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1. Introduction

The flow of a second grade fluid is governed by the following system of equations.

ov

pa+pv-Vv+Vp:divT+pf

divv=0

in (0,7) x 9, (1)

where v denotes the fluid velocity, p is the pressure, p is the constant density of the fluid, f stands for
the external force and T is the Cauchy stress tensor which for the second grade fluid is given by (see

e.g. [13])
T = 2uD + 201 A} + 4a,D% (2)

Here 1 is a constant viscosity, D = %(VV +(Vv)T) is the symmetric part of the velocity gradient, a; > 0
and asg are the stress moduli and A; is given by

0
A, = &D +v-VD + (VV)TD + DVv. (3)

We will use in this paper the condition o + as = 0, see i.e. [2].

Remark 1. The question of signs and values of the stress moduli oy, as and especially of a; + a3 in
this model is not clear. In [1] the authors show that the constraint a; + as = 0 is not necessary for
the mathematical problem being well set. In [5] the authors show that for ay < 0 the rest state of flow
of second grade fluid in exterior domain is instable. Our results can be easily adapted also for the case
a1 + ag # 0, however we keep this constraint for simplicity.
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We consider a steady flow past an obstacle B.  is an exterior domain R3\B, where B is a simply
connected compact set. We assume that B, (0) C B C Br(0) for some x > 0 and L > 0. Plugging
(1)—(3) together we get

—pAV — o1 (v-V)AV + Vp = —p(v - V)v + pf+

+aydiv [(Vv)T (Vv + (Vv)T)] in Q

divv =0 (4)
v=0 on Q) = 0B
V — Vo as |x| — oo,

where v, is the prescribed constant velocity at infinity. Assuming v, # 0 we can rotate the coordinate
system in such a way that vo, = fBe; = (5,0,0) and denoting u = v — v, we get from (4)

—pAu — ap(u-V)Au — alﬂAa—u + pﬂa—u +Vp=
0x1 0x1

“p(u-V)u+ pf + andiv [(Vu)T (Vu + (Vo)T)] (™ .
divu=0 )
U= Vv = —ﬁel on 00 = 0B
u—20 as ‘X| — 0Q.

Next we rewrite the equations in dimensionless form, i.e. we introduce new velocity U = u/8 and new
independent variable X = x/L, where L is the diameter of the obstacle. We renormalize the pressure
P= # and the external force F = g—% We introduce the Reynolds number R = ’JBTL and the Weissenberg

number W = %f However, for the sake of transparency, we keep writing small letters instead of capital
letters. After renormalization we end up with
—Au—-W(u-V)Au— WAa—u + Ra—u +RVp =
0x1 o0x1 .
“R(u-V)u+ RE+ Wdiv [(Va) (Vu + (Va)T)] (2
divu =0 (6)
u=—e; ondf)
u—0 as |x| — oo,

where the renormalized domain 2 = R*\ D and B, (0) C D C B;(0). Finally we follow the decomposition
procedure proposed in [8]. We introduce new pressure ¢ as a solution to

g+ Wl(u+er)- V]g=Rp (7)

and we denote
ou
- A —_— =: z.
u+’Rax1+Vq z (8)

Then z satisfies
z+W[(u+ep)-V]z=Rf —R(u-V)u+ Wdiv [(Vu)" (Vu + (Vu)?)]
T du 0%u
-W(Vu)'Vg+RW(u-V)—+RW—
Note that we still have the conditions
divu=0 1inQ
u= —e; onodf) (10)
u—0 as |x| — oo,

Our main result is the following
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Theorem 1. Let f = divH,H € W*2(Q),k > 3. Let Q € C*! be an eaterior domain in R and let
Ro, Wy be sufficiently small. Then for any R € (0, Rg), W € (0, W,) there exists a unique solution (u,q)
to the problem (7)—(10) for which the following estimate hold

R ully + Hquk,z + gl k2 = K. (11)

3 2w

3_
If in addition £, H € LP (Q,uf_zp’ (,R)) for some p > 6 and R and W are sufficiently small, the

previously obtained solution (u,q) has the following properties

_3 .,
1leLp<944? oﬂa)
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= ojw
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In particular
1-3 w
we (0 17 0R). (13)
Remark 2. The weights ug’“’ are defined in (32). As the power p can be chosen arbitrarily large, we get
almost the same asymptotic structure as for the fundamental solution O of the Oseen system.
Remark 3. Note that for £ € L(€, n? (x)) it holds
o8
el (ot )gcR 23 |l
Le(Qup;

