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1. Introduction

The purpose of the present paper is to study the compressible Euler equation
pt+ V- (pv) =0
plve+v-Vo)+Vp=0 in R® x (0,7). (1.1)

Here p = p(x,t),v = v(x,t), and p = p(x, t) stand for the mass density, velocity, and pressure, respectively.
Then we take the isentropic case

p= p’Y’ Yy > 1. (1'2)
The second equation is reduced to
y—1
vt+v-Vv+V7p 1 =0, (1.3)
N —

assuming p > 0. Then by
1
U-Vv:V§|v|2—v><b
b=V xu, (1.4)
it holds that
1 V-l
vt+V<v|2+1’L) =wv X b. (15)
The flow is called irrotational if b = V x v = 0, or equivalently, the velocity v takes the scalar potential
denoted by :
v=—V. (1.6)

By the vortex theorem of Helmholtz if the initial velocity is irrotational then this velocity is always
irrotational (see [1,3]).

One of the result obtained in this paper is the following theorem concerning non-existence of classical
irrotational flow (p,v) global-in-time, where (po,vo) denotes the initial value

(va)|t:0 = (1007”0)- (1.7)

) Birkhauser
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Theorem 1.1. There is no global-in-time C'-solution (p,v) to (1.1)—(1.2) satisfying

_ P2 P’ 1R3

e= §\v| +71 € L*(R° x (0,¢))

. v (1.8)

limsup sup H(p7v)('>t)||L°°(R<\z\<2R) < 400

Ri4oo te[0,0)

for any £ >0, and
0 < po=po(z) € L*R> (1 +|z*)dx)

E= /e(az,O)d:z: < +00 (1.9)

RS
vo = —Vbo, o € L°(R?).

This result holds also to

pe+V-(pv)=0 inQx(0,T)
plug+v-Vu)+Vp=0 inQx(0,T) (1.10)
pv-v=0 ondQx(0,T)

with (1.2) and (1.7), where Q = R?\ O is the outer domain with bounded star-shaped obstacle O
(see Theorem 4.1).

Generally, if pg is uniformly close to a positive constant, the decay property of the linear part is
dominant, which leads to the existence of the solution global-in-time [5,6,10]. Sideris [9], on the other
hand, showed non-existence of C''-solution global-in-time, assuming that pg > 0 is constant near x = oo
and vy is out-going. Then Xin [12] studied arbitrary space dimension n and showed that if pg has com-
pact support there is no non-trivial solution to (1.1)—(1.2) satisyfing (p,v) € C*([0,0), H™(R")),m >
(5] + max(1, ﬁ) In these cases, C''-gap of p on its support boundary may be suspected.

Theorem 1.1 is an intermediate result of these cases, where p is positive everywhere but decays at
x = oo. From the proof, on the other hand, C'-regularity of (p, v) is replaced by a weaker condition, (2.2)
below. Regarding these profiles, we may assume either discontinuity (i.e., shock) or blowup of L>°-norm
of p in Theorem 1.1. (In one-space dimension, we have shock, see [11].)

Theorem 1.1 holds even for the Beltrami flow (see Theorem 4.2). Theorem 1.1, however, does not
hold to (1.10) if © is a bounded domain. In fact, on bounded domain we have the stationary solution
p = constant > 0, v = 0. In accordance with this property we can prove directly that there is no stationary
solution satisfying the assumption of Theorem 1.1. In fact, such a stationary solution must satisfy

~AYp=V.v=0, Y € L®(R3),

and, hence ¢ = constant by Liouville’s theorem. Then we obtain v = —V1 = 0 and hence p = constant >
0 by Vp = 0. Therefore, it follows that

E= /e(x)d:r = +o00,
R3
a contradiction. Actually, non-existence of a non-trivial stationary solution arises in more general setting
(see Theorem 4.3 below).

The argument employed for the proof of Theorem 1.1 is valid to the above described case of [9], that
is, po is a constant and vo = 0 near x = oo. In this case conditions (1.8) concerning the behavior at
x = oo of the solution (p,v) are not necessary and the negativity of the deffect energy (1.12) takes place
of the out-going condition imposed by [9]. More precisely we have the following theorem.

