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(see introduction). Another advantage of our approach is that we obtain well-posedness in classes containing nondecaying
vector fields such as almost periodic functions. These outcomes give respect to the nature of boundary layer problems and
cannot be obtained by approaches in standard function spaces such as Lebesgue, Bessel-potential, Holder or Besov spaces.

Mathematics Subject Classification. Primary 28B05, 28C05, 76D05; Secondary 76U05, 35Q30.

Keywords. Vector-valued Radon measures, nondecaying functions, operator-valued multipliers, rotating boundary layers,

uniform well-posedness, Ekman layer.

1. Introduction and Main Results

The main purpose of this note is the development of a new approach to rotating boundary layer problems.
The method is based on the introduction and the establishment of an operator theory on spaces of Fourier
transformed finite vector-valued Radon measures. An essential advantage in dealing with Fourier trans-
formed quantities lies in the fact that all performed calculations and estimations become rather explicit.
As a consequence we can derive detailed information on how the solution depends on involved parameters
such as time, viscosity, layer thickness, and angular velocity of rotation.

It is also typical for geostrophic boundary layer problems that existing stationary solutions are non-
decaying and oscillating in tangential direction. To give respect to this fact, it seems natural to consider
this type boundary layer problems in classes containing nondecaying functions. Hence, the frequently
performed LP approach for 1 < p < oo to the corresponding mathematical models fails in this situation.
The spaces introduced here, however, include nondecaying—in particular almost periodic—functions.

By an application to the Ekman boundary layer problem we demonstrate the strengths of our theory.
Mathematically this geophysical problem is modeled by the system

0w —vAv+weg x v+ (v-V)v=—-Vqg in (0,T) x G,

dive =0 in (0,7) x G, (1.1)
v="TUFPy¢ on (0,T) x dG, ’
’U|t:0 = Vo in G,

which represents the 3D Navier-Stokes equations with Coriolis force. Here e3 = (0,0,1)7,v > 0 is the
viscosity coefficient, and w € R is the Coriolis parameter which equals twice the angular velocity of
rotation. For G we will consider simultaneously the half-space Ri or a layer, i.e., we have G = R? x D
with D = (0,d) and either fixed d € (0,00) or d = co. The vector field U¥ is the so-called Ekman spiral
(introduced by the geophysicist, Ekman [17]) given as

UP(23) = U (1 — e7 /% cos(z3/6), e~*3/sin(x3/5), 0)F, x5 > 0. (1.2)

) Birkhauser
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System (1.1) is known to be a well-established model for the layer arising in a rotating system (e.g. the
earth) between a straight geostrophic flow (e.g. wind) and the surface on which the no slip condition is
imposed. Observe that in the above model rotation about the x3-axis is assumed, whereas U, denotes the
total velocity of the flow, blowing in direction of the x;-axis. The parameter § denotes the layer thickness
given by § = 1/2v/|w|. By geostrophic approximation (see [37]) (1.1) is a reasonable model at least for
the upper part of the northern hemisphere. The couple (U¥, p¥) with pressure

(

p $2) = —wUm

represents a stationary solution of system (1.1). Observe that U¥(0) = 0, i.e. system (1.1) is subject
to Dirichlet conditions at the lower boundary, and that UF is oscillating and nondecaying in tangential
direction. We note that remarkable persistent stability of UF is observed in geophysical literature.
Mathematically, an approach to stability in time is given in [13] and to asymptotic stability in [31].
These two papers consider the problem in the L? setting which, of course, does not include nondecaying
perturbations of UZ. We refer to [10,11,30], and [38] for more mathematical literature on the Ekman
problem dealing also with vanishing Rossby and Ekman numbers. For a spectral analysis of the line-
arized problem we refer to [28,34]. Local-in-time well-posedness in the homogeneous LP-valued Besov
space B&’I(RQ, LP(R,)) is obtained in [25]. By the fact that almost periodic functions are contained in
Bgo’l(]Rz), this represents the first result in a space including nondecaying functions. On the other hand,

the space B&,l(RQ, LP(R,)) turned out to be not very useful concerning stability investigations. In fact,
the semigroup corresponding to the linearized equations is expected to be increasing in time and in w in
the space BY, ;(R?, LP(R)).

This is underlined by the following observation. Roughly speaking, the part of the linear solution
operator coming from the Coriolis force is given by a group which is called Poincaré-Riesz group or
occasionally also Poincaré-Sobolev group. Its symbol consists essentially of functions as

m(€) = e ™&/lEl ¢ e R™\{0}. (1.3)

In the L? setting, by Plancherel’s theorem, the uniform boundedness of m guarantees the uniform bound-
edness in ¢t and w of the Poincaré-Riesz semigroup and hence of the full semigroup associated to the lin-
earization of (1.1). This fact, which relies on the skew symmetry of the Coriolis force, is used in [13,31].
However, the application of typical multiplier conditions involving e.g. derivatives of m, cause a growth
in t and w. Thus, stability in these two parameters is not expected in standard function spaces not iso-
morphic to a Hilbert space such as L? for p # 2 or Bgo,l(]RQ, LP(R,)). In fact, for the case of L, p # 2,
polynomial growth in w of the Poincaré-Sobolev group is explicitly derived in [16].

The uniformness in w of appearing quantities such as an existence interval or a bound for solutions,
however, is interesting for several aspects. For instance, it is important for the investigation of statistical
properties of turbulence as it is demonstrated in the textbooks [36,44]. Tt also represents the basis for
the examination of rapidly oscillating limits as w — oo. In a series of papers [5-7,33] Babin, Mahalov,
and Nicolaenko proved the striking result of global-in-time regularization of a flow in periodic domains,
if the rotation is sufficiently fast. This also represents the first rigorous mathematical verification of the
Taylor—Proudman theorem, the physical principle behind that phenomenon. For an alternative proof in
R™ based on dispersive effects, see also [11]. We also refer to the classical books [29,37] for an introduction
to rotating fluids in geophysics, and to the monograph [11] for an introduction from the mathematical
point of view.

The results obtained by Babin, Mahalov, and Nicolaenko are not only mathematically of great inter-
est. They could also play a significant role in applied situations. This is justified by the fact that in
applications the angular velocity of rotation is often much higher than other appearing parameters. This
is true in geophysical situations, e.g. for the rotating earth, but also in technological applications such
as the spin-coating-process, cf. [12]. Furthermore, a rather explicit knowledge on the dependence of the
norm of solutions on the appearing parameters time ¢, viscosity v, layer thickness §, and angular velocity
w/2 could also help to improve numerical codes used for simulations of the Ekman layer. The discussion
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above demonstrates the importance of two requirements that we want the solution of a rotating boundary
layer problem to satisfy in this note:

(1) almost periodic perturbations of stationary solutions should be included, i.e., the ground space
should contain a sufficiently large class of nondecaying functions.

(2) rather explicit knowledge on the dependence of appearing quantities on the involved parameters is
desired. In particular, an existence time interval or a bound for the solution should be uniform in
angular velocity of rotation w.

In standard spaces, however, apparently at least one of the requirements cannot be satisfied. For
example, in L? or BY, we can fulfill (2), but (1) fails; in BY, ;, L=, BUC, or C* we can achieve (1),
but (2) seems to fail; in LP for p # 2 even both conditions cannot be satisfied. This is the reason for
the development of the theory presented in this note. In order to prove that we can indeed satisfy both
requirements, next we formulate our main results on the Ekman boundary layer problem (1.1). For a
rigorous definition of the appearing spaces we refer to Sects. 2 and 3. Let Mo(R?, L?(D)?3) denote the

space of finite L?(D)3-valued Radon measures with no point mass at the origin. We set
FMo(R?, L*(D)?) == {Fu: u € Mo(R? L*(D)?)}
and equip it with its canonical norm. It can be shown that
FM,(R?, L?(D)3) ¢ BUC(R?, L*(D)?)
(see Lemma 2.12(iii)), hence the Fourier transform Fp is well-defined. Moreover, the Helmholtz projection
P is bounded on the space FMo(R?, L?(D)3) (see Lemma 3.4). Thus we may define its solenoidal part as
FMo,, (R?, L*(D)?) := P(FMo(R?, L*(D)?)).
Next, we set ug := vg — U¥,u = v — UF, and p := ¢ — p¥. Then (v, q) solves (1.1) if and only if (u, p)
solves the transformed system
Ou — vAu +wez x u + (UF - V)u+u303UF + (u- V)u = —Vp

divu =0
v (1.4)
U|t=0 = Uug.

in (0,7) x G. The Stokes—Coriolis—Ekman operator Agcg is defined as the full linear operator of the
linearized Cauchy problem associated to (1.4) (see Sect. 3 for a rigorous definition). For Agcr we prove
the following theorem, which is our main result for the linearized Ekman problem (see also Theorem 3.10).

Theorem 1.1. Let T € (0,00),v,Us > 0,d € (0,00], and set Xo := L%(0,d)®. Then Ascr is the generator
of a holomorphic Co-semigroup Tscp(t) = e t4s¢E on FMy ,(R?, Xo) satisfying the following estimates:
(1) I Tscr®)llzmEmome,x,)) < exp(tUs/8v)  (t = 0),
(ii) [VTscruollLz(o,r),rvo®2,x0)) < v/2/v exp(TUZ, /8)|uo||rug @2, x5) »
for all ug € FMOJ(RQ, Xs). In particular, all estimates are uniform in w € R.

Based on Theorem 1.1 and a fixed point argument, in Sect. 4 we derive the following main result for
the full nonlinear Ekman problem (1.1).

Theorem 1.2. Let the assumptions of Theorem 1.1 be satisfied and let UF be the Ekman spiral given in
(1.2). Then for every vg € FMg »(R?, X2) + U there is a Ty > 0 and a unique (mild) solution v of (1.1)
satisfying

v—U" € BC((0,Tp), FMo »(R?, X>)),
V(v —U") e L? ((0,Tp), FMo(R?, X5)) .
Additionally, the existence time Ty can be estimated from below by
-
2-48* exp(U%, /v)llvo — UP [fng, 2 xy) 1} ’

To >T" := min{
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and for T < T* the solution can be estimated from above as

llv — UE||L°°((0,T),FMD(R2,X2)) < dexp(UZ,/8v)||vg — UE||FM0(R2,X2)7

2
IV (v = UP)| | 2((0,7), FMo(R2, X2)) < 4\/: exp(UZ, /80)|[vo — U” [lpmg r2,x5)-

In particular, all estimates above are uniform in w € R, i.e., with respect to the angular velocity of
rotation.

Remark 1.3. (a) It is not difficult to show that FMq(R?, L?(D)?) contains vector fields which are almost
periodic in tangential direction. In particular, it includes functions of the form

o0
T — E aje_’)‘j“, z € R?,
j=1

where (A\;)jen C R*\{0} denotes the sequence of frequencies and where (a;)jen C L?(D)? satisfies
Z;il llaj||z2(pys < oo. This shows that Theorem 1.1 and Theorem 1.2 satisfy our requirements (1) and

(2).

(b) Applying iteratively derivatives to the mild formulation (4.1) of problem (1.1), it can be proved
that the solution v given by Theorem 1.2 enjoys higher regularity in FMq(R?, X5). By this fact we can
recover the pressure via

Vqg=(I—-P)(vAv —wez xv— (v-V)v).
Then it can be shown that
(v,q) € C((0,T) x R? x (0,d)),

i.e., (v,q) is the unique classical solution of problem (1.1). However, we will not carry out this standard
procedure here in detail.

(¢) We note that the applicability of the theory developed here is by far not limited to local-in-time
well-posedness. In a forthcoming work we will prove global-in-time existence results as well as exponential
stability for the Ekman spiral. Also in this context we will derive precise estimates and uniformness in w.

(d) The power 4 of the norm of vy — UF in the estimate for Ty is natural from scaling point of
view. For local existence the main term of (1.4) is the Navier—Stokes part. In the classical Navier—Stokes
equations (i.e. (1.4) with w = 0,UF = 0), if (u,p) is a solution in R™ x (0,00), so is (ug,ps) with
ug(z,t) = ku(kz, k*t), pp(z,t) = k?p(kx, k*t), k > 0. To reflect this invariance one assigns scaling dimen-
sions as given in [9,21]. For example we assign dimension 2 to time variable and dimension 1 to spatial
variable. We assign dimension —1 to the velocity field. Checking the dimension of the norm of vy — U¥ in
Theorem 1.2, it has the scaling dimension —1/2 while Ty has the scaling dimension 2, so in the estimate
both hand sides are balanced.

