0-S 00/ )/, (220
s 4
where 0 < o < 1 and 0 < 6 < min{1, (n — 1)(1 — 1)}

For any number 0 < 8 < 1, we can find a € (8,1) such that do = 1 — g or (1 —d3)a = (3 satisfies
0 < & < min{l,(n — 1)(2 = 1)}, and f3(1 — @) < n—1, Lo = (n — 1 + d2)a < n — 1; moreover,
l3(1l—a)+lya=n—140d02cc >n—1, where 5 =n—1, {4 = (n— 1+ d3) < n. This is possible because
62 becomes sufficiently small if we let o be close to § enough.

Whence from (2.29), we deduce for 0 < <1, 1<j<n—1landt>0

_ _1_8
I sulg |Gs * [0,0;A 16E(t)an]H|L1(Rn) <Ct 3752 / |y/|ﬁ|an(y’,yn)|dy/dyn. (2.30)
s> R™

+

Combining (2.25) and (2.30), we obtain for 0 < <1l and t >0

10, V' A" e E(t)an] 31 ny = || Sl>113 |G * [0, V' A" eB(t)ay]||| 11 gy

(2.31)
< Ct‘%_g/ Y P lan (¥ yn)|dy dyn.
-

+

For the convenience, we denote the norm of the Riesz operator R; (1 < j < n) in H*(R") by ||| R;]||:-
From (2.4), (2.5), (2.17), (2.22), (2.23) and (2.31), we conclude for 1 <j<n,0<f<landt>0
n—1 n—1
105Tn I3 < ||Rj||H1{ D Bkl I AeE@)ar s + [|Ralllze Y 10k E(E)ar 7
L k=1 k=1
+ 3 Bkl [0k E@)anllr + [ Rallle |A€E(t)an|w}
k=1

_1_ B
<ot / WP la(y) dy;
R}
n—1

105 |2 < 10;E(t)a’ 32 + 10;V' AT E(t)an |52 + IIRjIIIw{IIIR’IIIw > lokeE)ar |
k=1
n—1
[ Ralllze Y IV 0N eE()ar |l +|||R'||IH1||A6E(t)an|H1+|||Rn|||wIIV’eE(t)anlHl}
k=1

_1_B8
<o / W% la(y) dy.

+
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Since e *4a = u(t)

R, we get for ¢ >0

- B - _1_p
Ve Al < VA0 o1y < IV < 025 [ yiPlato)ldy

R%

Lemma 2.2. Let a = (a1,as,...,an) satisfy V-a=0in R} (n >2), and ay [ory = 0. Then fort >0
Ve~ al| oo @n)y < Ct~|z]al| Lo gn)-

Proof. Let 1 < j <n, 0 < a < 1. Following the proof of (2.6), we find for x = (2/,2,) € R*"! x R! and
t>0

0 B(0) ()] = 10, = (@)
= | /]Rn (aszt(-T/ - y/yfﬂn — yn) — an Gt(.%‘/ — y’7xn>)f*(y/’ yn)dy’dyn|

< [ 100G e =) 4 00, Gue )] (2.32)
%10, 00, Gul’ ' 2~ oy) |yl 1 (s 9n) A9/, 70 € (0,1)
- / ko(o, 2, ) |yn| 11 (', yn)|dy dyn.
Let 0 < o« <1 and 1 < j < n. Checking the proof of (2.7), we get for z = (', 2,), y = (¥, yn) €
R" ! x R! and s,t >0

|Gs * ko(a,l’, )(y)|
< [|8ij8+t(x/ — Y = Yn)| + |8ij8+t(x/ - ylaxn)u
X |am] a:ans+t(xl - y/a Tn — Toyn>|a (233)

01 4my—n—
S Czhmlt 2

1 _a _ _ _ 1—
B’ =y |7 (Jen — yal 7™ 7))

X|Tpn — Toyn|~"1Y,

where £, m1 >0, 01 +m <n+1+a.
Let o = 1. Using (2.9), and from (2.33), we have for z = (2/,2,) € R"" ! x Rt and ¢t > 0

ko (1,2, ) |31 (mny = || Sl>118 Gs * ko(1,2,) (W)l 2 )

Litmy—n—-1_ 1
< | Comt 2=zl =y Pz, — “Mdy'd
= Jan L1,mq |x y' |xn Toyﬂ| Y aYn (234)

4
<> / Copmt |y |y T dy dy, < O,
k=17
where 1 < j <n, ¢1,my > 0 satisfy £1 +m; <n+2, and Qx(k = 1,2, 3,4) are given in the proof of (2.8).
Combining (2.32) and (2.34), we obtain for j, k, £ =1,2,...,n, and t > 0

10 E@) f|| oo (&) + | Rk ReO E(t) f|| oo (mm)
< (Suﬂg 1Ko (1,2, )l Lt (rm) + sup [ Rk Reko (L, ;)| Lo @) [[yn S ¥l Lo )
TER™ zER™
= (S“D§ ko (Ls 2, )l ) + sup [ R Reko(1, @, ) (|32 o) )|y [ Lo (e (2.35)
TER™ rER”™