(14)

oo

2w

(R) Lo=(@mE ()

‘d\wﬁ

Throughout this paper we shall assume W and R small. We introduce operator
M (w,s)— z+— (u,q), (15)
where for given (w, s),z is the solution to the transport equation
z+W[(w+ey) V]z=Rf —R(w-V)w+ Wdiv [(Vw)? (Vw + (Vw)T)]
-W(Vw)T'Vs + RW(w - V)g—z + RW?;V; = B(f,w,s) inQ (16)

and (u,q) is the solution to the Oseen problem

AR Vi mo
8x1
divu =0 inQ (17)
u= —e; onodf

u—0 as |[x|— .

We have decomposed the original problem into the Oseen problem (17) and the steady transport
equation (16). Due to the presence of the Oseen problem we expect the structure of solutions to cor-
respond to the structure of the Oseen fundamental solution, especially the existence of the wake region
behind the obstacle (compare with [3,12] for incompressible Navier—Stokes equations and [10] for visco-
elastic fluid). Denoting s(x) = |x| — 1 one might expect the solution u to satisfy

lu(x)| < C x|~ (1 +s(x) 7" (18)
for |x| sufficiently large. However we are only able to prove

u(x)] < O™ (14 s(x)) 1 (19)
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for arbitrarily small €. This is due to the presence of the linear term RW% on the right-hand side of
1

the transport equation (16). This implies that the solution to the transport equation has the same decay
as V2w (quadratic terms decay faster). Moreover, for the Oseen system previously available estimates for
the second gradient (which were using techniques of fundamental solution) lose logarithmic factor in the
weight in the L norm, L? estimates lose € in the weight, see [11]. Thus fixed point theorem argument
would not work. Fortunately due to recent results of Koch [6] we have at least LP estimates without
mentioned ¢ loss in the weight and therefore fixed point argument works.

It is worth mentioning that in [10], where the model of viscoelastic fluid is considered, authors are able
to overcome these problems by introducing modified Oseen problem with the problematic term %‘; being
included in the Oseen operator. Then all terms on the right hand side are quadratic and thus with better
decay. In our problem this cannot be repeated since this linear term appears in the transport equation.

The drawback of using LP estimates is that in order to get L°° estimate we have to use embedding
theorems and thus we are able to prove

lu(x)| < O %77 (14 5(x)) 71
for arbitrarily small €. Details will be specified in the proper part of the proof.

2. Preliminaries

Throughout this paper we will use standard notation for the Lebesgue spaces LP(£2) with the norm ||-[[ ,,

the Sobolev spaces WP () with the norm ||l , and the homogeneous Sobolev spaces DFP(Q) with the

1
loc

norm ||, . Let g € Lj,.(22) be a nonnegative weight. Then LP(2, g) denotes the weighted L? space with

the norm
[ull,, () = lugll,
for any p € [1, 00]. Similarly, W*?(€2, g) denotes the weighted Sobolev space with the norm

[l p,(g) = lluglly -

Note that if there is no confusion we sometimes omit writing the domain and instead of LP(£2, g) we write
simply LP(g).

As we decomposed the original problem into an Oseen problem and a steady transport equation, we
shall mention several classical results about these problems in three dimensional exterior domains. Let
us start with the Oseen problem (17).

2.1. Oseen Problem. Existence and properties

We denote by (O, e) the fundamental solution to the Oseen problem. It can be shown (see for example
[11]) that

e(x) = VE(x), (20)

where £(x) is the fundamental solution to the Laplace equation. The tensor O(x,R) (here R denotes
the constant standing in front of g—; in the equation) satisfies the following property

O(x,R) =RO(Rx,1) (21)
and therefore it is sufficient to study the tensor O(x,1). For |x| — oo we have
O(x, 1) ~ x|~ (1 +5(x) 7"
D2O(x,1) ~ x| (14 s(x)) 17 (22)

lo]—oy _q_lel=ay

DO(x, 1) ~ x| 77T T (14 s(x)) 7,
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i.e. the derivatives with respect to the first variable decay faster.
Next, we present some results for the general Oseen problem
ou .
—Au—i—Ra——l—VP =f=divg inQ
T1
divu=0 inQ (23)

u=mu., onod

u—0 as |x|— oo,

where () is an exterior domain.
The proof of the following classical theorem can be found in [4] or in [11].