The idea to use the space of Fourier transformed Radon measures for the treatment of the Navier—
Stokes equations with Coriolis force, first appeared in [22]. There the local-in-time well-posedness in the
whole space R?, i.e. in the class FMg(R?) := FM(R?,R?), uniformly in w for the system

0w —vAv +weg x v+ (v-V)v = —-Vq in (0,T) x R3,
divo =0 in (0,7) x R3,
V]i=0 = Vo in R3

is proved. Global-in-time well-posedness and stability results in FM(R?) are derived in [23,24]. Moreover,
in [26] it is proved that almost periodicity in space is preserved if it is initially almost periodic.

We note that the situation in R? is much easier to handle. Then one can work in the setting of standard
finite nonnegative Radon measures. It seems to be difficult to stay completely in the FM setting, when
a boundary is present. In order to handle the case of a half-space or a layer, therefore we developed the
vector-valued approach given here.
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A crucial advantage in dealing with spaces of Fourier transformed quantities lies in the fact that,
concerning multiplier results, we can obtain a situation similar to L2. Indeed, merely boundedness and
continuity is required in order to turn a symbol into a multiplier (see Proposition 2.13, or e.g. [22, Lemma
2.2]). As seen from the discussion before and after (1.3) this preserves the important uniform boundedness
in w of related solution operators. In fact, we even obtain (scalar- or operator-valued) a relation as

lop(m)l| @) = [Imlleo = llop(m)] 2 L2 (1.5)

for the associated operator formally given by op(m) = F~!mF with F the Fourier transformation. This
shows that the boundedness of an operator in FM and L? is equivalent, if it has a bounded and continuous
symbol. This is a very remarkable property of the space FM, in particular by the fact that it contains
nondecaying functions, but L? does not.

By this fact, the space FM also turns out to be very interesting for investigations on instability.
A typical ansatz in order to prove instability for large Reynolds numbers is to decompose the solution
into a sum of wave functions. Inserting this ansatz into the equations the problem reduces to an ODE for
the corresponding Eigenvalues and Eigenvectors of the waves producing instability. At least numerically
these problems in many cases can be solved; we refer to [32] for a numerical proof of linear instabil-
ity for the Ekman spiral. For an approach to nonlinear instability in L? based on [32] we refer to [14].
A problem with the approach in L? is that the unstable waves are non-decaying, hence do not belong to
L? and they have to be realized as approximate Eigenfunctions. However, they belong to FM. This means
in contrast to the situation in L?, in FM the unstable Eigenvalues belong to the point spectrum and the
corresponding unstable Eigenfunctions instantly prove instability in FM. But then, due to equality (1.5),
we immediately obtain linear instability in L? as well. Based on the results in [32] by this method a
relatively short proof of linear and nonlinear instability for the Ekman problem is performed in [18]. This
exhibits another nice application of the theory developed here and again demonstrates its valuability in
the treatment of rotating boundary layer problems.

Apart from the properties mentioned above, the space FM displays a couple of further remarkable
mathematical properties, for instance, concerning maximal regularity. Indeed, the negative Laplacian —A
can be proved to have L! maximal regularity on FM(R™), cf. [27]. This is noteworthy, since for L' maxi-
mal regularity no higher regularity for the initial value is required (note that —A does not even have L!
maximal regularity on L?(R")). However, we do not use these further properties in this note.

The paper is organized as follows. After the introduction in the current section, in Sect. 2 we first
recall some basic facts on vector Radon measures. Then we establish systematically a theory for oper-
ator-valued symbols on spaces of vector Radon measures. Accordingly, this leads to an operator-valued
Fourier multiplier theory on spaces of Fourier transformed finite Banach space valued Radon measures.
Furthermore, we prove useful properties and estimates in these spaces. In Sect. 3 we apply the theory
developed in Sect. 2 to the linearized Ekman boundary layer problem. We establish the Helmholtz decom-
position of the space FMg(R?, LP(D)?) and prove the Stokes operator to be a generator of a bounded
analytic semigroup. Here we essentially make use of relation (1.5) and the fact that the obtained results
are known in LP(R? x D). Based on these facts we prove Theorem 1.1. Finally, relying to the uniform
estimates obtained for the linearized equations, in Sect. 4 we prove uniform local-in-time existence for
(1.1), that is Theorem 1.2, by applying the contraction mapping principle.

2. Vector Measures and Abstract Setting

We use standard notation throughout this article. The symbols R, C,Z denote reals, complex numbers,
and integers, respectively. We also write N = {1,2,3,...} for the naturals and set Ny := N U {0}.
The symbols XY, Z usually denote Banach spaces, whereas .Z(X,Y") stands for the set of bounded
linear operators from X to Y. If X =Y, we write Z(X). For a measure space (G, </, u) and 1 <
p < 00, LP(G, X, 1) denotes the X-valued Lebesgue space with respect to (G, 7, u). If G C R™ is open
and 4 = A, i.e. the Lebesgue measure, we simply write LP(G, X). For k € N,W*?(G, X) denotes the
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X-valued Sobolev space. For p = 2 we also write H*(G, X). If X = C™ or X = R™ we use the com-
mon notation LP(G), W*P(G), H*(G) (occasionally also LP(G)™, WP (G)™, H*(G)™ if confusion seems
likely). The space C°(G, X) is the set of smooth and compactly supported functions. Its closure in
Wk» (HF¥) is denoted by Wi (G, X) (HE(G, X)). We will also write BC(G, X) and BUC(G, X) for the
space of bounded and contlnuous functions and the space of bounded and uniformly continuous func-
tions, respectively. Spaces of continuous and continuously differentiable functions are as usual denoted by
C(G, X),C*(@, X),BC*(@G, X), and so on. The Fourier transformation on the space of rapidly decreasing
functions S(R™) in this note is defined as

u(§) = Fu(§) = W

As usual, its extension by duality to the space of tempered distributions &'(R™, X) := Z(S(R"), X) is
again denoted by Fu or @ for u € §'(R™, X). For the duality pairing of a topological vector space E with
its dual space we use the notation

1 .
) /eﬂgmu(m)dx, u € S(R").
Rn

(o' 2)p g, wE€E, 2’ €F.
Next we recall some basic definitions related to X -valued measures, cf. [15].
Definition 2.1. Let X be a Banach space, {2 be a set, &/ be a g-algebra over 2, and u : &/ — X be a set
function.

(i) The function u is called o-additive, if it satisfies

N(QAJ) :ium])

for all pairwise disjoint sets A; € «7,j = 1,2,.... (The convergence of the right hand side is in X.)
(i) If p is o-additive and satisfies (@) = 0, then p is called X-valued measure or vector measure.
(iii) The variation of an X-valued measure y is defined as

|| (O) := sup Z |(A)|lx : T(O) C & finite decomposition of O
A€EI(O)
for O € &/. (Note that I1(O) is a decomposition of O € &7, if AN B = { for all A, B € I1(O) with
A# B and Uyenoy 4 =0.)
(iv) The quantity |x|(92) is called total variation of p. If |u|(£2) < oo, then p is called finite or of bounded
variation.

Remark 2.2. (a) Observe that || : & — R is a positive measure. In fact, let (A4,),en be a family of dis-
joint sets and (Ex)Y_, be a finite decomposition of Uj=1 A;. Then, for each j € N the family (Ej NA)N
is a finite decomposition of A; and we obtain by the o-additivity of x that

S ()l = 3o (UEmA)H <SS InEen 4

k
Thus, |p|(Uj2; 45) < 3752, [ul(A;). On the other hand, if ( Ej ), is a decomposition of A;, then
(Ejk)jk is one of [J72, A;. Assuming for each j € N that \u|(AJ) <L (B Rl x +e/27 yields

> lul(4, <ZZHM )llx + e,

J

and therefore Z] 11el(45) < u\(UJ 1 4;). The remaining properties are obvious.
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(b) For |p|-measurable bounded scalar-valued functions the integral with respect to an X-valued mea-
sure u can be defined in a standard way via the approximation by simple functions, see [15, p. 5]. Thus,
for each A € &/ the map

[z x e [ s
A A
is well-defined.

In this note we mainly deal with Radon measures which will be defined next. For this purpose let
Q C R™ be open, &7 be a o-algebra over 2, and denote by Z(Q) the Borel o-algebra over €. Recall that
n: o/ — [0,00) is a Radon measure if it is Borel regular, that is, if () C & and if for each A C Q there
exists a B € ZA(Q) such that A C B and n*(A) = n*(B), where n* denotes the outer measure associated
to 1 given by

77 (A) :=inf ¢ > n(E;): (Bj)jenC o/, AC|JE;p. (2.1)

Jj=1

Observe that in the sequel we identify a measure n by its outer measure, so that 7 is complete in the
sense that all subsets B of a set A € &7 satisfying 7(A) = 0 belong to 7. Also recall that the vanishing
of a vector measure p on a set O € &/ is canonically defined as

=0 onO & wuE)=0 (ECO).

Definition 2.3. Let 2 C R™ be open, X be a Banach space, and 7 be a o-algebra over 2. The set function
w:of — X is called a finite X -valued Radon measure, if p is an X-valued measure and if the variation
|| is a finite Radon measure. The set of all finite X-valued Radon measures is denoted by M(Q, X).

Let us quickly show

Lemma 2.4. The set M(Q, X) enhanced with the total variation as a norm, i.e. with || - ||m := |- [(Q),
forms a Banach space.

Proof. 1t is easily checked that || - ||m is indeed a norm and consequently M(£2, X) is a normed linear
space. Let (ur)ken be a Cauchy sequence in (M(2, X), || - [[s). Obviously for each A € o7 the sequence
(pr(A))ken has a limit in X. We define

p(A) = lim py(A)
and show that p € M(Q, X). Clearly, () = 0 and for disjoint sets A, B € & we have that
n(AU B)

QAU B)
lim (i (A4) + e (B)) = p(A) + p(B).

In order to see that p is even o-additive it suffices to prove that ||u(A;)||x — 0 as j — oo for A; €
o,j=1,2,..., such that A; C A;_; and [ A; = (. By the triangle inequality we obtain

k(A x < (e — o) (Al x + [lpe(A5) ] x
< e = el + e (A5) [ x
< e/2+ [|lpe(A5)lx
for all k,¢ > N(¢) and j =1,2,.... Fixing £ > N(e) and letting k — oo yields
(Al x <e/2+ [[pe(A))llx  (G=1,2,...).
By the o-additivity of 1, we therefore may choose j(g) large enough so that

lue(Alx <e/2 (5= 4(e)
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Hence, p : &/ — X is a finite X-valued measure and by the lower semicontinuity of the supremum we
obtain

|
n
o
ol
=
=

|
=
!
By

ire — pllne =

=sup > Jim (|G = ) (B) 1 x
0 ey

<lminfsup 37 [|(uk — ) (B) | x
I1(Q2) EeIl(Q)

<e (k> N(e)).
In order to see that |u| is a Radon measure we observe that

[ 131 (2) = ()| < e = pllve = 0 (k — o0).
Thus || — |p| in M(Q,R) which is known to be a Banach space. In fact, by the Riesz representation
theorem we have M(,R) = Z(C(2),R), where

Coo() ={ueC()): RIEI})O EQs\qu o |u(z)| — 0}
x R

(see [41]). Thus, p € M(Q, X) which proves the assertion. O

Next we consider vector measures which are (absolutely) continuous with respect to a positive finite
measure. For this purpose assume that X is a Banach space and (£, &7, 1) a finite measure space. Recall
that a finite vector measure p : &/ — X is called n-continuous, if

nO)=0 = p0O)=0, Oecg.

For instance, it is clear by definition that p is |u|-continuous. A fundamental question for an X-valued
n-continuous measure p is, under which circumstances it has a Radon—Nikodym derivative with respect
to (2,47, n), that is, when there exists a representation by a Bochner integral as

WO)= [gin ©c) (2:2)
(@]

with a g € L'(Q,n, X). It turns out that this is essentially a matter of properties of the range of the mea-
sure p and therefore it can be regarded as a property of the space X. Indeed, a space X is said to have the
Radon—Nikodym property with respect to the finite measure space (Q, 7, n), if each n-continuous vector
measure p : o/ — X admits a representation (2.2). The space X is said to have the Radon—Nikodgm
property, if X has the Radon—Nikodym property with respect to every finite measure space (€2, <7, 7).
This question and its answer go back to fundamental works of Dunford and Pettis in the first half of
the twentieth century and was continued by a couple of famous mathematicians in the second half. We
refer to [15] for a comprehensive approach to this topic and for further references. In this note we mostly
deal with reflexive spaces X which are known to have the Radon—Nikodym property, see e.g. [15, p. 76,
Corollary 13].

