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Abstract. In this paper we study a mathematical model for the dynamics of vesicle membranes in a 3D incompressible
viscous fluid. The system is in the Eulerian formulation, involving the coupling of the incompressible Navier—Stokes system
with a phase field equation. This equation models the vesicle deformations under external flow fields. We prove the local in
time existence and uniqueness of strong solutions. Moreover, we show that, given 7' > 0, for initial data which are small (in
terms of T), these solutions are defined on [0, T] (almost global existence).
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1. Some Background and Statement of the Main Results

The study of hydrodynamical properties of vesicle membranes is important for many applications, in
particular in biological and physiological subjects. A vesicle is an elastic membrane containing a liquid
and surrounded by another liquid. Such a vesicle can be found in nature or it can be created in laboratory.
They can store and/or transport substances. Modeling vesicles is also a first step in order to study and
understand the behavior of more complex cells such as red cells. Recent papers have been devoted to
both experimental studies, see for instance [7] or [8], to the modeling and finally to the mathematical
analysis of the obtained models, see for instance [3-6, 10].

To model the elastic deformation of the vesicle in the fluid is not an easy task. One possibility could
be to consider equations of elasticity for the membrane and the Navier—Stokes equations outside the
membrane. However this model could be very difficult to study and to simulate numerically due to the
free-boundary corresponding the interfaces between the fluid and the vesicle. Moreover, in this coupling,
the equations of elasticity are written in Lagrangian variables whereas the equations for the fluid are writ-
ten in Eulerian variables. Another approach to model this vesicle—fluid interaction is to use the phase-field
theory: the membrane of the vesicle is described by a phase field function ¢. In this model, ¢ takes value
+1 inside the vesicle membrane and —1 outside, with a thin transition layer of width characterized by a
small positive parameter €. The fluid is modeled by the incompressible Navier—-Stokes equations written
in the whole domain containing the fluid and the vesicle.

We consider the model introduced in [3], based on a phase-field approach and which is described by the
following system of equations of unknowns u (the velocity of the fluid) and ¢ (the phase field function):
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u+u-Vu=Vp+rvAu+W(p)Ve in[0,T] x Q,
V-u=0 in [0, 7] x Q,
pr+u-Vo = —W(p) in 0,77 x €,
u(0,z) = ug(x) in £, (1.1)
u(t,z) = on [0,T] x 09, ’
20,2) = po(a) in €,
p(t,z) = — on [O, T] x 09,
Ap(t,z) =0 on [0,T] x 09.

In the above equations we denote:

W(p) = kg(p) + Mi[V(p) — o] + Ma[B(p) — B f(¢),
= ket~ Ea(?) + Zap 4 R 307 - 1)100)

+Mi[V(p) — a] + Ma[B(p) — B (¢), (1.2)
with

Vi(p) = /w d, (1.3a)

0= [ (51808 + 2 - 1?) o (1.3b)
Q

flp) = —eAp + %(302 — D, (1.3¢)

9(9) = ~Af(p) + (36~ DS (o) (1.3

where € is a small positive parameter depending on the thickness of the membrane of the vesicle. The
constant k£ > 0 is the bending modulus of the vesicle. The constant « is defined by o = fQ wodz. Note
that a < 0 if the vesicle is “small” compared to the remaining part of 2. The constant 3 represents the
total surface area of the vesicle. Moreover, M; and M> are two penalty constants used to enforce the
volume and the surface of the vesicle to remain constant. More precisely, in this model, the energy of
the vesicle is

/ F@IF do+ SMIV(p) — af? + Ma[B(e) - B

where the first term in the right-hand side of the above formula

is an approximation of the Helfrich bending elasticity energy of the membrane, whereas B(p) is an
approximation of the surface area of the vesicle. Formally, the term W () is obtained by differentiating
& with respect to . For more details on the derivation of the above equations, see [3, 4].

The well-posedness of the system (1.1) has been first studied in [3]. In this work the authors have
obtained the existence of weak solutions by using Galerkin’s method, in the flavor of the classical tech-
niques introduced in [2]. In the same work, the uniqueness of solutions has been proved in a class smaller
than the one used for existence. The aim of the present work is to prove the local in time existence and
uniqueness of a stronger concept of solution. Note that our existence and uniqueness results are valid in
the same spaces. We also show the existence of almost global in time strong solutions provided that the
initial data and the constant (u(Q) + «)? are small enough.

In order to give the precise statement of our main result, we need some notations. In the remaining
part of this work, 2 C R3 is an open bounded set with smooth boundary 9. We set

E(t) = [u®) @) + le®12 .. (1.4)

(V)
Our first main result is:
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Theorem 1.1. (Local existence and uniqueness of strong solutions) Suppose that

uo€H3(Q)v V-u =0 inf, (1.5)
po € H*T3(Q). '
Then there exists T = T (HUOHHI(Q), ||g00HH2+%(Q)> > 0 such that (1.1) has a unique mazximal strong

solution:
u e L*(0, T3 H*(Q) N C([0,T]; H' () N H'(0, T35 L*(%)),
p e L2(0,T: H'(2)), ) (1.6)
p € L2(0,T; H5(2)) n C([0,T]; H*3 () N H'(0,T; HE ().

Moreover, one of the following results holds:

1. T = +o0,
2. lim E(t) = +oo.
t—T—

The spaces H*(Q) used above are closed subspaces of the classical Sobolev spaces H*(£2). We refer to
the next section for the precise definition of these spaces (see (2.4)).