< (LA Rk [ Rell ) sup, ko (1, 2, )l (e

< CtMlyn fll Lo @n)-

Ynfllpe=®e)
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Let 1 <4,k <n—1,0< «a < 1. Checking the proof of (2.18), we have for x = (2/,z,,) € R"~! x R!
and t >0

|0;0LA " eE(t) f(x))|
< [ 10,0, 716 = G () + G ()
YO (2.36)
X|0p, Gy (Tn, — T120) | 20| | f* (2, 20)|dZ d2p, where 11 € (0,1)
= [ ka2l ) d

From (2.36), we get for x = (2/,z,), 2 = (2/,2,) € Rt x R and s,t > 0
|Gs * [kl(a,x,z)H
—1 ~(n—1 1 1 —a
< 10,00, ATGU V(@ — (G — 20) + Gy ()]}
X[r, G, (2 — 7120 (2.37)
< Clymmat T S — 7 (Jun — 2T A ] T2)
X|Ty — T12n| ).
where 1 < j,k<n—1,ly, my>0,0<lb+me<n+1+a, 0<a<l.
Let o = 1 in (2.37), and from (2.9), we get for z = (2/,2,,) € R"* x Rt and ¢ > 0
51 (L2, ) lmrny = |l sup |Gs * k1(1, 2, ) (2)[l| 1 (mp)

fotmo—n—1_ 1
< C %3 1 L2 o —m2 g /d
> an lo,mo |'T Z | |l’n TIZ’I‘L| 2 (Zn (2.38)

4
< Crrmat ™ F |y [ 2y 2 dy dy,, < C1Y,
ParieTS

where Q. (K =1,2,3,4) are given in the proof of (2.8).

Let o =1 in (2.36), together with (2.38), we get for 1 < j,k<n—-1,1<m,f{<nandt>0

||8j8kA_1eE(t)f|||Loc(Rn) + ||RmR58j8kA_1eE(t)f|||Loe(Rn)
< (sup [[ka(L, 2, )|l e ey + Sup [ B Rekr (L, )| 22 )l 2 f ¥ | £oe ()
z€RN

rcR"”
< C(sup [l (L2, Yz ey + 8P [ B Reker (12, )0 o) 20l () (2.39)
< O+ 1Bl [ Relller) sup (lor (125l e l12n Fll oo e

< Cfl”an”Loc(Riy
Since 27;11 0;0;A~1 = —A. Using (2.39), we get for m,/=1,2,...,nand t >0
[ACE(t) fl o ®n) + R ReAeE(#) f|| Lo mry < Ot |z f | oo gy (2.40)

Now we pay attention to 9, V'A~'E(t)a, in (2.5) with j = 0. Checking the proof of (2.24), we get for
1<j<n—-1,z= (2" 2,) ER" I xRl and t > 0

10,0; A" E(t)ay (z)]
< / [0, A2 GV (@ — )]+ 10, A7 G @)
1 2.41
/ V'8, A G (@ = 7y')[100, G (@0 — ya) 16|y, yn) | drdy dyn, 241
0

= k2(a,x7y)‘y/lala:z(y/vyn)|d7dy/dyn~
R‘VL
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Whence we infer for 1 <j<n—1,z= (2, 2,),y = (v, yn) € Rt x R! and s, >0

Gy * koo, 2, y)| < (|0, A7 GV (@ —y)| + 100, A7 GV (@) e (2.42)
1
x / 900, A1 GO (! — )]0, G, (2 — )| (2.43)
(3(l—a)+Lya+mg—n—1—a
< 053’4415[5 - e 2’+ = - Hxl — y’|_€3 + |x'|—f3}1—a (2.44)
X |z' — T2y1|_£4a|.’17n —yn|T™, 1€ (0,1), (2.45)

where 0 </l3<n—1,0<4; <n,m3>0,and l35(1 — o)+ la+mzs<n+1+a.
Let @ = 1 in (2.42). Using (2.9) with ¢4 = ¢; € [0,n], m3 = m1 > 0, €4 +m3 < n + 2, we get for
zc€R"and t >0

o2 (L2, )l ey = [[8UpIGs # oL, 2, ) (W)l 2 vy

4
Lytmg—n—2
< 2024,m3t 2 /

k=1 Q
<ct,

'] [y~ dy' dy (2.46)
k

where Qi (k = 1,2, 3,4) are given in (2.8).
Combining (2.41) and (2.46), we obtain for ¢ > 0
10,V A e B(t)an]| Lo (mn) < sup 12 (L, 2, )l 22 @y 19 |ar | poe )
2ER™

. (2.47)
< Ct Iy |an Lo e

From (2.4), (2.5), (2.35), (2.39), (2.40) and (2.47), we conclude for 1 < j <nand ¢ >0

n—1 n—1

10T | oo (my < D | Ry ReAeE()ag| L @n) + Y | R RuOke E()ag | L~ @n)
k=1 k=1
n—1

+ 3 IR RiOye E(t)an || Lo @) + | RjRuAe B (t)an|| oo ()
k=1
< Ct7lynall o gn);
1058 || oo () < 0, E(#)a|| ooy + 10,V AT E()an || oo @)
n—1 n—1

+ Y IR R OpeE(t)ar| e @ny + Y | Ra V' OcA™ e E(t)ag | oo (g
k=1 k=1
+ ||R/A€E(t)an||Loo(Rn) + ||an/eE(t)anHLoo(]Rn)

< Ot (lynall oo @y + 1y’ lall Lo @n))
< Ct™H|lylall pe mr)-

Note that e~*4a = w(t)