Theorem 1.2. There is no global-in-time C'-solution (p,v) to (1.1)—(1.2) satisfying

w(@) =0, po@)=5 forla]> 1

V x Vo = 07 pPo = po(x) >0 in R3, (]_]_]_)
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and

o 57

Po 2 Po 4

E = — ——— dz <0, 1.12

/2U0 +771 ] X ( )
R3

where p > 0 is a constant.

For the proof of above theorems we shall provide a new formulation to the compressible irrotational
flow. It is a Hamilton system with the energy density acting as a Hamiltonian. Then the fundamental
properties of the solution, that is, the conservations of total mass and energy together with the decay of
total pressure imply the blowup of the solution in finite time.

This paper is organized as follows. In the next section we show that the above fundamental proper-
ties are valid under the assumption of (1.8). Then Theorem 1.1 is proven in Sect. 3. The final section
is devoted to auxiliary results described above, Theorems 1.2—4.3. Two fundamental equalities, one of
which is (1.4), are shown in Appendix.

2. Preliminaries

The classical solution (p,v) to (1.1) satisfies a weak form for

pt+V-(pv) =0
(pv)i +V-pr@v+Vp=0 inR" x(0,7)

for n = 3. In fact we have
po, p.pye € Wip (R x [0, 4-00)) (2:2)
with
t €[0,4+00) = (p(-,1), (pv)) € Lige(R™) x Lj,o(R™)"
locally weakly absolutely continuous and
pv @ v,p € Li5,([0,+00), Lj,.(R"))
Plizo = P0,  PVli—g = povo,

and it holds that

d
T p(pdas:/pv-Vgodx
R R"
d
a/pv-wdﬂv:/pv@wvw—i—pijdx, a.e. t € [0,400)
R R"

for any ¢ € C§°(R"™) and ¢ € C§5°(R™)".

In this section we use the above weak form of the solution (p, v) to (1.1)—(1.2) satisfying T' = 400 and
p = p(x,t) > 0. From our results, condition (1.8) implies the total mass and energy conservations and
decay of the total pressure as ¢t T 4o00. Here we do not need to assume V x v = 0 nor p > 0. Even the
space dimension n can be arbitrary, although later we shall use the results mostly for n = 3. The second
assumption of (1.8), furthermore, can be replaced by the weaker condition

[

T

limsup sup v)_ (1) < 400, (2.3)

R1+o00 te[0,0)

|| L= (R<|z|<2R)

where [a]- = max{0, —a}.
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First we show the total energy conservation.

Lemma 2.1. Assuming the first relation of (1.8) and (2.3), we have

/ c(z,)dz = B,  te0,0). (2.4)
RT’I,

Proof. A direct calculation guarantees

(3 525) o5 (3o 25) o0 me o
by (2.1) (see [4] for example). We take the cut-off function o = pr(x), pr(x) = ¢(x/R). Here, ¢ = ¢(x)
is smooth, radially symmetric, and monotone decreasing in r = |z|, satisfying

0<p<1inR",  |Vep|<Cop'/? inR",

¢ =1in B(0,1), supp ¢ C B(0,2),
where Cy > 0 is a constant. Such ¢ = ¢(z) is obtained as ¢ = $2, where 0 < @ = @(z) < 1 is a radially

symmetric C*°-function decreasing in r = |z| with the support radius 2 and equal to 1 in B(0,1). Then
it holds that

\Vor| < CoR™'o}/? in R

supp [Vor| C B(0,2R)\B(0, R)

and
dER P2, P
—_— — _— . d 2~
= /(2|v|+7_1 v Vin da, (2.5)
R’n
where
Egr(t) = /e(x,t)ng(az)dz.
Rn
We obtain
dER P2, P
—_— = — . d
o ‘/<2|v|+7_1 v-Voprdr
Rn
1 T
< CoR 'y e v-m dx
R<|z|<2R B
< CoR™ 1y (ﬁ V) e dx
X oo
o (R<‘$‘<2R)R<\w\<2R
and hence
¢
_ T
sup |Eg(t) — Eg(0)] < CoR 'y sup ||(<= - v)—(-1) '/”e('at)||L1(R<\w|<2R)dt-
te[0,0) te[0,£) |z Lo (R<|z|<2R)