Remark 1.2. The power 3/8 appearing in the spaces for ¢ comes from the estimates on the nonlinear
terms. More precisely, one of the most difficult terms to handle is A?¢V, which appears in the right-
hand side of the Navier-Stokes equations. To obtain strong solutions we need L? space-time estimates
for this term. This fact suggests to work with ¢ in

L2(0,T5 H*#(9)) N C([0, T]; H***(Q)) N H' (0, T; H*()),

with s > § (see the proof of Lemma 4.3 and more precisely inequality (4.8)). In fact, to carry out the
fixed point procedure, we need s > i.

On the other hand, we can not consider s too large. In fact, to prove the existence of strong solution,
we use a fixed point strategy where all the nonlinear terms are put in the right-hand sides. Thus a first
step is to solve a linear problem with given right-hand sides: these are Corollaries 2.7 and 2.8. However
these right-hand sides coming from the nonlinear terms do not satisfy the compatibility conditions (at
the boundary) needed to obtain very regular solutions. In particular, the right-hand side for ¢ could not
be in L? (fls) for s > % which implies the restriction s < %

For all these considerations, it appears that we need to impose i <s< % We take here s = 3 but all

8
the theory should work for s in the interval (1, 3).

Remark 1.3. In [3], the authors prove the existence of weak solution of (1.1) with the following regularity:
ue L20,T;V(Q) N Wh5(0,T; V(Q))

and
¢ € L*(0,T; H*(Q)) N H'(0,T; L*(2)).

Our second main result states that if the initial data and the volume of the vesicle are small in a
certain sense, then we have almost global existence of strong solutions:

Theorem 1.4. (Almost global existence of strong solutions) Given T > 0, there exists ¢ = q(T) > 0
such that if

(1() +0)® + o]l ) + 90l zrg ) < @ (1.7)

then the mazimal strong solution (see Theorem 1.1) associated with (ug, o) and « exists in the interval
[0,77].
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Remark 1.5. We do not obtain a result of global in time existence. The main reason for this comes from
the definition of W () and more precisely from the term M; [V () — ). Indeed, when dealing with the a
priori estimates (Sect. 3), this term gives some constants in the right-hand side which can not be absorbed
by the viscous term as for the classical Navier—Stokes equations (see (3.10) for details).

2. Notation and Preliminaries

We first recall for later use some interpolation inequalities involving Sobolev spaces, see [9, pp.22-23].
Proposition 2.1. Assume s1 > 0, so > 0 and set s = (1 — 9)s1 + Usy for 9 € (0,1). Then there exists
C = C(9,s1, s2,9) such that, for evey u in H** () N H*2(2), we have

[ull =) < CHUHHSl(Q)HquZIW(Q)'

Remark 2.2. In particular for sy =4 —|— , 82 =2+ 73 Land ¢ = 17, we obtain

910 < 16l et gy < Cllel g o Moy (21)

For s1 =2, s9=1and ¢ = %, we obtain

3 1 16 1
ull 15 ) = Cliull oy llull i1 @) < Cllull 720y 1ull i1 0 (2.2)
The following proposition will be used to estimate the nonlinear terms.

Proposition 2.3. (Banach Algebra) If s > § then H*(Q) is a Banach Algebra. More precisely, there exists
a positive constant C' = C () such that for all w e H*(Q2) and v € H*(QY), we have uwv € H*(Q) and

luvll s ) < Cllullzs @)l s (-

For the proof of the above proposition, we refer to [9, pp.45-46].
Let A be the Dirichlet Laplacian in €2, that is:

A:D(A) = H* Q)N H}Q) — L*(Q), u+— —Au. (2.3)
It is well-known that A is a positive self-adjoint operator and we set
H*(Q) = D(A?).
Using classical results on A and on interpolation theory (see, for instance, [1, pp.111-115]), we have the
following characterization of H*((2), for s — 3 ¢ N:

- , 1
H(Q) = {u € H°(Q); (-AYu=00n099Q, for0<2j<s— §’j € N}. (2.4)

In particular, we use in this paper the spaces
H:(Q) = H3(Q),
H?T5 () = H*5(9) N Hy (),
EI‘H'%(Q) = {u € H4+%(Q) ; u=Au=0on 8(2} .

Proposition 2.4. The space H*(Q) is a closed subspace of H*(Q). Moreover, if we set
then we have the following inequality
Il 2y < Clldll ey (¢ € H(R)). (2.5)

For the proof of the above proposition, we refer, for instance, to [9, pp. 31-33]. The inequality (2.5)
comes from elliptic regularity of A and from classical interpolation theorems.
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Remark 2.5. If there is no confusion, we simply denote H*(€2) by H* and H*(2) by H*. We also denote
L2(0,T; H*(Q2)) and C([0,T]; H*(Q)) by L*(H*) and C(H?), respectively.

We also recall some classical notations from [2]. Define
V() ={ue (C5*(Q)°® | V-u=0}.

Let H(Q) be the closure of #(2) in [L?(Q)]?. We denote by V(£2) the closure of ¥ () in [H}(Q)]3. We
also denote by P the orthogonal projector from [L?(£2)]> onto H () (the Leray projector). Consider the
Stokes operator A : D(A) — H (L), where D(A) = V(Q) N H?(2), Au = —PAu, Yu € D(A). If we apply
the projector P to the first equation in (1.1) and if we set ¢ = ¢ + 1, then we can rewrite (1.1) in the
following form:

u, +vAu=—P(u-Vu)+P(W(¢p—1)V¢) in [0,T] x Q,
b + kyeA?p = —u-Vo —yL(¢p — 1) in [0,7] x Q,
u(0,z) = ug(x) in €,
#(0,2) = ¢o(x) in €, (2.6)
u(t,z) =0 on [0,7] x 09,
o(t,z) =0 on [0, 7] x O,
Ag(t,x) =0 on [0,T] x 09.
We write for later use W(¢) = keA%¢ + L(¢), with L(¢) given by:
L) = —2a@) + Eao+ K2 - 1)7(0)
+Mi1[V(¢) — a] + M2[B(¢) — B1f(¢)
= J1(9) + J2(¢) + J3(¢) + Ju(8) + J5(0). (2.7)

whete J1(6) = ~ S A(6), Ja(0) = b, Jy(6) = (36" ~ 1)f(6), Ji(8) = Mi[V(6) - o] and J5(6) =
Ma[B(6) ~ A)f(6).