So, from now on assume X to have the Radon-Nikodym property and € C R™ to be open. By
pu € L1 (Q, X, |u|) we denote the Radon-Nikodym derivative of a measure p € M(£, X) with respect to
(Q, 7, |ul), i.e., we have

wO) = [ il (© €.
o
Next, let ¢ € L®(Q, |u], £ (X,Y)), where Y is another Banach space. By the definition of measurability,
i.e., via the approximation by simple functions, it is easily checked that the |u|-measurability of ¢ as
a function from Q to Z(X,Y) and of p, as a function from Q to X implies also ¥p, : & — Y to be
|p1|-measurable. Moreover, we have ¢p,, € L*(, |u|,Y). Thus, the following is well-defined.
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Definition 2.5. The multiplication of the |u|-almost everywhere bounded .Z (X, Y )-valued function ¢ with
the X-valued measure p is defined as Y-valued measure p[1) of the form

ul0(0) = [vpdinl (© ) (2.3)
O

Note that again by means of approximation by a sequence of simple functions and by the definition
of the variation it can be shown that

1(0) = / Iflxdy (O € ), (2.4)
O

for f € L*(Q,n,X) and a positive measure 7, and if the X-valued measure y is represented by p(0) =
Jo fdn, O € o, see [15, p. 46, Theorem 4(iv)] for the details. For the case that f = p, and n = |ul,
relation (2.4) immediately implies that

lv(t)lx =1 for |pul-almost all t € Q. (2.5)

For pu € M(£, X) expression (2.3) defines a new vector Radon measure. This fact and the expected
properties of this new measure are proved in

Lemma 2.6. Let 2 C R™ be open and let X,Y,Z be Banach spaces having the Radon—Nikodym property.
Furthermore, let p € M(Q, X) and the functions ¢ € L>®(Q, Z(X,Y),|p]) and ¢ € L= (Q, Z2(Y,Z), |p|)
be given. Then we have

() [uldl = lullloully < plll¥lzcy),

(i) ply € M(Q,Y) and therefore u|(O) = [, pupdluly], O € o,

(iil) (ul¥)|¢ = plldw).

Proof. (i) Since p|v is defined by an integral with respect to a positive measure it clearly defines an
Y-valued measure. From (2.4) and a straight forward estimation we obtain that

1D1O) = i Llbpullv ()
< / 1902 ol
(@)

= lulllYllzxxH(0) (0 e ),

where the last equality is a consequence of (2.5).

(ii) The estimate in (i) shows that u|t is finite. By the equality part in (i) the assertion therefore
follows from the fact, that for f € L>°(Q,n), f > 0, the expression p(-) = [ fdn defines a finite positive
Radon measure if 1 does so. This can be seen as follows. Obviously p is a finite positive measure. In order
to see that p is Borel-regular, let A C Q) be arbitrary and pick a Borel set B O A such that

n"(A) =n"(B) = n(B).

We will show that the same set B will do for u, i.e., that u*(A) = u(B). By definition (2.1) of the outer
measure n*, for arbitrary ¢ > 0 we may choose (E;)jeny C &7 in a way such that A C Ujoil E; and that

“(U Ej) < u*(A)+e and
j=1

o0

(UB) <wres i

j=1

By construction and the properties of B we may assume without loss of generality that B C U;il E;.
Thus, the second inequality implies that



98 Y. Giga and J. Saal JMFM

n(QEJ—\B> = n(g Ej) AR ||fT|oo‘

In view of pu < || f]|eon We therefore deduce

Hence, we conclude

This implies (ii).
(iii) First we prove the relation for simple functions ¢. To this end, let

¢:0— LY, Z), ZaJXE

with a; € Z(Y,Z), E; € o pairwise disjoint, and where x 5, denotes the characteristic function to the
set ;. Further, let p, and p,|, be the Radon-Nikodym derivative of the X-valued Radon measure
and the Y-valued Radon measure p|9 with respect to |u| and ||| respectively. Since ¥p,, is |u|-mea-
surable! and p, |, is |p[¥|-measurable, obviously also a;jip, and ajp, |, are |pu|- and |u|1]-measurable
respectively. Thus, finite sums of these functions are measurable as well, and we obtain

(L) 6(0 / st =3 [ wpuigalelyl

I=1Egjno
=Y anlb 10 = e, [ vp
= =1 pjno

= /Zajwpuxfgjdlul =/¢¢pud\u|
o J=t o

= ul(e9)(0) (O € o).

Next, let ¢ € L>(Q,|u|,-Z(Y,Z)) and (¢) be an approximating sequence of simple functions. Then,
applying twice Lebesgue’s dominated convergence theorem for Bochner integrals implies

(1)1 6(0 / Sy udlul| = lim / Seprpdlul vl

:khf;o< pl) ok (0 ):]}EI;OML(¢I€¢)( )
Jim [ ol = [ vp,diu
(@] O

= nl(ev)(0) (0 € ).
This completes the proof. O

I That means it can be approximated by a sequence of simple functions in L>(Q, Y, |u|).
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Remark 2.7. An important observation for the applications in subsequent sections is the following fact:
since every element of M (2, X) is defined on the Borel o-algebra Z(£2) and since every continuous function
is Borel measurable, we obtain that

BC(Q, Z(X,Y)) € L¥(Q, (X, V), |ul) (1 € M(2, X)). (2.6)
That means expression p|¢ is well defined and all assertions in Lemma 2.6 hold for every p € M(€, X)
and every ¢ € BC(Q, Z(X,Y)).

In view of the above remark it is also quite obvious that

T,f = / fopdlul = ulF(RY), f € Ca(R™), (27)
R’n

defines a bounded linear operator 7), from C(R™) to X. A standard argument shows that u — T}, is
injective. Thus we always have a continuous and injective embedding of the form
M(R", X) — Z(Coo (R™), X). (2.8)

A much more delicate issue is the question for the converse direction, that is, when a bounded operator
T : Co(R™) — X has a representation by an X-valued measure as above, or in other words, when does
the Riesz representation theorem hold. This question is is closely related to the existence of a Radon—
Nikodym derivative, see [15]. As mentioned above, if X = R, the space of finite Radon measures can be
identified with the space .Z(Cos(R™),R). Based on results established in [15], it can be shown that this
identification generalizes to reflexive Banach spaces X. Since we will not use it in the sequel, we just state
this fact as a further remark.

Remark 2.8. For reflexive Banach spaces X we have that
M(R™", X) = Z(Coo (R™), X)

in the sense that every bounded linear operator T : Coo(R™) — X has a representation by a finite X-
valued Radon measure p given through (2.7). In particular, for all p € M(R", X) and O € & we have
that

[ul(0) = sup{[|T.fllx : f€CZ(O), [fle <1}

By the intention to introduce the Fourier transform of vector Radon measures, from now on we assume
Q = R". In order to get a better feeling of the space M(R™, X), we next derive some properties and rela-
tions to known function spaces. We still assume that X has the Radon—Nikodym property. First, note
that we obviously have

LYR"™, X) — M(R", X) (2.9)
in the sense of the identification
f=Alf, fel'®R"X),
where A denotes the Lebesgue measure on R™. But observe that the space M(R™, X) is strictly larger than
L'(R™, X), since each Dirac measure &;, with respect to the point ¢, € R™ defines for every z € X via
8¢, an element in M(R™, X)\L!(R™, X). On the other hand, the fact that the Schwartz space S(R") of
rapidly decreasing functions with its canonical topology is continuously and densely embedded in Cy (R™)
gives us
L(C(R"), X) — Z(S(R™), X) =S (R", X).
Thus, in the sense of the identification
,LL'_)T'/Lv Tlltf :.u“Lf(]Rn)a
by relation (2.8) we have the embedding
M(R", X) — §'(R", X).
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Consequently, the Fourier transform on M(R"™, X) is well-defined. Fubini’s theorem implies
L5 = 1P = 2072 [ [ epduln) (e
Rn R7
for all f € S(R™), and therefore we obtain
1(€) = plee(R") (2.10)
with g (t) := (2)~"/2e~"¢. This allows for the definition of the space
FM(R™, X) = {fi: j€ M(R", X)},
which we equip with the canonical norm
lullese = 17 -

Observe that replacing the Fourier transform by its inverse in the definition does not change the value of
the norm, i.e., we have || F - |jm = [|[F!|lm = || - |lrm. In order to define multipliers with symbols not
necessarily continuous at the origin, we also introduce the spaces

Mp(R™, X) :={pn e MR", X) : u({0}) =0},
that is, the subspace of Radon measures with no point mass at the origin and
FMo(R", X) :={: p € My(R", X)}.

Definition 2.9. For n € N and a Banach space X having the Radon-Nikodym property, we call FM(R", X)
and FMo(R"™, X) (X -valued) spaces of Fourier transformed (finite) Radon measures.

Remark 2.10. Note that every p € M(R™, X') decomposes uniquely as

= (= 60p({0})) + dop({0})-
In other words, we have
M(R™, X) = My(R", X) & {doz; = € X}.
Since by definition F : M(R™, X)) — FM(R", X) is isomorphic, this implies that
FM(R", X) = FMy(R", X) & X. (2.11)

Next, we list some useful properties of the spaces just introduced. We start with a convolution for
vector Radon measures. For this purpose, let X, X7, X5 be Banach spaces having the Radon—Nikodym
property. Suppose further that a multiplication of elements in X5 with elements in X is defined in a way
that

Xp- X1 = X, oy 22x < flaafx llezlx, (21 € X1, 22 € X). (2.12)

For example, X5 can be a suitable subspace of £ (X7, X) or it can be the multiplication of functions
in suitable L? or Sobolev spaces. By ’suitable’ we particularly mean that these spaces have the Radon—
Nikodym property, which does in general not hold for the whole of .Z (X7, X), see [15, p. 219]. For two
nonnegative measures 7y, 72 over Z(R"), we denote the corresponding product measure over %(R?") by
m @ 1. For p € M(R™, X1) and n € M(R", X3) we define the convolution formally as

1 # p(0) = / Xo (t+8)py(t)pu(s) d(lu] @ [nl)(t,s) (O € BR")). (2.13)

R2n
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Lemma 2.11. In the situation above we have
(1) n*pe M(R™, X)), in particular, Young’s inequality

7 * pllaeen,x) < [l xo) Il x0)

and the (familiar looking) representation

nen(0) = [ 10~ pu(s)dl(s), 0 € AR,
R’ﬂ
hold;
(i) for all f € L*(R", X1),9 € LY(R", X3)) that (Alg)  (ALf) = Al(g * f), i.e., in this case (2.13)
coincides with the standard convolution in L*;
(iii) for all f € BC(R™, Z(X,Y)) and all O € B(R™) that

(< mLI©O) = [ [ xalt + )1t + 5)o,Op(s)alnl (o)l (o)
R‘IL R’!L
(iv) F(n*p) = 2m)"*7- j;
(V) nxp=pxn, if the multiplication X5 - X1 is commutative;
(vi) that (M(R™, X),*) is an (abelian) algebra (with unit), if (X,-) is an (abelian) algebra (with unit).
Proof. (i) Regarding the |n|-measurable function p, and the |u|-measurable function p,, as constant in s
and as constant in ¢ respectively, we see that these functions are obviously measurable in Z(R?"), too.
Therefore, for each O € Z(R"), (t,s) — Xo(t+ 8)py(t)pu(s) is |n| ® |pu|-measurable. Hence the integral
in representation (2.13) is well-defined. Thanks to x, (t + $) = Xx_.(t) and to Fubini’s theorem then we
know that

/Xo (t + 5)py(H)dn|(t) = / py()d[n|(t) = n(O —s), seR",
R™ O—s

is |p|-measurable. More precisely, we have that

s [ xolt+)m0alnle) | € L2®" o)

]Rn
and that
(0 1)(0) = / / Yot 1 8)pa(®)pp () 1| (8)dn](2) (2.14)
Rn Rn
= [0 - Dpu(silis) (© € BE).
RTL

From the latter representation it readily follows that 7 % p is a finite X-valued measure. In order to see
that its variation |n * u| is a Radon measure, observe that (2.4) implies that

menl(©) = [ [ xolt+ 9oy )0 Lxul ()l
R” Rn

= /|N|H|Pn(t):0u(')”)((o —t)dfn|(t) (O € BR")).
R
Obviously ¢4(O) := |ul|[||pn () pu(-)|| x (O —1t) is a finite Radon measure for each fixed ¢t € R™ (see proof of
Lemma 2.6(ii)). Furthermore, dominated convergence implies for the corresponding outer measures that

0 u*(0) = / o7 (O)dln|(),
Rﬂ,
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from which we easily see that |n* u| is Borel regular. Consequently, also |n* u| is a Radon measure which
yields n * p € M(R™, X). Young’s inequality in (i) is easily obtained from representation (2.14).