0

The right-hand side tends to 0 as R T 400 by the assumption, and hence (2.4) follows from the monotone
convergence theorem. (|
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We turn to the total mass conservation described below.
Lemma 2.2. Under the assumption of the first relation of (1.8) and (2.3), it holds that
lp(, )l = M < 400,  te€[0,0),
where
M = /po(:c)dz
B

Proof. Since the first relation of (1.8) implies \/pv € L?(R™ x (0,¢)), we have

L
dm R [ 1pot Ollianera<andt =0
0

For Mrp = Mg(t) defined by

Ma(t) = / oz, O or(z)dz
Rn,
it holds that

= /pv-Vngdx < CoR™! /(p(pR)l/QﬁM dz.
RTL

R»

Then we have

dMpg _ 1/2
’ <CoR 1MR/ IVl 2 (R< 2| <2R)
or
aMy?|  CoR™!
i < 5 ||\/Ev||L2(R<\x\<2R)’
and hence

‘
CoR™!
SE}P{) |Mg(t)"/? — Mg(0)"/?| < 702 /H(\/ﬁv('vt)||L2(R<\m\<2R)dt-
te|0,

0

Sending R 1 +00, we obtain (2.6) by (2.8) and the monotone convergence theorem.

Finally, we show the decay of total pressure by the method of [12,7], using
2yt? 2t? 2
(|Jz — tv]?p)s + V - |z — tv]?pv = V - <2txp— i vp) - ( p) —2(n—> tp
v—1 vy—1/, v—1
derived from (1.1)—(1.2). The proof of (2.9) is given in appendix for completeness.

Lemma 2.3. Let the first relation of (1.8) and (2.3) hold for any ¢, and let
0<po=po(z) e LYR", (1 + |z|?)dz).
Then it holds that
/ p(z,t) do = O~ ™m22ed) - 41 400,
R

where « = 2 —n(y —1).

621

(2.8)

(2.9)

(2.10)

(2.11)
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Proof. First, we have

d 212 n(y—1)—2 [ 2t
dt/<|x—tv|2p+7_pl>cp3dx+ o t) / prdx

v—1
Rn R"

27yt?
7 1v>poV<pR+ |z — tv|?pv - Vg dx
v -

= / <2t:c +
R<|z|<2R
by (2.9). Let

21
Ag(t) = / <|a: —tv]?p + ’Yp> YR dx.

1
R’!L
In the case of v > 14 2/n, it holds that

dAR 2’7t2
— < Ch 2t
a —° { + v—1

X

v)_

[

/ p dx
L (R<|z|<2R)

R<|z|<2R

||

2 / (2 + £2[o)plo - Vor] s de,
R<|z|<2R

where [-]+ = max{0, -}. Here the first term on the right-hand side is estimated above by

202
Col 20+ 2 ‘(z _ (v=1) / e dx
y=11"z| Lo (R<|z|<2R)
R<|z|<2R
for ¢ € [0,¢). Then we use
|z[*plv - Vipg] s da
R<|z|<2R
< 2C, (ﬁ -v)- / |l pgy *da
x oo (R<|n
L (R<| ‘<2R)R<|z\<2R
1/2
< 2C) (i cv) M2 / |z|? pp rdx )
2| Lo (R<|z|<2R)
R<|z|<2R

and

|z|2 pppdr < 2 / |z — tv]? pprda + 2t / lv|?p de.
R<|z|<2R R~ R<|z|<2R
It holds that
x

|z]2p[v - Vg Ldz < 2v2C, (|x\ v)_

R<|z|<2R

M1/2
L>(R<|z|<2R)

1/2

. / |z — tv|?ppr dx + £ / lv|p dz
Rn

R<|z|<2R

JMFM

(2.12)

(2.13)
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with

It holds also that

Summing up the above estimates, we obtain C'= C(¢) > 0 independent of R > 1 such that

Irrotational Blowup of the Solution to Compressible Euler Equation

1/2
/ |z — tv|?ppr dx + £ / lv|?p da
R R<|z|<2R
1
< /|m—tv\2p<pR da + 20* / edx—l—z.
R R<|z|<2R

[of*plv - Ver]yda

R<|z|<2R
< CoR||(L ) [ ko
|| L= (R<|z|<2R)
R<|z|<2R
<20oR7! (i cv) e dx.
|z| L>(R<|z|<2R)

R<|z|<2R

dARr

1
i §C||6||L1(R<|x|<2R)+AR+Z» 0<t<t

by (2.3). Then it follows that

e

) ‘
¢ sup An(t) gAR(O)+C/||e(-,t)|\L1(R<|w‘<2R)dt+f.