We next recall some tools of functional analysis and semigroup theory. For the proof, see Lemma
3.3 and Theorem 3.1 of [1]. Denote by E a Hilbert space with inner product (-,-) and norm || - ||. Let
Ag : D(Ap) — E be a strictly positive operator (this means that Ay is self-adjoint and (Age, ¢) > c[|¢]|?
for some ¢ > 0, V¢ € D(Ay)).

1
Proposition 2.6. With the above notation, for every f € L*(0,T;E), ug € D(AZ), the abstract Cauchy
problem:

ur + Aou = fa

{u(O) = ug. (2:8)
has a unique solution uw € L*(0,T;D(Agp)) N C([O,T};D(Aé) N HY0,T; E). Moreover, there exists a
constant K > 0, such that:

||UH%2(0,T;D(AO)) + ||UHZ( + Hu||§11(o7T;E)

1
[0,T};D(Ag )
< K | [Juo]|? + 2 . )
<& (Iol? g +1Bs0rie

As a consequence, we have:

Corollary 2.7. Suppose ug € V(Q), f € L*(0,T; H(Q)) and let A be the Stokes operator defined in Sect. 1.
Then the Cauchy problem

{ut—&—yAu:f7

u(0) = uo. (2.9)
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has a unique solution u € L?(0,T; D(A))NC([0,T]; V(Q))NH(0,T; H(Q)). Moreover, there exists K > 0
such that:

”u”%2(0,T;H2) + ||u||2C([O,T];H1) + ”u”%{l(O,T;H(Q))

< K (Il + €132 0.7,22)) (2.10)

Proof. Tt suffices to notice that the operator A : D(A) — H is self-adjoint and strictly positive (see [2,
pp.31-34] for the proof) and to apply the above proposition. ([

Corollary 2.8. Suppose ¢o € H>T5(Q) and g € L2(0,T; H%(Q)), then the Cauchy problem

¢t + kyeAld = g,
{¢t(0,x) = ¢o(x). (2.11)

has a unique solution
¢ € L*(0,T: H*F5 () N C([0,T); H**5()) N H'(0,T; H ()

with the following estimate:

2 2 2
1612, ot + 190 1ot + 160 1o
2
(||<z>o|| o 19 1, ) 2.12)

Proof. First let us recall that H?(Q) = HE (1) (Proposition 2.4). We also recall that A is the Dirichlet
Laplacian defined by (2.3). By the definition of H*(2), we have:

A2: D(A*Ti6) = H*E — D(ATs) = ¥,

Applying Proposition 2.6 with Ag = A2 and F = HS (Q), we have:

2 2 2
19172 0 ropaz+ 350y T 1Ue o mipar+isy T 181 0 2ipeats))
< 2 2 :
< & (1nl? gy, + o2 OTDWG)) (213)
By Proposition 2.4, the above inequality implies
2 2 2
1912, 0 pergesty 1012 o ety * 19120 0 penrt
2
(nmnm 190 g )

(I

3. Proof of the Main Theorems

We first give some estimates of the nonlinear terms in (1.1). These estimates are essential in our fixed
point procedure and will be proved in the next sections. Suppose:

u e L2(0, 75 [H*(Q)]°) n C([0, T]; [H () N H' (0, T; [L*(Q)]%), (3.1)
¢ € L*(0,T; H* = () N C([0. T): H**3 () N H'(0, T; H+ (). (32)
Recall the definition of W (¢) and L(¢) from Sect. 1. We have the following two theorems.
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Theorem 3.1. Suppose ¢ € H*5(Q) and v € H2(Q), then there exists a constant C' = C(Q, €, k, My,
Mo, 3,7) such that:

IW W = DVellze < C (1l org (10l oy + D10 vy

(1l oy + 1o+ w@D N o] (3.30)
Iv-9vlize < CIvlasllvilme, (3.3)
[[v- V¢|| 3 < vl 1+4||¢|| 2+ds (3.3¢)
1L = Dlly3 < C [l oy + D0l oy + 10 Bl + o+ p(@)l] . (3.3d)

Theorem 3.2. Under the assumptions (3.1), (3.2) and T < 1, there exists a positive constant
C=C(Q, ek, My, Ms,[3,v) such that:

8
W6~ 0V0l,5 1y < © (10l t) * 16 urery #1) G
2
[a- VUHL%(O Tz =€ (lalleqo,ryay + llullzz0,7:m2)) ", (3.4b)
[u-Vol, 1 7 (o) <Clloll, o(orym ) (Ihalleo,rym) + lallzzo,mm2)) (3.4¢)
7
126 = 01,2 sy =€ (10 oyt + 1olqressy +1) (3.40)

We also need the estimates of differences of the nonlinear terms. Let 7' < 1 and let R > 1 be a
constant, which will be made precise later. We assume that

u; € L2(0,7; H*) N C([0,T); HY) N H'(0,T; L?),

¢i € L2(0,T; H*3)n C([0,T); H>T8) N H* (0, T; H¥).

