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Abstract. The second-grade fluid equations are a model for viscoelastic fluids, with two parameters: a > 0, corresponding
to the elastic response, and v > 0, corresponding to viscosity. Formally setting these parameters to 0 reduces the equations
to the incompressible Euler equations of ideal fluid flow. In this article we study the limits a,v — 0 of solutions of the
second-grade fluid system, in a smooth, bounded, two-dimensional domain with no-slip boundary conditions. This class of
problems interpolates between the Euler-a model (v = 0), for which the authors recently proved convergence to the solution
of the incompressible Euler equations, and the Navier-Stokes case (o = 0), for which the vanishing viscosity limit is an
important open problem. We prove three results. First, we establish convergence of the solutions of the second-grade model
to those of the Euler equations provided v = O(a?), as a — 0, extending the main result in (Lopes Filho et al., Physica D
292(293):51-61, 2015). Second, we prove equivalence between convergence (of the second-grade fluid equations to the Euler
equations) and vanishing of the energy dissipation in a suitably thin region near the boundary, in the asymptotic regime
V= O(a6/5), v/a? — 0o as a — 0. This amounts to a convergence criterion similar to the well-known Kato criterion for the
vanishing viscosity limit of the Navier-Stokes equations to the Euler equations. Finally, we obtain an extension of Kato’s
classical criterion to the second-grade fluid model, valid if o = O(v3/2), as v — 0. The proof of all these results relies on
energy estimates and boundary correctors, following the original idea by Kato.
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1. Introduction

The second-grade fluid model is governed by the system:

0w —vAu+ (u- V)v + Z?Zl v;Vu; +Vp=0, in Qx(0,7)
V.u=0, in Qx(0,7T) (1.1)
v=(I —a*A)u, in Qx(0,7),

see, e.g., [3,10].
We consider system (1.1) in a two-dimensional simply-connected smooth bounded domain Q C R2
subject to the no-slip Dirichlet boundary condition on 012, i.e.,

u =0, on 9Q x (0,7). (1.2)

Formally, if we set « = 0, system (1.1) becomes the Navier-Stokes system, because the term
Z?Zl v;Vu; becomes a gradient and it can be incorporated into the pressure. On the other hand, if
we set v = 0 instead, system (1.1) becomes the Euler-a system and setting both « and v to zero yields
the incompressible Euler equations, which we write as:

i+ u-Vi+Vp=0, in Qx(0,7)

(1.3)
V-u=0, in Qx(0,7T).
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In this article, the Euler system, (1.3), is subject to the non-penetration boundary condition,
a-n=0, on 9INx(0,7T), (1.4)

where 7 denotes the exterior unit normal vector to 9.

In a recent paper, [19], the authors proved that, under suitable smoothness assumptions, solutions
of the Euler-a system converge to solutions of the Euler system as o — 0, despite the presence of
a boundary layer. The analogous problem for the v — 0 limit of the Navier-Stokes equations is an
important open problem. As we have seen, the second-grade fluids equation provides a natural family of
problems which formally interpolates between these situations, aside from having independent interest,
see [3]. The purpose of the present article is to examine the limit o, — 0 of the second-grade fluids
equations, in the hope of shedding light into the contrast between the vanishing « limit of Euler-a and
the vanishing viscosity limit of the Navier-Stokes system in the presence of a boundary layer.