(ii) By virtue of translation invariance of the Lebesgue measure and by a repeated application of
Fubini’s theorem we obtain

Alg* ALF(O /A O = $)paLs(s)AALF|(s)

_ / / 9(£)dt pa £ (s)AIALF|(s)
R™ O—s

- / o) / Yo (t+ $)pa s (s)AIALF| (s)dt

Rn Rn

- / g(OALF(O — t)dt

J

- / g(t)ozt f(s)dsdt

:/g(t)/f(s—t)dsdt
/ / F(s — t)deds

O R»

// (t—s)f(s)dtds

O Rn

= (Al(g * /))(O) (O € BR™)).

(iii) Let f(t) = 3252, a;Xp, (t) with a; € Z(X,Y) and E; € #(R") be a simple function. Then we
have

~—

LF(O)

aJ/xE )P (£)d|n 5 pu] ()
(@]

(n*p

Ms

1

J

aj(n*p)(ON E;)

[

[

J

=5 [ [ Xon, (6 90Ol ()l

j=1 R» R

3

— [ [xott+9) Y i, ¢+ oy Opus)dnl(s)dlnle

Rn R Jj=1

— [ [xett+ £+ o 0p @) (© €A@Y,

R” R™

Dominated convergence yields the result for general f.
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(iv) Set w¢(t) = (2m)~"/2e~%*. Representation (2.10), (iii), and Fubini’s theorem imply
F(nxp)(€) = (n* p) [ pe(R")
=22 [ [t ), (alul ()l 1)

R™ R™

— (2m) /2 / eits / e~ 5, (1)l (£)p(5)dl ] (5)
R R

= (2m)"/?7(€) - A€), € eR™
Assertions (v) and (vi) are obvious consequences of (i). Note that if e is the unit in (X -), then dpe is the

unit in (M(R", X), %), where dg denotes the Dirac measure in x = 0. O

With Lemma 2.11 at hand we can show the announced properties of the introduced spaces of Fourier
transformed Radon measures.

Lemma 2.12. Let X, X1, X5 be Banach spaces having the Radon—Nikodym property and that Xo- X1 — X
(with embedding constant one as in (2.12)). Then the following assertions hold.

(i) The spaces FM(R™, X),Mo(R"™, X), as well as FMy(R"™, X) are Banach spaces.
(ii) For all u € FM(R™, X5) and v € FM(R", X1) we have that

Ju - vllrmee,x) < @) 72 ullrm@e, xa) 1V lEvEe X0

i.e., FM(R™, X5) - FM(R", X1) — FM(R"™, X). In particular, the space (FM(R", X), ") is an (abelian)
algebra (with unit), if the space (X,-) is an (abelian) algebra (with unit).
(iii) We have
FM(R", X) — BUC(R", X) (2.15)
and
FL'(R", X) = FMy(R", X) — B, ;(R", X) — BUC(R", X), (2.16)
where Bgo,l(R", X) denotes the homogeneous Besov space (see proof for a precise Definition).
Proof. (i) This follows immediately by the definition and Lemma 2.4.
(i) This is an obvious consequence of Lemma 2.11(i),(iv), and (vi).

(iii) By (2.9) the first embedding in (2.16) is obvious. The third embedding in (2.16) is well-known, hence
we omit a proof here (see e.g. [39, Example 2.3]). For the second embedding we first prove that

FM(R™, X) — L®(R", X). (2.17)
Set ¢ (t) = (2m)~™/2e~ "¢, Indeed, by virtue of Lemma 2.6(i) we obtain
1) Ix < [pleelR™) < llulhalleelloc < CliEllev (€ € R™),
which shows the validity of (2.17). Recall that the Besov space 82071(}1%”, X) is defined by

Bgo,l(Rna X)

=JueS'®R",X): Jullg, , <oo, u= > 6 xuin SR, X) 3,
JEZ
where the norm reads as
lullg,, =D 1165 * ull e n ),
jez

cf. [43]. Here (¢;) ez is a standard Littlewood-Paley decomposition given by a family of functions ¢; €
S(R") satistying Y., ¢;(§) = 1 for & € R"\{0}, where ¢;(€) := ¢0(277€) and 0 # ¢ € S(R") such
that supp¢g C {1/2 < |¢] < 2}. Since FMy(R"™, X) does not contain constants (i.e. elements in X),
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the convergence Zj\]:, N (Zj xu — u for N — o0 is clear for every u in this space. It remains to derive
the estimate for the corresponding norms. An application of Lemma 2.6(iii), Lemma 2.11(iv), and (2.10)
yields

&j * () = (2m)"2F (¢;11) (€)
= (2m)" 2 F (e xs, ) 6)(€)

= |(ulxz, ) [dj0e| (R") (£ €R"),

where F; = {2771 < |¢| < 27!} and where we made use of the fact that supp ¢; C Ej;. Relation (2.17)
and once more Lemma 2.6(i) then imply

165 * Bill Low (n ) < CgseuRg(IMLxEj)(R”)Hqﬁowsllmmn)

< Clpl xs, )Rl bol| oo )
< Clul(E;) (G €Z).
Since E; N Ey, = 0 for |j — k| > 3 we conclude by the o-additivity of |x| that

S 16 Al <C Y lul(E)

j=—o0 j=—o0

2 o)
<CY Y |ul(Esyn)

k=0j=—oc0
< 3C|ul(R™)
< 3C|ullem (7 € FMo(R™, X)).

The fact that u € FMy(R™, X') such that ||u[|zo , = 0 implies u € X. Thanks to (2.11) then u = 0. Thus,

FMp(R™, X) is continuously embedded in 32071(IR{”, X) and (2.16) is proved. Relation (2.15) now follows
from the fact that FMy(R", X) — BUC(R", X) and (2.11). O

Observe that the space FMy(R™, X) is not an algebra, but at least we obtain by Lemma 2.12(ii) that
FMy(R"™, X5) - FMy(R", X;) — FM(R", X),

which will be important for later purposes.

The fact that o,z € Mo(R™, X) for Dirac measures dy,, o € R"\{0}, and = € X, gives rise to another
interesting class of functions contained in the space FMy(R™, X). In fact, every sequence (a;)jen € X
satisfying Z]Oil lla;||x < oo defines for each sequence of frequencies (A;);jen € R™\{0} an element

(w — Zaje—“j‘l‘) € FMy(R™, X),

J=1

by the fact that 2511 dx,a; € Mo(R", X). This class of almost periodic functions is significant for appli-
cations to rotating boundary layers as explained in the introduction, see Remark 1.3(a).

Next, we present an operator valued multiplier result in FMy(R™, X). It will play a crucial role in
deriving stability and uniformness in the appearing parameters for the boundary layer problem treated
in Sects. 3 and 4.

For o € BC(R™\{0}, Z(X,Y)) we define

op(o)f == F 'flo, feFMy(R",X). (2.18)

As a consequence of the theory for vector measures developed above we obtain the following multiplier
result.
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Proposition 2.13. Let XY be Banach spaces having the Radon—Nikodym property and suppose that o €
BC(R™\{0}, Z(X,Y)). Then op(o) as defined in (2.18) is bounded from FMy(R™, X) to FMy(R™,Y") and
we have

lop(o) || 2(Eno (®n,x), FMo (R7,v)) = o]l o0 @\ {0}, 2(x,v))-
If o is also continuous at the origin, then
op(o) € Z(FM(R", X), FM(R™,Y))

with the corresponding equality for the operator norm.
Proof. Lemma 2.6(i) implies

lop(e) fllem = [[f Lollv < [fILlloll2x.v)

< lollzoe @\ 03,2,y | fllFm
for all f € FMp(R", X), where we made use of the fact that || - [[pm = || F - ||[m = [[F 1 - ||m. This shows
lop(a)|l == llop(o)[l 2 FMmo R, x) FMo (7, v)) < o]l oo (mn\ {0}, 2(x.v))-

To see the converse, suppose that [[op(o)|| < [|o|| L\ {0}, 2(x,v))- In detail this means there is an z € X
with [|z||x =1 and an ¢ty € R™\{0} such that

lo(to)x]|x > llop(a)l-
We set u := F~16;,. Then |u|(R") = 1. Furthermore, we have
uz € FMy(R", X)

and that the Radon—Nikodym derivative of ux = @z with respect to |uz| = |4| reads pg, = z. This results
in the contradiction

llop(a)l :/Hop(ff)lldlﬂl(ﬁ)

Rn
< / lo(©)z] xd[al(€)
Rn

= [ullllo ()| x (R") = [(uz)|o|(R™)

= |F~ (@z)|o]llem = llop(o) (uz)||em

< lop(a) | lullenm@n o) |l x

= llop(a)|l,
where we applied Lemma 2.6(i) in the third equality. The additional assertion is then obvious. 0
Remark 2.14. If H; and Hs are Hilbert spaces, Plancherel’s theorem implies that the right hand side of
the equality in Proposition 2.13 equals the operator norm of op(c) in £ (L?*(R", H,), L?(R", H)). Hence
in this case we have

llop(o) || 2 (Mo & 1) Mo (7, 1)) = 10 lloo = [lop(0)| 2(L2®n 111, L2(R7,1,))-

For Banach spaces X; and X5 and 1 < p < oo Plancherel’s theorem does not hold, but still we have that

llop(o) |2 EMorn X1),FMo (R, X2)) = 10 ]loo < [lop(o)ll.2(Lr®n, x,), Lr (7, X)) (2.19)

(see Lemma 3.1). By these facts, we see that results which are known in a LP(R", X) framework and
which fit into the multiplier context above immediately transfer to FMy(R", X) (for X = X; = X»).
This observation will be very helpful for our purposes in the next section.
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In the last part of this section the domain R"™ is essentially fixed. So we occasionally suppress R™ and
simply write FM(X) instead of FM(R", X) and so on. In applications we will often use the fact noted
in the above remark for the case that H; and H, are certain L2-spaces. In the same spirit the following
lemma will turn out to be helpful.