R, we have fort >0
Ve 4al| oo @n)y < VA#)]| Lo @ny < Ot [ylall oo @)
[l

Lemma 2.3. Let b = (by,ba,...,by,) satisfy V-b =0 in R} (n > 2), and b|aR1 = 0. Then for g = 1,00
andt >0

- _k=1
||vk€ tAb”Lq(Ri) <Ct =2 ||Vb||L’1(Ri)7 k= 2, 3, Ce
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Proof. Note that the Stokes flow e~*b is given as a restriction 7% of one vector field u = (@', ,, ), where
Up,u are given in (2.2), (2.3) respectively, with initial data ug = b. Moreover the estimates hold for any
1<k,j<mnandt>0 (see (3.34)-(3.36) in [23])
OOty = — Rj{R' - AeE(t)(1 = 01y ) Ok’ + Opn Ry NeE(t)V' - b
— R,V - eE(t)(1 = 6kn) Ok’ — Spn RnOpneE()V' -V

+ R -V'eE(t)(1 — 0k )Okby + Opn R - 8neE( )V'bn (248)
+ R, AcE(t)(1 — 6kn)Okbpn + Opn R AeF (t) },
where 0y, =0if 1 <k<n-—1;0, =1if k=n.
Let 1 <k <mn. Then for any ¢t > 0
OO0 = OpE(t)(1 — On)Okb’ + Skn0n F(£)0,0
—V/(VA™ F(t)(1 = 8kn)Oka’) — V' (VA" E(t)61,,0,0)
+ Ry {R'V" - eE(t)(1 — 0pn)Okb’ + R'63n0pe EX)V' - ¥ (2.49)

— R,V (VA" eE(t)(1 = 0pn)Oib') — RV (VA - 64, 0ne E()Y)
— R'AeE(t)(1 = 6n)Okbn — R ASpneF (t)0by,
+ Ry V'eE(t)(1 = 0kn)Okbn + Ry6rnV'eF (t)0nby .
Let1<k<n, 1<j<n-—1. Then for any t > 0
N0 = OE(t)0;V + 0;V' A E(t)(1 — 610)Okby + 0;V' A F ()61 Onbn
+R{R'V' - eE(t)0;b' — R,V (V'A™" - eE(t)0;b) (2.50)
—R'AeE(t)9;b, + R, V'eE(t)0;by, }.

Note that 0,eE(t)b’ appears from the term R, V'(V/A™! - §;,0,eE(t)b in (2.49). Since blory =0,
using the explicit formulas of E(t), F'(t), we find for ¢ > 0

(OneE(t)b(x), p(x))

/ / )b(y) 0, [Ge(z" =y 20 — yn) — Ge(2" — ', 2n + yn)|dzdy
/ / "/n Gt(‘rl - y’? Tn — y’n) - Gt(x/ - y/7 Tn + yn>]d$dy

/>/W NG~y sn = ) + Gula’ = sz + 90 )J0ub(y)dody

eF (t)0nb(z), p(2)),
for any ¢ € C§° (R"), from which we get
OneE(t)b = eF(t)0nb. (2.51)
To proceed, we need the following variants of the estimates, which are from Lemma 2.4 in [21]: Assume
a € L'(R%). Then for ¢ >0
IV 0B (allres o) + IV 0F (Dallyas ey + |97 00A " e B (a3
H[V™"0;0:A T F(t)allrr vy + V™ AeE(t)all gy + [V AeF (t)all3 ) (2.52)
<Ct % @y for 0<0<n, 1<jk<n—1m=01,..

Note that the Riesz operators R; (1 < j < n) are bounded in the Hardy space H!(R™). Therefore
from (2.48)—(2.52), we obtain for 1 < j,k <n and ¢t > 0

IV 8,0kl 21 (rny < Ct™27 % || Vb]| 1z
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In addition, since % [given in (2.2), (2.3)] is the extension of the Stokes flow e~*4b from R" to R", and

e_tAb:ﬂhRi. We find for m =0,1,...and ¢t > 0
||Vm+26_tAb\|L1(Ri) <NV ey < (V20 340 ey < Ct_%_%”VbHHl(Ri). (2.53)
The proof of Lemma 2.3 with ¢ = 1 follows from (2.53).
Recall that Gi(z,y) = Gi(y,z), and for 1 < j,k<n,1 <l m<n-1
Ry, Ry, 00,00, A, Gy(2,y) = Ry, Ry, 0,,0,, N, Gyi(z,y). (2.54)
In addition, it holds for ¢ > 0 (see Lemma 4.2 in [37])
sup [0y, 9y Ay LGy, )|l pr ey < CE % (2.55)
rER®
Since Z;:ll 0;0;A71 = —A. Using (2.55), we get for ¢t > 0
Sp Ay G, )l o) < Ct™2. (2.56)
zeR™

Note that E(t)f = Gy * f*, F(t)f = Gy * f. It follows from (2.49)—(2.51) and (2.54)—(2.56) that for ¢t > 0

n—1

|0k 0Tn | ooy < Y sup {IIRy, Ry, AyeGi(, )| 1 &)

m= 1w
| Ry, Ry, AyeGe(, )| L1 @) | (
H| Ry, Ry, OmeGe(x, )| L1 @) [ (

H Ry, Ry, OneGi(2, )| L1 @) | (Ombm)” |

(Okbim) ™[ Loo (rm)

mbm)* ||L°°(R"
Okbm)™ || Lo mn

) )