14

t€[0,0) 4

0

Sending R T +00, we obtain

2t
sup / |z — tv|*p + 2P gy < o0
00y, v—1

623

(2.14)

by the monotone convergence theorem and the assumption (2.10), where ¢ > 0 is arbitrary. Using (2.3),

Lemma 2.1, and (2.14),

we have

L

A [ dt / (|22 + 2|o[2)plv - Vipr] s dz = 0
0 R<|z|<2R

by the dominated convergence theorem.

Now it holds that

dAr

i < Cllellrt (r<|a|<2r) + Br(t)

by (2.13), with Br = Bg(t) satisfying

Thus we obtain

AMDSAM®+/CM@ﬂkamam+BMﬂﬁ,0§t<€

4

li Brg(t)dt = 0.
At Pl
0

¢

0
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which implies

S
—
~
=
Il

22
/|x—tv|2+ﬂda:
vy—1
R'n/

< A(0) = / |z|?podx < +o0, 0<t <L
R"/L
Hence it follows that
-1
/p(x,t)d:z: < ’YTt_Q . / |z|po dz, t>0.
R" R"
In the other case of 1 <7 <1+ 2, we use @ =2 —n(y— 1) € (0,2). Then (2.12) reads
d _ 9 2t%p
—t° —t —_ d
a7 [ (= w228 ) on as

Rn

=t / —2tx +

R<|z|<2R

2vt?
7 11)) p-Vor+ |z —tv)?*pv - Vg dr.

Translating ¢ to t + 1, now we obtain

d o 2(t +1)?
%(t+1) / <|x—(t+1)v|2p+ (7—1)p> YR dx
R’Vl

2y(t +1)?

— (1) / e+ e+ 2T

R<|z|<2R
+z — (t+ )v|?pv - Vg dz

v)p-VsoR

which implies

B(t+1)5(t+1)‘“/ (|5C—(t+1)02p+ W) dx

v—1

2
v

Rn
o
SB(O):/|£B—’UQ|2p0+ _01 dr < 400, t>0
R’!L

similarly. Then it follows that

/p(x,t)dx =0t ?)
R’I‘L

and the proof is complete. ([

The condition (2.3) may be weakend as

. T
limsup sup ’(H .
T

R1+400 t€[0,T)

v)-(-1)

< 400
L (R<|z|<R+1)

just for (2.4) or (2.6) to guarantee. In fact, we have only to use the cut-off function p® = % (z) for
©r = pr(x), smooth, radially symmetric, and monotone decreasing in r = |z|, satisfying

OgapRglin R”, |Vng|§C’1 in R™,
©® =1in B(0,R), supp ¢ € B(0,R + 1),
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where C7 > 0 is a constant. Also the condition e € L'(R" x (0, ¢)) may be replaced by

RlTifrn /|| Ot (re|z|<2rydt = 0

for Lemma 2.3 to hold.

3. Proof of Theorem 1.1
We come back to the irrotational, global-in-time C!-solution to (1.1)—(1.2). First, the positivity of p =
p(x,t) follows from the first equation of (1.1) (see [2], for example).
Lemma 3.1. If py = po(x) > 0 in R3 then it holds that p = p(x,t) > 0 in R3 x (0,7T).
The second equation of (1.1) is now reduced to (1.5), and hence we obtain
pr+V-(pv) =0

1 71
v 4V (2|v|2 +2°

-1
by b =V x v = 0. Theorem 1.1 is thus obtained by the following lemma.