Lemma 2.15. Let J C R be an interval and let Hy and Hs be Hilbert spaces. Assume that
L e Z(L*(R", Hy), L*(J, L*(R™, Hs)))
with
1L z2my, 222 < M
is an operator with a symbol o, satisfying
or, € C(R"\{0}, Z(H, L*(J, H))) .
Then we have
L e Z(FMo(R", Hy), L*(J,FMo(R", H>)))
with
L1 ono (o), 220, Mo (2))) < M-
Proof. We set E := L*(J, Hy). Note that by Fubini’s theorem we have
L*(J,L*(R", Hy)) = L*(R™, E).
Thus we may regard L as an operator such that
L e Z(L*R™ Hy), L*(R",E))

with an unchanged operator norm. Since L is assumed to have a symbol o, Plancherel’s theorem and
the assumption on oy, imply that

or, € BC(R"\{0}, Z(H1, E)), |orllr=zm, . g) <M.
Proposition 2.13 then yields
L e Z(FMo(R"™, Hy), FMo(R™, E)), || L|l.2FMo (), PMo(E)) < M. (2.20)

By the fact that only the multiplier o, depends on ¢ € J and not the measure to that it is applied, we
can estimate as follows:

1Ll 2 (rpmen)) = [ Talon()la, (R®) [z

= || [ lont- sl maalce)
R™ L2(J)
< [ ot pa(©l ealle)
Rn
= [uloz|s(R")
= [|[Lullpmee) (v € FMo(R™, Hy)).
Here we employed the notation | - |p, and | - |g in order to highlight that u|oy, is once regarded as an

Hy-valued and once as an E-valued measure. Observe that the first equality in Lemma 2.6(i) is crucial
in order to obtain the second last equality above. Relation (2.20) now implies the assertion. O

We also prepare the following general result on vector-valued convolution.
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Lemma 2.16. Let X,Y be Banach spaces, 1 < p < o0, T € (0,00, and set J = (0,T). For
g€ L(X,LP(JY)) and f € L*(J, X) we have

t

t—gxf:= /g(tfs)f(s)ds € LP(JY)
0
and

lg* flleecryy < l9llzx,oaynllflle o x)-

Proof. For a function h defined on J we set

il(t) — {h(t), teJ,

0, elsewhere.
Pick g € Z(X,LP(J,Y)) and f € L'(J, X). By assumption we have for a.e. s € J that
(t = gt —5)f(s) € LP(R,Y)
and that
T+s 1/p

13(¢ = 8) ()l o,y = / lg(t — 5)f(s)lI5-dt

S

/ o) £(5) 1 dr

\|9\|3(X,LP(J,Y))||f(5)|\X
= llgllzx,ze 1 F(s)llx- (2.21)
For s € R\J this estimate is trivially true. This yields
(s 130t = )7 ) lzoey) ) € LMR),

Hence [ g(t — s)f(s)ds, and therefore also g« f(t), exists as a Bochner integral with values in LP(.J,Y).
Thanks to (2.21) we also obtain

lg* fllLeryy = H /é(t — 5)f(s)ds

1/p

IN

LP(R,Y)
/ 150t — ) F(5)l| o yds

< gl zxrimy / 17(s)l1xds
R

= ||9||$(X,LP(J.,Y))Hf||L1(J,X)-

Finally, we establish some density properties. For k € N we set
FM*(R", X) := {u € FM(R", X) : 9% € FM(R", X) (0 < |o| < k)},
HUHFMk(X) = Z 0% ullPm(x)-

0<a|<k

Further we define FM*(R", X) := -, FMF (R™, X) equipped with the canonical topology. The spaces
FMA(R", X), k € No U {oo}, are defined accordingly.
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Lemma 2.17. Let a Banach space X having the Radon—Nikodym property and a domain 2 C R™ be given.
Then we have:

(i) For every k € Ng U {o0} the space FM®(R™, X) lies dense in FM(R™, X).
(ii) For every k € NoU{oo} and p € [1,00) the space FM®(R™, C°(Q)") lies dense in FM(R™, LP(Q)™).
Assertions (1) and (ii) remain true, if FM is replaced by FMj.
Remark 2.18. (a) Although C2°(2) is not a Banach space it is clear how to understand FM"(R",
C(Q)™), by the fact that C°(2) — LP(), for example.
(b)  We note that FM*(R", X) < BC*(R", X) for k € NU {oc} (see also Lemma 2.12(iii)).
(¢) Also observe that there is no dense set of decaying functions in FM(R™, X). This follows by the fact
that the norm in FM(R"™, X) is stronger than the norm in L>(R", X).
Proof. () Choose a mollifier ¢, i.e. pc(x) = Zo(z/e) with 0 # @9 € CZ(R"),¢p0 > 0, and
Jgn @o(x)dz = 1. For u € FM(R", X) we set

Ue 1= Pe * U= /(Ps(x — y)u(y)dy.
R?L
Since FM(R"™, X) — BUC(R", X) we readily have u. € C*°(R", X). Furthermore, we obtain

0% (ps % u)(z) = / u( — )0 (y)dy

275”/2/ [ a0 e () dy

R” R™

1 ; ~
G | eeate / ~90° . () dyd ] (€)
Rn

- / €% pa(€)FO" ol (€
]Rn
= 2m)"?F (4| F0"¢.)(x) (z €R", a €Np),
where we applied Lemma 2.6(iii) in the last step. This implies that F0%u. = (2r)"/ 20| Fo“p. € M(X).
Consequently 0%u, € FM(X) for ¢ > 0 and a € Njj. Next, observe that

(. —u)(0) = /(sﬁapa —pa)dlul (O € BR")).
1)
Thus,

[ue = ullem = [|ue — ullu < /Is??s — Ullpallxdfu] =0 (e —0)

by dominated convergence, and (i) follows.

(i) Pick v € FM(R"™, LP(2)"). By (i) we may even assume that
u € FM>™(R"™, LP()™).

In the present situation we choose a mollifier ¢. satisfying the properties in (i) in the last variable, that
is, po : R™ — [0,00). Furthermore, let (K;) ey be an exhausting sequence of €, i.e., each K; C Q is
compact and we have
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o0
o .
K;CKjn (GeN), e=JK,
j=1

where [O(jﬂ denotes the interior of K 1. We also choose ¥; € C*°(2) such that ¢; =1 on K;,9; =0
outside K11, and 0 < ¢; <1 on Q. Then (¢;);en C C°(2) and ¢; — 1 pointwise in Q. We consider
the sequence

Ue j(t,x) = () (e *, w)(t,z) (>0, jeN, teR", z€)

Here ‘x_’ denotes the convolution with respect to x € R™, i.e., we set

(e *, u)(t,x) = /gos(x —yu(t,y)dy, x€Q, teR".

Q
For functions a € BC(R™) and b € L*(R™) it is easily checked that
[(t,2) — a(x)(bx, u)(t,z)] € FM(R", LP(Q)"). (2.22)
From this we already obtain
0%ucj € FM(R™, LP(Q)™) (¢ >0, j €N, a € NJ™™). (2.23)

In fact, writing 0% = 9;* 9022, the Leibniz rule gives us
O%uej(tw) = Y clas, B)(052 4y (2) (05 pe] . 07 w)(t, x)
B<las

with certain constants c¢(as, 8) > 0 and where § < « is understood componentwise. From this represen-
tation we see that the single summands possess the structure given in (2.22). Thus (2.23) follows. So, we
have proved u. ; € FM*>(R", W*P((Q)) for all k € N, hence that u. ; € FM>(R",C>(€)) by the Sobolev
embedding and since 1; has compact support.

In view of

(te,; —u)(O,x) = /[% (2)(pe *, pa)(t,x) — pa(t, =) ]d[ul(t),
1)
we can calculate
l[ue,; — UHFM(LP) = ||te,; — aHM(LP)
sup > |[(@e,; — @) (Eo)|lp

IR"™) g, cri(rr)

< / 5 (pe %, pa)(t) — pa(®)Il dlal(2).

IN

Clearly, we have
193 (e *, pa)(t) = pa(®)ll, =0 (¢ =0, j — o0)
for a.e. t € R™. Moreover,
[195(pe *, pa)(t) = pa(B)ll, < llee *, pa(®)llp + lloa(t)llp

< (el + Dllpa®)lp
<2lpa®)ll, (¢t €R").

The dominated convergence theorem therefore yields
|ue,j — ullpmcrey — 0 (6 — 0, j — 00).

This implies (ii). The additional assertion is obvious. O
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3. The Linearized Ekman Problem

From now on let X = X,, :== LP(D)", where D denotes either one of the intervals (0, 00) or (0, d) for some
fixed d > 0. We start with deriving the Helmholtz decomposition of the space FMy(R"™!, X,,) and the
required generator result for the Stokes operator on its solenoidal subspace. These facts will be proved
in the spirit of Remark 2.14, in particular of relation (2.19). Since this is not so standard, let us briefly
explain the strategy we pursue here.

The main point is to derive suitable operator-valued representations for the symbols of Helmholtz
projection and Stokes resolvent (see (3.7) and (3.16)). This can be obtained by taking advantage of the
well-known LP-versions of the desired results (see Lemma 3.2). Thanks to the LP-boundedness of the
operators under discussion and due to Lemma 3.1 below, we can prove their symbols to be bounded
functions. Continuity of the symbols can be read off directly from their representations. Proposition 2.13
then yields boundedness of the corresponding operators in FMo(R" !, X,,). In other words, we rigorously
verified relation (2.19) for the symbol of the Helmholtz projection and of the Stokes resolvent. A priori
this method merely yields boundedness of operators associated to certain symbols. Thus, finally it has to
be shown that these operators indeed possess the desired properties of the Helmholtz projection or the
Stokes resolvent also in FMg(R"!, X,,). This again reduces to the validity of these properties in L?.

Of course, Helmholtz decomposition and sectoriality of the Stokes operator in FMq(R"~!, X)) could
also be derived without utilizing the counterparts of these results in LP. Based on the multiplier result
Proposition 2.13, these facts could be obtained by directly estimating corresponding explicit solution
formulas in R”~! x D. Such formulas, however, are somewhat lengthy and of intricate structure, espe-
cially corresponding representations for the Stokes resolvent in a layer, cf. [1,2]. As a consequence, this
more direct way would enlarge the proofs enormously. It is much more convenient to take advantage of
knowledge in LP and, based on this, to deal with the operator-valued formulas (3.7) and (3.16). Those
have a nicer and much more compact structure than explicit formulas in R®~! x D, especially in the case
d < 0.

In order to follow the strategy just explained, next we recall three known results from the LP-setting.
Note that also here and in Sect. 4 we will frequently make use of the short hand notation M(X), FM(X)
and so on, since the domain R" ! essentially will be fixed.

Lemma 3.1. Let E, F be Banach spaces and 1 < p < co. We denote by the set M,(R", Z(E,F)) the
class of all Z(E, F)-valued Fourier multipliers on LP(R™, E), i.e.,

M, (R", Z(E,F)) := {m :R™M\{0} —» Z(E, F);
F'mF € Z(LP(R",E), LP(R", F))}

endowed with the norm ||m|| ym, wr 2 (2, r)) = |F~'mF| 2Lr@®n,E), Lr @7, F))- Then, Mp(R", Z(E, F)) —
L>®(R", Z(E,F)). More precisely, we have

[mlpe@e, 22,7y < M, @ 2@ r) (Mme My(R", Z(E,F))).

Proof. Pick m € M,(R", Z(E,F)),z € E, and ¢y € F'. Then (m(-)x,y’) is a scalar-valued multiplier.
Here (-,-) denotes the duality pairing of F' with F’. For such multipliers it is well-known that

M, (R™) — Mo(R™) = L=(R").

In particular, we have [|m|ge@n) < [|mag, @n) for all m € M,(R™). Note that these classes were
introduced by Mikhlin, cf. [42,43]. By the commutativity of suprema this yields
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| Loe (mr 2(E,F)) = SUP  sup sup  |[(m(&)z,y")]
EER™ |z|lg=1 ||y'| pr=1
= Ssup sup ||<mx,y/>HL°°(]R”)

lzlle=1 [ly'll7r=1

< sup sup [|FTHma, ) Fllewerny)
lell=1 lyllp=1

< sup  sup sup  [(F I mFfz.y)|Lecen
lelz=1 ly'lle=1 [IfllLe@n)=1

< sup sup ||f_1mffx||Lp(Rn’F)
lzlle=1 |IfllLr@n)=1

< ||.7:_1m.7:H$(Lp(Rn’E)’LP(RH’F)).
[l

In what follows, we denote by A/ the outer normal vector at the boundary dG of a domain G C R"
and by ¥y the complex sector

Yo :={z € C\{0}: |argz| <0}
for 6 € (0, 7).

Lemma 3.2. Let 1 < p < oo,v > 0,d € (0,00], and set G =R"~! x (0,d).
(i) On G we have the Helmholtz decomposition

LP(G) = Lg(G) @ Gy(G),
where
LP(G)={ue ’(G): divu=0, N-u=0 on G}
={ueCx(G)": divu = O}H'Hp7
Gp(G) ={Vp: p€ Lie(G), Vp € LP(G)}.

In particular, the associated Helmholtz projection P : LP(G) — LP(G) is bounded and we have
Pl 2r2c) = 1.
(ii) The Stokes operator
A, = —vPA, P(A,) = W>P(G)NW;P(G)NLE(G)

is the generator of a bounded holomorphic Co-semigroup (e~*4);>o on LE(G) and for each ¢y €
(0,7) there exists a C,, such that

||/\k/2(9a(>\ + Au)iluf(l/g(G),LP(G)) < Oﬂpo (/\ € 2<Po’ k+ |a‘ = 2)

Here k € Ny and o € Nij. In particular, for p = 2A,, is positive selfadjoint and the family (e*“‘”)tzo
forms a semigroup of contractions.