)* [l £oe ()
s )21 @) [[(Okbn) || Loo ()

)*

+||Rijym8mth(x ( (2 57)
+[|Ry, Ry, 0neGi(x, )| L1 &) [ (Ormbn) || oo ey }
+ sup {IRy; Ry, AyeG(z, )HLI(JR”)H(ak bn)* (| Lo ()

+[|Ry, Ry, AyeGi(z

s ML) [1(Onbn)sll L ) }

Ml @) VO] oo (e

< C( sup [[AyeGy(z
Tz€R™

< Ct 2| Vb| o gny for 1<k, j<n;

s ) @ny + sup [|[VeGi(z
reR™

|00y || Lo (ry < C Sup {110nG1ll L1 @y
+|V! Vi A

yVy yth( )HHl(R"
Rl 1R 32 1V G,
Rl 1R 34210y, Ge (2

HIRa I3 1V, VA Gz,
HI Rl [V, VA G,

HR e 1[R[ | Ay G (2

Rl 1R (|| | Ay G (2
N Roll3 1V}, Gz,
< Ct™ || Vb oo m)

|| oo ®n) + 100 Giel| L1 e [ Onb|| oo (7
b || o) + IV VAL Gi(, )l @) 100 || Lo )
M @y 108 | oo )
s @) IV V|| oo (mn)
Ml @y 108 || oo () (2.58)

Wrer &y 100 [| Lo )

s MIrr @) 1Okbn || oo )

s M @) 19nbnl| Lo )

Wt @y 0kball Lo @) + [11Rnll3 [V Ge(,
for 1 <k<mn;

Wt @) 19000 || Lo mn ) }
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and
106050 || Loe () < Cfeuﬂg {10k Gell L1 @) 106" || oo (e
10y, VA G, )l ey [Okba | oo @y + 118y, Vi Ay G, )91 ny [0nbn || oo )
N Rellra 11BN IV G (@, ) 12 ey 1058 [| oo ()
HI Rk Rl 11V Vi Ay G (2, )01 (e
Rk TR N2 Ay Ge @, )lrer ey 10500 | Loe (e
R R 20 [V G, )2 ey 10500 | oo (R }
<Ot 2||Vb||poe(gny for 1<k<n, 1<j<n-—1.
Whence from (2.57)—(2.59), we derive for 1 < j,k <nand t >0
100kl L () < Ot 2| Vb| oo ey -

(2.59)

0| o< ()

Note that % [given in (2.2), (2.3) with initial data b] is the extension of the Stokes flow e~*4b from R" to
R"™, and e *4b =1 r7 - We conclude for ¢ > 0

V2™ 48] Loy < V7Tl o n) < CE2|VD] e (ry) (2.60)
Repeating the proof of (2.60), it is not hard to find that for m = 1,2,--- and ¢t >0
vaHeftAbHLm(Ri) < V20| poo () < Ct7%7%||Vb”L°°(R1)
from which and (2.60), we complete the proof of Lemma 2.3 with ¢ = oc. O
Proof of Theorem 1.1. From Lemmata 2.1, 2.3, we obtain for k=2,...,0< g <land ¢ >0
IVEe™ al| L gn) = ||Vk€_%A€_%Aa||L1(Rn)
<ot T HVe 2 a||L1 (R™)
<o its |||$|6a||L1(R1)7

which, together with Lemma 2.1 implies that (1.2) is valid for k € N.
On the other hand, it follows from Lemmata 2.2, 2.3 that for k =2,... and ¢t >0

Hvke_tAaHL‘”(Ri) = ||Vk€_%A€_%Aa||Loc(R1)
< C’t_%HVe_%AaHLw(Ri)
< Ot~ |afal| = (R?)>
which, together with Lemma 2.2 implies that (1.3) is true for k € N. O

Proof of Theorem 1.2. Note that the Stokes flows with initial data uy can be expressed by e *4ug. More-

over, e~ can also be given as follows (see [38,39]):

e Mug(x) = | Mz, y, t)uo(y)dy, (2.61)
RY

where M = (M;;)i j=1,2,...,n is defined by
Mij(xvyv ) = 62](Gt(x - ) Gt {E —

BE (x — 2)
4(1 n) —Gi(z—y")d
A0 = 0jn) 50 / /R S (2.62)
= 0;;Gi(x — )—I—Mij(x,y, t)

= 6ij(Gt($_y) _Gt(x/ _ylzxn +yn)) +N (33 Y, )7



616 P. Han JMFM

2
|z

v = (y1,Y2, ., —¥Yn), Ge(x) = (47t)"3 e~ 3 is the Gauss kernel, and
rez 1
= (3) s ifn>2,
E(z)={ 2=2)m> 2"
1
—log|z| ifn=2
27

is the fundamental solution of the Laplace equation. Moreover, the following estimate for M}, N in
(2.62) holds

107 050 M (e, y, 0)| + 107050, Ny (2, 1)

. 1k 1 Lo o2 (2.63)
< Ot (t+x%)_%(|x R =SLAEY |e_Tn’
where m = (my,ma, ..., mu_1,my,) = (M ;my), k= (k1,kay - kn_1,kn) = (K, kn).