max {||w;|| z20,7;12) 1l oo,y a0y il g 0,702} < CR,
masx {161 j<or

L2(07T;H4+%)7 ||¢i”C([O,T];H2+%)’ H¢i||H1(O,T;H§)

where C is a positive constant.
Set u=u; — uy and ¢ = ¢1 — 2. We have the following estimates:

Theorem 3.3. There exists a constant C = C(e, k,Q, My, Ms, B,7) such that:
I12060) = L@, 0 gty < OB (100l o grageety + 10l paompirt ) (3.72)

IL(61)Vé1 = L(62)Ve2l, 42 g 1oy < OB (18] go e 8+ 18] g pupert)) - (B7H)

1261961 = 8265V 6sl 37 1) < OB (191l o gty T 10 oo iety) s (370)
has - Vur —wo - V| o oo < CR([ullp20,mm2) + [ulloqo,rinm) (3.7d)
las -V —us- v¢2”L%(0,T;H%)

< CR (lulleqomym + lallzozim) + 16l g0 gt ) - (3.7)

Note that we have the same estimate for L(¢1 —1) — L(¢p2 — 1) as for L(¢1) — L(¢2) by applying (3.7a)
to ¢1 — 1 and ¢ — 1. Since the proof of the above three theorems are technical, they are postponed at
Sects. 4 and 5. We use them to prove here our main results.
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Proof of Theorem 1.1. Without loss of generality, we can assume that 7' < 1. By the classical results on
the Leray projector (see for instance Chapter 5 of [2]), we only need to prove that (2.6) has a unique
strong solution:

uc L*0,T; H*(Q) N C([0,T); V(Q)) N HY(0,T; H(S)),
{<z> € L2(0,T; H3(Q)) N C([0, T]; H*3(Q)) N HY(0,T; H3 ().

Consider the Hilbert space
E=H(Q) x H:(Q),

and

={v=(u,¢) € L*(0,T; E)| |[v|lL200,7:5) < R} .
We define the following nonlinear map from B(O,R) to L2(0,T; E):

f —P(u-Vu)+P(W(¢—-1)V

e (g> - (—ugw—)vzw(—l()(ﬁ ) ¢)),

where u and ¢ satisfy (2.9) and (2.11) respectively. To obtain the conclusion of this theorem we use

Propositions 3.4 and 3.5 below, which allow the application of the Banach fixed point theorem to obtain
the local in time existence of strong solutions. O

Proposition 3.4. There exists a positive constant C = C(Q,k, €, 5,v, My, M) such that, if we choose
R>1+4|¢ollgs + [uollgr and T < CR™238 then F maps B(0,R) into itself.

Proof. By using the estimates (3.4), (2.10) and (2.12) (since u and ¢ satisfy (2.9) and (2.11)) we have:

IW(6 = D6l 57 oy + 10 Tl g
il 0l g, + 1266 = Dl o
< (o + Ialloqm) + 16l por, + 16lpggart, + DF
< OEl2qu) + Nl g, + 10l vt + ol +1°
If we choose R > 1+ ||¢oll g + ||uol|z1, then we have:
Applying Holder inequality, we obtain:
1
1€ 0)l20) < THIFE0), 35 o .y < THOE.
Thus, if we choose T'< CR™23% then F actually maps B(0,R) into itself. O

Proposition 3.5. Assume that R > 1+ ||¢ol|gs + ||[uol|gr. There exists a positive constant C = C(, k€,
B,7, My, My) such that, if we choose T < CR™238 then Fipo,r) 1s a contraction.

Proof. Assume (f1,g1), (f2, g2)€ L?(0,T; E), and consider the solution (u1,¢1) and (uz,¢2) of (2.9) and
(2.11) associated with (f1,91) and (f2, g2). By using (2.10), (2.12) and that R > 1 + ||¢o| gz + |[uo|lm:,
we deduce that (3.6) holds true.

We also have that the difference ¢ = ¢1 — ¢2 and u = u; — us satisfy:

u +rvAu ="~

by + kyeA2p =g
u(0,2) =0
#(0,2) =0
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where f = f; — f3 and g = g1 — go. Using the estimates (2.10) and (2.12), we obtain,
lallz2 (i) + lulle) < Clifllrze),
Il o gravzy M0l gargy < Cllall o2y
Applying (3.7) to (¢1 — 1,¢2 — 1), we obtain:
1E(f1, 91) = F(f2, 902)ll o7 )
<l Vayr =z - Vs g+ (IW(01 = 1)V = W2 = Vol iy o)

Hlu - Vor —uz - Vsl oz o)+ [L(¢1 — 1) = L2 = Dl 27 2

< CR (Ilallzeqersy + Illom + 1600 gact, + 18] g ot )

< CR (I8lleaeay + ol 3, ) -

We deduce from the above estimates that:
£ (f1,91) — F(f2,92) ||l L2(0,1:)
<T5|F(f1,01) — F(f2, 09)]| o2

< T3 CR(||€)| 2(z2) + llgll

(0,T;E)
L?(H%))
= T3 CR|(f1,91) — (£2.92)ll 2207 0)-
So if we choose T'< CR™23%, then F is a contraction. O
Next we prove Theorem 1.4. We first prove the following proposition:

Proposition 3.6. Let u and ¢ be the strong solution constructed in Theorem 1.1, then there exists a positive
constant C' > 0 which does not depend on T such that:

) dtn w(®)ls + SvlAu() s < Clu(t) - Tu@)l3s + CIWS(E) - DTS, (38)

3 3
5 dt||¢( W avs + JRvel AT 0172 < Cllu() - VI 5 + CIL($() = DI, 5 - (3.9)
Proof. Note that u; € L?(0,T;H), Au € L?(0,T; H). Taking the inner product in L?(Q) of the first
equation in (2.6) by Au, we get:
<u, Au>+r < Au,Au>=— <u-Vu,Au >+ < W(p — 1)Ve, Au >.