) =0 inR3x(0,7) (3.1)

Lemma 3.2. There is no global-in-time C*-solution to (3.1) with p > 0, satisfying (1.8), (2.4), (2.6), and

(2.11).
First,
t . .
w= [ 5o+ 2 a4 € WER x [0, 400) (32)
0
satisfies
Vi
and hence
v=—-VY (3.3)

holds by the last equality of (1.9). Adding a constant to vy, recalling (1.9), we may assume

_ Lo '
Vo= gl 42— (3.4)
and then ¢ = ¢(x,t) > 0 follows everywhere. We have, finally,

limsup sup [[U(, )| Lo (peju|<2r) < +00 (3.5)
R1+o0 te[0,0)

for any ¢ > 0 by the second requirement of (1.8) and the definition (3.2) of 1. Now we take the following

lemma.

Lemma 3.3. Under the assumption of Theorem 3.2 it holds that

1) (D)l < IIpollllwolooJr/[ E+§7Hllp( )| dt’ (3.6)
0

ast | +oo.
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Proof. From the first equation of (3.1), (3.3), and (3.4), it follows that

d
— [ (pY)pr dx = /(Pﬂ/} + pY)pr dx

dt

R3 R"
_ L T4
= [ pv-V(Yer)+p §|U| to1r ¢ dx
R3 !
- Lo+ 2L p Vor d 3.7
= *§U| +ﬁp YR+ pv-YVopr de. (3.7)
Rn

Then we argue similarly to the proof of Lemma 2.3, putting

Di(t) = / (por) (@ t)de.
R3

Thus, first, we have

d-DR P 2 Y y
_— _— _— . d
7 /[ 5 vl A U R YVrdr
R3
with
+1
/[—p02+ : p”} soRdmz/ [—e+7p] prdx
2 v—1 v—1
R3 R»

/ pv - pVprdr <
R3

(170).

1
Nlmireeon [ P
R<|z|<2R

L (R<|z|<2R)

Then, operating fot dt’- and sending R 1 +o0 in (3.7), we end up with

t
/pw dr = /Powo dx+/dt'/—g|v|2+ﬁp7 dx

R” R” 0 R”
¢
1
R” 0 R”
Then (3.6) follows from pi) > 0. O

Now we are able to give the following proof.

Proof of Theorem 3.2. Since E > 0 the right-hand side of (3.6) is negative for ¢t > 1 by (2.11), a contra-
diction. 0

4. Proof of Theorem 1.2 and Other Results

In this section we show the auxiliary results described in Sect. 1 and prove also Theorem 1.2.

First, the proof of Lemmas 2.1 and 2.2 is valid even to (1.10), Q = R?\ O with bounded domain O.
The argument in the proof of Lemma 2.3 works also if O is star-shaped. To confirm this fact we just note
that (2.9) implies formally
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—1)—-2 22
/|x—tv|2p+7dx+/n(py ) Nl
)

t v—1

——/2t(x-1/)pd5§0
20
which is justified by the cut-off argument in the previous section. Thus we obtain the following theorem.

Theorem 4.1. Let Q = R3\O with the star-shaped bounded domain O. Then there is no global-in-time
Cl-solution (p,v) to (1.10) with (1.2) satisfying
P2 P’ 1
== —— e L (2 x(0,¢

limsup sup |[(p,v) ()| Lo (pefuj<2r) < +00
Ri+oo tel0,0)

for any £ >0 and
0 < po = po(x) € L*(Q, (1 + |z|?)dz)
E = /e(x,())d:z: < 400

Q
vo = =V, Yo € L>(Q).

The irrotational condition v = —V1 can be replaced by the assumption
vxb=0 (4.1)

for b = V x v in the Proof of Theorem 1.1. If (4.1) is the case, this fluid is called the Beltrami flow. Any
flow is the Beltrami if the space dimension n is equal to 1 or 2.
If (4.1) is the case and

vg = —Vihy +V x & (4.2)
denotes the Helmholtz decomposition, system (3.1) implies, instead of (3.3),

v=—=-Vi+V x&.
Then (3.7) is replaced by

d
G [woren do= [+ piiyon do
R3 R3
_ 4 2 Y 0% v v d
= —§|U| +ﬁp +pv-V X & |or+pv-YVor do.
R3
Here, it holds that

_Pra O
ol +

1 p ol
<(_Z 2, P 2, P
_( 2+6)plvl +45|VX§0| +771

1—-2e+47v
——1 P,

P’ +pv-V x &

P 2
—(1-=9 Ll
( g)e+ 46|V X &ol* +

and, hence

t

1
)0l = Dol ol + [ | =0 =205 + L0V x &0l + T3t o

0
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where € > 0 is arbitrary. Adjusting € > 0 so that
M
~(1=20)B+ IV x &ll% <0,
we obtain the following theorem.