Let s = |k| = |m| = 0 in (2.63), we find for any a > 0,
(|2 +ap + )7 % fala) & L'(RY), where fo(x) =y, [|% ||

Note that the results in Theorem 1.2 have been shown to be true in [20] for the case: (k,a) = (0,0)
and 1 <r=¢ <o0.Letl <r=g¢q< oo. Then k& > 1, which follows from the assumptions in Theorem 1.2:

1 1
k=0,1,2,... and O§a<k—|—n<—>, herel <r<g<oo, or 1 <r <gq<oo.
r o oq
Using (2.61) and (2.63), we get for t >0

||xgvke*tAu0||L4(Ri)

<1 [ b=l VG = o o)l e
.

+ / IVEG (2 = ) [yS o ()l dyll o e
v

_kn « « _n+|k|
Ol [t +an) ™ (@ y) (e =y P+ )77 uo(®)ldyloer)

R}
k
S ngv Gt||L(1+%,%)—

Lr(R™)

L@y + ||V’“Gt||L<1+5f%>—1(R1)IIy??UO\

U
1(R1)|| ol

n+|k’|
2 ||L<1+§—%>

_kn _
HI +22)" a2 + 22+ ol
T
a_k_ncl_ 1 _k_mncl_ 1
<22l q)|\U0HLr(R1)+t 23 ‘7)||%O{U0||LT(R1));
and

a9~ Ao | ages
<[l =y I9EG o = ) o () e
:
1 [ 1VEGu e = )1 o)l e
+

n+

_kn B _nt[k]
0l [ () =y 1o = o+ 0 )y
+

nt

_kn N _ K
+CO| [ t+an) T (e =y P+ )72 |y uo()ldyllLeen)




Vol. 17 (2015) Weighted Decay Results for the Nonstationary Stokes Flow 617

k k
< |ll2'[*V Gt”L(Hé—%)—l(Ri)HUOHU(RL;) +V GtHL(H%,%)—l(Ri)|||yl|auo||[ﬁ(]1{<g_)
+k]
+lE+a2) F (0 P+ a2+ 67 | eao

q

u r(R™
(Ri)” ollrry)
kn nt| k']

1t +a2) " (

o P ap + 1)

2 ||L(1+§—%)*1(Ri)|||y/|aUOHLT(R¢)

1 _k_n

a_k_mnel_ 1 1 a
<Ct? 2 20 gl prany + 72 E0 T uollze))-

1

From the above arguments, we complete the proof of Theorem 1.2. (Il

3. Weighted Decay Properties for the Navier—Stokes Flows

Let ¢ = N f denote the solution of the Neumann problem
—Ag=f in R%,
0,g=0 on OR" .
Then (see [24])

N = / F(r)dr. (3.1)
0
Moreover the following decomposition holds for u € L2(R'}:) (| Hj (R™)
P(u-Vu)=u-Vu+ Z VNO;0;(uiuy). (3.2)
ij=1

The following lemma plays a crucial role in the proof of Theorem 1.3, from which the strong singularity
can be avoided. It should be pointed out that such a study is of independent interest.

Lemma 3.1. Let0<0<1,0<a<1,1<k<n,n>2andl <qg< 0. Thenforanyungf’G(Ri)

> 2! [ N 0,05 (uiny)

ij=1 (3.3)

La(Ry)
< C(HUH%%(RQ) + ||VU||2L2q(R1) + |||y/\%u||2L2q(R1) + H|Z/|%VU||2L2G(R1))~
Proof. Denote the odd and even extensions of a function f from R} to R™ by f*, f., respectively, see their

definitions in the proof of Lemma 2.1 in Sect. 2. Recall the following inequality (see [23]): Let 0 < v < 1,
1<k <nand1<q< oo, then for any u € C§, (R"} )

Z |x’|78k/\/8183(u1u3)
w La(RY)
< C(lull7 + V|7 + I1y')7 ull2 + Y12 Vull7z20n))-
= L2a(R%) L2a(R7) L2a(R7) L2a(R7)
Let 0 <0< 1,0<a<1and1<qg<oo. From (3.1), (3.4), one has for any 1 <k <n
> 2,012 0N 0,05 (uiuy)

ij=1

La(R7)

n 1
< Z :E;9|:E’|“8k/ Gr *[0;0;(wjuj)|dr
0

1,j=1 La(Rn—1x(0,1))
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n

+ Z x;0|x’\°‘8k/ (0;0,Gr) * w;;dr
=1 ' La(R"=1x(0,1))
H[D 120N 0:0; (usuy)
=1 La(Rr—1x[1,00))
1 n
< C sup / x 02" — o |%|ORGr (x — y)|dT 9;0; (usu;)
yeR™ [[Jo LY(R"=1x(0,1)) |[; 7=
w=t La(Ry)
1 n
+ C sup / 910, Gr(x — y)|dr Z ly'|%0;0; (wiu;)
yeR™ ||Jo LY(R"=1x(0,1)) ||5,5=1 La(RY)
+Cswp 3| [l = y110u0:0,6 (o~ )i i o e
yeRm oy 111 LY(R"=1x(0,1))
n o]
+C sup / 23, °|0k0:0;G- (x — y)|dr | 1 mr -1 x 0,100 | Y| * w3
yER™ i,j=1 1 L‘I(Ri)

Z |x’|a8kj\/'8i8j (UﬂL])

4,j=1 Lq(Ri)

JMFM

where wi; = (uug), if 1 <id,j <n—1ori=j=mn; wy = (wu,) if 1 <i<n—1;wy = (upuy)* if

1<j<n-1.