Our investigation of the limit o, — 0 of solutions to (1.1) is expressed in three different results.
First, we prove that if v = O(a?), under appropriate conditions on regularity and convergence of initial
data, solutions of the second-grade fluid equations converge to solutions of the Euler system in L? in
space, uniformly in time, as @ — 0. This result is a natural extension of the main result in [19], and the
condition v = O(a?) can be interpreted as a smallness condition on v, implying that the second-grade
fluid equations behave as a small perturbation of the Euler-a system. The other results are Kato-type
criteria (cf. [12]) for convergence. First, we prove that, if a?<<v = O(a’/?), convergence is equivalent to
vanishing of the energy dissipation rate in a region near the boundary of width O(a3y*3/2). Note that,
with the condition imposed on v, this width is known to vanish as & — 0, but no rate can be asserted. In
this result, the second-grade fluid equations are still a small perturbation of the Euler-a model, but the
perturbation is larger, so that convergence is lost and only the sharp characterization of convergence is
retained. For the last result, we assume o = (9(1/3/ 2). In this case, we prove that convergence is equivalent
to vanishing of the energy dissipation rate in a region of width O(v) near the boundary, which is precisely
the result obtained by Kato for the Navier-Stokes system in [12]. In contrast with the first two results,
this last result imposes a smallness condition on «, which can be interpreted as thinking of the second-
grade fluids system as a small perturbation of the Navier-Stokes system. The result proved is, therefore,
a natural extension of the original result by Kato [12]. We illustrate the regions of validity of the three
results in Fig. 1, convergence in region IV, sharp convergence criteria in regions I and III, and no result
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FiG. 1. Curve between region I and region II: v = o/3; between II and III: v = a%/%; between III and IV: v = o?
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obtained in region II. The proofs of all three results are technically very similar, based on the use of
energy estimates and boundary correctors, following the ideas introduced by Kato in [12].

There is a large literature associated with the vanishing viscosity and vanishing « limits, which we
briefly survey below. For the vanishing viscosity limit of the Navier-Stokes equations, convergence is
known in cases without boundary, see for example, [5-7,20] and references therein, and for Navier bound-
ary conditions, see [4,18,21,24,25]. For no-slip boundary conditions the problem is open, with sharp
convergence criteria obtained first by Kato in [12], and reformulations of Kato’s criteria obtained in
[14,23]. For a recent survey on this subject, see [1]. The literature associated with the & — 0 problem is
much smaller. In addition to the convergence result in [19], already mentioned, it was shown in [17] that,
in the whole space, solutions of Euler-a converge to the corresponding solutions of the Euler equations, as
a — 0. In [2], the limit o, v — 0 of the solutions of (1.1) with Navier-type boundary conditions was shown
to converge to the corresponding solutions of the Euler equations, irrespective of the relative vanishing
rates of  and v.

The remainder of this paper is organized in two sections. In Sect. 2, we introduce some basic notation,
and present preliminary results. In Sect. 3, we state and prove our main results and draw some conclusions.

2. Notations and Preliminaries

In this section, we introduce notation and present preliminary results concerning the second-grade fluid
Eq. (1.1) and the Euler equations (1.3).
Let Q C R? be a bounded, smooth, simply connected domain. We use the notation H™ () for the

usual L?-based Sobolev spaces of order m, with the norm || - ||,,,. For the case m = 0, H*(2) = L?(Q); we
denote both norms by || - ||. By H™ () we denote the Sobolev space of the vector fields u = (uy,us) such
that u; € H™(Q), i = 1,2, and the norms in H™(Q), (L*(2))? are also denoted by || ||m, || ||, respectively.

We denote by C° () the space of smooth functions with infinitely many derivatives, compactly supported
in Q, and by HJ"(£2) the closure of C'2°(Q2) under the H™-norm.
We make use of the following function spaces.

H={uec (L*(Q)? :divu =0in Q, u-n =0 on 0Q},
V={ueH Q) :divu=0in Q, u=0on 9Q},
W ={ueV:curl(u—a?Au) € L*(Q)}.

We will make frequent use of the identity:
/ (0 V)@ - bda = 0, (2.1)
Q

for every ¥ € H'(Q), with ¥ -7 = 0,div¥ = 0, and every ® € H'(Q).
We recall the two-dimensional Ladyzhenskaya inequality (see, e.g., [8,15]),

191173y < Cllllllll, for every v € (H' ()%, (2.2)

where C' is a positive constant.
Let u = (u1,uz2) € V, and set

curlu = 0y, up — Ogyug = v,
where V4 = (=0,,,0,,). We observe that

lcurlu|| = [|Vul|, for every u € V. (2.3)
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Apply the curl operator to the second-grade fluid Eq. (1.1) under the no-slip boundary conditions
(1.2) to obtain the following equivalent two-dimensional system,

Orq + %(q —curlu) +u-Vg=0, in Qx(0,7T),

V-u=0, in Qx(0,7), (2.4)
q = curl (u — a?Au) in Qx(0,7),
u=0 on 002 x(0,7).