Proof. For the case d = co the existence of the Helmholtz projection in (i) for instance is proved in [40];
assertion (ii) for the case of d = oo is obtained in [35]. We also refer to [8] for (i) and (ii) and the case
d = oo. For the case of a layer, that is d < oo, statement (ii) is proved in [1,2]; for both (i) and (ii) and
the case of d < oo we refer to [3,4]. O

Now we are in position to establish the Helmholtz decomposition of the space FMo(R™" ™!, X,,). To be
precise, we will show that

FMo(R™ !, X,) = FMy, (R}, X)) ® Gy, (3.1)
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with
Grm = {Vp; p € L, (R"™ x D), Vp e FM(R"™", X;,)} (3:2)
and
FM . (R™, X))

= IRFY:
= {u € FMg® (R”l, ﬂ Wk’p(D)); divu =0, N- u|8(Rn—1XD) = 0} . (3.3)
k=0

Recall that the existence of (3.1) is (at first formally) equivalent to the unique solvability (modulo con-
stants) of the Neumann problem

— Ad; ; n—1
{ Ap=dive inR X D, (3.4)

onp=N-u ondR" ! x D),
in the weak sense. The corresponding Helmholtz projection associated to (3.1) then is given as
Pu=u—Vp
with p the solution of (3.4).

Definition 3.3. In what follows we will make use of the notation x = (2/,z,), i.e., 2’ € R*! denotes
the tangential part of x € R". The same notation we will use for vector fields u, that is, we write
u=(u,u"),p=(p',p"), etc.

As explained in the beginning of this section, the boundedness of P is proved in the spirit of
Remark 2.14. Thus, we start with deriving a suitable operator-valued symbol representation. For this
purpose, assume that

u e PR, (D)) < LP(R™!, X,) = LP(R"! x D)™

Dealing with those u has the advantage that the trace condition in (3.4) is homogeneous. Applying Fourier
transformation in tangential direction to (3.4), we are left with the ODE

(I€']? - 02)p = —i¢' -0 — 9,u" in D,
ONp =0 on 0D.

Let Ay, denote the Neumann Laplacian in the normal variable z,. By well-known results for this
operator the solution of (3.5) is represented by

P, =—ie - (|67 = Anw) 7@ (EL) = (€7 = Ana) T 10pa" (L), € #0. (3.6)
We define the operator-valued symbol op by

oe€y =+ (5 ) (i€ 06 = )04 (6P = ) 000"

Y .l T
—u+t (Zaf ) (I€'2 = Aya) ™" (gf ) v (3.7)

for ¢ € R*1\{0} and v € C°(D)". Obviously this is exactly the symbol of the Helmholtz projection
and we have

(3.5)

Pu=u—Vp=FtopFu (ue LP(R"' CX(D))). (3.8)

By virtue of Lemma 3.2(i) and Lemma 3.1 it is clear that op extends to X,,. However, in the sequel

it will be advantageous to know that also representation (3.7) is still valid for v € X, (see the latter part
of the proof of Lemma 3.4). This can be seen via abstract arguments for sectorial operators. In fact, by
utilizing these (well-known) arguments, the resolvent of Ay, has a natural extension on W, "?(D) :=
(WP (D)), which for simplicity again is denoted by (A — Ay.,)~!. Indeed, we have (A — Ay,,)~" €
LWy (D), WhP(D)). Since 8, (LP(D)) — Wy "*(D), we see that (|| — Ayxn)~'8,0", & # 0, is a
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well-defined element in W1(D) for every v € LP(D). Therefore representations (3.7) and (3.8) hold for
all v € X, and all u € LP(R"~! x D)™, respectively.

We also remark that then p = F~'p with p given through (3.6) with the generalized resolvent of Ay ,,
represents the solution of (3.4) for general data u € LP(R"~! x D)™. This fact, however, will not be used
in the sequel. In the following proof we just concentrate on the symbol op defined by representation (3.7)
on X, with (|¢/|*> — An.,)~" being interpreted as the above constructed extension on Wy "*(D).

Lemma 3.4. The Helmholtz projection P is bounded on FMo(R" ™1, X)) and decomposition (3.1) holds.
Proof. Lemma 3.2(i) and Lemma 3.1 imply
lop(€)vlx, < Cllvllx, (€ € R0}, ve X,), (3.9)

even with C' = 1 if p = 2. With the help of representation (3.7) and estimate (3.9) it is not difficult to
verify that op satisfies

op € BC(R"1\{0}, Z(X,)). (3.10)
Proposition 2.13 therefore implies that
P =op(op) € L(FMp(R" %, X,)). (3.11)
Moreover, the representation
Pu=F"(i|op)

with op given through (3.7) holds for all u € FMy(R"!, X,).
Note that by the fact that LP(R"~! x D)* N FMy(R""!, X,,) is not dense in FMy(R"~!, X)) we still
have to prove that P as an operator on FMq(R"™!, X,) admits the usual properties of the Helmholtz

projection. To this end, we take advantage of the function ¢ (z') := e~1#'I/2 which is known to represent a
fixed point for the Fourier transformation. First we show that P is indeed a projection on FMy(R" ™!, X,,).
By P?u = Pu for all u € LP(R"~! x D)™ we deduce

(0B (&) —ap(€))u(€) =0 (ue LP(R"" x D)", ¢ e R"\{0}).
Let v € X, and set u := ¢v. Then we have u € LP(R"~! x D)" and
Y(ENoB(E) —ap(E))v =0 (& €R"\{0}).

This implies 0%v = opv for all v € X, from which we conclude u|0% = | op for all u € FMp(R" "1, X,,).

So, we have proved
P*u= Pu (u€FMu(R" ! X,)).
We set
FM o (R"™!, X,)) = P(FMp(R"™", X,)).

It remains to prove characterizations (3.3) and (3.2).

The fact that div Pu = 0 for u € FMo(R"!, X)) follows from the validity of this equation in L? in
the same manner as we proved P?u = Pu (or by a direct calculation). Next, again by known facts for
Ay, we have

(€17 = Ana) "' (WHP(D)) — WHP(D) (k€ Ny, 1< p < o).
Utilizing this relation, from the formula
O%Pu=F ' ((FOQu)|02%0p) (o= (on,02) €NY)
and representation (3.7) we can derive

P(FM>™(R"~!,C%°(D))) — FM>(R"~}, W*P(D)) (k € Np).
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Noting that FM*(R"~' W#?(D)) — BUC(R""!,BUC(D)) for k > 1, we see that the trace
N - ulpmn-1x py is well-defined for every function v € P(FM>(R"~!,C2°(D))). We consider the case
D = (0,00). Then

N - (Pu)lagn-1xp) = —(Pu)"|z,=o-

Since the trace operator v : v — vl —o acts as a continuous linear operator from BUC(R,) to R, we
have y(Pu)" = F~! fRn_l Y(op(€)pal§))dlal(€).
Thus, it remains to show that

(oppa)"(€,0) =0 (3.12)

for [u]-a.e. ¢ € R"71\{0}. On the other hand, from (3.7) we conclude
(oppa)" (€)= pi(€,) + 36 On(lE) = Ann) ' o5(E )

+8n(|§/|2 - AN,n)_lanpg(fla ) (313)

Also observe that

1

0=u) = 5o

[ e maiehatale) @ ern.

Rn—1

Hence we have pg(¢/,0) = 0[t]-a.e. The fact that u € FM>(R"~ Wk?(D)) also implies that 0,,p%(¢’,-) €
L?(D). Taking trace in (3.13) therefore yields (3.12). The case of a layer, i.e. D = (0, d), follows completely
analogous. A density argument then results in characterization (3.3).

To see (3.2), let w := (I — P)u for u € FMo(R"!, X,)). Then w € L}, . (R"™! x D) and Pw = 0. This
yields

0= |op(0) = / op(€)pa(€)AR]E) (O € BR™),

(@]

from which we conclude that op(£)ps(¢') = 0 for |w]-a.e. & € R™L. Furthermore, with the help of
representation (3.7) we easily find that

T

/ P @) (wn) ¥(an)dy = / 2@ op (€ i(an) das

D D
(5/ € Rnil\{o}v pE va ¢ € Xp’)‘
This gives us
(w, V) oo 1 = (W, Pv)peo 11

= /(w, Pv(xn»s’(]R"*l,Xp),S(Rnfl)(xn)dxn
D

_ / (@l[ep0) () 1) (2n)dan

D
:/ / (@P0) (& 2n) pal€,xa)dld|(€)da,
D

Rn—1

B / / (0r0) (€, 2n) P& wn)dand]id](€)

Rn—1 D

_ / / W& 2n) oppal€wn)dzadli|()

Rn—1 D
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://ﬁ@zf@M@%wmwmn
D Rn—1
=0 (ve Cé’fa(R”’l x D)).

In view of [19, Lemma IIT 1.1] then there exists a p € W2 (R"~! x D) such that w = Vp. This implies
that (I — P)(FMo(R™"1, X,)) C Gpu.
Conversely, let Vp € Ggy. We intend to prove

i€’ n
70l (55, ) el =0 (€ cR"\(0)
which will yield the result. A crucial point here is to give a sense to p and consequently to pg, since a
priori we only know Vp € §'(R"~!, X,,). For every 2’ € R"~! we have
p(z') e W'P(D) == {v € L. (D) : 8,ve LP(D)}/C.

So, the fact that 9,p € FMy(R"~1, LP(D)) yields p € FMO(R"_I,WI’Z’(D)). Thus, the Fourier trans-
form p is well-defined in S'(R"~1, wie (D)). Therefore, also pli&;(O) is well-defined for every compact
O € B(R"1). By virtue of 9;p € FMy(R"~!, LP(D)) we deduce p|i& (O) € LP(D). Due to Lemma 2.6,
this, in turn, gives us that

p(O) = (pli&1)[(1/i&1)(0) € LP(D)

for every compact O € Z(R"~1\{0}). Together with p(O) € /Wl’p(D) we can conclude that p;(¢’) €
WP(D) for |pl-a.e. ¢ € R*~1\{0}. On the other hand, for each ¢ € W1P(D) the validity of formula

(3.7) on X,, yields
ro@) () o= (£ (e G- (£) () 0)
~ (5 )a-0=0 cerho.

Consequently,

i !
= [ar(e) (5 ) o€ amE)
o
0 (O € Z(R"\{0}) compact).
Taking into account that p has no point mass at the origin we obtain
FPVp(0)=0 (O0¢c BR"1)).
This shows that Gpy C (I — P)(FMp(R™™1, X,,)). Thus (3.2) follows and the proof is complete. O

Next, we define as usual the Stokes operator by
A, = —vPA
2(A)) = {u € FMo,(R*', X)) : 0%u e FM(R" ', X,,),
(OS] Ng, |a| <2, u|8(]R"—1><D) = 0} .

The same strategy performed in Lemma 3.4 will result in sectoriality of A, . For this purpose, we derive
an operator-valued representation for the symbol of the resolvent of A, .
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Recall that the Stokes resolvent problem is given by
A—vAu+Vp=f inR*"!xD,
divu=0 inR"!x D, (3.14)
u=0 ond(R"!x D).
Assume that f € LE(R"™1 x D), i.e., again first we consider the situation in LP. Applying the Helmholtz

projection P to the first line of (3.14) and then Fourier transform in tangential direction 2/, (3.14) turns
into the problem

{(/\ +V[E )T — op(€)y &%gj n D, (3.15)

where op as before denotes the symbol of the Helmholtz projection defined in (3.7). Note that, if (3.15)
is solved, the pressure p can be recovered by Vp = —(I — P)vAw. In this sense, problems (3.14) and
(3.15) are equivalent.

By Lemma 3.2(ii), (3.14) is uniquely solvable in LP(R"~! X} which is embedded in &’'(R"~!, X,).
Since F : (R, X,) — S (R"!,X,) is isomorphic, also the solution @ of (3.15) is unique. Let
S :R™\{0} — Z(X,) denote the solution operator of (3.15), i.e., we set

U= =\ +v|g —a(¢)wod) '] (3.16)
By uniqueness of the solution, S represents exactly the symbol of the resolvent of the Stokes operator.
To be precise, we have

A+ A)Hf=F1SFf (feLE(R"! x D)). (3.17)

Based on the operator-valued representation (3.16) for the Stokes resolvent we can prove the following
result.

Theorem 3.5. Let 1 < p < oo,v > 0,k € N, and a € Nj. The Stokes operator A, is the genera-
tor of a bounded holomorphic Cy-semigroup on FM ,(R"™', X)) and for each oo € (0,7) there is a
C = C(po,v) > 0 such that

INF20%(A + 4,) | nto@n-1.x,) S € (A€ Sy k4[] = 2).
In particular, for p = 2A, is the generator of a semigroup of contractions.