Here we have denoted by < -,- > the standard L?(Q2) inner product.
It follows from the above equation that:

1d
S ol Adul: + vl Aul 2,
< Jlu-Vulgzf|Aull Lz + [W(d = 1)V 12 [[Aul| 2
2 v 2 v
< ~fu- vl + gl Au]za + S [W(6 - DV + SllAulze,
which implies:
1d

2 2
1A% ul72 + VHAulle —lhu- Va|Z. + —IW(e — 1Vl ..

2dt
We have proved (3.8).
To prove the other inequlity, we first recall that —A is the Dirichlet Laplacian and that there exists

a constant C such that

18112 0rg < CIAP 50 7.
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According to (3.2), ¢, € L*(0,T; H%) and A2t¥¢ e L2(0,T; H¥). Taking the duality product
between the second equation in (2.6) and A2HE ¢ yields
(60, A*F2 ) + kye( A%, A5 g)
—(u- Vo, A 56) —(L(¢ — 1), A7 5 9)
= — < Afs(u- V), A2TT6¢ > —y < AT (L(¢ — 1)), A>Ti6 ¢ >
[a- Vol 2 ||¢||H4+3 +L(@ =Dl 2110l ar 2

k:'ye k:'ye 270
IOl g + ol T+ g0 g + T L= DI g (3.10)

IN

Here we have denoted by (-,-) the pairing of H3/8(Q) and H~3/3(Q).
Since 34| A5 ¢)2, = (¢4, A>T¥ ), we deduce from the above inequality that

3 2C 270
3 AT B OlT + kel ol < o Vol g + DT ILe - DIy, (31)
As a consequence, (3.9) is proved. O

Proof of Theorem 1.4. Using Theorem 1.1, we can consider a maximal strong solution (u, ¢) of (1.1) on
the time interval [0, Tinax)- Assume T > 0. We prove here that if we choose the initial data small enough,
then we have Tyax > T i.e. the solution exists on [0,T].

Assume by contradiction that Tiax < T, Adding (3.8) to (3.9) and using (3.3), we obtain:

3 2 3 2
3 dt(ll ullfn 4161170 9) + Jviulie + Jhveldll .. g
< Cllu(t) - Vu®)[[z: + CIW (6 = DVo(@)lIZ> + Cllu(t) - Vo) 4 + CIL(G = D]l 3
< Clullfnlulze + CllE o (10l org + DI 4
+ Ol yorg + o+ @D 12 1o g + CllulFllol? ..

+C(I0ll yorg +DPNSI% i g + Cllolallgll + Cla+ u(€)?

<O (alizn + 1912 ez ) Il + CIOI oo (1] vy + DEIGI2, e
I8l vy + o+ @D 40y +Cla+ (@) (3.12)

Here the constant C does not depend on « and which will be fixed for the end of the proof. We also
consider ¢ > 0 small enough so that
v s _ ke
< — < — .
0% g A+ < S (313)

We recall that E is defined by (1.4) and we set G = {t € [0, Thnax) | supp 4y £ < q}. We prove below that

if we assume

E(0) +27C ((va + o+ (@) a + (a + p(2)°) < q, (3.14)
then G = [0,Tmax). To prove this, we use a connectedness argument: we verify the following three
properties:

1. 0eG,

2. G is closed in [0, Thax),
3. G isopen in [0, Tiax)-
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Conditions 1. and 2. are easy to check so we skip their proof and we only prove Condition 3. Assume
t1 € G then from (3.13), we deduce that for ¢ € [0, ]

Clla®lz + oM .0) <
ClloOI 2y s IO yorg + 1)

With these inequalities, (3.12) can be written as:

1d 1 1
5 7t @z + 1@ 2 2) + SrIu@)ze + Shvelld®l 1

< O(Vg+ o+ p( ) g+ Cla + u())> (3.15)
Relation (3.15) implies that for ¢ € [0, ¢1]:

95ty < 20 ((a+ o+ (@) g+ (0 + u())?)

Using (3.14), the above relation implies

E(t) < E(0) + 20 ((\/a Flo+ @) g+ (a+ u(Q))Q) T<q

It follows that there exists § > 0 such that F(t') < g, Vt' € (—§ + t1,6 + t1). Consequently G is open in
[0, Tinax)- Since [0, Tinax) is a connected set, we have G = [0, Tryax). On the other hand, by the definition
of G, we have E(t) is bounded on [0, Tynax), which contradicts Theorem 1.1. We thus have Tyax > T,
which proves Theorem 1.4. O

Remark 3.7. In the inequality (3.10), one can see the obstacle to get the global existence for small data
as for the Navier—Stokes equations. In fact, contrary to the Navier—Stokes equations, the estimates of the
nonlinear terms

C (s + 1812, ar5 ) Ialies + Clig?
+CI6 oy + o (@) 10

R (||¢HH2+% + 1)8H¢”§{4+%
L+ Cla+ p(Q))%

H?*'S
can not be absorbed by the viscous term 2v|lul|%, + %k'ye||¢|\24+§, even for ||ul|g1 and ||¢||H2+% small.
8

We can control the two first terms of the right-hand side of (3.10) by using this strategy but the two
other terms and in particular C'(a + p(€2))? have no reason to be smaller than the viscous term.