Global well-posedness of (1.1), or equivalently, of (2.4), has been established in [3,10]. For the sake of
completeness we state and prove the following:

Theorem 1. Let T > 0 be fized, and u§ € W. There exists a unique solution w € C([0,T];V N W) of
problem (1.1)—(1.2) (or (2.4)) with initial velocity u§, satisfying

t
lu@®)l* + [ Vu(t)|* + V/ IVu(r)Pdr = [[ug || + o Vug ||, (2.5)
0
for every t € [0,T]. Moreover,
_1(y 1 o o
lg(@®))1* < e 220l + 752 e 12 + o[ Vug ), (2.6)

for every t € [0, T].

Proof. The existence and uniqueness of a solution to (1.1) was obtained in [3,10]. By standard energy
estimates, it is easy to obtain identity (2.5) as well as

v

t
o017 < e 3G (ol + 575 [ A eutuf?as ). 2.7

a” Jo
From (2.3), (2.5) and (2.7) we conclude (2.6). O

In the next section we will investigate the convergence of solutions of the second-grade fluid equations,
as a — 0 and v — 0, to the corresponding solutions of the 2D incompressible Euler equations. To this end,
we will need the following existence and regularity result concerning the solution of the Euler equations
(1.3) (see, for example, [13,22]).

Theorem 2. FizT > 0 and s > 3. Let ug € H*(Q)NH. Then there exists a unique solution @ of (1.3)-(1.4),
with initial velocity ug, such that i € C([0,T]; H*(Q)). Moreover, 4 also belongs to C*([0,T]; H*~1(Q))
and ||a(t)|| = ||luoll, for any t € [0,T).

3. Main results

In this section we state and prove three theorems concerning the limit as «,v — 0 of solutions of the
second-grade fluid equations. These results aim at describing the second-grade equations as an interpo-
lation between the Euler-a equations and the Navier-Stokes equations. It is hence natural to treat two
different regimes, one in which v is small with respect to o and the other in which « is small relative to v.

The first result consists of convergence to the corresponding Euler solution in the case v = O(a?), as
a — 0.

Theorem 3. Fiz T > 0 and let ug € H3(Q) N H. Assume that we are given a family of approzimations
{ug}aso C H3(Q) NV for ug satisfying:
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l[ug = woll =0,
o?||Vug|* = o(1), (3.1)
[uglls = O(a™).

Letu>? € C([0,T); VW) be the solution of (1.1)—(1.2), with initial velocity ug. Let u € C([0,T]; H3(2)N

H)NCL([0,T); H2(Q)) be the solution of the Euler equations (1.3)—(1.4), with initial velocity ug. Assume
that v = O(a?), as o — 0. Then u™" converges to u, strongly in C([0,T]; (L*())?), as o — 0.

Remark 1. In [19] the authors introduced the notion of a suitable family of approzimations to ug € H3NH
as a family {ug} satisfying (3.1). In Proposition 1 of [19], it was shown that, for any ug € HY(Q) N H
there exists a suitable family of approximations.

Remark 2. Hereafter, K will denote a positive constant which is independent of «, but might depend on
Uup-

Proof. We have, from Lemma 1 in [3], that H*(Q) NV C W. Thus from (2.5) and (3.1), we deduce that
for all ¢t € [0, T7,

t
[u™" @) + o [[Vu" (2)|* + V/ [Vu? (n)|dr = [Jug||* + o®||Vug|* < K. (3.2)
0
From (2.3), together with (3.1) we have:
« e 2 e K
lgg |l < llewrlug |l + a”fleurl Aug| < —. (3.3)
By virtue of (2.6), (3.3) and (3.2), we have
a2 < foopz . el +e?[Vug]? _ K
la(@))? < lgg 2 + PO < 2 (34)
From (2.3), (2.4), (3.2) and (3.4) it follows that, for all ¢ € [0,T], we have
K
o?|leurl Au®" ()| < [lg* ()] + [Jeurlu™” ()] < e (3.5)
We recall from Lemma 2 in [19], that, for all v € (H3(Q))2NV, we have
[¥]ls < Kfjcurl Ag|]. (3.6)
Therefore, from (3.5) and (3.6), we conclude that for all ¢ € [0,T], it holds that
o,V K
@)l < . (37)
Following the notation introduced in [19] we recall the boundary layer corrector, given by
uy, = VE(29), (3.8)
where 1) is the stream function associated to @, and z = z(z) is a cut-off function supported in a