In the following arguments, we take 1 < 4,5,k <n, 0 < a < 1 and 0 < 6 < 1. Take ¢1,¢q2 € (1,00)

such that q% + q% =1 and fg; < 1. Then for any y = (¢, y,) € R"~! x R!

1
H [ w106t~ )i
0 LI(Rm=1%(0,1))

1 1 / / «a
“1va o (12 =Y\ |2k =yl

SC/ / / T é+2$n9< > G (z —y)dzdr

Rn—1 2[ 2\[

_14a no1 _Ja'—y|? (zn— yn)

<C saf(4nr) T e s oen dr'dz,dr

Rn—1 N ) N

_0 ql _ (n—yn)?as a2
< C’/ </ x, qldxn) (/ e 87 dxn> dr
0

< C’/ F e gy <,
0

H/ x;9|9:/ —y'|*0x0:0;G-(x — y)|dr
LY(R"—=1x(0,1))

< 3ye Y| lzi — vil |z — y;l |2 — yl
of et [ [ () (el

+|«Tk — Ykldij + @i — yi\%‘ + |z — yjI%)

!
n _la'—y'|? lon— um

x(4mT)"2e” A e da'dxydr

(3.6)
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[e% (1'n. n)
<c// 25l TS ey dr

< C/ 2+sz/ z,%dx, <C. (3.7)

It is not difficult to find that the estimates (3.6), (3.7) are still valid for aw = 0. That is,

1 1
H/ 270 |0RGr (z — y)|dr < C'/ Y dr <C, (3.8)
0 LY (R7 1% (0,1
and
o0 00 1
’/ 2,010, 0;0;G (x — y)|dr < C’/ 7'72d7'/ zdx, < C. (3.9)
1 LY (R*—1x(0,1)) 1 0
Note that for 0 <~y <1 and 1 < g < oo,
n n
> 1Y [0:0;(wiuy) + 3 Y wig L)
i,j=1 Lamy) 0971 (3.10)

X a
< CUIY 12 ull Loy + My 12 Verl Lo e )-

From (3.4)—(3.10), we conclude that for 0 < a<1,0<0<1,1<k<nand1<¢g<oo

> 202! [* 0N 005 (uiuy)
ni=t La(RY)
< O(HUHQL%(M) + ||VUH%2<:(R¢

ny + |||y,|%vu||i2q(m)):
which is (3.3). O
Lemma 3.2. [20,25] Assume ug € L'(R%) (N LL(RY) (n > 2) for all 1 < g < oo. Then there exists a

number 1o > 0 such that if ||uozn(ry) < no (smallness condition is unnecessary if n = 2), problem (1.1)
possesses a unique strong solution u which satisfies for all 1 <r < oo, k=0,1,2 andt > 1

IVFu(t)| 1 en) < O 273077,

Further if ug satisfies ||znuoll1(my) < 00, then

k n

IV u(t) gy < CrE2073),

In the above two estimates, we require 1 < r < oo if k = 2.
The following Lemma is a variant of Theorem 1.2 in [23,26], and we omit the details of its proof here.

Lemma 3.3. Assume ug € L*(R})(LL(RY)(n > 2) for all 1 < q < oo, satisfies [l [woll 1w ) +
[l [uollL2(mr) + 1(1 + |2"[)Vuo|[ L2y ) < co. Let u be the strong solution of (1.1) given in Lemma 3.2.
Thenfornz 3andt>1

_n_1y4 B
12 Pu(®) ]| Lr@ny < CEE07T5 (3.11)

with 1 <r < oo and 0 < f < min{l, n(l — 71)},

[Slie)

12" 1P Vu(t)l| @y < Ct27 3004 (3.12)

provided that 1 <r < oo and 0 < 8 < 1. Further if |znuol|z1rn) < 00, then the estimates (3.11), (3.12)
hold true for n > 2.
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Proof of Theorem 1.3. Step 1. Without the assumption: ||z,uo |11 (ry) < 00. Let 1 <7 < ocand 0 < 3 <

1, n > 3. Assume that u is the strong solution of (1.1) given in Lemma 3.2. Then it can be expressed as
(see [38,39])

t
U(IE, t) = - M(‘T? Y, t)UO(y)dy - A - M(.’,E, yvt - S)Pu(yv S) ' vu(yv S)dydsa
+ +

Let 1 <k,j <mnandt>1. Then

H [ 0100, MG, Do)y
.

L (R7)
= C/Rn (12" = o/ 1?0k0;Gi(x = y) || rn) + 10805 Gell ey [6'|7) [uo () |dy
n
+Clluollzreyy x  sup l(@n + VO (2 =y + 2+ yn + VO L)

y—(y/#yn)eRi (313)
y Uo (Rn+)

x sup |[(@a + VT2 =Y [+ 20+ yn + VE)
y=(y',yn) ERT

n—|€/||

Lr(Ry)

n

_1_n(1—1)y4 8 _1-n(1-1
<c@tEd 'f)JrQHUoHLl(M)th =30 ”‘)|||yl|’guo||L1(R1))

<Ct1m50-0%%  where 2 = |(¢, £,)).