Theorem 4.2. There is no global-in-time C*-Beltrami flow (p,v) to (1.1)—(1.2) satisfying (1.8), (4.2) and

0 < po€ L*R3, (1 +|z*)dx)
Yo € L= (R?)
E/M > 2|V x &%,

where
PO, 12, PO
E= [ — d
9 |vo] +’y—1 x
R3
RS

The argument in Sect. 2, on the other hand, is applicable to the classical stationary flow. Thus if (p, v)
is such a flow satisfying

0<peL'R"

E = /B|v|2+i dx < 400 (4.3)
2 v—1
R’!‘L
) x
lim sup ( ~v> < +o0,
Rl+o0 |x| —

L (R<|z|<2R)

then it holds that ||p||; = 0 by Lemma 2.3. Hence we obtain the following theorem valid to any n, where
the flow may not be irrotational.

Theorem 4.3. There is no non-trivial stationary C-solution to (1.1)—(1.2) satisfying (4.3).
We conclude this section with the following proof.
Proof of Theorem 1.2. First, we have p > 0 in R? x (0,T) by po(z) > 0 in R3. Hence (2.1) is written as
pe+ V- (pv) =0
(p)e+V - plpv@pv+V(p—-p) =0 inR*x(0,7T),
where p = p7. Tt forms a system of conservation law concerning u = (p, (4 + p)v) denoted by
u+ V- f(u)=0,  f(0)=0

where p = p —p.
Since Proposition of [8] is applicable to this system, the propagtion speed of the support of (p, (p+po)v)
is finite and hence v(-,t), p(-,t) — p keeps 0 near x = co. More precisely, if

vo(z) =0, po(z) =p,  [z|>R
is the case then it holds that
v(x,t) =0, p(x,t)=Dp, |z] > R + ot, (4.4)
where o = (757 71)1/2 (see [9]).
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The well-definedness and the time invariance of

P2, P P’
E= L L
/2|U| +’y—1 v—1 v

R3
M = / p—pdx
R3
arise without assuming (1.8) by (4.4). Inequality (2.11), furthermore, is replaced by

/p —p do = O(t_ min{2,2—oz})7 t1 +oo,
R3
which is proven by

. 2vt? 2t2(p — p) 2 .
x — tv|? +V~zt02vv~(2t9:pp vp>< —-2({n——— | t(p—D)-
(17— /) + V- | — 1o v-p--15 ) —)tr-p)

Hence it holds that

/ pldx = /57 — pldx + / pldx
|z|<R+ot R3 |z|<R+ot
= / pdx + o(1) (4.5)
|x|<R+ot
and
P 2 P’ P’ P2
E= | = _ = de = | =|v|°d 1). 4.6
[ ook L = o= [ Bl + o) (46)
R3 R3
From p > 0 and V x v = 0, we have
pt+V-pv=0
Lo "
_ = 4.7
v = ll? + 2 (47)
v=-V¢ inR?x(0,7T)
similarly to the previous section. We may assume 1y = 0 for || > R, and then it holds that
—y—1

We have, furthermore,

d p
@/ﬂ(w_ fy—lt) dx
R3

—1

Lo, P vt
= — . — _ d
R[ (AY pv+p(2\v\ +7_1 7_1) x

p W
:/*§|U|Q+r(m L=l dz

1
RS
- —E+/W’_1 (B —p) dz +o(1)
R3 7
—7—1
- - N +o(1)

v—1
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by (4.7) and (4.6) which implies

—y—1 —y—1
—Et+0(t):/ (1/1—7'0 )dx+7p Mt
1 v—1
R3

—y—1 —v7—1
[ o= T pde

v—1 -1
|z|<R+ot
—y—1
e Y — Pt de.
v—1
|z|<R+ot
recalling (4.4) and (4.8).
Here we use
~y—1
Py > e
v—1
derived from (4.7). It follows that
it > 22t
v—1
and hence
P — 1t > ptp — upt = 2pyp — f(wpt) + pet