Theorem 2. Let @ C R3 be an exterior domain of class C*t2. Let £ e Dy"%(Q) N Wh2(Q),
u, € Wkts:2 (09), (% ) k > 0. Then there exists exactly one g-weak solution (i.e. weak solution
such that u € Wl’q( )) to (23). Moreover

uc L447—qq(ﬂ) and Vu, P e LY Q)N W]H_Lz(Q) (24)
and

az |[ull 2o+ fuly o + [Vl + 1Pl + 1Pl
< C(F| -y g + 1l 2 + [uellir s 2.00); (25)

where for R € (0,Ro] the constant C = C(k,q,Q, Ro) and az = min {I,R%}.

We need the following integral representation of solutions to (23) to obtain weighted estimates.
Let us denote

8ui ou;
Tij(u, P) = ox; + 833] Poy;
7 i
Oe;  Oe;
Tij(e) = 7z, + 3 Jz + Re10;; (26)

Theorem 3. Let Q € C? be an exterior domain, G € C§°(2) and (u, P) be the unique solution to (23).
Let T be defined in (26) and (O, e) be the fundamental solution to the Oseen problem. Then

0
Q

+ / [~RO (x — v, R)us(y)bas + us(y) Tix (O ) (x — ¥, R)
o0
+ 04j(x — y, R)Tir (0, P)(y) + O (x =y, R)Gir(y)] nx(y)dS (27)

/ D2 0,(x — v, R)Gu (v)dy
+/ [-RD*0;5(x — y, R)ui(y)dix + uwi(y) D Ti(O.j, ;) (x — ¥, R)

50
+ D0 (x =y, R)Tir(u, P)(y) + D*O;j(x — y, R)Gir ()] n (y)dS (28)
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forjal =1 and

(03 « a 6g1
D uj(X) :U-p/D Oij(x_y,R)aiykgik( )dY+CzJa1az Ozr k( )

Q

+/ [~RD*Oy(x =y, R)ui(y)oir + ui(y) D*Ti. (O, ¢5)(x =y, R)
50
+ D0, (x —y, R)Tir(u, P)(y)] ni(y)dS (29)

for |a] = 2.

Remark 4. The integral representation formulas hold for much larger classes of functions. For example it
holds for a.a. x € Q if u € W2%(Q) and P € W,;%(Q) for some g € (1,00) and

loc
e (27)if G € LU(Q) and divg € LI, () for g € (1,4),7 € (1,0),
e (28)if G € LY(Q) and divG € L (Q) for g,r € (1,00),

e (29)ifdivg € L (Q) for r € (1,00).

For the pressure we have also integral representation formulas.

Theorem 4. Let Q € C? be an exterior domain, G € C§°(2) and (u, P) be the unique solution to (23).
Let T;; and 7T;; be defined in (26). Then

= v.p. /8 ¥)Gir(y)dy + citGir(x)

+ / [~ Res(x — y)us(y)d + s (y)Ta(e)(x — )
oQ
el =Y )Ta( PIY) + s = ¥)Gu S (30)

0
D*P(x) :U.p./Daei(X*Y)aiykgik( )dy+clk gzk( )

+ / [~RDe;(x — y)ui(y)du + ui(y) D*Tule) (x — y)
o0
+ D%;(x — y)Tu(u, P)(y) m(y)dS (31)

for |a| = 1.

Remark 5. The integral representation formulas for pressure hold also for much larger classes of functions.
For example it holds for a.a. x € Q if u € W2%(Q) and P € W 9(Q) for some ¢ € (1,00) and

loc

e (30)if G € LY(Q) and divG € L (Q) for g,r € (1, 00),
e (31)ifdivg € L () for r € (1,00)

The proof of these representation formulas can be found in [4] or in [11].
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2.2. Results for Weighted Spaces

We introduce the following weights which will be useful in studying the asymptotic structure of solutions

(%) = (1+ [x))* (1 + s(x)”

vi(x) = x[* (14 5(x))”

5 (%) = np 7 (v (x)
(x, R) = (14 |Rx)A(1 + s(Rx))? (32)
Va(x,R) = |X\A (14 s(Rx))?
5 R) = np (xR (%, R)

We recall that weight g belongs to the class A, if there exists a constant C' such that

p—1
1 1
sup | | —= /gp(x)dx — /gfp%l(x)dx < C < o0, (33)
e [\IQ Q|
Q Q
where the supremum is taken over all cubes @ C R3.
A basic property of the weight n~; is the following condition
/n:g(x)dx <oo ¢ a+min{l,b} > 3. (34)

R3

For a proof of this and further properties we refer the reader to [11].