Proof. Let ¢q € (0,7),k,¢ € No, and o € Njj. In order to obtain a symbol in L, rather than L, we con-
sider Sop instead of just S in what follows. Identifying LP(R"~! x D)™ with LP(R"~!, X)), Lemma 3.2(ii)
and Lemma 3.1 immediately imply that

IN/285 (i€ S (€") o p(€) || (Lo (pymy < Cl0,v)
(N ESn_py, & €eR"IN[0}, k+ L+ |a] =2), (3.18)
and, if p = 2, also that
IXS(€)op (€l 22y <1 (A >0, & € R*\{0}). (3.19)
Furthermore, since (¢ — op(¢')) € C(R*1\{0}, Z(LP(D)"™)), by representation (3.16) and estimate
(3.18) it is straight forward to show that
(¢ = N0l i) S (o (€)) € CR™\(0}, 2L (D)) (3.20)
ANEXrpy, E+L+a|=2). (3.21)

(We will perform such a calculation in the proof of Lemma 3.9 for the more complicated resolvent of the
Stokes—Coriolis-Ekman operator Agcg. The proof given there can be copied in order to obtain (3.20).)
Combining (3.18) and (3.20) we deduce

(¢ = N/205(6€)*S(€)op(€))) € BCR™\{0}, Z(L7(D)")
ANEXryy, E+L1+|a|=2).
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By Proposition 2.13 we therefore conclude that
op(S) = F1SF € L(FMy ,(R" 1, X,), FMy(R" %, X,)).
More precisely, in combination with (3.18) and (3.19) Proposition 2.13 yields

H)\k/QaaOp(s)||$(FMO,G(R7L71,X,,),FMO(RWI,X,,)) < C(po,v)
(A E€Xrpy, k+ ol =2)

and

[Aop(S)l 2 @EMo, mr—1,x2)) <1 (A >0), (3.22)

respectively.

It remains to show that the operator op(S) indeed represents the Stokes resolvent in FMy ,(R" !, X ).
For, we next show that op(S) maps the space FM ,(R" ™!, X,,) into the domain of 4,.. Note that it suffices
to verify the trace condition op(S) f|arn-1xpy = 0. The fact that divop(S)f = 0 for f € FMg (R, X))
can be proved similarly.

Pick f € FMy,(R"™!, X,). Recall that we have

($)I6) = G [ €S0 € WD)

Rn—1

for 2/ € R"~1. Since the trace operator 7 : v — v|,, —o is bounded from W?2P?(D) to R, from this repre-
sentation we see that yop(S)f(z') = 0 for all 2’ € R*~! if VS(€)p7(€') = 0 for all & € R~ 1\{0}. For

h € LP(R"! x D) we know 'yS(f')ap(f')ﬁ(f') = 0, thanks to Lemma 3.2(ii). Now let v € X, and set
P(') = e~1#'1°/2 and h := yv. Then we have h € LP(R"~1 x D) and

0 =S(&)or(E)h(e) = (EWS(E)op(E)w (€ € R™\{0}).
This implies vS()op(€)v = 0 for all v € X, and & € R"1\{0}. Consequently, we also have
VS(Eop(EVF(E) = 0 for all f € FMo,(R"1 X,) and & € R"1\{0}. So, we have proved

op(S)(FMp »(R"™1, X)) C 2(A,). Hence we may apply A, to op(S)f and by using the symbol rep-
resentatlons we easﬂy can show that

A+ A))op(S)f = f (f € FMo,(R™, X)),
op(S) A+ Av)u=u (u€ Z(A))).

Consequently,
op(S) = (A + AV)_l

Finally, we show that A, is densely defined. To this end, it is sufficient to prove that

(1+ %Ay)*lf — [ in FMy(R"™,X,) (j — o0, f€FMg,(R", X,)). (3.23)



118 Y. Giga and J. Saal JMFM
By virtue of (3.16) and (3.17) we obtain

o SO
(1 + EAV) = flleweey = 1SF = Fllmeer

< | H (1 + ST - o<§’>62>) o) — (€
J

d|f1e).
p

The sectoriality of A, on LE(R™ x D) given by Lemma 3.2(ii) implies the pointwise convergence to 0 of
the integrand in case that f € L2(R"~! x D). In a similar way as we reduced the verification of Dirichlet
boundary conditions to the situation in L2(R"~! x D), we can prove that pointwise convergence remains
true for f € FMp ,(R"™!, X,,). By estimate (3.18) it is easily proved that there is an integrable majorant
as well. Hence the dominated convergence theorem yields (3.23). The Hille-Yosida characterization for
generators of holomorphic Cy-semigroups yields the remaining assertion. The fact that for p = 2A4,, gener-
ates a semigroup of contractions follows by (3.22) and the corresponding characterization for contraction
semigroups. ]

Next, we consider the problem

O — VAU + wes x u + (UF - V)u + w?0sUF = —Vp in R, x G,
divu =0 in Ry x G,
u=0 on Ry x 0G,
U= = Ug in G,

(3.24)

which is the linearized version of system (1.4). From here on we restrict ourselves to the physically rel-
evant case of three space dimensions. That is, G = R? x D denotes a layer or a half-space in R? and
U¥ denotes the Ekman spiral given in (1.2). Applying the Helmholtz projection P to the first line and
employing the Stokes operator A,, these equations reduce to the Cauchy problem

uw + Ascpu =0 in (0, 00),
u(0) = ug.

Here Ascr = A, + B, + Bg denotes the Stokes—Coriolis—Ekman operator with the Stokes operator A,,
the operator

Bou = wPe3 X u
arising from the Coriolis force and the contribution from the Ekman spiral By = B}, + B3, where
Biu=P(U¥ .V)u,  Biu= Pu*d;UF.

Obviously B, and Bg are of lower order. Thus, in view of Theorem 3.5, they are relatively bounded
by A,. Since the property of generating an analytic semigroup is stable under this type perturbations,
Theorem 3.5 or Lemma 3.2(ii), respectively, immediately imply the following result.

Theorem 3.6. Let 1 < p < 0o and let F € {LP(R? x (0,d)),FM ,(R?, X,)} Then the Stokes—Coriolis—
Ekman operator Ascr : 2(Ascr) — F with domain 9(Ascr) = P(A,) is the generator of a holomor-
phic Cy-semigroup on F'. Furthermore, for each o € (0,) there exists a Ag = Ao(po) > 0 and a Cy,y >0
such that

IN/20%(\ 4 (Ascr + )\0))_1||$(F) SCp (AEZBn—py, k+la|=2).

However, this result gives no information on the dependence of the semigroup on the parameters
w, v, d. Therefore, we restrict our considerations from now on to the case p = 2, for which much more can
be said. We will see that then the dependence of the norm of e=45¢# on w, v, and ¢ can be determined
rather explicitly. In particular, it is uniformly bounded in w € R. This will be the issue of the remaining
part of the present section. First we provide
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Lemma 3.7. We have

ia 1/2

IO iz <o | [ eHote | oy
0

«
< Sl (and >0, ve Hy(Ry)).

Proof. We may assume that v € C°((0,d]). The fundamental theorem of calculus and the Cauchy-Sch-

warz inequality yield
le™/%p(z)] < e~ /|’U )|ds

< efx/afﬁl/QHU/Hm((o,d)) (z € (0,d)).

Integrating with respect to « and the substitution y = /a imply the assertion. 0

With the help of Lemma 3.7 we can obtain the following result for the linear operator Agcg in L2. It
already exhibits the mentioned explicit dependence on the parameters w, v, and § for norm estimates of
the solution.

Proposition 3.8. Let d € (0,00] and G = R? x (0,d). The analytic Cy-semigroup, generated by the Stokes—
Coriolis—Ekman operator Ascp on L%(G) according to Proposition 3.6, satisfies the following uniform
estimates: for n = U2 /8v we have

(i) lle™ o2 || o L2ay) < €,
(i) [IVemOAserug| 2(0,0),2(ay) < V/2/v e uoll2(a)
for all ug € L2(G) and all t > 0. In particular, all estimates are uniform in w € R.
Proof. For ug € L2(G) we set u(t) := e~ *4s¢yy. Then u solves
uw + Ascpu =0 in (0, 00),
u(0) = wp.

Multiplying the above equation with u, integrating w.r.t. x, and taking into account the skew-symmetry

of B, and B}; we obtain
1d
2dt

Note that by (1.2) for the derivative of the Ekman spiral we obtain
cos(x3/d) + sin(x3/9)

95U (x3) = %6_“3/5 cos(xs/8) — sin(x3/6)
0

@3 + v IVu®)|3 + (u®($)9sU, u(t)) =0 (t > 0). (3.25)

The third term in (3.25) we estimate as follows:

|(®($)05U", u(t) \<Z||u £)(05U7) ||z ]|u(t)]|

\/i Uso —(.
5 e uP @)l lu(®) 2
U 1

< %= (A9 + LIul) >0,
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where we applied Lemma 3.7 with o = ¢ and Young’s inequality in the last line. Inserting this into (3.25)
we deduce

d 2 UOOE 2 Uoo 2
dt|u<t>||2+2(v— \/i)||vu(t)||2§2\/§g|u(t)||2 (t > 0). (3.26)

Choosing & = /2 v/Us and applying Gronwall’s lemma we arrive at
lu@®)3 < lluoll3e*™ (¢ = 0). (3.27)
This proves (i).

To see (ii), we choose ¢ < V2v/Uy, say € = v/v/2Us,. Integrating (3.26) with respect to t then
implies with the help of (3.27) that

t t
U2
v [ IVuts) s < 5= [ edsfuall + ol
0 0

< 2(e*™ — 1) Juol|3 + [luoll3
<2e*|luol3  (t=0).
Thus the proposition is proved. O

Next, we transfer the results obtained in Proposition 3.8 in L2 (@) to the space FMy ,(R?, X»). Again
we intend to exploit the idea pointed out in Remark 2.14. For this purpose we need

Lemma 3.9. Let T € (0,00) and let Tscg be the holomorphic Cy-semigroup generated by Ascr on
FMy ,(R?, X5). Then Tscr has a symbol o7, that satisfies

(i) (£ = 01505 (t,€)) € C (R*\{0}, Z(X2)) ,t >0, and

(11) (5/ = O—TSCE('vfl)) eC (RZ\{O}v g(X% Lz((OaT)vXQ)))
Proof. Thanks to the fact that the Ekman spiral U” does not depend on z’ € R? the Fourier transform
of the Stokes—Coriolis—Ekman operator reads as

Tason(§VU(E) = FAscru(l) = v|€'Pu(€') — op(€)K (€ )u(),
where
2

K(€)a(€') = vou(€') —wes x a(¢') = Y _(UP)ga(e) — a(€)o;U”
j=1
and where op denotes the symbol of the Helmholtz projection defined in (3.7). We fix ¢q € (0,7/2). By
Theorem 3.6 we may choose \g > 0 such that Agscg + A\g generates a bounded holomorphic Cy-semigroup
on L2(G). Due to this Theorem and Lemma 3.1 we therefore have that the symbol of the resolvent
satisfies

IN2GE) 0L+ 0 ases (€) +20) Mz < Co (3.28)
for all ¢ € R*\{0}, all A € ¥, _,,,, and all « € N3, k, ¢ € Ny such that k + |a| + £ = 2.
Now pick & € R?\{0} and X € X,_,,,. By the resolvent identity we obtain
”(/\ + 0Ascr (5/) + /\0)_1 - ()‘ + 0Ascr (g(/J) + /\0)_1 Hn’f(Xz)
= H()‘ + 0Asce (€,> + )\0)_1<UASCE (6(/)) — OAscr (f/))
(At Casen (€0) + 20) " lz(xa)
< C()‘)H (JASCE (g(l)) — OAsce (f/))()‘ + OAscs (f(/)) + )‘0)_1 ||$(X2)‘
We have
OAscr (5()) ~ OAscr (51)

= (&1 = I§']%) + op(§)(E(E) - K(&)) + (op(&) — op(€0)) K (&) (3.29)
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For the first term in (3.29) we deduce

(16617 = €'Y + 056 (0) + 20) T llzxay < Cleoo, M(I6° — 1€1%)
=0 (£ —&).
In view of (3.10) and since
2
K(€) = K(&) = >_(UF)((€); = &),

Jj=1
we obtain for the second term in (3.29) that

lop (&) (K () = K(&) (A + 0ases(€0) + 20) " 2x)
< Clpo, VUl — €]
=0 (&= &)
By (3.28) we also have

15 () (A + 04505 (60) + A0) ™.z (xa) < Cli0, MU .