d—neighborhood of the boundary, 0.
We list below some useful estimates on the boundary layer corrector obtained in [19] (see also [12]).
For every t € [0,T], we have that:

10 un (1)]| < K672, (3.9)
|0f V()] < K62, (3.10)

where £ = 0,1, and K does not depend on §.
In what follows we will make use of the following interpolation inequality (see [9], e.g.),

IF1IF < KNI f ]2, for all f € H*(Q). (3.11)
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Set W*¥ = u*¥ — . From (1.1) and (1.3), W*®" satisfies:

W + (o - VYW + (W - V)@

= div ¥ +V (p—po‘ |“a2’y|2), in Qx(0,7T),

div Ve — 0, i Qx(07), (3.12)
Wer i =0 on 90 x (0,T),

WY (z,0) = uf — ug in Q,

where

2
div 7™ = a20; Au™" + vAu®’ 4 o*(u®” - V) Au™" + o? Z
Jj=1
Multiply Eq. (3.12) by W and integrate over  x (0,t), for t € [0,T]. We then obtain

1 t
§||Wa”’(t)||2+/ /(W""”-V)@W‘L”dxds
. 070 (3.13)
1
:/ /diVTQ’V~Wa’VdZ‘dS+*HWQ’V(O)HQ.
0 Ja 2

Clearly,
t
/ (WY . Vya- W"dzds

t
< kummwm)/o W (s)||2ds. (3.14)

/ /leTaV W¥dxds = « / /8 Au®” - W*Ydzds
- / / OV V)AuMY - adads
Q

—aQ/OI/QZ(AuJO-"V)Vu?’” - udzds
+1// /Aua” W¥dxds

=: L1 (t) + L(t) + I3(t) + L(t). (3.15)

Estimates for I(t) and I2(t) + I3(t) were already provided in the proof of Theorem 2 of [19]. In
particular, it was shown that, for all ¢ € [0, T],

Moreover,

t
L(t) + I;(t) < Ka? / VU (s)||2ds + KTa2, (3.16)
0

see (4.18) and (4.19) in [19].
We will give some details of the estimate for I;. We start by rewriting I, as in [19]:

t
IL(t) = a2/ / OsAu™Y - W dads
0o Ja

t ¢
= —oz2/ /85Vua’” . Vu”"”dxds—az/ /33Au°"” (u — up)dads
0o Ja 0o Jo
¢
—aQ/ /85Auo"”~ubdxds,
0o Ja

where wy, is given in (3.8) for a suitable choice of 4.
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We have, for all ¢t € [0, T,
a’ s o 2 2 ! 2
0(0) < = IVu @I + SIVaI? + Ka? [ [Va|ds + g6 0 w) (37
0

with
9(8, o, uf,uo) = —a? [, Vug - Vuodz + Ka? + Kad~V/? + Ka?6~1 + K62 + K%/,

see (4.15) of [19] for details. Choose § = d(«a) such that
2

d(a) — 0 and 5?;) — 0, asa — 0. (3.18)
It follows from our choice in (3.18) and the hypotheses of Theorem 3, namely (3.1), that
9(0, a,ug,up) — 0, as a — 0. (3.19)