One of the main tools we use is the following theorem due to Koch [6]. We should mention that this
estimate is an essential improvement of what has been known about weighted estimates of the solutions
to the Oseen system. Without this result it was impossible to obtain weighted estimates for the model of
the second grade fluid or for Maxwell and Oldroyd-type fluids, see [11].

Theorem 5. (Koch) Let T' be an integral operator with the kernel #2%(9 on R3. Then the following
estimate hold:

1T 5y, (928 < C NIl (95 (35)

for p € (1,00) and g = na(x) for A, B satisfying

e (522

1
A+B>—;9 (36)

2A—B,ZB—A<M

The proof of this theorem can be found in [6]. Note that in [6] the theorem is formulated only for the
case p = 2, nevertheless the proof is given for general p € (1,00). The same estimate holds also for the
case of an exterior domain.

Corollary 1. For the same operator T as in Theorem 5 we have
1Tl g0y, < ORS¢ (37)

where g, = ,u‘é’w(x, R), g2 = u‘g’%(x, R), A, B satisfying (36) and w € [0, %)
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Proof. First we observe that for all x € € it holds
0 < < (14 1) g0, (39)

where x was introduced earlier by condition B, (0) C D and Q = R3\D. In other words the weights 77 (x)

and ,u‘g’“’(x) are equivalent in €. The presence of the term R“ is an easy consequence of a rescaling
argument, because V2O (x,R) = R3V2O(Rx, 1). O

The proofs of the following theorems can be found for example in [7] or in [11].
Theorem 6. Let T' be an integral operator with the kernel |VO|, T : f — [VO|* f and p € (1,00). Then
T is a well defined continuous operator:
17 (R0 4 (,R)) = 17 (R, (- R)) (39)
for B € <0, % — %) JA+ B > f%,A < %f %,AfB < %f % Moreover we have for A, B specified above

VO R * fllmacryre < CRTY A (40)

A At+d
PN Ne 2 ("R)aRS

Corollary 2. For the same operator T as in Theorem 6 one has

||Tf||p,(gl),g < CRTM Hf||p,(gz)797 (41)

).

where g1 = ,ug’“’(x, R), g2 = ug’%(x, R), A, B satisfy the assertions of Theorem 6 and w € [0,

ol

Theorem 7. Let

0
78$i

Tf(x) / e (x—y)f(y)dy, ij=1,23, (42)

R3

f € CE(R3),p € (1,00) and let g stands for one of weights 4, Vﬁ,,ug’w. Let A, B be such that g is an
A, weight in R3. Then T maps C§°(R3) into LP(R3, g) and

1Tl gy e < CIIS

Moreover T can be continuously extended onto LP(R3,g).

p,(9),R3 (43)

Corollary 3. The same holds also for the case of an exterior domain €.

Theorem 8. e Let B € (—%, ijl) and A+ B € (—%, w) Then the weight ng is an A, weight
in R® for p € (1,00).
e Let moreover A € (—%, @) and w € [0, A]. Then the weights vy and u’é’w are A, weights in
R? for p € (1,00).

2.3. Transport Equation

Next we consider the steady transport equation
z4+w-Vz=f in Q. (44)

This equation is scalar, nevertheless all theorems below hold also for the vector case. The following
theorems are proved in [9] even for more complicated cases.
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Theorem 9. (i) Let Q € C%! be an exterior domain, w € C*~1(Q),w -n = 0 on 9Q,VFw € L3(Q),
f e Wk for q e (1,3),kq > 3. Then there exists a > 0 such that if
IVWlicn-e + VW], < a, (45)
then there exists unique solution z € W*(Q) to (44) satisfying the estimate
12ll,q < C@) [[fllyq- (46)

(ii) Let Q € C%1 be an eaterior domain, w € C*(Q),w -n =0 on 9, f € W* for kq > 3. Then there
exists a > 0 such that if

[9Wlloe: < a (47)
then there exists unique solution z € W*(Q) to (44) satisfying the estimate
121l 5,q < C(a) [[fll1q - (48)

Theorem 10. Let 0, k,q,w and f satisfy the assumptions of Theorem 9 (ii). Moreover let g € C*(€2) be
a positive weight such that W*4(Q, g) ¢ W*4(Q) and let

[w-VIng|cr +[w-Ving|, , (49)
be sufficiently small. Let f € W*9(Q, g). Then z, the solution to (44), belongs to W*4($2, g) and
121l k,0,(9) < C M1 i . 9) - (50)

3. The Proof of Theorem 1
3.1. Existence of Solution
Here we briefly sketch the method of constructing the solution to the system (7)—(10). It is based on the

following version of the Banach fixed point theorem.