4. Proof of Theorems 3.1 and 3.2

In this part, we will detail the proof of the estimates of the nonlinear terms defined by (1.2). We use the
notation C for any positive constant depending on € and physical parameters €, , 8, k, Q, My, M, v (but
not depending on «).

We first estimate f(¢), B(¢) defined by (1.3):

Lemma 4.1. There exists a constant C = C(Q, €) such that:
max {B(Y), B — 1)} < C(Illj= +1), (4.1)
max { £ @) 3170 = Dl3 } < C (1l gang + 1002y ) (4.2)
for 1 € HY(Q). Furthermore, we have
max {[|£ () 2. | (0 — D=} < Clllas + [013). o € HA(Q). (4.3)
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Proof. The proof is essentially based on the fact that H?(2) is a Banach Algebra. Since the proof of the
four estimates are similar, we only prove (4.2). We have:

175 < elawl g + 21905 + 19,5 < C (19l 4aeg + 10120 ) -
Since
F 1) = —ebp + (47 ~ 342 + 29),
we have the same estimate for f(y — 1). O
We next estimate the term W (¢)Vp = keA2¢V¢ + L(¢)V¢, where L(¢) is defined by (2.7).

Proposition 4.2. We have:
W (% = D)VY[lzz < CllWll pors (101l pavz + 100z

+ O[22 + o+ m QDI 2rs s (4.4)
for every ¢ € H3(Q). Moreover, for every ¢ satisfying (3.2) and T < 1, we have:
IW(6 =196, 57 g < € (I6lgar g, + 160 oot +1) (4.5)

The proof of the above proposition will be split into six lemmas.
Lemma 4.3. We have:
1A% Vollga) < Clell s 6], € H* Q). (4.6)
Moreover, for T <1 and ¢ satisfying (3.2), we have

2 ) 2 %
1870 Vol ¢ oy < CloI oy B0l

I
ta)
Proof. By Holder’s inequality and Sobolev inequality, we have:
1A% Vbl 2y < A%, 12 [[VWlpz < CIA%|| 1 IV, g
< NI oy IOy (4.8)
which implies (4.6). Using next (2.1), we have:
16 L
18%% VYllz2@) < Clol g 00Ty 102y
& 18
=Clel Zs 190 s (4.9)

Applying next (4.9) with ¢ = ¢(¢, ), we have:

18%6(t) Vo)) < Clo@I 7, l6 7,y t€[0.T] ace.
This implies (4.7). O

Recall from (2.7) that J1(¢) = —éA(qﬁP’).

Lemma 4.4. We have:
1
171 = 1) Vebllzage) < ClII oy + CIOIE L0y ¥ € HYTH(Q). (4.10)

Moreover, for ¢ € C([0,T); H*t3(Q)) and T < 1 we have:

17:(6 = 1) Vol az ;o) < CliGll, +Cllgl?

< .  rd) (4.11)
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Proof. Using Holder’s inequality, Sobolev inequality and the fact that H 2+3 (Q) is a Banach Algebra, we

have:
JA@ = 1) Vellzz < AW + 362 +39) |, 12 [ V4] 2o
< O (10612 ey 1) 100204
which proves (4.10). Applying it with ) = ¢(t, ), we have:
19106 = 1) Vollie < C (1810 y +1) 91l ors. € [0.T] ae.

which clearly implies (4.11).

Recall from (2.7) that Jo(¢) = EA(é, where f(¢) is defined by (1.3c).
€

Lemma 4.5. We have

12 = 1) Vol < CIEI 0y, v € HFH(Q).

2+%7
Moreover, for every ¢ € C([0,T]); H*T3(Q)), we have

26 = DVéllowe) < CIDIE, .y

Proof. With the same arguments as in Lemma 4.4, we have:

1A% Villze < AV, 22 IVl < ClAY] 3 11VY] 5 < ClYI

Hi — 2T

which clearly implies (4.12) and (4.13).

Recall from (2.7) that J5(¢) = i (3(15 —1)f(9).
Lemma 4.6. We have:

2 3
15 = V%] 2 < C (12 0rg + Wl oy ) s ¥ € HHR(Q).
Moreover, for ¢ satisfying (3.2) and T < 1, we have

2
3
190 = V61, ¢ 1, < © (1902 1ty 1oyt )

Proof. We only prove (4.14) since it easily leads to (4.15). By Sobolev inequality, we have:

1 =B = 1)? = 1)Vl < f@ =D s V(&= 1) =¥ +1)||s

<CIfF (W =Dyl =30 + 20 o

then (4.14) is proved by applying (4.2) and the fact that H2+%(Q) is a Banach algebra.
Recall from (2.7) that Jy(¢p) = M1[V(¢) — a], the following lemma holds:
Lemma 4.7. We have

12 = DVl 20) < C([9llze + () + aD @l (¥ € HY ().
Moreover, for every ¢ satisfying (3.2) and T < 1, we have

1a(@ = 1)Vl 2z o) < Clldlloan) (@llews) + 11(2) + ).
Proof. The proofs are similar to the proofs of the lemmas above, so we skip them.

Recall from (2.7) that J5(¢) = Ma (B(v) — 8) f(¥).

(4.12)

(4.13)

(4.14)

(4.15)
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Lemma 4.8. We have

3
150 = DVl < € (00 g + 12y ). € HEF (), (4.16)
Moreover, for ¢ satisfying (3.2) and T < 1, we have
1956 = D961, 2y < € (01 et + IO e, ) (4.17)

Proof. Inequality (4.17) can be easily derived from (4.16). Therefore we have just to check (4.16). By
Holder’s inequality and Sobolev inequality:

[(B(¢ —1) = B)f (¥ = 1) - VL2 < [B(yp = 1) = Bl f(& = DIl s [IVe)]| s
< 1B —1) - BIIF@ - DIl s IVel g
By (4.1) and (4.2), we have:
s = DVlze < O (Il +1) (8l ovg + 18012000 ) 1000
which implies (4.16) and, consequently, (4.17). O
We next recall some classical estimates.