Finally, we estimate the dissipative term. Here we use the boundary corrector w; to allow integration
by parts. We obtain

t t
I(t) = u/ / Ay®Y - (u®” —u)dzds = —1// /(Vuo"” : Vu®")deds
0 Jo 0o Jo

¢ ¢
71// / Au*Y - (a4 — up))dads — 1// / Au® - updxds
0 JQ 0 JQ
¢ ¢
—V/ / |Vu®" [*dzds — V/ /(Vua’” :V(a — uyp))deds
0 Jo 0o Jo

t
—1// /Aua’”-ubdxds
0 Ja

t t
— / [V (s)]2ds + v / IV ()] Va(s)|ds

IN

+V/O IIVU‘“’”(S)IIHV%(S)IIdSJrl//0 [Au™"(s)[[[us(s)]|ds (3.20)

Thanks to (3.9), (3.10) and the result in Theorem 2, we obtain
¢ ¢
It < —v [ [9u(s)|Pds + K2 [ (ol Var()])ds
0 0

t t
+K§5-%/ (a||vuaw(s)||)ds+f<§5%/ (]| Au® (s)]])ds. (3.21)
0 0

We apply the interpolation inequality (3.11) to estimate the term [|Au®"(s)||. Then estimates (3.2), (3.7)
and (3.21) give

t
I < 71// [Vu®? (s)||2ds + KTZ + KTZ67% + KT 5%, (3.22)
0 ! e o
Putting together (3.16), (3.17), (3.18), (3.19) and (3.22), we conclude that, for all ¢ € [0,T7,

t
/ / div 7 - WO dads = Iy (1) + To(t) + I(t) + La(t)
0 o

Ly 2 ! 2 o? v
<31V O v [ [Vu(s) s + 19

‘ 2

t
+Ka? / IVa ()[2ds + g(3, @, ug o)
0

+KTo® + KTY + KT267% + KT 5%, (3.23)
« o a?
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From (3.14) and (3.23), we have
t t
W ()7 + o[V | + 21// [Vu”(s)|*ds < K/ [ (s)[|*ds
0 0

¢
HE([W(0)[? + o[ Vug ™ [[*) + Ka? / IV (s)]|*ds + g(ug, uo, up(0)), (3.24)
0
where
PN v ! Vo1 N
G(ug, ug, up(0)) = KTa? + KTozg + KT?aé 2+ KT?(S? + (9, a, uf, ug).
From the conditions (3.18), (3.19) and the assumption v = O(a?), we infer that
g(ug, ug, up(0)) — 0, (3.25)

as a,v — 0. Applying Gronwall’s lemma to (3.24), we obtain

T
sup (JW ()] + a2 Vu (£)[2) + v / Ve 2at

te[0,7) (3.26)
< T AW (012 + o[ Vug|?) + §(ug, do, us(0), )] |
where K1, K5 do not depend on «,v. From (3.1), (3.25) and (3.26), it follows that
sup ([[u™”(t) — a(t)||* + o®||Vu™ (1)[|*) + V/T [Vu™"|*dt — 0 (3.27)
te(0,T) 0
as a,v — 0, provided v = O(a?). O

The result we have just proved, Theorem 3, is a natural extension of Theorem 2 in [19], which treated
the special case v = 0, — 0. In fact, the proof we have just presented is an easy adaptation of the
proof of Theorem 2 in [19]. It is natural to seek an extension of Kato’s criterion, known for the case
a = 0, to the second-grade fluid equations. We obtain two distinct results in this direction, one which
is an extension of Theorem 3, with o? << v = O(a6/5), a — 0, and another which is an extension of
Kato’s original result in [12] to second-grade fluids, which works for a = O(v%/?), as v — 0.

Recall that a suitable family of approzimations to a vector field ug € H*(Q)N H is a family {u§}a>0 C
H3(Q) NV satisfying (3.1).