Hence, by the continuity of op, i.e. by virtue of (3.10), we conclude for the third term in (3.29) that

1(op(&") = op(E) K (£0) (A + 0aser (€0) + Ao) .z (xy)
< Clpo, MU [[oll(op(€') = ap (&) 2(x2)
-0 (& — &)
So, we have proved that
A+ 0ager (1) +X0) e C(RA\{0}, £(X2)) (3.30)

for every A € X_,.
In order to establish this also for the symbol of the holomorphic semigroup (exp(—t(Asce + Xo)))i>0
we employ the Dunford integral representation

1
exp(—t(Ascr + o)) = 5 /e’\t(/\ + Asom+ o) ldN, £ 0. (3.31)
i
r

Here T is the usual path I' =T’y UT's UT'3 passed through in counterclockwise direction, where

Iy = {re?: co>r<d},

Iy ={0e": 0>s> -0},

s ={re : §<r<oo}
for some § > 0 and 0 € (7/2,7 — o). The unitarity of the Fourier transformation on L?(R?, X5) implies
that

Fexp(—t(Ascr + X)) F1(E)

— o [ O+ oases(€) + 20) A

T
= eXp(_t(UASCE (fl) + )\0)) (3'32)

Again we fix &, € R?\{0}. Thanks to (3.32) we have that
eXp(it(UASCE (5,) + /\0)) - exp(it(O—AS(;E (66) + AO))

= % / e)\t [(A + OAsce (€l> + )\0)_1 - ()\ + OAscr (56) + )\0)_1] d\. (333)
T
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In view of

1M (A + T aseon (€) +20) ™1 = A+ Taser (€5) + 1o)™Y Il xa)

< QetRe)\C|’;|0 (3.34)

for A € ¥,_,, and ¢ € R*\{0}), we see that on I' the integrand above has an integrable majorant.
Lebegue’s dominated convergence theorem then yields by virtue of (3.30) that

lexp(—t(0ascs (&) +Xo)) — exp(—t(0a5c5(§) + Ao))llz(x,) = 0 (€ — &)
for every t > 0. By virtue of
OTscE (t’ g/) — O0Tscr (t’ 56)
= Mo (eXp(_t(UASCE (f/) + >‘0)) - exp(_t(UASCE (5(/)) + )‘0)))
this gives us
OTscE (t7 ) € C(RQ\{0}7 X(XQ))

for every t > 0. Thus (i) is proved.
In order to see (ii) we again employ representation (3.33). First note that

T 1/2
HeRCAtHLQ((O,T)) — /GQtRc)\dt
0
c(T
S ( ) ()‘ € Eﬂ'*@o)'

5

Re

In combination with (3.34) this gives us

||6’)\(') [(A + 0Ason (fl) + )‘0)71 - (/\ + 0Aser (g(l)) + )‘0)71] ||=Y(X27 L%(X3))

- Clpo, T)

~ |A[VReA

Also observe that on I'y and I's it holds an estimate as

|/\‘ < C(@o,é)Re)\ ()\ el u Fg).

By this fact the right hand side of (3.35) is integrable on I'y UT's. On the other hand, 1/|A|VReA is
obviously integrable on I's. Hence we conclude that the right hand side of (3.35) defines an integra-
ble majorant for the integrand in (3.33), now in the sense of an £ (X,, L?((0,7), X2))-valued Bochner
integral. Dominated convergence and relation (3.30) then imply

lexp(=(-)(Taser (€) + A0)) — exp(=()(0ascx(€0) + Ao)) = 0 (£ — &),
where || - || here denotes the operator norm in . (Xz, L?((0,7), X2)). By the fact that

(A€ Znyy, & € R2\{0}). (3.35)

lorsor (€)= oTsen (&)
= [le*®) (exp(—()(0as0x (€) + A0)) = exp(—(-) (050 (£5) + A0)))
< T exp(=(-)(0ascx (€) + X)) = exp(=()(0a50x (§) + 20))
=0 (&= &)

we finally arrive at (ii). Hence the proof is complete. O

The previous two results serve as the preparation for the following Theorem. It includes our main
result Theorem 1.1 on the linearized Ekman boundary layer problem (3.24).
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Theorem 3.10. Let T € (0,00),d € (0,00], and as before we set Xo = L?(0,d). Furthermore, let the
convolution f x g be defined as in Lemma 2.16. Then the holomorphic Co-semigroup Tscp(t) = e~ tAscr,
generated by the Stokes—Coriolis—Ekman operator Agcg on FM07U(R2,X2) according to Theorem 3.6,
satisfies the following uniform estimates: for n = U2 /8v we have

(1) | Tscet)|lzEmx,)) <e™ (t>0),
(i) [[VTscruollL2(o.r)mmxa)) < V2/v e ||uollrm(xs)
(iii) |[VTsce * fll2o,m),mmxa)) < V2/v e || fllLro0.1),mm(xa))

for allug € FMy ,(R?, X5) and all f € L*((0,T),FM ,(R?, X5)). In particular, all estimates are uniform
nw e R.

Proof. Proposition 3.8(i) in combination with Lemma 3.1, Lemma 3.9(i), and (3.10) implies
0rsex (t)op € BC (R*\{0}, £(X,))
and (with (3.9) for p = 2) that
loTses (t)opl Lo @2\ {0}, 2(x2)) < € (t>0).

Proposition 2.13 then yields (i).
From Proposition 3.8(ii) we infer that

VTsceP € £ (L*(R? X,), L*((0,7), L*(R?, X>)))
such that
IVTscePll 2 ®2,x,), L2((0,7), L2(R?,X2))) < V 2/V e

With Hy = Hy = X3,J = (0,T),L = TscpP, and M = \/2/v e’ we therefore see that relation (ii) is
obtained as a consequence of Lemma 2.15 if we can show that

orsepop € C (R2\{0}, Z(Xo, L*((0,7), X2))) -

But this follows from Lemma 3.9(ii) and (3.10).
Assertion (iii) is now obtained as a consequence of (ii) and Lemma 2.16. Indeed, relation (ii) gives us

VTsce € £ (FM»(R?, X5), L*((0,T), FMy(R?, X,))) ,
and
IVTscel = IVTscrll 2 @M. 22, x2), L2(0.1), FMo(r2 X2))) < V2V e
Thus, with p = 2, X = FM ,(R?, X5),Y = FMy(R?, X5), and g = VIscp, Lemma 2.16 yields
IVTsce * fllzz o), rmcxs)) < IVTscellllfllor),rcxs))
<V2/v enTHfHLl((O,T),FM(XQ))

for all f € L*((0,T),FMy,,(R?, X5)). Hence the theorem is proved. O

4. The Ekman Layer: Uniform Local Nonlinear Existence

Utilizing the results obtained in the previous section, particularly Theorem 3.10, here we turn to the
construction of a local-in-time solution to the full nonlinear problem (1.1). In other words, we prove
Theorem 1.2. We again emphasize the explicitness of the dependence on the appearing parameters in the
norm estimates, in particular, the uniformness in w.
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Note that we will prove the corresponding result for the transformed system (1.4). This will yield the
assertion due to the equivalence of (1.1) and (1.4). To this end, we fix a ug € FMy ,(R?, X5). Formally
the solution u is given by the variation of constant formula

t

u(t) = exp(—tAscr)ug — /exp(—(t —8)Ascp)P(u(s) - V)u(s)ds. (4.1)

o

Let Hu(t) denote the right hand side of (4.1). We expect the solution to belong to the class
Er :=BC((0,T),FM - (R?, X))

AL?((0,T), FM)(R?, X,))

NL*((0,T), FMo(R?, H}(0,d)%)).
For suitable M and T we shall now show that the nonlinear operator H is a contraction on the closed set

By = {u€Er: |ullr < Mlluollrmxa) }
where
ullT := (2/V)1/2||U||L°° 0,7),FM(X»)) T IVl L2 (0,7), FM(X2))-

In this connection the crucial point is a suitable estimate for the nonlinear term (v - V)u. This will be
proved in

Lemma 4.1. For given functions u,v € Ep we have that

3(2v)1/4
[(w - V)ollLr0,1) pm(x2)) < . T1/4||u||T||UHT~

Proof. In the first step we are tempted to use
L®(0,d) - Xo — X, (4.2)
in order to obtain by Lemma 2.12(ii) that
FM(R?, L>(0,d)) - FM(R?, X;) — FM(R?, X5).

However, this argumentation is not possible by the simple fact that L°>°(0, d) does not enjoy the Radon—
Nikodym property. So, we have to argue somewhat more carefully. Applying Young’s inequality to the
well-known interpolation inequality

Iflloe < V2I£I21F15 (f € H3(0,)),

(for a proof apply the Hélder inequality to f?(z) = [ (f?)'(t)dt, see e.g. [20, Section 6.1]) we can achieve
that

Il < V2 (NSl + 3171) = U7l (7 € 0., 2> 0) (43)

For each A > 0 the norm || - ||x is equivalent to the standard norm of H{(0,d). Thus H&/\(O,d) =

(HL(0,d), || - |ln) is a Hilbert space and therefore it enjoys the Radon-Nikodym property. Moreover,
relations (4.2) and (4.3) show that

Hj,(0,d) - X5 — Xo.
Now, we can apply Lemma 2.12(ii) to the result

[(u(t) - V)v()llrnxa)

3

IA
gl

[ (¢ Ollemcag , 0,a) 1050() lemcxz)
]:
3

1
< —7% <)\||u Ollrmxs) + 1 Vu(t)||FM(X2)> IGIENES
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for all u,v € Er, A > 0, and t € (0,7T). Integrating with respect to t and applying the Holder inequality
implies

| (w - V)vll L1 0,1),pM(X2))

T
3
< —— | AM|u|| g Vo dt
> 77\/5 [Jullz ((o,T),FM(Xz))O/H ||FM(X2)

T
1
45 [ Il 1700 oviors de
0

3 1
< ([ AXTY2(w/2)Y 2 ul o]z + Slulr]lv )
< 2 (W2 el + Sl ol
for all A > 0. Choosing A = (Tv/2)~'/* yields the assertion. O

Next, we show that H(Bp ) C Br,a for suitable M, T > 0. In fact, by virtue of Theorem 3.10(i),
taking the FM(X3)-norm of Hu leads to

t

[ u(t)lpnaxa) < €™ lluollpmcx,) +/6’7(t’s)ll(U(8) - V)u(s)llem(x,)ds
0

< e (Juollrmxs) + (- V)ull o, 1), mm(xa))) -

Taking the L2((0,7), FM(Xz))-norm of VHu, we infer from Theorem 3.10(ii) and (iii) that

IVHu()|| £2((0,1),FM(X2))
< [[VTscruolLz(o,1)Fmxs)) + [VTscr * (w- V)ullL2o,1) pm(x,))
< V2/ve™ (JJuollemixs) + 1w - V)ull L1 o,),rM(xa))) -
Summing up the above two inequalities yields
[ Hullr < 2¢/2/ve™ ([luollpmix,) + 1w - V)ull L1 0,0, rr(xa))) -

Thanks to Lemma 4.1 we can estimate the latter term to the result
3(2v)1/4
Hallr < 2327 (Juollioen + 2205 T4l

3(2v)1/4
< 22 ol (14 22— TP ol )

3

Thus, choosing M = 44/2/ve" and T < min{ , 1} we achieve that

2 - 48%¢37 [uo [y )
[Hullr < Mlluollenx,)- (4.4)

The boundary condition Hu| oRY = 0 now follows from representation (4.1). In order to see that H is also
contractive we observe that

Hu— Hv = /exp(—(t —8)Ascr)P[(u-V)(u—v)+ ((u—wv)-V)v](s)ds.
0



126 Y. Giga and J. Saal JMFM

Again by employing Theorem 3.10 and Lemma 4.1, completely analogous to the calculation above we can
obtain

= ol < 292 e (a9~ o)l oy sy
+[((w —wv) - V)U|L1((O,T),FM(X2))>
3(20)1/4
< 23 0 T4 (el = ol + = ol

3(2v)1/4
< 4v/27 22 8 e Mgl vl
Thus, choosing
3

T < T* :=min e
2. 48468’7HUOH§M(X2)

we see that H is a contraction. The contraction mapping principle then yields the existence of a unique
fixed point of H in By ). Since according to estimate (4.4) ||Hul|7 is bounded up to T' = T*, the interval
of existence extends to some Ty > T™. This implies all the assertions of Theorem 1.2.
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