=2pp — a{l/}(P - Pt} — ﬁa@/”f) + Pt

= 20— o~ Pt~ Pl

Then we have

2 s
/ o — Lt de > 2 / p gl
vy—1 v—1

|z|<R+ot |z|<R+ot

—vy—1
/ {1/1 (p—p)t+p(— 7’0 Ot} +pit do

B _
=2 / pw—thx+P{/3—at{w(p—p)t

|z|<R+ot

1
+mwfﬁﬁ 1)t} + dpst dw + o(t)

by (4.5) which means

707
pY —

71tdx

|z|<R+ot

s/i{W D)t + (w—wll )t}—«ppttdﬁo(t)

R3

~
)}—%$%T+¢mt

JMFM
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1
/w p—7) t+p<w—wY : )tdx+t/p|v|2 dx + o(t)

R3

d (1/; — 1t)tdz+t/p|v|2 dz + o(t),

R3

recalling p, = —V - pv and v = —V1. By (4.6) and (4.5) we thus obtain

Y
pqpf P tdac
|z|< R+ot
/( p—t)tdx—l—ZtE—i—o(t)
/w— td +t—/w— tdx+2tE+()
R3

Here, the first term on the right-hand side is equal to

y
/ p — Jf lt dx + o(t)

|z|<R+ot

by (4.4), (4.8), and (4.5). Hence it follows that

-
/ oY — ’Ypltdx

|z|<R+ot

/ wp— tdx—&-tf/wp— tdx—|—2tE+ o(t),

|z|<R+ot

or equivalently,

—2E 4+ o(1 /wp—itdx

Then, we have

—
—2Et + o(t /wp— e td:c+o()

/ 1/)/)— tda:+ o(t) = —FEt+o(t)

|z|<R+ot

by (4.9). It thus follows that E > o(1), and hence E > 0 from T = +00, a contradiction.
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Appendix A. Proof of (1.4)
Writing v = (v7); and z = (z;);, we have
Lo\ i (o0 o
v VU—V<2v>— ZJ:U (3xj oz,
dv* dv> ' v
(35 -50) 0 (35 - 3)
| () e 52 - 52
o (32 g) e (82 - 2)
1 v 9v?
v Oxo oxs
— v’ v*
- (vz) X 8I3 BII)
v av? ot
8%1 8362
which means (1.4).
Appendix B. Proof of (2.9)
Since
(12— tol2p)e = | — tolpu + 20z — t0) - (2 — tu)yp
= |z — tv|*p; — 2(x — tv) - (v +tvy)p
and
V- (Jo = twPpo) = [z — PV - (pv) + Y pvI 0 (i — tv')?
0,J
= |z — >V - (pv) +2 vaj(xi —tv") (5 — to;v")
i
= |z —tv]*V - (pv) + 2(z — tv) - (v — t(v - V)v)p
it holds that
(1 — tof20)e + V - (12 — tof?pu)
e 2 (pe + - () — 20z — 1) - {(0+ tu)p — (v — 1o V)o)p}
= 2t — t0) - {plv + (v V)0))
= 2t(x — tv) - Vp. (B.1)
Here we have
(x-V)p=V-(zp) = (V-2)p=V-(zp) —np, (B.2)
while
(v-V)p=7p"" (v-V)p=7p""1 (V- (pv) = pV - v)
= =" e =V v = —pr =4V - (pv) + (v V)p,
implies
_ Db 7 o
(v-V)p= po + o 1V (pv). (B.3)
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Equalities (B.2)—(B.3) imply

2t(x —tv) - Vp
2t2p, 2yt2
=2tV - — 2npt — -—V.
V- (zp) — 2np o1 51 (vp)

2yt? 2t?

=V (Ztacp = vp) — pr — 2npt
v—-1 v—-1
2yt? 2 2t2p

:V-<2txp— vp)—Q(n—)tp—( . B4
v-1 v-1 7-1/4 (B4

Then we obtain (2.9) by (B.1) and (B.4).
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