Let 1 < k,7 <n. By (3.2), (3.4) and Lemmata 3.2, 3.3, one has for any ¢ > 1

|lz'|® /02 /n 02y, 00, M(z,y,t — s)Pu(y, s) - Vu(y, s)dyds
+

LT (R7)

<c / / e’ = /%02, 00, Go—sl = ) e )| Puly, s) - Vuly, s)|dyds
o Jrp '

+c/ / 1050, G1—s|
0o JR7

t
2
+C sup [|[2" — ¢/|” 00, 0, M* (2,9, — 5) || (R
0 yeRY

X || Pu(s) - VU(S)HLI(Ri)dS

L) [y 1P| Puly, s) - Vu(y, s)|dyds

(S

+C Sup [0, 0, M™ (2, y,t — 8)“L7‘(R1)|||y/|ﬁpu,(s) Vu(s)| L1 rn)ds
0 yeRYy

< op1-30-D) / 11 Pu(s) - Vu(s)] 11 e ds
0

N IO /0 [Pu(s) - Vu(s)|| L1 zn ) ds (3.14)

1_n(1-1 2
<0500 [ (a0 e + 19006 e

8 8
112 ul5) 3 ey + 112 V()3 g s

_1_n(1_1y, B8 %
O30 u(s) e + IV s



Vol. 17 (2015) Weighted Decay Results for the Nonstationary Stokes Flow 621

t

SOt‘l_ﬂ(l_’)/2(1+s)_%+§ds+0t‘1‘2(1_ s /2(1+s)‘%ds
0 0

<Ot 13- P+E

Note that for 0 < s <t
[ 02(Grsle =) = Gisla =y Puty,) - Vuly. )y
n
=L, 0y, (Gi—s(x —y) = Gi—s(x — y")) Puly, s) - Vu(y, s)dy
"
-2 . Oz, Gi—s(x — y*)Pu(y, s) - Vu(y, s)dy
n
= [ (Gralo =) = Gl — ¥ )Py 5) - Vuly iy
2 [ 0,,Giulo— ) Puly.s) - Valy, )i
n
which yields for 1 <k <nand 0 < s <t
/n 02, 0n, Ge—s(x —y) Puly, s) - Vu(y, s)dy
n
= /n Oy (Gi—s(x — y) — Gi—s(x — y*)) 0 Puly, s) - Vu(y, s)dy (3.15)
n

’ 02, Ou,, Gt—s(x — y*)Pu(y, s) - Vu(y, s)dy.
"

By (3.2), (3.15) and Lemmata 3.1-3.3, we obtain for any ¢ > 1

t
12'|° / / By, 0, M, — 5)Pu(y, 5) - Vuu(y, 5)dyds

Lr(RY)

< C/t sup 2" = [Py, Gy sz — Yl @) |10nPuls) - Vu(s)| -y )ds
2

e / Sup 110, G (2 — W)l e |15/ 170 Puls) - Vuls)l| 1 ey s

£ yery

t
+0/ sup [l — 1?0z, 00, Gr-s(@ = y*) | r ) | Puls) - Vu(s)| o ry) ds

yERY

+C sup (20 + Yn)? 0, O, Gi_s(x —y e @ Y2y’ 1P Pu(s) - Vu(s)|| ey )ds

t
L yeRr}

+C/ Sup 2" — ') 0y, 0, M*(x, Yt = )|y [[Puls) - Vu(s)|

LT'(]Ri)dS

+C sup (@0 4 Yn)*On,, Oy M* (,y,t — 8) || 3¢ R?) %€y’ |P Pu(s) - Vu(s)| - ry)ds

t
L yeRY

< c/t (t = 5)~ 545 0, Pu(s) - Vu(s) | - qan ds
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t
40 [t = 9 1P, Puts) - Tuls)l s

t
+C/ (t— s)_1+%|\Pu(s) Vu(s)| -y )ds
t
+C[ (t =) Ny > 17 Puls) - Vul(s) || e yds
3
t
1.8
< C/L (t =) 7272 ([lu(s)|72r @) + IVU(S)IZ2r @y + IV2uls) 720 gy ) ds
2

t
1 B B
+C[ (t =) 72 (Ily'1> () Lern) + 11Y'12 V) L2r n)
2

+[[Va(s) || poe ey lly'17 V2 u(s)]

Lr(RY)
+ ”u(S)HQL?T(R") + HVU(S)H%%(RQ) + ||V2U(S)H%2T(R1))d8
e / 8 () 2 sy + V() B )
e / T 8) 2o gy + 1V05) 22
Y 1B B ) + 11515 V()] 2ar ) s

t
< C/ (t—s)_%""gs—n(l—%)ds
t
t
+C/ (t—s)fé(s*n(lf%)_i_sfn(lfng)dS

+C (t—s)*Hgs*”(l*%)ds

5(1-5)+5 JrCt*%JFg*l*E(l*F)f(t), (3.16)

where ¢ € (0,3), f(t) = supgc,<[s H‘ﬂ(l_l)_é|||y'|BV2u(s)HLr(R1)]. Here we used the estimate (see
Lemma 3.1 in [26]): Let 1 < k,/ <nand 1 < ¢ < oo, gzq%—&—q%,ngigoo(i:lﬂ). Then for any
u € C3%, (RY)

n
Z ‘1‘/|78kagf\/’8i8j(uiuj)
vt La(RY)
< C(||U||22 n + ||VU||22 n + HV2U,||22 n
= L2a(RY) L2a(RY) L2a(RY)