Theorem 11. Let X,Y be Banach spaces such that X is reflexive and X — Y. Let H be nonempty, closed,
convex and bounded subset of X and let M : H — H be a mapping such that

[M(u) = M@)]ly <6flu—vly VYuveH, (51)
0 €0,1). Then M has a unique fized point in H.

The proof of existence of solutions in Sobolev spaces is based on the method described for example in
[11] and [10]. The solution is obtained as a limit of successive approximations

(un+17 Qn—i-l) = M(una Qn)v n > Oa (52>
where the mapping M was introduced in (15).

Theorem 12. Let Q € C**1 be an exterior domain in R and let f = divH,H € Wk2(Q), k > 3. Let
Ro, Wo be sufficiently small. Then for any R € (0, Rg), W € (0, Wy) there exists (u,q) a solution to the
system (7)—(10) such that u € L*(Q) and Vu,q € W*2(Q).

Proof. We use Theorem 11 for the following choice of spaces: X = Vi, Y = Vi_1, where
Vi = {(u,q) : u e L*Q),Vu,qg € WH2(Q)} (53)
with the norm

1
1w, )y, =R ully + Va5 +llgll (54)
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We use Theorems 2 and 9 for ¢ = 2 and the observation that the right-hand side of the transport
equation (9) (we denote it by B(f,w, s)) can be written in the divergence form as

B(f,w,s) =div |[RH-Rwaw +W(Vw)  (Vw + (Vw)T)

() Ts + RV o w o+ R @ e | = divC(H, w, 5) (55)
8331 0371

assuming f = div H. As a part of the proof we obtain the following estimates
1
R |lunll, + HvunHk,Q +llanlly 2 < K
HC(Haun’QH)Hk,Q < K (56)
for all n > 0, for some constant K > 0 depending only on Ry, W, and H. O

3.2. Weighted Estimates

In this section we study weighted estimates which are crucial to obtain asymptotic behavior of the solu-
tion. As we have used Theorem 11 to prove existence of solutions in Sobolev spaces, it is now sufficient
to prove that M maps sufficiently large balls in proper weighted spaces into themselves. Then choosing
(u1,q1) from this ball the solution, as the limit of the sequence (u,,g,), belongs to the same ball. We
estimate the sequence in the following space

_3.4 3_3
V= {(uaq):ueLP (Qaﬂi 12), (~,R))7Vu,v2ueLp <Qnu'122’p7 ("R)>7qa

3.3,
«Voer (i 1 0R) | 67)
2 p
with the norm
[(w,q)|ly, = llall -2 + ||Vu, V?u 3.3, +1l¢, Va| 3_s. , (58)
v b, 5 (R).Q | Hp,ufj (R).Q puy 3R
where p is sufficiently large and w < % — %.

Remark 6. There exist a constant C' depending only on Q, A, B, w such that forp > 3, A, B > 0,w € [0, 4]
and R <1

||g||LOO(Q’Ng""(.”R,)) <C (”g”LP(Q’#g’“’(.,R)) + ||vg||LP(Q’“g*“’(.’R))) . (59>

This is an easy consequence of the Sobolev embedding theorem and the fact that there is a constant C'
independent of R such that

Hg||LP(Q7VH‘§’W(.7R)) <C ||g||L:D(Q7Mg’“’(.,R)) : (60)

1

_3 .,
15 (s ’R)) with p arbitrarily large and

Let us mention that using this Remark we get u € L™ (Q, I

therefore almost the same asymptotic structure as O.
Let us assume

l(w, )l < Co, (61)

where Cj is sufficiently large constant which will be determined later. It is important to mention that
this constant is determined by the estimates (56) and is independent of R and W.
Our aim is to prove that also

[M(w,5)lly = [l(w, g)l| < Co. (62)
We recall that we also assume that (w, s) satisfy (56).
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Throughout the rest of this paper we will use the following notation to simplify things
3_3
xe =0 (i f (R (63)

We will estimate both B(f,w, s) and C(H,w,s) in X?*. Due to the presence of the Reynolds and
Weissenberg numbers in front of each term on the right hand side it is sufficient to show the presence of all
terms in X2“, smallness of these terms is achieved by assuming R, W sufficiently small. We will proceed
term by term and denote the terms on the right hand side of (16) by By, ..., Bs and the corresponding
terms of C by C1,...,Cs. First we use assumption

f,H e X, (64)
which allows us to estimate By, C; in X2¥. We estimate By in the following way
Iwowlhe < IWIP Ly WG [BCR)| (65)
Loo (Q,pl_g (-,R)) ()