Theorem 4. Fiz T > 0 and let ug € H3(Q) N H. Let {u§}aso C H3(Q) NV, be a suitable family of
approzimations for ug. Let u®” € C([0,T]; VNW) be the solution of (1.1)~(1.2) with initial velocity u .
Let uw e C([0,T]; H*(Q) N H) N CY([0, T); H2(2)) be the solution of the Euler equations (1.3)—(1.4), with
initial velocity ug. Assume that

limy % = o0, (3.28)
and that
v=0(a%). (3.29)
Then u®" converges strongly to @ in C([0,T]; (L?(Q))?), as a — 0, if and only if
T
lim v / / |Vu®[2dadt = 0, (3.30)
a=0Jo Ja,
where Qs is a d—neighborhood of 0 with
0= 0—3. (3.31)

Nlw

14



Vol. 17 (2015) Approximation of 2D Euler Equations... 335

Proof. Assume first that the family u®" converges, as a — 0, to @ strongly in C([0,T]; L?(2)). Then,
since ||@(t)]| is constant, 0 < ¢t < T, and since we are under hypothesis (3.29), it follows easily from the
energy estimate (3.2) together with the conditions (3.1) for a suitable family of approximations, that the
conclusion (3.30) holds true.

Conversely, we now suppose that condition (3.30) is valid, with ¢ given by (3.31). Let us denote the
12(0,T; L*(9))-norm by || - |

We use the notation in the proof of Theorem 3. Our starting point is the identity (3.13), for which,
clearly, it suffices to estimate the terms Iy, Is, I3 and I4, see (3.15). The only estimate we need to modify
is the estimate for I,.

From (3.20), we have that

' 3
L <—v / [Vu® (s)|2ds + KTvs + g—lwﬂnwa*m) + vl || Au ||
0

t
= _,,/ |[Vu®” (s)|?ds + KTv?
0

2673 (w3 || Vu||]) 4+ vdz a2 (0] Au]). (3.32)
From (3.7) and (3.11), we have
1
ol [Vull| = 5 @A Vull), o?Aul] < Ko (]| Vull) . (3:33)
From (3.33), we find that
I < —V/Ot [Vu™" (s)|*ds + KTv?
a6 (3 || Vu|||) + K82 via3 (w2 ||| Vu®|])?. (3.34)

Recall that § was given in (3.31). Then, in view of hypothesis (3.28), it follows that 6 — 0 as o« — 0.
Furthermore, in light of our assumption on v relative to «, (3.29), we have
2
«

7 = 0(064/5),

so that both conditions in (3.18) are satisfied as a — 0. Hence, as in Theorem 3, the conclusion (3.19)
follows. Finally, we note that, due to hypothesis (3.29), that v = O(a’/?), we obtain

vigTr =via? = o)

as a — 0.

From (3.16), (3.17) and (3.34), we have

t
WO + o[ Vu||* + V/ IVu(s)]*ds < K ([ (0)]*
0

t

t
+K WY (s)]|2ds + || Vug ||*) +Koz2/ \|Vu°"”(s)H2ds+KTz/%
0 0

FrEOTE(WE || VU ]) + Kotviam s (vE ||| Vare) s

+KTa? + g(8, o, ug, up), (3.35)
where g(d, o, u§, ug) is as in (3.19). From (3.30), (3.19), (3.35) and using the Gronwall lemma, we obtain
(3.27), which is the convergence result we desired. This concludes the proof. O

In our final result we adopt the point of view that the second-grade equations are a perturbation of
the Navier-Stokes equations. Hence we consider the limit as ¥ — 0 under a smallness condition in «
relative to v.
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Theorem 5. Fiz T > 0 and let ug € H3(Q) N H. Let {uf}aso C H3(Q) NV, be a suitable family of
approzimations for ug. Let u™” € C([0,T]; V NW) be the solution of (1.1)~(1.2) with initial velocity u .
Let uw e C([0,T]; H3(Q) N H) N CY([0, T); H2(2)) be the solution of the Euler equations (1.3)—(1.4), with
initial velocity ug. Assume that

a=0w%, as v—0. (3.36)
Then u®" converges strongly to @ in C([0,T]; (L?(Q))?), as v — 0, if and only if

T
lim v / / |V 2dzdt = 0, (3.37)
v—0 0 Qo
where Q¢ 1s a Cv—neighborhood of 0S).

Proof. As in Theorem 4, we first suppose that the family u®" converges, as a — 0, to @ strongly in
C([0,T); L3(£2)). Then, using the fact that ||u(t)| = |luoll, 0 <t < T, it follows from the energy estimate
(3.2), together with the conditions (3.1) for a suitable family of approximations, that (3.37) holds true.