Proposition 4.9. We have

[vi - Vvallre < Clvillalvallmz,  (vi,v2 € [HAH(Q)). (4.18)
Moreover, for every uy,us satisfying (3.1), we have
s - Ve oz o) < Cllwillear) (lullog + [[uallzz o) - (4.19)

Proof. By Holder’s inequality, Sobolev inequality and (2.2), we have

v Vvallpz < [[vallpal[Vvalls < Cllvallm([vall jiv 2

L 16
< Clvilla vl g lvall g2,

which implies (4.18). Estimate (4.19) is proved by applying the above estimate with vi = wu;(¢,-) and
Vo = U2 (t, ) O

We next estimate the term u- V.

Proposition 4.10. We have

3
V-Vl s SCIVILarsllvll s, v e HAQ)P, v e HY5(Q). (4.20)
Moreover, for u, ¢ satisfying (3.1) and (3.2) respectively, we have
-Vl 37 4y, < Ol pees, (Mg + llarn). (1.21)

Proof. Denote v = (v1,v2,v3) and u = (uq,ug, us). By Holder’s inequality, Sobolev inequality and (2.2),
we have for ¢, 5,k € {1, 2,3},

[0k i85 2 < [lokllLsl|0:0591] 5 < ClIVI g 191l yavg - (4.22)
1000k || L2 < 1035|2210kl 2 < ClIVI ass (19121 (4.23)

We also have
[v:0;9[ L2 < ||vil|2al| 09| La < ClIvI a1 |9 a2
By the Leibnitz formula, 0y (v;0;1¢) = 0rv;0;¢ + v;0,0;4. With the above estimates, we have:

3
lordyillm < llordjeollce + Y 10i(wrdi) e < ClIv s 19l pors

i=1
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which clearly implies (4.20). Applying (2.2) to (4.22) and (4.23)7 we obtain
ki 22 < CIVIIE VI [ e

10:0;050 22 < CIVI VI Yl e -
Applying to v = u(t,-) and ¢ = ¢(t,-) we have

16
e =l 1 S S
16
”ai“jak¢||L ¥y = C”u”C(Hl)||uHi72(H2)”¢”C(H2+i)7
which implies (4.21).
We next estimate the term L(¢) defined by (2.7).

Proposition 4.11. We have

1L = Dl 2 < CUWH ez + DO av 2 + ClelGe 1l + C () + ol

for i € HY(Q). Moreover, for every ¢ satisfying (3.2) and T < 1, we have

[1L(¢ = 1)]

2ty S € (I8 ggaet, + 16l oo, +1)
Proof. By the fact that H2+%(Q) is a Banach Algebra, we have for Ji (¢ — 1):
I =Dl 2 = ClAW = 1% 5 < CIYIE 2pg + ClIYH2e2 -
For Jz(¢ — 1), we have
1926 = Dll g < Clol s
By using (4.2) and the Banach algebra property of H?(f2), we obtain
1B = 1)* = 1)f(¥ = 1)l 2
< 3|[W*f (W = Dllaz + Clf (& =Dl 3
<312l f (¢ = Dl + Cllf (@ = DIl
< CllFe (1l + 10132) + CllfF (& = DIl 2,

which implies:

1750 = Dl ;5 < Cllelize (19llas + [91132) + Cllvl aes + CIYIE o -

8

For Jy(¢ — 1), we have
1 Ja(¥ = Dl ;3 < C(19llar + e+ p())).

Similarly we have the following:
175 =Dl < CIBW=1) =81 £@ =Dl 3
C (1ol +1) (1] g + 181215 ) -

IN

191

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

Then (4.24) is proved by adding inequalities (4.26)—(4.30). Applying (4.26), (4.27) and (4.29) with ¢ =

o(t,-), we obtain:
126 = Dy < Cllgort, (1912, g, +1):
1926 = Dll g, < Clollgpgor
1306 = Dl gt < Cllbllcm + la+ n(@))

(4.31a)
(4.31b)
(4.31c)
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Applying (4.28) with ¢ = ¢(,-), we have the following

13(6 =Dl 7 2,
< Ol (1015 a1 Lo+ ll6lf
< C(H?) 2t T ome+ C(H?)
+ Cllbll g vt + ClIOIE, o,
1

<€ (1012 oot 1) (1615 g IO s + 1012 s (4.52)

By (4.30), we have
1506 = Dll ) < CURIE ) + 1) (|¢||C(H2+s) + ||w||C(H2+g)) (4.33)

Then (4.25) is proved by adding (4.31), (4.32) and (4.33) together. O

5. Proof of Theorem 3.3

In this section, we detail the proof of Theorem 3.3. We begin with a lemma. Recall the definitions of f(¢)
and B(¢) from (1.3), we have the following result.

Lemma 5.1. For 1,19 € H*(2), we have

1A@E) ~ AW 3 < CIIE vy + Cllll v Il oy 196 yass (5.1)
1£Go0) = £l < C (Iellas + 0l + ol 1 Lo =) (5.2)
B — B2)] < C (lnle + [l +1) 6] 2. 5.3

where ¥ =11 — Pa.
Proof. we have:
IA@WT) = AW,z < 197 =il oes
< N(@Wr = ¥2)° |l o + 3llave (v — Y2)ll oz -
Then (5.1) is proved by the fact that H*(€2) is a Banach Algebra if s > 2. For f(1) we have
1£(@1) = f(W2) 2 < ClAY g2 + CllYT = ¥3 e,
which implies (5.2). Estimate (5.3) can be proved similarly, so we skip the details. O
We next estimate the leading order term A2¢V¢.