The last term is finite for p > 3 and therefore using Remark 6
|Ba| x2o < CRCE. (66)

We proceed in the similar way also in the divergence form case. Here
3_P
Iwewlbo <IWIP a VI [mEeR)
L (Q,ul_g' (-,R)) Lr (Q,ul_f (-R)) L=
P

p

and therefore for p > 6 we get
1ol o < CRCE. (63)

Similar procedure works also for terms Bs, By, Bs and C5, Cy, C5, we only show the estimates for Bs and
B, which are most restrictive.

[V2wow| e, < [Vw])”

vwl' e iR (69)
(ot ™) B
_3p
IFwVslfn < I9WI7 e ISP R (70)
Loo(Q,prP' (.jg)) Lp(sz,#ig ( )) L>(Q)
P 2 p

Linear terms Bg, Cg are trivial. We get
B3, Ba, C3, Ca|| x2o < CWCE,
| Bs, Cs|| 2. < CRWCE, (71)
| Bs, Cs || x2u < R“WCy
and putting all calculations together we end up with
IB(f,w,5)] x2. < C((R+W)CF +RIT“WCy),

_ - (72)
|C(H, w, )]l oo € C(R+W)CE+R“WCh),
for p > 6. Now we can use Theorem 10 on the equation (16) to get
|2 2o < CIB(E,w,5)|xou < CUR+W)CF +RIT“WCy). (73)
Moreover we can write the equation (16) in the following form
z =div [C(H,w,s) - Wz ® (W + e1)] (74)

since div (w + e1) = 0. Hence z = div Z for some tensor Z and

1Z] 20 < IC(H, W, 5) | 20 + W |2 xou [|(W + €1)l| o < C((R+W)CE +RIT“WCo).  (T5)
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Now we can proceed with the Oseen equation (17) with the right hand side z = divZ. We use the
integral representation formulas (27)—(29) and (30)—(31) to estimate (u,q) in V. We can split u into
u =u" + u®, where u" denotes the volume integral and u® denotes the surface integrals. Similarly we
split Vu, V2u, ¢ and V.

_3
We start with the estimates of the volume parts. For the estimate of u¥ € L? (Q, ui_g’“(-, R)) we
P
use Theorem 6 and its Corollary and get
[[u|] ( -y > < CR ™M |Z|| xoo < C((RY +R™IHW)CZ + WCy), (76)
LP | p

w

(+R)

1—

S oS [0

which can be made sufficiently small by choosing R, W small.
For the estimates of (Vu)" and (V?u)" we use Theorem 5 and its Corollary and get

(vw)" || ( s s, < ORY ||Z| y2o < C((RFY + RYW)C2 + RWC,) (77)
Lp Mfﬁygpy xR)>

[[(V2u)Y|| ( s s < ORY ||z] y2o < C((R'T + RYW)CF + RWC)) (78)
Lp #12_213’ 7R)>

Again, terms on the right-hand sides can be made sufficiently small by choosing R, W small. For the
estimates of ¢ and (Vq)V we use Theorem 7 and its Corollary and we obtain

4" ]| ( )scnzn ( >scnznxzw<c<<7e+w>c§+7z1-wwco> (79)
Lr|p (~R) Lr #%

(V)Y . < Cllz|
Lp(“ (#R)> Lp(ﬂ

Again the right-hand sides can be made small same way as before.
Next we proceed with the surface integrals. Here we distinguish three cases

O ={xeq, x| <1}
Qy = {XEQ,1< x| < 713} (81)

5

SN
=[S
SN

yw

Yy

) < O] 2o <C(R+W)CE+R““WC)  (80)

N= ojee
TS feo
[STNT)
TINT e

1
(h {X(:SL|X|2i7z}.