Next, we assume that (3.37) is valid. Once again we use the notation in the proof of Theorem 3. We
start by multiplying the equation for the difference W = u®" — @, (3.12), by V*¥ = u*" — (u — up);
we then integrate the resulting identity on Q x (0,t), for all ¢ € [0,T]. We obtain

1
g0 =0l = 3l —wol? + [ [ "~ iz
= / / divr®" - V¥¥dads — / /((ua’” -V)u* — (a-V)a) - Vi¥daxds. (3.38)
0 JQ 0 JQ

Consider first the third term on the left-hand-side of (3.38). We integrate by parts with respect to ¢ and
we use (3.9) and (3.2) to deduce that

s (u™” — w)updads
Q

(uo‘ Y(x,t) — u(x, t))up(z, t)de — / (u*¥(x,0) — u(z,0))up(x, t)dz

Q
/ / )0supdads

< [l (8) — @) un®)] + g — uolus(0)]
+ / u®(s) — a(s) | s s
< K§% + K|[u§ — u|| + KT6? . (3.39)

Using repeatedly identity (2.1) we obtain, for the second term on the right-hand-side of (3.38),

t t
/ /((uo"” V)u®? — (- V)a) - V*¥dads < / / [u®” — a|?|Va|dsdz
0 JQ 0 JQ
t
+/ / ((u™” - V)u*" — (@ - V)a) - updads
0o JQ

t t
< K/ |[u™?(s) — ﬁ(s)||2ds —|—/ / [(w™” - V)u™" - up| + Kl|up|. (3.40)
0 0o Ja

We make use of a version of the Poincaré inequality, valid for functions in u € H'(2) such that u = 0
on 0Q); see e.g. Lemma 3 in [11]. This inequality is given by

ull 2205y < K| VullL2 - (3.41)
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It follows from (3.40) and (3.9), together with (3.41), that
t
/ / G Nt = (a-V)a) - Vi¥dads < K/ lu®” (s) — a(s)|*ds
0
[ T ol T il + Ko
0

t t
< K/ J[u®?(s) — ﬂ(s)”zds + K(S/ ||Vu0"”||2L2(QJ) + K63, (3.42)
0 0

Next, we will treat the first term on the right-hand-side of (3.38), which we rewrite as

t t
/ /divr(’"’ - V*Ydxrds = —/ / Ao, Vu™ : VV*dzds
o Ja 0 Jo

¢
7042/ /(uo"” -V)Au” - (a4 — up)dads
0 Ja
¢ 2
—a2/ / Z(Au?’”)VU?’V (1 — up)dads
0 Jaj

—1// / Vu®? : VVYdxds

=: J1(t) + J2(t) + J5(t) + Ja(?). (3.43)

Now we need to estimate the terms above one by one. We begin with J;, which we integrate by parts
with respect to the time variable to obtain:

/ / @20 Vu™ : V(u®" — i + up)dads
= —iaQHVua YOI + 0<2||Vuo I

—a2/ /Vua7yvasadxds+a2/ Vug : Vupdz
0 Jo Q

t
+a2/ / Vu*? : VOosupdads — 042/ Vug : Vup(0)da
0 Ja Q

1 1
< —ioﬂHVu‘:“’”(t)H2 + KTa+ KTad™2 + glug, ug, up(0)), (3.44)
where
2
g(ug, uo, up(0)) = %HVuS‘HQ +a? / (Vug : Vug)dr — o? / (Vug : Vuy(0))da. (3.45)
Q Q

Next, we add Jo and J3. We find, easily, that
Jao(t) + J3(t) = Ia(t) + I3(t)

t 2
+0‘2/ / (u™” - V) Au™"uyp + E Au"NVuY -y | dads

o Ja -

j=1

t
< Koﬂ/ IV (s)[2ds + KTa?
0

t 2
+a? / / (u™” - V)Au™"uy + Z Au"Vu” -y | dads, (3.46)
0 Jo —
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where Iy and I3 are defined in (3.15). Using the Holder inequality and (3.9), one can infer that