Proposition 5.2. Under the condition (3.6), there exists a constant C = C(2) such that:

1826961 = 2262502l oz o) < OR (1] a9 20 ) -

Proof. Since A2,V — A2V ey = A2¢V ¢ + A?$poV ¢, the lemma is proved by applying (4.7). O
Recall the definition of L(¢) from (2.7) We have

Proposition 5.3. Under the assumption (3.6), there exists a constant C depending on parameters

€, k,Q, My, Mo, 3 such that:

1L(61) V1 — L(62)V02ll, 37 7oy < OB U0l gty + 100 oo pin )
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Proof.

5

L($1)Vé1 — L(¢2) Vo = Y [Ji(61)Vé1 — Ji(d2) Vo]

i=1
We will estimate term by term. Recall from (2.7) the definition of Jp,
IA(61) VoL — A(¢3)Vall 12 < I[A(ST) — A(¢3)] Vo2 + A(G))(V(9)) ]l 2
By Holder’s inequality and Sobolev inequality,
1A Vdr — A(¢3) Va2
< (A@F) — A(¢3))Vé + A1) (V()) ] 12
< A1) = A@D)] 5 IVe2llrs + [1A@DI, 5 IV s
< ClAGY) = A,z D2l + CllGTN 2 0]l e
By the Banach algebra property of H*(Q2) and (5.1),
1A(61) V1 — A(63) Va2
<C (161 avg + 1610 arg 2l oy 100 oy ) 2l porg
+Cllonll o g 0l par g
which clearly implies
3
11($1)Vé1 = J1(62)V 2|l 17 o) < ORI v
Recall from (2.7) for the definition of J3. By Sobolev inequality, (4.3) and (5.2),

1367 — 1) f(#1) - Vo — (3¢5 — 1) f(d2) - Vo[ 12

< 1£(@1) = F( @)=V (67 = 61)ll12 + IV (67 — d1) = V(63 — d2) | 221 £ (62)l] 12

< O (llellms + Nz + o1l azllg2llaz 6l a=) (61ll7e + [61]62)
+C (072 + lorllazlldall a0l a2 + 01 a2) ([d2llzr + I2lme) -
Using (2.1) to deal with the term with H*(£2) norm,
| J3(¢1) V1 — J3(d2) V2| 12(a)
1% T 2
<0 (10l g 1915 g + 1015 + Il ozl ol )

<(Ip1llze + léallm) + Cllolhe + o1l mzlld2llmzlll a2 + 6] m2)

3 17 r
< (el +10al By g Il ey ) )

By (3.6) we have:

195(61) V1 = Ja(62) Vsl o7 0y < OB (101l ety + 10l pein,) -
Recall from (2.7) for the definition of J5. Note that

My J5(61) Ve — J5(¢2) Vepo]
= [B(¢1) - 5]f(¢1)v¢1 - [B(¢2) - 5]f(¢2)v¢2

= [B(¢1) — BI{[f(¢1) — f(¢2)]V1 + f(¢2)Vo} + [B(¢1) — B(2)] f(d2)Veha.

193

(5.4)

(5.5)
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From the above formula and the Sobolev inequality, it follows that:
M | J5(¢1) V1 — J5(d2) V| 2
<|B(¢1) = BI{If(d1) = f(@2)ll=[[VdrllLz + || f(d2) L=Vl L2}
+[B(¢1) — B(¢2)|[1f(92)ll= V2l L2
< |B(¢1) = BII1f(01) = f(@2) [zl o1l + || f(D2) |2 (|0l 1]
+[B(¢1) — B(2)|[1f (92)ll 2l G2 11
By (4.1), (4.3), (5.2) and (5.3) we have:

195(61)Vé1 = J5(62) VL2 () < Clllo1ll52 + DC (1Ml rrs + 11772 + 161l b2l rr2 161 1r2)
+C (01l + 62l + 1) @l (2l a2 + 121l32) |62l
Using the same steps as those used to derive (5.6) we obtain
195(61) V1 = J5(62)Val og 0y < CR (100 vty + 16l ppois) (5.8)

Since the terms J5 and J, are of lower order and thus easier, we don’t detail the proofs of the corresponding
estimates,

||J2(¢1)V¢1 - J2(¢1)V¢1”C(H2+§) = OR||¢||C(H2+%) (5~9)
||J4(¢1)v¢1 - J4(¢1)V¢1||C(H2+8) — CR||¢||C(H2+g) (510)
Then the proposition is proved by combining (5.5), (5.7), (5.8), (5.9) and (5.10). O

The proof of the following proposition is similar to the previous proposition, so we skip the details.

Proposition 5.4. Under the condition (3.6), there exists a constant C = C/(e, 3, k,Q, My, Ms) such that
we have the following estimates:

1E) = L@l ¢ 2y < OB (1] e g, + 10l o) -
The following proposition can be easily derived from (4.19) and (4.21).

Proposition 5.5. Under the assumption (3.6), there exists a constant C = C(Q) such that

||U1 . Vul — Uug - VUQH CR(||u||L2(OT H2) + ||uHc'( [0,T7; Hl)) (511)

Ls(OTL2) -

[y - Vo1 —uz - Vol i o s < OR (Hu”C([O,T];Hl) + llullz20,7;m2) + ||¢||C([0,T];H2+%)> - (512)
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