In the case €2 all our weights ~ 1 and we do not use the integral representation formulas. We rather use
the following estimate
Il 0,y < CA+[[Vullypzq,)) < COA+[[Vullysg) < C1+ K) (82)

which is due to Friedrichs inequality and (56). Arising term C(1 + K) can be made small in comparison
with Cy by choosing Cy large enough. Together with (76) we get

[ ( )SC(1+K)+C((R“’+R”“’W)O§+WCO). (83)
Lp QDN17

We use analogous procedure also for Vu, V?u and get

HVU)VQUHLP(QI) < C(1+[Vullyazg,) < CA+ [[Vullyssg) < C(1+ K) (84)

w

(#R)

S NS oo

and therefore
[(Vw)®, (V28|

3
Le( Qi

. <C(1+ K)+ C((RM™ + RYW)CZ + RWC). (85)
' (7R))

B

Analogously for the pressure.
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Next we proceed with the case Q5. We start with u® and denote four terms in the surface integral
(27) by w1, ... u®% For u®! we have

[u (o0)[" x [P (1 + R x)P 277 (1 + s(Rx))P 2

< RP [x[™ (1 + R |x|)P~3P%(1 4 5(Rx)) /OU v, R)dy

< ORP [x[P™ (14 R |x|)P~3 7% (1 + s(Rx))P~2 ‘o,-j(x, R) + VO, (5, R) ‘p

3 0 _ 1 1
< CRP(14 R [x|)P~*7P“(1 + s(Rx))P <|X|p—pw + |X2p—pw> ) (86)
where the crucial estimate is the following
RE
VFO(x,R)| < C—— (87)
x|

for k£ > 0. We use this estimate throughout the rest of the procedure in the case 23. Therefore

1 1
S,1|P
[[u™] 1-3 0 < CRP / oo T s | dx (88)
Le( Qo 5 (4R) 4 x| x|

Arising functions are integrable and [, [x|™"dx < p*iﬁ <drforp>6andw < £ — %, i.e. integrals

of such functions over ()5 are bounded independently of R by universal constant 47. Therefore this term
can be estimated choosing C large and at this point we do not require R to be small, even if we have
RP at our disposal. This fact will play a role in estimating u®?, u%? and u®*, where there is no power
of R available.

Next for u®? we proceed similarly

w2 ()" x| (14 R [x])7~777 (1 + s(Rx))P 2
< O™ (14+R[x))P737P9(1 + s(Rx))P
g 20, (¥ . ([
X ‘vo”(x,va) + V20, (273) +es(x) + Ve, (2)‘

3w _ 1 1
< C(1+RIx[)PT37P(1 + s(Rx))P <|x2p—pw + X|3p—pw> (89)
and therefore
e R e = = L (90)
Lv(ﬂw 27 R)) g \Ixl x|

and we are in similar situation as in the case u®!.

We treat u®? and u®* together
[u® w7 [x [P (14 R [x])P~2 772 (1 + s(Rx))P

< O™ (14 R[x)P 77 (1 + s(Rx))" 2|04, R) + VO, (3. R)

p

X (||Vu||W1,2(Q) + llally 20y + ||Z||W1=2(Q)>

gCK(l+R|x|)p_3_p“’(1—|—s(7€x))p_2(l ! _, 1 ) 1)

X|P*pw |X‘2p—pw
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1 1
< CK/ — + — | dx
( R)) O <|X|p pw |X‘2p p )

and therefore

s

1—
Qa, “1

'@\mmw

Here we have used also (56).

JMFM

(92)

For higher gradients of u and pressure and its gradient we use similar procedure, in this case higher

gradients are even easier to estimate.
We finish with the case Q3. Here the situation is a little different. We have

[u ()" [x [P (14 R [x])P 3779 (1 + s(Rx))P~2
< RP [x[™ (14 R |x|)P~5P(1 4 s(Rx)) /(9” v.R

<CRP x| (1+R ‘x|)P*3*PW(1 + S(Rx))p72 ‘Oij(x, R)+ VOU(E,R) :
< ORP X (14 R x5 7(1 + 5(Rx))P~
RP R2p
X p + 3p 3 :
IRx|" (1 4 s(Rx))? IRx|2 (1+s(Rx))?

Here we have used that

[N

R

[VFO(x, R)| < C——
|77 (1 + s(Rx))HF2

for k& > 0. Therefore

[ < -
Lr 93’“1,

SIMST

3

1 1
C’R:‘p‘p‘”/( — )d
' J NI R)PE (T s(Rx))27E)

3

< CRQp—])w—3/ ( )dy—l—CR3p pw— 3/n7§7§(y)dy
R3 R?

) ST / (i amar ) =

s

Arising integrals are finite due to (34).
For u®? we obtain in the similar way
[

“

P Q3,p

1—

'@\mmw

e R))

1 1
<CR2”_”“’/< — ,,)d
= 1+ [Rx|)*"5 (1+s(Rx))2 8 )

+OR2P*W

1
d
1+ |Rx| 7 (1+ s(Rx))z—p> *

+CR3”"’“’

1
3p—pw
TOR ( TR AT s(Rx»M) o

1
1+ |Rx| )32 (1 + 5(Rx))2~ ) dx.