¢ ¢
Jy = —1// /|Vu”"”|2dmds—|—1// /Vua’”Vﬂdxds
0 Jo 0 Jo
¢
—1// /Vuo"”Vubdxds
0o Jo

t t
_y/ ||Vu°"”||2d8+1// IV ||V ds
0 0

IN

¢
+V/ ||Vua’u||L2(Qé)||VU(7HL2(QS)CIS
0
t 2 1 1/1/2 1 t
< v [ Ivuepas e koot + 5 (o8 [ 19 e, ). (3.47)
From (3.7), (3.10) and (3.41), we deduce that

t t
OéQ/ /[(ua,u . V)Aua,y] -updards = _042/ / Au®? . [(ua,y . V)ub]dxds
0 JQ 0 JQ

t
éoﬂllvallm/0 [ ()] 2 () | AU || L2 (25)ds

t
S K/O ||vua’y(8)||L2(Qé)(QQHAUQ’VHL?,(QE))CIS. (348)
From (3.48) together with (3.33) it follows that
Oz% 3
/ / YN AuMY - (up)dads| < K— 3 (V?H|Vu°‘”|||)2. (3.49)
Similarly, it is easy to obtain
%
/ / ZAU YVu; - (up)dzds| < ng(yénwuwm)%. (3.50)

We put together (3.38) with the estimates in (3.39), (3.42), (3.44),(3.46), (3.47), (3.49), (3.50) and (3.45),
and we find

t
Ju(6) ~ a0 + @2 Va P+ v [ [T (s) s
0
< K(Jlu§ — uoll® + |luf — uoll)

+K/ [lu”(s) — )||2ds+K5/ [Vu™" |2 Qé)+Koz+K52

+Ka2/ HVuO"”(s)Hst—&—Ka% + Kad~? + Kv?
1

+ ve ||| Vu®
Sl

We apply the Gronwall lemma to (3.51), we take § = Cv and we use our hypothesis (3.36) and (3.37),
to conclude that

‘ =

)+ K= (2 [[Vu[[)? + g(ug, uo, us(0)). (3.51)

3
1

X

T
sup ([lu®”(t) — a(®)[|* + o[ Vu™" (t)|*) + V/o IVu||*dt — 0,

te(0,7)

as v — 0.
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We finish with a few concluding remarks. Our goal here was to probe the relation between the van-
ishing viscosity limit for the Navier-Stokes equations and the vanishing-« limit for the Euler-a system,
exploring the diverse nature of the boundary layer for these problems by using the second-grade fluid
system as an interpolant. What we found is that there appears to be a subtle and complicated change
in behavior as viscosity and « vanish at different relative rates. Near Euler-« there is a region in (o, v)
space where behavior similar to Euler-« is found, and further along, a region where vanishing viscosity
limit is controlled by behavior of the fluid in a suitable thin region around the boundary. In addition,
near Navier-Stokes there is a region where the behavior appears similar to Navier-Stokes as well. There is
also an intermediate region where we found no precise characterization of the Euler limit in the spirit of
Kato’s criterion. In this intermediate region we could formulate criteria for convergence in several ways,
but we found no equivalence result.

What is the difference in the boundary layer problem for Euler-a and Navier-Stokes? Both situations
are associated with a thin region of intense shear near the boundary, caused by discrepancy between
the boundary conditions of the approximation and of the limit. In inviscid fluid flows, thin regions of
intense shear are subject to the Kelvin-Helmholtz instability, which is the source of much of the difficulty
in understanding boundary layers. Most likely, the mechanism of inhibiting Kelvin-Helmholtz instability
by Euler-a and Navier-Stokes is quite different; understanding precisely how would be a very interesting
topic for future investigation.

It would be interesting to examine this problem from an asymptotic analysis point-of-view, examining
the changing nature of the boundary layer equations for the different relative ways in which « and v
may vanish. This could also lead to estimating the error terms in the situations where convergence was
established. Other natural open problems include requiring less smoothness from the underlying Euler
solution, for example, looking at the case of bounded initial vorticity, higher dimensions and other «
models.
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