’Y-‘r@vQ

X J_ a
Hllly 12wl ooy + 151270Vl o ey 191270Vl oz )

where 0 <y <2,0<60< 7.
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Observe that for z,y € R} and ¢ >0
3ka(iU,y7t):—3yk-M(xvyat)7 1<k<n—-1.
Consequently, we have for 1 </ <n,1<k<n—1landt >0
t
[ / 8mkang(x, Yy, t— S)Pu(yv S) : vu(ya S)dyds
2 /R

t (3.17)
= / / OpyM(z,y,t — 5)0y, Pu(y, s) - Vu(y, s)dyds.
3 JRY

Following the proof of (3.16), and using (3.17), we get for 1 <k <n—-1,1<{¢{<nandt>1

t
|x’|5/t /]R“ Oy, O, M(z,y,t — 5)Pu(y, s) - Vu(y, s)dyds
2 +

L7(R})

t
< C/ sup (|| — Y702, Gems(x — )l 2 106 Puls) - Vu(s)| Ly yds
5 veRy

t
+C SURP ||5uGt—s($ - ?J)”Ll(m) |||y’|ﬁakpu(3) : VU(S)HLT(Ri)dS
yeERY

3 ol

e / 5 " /P00 M st ) IOk Ps) - V) g
+c / oD 100 M (2,3 = 5) s 119k o) - V) s
<c / (t- s)*%nakpu(s) Vu(s)l| e ayds
+ C’/t(t —8) 72 ||ly " OxPus) - Vuuls) || e gy yds

—14 5
< C/ t—s5)72 2 (JJu(s )H%ZT(R") + ||VU(5)||%2T(R1) + \|V2U(S)||%2T(R1))ds

1
+C/ (t =) (v 5us )17 ) + Iy’ |5 u(s $)l|72r(an)

+IVu(s)ll o @)1y’ 175 %u(s) | ¢ (R?)
)z @) + IVU) 2@y + V()1 Z2r g )ds

¢
SC’/ (t—s)_%Jrgs_”(l_%)ds

t
+C/ (t — 5)7%(3771(1*%) + an(lfi)Jri)ds
% (3.18)

where the definition of f(t) is given in the proof of (3.16).
It follows from (3.13), (3.14), (3.16) and (3.18) that for any ¢ > 1

_n(1_1 _1_n(1_1y. B8
' 1PV 2u(t) ||y < Ot EFET1 80D (1) 4 01501045
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and then
D=5 |y P2 u(t) | oy < Cot ™% f(1) +C

Whence there exists ¢; > 1 satisfying Cotl_% < 5, such that for any ¢ > ¢;

1
27
1
fit) < if(t) +C, and so f(t) <2C,
which implies for ¢ > t;
' 1PV 2u(t) || ryy < Ot EADHE, (3.19)

Step 2. Without loss of generalization, we suppose ||$nU0||L1(1R1) < ooforn >2 Let 1 <k, j<mn,

0<pf<1,n>21<r<oo. Using Lemmata 3.2, 3.3, and checking the proof of (3.14), we get for any
t>1

/)7 / e, Mt = )Pl ) Vs

L (®?)
<1307 >/ 148175 4+ (14+5)"3+%)ds
— o (( ) ( ) ) (3_20)
Lo 13-+ /5(1 +5)7 " 2ds
0
<Ot 1m30-+3
Repeating the proofs of (3.16) and (3.18) respectively, we infer for any ¢ > 1
t
P [ [ 90,00, Mt = ) Puly.s) - Tuly, )dyds
z JRY L7 (RY)

t
< C’/ (t— 5)7%+§8717"(17%)d5

2

+C/ (t—s *%( —1-n(1- )+an(17%)+§)ds

+C/ H'gs_l_"(l_%)ds

%

t
+Cg(t)/ (t—s) s m BR300 g

: 3.21
<ot T oEI-D4E 4 o FA-D+% L o330+ (8:21)

DN | =

pot i os0-D+8 +Ct*"*“+"b<">*%“*%)g(t)v €€ (0’
< O T ROSDAE L o S50 g ),

and for 1 <k<n-1,1</<n

12/} / / Doy D, M (2.t — 5)Puly, s) - Vuly, s)dyds

48
+3

L (R7) (3.22)
—r(1-1)+

<c =301 g(r),
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if n > 3,

ifp — o, and

where b(n) = {

o=

n)+2(1—1)_8
g(t) = Os<up<)t[sb( +30-3)-3 H|y/|ﬁv2u(5)||y(ﬂm)].

So from (3.13) and (3.20)—(3.22), we conclude for ¢ > 1
n)42(1—1y_8 _ntl
DR |y VUl ) < Cot™ S (1) + C.

_ntl
Whence there exists to > 1 satisfying Cit, > < %, such that for any ¢t > to

g(t)+C, and so g(t) <2C,

DN | =

g(t) <
which implies for ¢ > to

Ot-1-30-D+5  ifp >3,

! ﬁ 2 r(Rn <
Ny PV u®llrmy) <3 p-1-0-048 o

(3.23)

Combining (3.19) and (3.23), we establish the decays of |||x’|ﬁV2u(t)||Lr(R1) for any ¢t > ty =
max{t1,¢2}, with or without the assumption: ||y uol/r1(ry) < oo O
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