(93)

(94)

(96)
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Treating u®? and u®* together we get

[ S
Lp <Q3’#17§, (',R)>
p

< C’RPPWQ/ <(1 n |1RX|)3 (1+ 3273)())2) o

3

1 1
' J N R E (T s(Rx)27E )

3

< ORP—pw—3/n:§(y)dy+CRQp—pw—?;/n—g,_

[SIINTS)

(y)dy. (97)
R3 R3
Again, we proceed similarly with the estimates of gradients of u and pressure and its gradient. Putting

all calculations together, choosing first C sufficiently large and then R, W sufficiently small we finally
end up with

[(w,q)lly, < Co (98)
and the proof of Theorem 1 is finished.

References

(1] Coscia, V., Galdi, G.P.: Existence, uniqueness and stability of regular steady motions of a second-grade fluid. Int. J.
Non-Linear Mech. 29(4), 493-506 (1994)
(2] Dunn, J.E., Fosdick, R.L.: Thermodynamics, stability and boundedness of fluids of complexity 2 and fluids of second
grade. Arch. Ration. Mech. Anal. 56, 191-252 (1974)
(3] Finn, R.: Estimates at infinity for stationary solution of the Navier—Stokes equations. Bult. Math. de la Soc. Sci. Math.
de la R. P. R., Tome 3 51(4), 387-418 (1959)
[4] Galdi, G.P.: An Introduction to the Mathematical Theory of the Navier—Stokes Equations I, Springer Tracts in Natural
Philosophy, vol. 38. Springer, New York (1994)
[5] Galdi, G.P., Padula, M., Rajagopal, K.R.: On the conditional stability of the rest state of a fluid of second grade in
unbounded domains. Arch. Ration, Mech. Anal. 109(2), 173-182 (1990)
[6] Koch, H.: Partial differential equations and singular integrals, Dispersive nonlinear problems in mathematical physics,
Department of Mathematics, Seconda University, Napoli, Caserta. Quad. Mat. 15, 59-122 (2004)
[7] Kra¢mar, S., Novotny, A., Pokorny, M.: Estimates of three-dimensional Oseen kernels in weighted LP spaces. In:
da Veiga, B., Sequeira, A., Videman, J. (eds.) Applied Functional Analysis, 281-316 (1999)
[8] Mogilevskii, I.Sh., Solonnikov, V.A.: Problem on a stationary flow of a second-grade fluid in Hélder classes of func-
tions. Zapisky Nauc. Sem. LOMI 243, 154-165 (1997)
[9] Novotny, A.: About the steady transport equation. In: Proceedings of the Fifth Winter School at Paseky, Pitman
Research Notes in Mathematics (1998)
[10] Novotny, A., Pokorny, M.: Three-dimensional steady flow of viscoelastic fluid past an obstacle. J. Math. Fluid
Mech. 2, 294-314 (2000)
[11] Pokorny, M.: Asymptotic behaviour of solutions to certain PDE’s describing the flow of fluids in unbounded domains,
Ph.D. thesis, Charles University in Prague and University of Toulon and Var, Toulon-La Garde (1999)
[12] Smith, D.R.: Estimates at infinity for stationary solutions of the N. S. equations in two dimensions. Arch. Rat. Mech.
Anal. 20, 341-372 (1965)
[13] Truesdell, C., Noll, W.: The Nonlinear Field Theories of Mechanics, Handbuch der Physik, III/3. Springer,
Heidelberg (1965)

Pawel Konieczny Ondfej Kreml

Institute for Mathematics and its Applications, Mathematical Institute of Charles University,
University of Minnesota, Sokolovska 83,

114 Lind Hall, 207 Church Street SE, 186 75 Praha 8, Czech Republic
Minneapolis, MN 55455, USA e-mail: kreml@karlin.mff.cuni.cz

e-mail: konieczny@ima.umn.edu

(accepted: February 18, 2011; published online: April 1, 2011)



	On the 3D Steady Flow of a Second Grade Fluid Past an Obstacle
	1. Introduction
	2. Preliminaries
	2.1. Oseen Problem. Existence and properties
	2.2. Results for Weighted Spaces
	2.3. Transport Equation

	3. The Proof of Theorem 1
	3.1. Existence of Solution
	3.2. Weighted Estimates

	References


